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Using a general Nambu—Jona-Lasinio (NJL) model including as many interaction channels as possible,
and taking into account the constraints imposed by color and charge neutrality, we analyze how the

different interaction channels contribute to charge-neutral two-flavor color-superconducting matter. After
taking the Fierz transformation, the number of parameters in the NJL model is reduced and thereby quark-
antiquark condensates and diquark condensates are related. Through a self-consistent solution of the gap
equations, we find that in addition to the diquark and vector channels, the scalar-isovector, vector-
isovector, and vector-isovector-color-octet channels are also important, while other channels can be
neglected. Moreover, between the normal quark-matter phase and two-flavor color-superconducting
phase, there is a gapless two-flavor color-superconducting phase. The fractions of quarks with different
flavors and colors are calculated in both gapped and gapless two-flavor color-superconducting phases. In
addition, we illustrate the phase diagrams in the diquark coupling and chemical potential plane, and
discuss in detail how the dominant channels influence these phase diagrams.
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I. INTRODUCTION

The notion of color superconductivity (CSC) was
introduced in the 1970s [1-3], in analogy to the
Bardeen-Cooper-Schrieffer (BCS) theory in condensed
matter physics [4-6]. In BCS theory, phonon exchange
provides a weak attractive force between electrons, while
in CSC, quarks experience an attractive interaction medi-
ated by gluon exchange in the color antitriplet channel.
This attraction enables quarks near the Fermi surface to
form Cooper pairs.

Early studies of CSC claimed that the superconducting
gap was only on the order of MeV [7], making it difficult to
exhibit significant phenomenological effects. Consequently,
this phenomenon initially received little attention. However,
this situation changed in the 1990s after the subsequent
research found that in the moderate-density regions, the gap
of CSC could reach up to %100 MeV [8,9], substantially
enhancing its physical significance. The CSC at high
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densities was analyzed using a weak coupling approach
in Refs. [10-12]. Since then, research in this field has
flourished, with extensive investigations focusing on CSC
in the moderate-density regimes and its implications for
both phase structure of quantum chromodynamics (QCD)
[13-17] and astrophysical observations [18-23]. For the
deeper insights into the mechanisms and implications of
CSC, we refer to some review articles, e.g., [24-27].
Color superconducting matter exhibits rich phase struc-
tures, a consequence of its diverse quark pairing patterns
[27-30]. Among these pairing patterns, the color-flavor
locked (CFL) phase is regarded as the ground state of QCD
matter at asymptotic density [13,31,32]. In the moderate-
density regime, due to the substantial mass difference
between strange quark and up/down quarks, when the
chemical potential is below the order of the strange quark
mass, the CFL phase may be disfavored and replaced by a
two-flavor color superconducting phase (2SC) [33-35].
When studying CSC in electrically neutral quark matter,
such as the core of neutron stars, the phase diagram
becomes even richer. The standard 2SC phase may evolve
into a gapless 2SC (g2SC) phase with gapless quasiparticle
excitations [36-38]. In the transition region between the
2SC and CFL phases, especially at finite temperatures,
gapless CFL (gCFL) and superconductivity including up
quark (uSC) phases are expected to emerge [15,16].
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The g2SC phase has recently attracted significant atten-
tion due to its stability. Studies have shown that the g2SC
phase exhibits thermal stability under the constraint of local
charge neutrality [36,37], but it also suffers from chromo-
magnetic instability associated with the Meissner effect
[39,40]. The chromomagnetic instability arises not only in
the g2SC phase but also in the standard 2SC phase when
the mismatch between the chemical potentials of up and

down quarks, |5u|, exceeds A/+/2 with A being the 2SC
gap (its explicit definition will be given later) [39]. This
instability suggests that the g2SC phase may not be a stable
state but could transition to other phases, such as inhomo-
geneous phases like the crystalline phase [27,41-43],
solitonic phase [44], gluonic phase [45,46], and so on.
Consequently, further research is needed to clarify the exact
nature and implications of these instabilities.

In the literature, the 2SC and g2SC phases have been
studied within the framework of the Nambu—Jona-Lasinio
(NJL) model [47,48], a powerful model used in a variety of
phenomena of strong interaction at low energy [28,49-51].
The NJL model has many interaction channels, and their
effects on the phase diagram and neutron star physics have
been widely studied in, e.g., Refs. [15,52-55]. The influ-
ence of diquark channels on the CSC phase diagram was
studied in Refs. [15,36], and the effects of the diquark
channel combining with the vector and vector-isovector
channels on the equations of state (EOS) of the neutron stars
were investigated in Refs. [20,53,54]. The results show that
in addition to the diquark channel, the vector and isovector
channels also have significant effects on the EOS of neutron
stars and the CSC phase diagram. In addition to the NJL
models, the phase structure of CSC matter was also studied
using the renormalization group approach or the Schwinger-
Dyson equation [56-59].

In this work, we systematically investigate the effects of
all the possible channels, particularly those often over-
looked in the literature, in the most general NJL model on
the QCD phase diagram and the EOS for neutron stars. The
general NJL. model has many interaction channels, espe-
cially those that could influence the charge-neutral 2SC
phase. These channels are not independent but can be
connected through a Fierz transformation. We further use
the one-gluon-exchange (OGE) model to obtain the cou-
pling constants of each channel. By imposing the electric-
charge and color-charge neutrality, which were not seriously
considered before [60,61], we analyze the contributions of
each channel in more detail and identify the dominant
interaction channels. Then we discuss their individual
impacts on the phase diagram beyond the OGE model
by varying their couplings.

