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We study the nonrelativistic (NR) limit of Hohm-Siegel-Zwiebach (HSZ) theory, a higher-derivative
theory of gravity with exact and manifest T-duality invariance. Since the theory can be formulated using the
generalized metric formalism, the HSZ Lagrangian remains convergent to all orders in derivatives when
taking the NR limit. In this work, we analyze the three-derivative corrections to the symmetry
transformations of the fields in the NR case, as well as the terms in the four-derivative action depending
on the b field. Interestingly, the corrections to the metric degrees of freedom cannot be fully trivialized, as in
the relativistic case, in order to preserve the convergence of the theory. As HSZ theory interpolates order by
order between heterotic and bosonic string theories, the results of this work can be interpreted as a
truncation of the four-derivative structure of heterotic supergravity in the NR limit.
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I. INTRODUCTION

Understanding how symmetries constrain higher-
derivative interactions has emerged as a central question
in high-energy physics. The presence of these contributions
in string theory provides a powerful construction where
quantum corrections are encoded in higher-derivative terms
without violations of unitarity and causality [1]. For the
four- and six-derivative string corrections, T duality can be
promoted to a manifest symmetry, before compactification
and for general backgrounds, in the framework of double
field theory (DFT) [2,3] (see Ref. [4] for reviews). While
recent results show that the manifest form of this symmetry
faces obstructions beyond the six-derivative case [5], at the
four-derivative level, a two-parameter family of consistent
deformations of DFT can be constructed by modifying both
the action and the gauge symmetries [6,7]. In this sense, the
universal structure of four-derivative corrections in DFT
embeds those of the bosonic and heterotic string theories
[8], as well as other T-duality invariant theories, which are
not directly connected to string theory.
Some time ago, Hohm, Siegel, and Zwiebach introduced

a higher-derivative theory of gravity that is both exactly and
manifestly T-duality invariant [9], now known as HSZ
theory.1 HSZ theory is not a string theory, and its spectrum
includes a metric, an antisymmetric tensor, and a dilaton;

the full theory also contains two massive spin-two ghosts
and massive scalars [11]. The leading two-derivative theory
coincides with ordinary DFT, so HSZ theory represents a
nontrivial higher-derivative deformation. HSZ theory is
particularly attractive for two main reasons: first, the full
Lagrangian is known and finite [9]. After parametrization,
the four-derivative structure of the theory coincides with the
Z2 odd terms of heterotic supergravity, while the six-
derivative structure coincides with the Z2 even correction in
bosonic supergravity. Therefore, HSZ interpolates between
these two formulations; second, HSZ can be expressed in
the double geometry in the generalized metric formalism to
all orders in derivatives: the double metric [12] is identified
with the generalized metric plus a specific higher-derivative
combination of the generalized metric and dilaton upon
integration of the massive fields. This latter property is
especially valuable for exploring the nonrelativistic (NR)
limit of the theory.
The NR limit of DFT [13] consists of a T-duality

invariant rewriting of the metric, the B field and the dilaton
under the following expansion:

ĝμν ¼ hμν þ c2τμν; ð1:1Þ

B̂μν ¼ bμν þ c2cμν; ð1:2Þ

Φ̂ ¼ lnðcÞ þ φ; ð1:3Þ

where c is an arbitrary parameter that allows us to take the
nonrelativistic limit in the case c → ∞.2 Under this
expansion the metric tensor has a longitudinal (heavy)
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and a transversal part (light), while the B field contains a
particular expansion to compensate the two-derivative
divergences in the effective supergravity action. One
long-term goal of the string theory community is to
understand the NR limit of the four-derivative structure
of bosonic string (a ¼ b ¼ −α0) and heterotic string
(a ¼ −α0, b ¼ 0) according to the action,

S¼
Z

dDx
ffiffiffiffiffiffi
−ĝ

p
e−2ϕ̂

�
R̂þ4ð∂ϕ̂Þ2− 1

12
Ĥ2þLð1Þ

�
; ð1:4Þ

where

Lð1Þ ¼ −
aþ b
8

�
R̂μνρσR̂

μνρσ −
1

2
ĤμνρĤμσλR̂νρ

σλ

þ 1

24
H4 −

1

8
H2

μνH2μν

�

þ a − b
4

HμνρCμνρ: ð1:5Þ

Interestingly, the expansions (1.1)–(1.3) lead to divergen-
ces and, therefore, the NR limit requires new mechanisms
to cancel these divergences. In (1.5), we have introduced
the following notation:

Cμνρ ¼ ŵ½μab∂νŵρ�ab þ
2

3
ŵ½μabŵνb

cŵρ�ca; ð1:6Þ

H2
μν ¼ Ĥμ

ρσĤνρσ; ð1:7Þ

H2 ¼ ĤμνρĤ
μνρ: ð1:8Þ

In this work, we will show that the combination a ¼ −b ¼
−α0 (HSZ theory) has a finite and convergent Lagrangian
once we impose field redefinitions at the supergravity level.
In [13], it was shown that there exists a tension between

the metric formalism and the frame formalism when
constructing NR theories, a tension that also appears in
the relativistic case, as discussed in [15]. Remarkably, both
the generalized metric and the generalized dilaton have
convergent NR expansions [13], and thus HSZ theory
remains finite to all orders in derivatives. Upon taking the
NR limit (and considering the parametrization of the
degrees of freedom and the solution to the strong con-
straints), the study of HSZ provides a useful insight into the
long-term goal of computing higher-derivative corrections
to bosonic and heterotic supergravity in the NR limit.
This paper is organized as follows: in Sec. II, we briefly

review the construction of HSZ theory. In Sec. III, we study
the NR limit of the theory, imposing a fully metric ansatz
for the components of the generalized metric. Here, we also
analyze the symmetry transformations for the degrees of
freedom in the NR case, and finally, we present the explicit
action for the bμν contributions. In Sec. IV, we discuss the
role of the field redefinitions at the supergravity level, with

focus on the idea that the redefinitions should be performed
before imposing the NR limit. This point is crucial to
describe the supergravity limit of HSZ, and opens the
possibility of constructing higher-derivative corrections in
heterotic string theory, as discussed in Sec. V. Finally, we
conclude the work in Sec. VI.

II. BASICS OF HSZ THEORY

HSZ theory is defined on a double space equipped with
an OðD;D;RÞ invariant metric ηMN , which raises and
lowers the duality indices M;N;¼ 1;…; 2D. All the fields
and gauge parameters are restricted by the strong con-
straint,

∂M…∂
M… ¼ ∂M∂

M… ¼ 0: ð2:1Þ

The fundamental fields in HSZ theory are the double
metric MMN and the generalized dilaton d. The double
metric is symmetric but otherwise unconstrained. Under
infinitesimal generalized diffeomorphisms parametrized by
a generalized vector ξM, the generalized dilaton transforms
as usual,

δe−2d ¼ ∂PðξPe−2dÞ; ð2:2Þ

but the double metric receives higher-derivative correc-
tions,

δMMN ¼ L̂ξMMN þ J ð1ÞðMÞMN þ J ð2ÞðMÞMN; ð2:3Þ

where KMN ¼ 2∂½MξN� and

J ð1ÞðMÞMN ¼ −
1

2
∂MMPQ

∂PKQN

− ∂PMQM∂NKQP þ ðM ↔ NÞ ð2:4Þ

J ð2ÞðMÞMN ¼−
1

4
∂M∂KMPQ

∂NPKQ
KþðM↔NÞ: ð2:5Þ

Imposing the strong constraint, the gauge transforma-
tions closes

½δξ1 ; δξ2 � ¼ δ½ξ1;ξ2�C0 ; ð2:6Þ

with respect to a deformed C’ bracket,

½ξ1; ξ2�MC0 ¼ 2ξP½1∂Pξ
M
2� − ξP½1∂

Mξ2�P þ ∂Pξ
Q
½1∂

M
∂Qξ

P
2�: ð2:7Þ

Interestingly, the gauge transformations (2.3) do not
satisfy the Leibnitz rule, and therefore, one defines a star
product ⋆ in the following way:
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ðT⋆TÞMN ¼ TMPTN
P −

