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We expand the treatment of the problem of the extraction of smeared spectral densities from
Euclidean correlators, introduced in [Extraction of spectral densities from lattice correlators, Phys. Rev. D
99, 094508 (2019).], providing an alternative which does not rely on the Backus-Gilbert regularization.
This is possible due to the observation that the solution can be decomposed into a sum of terms, in the
spirit of the singular value decomposition, where those with the largest contribution to the statistical noise
happen to contribute the least to the central value of the smeared spectral density. The analysis of the
systematics of the inverse problem is then shifted to finding the optimal truncation of such summation, so
that the signal is saturated before the noise explodes. We scrutinize the performance and systematics of
this approach either as a stand-alone procedure, or to complement the stability analysis required to
extrapolate the unbiased result in the Backus-Gilbert regulated version of the solution.
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I. INTRODUCTION

The operation of extracting spectral densities from
correlation functions in Euclidean time is of primary
importance in particle physics. Euclidean correlation
functions are in fact accessible through systematically
improvable lattice simulations, which are used to probe
nonperturbatively strongly interacting gauge theories such
as quantum chromodynamics (QCD). While the lattice can
provide Euclidean correlators, the real-time Minkowskian
dynamics, required to make predictions for scattering
experiments, is encoded in the associated spectral functions.
In practice, their extraction from Euclidean correlators
amounts to inverting a Laplace transform on a finite set
of noisy data. The difficulties of this operation pose a limit
to the scope of lattice simulations, and progress in our
theoretical understanding of QCD and other strongly
interacting theories.
Given its importance, the topic has been long studied.

Already in Ref. [1] the problem was formally solved by

showing that scattering amplitudes can be approximated
arbitrarily well by appropriate combinations of Euclidean
correlators. To achieve a practical solution, though, one
needs to deal with the major challenge of the statistical
noise. The mathematics required to numerically address this
class of problems is rather old and well established, see, e.g.,
[2], and it is generally understood that making progress in
this field requires devising algorithmic solutions which
provide robust numerical estimates of the errors.
Several approaches have been proposed to cope with the

spectral densities inverse problem, yet phenomenological
applications remained limited due to the difficulties in
understanding and controlling systematic effects, or due
to model dependence. In Ref. [3], together with Martin
Hansen, we proposed a model-independent approach to
solve the inverse problem, elements of which can be found
in previous literature [4–6], focusing on the possibility to
provide reliable numerical estimates of the errors. In this
approach, the main systematic is inherited by the Backus-
Gilbert [5] regulator, parametrized by a trade-off real
parameter λ > 0, which biases the solution. The numerical
extrapolation to the unbiased result at λ ¼ 0 is performed
through a stability analysis [7]. Such procedure has been
since then placed under severe scrutiny, using Monte-Carlo
lattice simulations in the controlled environment of the two
dimensional Oð3Þ nonlinear σ-model [7], with closure tests
for realistic four dimensional QCD simulations [8,9],
and with comparison with other spectroscopy techniques
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[10,11]. The encouraging results obtained in these contexts
provided empirical evidence that the numerical procedure
adopted to remove the regulator is effective, and motivated
the beginning of studies with phenomenological relevance
and granted the first ab initio calculations of certain
inclusive decay rates and cross sections [12–18].
In this work we propose a different way to regulate the

reconstruction proposed in Ref. [3], which allows one to
work at any value of λ, including zero. This is achieved by
noticing that the smeared spectral function, written as a
linear combination of the input correlation functions, can be
decomposed into a basis such that the terms contributing the
most to the noise do not contribute to the signal. Truncating
the sum in this basis therefore provides a well-behaved
result without the need for a Backus-Gilbert regulator,
which remains however possible. We will describe the
systematics of such truncation, show its performance
against, and in conjunction with, the Backus-Gilbert regu-
lator. The goal is to improve on the reliability of the results
obtained with the stability analysis, which will culminate, in
this work, in the proposal of a hybrid procedure. Given the
simplicity of the new regularization, we also envision its
stand-alone use as an efficient way to get a quick
reconstruction of the smeared spectral density. However,
as we will show, the procedure on its own tends to be either
overly conservative, or too aggressive, depending on where
the sum is truncated, which further motivates the hybrid
approach.
For completeness, we stress that many other methods

have been proposed, yet to our knowledge only a few of
them have been used in phenomenological studies. The
original Backus-Gilbert proposal and Bayesian methods
have been popular for a while [19,20], but the unavoidable
systematics related to the smearing of the spectral density
are hard to address within these approaches. Nonetheless,
in the context of parton distribution functions, Bayesian
methods have been shown to produce results which are
consistent, within available precision, with the initial data
[21–23]. Moreover, a version of the Bayesian setup which
takes explicitly into account the smearing was given in
Ref. [8] and was shown to be partially analogous to
Ref. [3]. Chebyshev polynomials have also been recently
used to provide inclusive decays with reliable numerical
estimates of the errors [1,24,25]. Finally, we mention
alternative approaches which have been recently proposed,
such as Refs. [26,27] that offer different perspectives to
attack the problem, [28] for applications at high temper-
ature, and Ref. [29] which follows an approach similar to
the one of this paper and that appeared online shortly after
this work.
In Sec. II we introduce our notation for the inverse

problem and its solution in the exact case (i.e., without
statistical errors). For a solution to be useful when errors are
present, a regulator must be introduced, together with a
reliable procedure to remove it within the given precision.

Two such regulators, and the numerical procedures to
estimate their effects, are introduced in Sec. III: first the
stability analysis to remove the Backus-Gilbert regulator
(III A), then a new approach is described (III B). We
systematically test the performance of the new procedure
in Sec. IV by performing closure tests using statistical errors
from state-of-the-art lattice simulations. These tests allowed
us to tune the algorithm and design a solid numerical
procedure which merges aspects of our previous work,
Ref. [3], with our new findings. We draw our conclusions in
Sec. V and discuss in Appendix the interplay of the
numerical extrapolations which are required to remove
the lattice and the algorithmic regulators.