We found that, apart from the diquark and vector
channels which have been extensively discussed in the
literature, the scalar-isovector, vector-isovector, and vec-
tor-isovector-color-octet channels also play significant
roles, whereas the contributions from other channels are
negligible. This arises from enforcing color and charge
neutrality constraints, which enhance the importance of
these channels in determining the phase structure. In
addition, due to the color and charge neutrality conditions,
we find that in the OGE model the system evolves from the
chiral breaking phase to the g2SC phase, and then to the
2SC phase. Compared to the case without the charge
neutrality, including charge neutrality introduces an addi-
tional intermediate g2SC phase, making the phase diagram
more complex. Moreover, we examined how the ratio of
the diquark-channel coupling constant H to the scalar-
channel coupling constant G” influences the 2SC phase
structure. We estimated the critical endpoint (CEP) at

H/GEO) = 1.1, u =312 MeV. The g2SC phase is delin-
eated by two phase boundaries, corresponding to H/ Gﬁo) ~

0.67 and H/ G§O> ~ 0.81. For the effects of distinct chan-
nels, we found that the vector channels shift the entire
phase diagram toward larger chemical potential (), while
the scalar-isovector channel extends the gapless phase
region from 0.67 < H/G <0.80 to 0.67 <H/GY <
0.85 in the vicinity of the chiral phase transition.
Moreover, the isovector channel lowers the values of

H/ GEO) corresponding to both the upper and lower
boundaries of the g2SC phase.

The rest of this paper is organized as follows. In Sec. II,
we derive the general NJL model and give the coupling
relations by Fierz transformation. In Sec. III, we figure out
the dominant channels in the OGE model. In Sec. IV, we
discuss the effects of these channels on the 2SC phase
structure separately at zero temperature. Finally, we make
conclusions in Sec. V.

II. GENERAL FRAMEWORK

The most general Lorentz-invariant Lagrangian of the
four-fermion interaction NJL model can be decomposed
as [62]

[:1(\;‘_[)1, = ‘Csym + Laets (1)

where L, is the Lagrangian preserving SU(N,) x
SU(Ns)y x SU(Ny), xU(1)y, x {C,P,T} symmetry
and Ly breaks U(1), symmetry. They can be generally
expressed as
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Loym = Wa¥sWyalCi(SS + PP) @ (totg + 11) ® 36 + Co(VV + AA) ® (toto + 1) ® 66
+C5(VV 4+ AA) ® oty ® 56+ C4(VV — AA) ® foly ® 85] 4 ca
+ W Wy Cs(SS + PP) @ (totg + 1) ® A+ Cs(VV 4+ AA) ® (toty + 11) ® A4
FCo(VV + AA) ® toty @ M+ Cy(VV — AA) & toty ® Ay eur (2a)

Lo = G(det [(1 4 7°)y] + det [5(1 = 1)), (2b)

where {S,P,V,A} = {1,iys.y",y"ys} are the Dirac matrices, {f,,;} are generators U(N,) with Tr[t,t,] = 25,,, and
{8, 4;} are the identity and Gell-Mann matrices in color space. A simplified notation is often adopted, for example

i=N2f—1,I=8

l/_/al//bl/_/cl//d[vv ® 1t ® )“’uah,cd = l/_/u(},ﬂti/ll)abl//bl/_/c(},Mtl‘/ll)cdl//d = (l/_/yﬂli;iIW)z' (3)
i=1,l=1

Some of the interaction terms in Lagrangian (1) are not independent but relate to each other by Fierz transformation
through exchanging v, and . or y, and y,. The interactions related by Fierz transformation are in fact dynamically
equivalent. Therefore, independent interaction terms form a Fierz complete basis, i.e., the minimal set of interactions which
can generate all other interactions by Fierz transformation [62,63]. Thus, we choose a Fierz complete interaction set

LIS = G walCL(SS + PP) @ (1ot + 11) ® 85+ Ch(VV + AA) @ (1ot + 1) @ 66

+ C3(VV + AA) ® 1oty ® 66 + CL(VV — AA) ® toty ® 66], q- (4)

Then, after Fierz transformation, coupling constants C; can be related to C;. We can also rewrite the Lagrangian (2a) into a
Fierz-invariant form as follows:

Lim = [ﬁfycnﬁ Z aq(Lym)]:
1

= El/_/al//bll_/cl//d[Gl (SS + PP) ® (totg + tt) ® 36 + Go(VV + AA) @ (toto + 1) @ 30

+ G3(VV + AA) ® 1oty ® 66 + G4(VV — AA) ® tyly ® 5640
2

Nz 1
+ l//al//bl//cl//d |:<— G] - NG4> (SS + PP) ® ([010 + tl) ® l/l
f

NZ-1 2N,
1
( G2 + 3) (VV 4+ AA) @ (toty + 1) @ A4
Ny
<7f )(VV—i—AA) ® toty ® A
( NG G4> (VV —AA) ® 1oty ® M} , (5)
4 ab,cd
where .7, denotes the quark—antiquark channel Fierz transformation and the G, ~ G, relate to C' ~ C} through

Gi=C-—2 ¢ G=C+- L c,
NfNC NN,

N
G; = C, Ni e ) Gy=C -1
3=0t N, ? tTTA TN,

oF (6)
Similarly, we can obtain the relations between G; and C;. In this sense, the eight parameters in (2a) are reduced to four.