1

4
∂MTPQ∂NTPQ þ 2∂NTP

Q
∂QTN

P − ∂PTM
Q
∂QTN

P

þ 1

2
∂MPTQ

I
∂NITQP − ∂NPTQI

∂QITM
p −

1

8
∂MPQTIJ

∂NIJTPQ

þ 1

2
TPQ

∂PQTMN þ 1

2
∂MTP

Q
∂NQGP −

1

2
∂NTPQ

∂PQGM

−
1

4
∂MPTQI

∂NQIGP þ 1

2
GP

∂PTMN − ∂PTM
Q
∂NQGP

þ TMP∂NGP − TM
P
∂PGN þ ðM ↔ NÞ; ð2:8Þ

where we used the notation ∂MN… ¼ ∂M∂N…
3 and

GMðT; dÞ ¼ ∂NTMN − 2TMN
∂Ndþ TNP

∂NP
Md

−
1

2
∂
M½∂NPTNP − 4∂NTNP

∂Pd − 2TNPð∂NPd − 2∂Nd∂PdÞ�: ð2:9Þ

The star product does satisfy the Leibnitz rule with respect to the gauge transformations,

δðT1 ⋆ T2Þ ¼ δT1 ⋆ T2 þ T1 ⋆ δT2; ð2:10Þ

where ðT1 ⋆ T2ÞMN , T1MN and T2MN transform in the same way as the double metric in (2.3).
The standard invariant metric contractions also turns out not to be covariant under the deformed gauge transformations.

However, the following quantity:

hT1jT2i ¼
1

2
T1PQT2

PQ − ∂PT1N
Q
∂QT2

NP þ 1

4
∂MNT1

PQ
∂PQT2

MN

−
3

2
GðT1ÞNGðT2ÞN þ 3

2
∂MGðT1ÞN∂NGðT2ÞM −

3

2
T2P

N
∂NGðT1ÞP

−
3

2
T1P

N
∂NGðT2ÞP þ 3

4
∂MT2

NP
∂NPGðT1ÞM þ 3

4
∂MT1

NP
∂NPGðT2ÞM; ð2:11Þ

transforms as a scalar under the deformed gauge transformations due to the strong constraint,

δhT1jT2i ¼ hδT1jT2i þ hT1jδT2i ¼ ξP∂PhT1jT2i: ð2:12Þ

Using the previous elements now we can write the action of HSZ theory, which is given by

S ¼
Z

d2DXe−2dL; L ¼
�
M

����η − 1

6
M⋆M

	
; ð2:13Þ

and it is gauge invariant by construction. Since both the star and inner products are linear in each argument, the action is
cubic in powers of the double metric. In order to write the theory in terms of the DFT degrees of freedom, one considers the
following decomposition of the double metric [12]:

MMN ¼ HMN þ FMN; ð2:14Þ

where HMN is the generalized metric of DFT, and FMN is a higher order contribution. In [11,12], this field was shown to
correspond to dynamical massive excitations. However, one can integrate them out ending with an effective action for the
massless fields. The result of such a procedure is a functional dependence in terms of the generalized metric and dilaton. For
the first order, the effective FMN field is given by

3We use this notation in several parts of this paper. Also, ∂μν ¼ ∂μ∂ν for space-time indices.
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FMN ¼ 1

4
HMP∂QHN

I
∂IHPQ −

1

4
HMP∂QHNI∂PHQI −

1

4
HM

P
∂NHQI

∂QHPI

þ 1

16
HM

P
∂NHQI

∂PHQI þ
1

8
HPQ

∂PHM
I
∂QHNI þ ðM ↔ NÞ: ð2:15Þ

Since we would like to explore the NR limit of the four-derivative terms of the HSZ Lagrangian, we will need the
following terms of the HSZ Lagrangian:

LHSZ ¼ LDFT −
1

2
∂
NQFNQ þ 2∂NFN

Q
∂Qd − 2FPQ

∂Pd∂Qd −
1

2
FPIFP

JHIJ

þ FPIHP
J
∂J

LHIL −
1

12
F IJHKL

∂KLHIJ þ
1

2
FPQ

∂
JHPJ∂

LHQL

−
1

12
FPQ

∂
JHPQ∂

LHJL −
1

2
FPQ

∂PHJL
∂JHQL þ 1

8
FPQ

∂PHJL
∂QHJL

−
1

12
HIJHKL

∂IJFKL þ 1

2
HIJHKL

∂IKF JL þ 1

2
HPQ

∂
JFP

L
∂QHJL

−
1

12
HPQ

∂
JFPQ∂

LHJL −
1

2
HPQ

∂PF JL
∂JHQL þ 1

12
HPQ

∂PF JL
∂QHJL

þHPQ
∂PFQ

J
∂
LHJL − 2FPIHP

KHI
L
∂KLd − 2FPIHP

J
∂JHI

L
∂Ld

− 2FPIHP
J
∂
LHIL∂Jdþ 1

6
F IJHKL

∂KHIJ∂Ld − 2HIJHKL
∂IF JK∂Ld

þ 1

6
HIJHKL

∂IFKL∂Jdþ 2FPIHP
KHI

L
∂Kd∂Ldþ 1

2
FPQ

∂
JHP

L
∂LHQJ

þ 2FPQ
∂PQdþOð∂6Þ: ð2:16Þ

Since FMN can be written in terms of HMN , then HSZ
theory can be entirely written in terms of the generalized
metric and the generalized dilaton [see Appendix A for the
explicit form of Lð4Þ]. This is true to all order in derivatives,
and therefore, HSZ converges upon taking a NR limit to all
orders. At the level of the double geometry, this limit consist
in taking a particular non-Riemannian solution [16–24] for
the generalized metric and dilaton. In this work, we will
focus on the first nontrivial correction to the action (four-
derivative terms) and symmetry transformation (three-
derivative terms).

III. THE NONRELATIVISTIC LIMIT FOR HSZ

A. Nonrelativistic decomposition in metric formalism

We start by considering the NR expansion for the
generalized metric constructed in [13] for a pure metric
ansatz,

HMN ¼ Hð0Þ
MN þHð−2Þ

MN ; ð3:1Þ

where

Hð0Þ
MN ¼

 
hμν −bρνhρμ − cρντρμ

−bρμhρν − cρμτρν hμν þ bρμhρσbσν þ 2cρðμjτρσbσjνÞ

!
; ð3:2Þ

and

Hð−2Þ
MN ¼

 
τμν −bρντρμ

−bρμτρν bρμτρσbσν

!
: ð3:3Þ

The components of the previous metric can be thought as
an expansion on the metric and B field of the form,

ĝμν ¼ hμν þ c2τμν; ð3:4Þ

ĝμν ¼ hμν þ 1

c2
τμν; ð3:5Þ

B̂μν ¼ bμν þ c2cμν; ð3:6Þ
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where the Newton-Cartan relations in terms of the previous
quantities are given by

hμντνρ ¼ hμνcνρ ¼ 0; ð3:7Þ

hμντνρ ¼ 0; ð3:8Þ

hμνhνρ ¼ δρμ − τμντ
νρ; ð3:9Þ

and the antisymmetric cμν also obeys the following con-
straint:

cμρτρσcσν ¼ τμν: ð3:10Þ

This last constraint is the minimal requirement to have a
finite NR expansion in the generalized metric. Moreover,
this states that cμν is gauge invariant under B shifts. In this
work, we are using a cμν field for the divergent part of the
B-field expansion since we are interested in a full metric
formulation of both supergravity and double geometry. We
will discuss about this point in the below Eq. (3.51).
On the other hand, the generalized dilaton is expanded

considering Φ̂ ¼ lnðcÞ þ φ, and therefore, it satisfies

e−2d̂ ¼ e−2Φ̂
ffiffiffiffiffiffi
−ĝ

p
¼ e−2φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðτ; hÞ

p
¼ e−2d; ð3:11Þ

where fðτ; hÞ ¼ − ĝ
c4.

The symmetry transformations of the fundamental fields
are

δhμν ¼ Lξτ
μν þ Δhμνðξ; ζÞ; ð3:12Þ

δhμν ¼ Lξτμν − 2λaa0eðμa
0
τνÞa þ Δhμνðξ; ζÞ; ð3:13Þ

δτμν ¼ Lξτ
μν þ 2λa

a0eðμa0τνÞa þ Δτμνðξ; ζÞ; ð3:14Þ

δτμν ¼ Lξτμν þ Δτμνðξ; ζÞ; ð3:15Þ

δbμν ¼ Lξbμν − 2ϵabλ
a
a0τ½μbeν�a

0 þ 2∂½μζν� þ Δbμνðξ; ζÞ;
ð3:16Þ

δcμν ¼ Lξcμν þ Δcμνðξ; ζÞ; ð3:17Þ

where λaa0 is a boost parameter, and we have usedΔðξ; ζÞ to
express a higher-derivative correction to the leading order
symmetry transformations. While these higher-order con-
tributions do not deform the boost transformations, they
might modify their form due to field redefinitions, as we
show in the next section.

