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We present results for the inclusive semileptonic Ds → Xslν̄ decay rate from lattice QCD. Chiral and
continuum extrapolations are performed using gauge ensembles generated with 2þ 1 flavors of Möbius
domain-wall fermions. Systematic errors are fully addressed including those from the integral over all
possible final states. Our results are in agreement with currently available experimental data, with an error
at the few-percent level.
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I. INTRODUCTION

The long-standing tension between determinations of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
jVcbj and jVubj from the inclusive and exclusive measure-
ments of BðsÞ meson decays is limiting the precision of
important Standard Model (SM) predictions. For instance,
jVcbj plays a crucial role in the SM prediction for neutral-
kaon mixing, which in turn is a formidable probe for NP at

very high energy scales. But, the tension on jVcbj is the
dominant uncertainty in its error budget [1,2]. To resolve
the tension, and thus improve various SM tests, we need to
strengthen our understanding of the theoretical and exper-
imental uncertainties, both quantitatively and qualitatively.
In this context, while lattice-QCD predictions for the

exclusive decay rate have been possible for quite some time
(see [2]), there has recently also been progress toward
predicting inclusive decay rates within the same theoretical
approach. Although determining and summing all exclu-
sive decay modes to determine the inclusive decay rate
remains out of reach in lattice QCD, a technique to directly
compute the inclusive decay rate has been developed,
where the sum over a given energy range is reconstructed
from the Euclidean correlation functions at various time
separations. The first results for the inclusive semileptonic
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processDs → Xslν̄ have recently been presented, based on
Chebyshev reconstruction [3–5] for a single lattice spacing
and sea-quark mass [6]. An alternative approach, Hansen-
Lupo-Tantalo (HLT) reconstruction [7–9], was used in
[10,11] to present a determination of the inclusive rate
of the Ds meson including the Cabibbo-suppressed chan-
nels proportional to jVusj and jVcdj including the chiral and
continuum extrapolations. For a comparison between the
Chebyshev approximation and the HLT reconstruction, and
work on the inclusive Bs → Xclν̄ decay, we refer to [12].
Our previous work [6] concentrated on systematic effects

related to the Chebyshev reconstruction—in particular, the
bias due to the truncation of the Chebyshev expansion, as
well as the finite-volume effect. Here, we investigate the
chiral and continuum limits for calculating the inclusive
decay rate. The results obtained in this work are comple-
mentary to [10], using an independent method of the
reconstruction and the error analysis. We supplement our
previous study with additional gauge ensembles at different
pion masses and lattice spacings, in order to extrapolate
toward the physical pion mass, as well as the con-
tinuum limit.
Our simulations employ Möbius domain-wall fermions

[13–15] for all quarks, including the c and s quarks near
their physical values, on lattice ensembles generated for the
study of B meson semileptonic decays [16,17].
The remainder of this paper is structured as follows. In

Sec. II we briefly review the necessary theoretical frame-
work introduced in [6], recalling the definition of key
quantities required for our calculations. Section III presents
details of the simulation. In Sec. IV we then define the
global fitting strategy employed to parametrize the pion
mass, lattice spacing and q2 dependencies. The application
of this fit on the dominant contribution to the inclusive rate
is also discussed in this section. Finally, we then use the
fitted parameters to determine the inclusive rate in Sec. VI,
before presenting a summary and future prospects in
Sec. VII.

II. REVIEW OF INCLUSIVE DECAYS

We provide a brief overview of the key concepts required
for the computation of the inclusive decay rate in lattice
QCD. For more details we refer the reader to earlier
work [6,12].
We start with the differential decay rate, which, for the

process Ds → Xslνl studied in this work, is given by

dΓ
dq2dq0dEl

¼ G2
FjVcsj2
8π3

LμνWμν; ð1Þ

and we neglect QED corrections. The kinematical factors
are collected in the leptonic tensor Lμν given by

Lμν ¼ pμ
lp

ν
νl þ pν

lp
μ
νl − gμνpl · pνl − iϵμανβpl;αpνl;β: ð2Þ

Here, pl and pνl denote the four-momenta of the lepton
and neutrino, respectively, and the momentum transfer
between initial and final states is q ¼ pl þ pνl .
Working in the rest frame of the initial Ds meson, the

hadronic contributions are encoded in the hadronic tensor
defined as

Wμνðq;ωÞ ¼
1

2mDs

X
Xs

δðω − EXs
Þ

× hDsjJ̃†μðq; 0ÞjXsihXsjJ̃νðq; 0ÞjDsi; ð3Þ

which depends on the kinematic variables q2 ¼ q20 − q2

and ω ¼ mDs
− q0, i.e., the three-momentum and energy of

the final hadronic state Xs. The charged V − A currents
(transform to the momentum space) J̃μ mediate the c → s
flavor-changing transition. As discussed in detail in [6], the
hadronic tensor enters the definition of the total decay rate,
which we write as

Γ ¼ G2
FjVcsj2
24π3

Z
q2max

0

dq2
ffiffiffiffiffi
q2

q
X̄ðq2Þ; ð4Þ

where the upper limit of the integral is given by
q2max ¼ ðm2

Ds
−m2

ηsÞ2=ð4M2
Ds
Þ. The function X̄ðq2Þ con-

tains an integral over the final-state energy ω,

X̄ðq2Þ¼
X2
l¼0

X̄ðlÞðq2Þ; X̄ðlÞðq2Þ≡
Z

ωmax

ωmin

dωXðlÞðq2;ωÞ;

ð5Þ

with integration limits ωmin ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