II. THEORETICAL FRAMEWORK

In this section we retrace the ideas behind the starting
point of this work, the procedure described in Ref. [3],
often dubbed the HLT method, and set the stage for the
introduction of the new regularization procedure.
We are concerned with the extraction of smeared spectral

densities from Euclidean correlators. As in Ref. [3], to
simplify the discussion, we consider below the simplest
case, i.e. a spectral density ρðEÞ depending upon a single
energy variable E and the associated correlation function
CðtÞ of two gauge-invariant operators separated by a
Euclidean time t. The generalization of the formalism
and of the HLT method to the case of multivariate spectral
densities is thoroughly discussed in Ref. [30].
We consider the situation in which the correlator is

known at a finite number of points t ¼ nτ, where τ is a
length scale in physical units and n ¼ 1…N is an integer.
The relation between the spectral density and the correlator
is then

CðnτÞ ¼
Z

∞

E0

dEbðnτ; EÞρðEÞ; ð1Þ

where E0 ≥ 0, and in the simplest case,

bðnτ; EÞ ¼ e−nτE: ð2Þ

In quantum field theories, spectral densities are tempered
distributions and therefore, in order to cope with them in
numerical applications, the introduction of a smearing
kernel is unavoidable. The infinite amount of physical
information contained into ρ as a function of E can then be
extracted by studying the functional

ρ½S� ¼
Z

∞

E0

dESðEÞρðEÞ; ð3Þ

the smeared spectral density, by choosing different
smearing kernels SðEÞ. Notice that the correlator CðnτÞ,
defined in Eq. (1), is itself a smeared spectral density,
i.e. CðnτÞ ¼ ρ½bðnτÞ�.
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The smearing kernel belongs to the space L2½E0;∞�α,
i.e., to the set of real functions f such that

kfk2α ¼
Z

∞

E0

dEeατE½fðEÞ�2 < ∞; ð4Þ

where, for later use, we conveniently introduced the real
parameter α < 2. In the numerical part of this work, we will
always use E0 ¼ 0. If the set of functions that can be
represented as linear combinations of the basis functions is
dense in L2½E0;∞�α, the kernel1 SðEÞ can exactly be
represented as

SNðEÞ ¼
XN
n¼1

g½S�;NðnÞbðnτ; EÞ;

SðEÞ ¼ lim
N↦∞

SNðEÞ: ð5Þ

This is certainly true for the functions given in Eq. (2) for
any choice of τ > 0. In fact, by considering the change of
variables x ¼ expð−τEÞ, one has bðnτ; EÞ ¼ xn and the
problem is mapped to that of the polynomial representation
of the kernel Sð− logðxÞ=τÞ in x∈ ð0; 1�. Equation (5) is
then a direct consequence of the classical Weierstrass
theorem (see Appendix E.2 of Ref. [30] for more details).
In practice we must work at finite N, but the theorem
guarantees that the approximation can become arbitrarily
accurate by increasing N. This holds true either if τ is kept
fixed in physical units or if it is identified with the lattice
spacing (see the Appendix for more details concerning
this point).
Denote g∈RN as the vector of elements gðnÞ. Following

again Ref. [3], the coefficients in Eq. (5) are defined by

g½S�;N ¼ argmin
g∈RN

A½g�; ð6Þ

with

A½g� ¼
����SðEÞ −

XN
n¼1

gðnÞbðnτ; EÞ
����
2

α

: ð7Þ

The smeared spectral density of Eq. (3) can then be
written as

ρN ½S� ¼
XN
n¼1

CðnτÞg½S�;NðnÞ≡ CT
N · g½S�;N;

ρ½S� ¼ lim
N↦∞

ρN ½S�; ð8Þ

where CN ∈RN is a vector collecting the values of the
correlator.
Equation (6) is equivalent to a linear system of equations,

whose solution is given by

g½S�;N ¼ A−1
N · f ½S�;N; ð9Þ

where the N × N matrix AN and the N-dimensional kernel
vector f ½S�;N have elements

Aðn;mÞ ¼
Z

∞

E0

dEeατEbðnτ; EÞbðmτ; EÞ;

f½S�ðnÞ ¼
Z

∞

E0

dEeατEbðnτ; EÞSðEÞ: ð10Þ

By plugging Eq. (9) into Eq. (8) we thus get

ρN ½S� ¼ CT
N · g½S�;N ¼ CT

N ·A−1
N · f ½S�;N: ð11Þ

The real and symmetric matrix AN is a special case of a
Cauchy matrix, whose condition number grows exponen-
tially withN, as shown in Fig. 1 for different values ofN. As
we will show, such ill-conditioning results in the impos-
sibility to handle correlation functions with any realistic
level of statistical noise. In order to extract ρ½S� fromCN it is
necessary to introduce an intermediate regulator and a
numerical procedure to remove it, for instance by extrapo-
lating it to zero, with reliable estimates of the associated
errors.
To better illustrate this crucial point, and to set the stage

for the introduction of the new approach proposed in this
work, we now rotate the previous formulas, derived in terms
of Euclidean time and therefore expressed in terms of time-
vectors, to the basis in which the matrix AN is diagonal.
Let aNðkÞ be the eigenvalues of AN , which we order

according to

FIG. 1. Eigenvalues aNðkÞ of the matrix AN for different values
of N.