Note that any two NJL-type four-fermion interactions that are both chiral and U(1), invariant should be physically
equivalent if they predict the same values of G| ~ G4 in the Fierz-invariant form. Then, combining the determinant
interaction, the general NJL model only has five independent couplings G; ~ G4 and G. For example, the original NJL
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model [47] can be obtained by setting C|, = G/2 and C) = C}

widely used in the study of CSC [13,33,60,61],

= C} = 0in the Lagrangian (4). In the OGE model, which is

‘Cint = —g(l/_/}/’lﬂal//y ’ (7)

we have G| = =2G, = (N2 —1)g/N? and G; = G, = G = 0.

In order to study the color superconducting phase structure, we should consider the diquark interactions which can be
derived via the Fierz transformation by the exchange of v, and . or v, and y, based on the quark—antiquark channel
interactions given in Eq. (4). Explicitly, the Lagrangian takes the form

9\%[55%] =W W Wl Hy[(iysC) (iysC) + (C)(C)] @ tats ® Aala
+ H,[(iysC)(irsC) + (C)(C)] @ tsts @ Ass
+ H3[(1"7sC)(Crurs) @ tata + (1"C)(Cry) ® tsts] @ Aada
+ Hy[(F"75C)(Crurs) ® tsts + (7 C)(Cry) ® tata] @ Ashstap cas (8)

where .7, denotes the diquark channel Fierz transforma-
tion, the indices S and A represent the symmetric and
antisymmetric parts of corresponding group generators,

and C = iy?y°. The couplings H; relate to G, through
N, 1
- —— G|,
o [y
N 1
= G, +—G;|,
: 1+NC[ 2+Nf 3}
N 1 1
= oG =Gy
T I1-N, {4 1J“sz 4}
N, 1 1
= LG -G 9
TN, {4 'U2N, 4} ©)

Note that LG, Z,, (LG, and Z,, [LEC] are, in fact,
equivalent. We only extract their distinct interaction chan-
nels through the Fierz transformation.

Although parameters G| ~ G4 can be partly determined
by the masses and decay constants of mesons in vacuum
[62], in this work, in order to investigate the influence of

different channels on the 2SC phase structure, we vary their
values except the coupling G£0> of the scalar interaction
(y)? which is fixed by the chiral symmetry breaking and
the pion properties in vacuum.

Due to the Fierz transformation, the Hartree-Fock and
BCS mean field approximation (MFA) of model L, +

L4 can be written as

<[’sym + £d€t>HFB = <£sym + £d6t>H + <§Z/q [Esym =+ ﬁdet])H
=+ <9qq [‘Csym + Edet]>Bv (10)

where the subindices HFB, H, and B represent the Hartree-
Fock and BCS MFAs, Hartree MFA, and BCS MFA,
respectively.

Although the derivation preceding Eq. (10) is valid in
both two- and three-flavor cases, our subsequent analysis is
carried out entirely within the two-flavor framework. This
choice is justified because, in the chemical potential range
relevant for the 2SC phase (M, < 4 < M, =~ 550 MeV), the
s-quark density is nearly zero and its self-energy o, varies
only weakly, so it can be treated as a background. Under
this approximation, the three-flavor determinant interaction
with coupling constant K reduces effectively to the two-
flavor form with an effective coupling G = —Ko, of
determinant interaction, which ensures that the essential
features of the 2SC phase can be consistently studied within
the two-flavor framework.

In the 2SC phase, the SU(3), gauge symmetry is
spontaneously broken down to SU(2),.. Focusing on the
homogeneous and electrically neutral 2SC phase, the
introduction of an electric chemical potential explicitly
breaks the isospin symmetry between u and d quarks.
Consequently, the residual unbroken symmetry takes the
form [64]

SO(3) x SU(2), x SU(2), x U (1), (11)

where U, (1) is generated by the third Pauli matrix 73 of
SU(2)y, and SO(3) is the rotation group.

Although the NJL model includes many interaction
channels, after MFA, only few of them contribute due to
the symmetry consideration. In the charge-neutral 2SC
phase, the following channels survive:
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Lyg = G§O)<‘/_/V/
+G

)2 + G (gaaw)? + GY)
_ 0
(W}loﬂ“aw>2 + GS}[)U

where the upper indices (0) and (8) denote the color
singlet and octet, respectively, and the lower indices
s,slv, v, and vlv represent the Lorentz-scalar, Lorentz-
scalar 1isovector, Lorentz-vector, and Lorentz-vector-
isovector. The charge-conjugated spinors are defined as

€ = Cy’ and ¢ =y’ C. Here, we did not consider the
color-sextet diquark channels since they are in the repul-
sive channels and the condensates are small [13,32].
The condensation of the temporal component of the

(l/_/n//)z + Gslv
(1/77/0131//)2 + Gulv
L,y = HWiystadoy©) (@ iystadaw) + Ho(Wryystaow©) (€

i) + G (7 'w)?

(1/77/0131111//)2 ’
70}’572121//)’

®)

(12)

symmetry SU(2),. This condensate is expected to van-
ish once chiral symmetry is fully restored. Nevertheless, in
the mixed-phase region—where chiral symmetry is
only partially restored while the 2SC gap remains finite
[65-67]—it can still acquire a nonvanishing value. We
neglect the axial-vector counterpart, (7 iyz; A, y), because
it can be shown to vanish identically. In addition, in 2SC,
we preserve the residual color symmetry between red and
green quarks. The couplings in (12) relate to G and G;

vector diquark channel, (y¢y’ysz,4,), breaks chiral  through
|
0) _ L
o = 27 4N,
2
®) N 1 1 G
K - - _G o
N2—1( 2NN 4>+8
GV _g -16-_Lg
stv 27 4N,
@_ N (1. 1.Y\_G
SN2 1\ 2N, N, Y)Y
GV =G, + Gy + Gy,
2
N2—1(2N 2Nf 2 2 oN. P 4 TV oN, T
Gl =G,
2
(8) N 1 1
G ,= —Gy +—G; |,
vlv 1 ( 2NC 2 + 2Nf 3
G
H=H
1ty
Hy = H;. (13)

III. CONTRIBUTION FROM DIFFERENT CHANNEL

In this section, we investigate the effect of individual interactions in Eq. (12) on the color superconducting phase.