ηs þ q2
q

and ωmax ¼
mDs

−
ffiffiffiffiffi
q2

p
, where the relation to the hadronic tensor

Wμν is given as

Xð0Þðq2;ωÞ ¼ q2W00 þ
X
i

ðq2i − q2ÞWii þ
X
i≠j

qiWijqj;

Xð1Þðq2;ωÞ ¼ −q0
X
i

qiðW0i þWi0Þ;

Xð2Þðq2;ωÞ ¼ q20
X
i

Wii: ð6Þ

As these formulas show, the total decay rate is obtained
from an integral over the energy ω of the hadronic final
state, as well as the corresponding three-momentum q2. In
essence, XðlÞðq2;ωÞ encodes all information on the had-
ronic dynamics as a linear combination of the hadronic
tensors with some kinematical factors.
Given the V − A nature of the charged current in XðlÞ, the

hadronic tensor and the corresponding XðlÞðq2;ωÞ can be
written as
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XðlÞ ¼ XðlÞ;VV þ XðlÞ;AA − XðlÞ;VA − XðlÞ;AV; ð7Þ

where V and A denote the insertion of the vector and axial-
vector currents, respectively. The decomposition for X̄ðlÞ
follows in a similar manner. In the massless-lepton limit the
contributions from VA and AV to the decay rate vanish due
to parity.
Let us also briefly review the decomposition of Xðq2;ωÞ

into longitudinal and transverse components for the vector
(VV) or axial-vector (AA) insertions of the hadronic tensor,
allowing us to identify contributions of different final
states. The numerical results discussed in Sec. IV will
be based on this decomposition. We decompose Xðq2;ωÞ,
given in Eqs. (5) and (6), as Xðq2;ωÞ ¼ Xkðq2;ωÞ þ
X⊥ðq2;ωÞ, defining the longitudinal and transverse con-
tributions, Xkðq2;ωÞ and X⊥ðq2;ωÞ, respectively, as

Xkðq2;ωÞ¼q2W00−q0
X
i

qiðWi0þW0iÞþ
q20
q2
X
i;j

qiWijqj;

ð8Þ

X⊥ðq2;ωÞ ¼ ðq20 − q2Þ
X
i;j

�
δij −

qiqj
q2

�
Wij

¼
�
1 −

q20
q2

��X
i

ðq2i − q2ÞWii þ
X
i≠j

qiWijqj

�
:

ð9Þ

In [6] we showed how these expressions can be combined
with form factors defined in a way motivated by heavy-
quark effective theory (HQET) to estimate the contribution
of the lowest-lying energy state to the inclusive decay rate.
We now discuss how the integral in (5) can be obtained

from a lattice computation of the time dependence of the
Euclidean four-point function

CSJJS
μν ðq; tsnk; t2; t1; tsrcÞ
¼t2≥t1

X
xsnk;xsrc

hOS
Ds
ðxsnkÞJ̃†μðq; t2ÞJ̃νðq; t1ÞOS†

Ds
ðxsrcÞi; ð10Þ

whereOS
Ds

defines an interpolating operator of the quantum
numbers of the Ds meson, and J̃νðq; tÞ≡P

x expð−iq ·
xÞJνðx; tÞ with Jν ¼ c̄γνð1 − γ5Þs projects the currents onto

a specific three-momentum. Through this setup, a Ds
meson that carries zero momentum is created at the source
time slice tsrc, and is annihilated at the sink tsnk.
By taking suitable ratios of the four-point function (10)

with zero-momentum two-point functions and ensuring
tsnk ≫ t2 ≥ t1 ≫ tsrc, we can construct matrix elements as

Cμνðq; tÞ ¼
1

2mDs

hDsjJ̃†μðq; 0Þe−ĤtJ̃νðq; 0ÞjDsi; ð11Þ

with t ¼ t2 − t1. We refer to [6] for a more detailed
derivation. The relation to the hadronic tensor (3) is given
in terms of the Laplace transform

Cμνðq; tÞ ¼
Z

∞

0

dω
1

2mDs

× hDsjJ̃†μðq; 0ÞδðĤ − ωÞJ̃νðq; 0ÞjDsie−ωt

¼
Z

∞

0

dωWμνðq;ωÞe−ωt: ð12Þ

To relate the energy integral to a quantity that can be
calculated on the lattice we consider a generic way in which
X̄ðlÞðq2Þ can be written:

X̄ðlÞðq2Þ ¼
Z

∞

ω0

dωWμνðq;ωÞKðlÞ
μν ðq;ωÞ; ð13Þ

where we have defined the kernel function KðlÞ
μν ðq;ωÞ≡

kðlÞμν ðq;ωÞθðωmax − ωÞ, as a product of a known function

kðlÞμν ðq;ωÞ and a step function θðωmax − ωÞ, removing all
contributions above ωmax. The lower limit of the integral
has been shifted to ω0, with ω0 ≤ ωmin, as there are no
states below ωmin described by the hadronic tensor. The
advantages of freely choosing ω0 have been discussed in
[6,12], and we choose ω0 ¼ 0.9ωmin throughout this work.
From there, expanding the kernel in polynomials [4] of