B. Three-derivative corrections to the
diffeomorphism transformations

The first order deformation of the gauge transformation
of the generalized metric is given by the expressions,

δð1ÞHð0Þ
MN ¼ −

1

4
∂MHð0ÞPQ

∂PKQN þ 1

4
Hð0Þ

M
PHð0Þ

N
Q
∂PHð0ÞIJ

∂IKJQ

−
1

2
∂PH

ð0Þ
QM∂NK

QP þ 1

2
Hð0Þ

M
PHð0Þ

N
Q
∂IH

ð0Þ
JP∂QK

JI þ ðM ↔ NÞ; ð3:18Þ

and

δð1ÞHð−2Þ
MN ¼ −

1

4
∂MHð−2ÞPQ

∂PKQN þ 1

4
Hð−2Þ

M
PHð0Þ

N
Q
∂PHð0ÞIJ

∂IKJQ

þ 1

4
Hð0Þ

M
PHð−2Þ

N
Q
∂PHð0ÞIJ

∂IKJQ þ 1

4
Hð0Þ

M
PHð0Þ

N
Q
∂PHð−2ÞIJ

∂IKJQ

−
1

2
∂PH

ð−2Þ
QM ∂NKQP þ 1

2
Hð−2Þ

M
PHð0Þ

N
Q
∂IH

ð0Þ
JP∂QK

JI

þ 1

2
Hð0Þ

M
PHð−2Þ

N
Q
∂IH

ð0Þ
JP∂QK

JI þ 1

2
Hð0Þ

M
PHð0Þ

N
Q
∂IH

ð−2Þ
JP ∂QKJI þ ðM ↔ NÞ: ð3:19Þ

From the previous equations, we can read some of the corrections to the zeroth order transformations (3.12)–(3.17). First,
from δð1ÞHð0Þμν, we can compute
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Δhμν ¼ hðμjρhjνÞσ∂ρhαβ∂α∂½βζσ� −
1

2
hðμjρðbγσhγjνÞ þ cγστγjνÞÞ∂ρhαβ∂α∂βξσ

þ 1

2
hðμjρhjνÞσ∂ρðbγβhγα þ cγβτγαÞ∂α∂σξβ − hðμjρhjνÞσ∂αðbγρhγβ þ cγρτγβÞ∂β∂σξα

− ðbγρhγðμj þ cγρτγðμjÞhjνÞσ∂αhβρ∂σ∂βξα: ð3:20Þ

Similarly, from δð1ÞHð−2Þμν, we can obtain the correction to the transformation of τμν,

Δτμν ¼ τðμjρhjνÞσ∂ρhαβ∂α∂½βζσ� þ hðμjρτjνÞσ∂ρhαβ∂α∂½βζσ� þ hðμjρhjνÞσ∂ρταβ∂α∂½βζσ�

−
1

2
τðμjρðbϵσhϵjνÞ þ cϵστϵjνÞÞ∂ρhαβ∂α∂βξσ −

1

2
hðμjρbπστπjνÞ∂ρhαβ∂α∂βξσ

−
1

2
hðμjρðbϵσhϵjνÞ þ cϵστϵjνÞÞ∂ρταβ∂α∂βξσ þ

1

2
hðμjρhjνÞσ∂ρðbπβτπαÞ∂α∂σξβ

þ 1

2
τðμjρhjνÞσ∂ρðbϵβhϵα þ cϵβτϵαÞ∂α∂σξβ þ

1

2
hðμjρτjνÞσ∂ρðbϵβhϵαÞ þ cϵβτϵαÞÞ∂α∂σξβ

− τðμjρhjνÞσ∂αðbϵρhϵβ þ cϵρτϵβÞ∂β∂σξα − hðμjρτjνÞσ∂αðbϵρhϵβ þ cϵρτϵβÞ∂β∂σξα
− hðμjρhjνÞσ∂αðbπρτπβÞ∂β∂σξα − bπρτπðμjhjνÞσ∂αhβρ∂σ∂βξα

− ðbϵρhϵðμj þ cϵρτϵðμjÞτjνÞσ∂αhβρ∂σ∂βξα − ðbϵρhϵðμj þ cϵρτϵðμjÞhjνÞσ∂ατβρ∂σ∂βξα: ð3:21Þ