A. Thermodynamic potential

From Eq. (10), we obtain the thermodynamic potential

Q=0,+U+Q,.

(14)

where Q,,, U, and Q, are the contributions from the quark dynamical, quark condensate, and electron parts, respectively.

They are expressed as
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Q ——24: Ap2dp[€i+2Tln(1+e‘4/T)}
M — 4 0 ”2 r

A n2
— z / %th +TIn[l + e—(Ef/,+ﬁfh)/T] +Tln[l + e_(th_ﬁfb)/T]’
0o '

f=ud
U =G0+ GO+ Gindi + G + GV + G+ Gyynd + Gyjyni + HI3* + Ho oo .
pdp ~(pho)/T ~(pto)/T
Q, =- p [T1n (1 + e~ Pl Ty 4 T'ln (1 + e~ \P7H)/ 1] (15)
|
Here. E, — ./ P2+ M2, for f={ud}c=1{rgb} we consider the contributions of M, and A,. At present,
e ¢ Y "7 7" the criterion for the g2SC phase is that one of the spectra

¢ = y), ds = (Wisy), ¢y = Wr3w), and ¢z =
(wt3dgy) represent the Lorentz-scalar density in color-
singlet, color-octet, isovector, and isovector-color-octet
channels,  respectively. n = (), ng = (pyAsw),
n; = (py'ryw), and ng = (Py’r3lgy) denote quark
number density in color-singlet, color-octet, isovector,
and isovector-color-octet channels, respectively. 6 =
(WCyst2Aow) is diquark condensate Lorentz-scalar channel
and 8y = (Y yst,4,y) stands for the diquark condensate
in Lorentz-vector channel. fi;. is the effective chemical
potential for f-flavor ¢ — color quark and y, = —pu,, is the
chemical potential of electrons. The spectra €’. in red and
green subspace is the eigenvalue of the characteristic
equation

(=24 6u)* = p? = M} — i = A% = AF + (5M,)*)?
— 4[(=6M (=2 + &) + M, i — AD)?
+ P2 (A3 + i — 6M3)] =0, (16)

where A = -2H6, Ay = 2H0, and

i = ﬂur +ﬁdr 5/4 _ ﬂur _ﬁdr
27 2
_ M M M, —M
Mr:%’ 5M,:W#dr. (17)

Due to the degeneracy between the red and green quarks,
we have M, = My, and ji;, = jiy, in the thermodynamic
potential (15) and in the characteristic equation (16). Thus,
we obtain the following relations:

5Q,
5Mfr ¢fr + ¢.)‘g ¢frv
5Q,

—— = n r + n = 2n rs 18
Sy, e = 2 (18)

with f = u, d quarks.
In Refs. [36,37], the criterion for a g2SC phase is
A < |6p|. But this criterion is not applicable here when

€'.(p)—eigenvalues of the characteristic equation (16)—
becomes zero at some momentum p. This implies that
Eq. (16) has a real number solution about momentum p
when we take 4 = 0. Equivalently,

A%(éﬂz - M%) + (MréMr _ﬂéﬂ)z + 2AA0(5Mr5/’t - Mrﬁ)
+ A% (6M? - i?) > 0. (19)

If both 0M, and A vanish, the above inequality reduces
to A < |ul.

When we take HFB MFA, the constituent quark mass
M., effective chemical potential fif., and 2SC gaps A, A
are related to condensates and densities through

My =m— 2G§0)¢ - 2G§8)(/18)cc¢8 - 2G§(1))v (73) 101
— 2G5 (13) 1 (As) cetbrs.
fire = 1+2G"n + Qpug + (As)co (s + 2G1 ng)
+ 26, (23) ymy + 2G5 (23) 1 () s (20)

with Q, =2/3,0,=-1/3 and A3 = %diag(l, 1,-2).
The condensates and densities in the above equations
can be determined from the extreme of the thermodynamic

potential

5Q Q0 Q60
op OS¢y Op; OS¢y On
0 0Q 0 60 oQ
=== T2, (21)
ong on; onpg 66 86

Because of the charge and color neutrality, we have

0Q
n = —_-——= s
= "5
0Q
ng = —— = 0. (22)
Opig

094042-6



TWO-FLAVOR COLOR SUPERCONDUCTIVITY IN A ...

PHYS. REV. D 112, 094042 (2025)

350 {
190 3 — M, 0.000
3001 A N} — My,
9 N
\ 180 . N ~0.005

250 \: 00 405 410 Mup o
e~ u : Mgp >
2 \ $ -0.0101
= 2001 4 A £
o 3 —— Ao []
S n ‘@ —0.015 - /
o 1501 A\ @ , v
d o 400 410 420
$ o /

] € —0.020 4 1
= 100 ] S ! s
- I — (g
50 < -0.025{ !
Smgogp / _— ¢
Ssassaccocs ’
” -= ¢
O i N _0.030 T T T T T T T T
350 260 250 500 550 350 375 400 425 450 475 500 525 550
u (MeV) U (MeV)
FIG. 1. The chemical potential dependence of the constituent ~ FIG. 2. The chemical potential dependence of different channel

quark mass M. and 2SC gap A, A,. The M, (orange dash-
dotted line) and M, (blue solid-square line) coincide. The
vertical blue-dotted line at y ~ 370 MeV and green-dotted line
at u ~ 480 MeV denote, respectively, the locations of the chiral
phase transition and the g2SC to 2SC phase transition.