e−aω (for simplicity, we set a ¼ 1 in the following) up to an
order N,

KðlÞ
σ;μνðq;ωÞ ≃ cðlÞμν;0ðq; σÞ þ cðlÞμν;1ðq; σÞe−ω

þ � � � þ cðlÞμν;Nðq; σÞe−Nω; ð14Þ

our target quantity can be expressed as

X̄ðlÞ
σ ðq2Þ ≃

Z
∞

ω0

dωWμνðq;ωÞe−2ωt0KðlÞ
σ;μνðq;ω; t0Þ

≃ cðlÞμν;0ðq; σ; t0Þ
Z

∞

ω0

dωWμνðq;ωÞe−2ωt0 þ cðlÞμν;1ðq; σ; t0Þ
Z

∞

ω0

dωWμνðq;ωÞe−2ωt0e−ω

þ � � � þ cðlÞμν;Nðq; σ; t0Þ
Z

∞

ω0

dωWμνðq;ωÞe−2ωt0e−Nω: ð15Þ
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The subscript σ on X̄ refers to a smoothening of the step
function, which we introduce to better control the poly-
nomial approximation. Namely, we replace the step func-
tion with θσðxÞ ¼ 1=ð1þ e−x=σÞ, where it is understood
that the σ → 0 limit eventually has to be taken to produce
the physical decay rate. Lattice simulations are carried out
in finite volume, where the hadronic tensor represents a
discrete spectrum. The energy integral together with the
leptonic tensor in this sense constitute a smearing. Thanks
to the smooth function θσ , the smearing persists also in the
kinematical regime, where, in (13), ω0 approaches ωmax.
To avoid the contact term of t1 ¼ t2 appearing in (10),

which receives contributions from the opposite time order-
ing corresponding to unphysical c̄ssc̄ final states, we
introduce the factor e−2ωt0, which we compensate for in

the kernel function KðlÞ
σ;μνðq;ω; t0Þ≡ e2ωt0KðlÞ

σ;μνðq;ωÞ. We
choose t0 ¼ 1=2 throughout this paper. By comparing (12)
and (15) we obtain

X̄ðlÞ
σ ðq2Þ ≃

XN
k¼0

cðlÞμν;kðq; σ; t0ÞCμνðq; kþ 2t0Þ: ð16Þ

In the continuum limit, the time separation t0 ¼ a=2
vanishes. There is a potential divergence when the two
currents approach each other. In momentum space, such a
divergence is controlled by the momentum qμ that flows
through the strange quark propagator between the two
currents. In our setup, the spatial momentum q is fixed
during the calculation and finally integrated up to q2max. The
temporal component q0 represents the energy ω flowing
through the strange quark propagator, and again it is
integrated up to ωmax. In either case, the upper limit is
set by the kinematics and the integral does not run to
infinity. Therefore, the suspected divergence in the limit of
t0 → 0 does not exist in this calculation.
In this way, an expression relating X̄ðlÞ

σ ðq2Þ appearing in
the smeared total decay rate to a quantity which we can
compute on the lattice, i.e., Cμνðq; tÞ, is obtained. It is an
approximation up to a finite order N, where N corresponds
to the maximal Euclidean time separation between the
inserted currents in the four-point function (10). The final
task is then to perform the phase-space, or q2-, integral in
(4), for some values of σ, and then to take the limit
of σ → 0.

III. SIMULATION DETAILS

We employ gauge ensembles generated with 2þ 1
flavors of dynamical quarks in lattice QCD from the
JLQCD Collaboration. Using the notation from [16], we
assign each ensemble an ID using the prescription
“X-ud#-sa,” where X∈ fC;Mg denotes the lattice spacing,
the number following ud denotes the pion mass given in
units of 100 MeV, and the letter “a” after s denotes that all
ensembles used in this work possess a strange quark above

its physical value. The coarse “C” and medium “M” lattices
possess lattice spacings of a ≃ 0.080 fm and 0.055 fm,
corresponding to lattice cutoffs a−1 ≃ 2.453ð1Þ GeV and
3.61(1) GeV, respectively. The latter has been used in our
previous analysis [6]. These parameters are determined
through the Yang-Mills gradient flow [18]. To achieve
better control over the discretization errors, we employ the
tree-level improved Symanzik gauge action and stout
smearing [19] to the gauge field when coupled to fermions.
We use the Möbius domain-wall action [15,20] for both
heavy and light quarks. For additional information on the
practical implementation and formulation of the quark
action in five dimensions, we refer to [15–17,21]. The
choice of light-quark masses used in this work corresponds
to pion masses ranging frommπ ≃ 500 MeV (ud5) down to
230 MeV (ud2). The charm masses are fixed to their
physical values from the spin-averaged charmonium mass
[22]. The lattice volumes have been chosen such that the
spatial extent of the lattice is kept constant at L ∼ 2.6 fm.
The only exception to this is the ensemble “C-ud2-sa-L,”
which has a larger volume with spatial extent L ∼ 3.8 fm.
All our ensembles satisfy the conditionMπL > 4, where L
is the spatial extent of the lattice. This condition is usually
imposed to ensure a sufficient suppression of finite-volume
effects to a regime at the few-percent level for meson
masses and form factors. Due to the finite fifth dimension
L5, Möbius domain-wall fermions do not have exact chiral
symmetry. A measure of the violation of chiral symmetry is
the residual quark mass, which for the lattice used in this
work is below 0.2 MeV, much smaller than the physical
masses of the up and down quarks.
We use the vector-current renormalization constant ZV

from [20,22], determined for the analysis of the short-
distance current correlator of light quarks. Thanks to the
approximate chiral symmetry of domain-wall fermions,
ZV ¼ ZA. For the ensembles considered in this work, the
numerical values are 0.9553(92) and 0.9636(58) for a ≃
0.080 fm and 0.055 fm, respectively, where statistical and
systematic errors have been added in quadrature.
For our simulations, we average over NConf statistically

independent gauge configurations, performing the meas-
urement for each configuration with Ntsrc evenly distributed
choices of the time source. Our choices for NConf
and Ntsrc are given in Table I. We use Z2 wall sources to
improve the signal [23–25]. To cover the whole kinematical
region, we introduce four different momenta in the four-
point function (10). In terms of q ¼ ð2π=LÞn, we take
n ¼ ð0; 0; 0Þ; ð0; 0; 1Þ; ð0; 1; 1Þ, and ð1; 1; 1Þ. The ensem-
ble “C-ud2-sa-L” requires additional momenta
n ¼ ð0; 0; 2Þ; ð0; 1; 2Þ; ð1; 1; 2Þ. All correlation functions
analyzed in this work have been computed using the Grid