At this point, we observe that the corrections Δhμν and Δτμν involves both diffeomorphisms and b shifts,

Δhμν ¼ Δξhμν þ Δζhμν; ð3:22Þ

Δτμν ¼ Δξτ
μν þ Δζτ

μν: ð3:23Þ

The last pieces of the previous transformations, involving ζμ, can be eliminated considering a field redefinition. Explicitly,

h̃μν ¼ hμν −
1

2
hðμjρhjνÞσ∂ρhαβ∂αbβσ; ð3:24Þ

τ̃μν ¼ τμν −
1

2
ðτðμjρhjνÞσ∂ρhαβ þ hðμjρτjνÞσ∂ρhαβ þ hðμjρhjνÞσ∂ρταβÞ∂αbβσ: ð3:25Þ

The remanent Δhμν and Δτμν cannot be eliminated with field redefinitions. The reader can easily prove that given the
following factorization:

Δξhμν ¼ hμνσα1β ∂σ∂αξ
β; ð3:26Þ

Δξτ
μν ¼ τμνσα1β ∂σ∂αξ

β; ð3:27Þ

both hμνσα1β and τμνσα1β transform in a noncovariant fashion. This behavior is inherited from the relativistic limit of the theory.
The redefinition (3.25) is not boost invariant, and therefore, τ̃μν receives a correction in its boost transformation given by

Δλτ̃
μν ¼ −

1

2
ðλaa0eðμa0τρÞahνσ∂ρhαβ þ hμρλaa

0
eðνa0τσÞa∂ρhαβ þ hμρhνσ∂ρðλaa0eðαa0τβÞaÞÞ∂αbβσ

þ 1

2
ðτμρhνσ∂ρhαβ þ hμρτνσ∂ρhαβ þ hμρhνσ∂ρταβÞ∂αðϵabλaa0τ½βbeσ�a0 Þ þ ðμ ↔ νÞ: ð3:28Þ

Now we move to the analysis of the other components of the generalized metric. The expression for δð1ÞHð0Þν
μ is given by
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δð1ÞHð0Þν
μ ¼ −

1

4
∂μhρσ∂ρ∂σξν −

1

2
∂ρhσν∂μ∂σξρ −

1

4
ðbϵμhϵρ þ cϵμτϵρÞ½ðbπσhπν þ cπστπνÞ∂ρhβα∂α∂βξσ þ 2hνσ∂ρhβα∂α∂½βζσ�

− 2hνσ∂ρðbπβhπα þ cπβτπαÞ∂α∂σξβ − 2hνσ∂βðbπρhπα þ cπρτπαÞ∂σ∂αξβ�

þ 1

2
ðhμρ þ bϵμhϵπbπρ þ 2cϵðμjτϵπbπjρÞÞhνσ∂βhαρ∂σ∂αξβ

þ 1

4
hνρðhμσ þ bϵμhϵπbπσ þ 2cϵðμjτϵπbπjσÞÞ∂ρhβα∂α∂βξσ

þ 1

2
ðbϵμhϵσ þ cϵμτϵσÞ

�
1

2
hνρ∂ρðbπβhπα þ cπβτπαÞ∂α∂σξβ − hνρ∂ρhβα∂α½βζσ�

− hνρ∂αðbπρhπβ þ cπρτπβÞ∂σ∂βξα þ ðbπρhπβ þ cπρτπβÞ∂αhρβ∂σ∂βξα
�
: ð3:29Þ

From the definition of this component, we get the relation,

δð1ÞHð0Þν
μ þ bψμΔhψν þ cψμΔτψν ¼ −Δbψμhψν − Δcψμτψν; ð3:30Þ

where the full lhs is known. We can then factorize hψν and τψν of this sum and in this way, obtain part of the transformations
of cμν and bμν. However, some of the terms cannot be directly factorized in this way, and in those cases, we need to invoke
the relation (3.9). Explicitly,