These neutrality conditions, which have not been seriously
considered before, yield relations among the chemical
potentials {., uous}, such that there is only one indepen-
dent chemical potential p.

B. Gap equation

To self-consistently analyze the contribution from a
specific channel, we solve the gap equations (20)—(22) in
the OGE model (7), which has only independent coupling
g. The other couplings relate to g through Eq. (13). The
model parameters are cutoff A = 631 MeV in Eq. (15),

current quark mass m = 5.5 MeV in Eq. (20), and G§°> =
2.188/A? [68], which were obtained by fitting (@u)'/> =
—246 MeV, f, =93 MeV, and m, = 138 MeV. The

coupling g is chosen such that Gﬁo) = 2.188/A2.

The constituent mass of quarks and 2SC gap are shown
in Fig. 1. From this figure, we find that the constituent
mass of quarks is nearly independent of color. Explicitly,
the mass difference between the red and blue components
of up quarks is less than 5 MeV, while that of down quarks
is less than 1 MeV. These mass differences are related to
the condensates ¢pg and ¢;g through M, — M, ~ ¢pg + ¢P;g
and M, — My, ~ ¢p3 — ¢p;3. Then, the smallness of mass
difference induced by color can be understood from Fig. 2,
which shows that both condensates ¢g and ¢;g are very
small. Compared to ¢g and ¢, the condensates ¢; and ¢
are big. Thus, we can ignore contributions from the
channels (A,w)?> and (@zi,p)?. The contribution of
the (yry)? channel, ¢?, has a maximum magnitude at
about y = 390 MeV, and then decreases with chemical
potential; therefore, this channel may have some effects on
the 2SC phase transition at relatively low chemical

condensates.

potential (or density), but is expected to vanish as the
chemical potential increases. The mass splitting between
up and down quarks induced by the ¢; channel can reach
up to 140 MeV, as can be seen from Fig. 1. In addition, this
figure shows that, in the 2SC phase, the 2SC gap
parameters A are much larger than A, which agrees with
the discussion in Ref. [60].

It is shown in Fig. 1 that, as the chemical potential
increases, this model undergoes two transitions. The first is
the chiral transition occurring at y = 370 MeV, which is
estimated at the maximum value of the slope of effective
mass M ;.—the susceptibilities [69], or equivalently, the
slope of ¢. In Ref. [65], this transition is first or second
order because the chiral condensate is either discontinuous
or nonsmooth. In our case, however, this transition behaves
more like a crossover, as all condensates and densities
remain smooth. This difference is due to the vector
interaction channel included here, which can make the
chiral transition smoother. The second is the transition from
the g2SC phase to the 2SC phase, which occurs at y ~
480 MeV according to the criterion (19). This result is
different from that of Ref. [70], which stated that there is a
phase transition from 2SC to normal quark phase (NQ).
Although the ratio H/G.” = 3/4 used in Ref. [70] is equal
to the OGE model considered here, the contribution of
channel (y°ty)? was not considered. As we will discuss
later, this channel will make the 2SC phase more stable than
the NQ phase.

The color and charge neutrality conditions are

2 1
gnu _gnd = N,
n,=n,=n, (23)

Using the identities
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350 375 400 425 450 475 500 525 550
u (MeV)

FIG. 3. The chemical potential dependence of the quark and
electron densities.

n, = N, + ng,
np = Nyp + Ngps
Ng = Ngy + Ngg + Ngp,
n, = ny + nyg + Ny,

ny, = nugv ndr = nd.(l’ (24)

we find that the neutrality conditions are equivalent to

Ngy + Ny = Ny + Ngp,s

Ngr = Nyr = Nyp — Ne- (25)

With respect to the constraints of color and charge neutral-
ity, the densities of quarks with different flavors and colors
and the density of electrons are displayed in Fig. 3. One can
see that, in the gapless phase, the difference between n,,, and
ng first increases and then decreases with chemical
potential, until they are equal where the phase changes
from g2SC to gapped 2SC. In the 2SC phase, the mismatch
between the fermion surfaces of the u-red (#-green) quark
and d-green (d-red) quark vanishes, and n,, =n,, =
ngy = ngy. Thus, n,, = n,.

We plot in Fig. 4 the particle density fractions of quarks
and electrons such that the charge neutrality is more clearly
illustrated. According to Eq. (25), the charge neutrality
requires that

Ngr — Nyp = Ngp — Ny = Ny — N, (26)

which is illustrated in Fig. 4 as the gaps between corre-
sponding lines. The interesting thing is that n,. —n,,;, is
roughly proportional to the quark number density 7 in both
the g2SC and 2SC phases. The reason for this observation
will be discussed later.

0.35
* Ngp/n === nNgr/n == Ny/n ==+ nyp/n Ne/n
0301 i eeerneeeeaad
025 Lrrrreeenemeen
= 0-20_\
3
< 0.151 T
pm—————
w?
0.101\
* — — — —_—
e—
0.05 T~ ]
0.00 A
350 375 400 425 450 475 500 525 550
u (MeV)

FIG. 4. The particle density fractions of quarks and electrons.