[26–28] and Hadrons [29] software packages. For most of the
fits we have employed Python packages LSQFIT [30,31] and
CORRFITTER [32]. The gvar class [33] is used to capture
statistical correlations between data points as well as
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correlations between data points and priors, allowing for a
straightforward treatment of Gaussian-distributed random
variables.
For the computation of (11), the ratio between two- and

four-point correlation functions, we take a source-sink
separation T ¼ tsnk − tsrc depending on the temporal extent
of the lattice. We further define time slices t1 and t2, chosen
in such a way that a sufficient ground-state saturation is
achieved for the Ds. The choices for T and ½t1; t2� are also
summarized in Table I.
More details on the implementation and simulation setup

can be found in [6,16].

IV. CHIRAL AND CONTINUUM
EXTRAPOLATION

In this section we describe our strategy to extrapolate
toward the continuum limit and the physical pion mass. We
perform a global fit parametrizing the q2, m2

π and a2

dependencies simultaneously. We use the decomposition
of X̄ðq2Þ into different channels distinguished by longi-
tudinal and transverse components of the vector (VV) and
axial-vector (AA) current insertions introduced in Sec. II.
For the q2 dependence, we assume that the overall shape

is shared among different ensembles and can be described
by a single set of parameters, and following [6], we employ
a polynomial interpolation. The dependencies on the pion
mass and lattice spacing are both expected to be minor
corrections of order Oðm2

πÞ and Oða2Þ, respectively. We
also include a term proportional to ðaqÞ2 in the fit, to take
momentum-dependent cutoff effects into account.
The fit prescription is then given by

X̄J
P ðq2; m2

π; a2Þ ¼
�XNp

i¼0

ciðq2Þi
�
×
�
1þ c̃mπ

�
mπ

Λc

�
2
�

× ð1þ c̃aðaΛcÞ2Þ × ð1þ c̃aqðaqÞ2Þ;
ð17Þ

where J and P specify the inserted currents, VV or AA,
and their projection, k or ⊥, respectively. The dimension of

the coefficients ci is given by ðGeV1−iÞ2. A mass scaleΛc is
introduced, so that the coefficients c̃mπ

, c̃a and c̃aq
in the correction terms are dimensionless. We choose
Λc ¼ 0.7 GeV.
The polynomial order Np of the interpolation is chosen

depending on the available number of data points in each
channel, such that the fit degree of freedom is 1. For
fJ ;Pg ¼ fVV; kg, the lightest hadronic final state is the
ηs meson [34], and four-momentum points are within
the range of decay kinematics. We hence use Np ¼ 3

for the interpolation. All other channels share the vector ϕ
meson as the lightest hadronic state, and consequently the
highest q2 value in our data is above the kinematical
threshold. Removing one data point from the interpolation,
we parametrize withNp ¼ 2. We confirmed that the fit with
polynomial order Np � 1 yields results that are consistent
within errors.
In the tables given in the next sections, the fit results are

from the ansatz where all terms in (17) are kept. In order to
quantify the systematic uncertainty from the continuum and
physical pion mass extrapolations, we have repeated the
analysis while adjusting the model (17) as follows:
(i) including Oððmπ=ΛcÞ4Þ, (ii) excluding ðaΛcÞ2,
(iii) excluding ðaqÞ2, and (iv) excluding higher-order terms
such as Oððq2Þ3ðmπ=ΛcÞ2ðaΛcÞ2Þ. We refrain from com-
pletely removing the a2 dependence, i.e., assuming a flat
extrapolation, as the data exhibit some dependence, see
Fig. 3, although our analysis is limited to only two data
points for the relevant extrapolation.
All fits are performed with correlations taken into

account; we use the gvar class [33] to capture all corre-
lations between data points. The fits satisfy χ2=d:o:f: ≤ 1.
And, the systematic error is defined as the largest spread in
central values between (17) and the different ansatz
listed above.
In order to improve precision, following [6], we para-

metrize the relevant matrix elements in terms of form
factors in HQET to express the correlators making up
X̄ðq2; m2

π; a2Þ in terms of their lowest-lying S- and P-wave
states. We perform a fit with all correlators as input to

TABLE I. Simulation parameters. We use the notationN3
s × Nt × N5 for the five-dimensional lattice. Quark masses are the bare values

in lattice units.