1Since in general ρðEÞ is a tempered distribution SðEÞ needs to
be a Schwartz function for ρ½S� to be a finite real number.
However, the approximation methodology we are describing
applies, by setting α ¼ 0, to the larger set of square integrable
functions.
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aNð1Þ > aNð2Þ > � � � > aNðNÞ; ð12Þ

and uNðkÞ the corresponding eigenvectors,

AN · uNðkÞ ¼ aNðkÞuNðkÞ: ð13Þ

The eigenvectors can be chosen to satisfy

uTNðkÞ · uNðhÞ ¼ δk;h;
XN
k¼1

uNðkÞuTNðkÞ ¼ 1N: ð14Þ

For any time-vector vN, living in time-space and having
elements vNðnÞ, we now introduce its representation v̂ in
the orthonormal eigenbasis fuNðkÞg ofAN (the eigenspace)
with elements

v̂NðkÞ ¼ uTNðkÞ · v: ð15Þ

By using this notation, the time-vectors CN , f ½S�;N , and
g½S�;N are, in the new basis, ĈN , f̂ ½S�;N , and ĝ½S�;N and have
components

ĈNðkÞ ¼ uTNðkÞ · CN;

f̂½S�;NðkÞ ¼ uTNðkÞ · f ½S�;N;

ĝ½S�;NðkÞ ¼ uTNðkÞ · g½S�;N ¼ f̂½S�;NðkÞ
aNðkÞ

: ð16Þ

This allows one to write the following representation of
ρN ½S� in eigenspace,

ρN ½S� ¼ ĈT
N · ĝ½S�;N ¼

XN
k¼1

ĈNðkÞf̂½S�;NðkÞ
aNðkÞ

; ð17Þ

which is equivalent to the time-space representation
given in Eq. (11). Such diagonal representation appears
already in Ref. [2], and was profitably used in the more
recent Ref. [27].
The consequences of the ill conditioning of AN can be

now made explicit. Denoting the statistical fluctuations of
the correlator as

ΔstatCN ¼ CN − hCNi; ð18Þ

the statistical fluctuations induced on the smeared spectral
density are given by

ΔstatρN ½S� ¼
XN
k¼1

ΔĈNðkÞf̂½S�;NðkÞ
aNðkÞ

: ð19Þ

Unless f̂½S�;NðkÞ decays fast enough to suppress the
increasingly large contributions from the eigenvalues
a−1N ðkÞ (see Fig. 1), the time-space coefficients will also

grow exponentially in magnitude

g½S�;N ¼
XN
k¼1

uNðkÞ
f̂½S�;NðkÞ
aNðkÞ

: ð20Þ

We now wish to show typical behavior of these coefficients
in both the time-space and the eigenspace. It will be
common, throughout this work, to choose as smearing
kernel a Gaussian, and probe different energy regions by
changing its center and/or width. In this case we have

SðEÞ → e−
ðE−ωÞ2
2σ2ffiffiffiffiffiffi
2π

p
σ
; ð21Þ

and we use the notation

ρ½S� → ρ½ω; σ�: ð22Þ

With this choice, and fixing α ¼ 0 for the remainder of this
section, we show examples of the coefficients in Fig. 2 for
illustrative values of the Gaussian parameters, τω ¼ 0.5 and
τσ ¼ 0.5, in both the time (blue) and in the eigenspace (red).
The sizeN ¼ 32 is chosen because, for the cases considered
below, it suffices to perform a reliable N → ∞ numerical
extrapolation by checking for convergence within statistical
precision. The figure shows how the time-space coefficients
oscillate in sign and take very large values in magnitude. In
the eigenspace, they still sometimes change sign, and end up

FIG. 2. Values of the coefficients used to approximate a
Gaussian smearing kernel, with N ¼ 32, τω ¼ 0.5 and τσ ¼
0.5 [see Eqs. (21) and (22)]. The time-space coefficients are
shown in blue while the corresponding eigenspace coefficients
are shown in red. In the eigenspace, the magnitude of the
coefficients changes at a much slower rate and almost monoton-
ically, which will be relevant for our new regularization in
Sec. III B. To see how the values of these coefficients depend
on the smearing kernel, see Fig. 3.
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becoming as large as the ones in the time domain but,
crucially, their absolute value changes almost monotonically
and at a much slower rate. Either way, the large values of the
coefficients result in uncontrollable statistical errors on
ρN ½S�. These, given the linearity of the problem, are given
by the square root of the functional

B½g½S�;N � ¼ gT½S�;N · CovN · g½S�;N; ð23Þ

where the positive-definite symmetric N × N matrix CovN ,
with elements

hΔstatCNðτnÞΔstatCNðτmÞi; ð24Þ

is the statistical covariance of the correlator.
Figure 3 illustrates the dependence of the coefficients on

the smearing kernel. As it can be seen, reducing the width
of the Gaussian, σ, or probing higher energies, ω, results in
larger coefficients, thus exacerbating the ill conditioning of
the problem. Conversely, the difficulty of the problem can
be partially mitigated if a given smearing kernel is such that
the associated vector f̂ ½S�;N has a small overlap with the
eigenvectors associated to small eigenvalues of AN .
To conclude this section, we show how the partial sums

which lead to the smeared spectral density behave in the
two domains. To do so, we introduce a first synthetic
correlator, which in this section we maintain free from
statistical noise. All the synthetic correlators used in this
work are generated to represent a realistic discrete, finite-
volume QCD spectrum. As already done in Ref. [8], we
consider mock spectral densities of the form

ρðEÞ ¼
Xmmax−1

m¼0

wmδðE − EmÞ; E0 < E1 ≤ � � � ; ð25Þ

and the corresponding correlators

CðnτÞ ¼
Xmmax−1

m¼0

wme−nτEm; ð26Þ

with mmax ¼ Oð10Þ, and extract random values for the
energies τEm in the range ½2τmπ; 8τmπ�, where mπ is the
physical value of the neutral pion mass. The spectral
weights wm are extracted from a multivariate Gaussian
distribution as described in detail in Ref. [8] [see in
particular Sec. 6, Eqs. (51)–(53)].
An instance of synthetic correlator is shown in Fig. 4 in

both the time-space (blue) and the eigenspace (red). The
corresponding partial sums, obtained by truncating at
k ≤ N, respectively the time-space and the eigenspace
representations of ρN ½S� given in Eqs. (11) and (17), are
shown in Fig. 5. In the time-space representation all
contributions to the smeared spectral density are important
and the final result comes out from fine-tuned cancellations
once all the terms of the sum are included. In the eigen-
space, on the other hand, the terms ĝ½S�;NðnÞĈðnÞ corre-
sponding to the smaller eigenvalues of AN become
negligible and the sum saturates for k ≪ N. This will carry
important consequences when we will add statistical noise
to the input data.
In the next section we discuss two regularizations of the

problem, together with the associated numerical extrapo-
lation procedures to remove the regulators and to estimate
the systematic and statistical errors on ρ½S�: the well