In the 2SC phase, n,, = n,, and therefore we have fi,;,
He = —Hg in the chiral limit. Additionally, according the
chemical potential relations (20), we have

4
a2, — 4 <G533) n §G§)8,L)n,. (27)

Because of
n—= 2(nur + ndr) + Ny +ng, = 3(nub + ndb)? (28)
we obtain the fraction of electrons at zero temperature as

n, 1

32-4(c. +1610)

T 3
n n

116 4
z+{d@+(ﬂqm
u

27 8] vlv 3 vlv .

1 16 7 o 4 .
N———x=— |G +=GY |2

27 81 S 37[2 |: vlv + 3 vlv //l

L2 3V o  4s0] e
- ﬁ B W X <5> |:G1/'IT) + gth} Iu . (29)

If we ignore the second term since the coupling constants
G ~ 1/A? imply that the second term is much smaller than
the first one, we have n,/n ~ 1/27. The fraction of ny,/n ~
8/27 is directly obtained from the neutrality constraints
(25). In the 2SC phase, we can obtain the approximate
ratios of quarks and electrons as ng,:n,, ng N, n, =
8:4.5:4.5:1:1. In the NQ phase, we can also obtain the
fractions ny./n~2/9 and n,./n=~1/9 for ¢ = {r, g, b}.
The electrons in the NQ phase are negligible, n,/n ~ 0. In
the g2SC phase, the particle fractions lie between those of
NQ phase and 2SC phase, namely
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FIG. 5. The contributions of n; and n;g channels.
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From these relations, we can obtain that 0.11 <
(ng. —ny)/n <0.13, which hardly changes with the
chemical potential. In this model, including the second
term of Eq. (29) results in a slight increase in the electron
fraction from 1/27 ~ 0.037 to 0.045 when y = 500 MeV.

The contributions of n; and n;g channels are displayed in
Fig. 5. This figure shows that, in the g2SC phase, n; is
larger than n;g and thus the effect of ng is insignificant,

800 —
_/ - &1
600 - 25 — 5
400_ 0_}_{____;-'-‘ ----- 63
= ° €4
; 200 A -25 4 |
[ o — e, 250 3 —
S L T Timiede—mmeme i T e
G 5001 st e
—400 4 o
0o 9
®0.0., -
—600 1 ®-0.0.,.
*.0., .
*e.
—800 09 .
0 100 200 300 400 500

FIG. 6. Dispersion relations €.(p) at u = 380 MeV.

while in the 2SC phase, n;g is proportional to n; as
nig = —2n;/+/3, and both effects cannot be neglected.
Furthermore, in the gap equations (20), the contributions of
n; and ng are always added together, so the effects of ;g
can be mimicked by n; totally. Considering the above
reasons, in the following discussion, we will not address the
impact of n;g individually but focus solely on the effect
of n I

Figure 6 displays the spectra €.(p) of the gap equations
at = 380 MeV. In this diagram, the €2 and €’ are particle
modes, and €! and € are antiparticle modes. If we ignore
A, and 6M,, they are expressed as

’

el (p) = \/(E/(p) +1)? + A2 — |3
(p) = \/(E/(p) —p)? + A2 ~ 5w
& (p) = —\/(E(p) — ) + A2~ |5u

é(p) = —\/(E(p) + w)* + A~ |oul.

’

s

(31)

Therefore, if there is no mismatch between Fermi surfaces
of u-red (u-green) and d-green (d-red), i.e., ou = 0, the
minimum energy required to break up a Cooper pair and
excite a quasiparticle is A (see the € in above equations).
However, the mismatch of the Fermi surfaces hinders the
formation of Cooper pairs and makes it easier to excite a
quasiparticle. When |du| > A, i.e., €. passes through the
zero value such as the €2 in Fig. 6 and there is no gap to
excite the quasiparticle, this is the so-called gapless phase.
We denote the minimal of the €2 in Fig. 6 as A, and draw its
value as a function of u in Fig. 7. From this picture we can
see that, in the g2SC phase, the density difference between

6.0 1
—_— Ag == (nyr—ngr)ing /’/-0_4
4.0 ./
/ 0.2
2.0 / e
3 / 3
E 0.0 \/[ ............. 0.0 IC
< N 7/ 5
_20 -
\ [/ -0.2
4.0 [ . /
' \» / 7
' ‘\\\/‘._,/ -0.4
-6.0 .
350 400 450 500 550
u (MeV)

FIG. 7. Chemical potential dependence of gap A, of exciting a
quasiparticle and the density difference between the u red and d

red quarks. 1y~ 0.16 fm™3 is the nuclear saturation density.
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ured and d red quarks and the gap A, show the same trend
as p changes, but former is slightly lagged. In the 2SC
phase, the pairing between u-red (u-green) and d-green
(d-red) quarks partially smooths out the mismatch of their
Fermi surfaces. This “smearing” effect tends to equalize the
Fermi surfaces of u-red and d-green quarks, making their
particle numbers nearly identical. In the g2SC phase,
however, the Fermi-surface mismatch is larger and cannot
be completely compensated by the pairing, so a particle-
number difference appears. If we neglect the contributions
from 6M and A, Eq. (31) shows that A, = A — |6u|. Here,
A, can be regarded as the net Fermi-surface mismatch
between u-red and d-green quarks after being partially
compensated by the pairing. Therefore, the particle-number
difference between u-red and d-green quarks can be
estimated as

20
ny, — ndg =Ny, —Ng, X ?AQQ(—AQ), (32)

where 0(x) is the Heaviside step function.