Lattice parameters/ID mud ms Mπ [MeV] T ½t1; t2� NConf Ntsrc

β ¼ 4.17, a−1 ¼ 2.453ð1Þ GeV, 323 × 64 × 12
C-ud3-sa 0.0070 0.0400 309(1) 28 [11, 17] 100 2
C-ud4-sa 0.0120 0.0400 399(1) 28 [11, 17] 100 2
C-ud5-sa 0.0190 0.0400 499(1) 28 [11, 17] 100 2

β ¼ 4.17, a−1 ¼ 2.453ð1Þ GeV, 483 × 96 × 12
C-ud2-sa-L 0.0035 0.0400 226(1) 42 [16, 26] 100 4

β ¼ 4.35, a−1 ¼ 3.61ð1Þ GeV, 483 × 96 × 8
M-ud3-sa 0.0042 0.0250 300(1) 42 [16, 26] 50 8
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extract the S-wave contribution, which is then treated as
exact under the energy integral, while the Chebyshev
approximation is applied for the excited-state contributions.
As the ground state gives a dominant contribution, espe-
cially for large recoil momenta, this enables better control
of systematic uncertainties.
For excited-state contributions, we use properties of

Chebyshev polynomials to estimate the systematic error
associated with the truncation of Chebyshev polynomials.
Since the available order N of the Chebyshev approximation
is limited by a finite number of time slices t as well as the
statistical error of the correlator, we assume that, above a
certain polynomial order NCut, the unknown matrix elements
in the Chebyshev expansion obey a uniform distribution
within ½−1;þ1�. We confirmed that the N → ∞ limit
(combined with the σ → 0 limit through σ ¼ 1=N) is stable
among different ensembles and found that the error is well
under control and is dominated by statistics.
Following the discussion in [35] we estimate finite-

volume effects using a model of the dominant two-body
KK̄ states. The model prescription is given by

Cðq;tÞ¼A0ðqÞe−E0ðqÞtþSðqÞ
X
k

AkðqÞe−EkðqÞtjFðEkðqÞÞj2;

ð18Þ

where the first term represents the ground state. The
remaining terms describe the Ds → KK̄lν̄ process. They
are written in terms of a known energy

EkðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

K

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqþ kÞ2 þm2

K

q
ð19Þ

and an amplitude [36]:

AkðqÞ ¼
π

V
ðqþ 2kÞ2

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

K

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqþ kÞ2 þm2

K

p : ð20Þ

The overall factor SðqÞ is determined from a fit to the
numerical data and is assumed to be volume independent.
The function FðEÞ ¼ 1=ðE2 −m2

ϕÞ assumes the role of a
“form factor,” motivated by the idea of vector-meson
dominance, enhancing states close to the vector-meson
resonance. The overall normalization is irrelevant, as it is
absorbed by SðqÞ in (18). It predicts finite-volume correc-
tions much smaller than the current statistical precision. We
nonetheless correct our data points by adding the finite-
volume corrections.

V. RESULTS FOR DIFFERENTIAL DECAY RATES

The numerical results are given in this section. We show
the values of X̄ðq2; m2

π; a2Þ renormalized by Z2
V, and after

the corrections of V → ∞ and σ → 0 are taken into
account. The discussion concentrates on the analysis of
the dominant contribution, i.e., X̄VV

k ðq2Þ. It carries over in
the same way to the other channels.
We fit the lattice data for X̄VV

k ðq2Þ to (17). The data
entering the fit, as well as the resulting parameters, are listed
in Tables III and IV, respectively. The data and fit parameters
for all other channels can be found in the Appendix.
In Fig. 1 we plot the data for individual ensembles. The

values of q2 between different β are slightly mismatched, as
can be seen in the plot. To verify that the fit describes the
data, we include the fit result corresponding to the
ensemble M-ud3-sa (triangles) by the dashed line. Other

FIG. 1. X̄VV
k ðq2Þ for all ensembles that enter the fit at all values of q2. The dashed line represents the fit result to the ensemble

“M-ud3-sa,” while the dotted line is extrapolated to the physical pion mass and the continuum limits, i.e., m2
π ¼ ðmPhys

π Þ2 and a2 ¼ 0.
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data points are also well described by the fit ansatz. The fit
result extrapolated to the continuum and physical pion
mass, i.e., m2

π ¼ ðmPhys
π Þ2 and a2 ¼ 0, is also shown by the

dotted line.
The extrapolation in the pion mass is shown in Fig. 2 for

different choices of q. We observe that the dependence is
weak and the fit results with two ansatz, i.e., with and
without the m4

π term, are consistent with each other. The
error in the physical pion mass is enhanced with the m4

π

term because of an extra fit parameter.
The continuum extrapolation is shown in Fig. 3. Again,

the dependence on a2 is weak, but we observe a small
downward trend toward the continuum limit. As the current
extrapolation is based on only two data points, adding an
additional data point at a different lattice spacing would
yield a better quantification of the behavior in the con-
tinuum limit.
The dependence of the fit on m2

π and a2 in the physical
pion mass and continuum limit is most significant in the
case studied here, i.e., for the channel of X̄VV

k ðq2Þ, resulting
in a visible shift of the central value when compared to the
fit results to individual ensembles, although it is still in

agreement with the data. The equivalent of Fig. 1 for the
remaining channels is shown in Fig. 4 on the order of
X̄VV⊥ ðq2Þ, X̄AA

k ðq2Þ and X̄AA⊥ ðq2Þ from top to bottom. The
equivalent of Figs. 2 and 3 for these channels can be found
in Figs. 10–15 in the Appendix. We find that they exhibit a
milder dependence for both limits.