FIG. 3. Eigenspace coefficient corresponding to a single
eigenvalue (k ¼ 31, one of the last points in Fig. 2) for Gaussian
smearing kernels of different central values (ω) and widths (σ).
The size of the coefficients is descriptive of how ill-conditioned
the problem is. This plot illustrates how this is related to the
choice of smearing kernel. στ ¼ 0.5 (green) is a typically
encountered value, while στ ¼ 0.005 (blue) is very extreme.
The size is N ¼ 32.

FIG. 4. An instance of synthetic correlator used in this work
[see Eqs. (25) and (26)], in both the time and eigenbasis. This
example, used to reconstruct the smeared spectral density in
Fig. 5, shows that the correlator in the eigenbasis decays quicker,
partially mitigating the ill conditioning of the problem when the
representation of ĝ½S�;NðnÞĈðnÞ given in Eq. (17) is used. Details
about the generation of synthetic correlators can be found in the
main text and in Ref. [8].
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assessed “stability analysis,” and a newmethod, that we call
the “eigenspace analysis,” which allows to partially decou-
ple the signal from the statistical noise.

III. REGULARIZATIONS

A. Stability analysis

In the HLT method the problem is naturally approached
in time-space, the regulator is chosen to be the one
prescribed by Backus and Gilbert [5], and the numerical
procedure to estimate the associated systematic error goes
under the name of stability analysis (SA).

The coefficients g½S�;N are regulated by modifying Eq. (6)
to be

g½S�;N;λ ¼ argmin
g∈RN

fA½g� þ λB½g�g; ð27Þ

where B½g� ≥ 0 is the error functional introduced in
Eq. (23) and λ ≥ 0 is the so-called trade-off parameter.
The regulated versions of Eqs. (9) and (11) are then

g½S�;N;λ ¼
1

AN þ λCovN
· f ½S�;N;

ρN;λ½S� ¼ CT
N ·

1

AN þ λCovN
· f ½S�;N: ð28Þ

The virtue of the Backus-Gilbert regulator is that of
removing the quasisingularity associated with the small
eigenvalues of the matrix AN by adding a term that is
proportional to the statistical error of the correlator. This
important fact makes the Backus-Gilbert regulator asymp-
totically unbiased, in the sense that in the ideal limit in
which the correlator is exact, the covariance matrix and the
B functional vanish identically and the very same result
ρN ½S� is obtained for any value of λ, including zero. The
price to pay is an error-dependent distortion of the smearing
kernel and the consequent dependence of ρN;λ½S� upon λ.
The physical result ρ½S� must therefore be obtained by
taking the limits2

ρ½S� ¼ lim
N↦∞

lim
λ↦0

ρN;λ½S�: ð29Þ

The HLT stability analysis [3,7] is a numerical procedure
to take these limits by checking for convergence within
statistical precision. It is built upon the numerical fact that
lattice results are unavoidably affected by statistical errors
and upon the theoretical fact that the limits of Eq. (29) exist,
so that the systematic error jρ½S� − ρN;λ½S�j can be made
arbitrarily small by increasing N and by decreasing λ. The
goal is that of obtaining a numerical estimate ρ⋆½S� of ρ½S�
such that the residual systematic error (which is unavoid-
able, being this a numerical extrapolation) is smaller than
the statistical error. It is worth stressing that the threshold
value N⋆ such that the results stabilize within statistical
errors for N > N⋆ depends on the physical application and
on the target total error. This means that if the target
accuracy is too high one might need values of N which are
prohibitively large from the lattice perspective. Moreover,

FIG. 5. Partial sums leading to the smeared spectral density by
summing terms in the time-domain (top) or eigendomain (bot-
tom), see Eqs. (11) and (17), using the correlator from Fig. 4. The
smearing kernel is a Gaussian with ωτ ¼ 0.75, στ ¼ 0.5. The
correlator has N ¼ 32 points. Summing over Euclidean times
involves massive cancellations (top) and all terms in the summust
be included to get the correct result. Different is the case when the
sum is written in terms of eigenvectors of AN (bottom): the sum
saturates after a few contributions. This feature will be central in
the regularization strategy proposed in Sec. III B.

2The Tikhonov regularization, thoroughly discussed in [2],
amounts to substitute the B½g� functional with the error-indepen-
dent functional λgT · g. The dependence upon λ of the resulting
smearing kernel is then predictable, and in Ref. [27] has been
profitably used as a handle, but it does not automatically
disappear in the limit of vanishing statistical errors, as instead
happens in the unbiased Backus-Gilbert case.
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in the SA the residual systematic error is estimated numeri-
cally and, from a rigorous mathematical perspective,
observing stability of the results within the simulated range
of N does not necessarily imply that significant variations
cannot show up at larger values of N.
The systematic error can be split in two contributions,

jρ½S�− ρN;λ½S�j ≤ jρ½S�− ρN ½S�j þ jρN ½S�− ρN;λ½S�j: ð30Þ

The fact that the first contribution on the r.h.s. can be made
arbitrarily small by increasing N is a direct consequence of
the Weierstrass theorem. This can easily be understood in
the cases in which ρðEÞ is a L2-tempered function, e.g., by
considering α > 0 and the following bound