−Δcψμτψν ¼ −
1

4
∂μhρσ∂ρ∂σξϵτπϵτπν −

1

2
∂ρhσϵ∂μ∂σξρτπϵτπν

−
1

4
ðbϵμhϵρ þ cϵμτϵρÞcπστπν∂ρhβα∂α∂βξσ þ

1

2
ðbϵμhϵσ þ cϵμτϵσÞcπρτπν∂αhρβ∂σ∂βξα

− bψμ

�
1

4
hψρcγστγν∂ρhαβ∂α∂βξσ þ

1

2
cγρτγνhψσ∂αhβρ∂σ∂βξα

�

þ cψμ

�
−
1

2
τðψ jρcϵστϵjνÞ∂ρhαβ∂α∂βξσ − cϵρτϵðψ jτjνÞσ∂αhβρ∂σ∂βξα

�
; ð3:31Þ

and

−Δbψμhψν ¼ −
1

4
∂μhρσ∂ρ∂σξϵhπϵhπν −

1

2
∂ρhσϵ∂μ∂σξρhπϵhπν

−
1

4
ðbϵμhϵρ þ cϵμτϵρÞ½bπσhπν∂ρhβα∂α∂βξσ þ 2hνσ∂ρhβα∂α∂½βζσ�

− 2hνσ∂ρðbπβhπα þ cπβτπαÞ∂α∂σξβ − 2hνσ∂βðbπρhπα þ cπρτπαÞ∂σ∂αξβ�

þ 1

2
ðhμρ þ bϵμhϵπbπρ þ 2cϵðμjτϵπbπρÞÞhνσ∂βhαρ∂σ∂αξβ

þ 1

4
hνρðhμσ þ bϵμhϵπbπσ þ 2cϵðμjτϵπbπσÞÞ∂ρhβα∂α∂βξσ

þ 1

2
ðbϵμhϵσ þ cϵμτϵσÞ

�
1

2
hνρ∂ρðbπβhπα þ cπβτπαÞ∂α∂σξβ − hνρ∂ρhβα∂α½βζσ�

− hνρ∂αðbπρhπβ þ cπρτπβÞ∂σ∂βξα þ bπρhπν∂αhρβ∂σ∂βξα
�

þ bψμ

�
hðψ jρhjνÞσ∂ρhαβ∂α∂½βζσ� −

1

2
hðψ jρbγσhγjνÞ∂ρhαβ∂α∂βξσ −

1

4
hνρcγστγψ∂ρhαβ∂α∂βξσ

þ 1

2
hðψ jρhjνÞσ∂ρðbγβhγα þ cγβτγαÞ∂α∂σξβ − hðψ jρhjνÞσ∂αðbγρhγβ þ cγρτγβÞ∂β∂σξα
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− bγρhγðψ jhjνÞσ∂αhβρ∂σ∂βξα −
1

2
cγρτγψhνσ∂αhβρ∂σ∂βξα

�

þ cψμ

�
1

2
τψρhνσ∂ρhαβ∂α∂½βζσ� þ

1

2
hνρτψσ∂ρhαβ∂α∂½βζσ�

−
1

4
τψρbϵσhϵν∂ρhαβ∂α∂βξσ −

1

4
hνρbπστπψ∂ρhαβ∂α∂βξσ −

1

4
hνρcϵστϵψ∂ρταβ∂α∂βξσ

þ 1

4
τψρhνσ∂ρðbϵβhϵα þ cϵβτϵαÞ∂α∂σξβ þ

1

4
hνρτψσ∂ρðbϵβhϵα þ cϵβτϵαÞ∂α∂σξβ

−
1

2
τψρhνσ∂αðbϵρhϵβ þ cϵρτϵβÞ∂β∂σξα −

1

2
hνρτψσ∂αðbϵρhϵβ þ cϵρτϵβÞ∂β∂σξα

−
1

2
bπρτπψhνσ∂αhβρ∂σ∂βξα −

1

2
bϵρhϵντψσ∂αhβρ∂σ∂βξα −

1

2
cϵρτϵψhνσ∂ατβρ∂σ∂βξα

�
: ð3:32Þ

The full correction for Δcμν is given by

Δcμν ¼ τρσΔcρ½νjτσjμ� − cρ½νjΔhρσhσjμ�; ð3:33Þ

where we have used the fact that cμνhνρ ¼ 0. Once again, we can split the transformation as

Δcμν ¼ Δξcμν þ Δζcμν: ð3:34Þ

The reader might quickly verify that the former vanishes, and therefore, the correction is purely deforming the
diffeomorphism transformation. Particularly,