VI. DETERMINATION OF THE INCLUSIVE RATE

Using the parameters determined from the individual fits,
summarized in Tables IV, VI, VIII, and X, defined in the
previous section, we now determine the continuum and
pion-mass extrapolated contribution of each individual
channel contributing to X̄ðq2Þ. We multiply the results
by

ffiffiffiffiffi
q2

p
in order to construct the integrand of the total decay

rate defined in (4). The results are shown in Fig. 5, where
we show the results for the individual channels and their
sum. We remark that the curves shown are based solely on
the fit, and the data points are simply included to highlight
the q2 values used in our simulations. As the lightest
hadronic final state between X̄VV

k ðq2Þ and the rest, i.e., the

pseudoscalar ηs and vector ϕ meson, respectively, require

FIG. 2. Pion-mass dependence for X̄VV
k ðq2Þ at β ¼ 4.17 for each value of q. The inserted momentum is from q ¼ ð0; 0; 0Þ (top left) to

q ¼ ð1; 1; 1Þ (bottom right). Blue circles represent the data points for different ensembles. The data point for the ensemble “C-ud2-sa-L”
is obtained from the fit interpolated to the same physical value of q as the other ensembles. The magenta squares and blue diamonds are
the extrapolated values from the fit including terms up to Oððmπ=ΛCÞ2Þ and Oððmπ=ΛCÞ4Þ, respectively.
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different values of q2max, we exclude the highest q2 value for
all channels except X̄VV

k ðq2Þ. Their physical value is

expected to be 0 due to kinematical constraints. This also
gives rise to the discontinuity observed at q2max;ϕ, as beyond

this threshold the only contribution comes from X̄VV
k ðq2Þ.

This also motivates us to perform the q2 integration for
each contribution individually, since we would need to take
the discontinuity into account otherwise. We perform the
integration analytically based on the fit prescription (17),
and the total decay rate is then constructed as the sum of the
individual contributions. The integration results for the
individual channels are given in Table II.
For the inclusive decay rate, we obtain Γ=jVcsj2 ¼

0.884ð47Þþ0.044
−0.055 × 10−13 GeV, where the first error is stat-

istical from our fit to the data, combining the statistical
noise of the data and our estimates for the σ → 0 and
V → ∞ limits. The second error is the systematic error
associated with the continuum and physical pion mass
extrapolation, defined as the largest spread in central values

between the different fit variations. Improvements for both
uncertainties can be expected once higher statistics become
available and additional ensembles are included, enabling
more controlled chiral and continuum extrapolations.
Nonetheless, this calculation constitutes a determination
of the inclusive decay rate taking all systematic uncertain-
ties from a lattice calculation into account. This number is
in good agreement with our previous findings, Γ=jVcsj2 ¼
0.886ð27Þ × 10−13 GeV (single lattice spacing and
sea-pion mass), where our new determination has a larger
error of around 8%. It is also in good agreement with the
result presented in [10], Γ=jVcsj2 ¼ 0.853ð46Þð30Þ×
10−13 GeV, which was determined using the HLT
reconstruction approach. We remark that our results do
not include contributions from disconnected diagrams,
which have been analyzed in [10], and final states including
η and η0 may affect the final results. An additional point of
concern is that the ϕ meson is stable for our simulation
parameters, and the finite-volume effects, as well as the
chiral extrapolation, may behave differently once the

FIG. 3. Lattice-spacing dependence of our ensembles for each value of q used in our simulations. We use the ordering starting from the
top left with q ¼ ð0; 0; 0Þ and ending in the bottom right with q ¼ ð1; 1; 1Þ. We show the data points which correspond to roughly the
same physical pion mass in our simulations, β ¼ 4.35 with mπ ¼ 300ð1Þ MeV and β ¼ 4.17 with mπ ¼ 309ð1Þ MeV, as orange and
blue circles, respectively. The fits are obtained using different assumptions for the a2 dependence. We describe cutoff effects with a
combination of Oða2Þ and OððaqÞ2Þ effects (dashed line), or only one of the two (dash-dotted and dotted lines, respectively.).
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FIG. 4. Same as Fig. 1, but for X̄VV⊥ ðq2Þ (top panel), X̄AA
k ðq2Þ (middle panel) and X̄AA⊥ ðq2Þ (bottom panel).
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ϕ → KK̄ decays are possible. With these caveats in mind,
we compare with the experimental data from the BESIII
Collaboration [37], Γ ¼ 0.827ð22Þ × 10−13 GeV, and the
CLEO Collaboration [38], Γ ¼ 0.856ð55Þ × 10−13 GeV.
This yields the following values for jVcsj:

jVcsjBESIII ¼ 0.967ð28Þþ0.024
−0.029 ;

jVcsjCLEO ¼ 0.984ð41Þþ0.024
−0.032 ; ð21Þ

where the first error is the combined statistical error from
theory and experiment, and the second error is the
systematic error for the chiral and continuum extra-
polations. They are comparable to the PDG value jVcsj ¼
0.975ð6Þ [39], albeit with a larger error budget on our
lattice QCD determination. We note that the analysis
performed in this paper does not take into account the
contributions of the Cabibbo-suppressed c → d and u → s
transitions to the inclusive rate, which is a subject of future
investigations.

VII. CONCLUSION AND OUTLOOK

We performed a lattice-QCD analysis of the inclusive
semileptonic decay of the Ds meson. We build on our
previous work [6] using the Chebyshev-polynomial
approximation for the energy integral, concentrating in
this work on the chiral and continuum extrapolations. We
employ a global fitting strategy parametrizing the q2, m2

π

and a2 dependencies simultaneously. This constitutes
another step toward a fully controlled lattice prediction
for the inclusive decay rate, although some caveats still
remain. For one, the current results are based on only two
lattice spacings for the continuum extrapolation, and we
plan to include an ensemble with a third lattice spacing in
the future for a more robust extrapolation. Additionally, our
current approach still relies on a model of two-body states
combined with lattice data to estimate the infinite-volume
extrapolation, see Ref. [6]. While our model predicts only
minor corrections from finite-volume effects, a more
comprehensive approach using numerical data from multi-
ple volumes is a target for future studies. Additionally, with
our setup the KK̄ states are always heavier than the ϕ, since
the u=d quark mass is heavier than physical. A study under
a setup where the ϕ meson can decay to KK̄ could provide
further insights to the size of potential finite-volume effects,
as well as effects from the light quark masses.
The work on the BðsÞ decay, along the direction of [12], is

also underway. Additionally, a project using the four-point
correlation functions to study the processes involving P-
wave final states, as attempted in [40], is also underway.
Furthermore, the extension of the analysis to other

observables, such as lepton-energy and q2 moments, as
was done in [10], is also planned, which will increase the
pool of observables that can be compared to experimental
observations or OPE-based calculations, see, e.g., [8]. We
are also studying ways for comparing experiment and

FIG. 5. Differential decay rate
ffiffiffiffiffi
q2

p
X̄ðq2Þ constituting the integrand in (4). We show the fit results to the individual channels V†

μVμ and
A†
μAμ in the continuum and physical pion mass limits. The inverted triangles represent the sum over individual contributions.