jρ½S� − ρN ½S�j ¼
����
Z

∞

E0

dEe
ατE
2 ½SðEÞ − SNðEÞ�e−ατE

2 ρðEÞ
����

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A½g½S�;N �

q
kρðEÞk−α: ð31Þ

Indeed, provided that the integral

kρk2α ¼
Z

∞

E0

dEe−ατEρ2ðEÞ ð32Þ

exists and is finite, Eq. (31) shows that the contribution

jρ½S� − ρN ½S�j to the systematic error is Oð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A½g½S�;N �

q
Þ. In

the cases in which kρðEÞk−α cannot be defined one can,
e.g., consider the following bound

jρ½S� − ρN ½S�j ≤ CþðατÞkeατE½SðEÞ − SNðEÞ�k∞; ð33Þ

where

CþðατÞ ¼
Z

∞

E0

dEe−ατEjρðEÞj; ð34Þ

which for positive spectral densities is the Euclidean
correlator CðατÞ at time ατ, and

kfðEÞk∞ ¼ max
E∈ ½E0;∞�

jfðEÞj: ð35Þ

In this case too, the fact that jρ½S� − ρN ½S�j can be made
arbitrarily small by increasing N follows from the
Weierstrass theorem. A detailed analysis in the case of
generic multivariate spectral densities has been performed in
Ref. [30]. There, by exploiting the fact that any tempered
distribution can be written as the sum of possibly higher-
order distributional derivatives of L2-tempered functions,
the use of the k · k∞ norm has been avoided.
We now consider the second contribution to the sys-

tematic error in Eq. (30). It is a simple exercise to show that
Eq. (28) implies

ρN;λ2 ½S� − ρN;λ1 ½S� ¼ ðλ1 − λ2ÞCT
N ·

1

AN þ λ1CovN
· CovN · g½S�;N;λ2 ; ð36Þ

from which it follows that

jρN;λ½S� − ρN ½S�j
≤ λk

ffiffiffiffiffiffiffiffiffiffiffiffi
CovN

p
· g½S�;N;λkk

ffiffiffiffiffiffiffiffiffiffiffiffi
CovN

p
·A−1

N · CNk; ð37Þ

and therefore that, asymptotically and for each finite
value of N, the corrections to the λ ↦ 0 limit are

Oðλ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B½g½S�;N;λ�

q
Þ.

The SA is built on the previous theoretical observations.
It starts from a value of λ, let us call it λ0, such that the
statistical error on ρN;λ½S� is under control while the
approximation of the smearing kernel is possibly rather
bad, i.e., A½g½S�;N;λ0 � ≫ B½g½S�;N;λ0 �. The value of λ is then
progressively reduced as shown in the top panel of Fig. 6,
e.g., by choosing λn ¼ 2−nλ0. The procedure ends at λ⋆ ≡
λn⋆ when the result ρ⋆½S�≡ ρN;λ⋆ ½S� is such that

A½g½S�;N;λn⋆
� ≪ B½g½S�;N;λn⋆

�;
jρN;λn⋆þ1

½S� − ρ⋆½S�j2 ≪ B½g½S�;N;λn⋆
�; ð38Þ

i.e., when the systematic error on ρ⋆½S� can safely be
neglected with respect to its statistical error, which usually
keeps increasing rather fast by decreasing λ. This allows to
numerically take the limit λ → 0 within statistical errors, at
fixed N.
TheN ↦ ∞ limit is performed analogously. The numeri-

cal onset of the limit is reached when, for λ sufficiently
small and N sufficiently large, the residual dependence of
ρN;λ½S� upon N is negligible with respect to the statistical
error. This is shown in the bottom panel of Fig. 6. Moreover,
by relying upon the fact that Eq. (5) holds for any value of
α < 2 in Eq. (6), and that therefore any dependence upon α
of ρN;λ½S� must be due to the fact that λ > 0 and/or N < ∞,
one can approach both limits from different numerical paths,
corresponding to different values of α. This gives the
possibility to strengthen the numerical check that the onset
of the λ ↦ 0 and N ↦ ∞ limits has been reached within
statistical errors. An example of the limit λ → 0 being
reached in this way using different values of α as a cross-
check, is shown in the top panel of Fig. 6.
We want to stress that in the SA the λ ↦ 0 and N ↦ ∞

limits are taken without attempting to fit their corrections.
Modeling these corrections is possible, in principle, and it
would allow to reduce the systematic errors associated with
the numerical extrapolations. Actually, since statistical
errors blow up by reducing λ and increasing N, the choice
of considering the simplest possible model, i.e. the constant
function, and to take the numerical limits by searching for a
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plateau within statistical errors, is the one that provides the
more conservative estimate of the total error.
At the end of the SA, ρ⋆½S� is an estimate of ρ½S� which

has been proven to be robust in several cases: in support of
this statement, we report again studies within the integrable
(and therefore analytically controllable) two-dimensional
Oð3Þ nonlinear σ-model, a number of closure tests for lattice
QCD [8,9], more of which will be illustrated in Sec. IV, and
tests against other spectroscopy methods [10,11]. While
these tests provide quantitative evidence of the robustness of
this procedure, it should be stressed that the SA is a
numerical extrapolation. The study of the dependence of
the results onN and on the trade-off parameter λ is a delicate
task and must be done with the due care. Equations (31) and
(33) are rigorous a priori bounds but the SA analysis does

not exclude the possibility that significant corrections might
show up beyond the numerically accessible range of N. To
the light of this observation, we present in the next
subsection an alternative way of regularizing and control-
ling the finite-N reconstruction. Through the introduction of
an eigenspace cutoff on the matrix AN in Eq. (13), this new
procedure manifestly decouples part of the noise from the
signal in Eq. (8) without the introduction of the Backus-
Gilbert regulator.