IV. INFLUENCE OF DIFFERENT CHANNELS
ON 2SC PHASE STRUCTURE

Based on the aforementioned analysis, it becomes
evident that, besides the diquark channel A and vector
channel n, the channels ¢; and n; may have considerable
influence on the 2SC phase diagram. In order to see their
distinct impacts on the phase diagram, we systematically
modulate the coupling constants associated with these
channels. We vary the ratios of the coupling constants of
these channels to that of the scalar channel, and separately
discuss the effects of these channels while neglecting the
contributions from other channels. In this sense, the results
in this section are beyond the OGE model.

A. Phase diagram of 2SC

The phase diagram with different values of H/ G is
shown in Fig. 8. Here, we only take the diquark channel
into consideration. In this figure, we can see that the g2SC

phase lies in the range of 0.67 < H/ GEO) < 0.81 at low
chemical potential y < 400 MeV, consistent with Ref. [36],
which was obtained in the chiral limit and with the
approximations A < ji << A. The higher values of

H/ G§°) correspond to the gapped 2SC phase, while the

lower values of H/ G§°) correspond to normal quark phase.
This observation indicates that the current quark mass does
not affect the lower boundary of the g2SC phase so much.
However, the upper bound of the g2SC phase differs
somewhat from that of Ref. [36]. The reason for this
discrepancy is that the approximation A < ji << A used in
Ref. [36] is no longer valid when p approaches the cutoff A.

== g25C—-2SC
1.1 == NQ-g25C
—&— CEP

0.6 NQ phase

300 350 400 450 500
u (MeVv)

FIG. 8. The phase diagram in the u — H/ Gﬁo) plane. The solid
line denotes the first-order chiral phase transition, and the blue
and red dashed lines represent the two boundaries of the g2SC
phase. For comparison, the boundaries of g2SC phase obtained in
Ref. [36] are plotted as dash-dotted lines.

Moreover, Fig. 8 also shows that the increasing value of

H/ GEO) decreases the chemical potential of chiral phase
transition. In order to understand the reason for this effect,
we analyze the impact of the diquark channel with fixed
chemical potential in Fig. 9. This figure illustrates that in the
g2SC phase, the diquark gap parameter A slightly increases
the constituent quark mass, while in the 2SC phase, it
decreases the constituent quark mass. For this reason, in
2SC phase, the increasing of A will cause the phase

transition to occur earlier. Especially when H/ G is larger
than 1.1, the chiral phase transition becomes a crossover
instead of first order. This result is quite different from
Ref. [65], where the charge and color neutrality constraints
were not taken into account. As shown in Fig. 10, the chiral

phase transition is of first order when H/ GEO) =1.0. As

70 200
—_ M - A
4175
65 P
’/
_-” L 150
60 1 TN, o
_ - \‘/’ -125A
2 - 27N 3
=55 L, N £100 =
= Re N, <
s N, 75
50 // \.
7 N, L 50
a5 // \,\
’ ]
; 25
I
1

40 : ‘ . . ; . 0
0.65 070 075 0.80 085 090 095 1.00
HIG

FIG. 9. H/ G£0> effect on the constituent quark mass M and
diquark gap parameter A at y = 370 MeV.
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FIG. 10. The chemical potential dependence of the
constituent quark mass M, 2SC gap A, effective chemical

Uo , with different values of H/ GEO).
The upper panel corresponds to H/ GEO) = 1.0, and the lower
panel to H/GEO) =1.2.

potentials fi,

. and [ug

H/ G§°) increases, the transition becomes a crossover, rather
than a second-order phase transition suggested in Ref. [65].

In our case—for example, at H/ G§O) = 1.2—all quantities
appear to vary smoothly with the chemical potential in
the vicinity of the chiral phase transition, indicating that
the transition is a crossover. The CEP is located at

u=7312MeV,H/ G§°) = 1.1, and the corresponding
A = 138 MeV.

B. Effects of other channels on 2SC phase structure

In order to show the influences of the different channels,
specifically the ¢;, n, and n; channels, on the phase
diagram, we separately solve the gap equations with some
typical values of couplings.

In Fig. 11, we analyze the effect of the ¢; channel with

Gﬁ% / G = 1. We find that the ¢; channel decreases the
chemical potential of chiral phase transition slightly. In
addition, it expands the gapless phase range from 0.67 — 0.8
to 0.67 — 0.85 in the chemical potential region shortly after
the chiral phase transition. The ¢; channel mainly affects

0.90
0.85
0.80
s 0.75
=u
Q
T 0.70
0.65 —= GRIG® =0 g25C-2SC
—— G(D)/G(0)=0 NO—gZSC
N 'slv/™s
0.60 Q GRIGP® =1 g25C - 25C
su GOGO=1 NQ-g25C

0.55 T T T T - -
300 325 350 375 400 425 450 475 500
H (MeV)

FIG. 11. Phase diagram in the y — H/ GE()) plane. The black and
purple solid lines correspond to the first-order chiral phase
transitions without and with considering the ¢; channel inter-
actions, respectively. The dashed and dotted lines represent the
phase boundaries of the g2SC phase, with and without the ¢,
channel contributions, respectively.

the mass difference between up and down quarks. This
mass difference contributes a value of M,.6M,/E,.(p) to
|6u| in dispersion relation €?(p) in Eq. (31), transforming
the original gapped 2SC into the g2SC region. Meanwhile,
the ¢; channel hardly changes the lower boundary of the
g2SC phase and the upper boundary at high chemical
potential.