TABLE II. Results for the q2 integral for

Γ=jVcsj2 ¼ G2
F=ð24π3Þ

R q2max
0 dq2

ffiffiffiffiffi
q2

p
X̄ðq2Þ, in GeV, for individ-

ual channels. The first error is the statistical error from the fit to
the data, while the second error is the systematic error associated
with the continuum and physical pion mass extrapolation.

Γ
jVcsj2 × 1013

X̄VV
k 0.480ð31Þþ0.044

−0.049

X̄VV⊥ 0.017ð12Þþ0
−0.008

X̄AA
k 0.248ð26Þþ0.001

−0.021

X̄AA⊥ 0.139ð20Þþ0.002
−0.010

Total 0.884ð47Þþ0.044
−0.055
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theory at finite smearing width, which would render the
σ → 0 limit unnecessary [41].
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APPENDIX: TABLES AND FIGURES

In Figs. 6–9 we show the individual contributions to
X̄ðq2Þ, i.e., the differential inclusive decay rate divided byffiffiffiffiffi
q2

p
, from each channel, for the ensembles shown in

Table I. The ensemble “M-ud3-sa” is excluded, as it has
been discussed extensively in [6].
We summarize the input data and fit parameters of

X̄VV
k ðq2Þ, X̄VV⊥ ðq2Þ, X̄AA

k ðq2Þ and X̄AA⊥ ðq2Þ in Tables III–
X. We further show the pion mass and lattice spacing
dependence in Figs. 10–15 for all channels except X̄VV

k ðq2Þ,
which has been discussed in the main body.
For all channels except X̄VV

k ðq2Þ, the lightest hadronic
final state is the vector ϕ meson, and hence the highest
momentum in our simulations q ¼ ð1; 1; 1Þ [or (1, 1, 2) for
C-ud3-sa-L] is already above the kinematical threshold.
The data points are shown in the plots, but are excluded in
the fits and hence not included in the tables. Consequently,
the polynomial order of the q2 dependence in the fit
prescription (17) is chosen as Np ¼ 2, reducing the number
of fit parameters from seven to six.

FIG. 6. Contributions to the total X̄ðq2Þ decomposed into longitudinal and transverse components of the channels V†
μVμ and A

†
μAμ. The

results shown are obtained on the ensemble “C-ud3-sa” after performing the model-based infinite-volume limit and the σ → 0 limit.
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FIG. 8. Same as Fig. 6, but for the ensemble “C-ud5-sa.”

FIG. 7. Same as Fig. 6, but for the ensemble “C-ud4-sa”.

FIG. 9. Same as Fig. 6, but for the ensemble “C-ud2-sa-L.”
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TABLE IV. Fit results for X̄VV
k ðq2Þ using all available ensembles. The first line shows the fit parameters determined from the fit, while

the second line and beyond contain the correlation matrix of the fit parameters. The χ2=d:o:f: from the correlated fit is given by 0.48.

c0 ½GeV2� c1½−� c2½GeV−2� c3½GeV−4� c̃mπ
½−� c̃a½−� c̃aq½−�

0.04(1) 3.52(34) −6.45ð103Þ 3.93(81) −0.08ð12Þ 3.19(171) −1.81ð103Þ
1.00 0.59 −0.52 0.42 −0.12 −0.68 0.55
0.59 1.00 −0.94 0.85 −0.19 −0.91 0.70
−0.52 −0.94 1.00 −0.97 0.15 0.82 −0.78
0.42 0.85 −0.97 1.00 −0.13 −0.69 0.67
−0.12 −0.19 0.15 −0.13 1.00 −0.08 −0.07
−0.68 −0.91 0.82 −0.69 −0.08 1.00 −0.75
0.55 0.70 −0.78 0.67 −0.07 −0.75 1.00

TABLE III. Values of X̄VV
k ðq2Þ for all values of q2 determined for different ensembles entering the fit to perform the chiral and

continuum extrapolations. The values contain corrections from the model-based infinite-volume corrections and the σ → 0
extrapolation.

ID

X̄VV
k ðq2Þ [GeV2]

(0, 0, 0) (0, 0, 1) (0, 1, 1) (1, 1, 1) (0, 0, 2) (0, 1, 2) (1, 1, 2)

C-ud3-sa 0.049(11) 0.645(29) 0.748(40) 0.660(45)
C-ud4-sa 0.043(9) 0.634(31) 0.728(44) 0.622(49)
C-ud5-sa 0.036(29) 0.617(30) 0.712(43) 0.668(46)
C-ud2-sa-L 0.048(10) 0.422(15) 0.595(22) 0.688(28) 0.725(34) 0.720(39) 0.713(42)
M-ud3-sa 0.040(18) 0.588(20) 0.679(33) 0.679(38)

TABLE V. Same as Table III, but with the data entering the fit for X̄VV⊥ ðq2Þ.