B. Eigenspace analysis

In this subsection we introduce the new procedure, the
main novelty of this work, that we call eigenspace analysis
(EA). We want to stress that what we consider a novelty is
the algorithmic procedure to estimate numerically the
statistical and systematic errors on smeared spectral den-
sities. Indeed, as we already remarked in the introduction,
the mathematics to approach this class of problems is well
known and well established.
The idea is essentially the same behind the singular value

decomposition approach to the inversion of (nearly) singular
matrices: the solution is found in the subspace orthogonal to
that of the nearly vanishing eigenvalues of the matrix. This
approach is particularly useful to get a numerical estimate of
ρ½S� because it allows one to partially decouple the signal
from the noise: it turns out that the contributions to ρ½S�
coming from the larger (smaller) eigenvalues of AN mostly
contribute to the signal (noise). As a consequence, the terms
which carry most of the noise give irrelevant contributions
to the central value.
While the SA analysis procedure is naturally formulated

in the time-space, where ρN ½S� is given by the sum of
Eq. (8), the starting point of the new procedure is the
eigenspace representation given in Eq. (17). Without
statistical errors, the behavior of the partial sums

ρkN ½S� ¼
Xk
n¼1

ĝ½S�;NðnÞĈNðnÞ; ð39Þ

such that

ρN ½S�≡ ρNN ½S�;
ρ½S� ¼ lim

N↦∞
lim
k↦N

ρkN ½S� ¼ lim
N↦∞

ρNN ½S�; ð40Þ

was illustrated in the bottom panel of Fig. 5, and it is
radically different from the time-domain partial sums
shown in the top panel. The results become even more
interesting in the presence of noise. To illustrate this point
we use one of our mock correlators introduced in Sec. II,
and we inject noise taken from a covariance matrix
measured on the lattice for a vector-vector correlator
(see also Fig. 8).
The results are displayed in Fig. 7, showing individual

terms (bottom) and the partial sum (top) of Eq. (17). The

FIG. 6. Top: example of stability analysis to remove the
dependence upon the Backus-Gilbert regulator, parametrized
here by λn=λ0, performed using three values of α to reconstruct
the smeared density at ω ¼ mρ, with σ ¼ 2mπ . Bottom: the same
stability analysis, when performed for different values of N,
allows to take the N → ∞ limit, as described in the main text. In
this last plot, we only display results at α ¼ 0 for visual clarity.
The turquoise point ρ⋆½ω; σ� represents the result of the limits
limN→∞ limλ→0 ρN;λ½ω; σ� within its quoted error bar.
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terms contributing the most to the signal, corresponding to
the larger eigenvalues aNðkÞ, have lower statistical error.
Conversely, the terms associated to smaller eigenvalues
contribute progressively less to the signal, while they grow
noisier. There seems to be a window where the sum
saturates before the noise explodes, suggesting the pos-
sibility to truncate the sum. Compared to the SA, where one
looks for a plateau in the bias parameter λ before the noise
explodes, here one has to find a plateau in the signal and
truncate it, again, before the noise takes over.
In the next section, we will define an algorithmic

procedure for truncating the sum over eigenstates, test
its performance and compare it to that of the SA.

IV. ALGORITHMIC PROCEDURE AND
PERFORMANCE ANALYSIS

In this section we present an operative criterion for
truncating the sum of Eq. (17) representing ρN ½S� in
eigenspace. In order to systematically assess the

performance of the procedure, we perform closure tests,
i.e., we solve the inverse problem for over a thousand
different datasets. To this end, we generate sets of pairs of
synthetic spectral densities and correlators according to
Eqs. (25) and (26) (see also Ref. [8]). These are then
scattered with statistical noise distributed according to a
realistic lattice covariance for a vector-vector correlator with
N ¼ 64, from a state-of-the-art lattice simulation.3 In the top
panel of Fig. 8 we show one of the thousand correlators that
we consider: these have the same level of noise of those
from which one can extract the R-ratio [12] or the
anomalous magnetic moment of the muon [31]. In the
bottom panel of Fig. 8 we show examples of the smeared
spectral densities associated to some of the mock correla-
tors. Notice that, in order to cover a broader class of physical
applications with respect to the R-ratio, from which the
statistical covariance comes from, these are allowed to
change sign.

FIG. 7. Smeared spectral density from the sum in Eq. (17),
reconstructed at ω ¼ mρ with σ ¼ 2mπ , with a mock vector-
vector correlator affected by a realistic statistical noise. Top:
partial sum. Bottom: individual terms. The key observation is that
the signal saturates before the noise reaches its maximum level,
suggesting the possibility to truncate the sum.

FIG. 8. Top: single example of mock vector-vector correlator
used to perform the closure tests. We generate over a thousand of
such correlators, and we solve the inverse problem on each of
them. Of these thousands, in the bottom panel, we display some
examples of the exact smeared spectral densities we try to
reconstruct from the various mock correlators when performing
the closure tests. Here, στ ¼ 0.27.

3We thank F. Margari and the ETM collaboration for providing
such covariance matrix.
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We truncate the sum of Eq. (17) at N⋆⋆, i.e.,

ρ⋆⋆½S�≡ρN⋆⋆
N ½S�¼

XN⋆⋆

n¼1

ĝ½S�;NðnÞĈNðnÞ; N⋆⋆ ≤N; ð41Þ

when nstop contributions, including the N⋆⋆ one, are
compatible with zero within their own statistical error,

jĝ½S�;NðnÞĈNðnÞj ≤ Δstat½ĝ½S�;NðnÞĈNðnÞ�;
N⋆⋆ − nstop < n ≤ N⋆⋆: ð42Þ

Also in this case, we do not attempt to model and fit the
corrections to the N⋆⋆ ↦ ∞ limit but we progressively
increase N and N⋆⋆ and check for convergence within
statistical errors.
We test the choices nstop ¼ 1, 2, 3 by solving the inverse