The effect of the n channel on the 2SC phase is shown in

Fig. 12 with GS,O) / G§°) = —0.3. We choose a negative Ggo)

because, after bosonizing the NJL Lagrangian, —1/ Ggo) is
proportional to the squared mass of the vector meson times

0.90
0.85
0.80
s 0.75
~un
Q
T 0.70
AT L
065 == GG =0 g25C-25C
—-= GG =0 NQ-g25C
N v s
0.60 Q G/G{® =-0.3 ¢25C-25C
= u GG =-03 NQ-g25C

0.55 . ' . . . ;
300 325 350 375 400 425 450 475 500
u (MeV)

FIG. 12. Effects of n channel on the phase boundaries of the
g2SC phase. The purple dash-dotted line denotes the crossover
chiral phase transition. The dotted and dashed lines indicate the
g2SC phase boundaries with and without the n channel inter-
actions, respectively.
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FIG. 13. Comparison of the g2SC phase boundaries with
different n; channel coupling strengths. The dashed and dotted
lines correspond to the g2SC phase boundaries without and with
the inclusion of the n; channel contributions, respectively.

a positive constant [71]. The main feature of the n channel
is to shift the entire phase diagram along the high chemical
potential direction. At the same time, the type of chiral
phase transition changes from a first-order phase transition
to a crossover. From the gap equation (20) we can see that,

due to the negative coupling G(yo), the density n decreases
the effective chemical potential, which is equivalent to an
increase of the chemical potential. Consequently, this
channel shifts the entire diagram to the right. As mentioned
in Ref. [70], when the chemical potential nears the cutoff A,
the diquark condensate starts to be affected by the
momentum cutoff, declining to zero, and eventually trig-
gers a transition to the NQ phase. The n channel’s
contribution removes this limitation, stabilizing the 2SC
phase at high chemical potentials.

Finally, we show the effects of the n; channel in Fig. 13

by using GSJ%/ G\ = —1. This figure shows that the n;
channel reduces the upper and lower boundaries of the
22SC phase, with the effect more significant as the
chemical potential increases. The gap equation (20) implies

that the mismatch Sy of the chemical potential between the
(0)

u-red and d-green quarks is proportional to G,;,

ny.
Because we take Gg;)v <0, n; decreases the value of

|6u|, then decreases the g2SC upper boundary. As we
mentioned above, there is a phase transition from g2SC to

2SC instead of to NQ phase at H/ G§0> ~0.75. The g2SC to
NQ phase transition disappears, replaced by a g2SC to 2SC
phase transition.

V. SUMMARY AND DISCUSSION

In this paper, we systematically investigated the effects
of various interaction channels within the NJL model on the

2SC phase at zero temperature by seriously considering the
constraints from color neutrality and charge neutrality. We
started from the general NJL model and derived the
relations among the couplings using Fierz transformations.
All these couplings are controlled by only five independent
couplings.

To figure out the dominant channels, we adopted the
traditional OGE model. The results showed that in addition
to the diquark and vector channels widely discussed in the
literature, due to the inclusion of both charge/color neutral-
ity constraints and self-consistent interaction contributions,
scalar-isovector, vector-isovector, and vector-isovector-
color-octet channels are also found to be important, while
other channels can be neglected. Furthermore, our analysis
showed that the color and charge neutrality conditions give
rise to the emergence of the g2SC phase between the NQ
and 2SC phases, while the contribution from the ¢; channel
induces the phase transition from g2SC to 2SC. The
particle fractions of quarks with different colors and flavors
were estimated as ng,:n,,ng.:n, ~8:4.5:4.5:1:1 in the
2SC phase. Moreover, the ¢,;, channel results in a mass
splitting of up to 140 MeV between the u and d quarks.
Additionally, the contribution from the n channel turns the
chiral phase transition into a crossover, rather than a first-
order, transition.

Next, we discussed the impacts of some channels on
the phase structure beyond the OGE approximation.
We found that a gapless phase lies in the range of

0.67<H/ G§O) < 0.81, which agrees with the results of

Ref. [36]. Moreover, the increasing value of H/ G§°)
decreases the chemical potential of chiral phase transition.
This result is caused by the competition between the
diquark condensate and chiral condensate in the 2SC phase

[61,65]. In addition, we found the CEP on the u— H/ G§°)

plane located at u=312MeV, H/G =1.1 with
A = 138 MeV. The chiral transition is crossover instead

of first order when H/ G§0) > 1.1. For the influence of other
channels on the 2SC phase diagram, we found that the
scalar-isovector channel ¢; expands the gapless phase from

067 <H/GY <08 to 0.67<H/GY <085 in the
chemical potential region shortly after the chiral phase
transition. The vector channel shifts the entire phase
diagram along the larger u direction. The isovector channel

reduces the H/ G\ values of both the upper and lower
boundaries of the g2SC phase.

The above results indicate that when studying color-
superconducting phases and their applications in neutron
star physics, these interaction channels should also be
considered.

We note, however, that the critical density of the chiral
phase transition illustrated in Fig. 1 in our calculation is
about 1.1p,, only slightly above nuclear saturation density.
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In this low-density region, the NJL model is not reliable
due to the absence of confinement and explicit baryonic
degrees of freedom, and the transition shown in Fig. 1
should not be interpreted as quantitatively reliable at such
low densities. Our results should thus be understood as
illustrating the qualitative interplay between chiral and
diquark condensates within the quark matter framework,
rather than as quantitative predictions near nuclear satu-
ration density.

In future work, we plan to incorporate more realistic
nuclear matter equations of state in order to make contact
with neutron star physics, and to explore in detail the
possible window for the existence of the g2SC phase in
neutron star cores.
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