ID

X̄VV⊥ ðq2Þ [GeV2]

(0, 0, 0) (0, 0, 1) (0, 1, 1) (1, 1, 1) (0, 0, 2) (0, 1, 2)

C-ud3-sa 0.097(21) 0.087(24) 0.019(30)
C-ud4-sa 0.087(18) 0.056(29) −0.006ð40Þ
C-ud5-sa 0.072(59) 0.068(25) 0.002(38)
C-ud2-sa-L 0.097(19) 0.086(18) 0.068(24) 0.049(32) 0.016(38) −0.004ð36Þ
M-ud3-sa 0.081(36) 0.064(26) −0.000ð40Þ

TABLE VI. Same as Table IV, but for X̄VV⊥ ðq2Þ. Since the lightest state for this channel is the vector ϕ-meson, the highest q2 value lies
above the kinematical threshold, and we hence use a different polynomial to parametrize the q2-dependence, the number of fit
parameters is reduced by one. The χ2=d:o:f: from the correlated fit is given by 0.12.

c0 ½GeV2� c1½−� c2½GeV−2� c̃mπ
½−� c̃a½−� c̃aq½−�

0.07(6) 0.01(41) −0.33ð72Þ −0.25ð65Þ 3.90(1355) −1.46ð2202Þ
1.00 −0.62 0.35 −0.22 −0.98 0.61
−0.62 1.00 −0.95 0.15 0.58 −0.97
0.35 −0.95 1.00 −0.10 −0.31 0.91
−0.22 0.15 −0.10 1.00 0.05 −0.15
−0.98 0.58 −0.31 0.05 1.00 −0.59
0.61 −0.97 0.91 −0.15 −0.59 1.00
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TABLE VIII. Same as Table VI, but for X̄AA
k ðq2Þ. The χ2=d:o:f: from the correlated fit is given by 0.48.

c0½GeV2� c1½−� c2½GeV−2� c̃mπ
½−� c̃a½−� c̃aq½−�

0.52(7) 0.32(27) −0.60ð36Þ −0.27ð12Þ 0.65(178) −1.65ð290Þ
1.00 −0.67 −0.15 −0.13 −0.95 0.75
−0.67 1.00 −0.27 0.05 0.62 −0.86
−0.15 −0.27 1.00 −0.08 0.22 −0.21
−0.13 0.05 −0.08 1.00 −0.12 −0.01
−0.95 0.62 0.22 −0.12 1.00 −0.75
0.75 −0.86 −0.21 −0.01 −0.75 1.00

TABLE VII. Same as Table III, but with the data entering the fit for X̄AA
k ðq2Þ.

ID

X̄AA
k ðq2Þ [GeV2]

(0, 0, 0) (0, 0, 1) (0, 1, 1) (1, 1, 1) (0, 0, 2) (0, 1, 2)

C-ud3-sa 0.520(29) 0.533(32) 0.509(83)
C-ud4-sa 0.492(30) 0.514(31) 0.524(54)
C-ud5-sa 0.465(24) 0.474(29) 0.376(50)
C-ud2-sa-L 0.530(28) 0.529(25) 0.540(28) 0.536(54) 0.447(52) 0.378(101)
M-ud3-sa 0.514(38) 0.518(26) 0.524(57)

TABLE IX. Same as Table III, but with the data entering the fit for X̄AA⊥ ðq2Þ.

ID

X̄AA⊥ ðq2Þ [GeV2]

(0, 0, 0) (0, 0, 1) (0, 1, 1) (1, 1, 1) (0, 0, 2) (0, 1, 2)

C-ud3-sa 1.041(58) 0.419(31) 0.060(27)
C-ud4-sa 0.985(61) 0.371(34) 0.043(32)
C-ud5-sa 0.930(48) 0.380(31) 0.033(35)
C-ud2-sa-L 1.060(55) 0.669(30) 0.446(28) 0.259(34) 0.138(39) 0.023(38)
M-ud3-sa 1.028(76) 0.393(36) 0.074(41)

TABLE X. Same as Table VI, but for X̄AA⊥ ðq2Þ. The χ2=d:o:f: from the correlated fit is given by 0.5.

c0½GeV2� c1½−� c2½GeV−2� c̃mπ
½−� c̃a½−� c̃aq½−�

1.02(14) −3.20ð91Þ 2.45(137) −0.18ð13Þ 0.26(188) −0.96ð475Þ
1.00 −0.85 0.72 −0.05 −0.95 0.54
−0.85 1.00 −0.98 −0.05 0.83 −0.89
0.72 −0.98 1.00 0.08 −0.72 0.94
−0.05 −0.05 0.08 1.00 −0.20 0.16
−0.95 0.83 −0.72 −0.20 1.00 −0.59
0.54 −0.89 0.94 0.16 −0.59 1.00
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FIG. 10. Same as Fig. 2, but for X̄VV⊥ ðq2Þ. The plot on the top
has q ¼ ð0; 0; 0Þ, going up to q ¼ ð0; 1; 1Þ for the bottom plot. FIG. 11. Same as Fig. 3, but for X̄VV⊥ ðq2Þ. The plot on the top

has q ¼ ð0; 0; 0Þ, going up to q ¼ ð0; 1; 1Þ for the bottom plot.
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FIG. 12. Same as Fig. 10, but for X̄AA
k ðq2Þ.

FIG. 13. Same as Fig. 11, but for X̄AA
k ðq2Þ.
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FIG. 14. Same as Fig. 10, but for X̄AA⊥ ðq2Þ.
FIG. 15. Same as Fig. 11, but for X̄AA⊥ ðq2Þ.
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