problem over a thousand times and comparing each choice
of truncation with the exact result. We consider the
Gaussian kernel of Eq. (21) with σ ¼ 2mπ ¼ 0.27 GeV
and we perform the reconstruction at the energy
ω ¼ mρ ¼ 0.77 GeV. Given also the nature of the syn-
thetic correlators discussed above, these values are illus-
trative of a state-of-the-art reconstruction of the smeared
R-ratio [12], and therefore allow us to test our procedure in
a relevant situation. The outcome is given in terms of the
pull variable

p½ω; σ� ¼ ρ⋆⋆½ω; σ� − ρtrue½ω; σ�
Δstatρ⋆⋆½ω; σ�

; ð43Þ

where ρtrue½ω; σ� is the exact smeared spectral density,
which is known since the dataset is synthetic.
The distribution of such pull variable over the various

solutions of the inverse problem is shown in Fig. 9, for two
choices of the norm in Eq. (7), parametrized by two values
of α. In the same figure, we display how many estimates of
the smeared spectral density are compatible, within one
standard deviation, with the true value. We notice that the
choice nstop ¼ 1, which corresponds to having the sum
truncated as soon as the first term is compatible with zero
within its error, is very aggressive and often misses the true
value by several standard deviations. On the other hand, by
taking nstop > 1 one gets very conservative results, with the
results corresponding to nstop ¼ 3 almost always being
compatible with the true values. The scatter plots of
Fig. 10 show that, however, the good performance of the
nstop ¼ 3 procedure is due to the fact that enough terms are
included so that the error is already very large. With ∼95%
of the result compatible with the true value within one
standard deviation, the choice nstop ¼ 2 appears to be the
best option.
In order to compare these performances with the more

thoroughly studied ones of the SA, we display the results on
the same input data, using again pulls and associated scatter
plots as metrics. The results of the SA, for which we used
three values of the norm parameter α ¼ 0, 1, 1.99 [see
Eq. (7)] are shown in Fig. 11. While still being a very
conservative procedure, with almost 87% of the results

FIG. 9. Histogram for the pull defined in Eq. (43), obtained via
EA using different values of α. Each plot corresponds to a
different stopping condition for saturating the sum over the
eigenvalues of ρ½ω; σ�. The pull shows the reliability of the
estimate, while the companion scatter plots, shown in Fig. 10,
suggest whether the quality of the pull distribution comes from a
large error estimate rather than a close reproduction of the central
values. The parameters of the smeared spectral density are
ω ¼ mρ, σ ¼ 2mπ , while the correlators have N ¼ 64 points
and the statistical noise of a vector-vector lattice QCD correlator.
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compatible with the true value (notice that only the
statistical error is being considered), the SA analysis allows
for more aggressive (i.e., with smaller errors) results on
average.
We now wish to ask whether the two methods can be

used in conjunction, in order to assess whether the EA can
help identify biases in the SA analysis and vice versa. To
this end, we take

ρ̄½S� ¼ ρ⋆½S� þ ρ⋆⋆½S�
2

; ð44Þ

as the new estimator of ρ½S� and introduce an estimator of
the systematic error by using the difference between the
two methods, according to

Δsysρ̄½S� ¼ jρ⋆½S� − ρ⋆⋆½S�jErf
�
ρ⋆½S� − ρ⋆⋆½S�ffiffiffi

2
p

Δstatρ̄½S�

�
: ð45Þ

The modulation with the error-function is meant to account
for the possibility that the difference is due to statistical
fluctuations. The distribution of this systematic difference
over the closure tests is shown in Fig. 12. In most cases, the
difference between the two approaches lies below 1% of the
central value, raising occasionally to a few percentages.
Performances including this additional systematics are
shown in Fig. 13 in terms of the pull distribution, and
the associated scatter plot in Fig. 14. To produce this plot,
we used three values of α in the SA, as described in
Sec. III A, and a single value of α for the EA, since different

FIG. 11. Closure tests on the same datasets, and with the same
parameters as Figs. 9 and 10, this time obtained using the SA to
remove the Backus-Gilbert regulator. The results shown here
have been obtained by analyzing simultaneously the three values
of the norm parameter α ¼ 0, 1, 1.99.

FIG. 10. Companion plot of Fig. 9, showing whether the
pull distributions are narrow because of good central values or
large errors. The x-axis corresponds to the statistical error on
the reconstructed smeared spectral density. The y-axis
corresponds to the modulus of the difference between the
reconstructed and the exact smeared spectral density, i.e., the
exact systematic error. On the y ¼ x dashed line the systematic
and statistical errors are equal.
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values produced the same results. As expected, the differ-
ence is smaller in the cases where one of the two approaches
is already very conservative, but plays a role when the error
is possibly underestimated. This is the case of the EA with
nstop ¼ 1 where the situation substantially improves by
adding this systematic error.
Motivated by these results, our suggestion is to combine

the two procedures, by using nstop ¼ 2 to define ρ⋆⋆½S�
and Eq. (45) to define the systematic error on the central
value, i.e., ρ̄½S� defined in Eq. (44), so that the total error is
given by

Δtotρ̄½S� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔstatρ̄½S�Þ2 þ ðΔsysρ̄½S�Þ2

q
: ð46Þ

V. CONCLUSION

We presented an alternative implementation of the HLT
method [3] which does not necessarily rely on a Backus-
Gilbert regularization. This is possible because the smeared
spectral density, which is obtained as a linear combination
of Euclidean correlators, displays a peculiar behavior after a
change of basis: the terms contributing the most to the signal
are the most precise, and as the sum saturates, the error
begins to increase. This leaves the possibility for the
existence of a window in which the sum can be truncated,

FIG. 12. Distribution of the systematic error associated to the
difference between the two methods, computed according to
Eq. (45), over more than a thousand instances of the inverse
problem. Like in the previous examples, ω ¼ mρ and σ ¼ 2mπ .
The SA uses three values of the norm parameter, α ¼ 0, 1, 1.99,
while the EA uses nstop ¼ 2.

FIG. 13. The figure updates Figs. 9 and 11 by considering a pull
in which to the statistical error of each regularization (EA in blue,
SA in red) we add in quadrature the systematic error computed
according to Eq. (45). This is what in the label of the x-axis is
denoted with Δtotρ. In the numerator of the pull, ρ· corresponds to
either ρ⋆ (SA) or ρ⋆⋆ (EA). For the EA, we show two values of
nstop and we use α ¼ 0. In the SAwe used simultaneously α ¼ 0,
1, 1.99 (see main text for details). The dashed lines are Gaussians
defined using the centre and the standard deviation of each
histogram.

FIG. 14. Companion scatter plot of Fig. 13 and update of
Figs. 9 and 11 with the total error replacing the statistical one.
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with the effect of limiting the error without affecting the
signal. We refer to this procedure as eigenspace analysis.
In practice, for state-of-the-art data and parameters of the

reconstructions, such window counts two or three terms.
The options for truncating the sum are very limited. On one
hand, this leaves little freedom: our tests suggest that the
truncation produces errors which are either very aggressive
or very conservative. Such conclusions are derived from
closure tests that we performed, in this work, in order to test
the performance of this method in the realistic situation of a
state-of-the-art lattice simulation. On the other hand, it is
worth stressing the simplicity of this new procedure.
Compared to the original HLT stability analysis, the eigen-
space analysis requires much less tuning and its automation
is very straightforward. This method can be therefore useful
for a quick estimate of the solution.
Our test suggests that a reasonable way to cut the

eigenspace sum is to stop including the second term that
is compatible with zero. This and other choices were tested
in comparison with the traditional stability analysis that has
been used to numerically remove the bias due to the Backus-
Gilbert regulator. The latter seems preferable, since the
eigenspace truncation, on average, tends to overestimate the
errors more often. In order to benefit from both analyses, we
proposed in Sec. IV a way to combine the two. We have
shown how accounting for the systematic difference
between the two approaches can improve the reliability
of the results.
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APPENDIX: ON THE ORDER OF THE a → 0,
L → ∞, N → ∞, λ → 0 LIMITS

The reconstruction of the physical spectral density from
lattice simulations requires the introduction of a number of
intermediate regulators, some inherent to the lattice (the
lattice spacing a and the finite volume L), some to the
resolution of the inverse problem (N and possibly λ).

At fixed a and L a generic spectral density has the form

ρðE; a; LÞ ¼
X
n

wnða; LÞδðE − Enða; LÞÞ; ðA1Þ

where the sum runs on the discrete eigenvalues Enða; LÞ of
the lattice finite-volume Hamiltonian and wnða; LÞ
are the associated spectral weights. These are on-shell
quantities.
The spectral density ρðE; a; LÞ is a distribution and,

therefore, taking its continuum and/or infinite-volume limit
is not a well-defined operation (at least from the computa-
tional perspective). On the contrary, the a → 0 and L → ∞
limits of the smeared spectral density,

ρ½S; a; L� ¼
Z

∞

E0

dESðEÞρðE;a; LÞ; ðA2Þ

are perfectly well defined, provided that E0 and SðEÞ are
kept fixed. The necessity of introducing a smearing kernel
to properly define the infinite-volume limit has been
extensively discussed in the previous literature on the
subject, see, e.g., [3,7,20].
In the HLT approximation strategy two approaches are

possible for taking the continuum and infinite-volume
limits. To explain these approaches we introduce the lattice
correlator [see Eq. (1)],

Cðnτ; a; LÞ ¼
Z

∞

E0

dEe−nτEρðE; a; LÞ; ðA3Þ

which, see the main text, allows us to write

ρN;λ½S; a; L� ¼
XN
n¼1

g½S�;N;λðnÞCðnτ; a; LÞ: ðA4Þ

The first option consists in taking τ fixed in physical
units, e.g., τ ¼ 0.1 fm, and considering the following order
of the limits

CðnτÞ ¼ lim
a→0;L→∞

Cðnτ; a; LÞ;

ρ½S� ¼ lim
λ→0;N→∞

XN
n¼1

g½S�;N;λðnÞCðnτÞ; ðA5Þ

i.e., the lattice regulator is removed by extrapolating the
lattice correlator at fixed τ and before the algorithmic limits
are performed. This requires a robust procedure to inter-
polate the lattice data Cðna; a; LÞ in order to get the
correlator at the times nτ, i.e. Cðnτ; a; LÞ. Such a step
introduces an additional systematic error associated with
the interpolation. This approach has been studied in
mathematical details in Ref. [30], where the original work
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[1] of Barata and Fredenhagen has been generalized to
this case.
The second option, the one originally considered by

Barata and Fredenhagen and used in previous applications
[7,12–18], consists in identifying τ with the lattice spacing,
i.e., in setting τ ¼ a, and considering the following order of
the limits

ρ½S; a; L� ¼ lim
λ→0;N→∞

ρN;λ½S; a; L�;

ρ½S� ¼ lim
a→0;L→∞

ρ½S;a; L�: ðA6Þ

In this second approach it is crucially important that the
algorithmic limits are performed before the removal of the
lattice regulator. This ensures that one has the same
smearing kernel at all values of a and L and, therefore,
that the continuum limit is perfectly well defined.

The fact that both approaches are possible,4 and equally
legitimate, is a direct consequence of the Stone-Weierstrass
theorem and, in the main body of this paper, we have
discussed how the limits N → ∞ and λ → 0 can be taken
by means of the stability analysis. If the errors (both
statistical and systematics) associated with the stability
analysis have been properly estimated, the algorithmic
N → ∞ and λ → 0 limits have been taken and, within
the uncertainties, one has the same smearing kernel SðEÞ at
all the simulated lattice spacings and volumes. This is the
reason why the main subject of this paper, i.e., a procedure
to get a robust estimate of these errors, is a crucial matter.
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