Δξcρσ ¼ −
1

8
τνρ½∂σhκδ∂κ∂δξϵτπϵτπν þ 2∂κhδϵ∂σ∂δξκτπϵτπν

þ ðbϵσhϵκ þ cϵστϵκÞcπδτπν∂κhβα∂α∂βξδ − 2ðbϵσhϵδ þ cϵστϵδÞcπκτπν∂αhκβ∂δ∂βξα
þ bψσðhψκcγδτγν∂κhαβ∂α∂βξδ þ 2cγκτγνhψδ∂αhβκ∂δ∂βξαÞ
þ 2cψσðτðψ jκcϵδτϵjνÞ∂κhαβ∂α∂βξδ þ 2cϵκτϵðψ jτjνÞδ∂αhβκ∂δ∂βξαÞ�

þ 1

8
cμσ½hνψcγστγμ∂ψhαβ∂α∂βξσ þ 2cγψτγμhνδ∂αhβψ∂δ∂βξα�hνρ − ðρ ↔ σÞ: ð3:35Þ

One may try to eliminate it with field redefinitions. For doing so, we factorize the second derivative of the diffeomorphism
parameter as

Δcρσ ¼ cδ1½ρjκ∂jσ�∂δξ
κ þ cδβ2 α½ρσ�∂δ∂βξ

α; ð3:36Þ

where cδ1½ρκ and cδβ2 α½ρσ� are given by

cδ1ρκ ¼ −
1

2
τνρ∂κhδν; ð3:37Þ

cδβ2 α½ρσ� ¼ −
1

4
τα½ρ∂σ�hδβ −

1

4
τν½ρjðbϵjσ�hϵκ þ cϵjσ�τϵκÞcπατπν∂κhβδ þ

1

2
τν½ρjðbϵjσ�hϵδ þ cϵjσ�τϵδÞcπκτπν∂αhκβ

−
1

4
τν½ρjbψ jσ�hψκcγατγν∂κhδβ −

1

2
τν½ρjbψ jσ�cγκτγνhψδ∂αhβκ

−
1

2
τν½ρjcψ jσ�τðψ jκcϵατϵjνÞ∂κhδβ − τν½ρjcψ jσ�cϵκτϵðψ jτjνÞδ∂αhβκ

þ 1

4
cμ½σjhνψcγατγμ∂ψhδβhνjρ� þ

1

2
cμ½σjcγψτγμhνδ∂αhβψhνjρ�: ð3:38Þ
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Inspecting the transformation properties of the previous objects, we can easily see that cδ1ρκ transforms covariantly, while

some of the terms of cδβ2 α½ρσ� transforms noncovariantly. This indicates that (3.35) cannot be removed with field
redefinitions, and it is a nonambiguous deformation of the diffeomorphism transformation of cρσ. Explicitly, the
nonambiguous terms in the transformation are given by

Δξcρσjnonambiguous ¼
�
−
1

4
τα½ρ∂σ�hδβ −

1

4
τν½ρjðbϵjσ�hϵκ þ cϵjσ�τϵκÞcπατπν∂κhβδ

−
1

4
τν½ρjbψ jσ�hψκcγατγν∂κhδβ −

1

2
τν½ρjcψ jσ�τðψ jκcϵατϵjνÞ∂κhδβ

þ 1

4
cμ½σjhνψcγατγμ∂ψhδβhνjρ�

�
∂δ∂βξ

α: ð3:39Þ

The previous transformation is the equivalent to a Green-Schwarz mechanism for diffeomorphism for the cμν field. Now, we
would like to find the same mechanism, but for the bμν field. The full transformation of the bμν field is given by

Δbμν ¼ Δbρ½νjhρσhσjμ� þ Δbρ½νjτρστσjμ�: ð3:40Þ

The second piece of the previous transformation must be read from δð1ÞH−2ν
μ using the relation,

δð1ÞHð−2Þσ
ν ¼ −Δbρντρσ − bρνΔτρσ: ð3:41Þ

Therefore, the transformation can be written as

Δbμν ¼ Δbρ½νjhρσhσjμ� − δð1ÞHð−2Þ
½νj

ρτρjμ� − bρ½νjΔτρστσjμ�: ð3:42Þ

To explicitly obtain the previous transformation, we first compute,

δð1ÞHð−2Þ
ν

ρτρμ ¼
�
−
1

4
∂ντ

τσ
∂τ∂σξ

ρ þ 1

4
bδντδσcλγτλρ∂σhαβ∂α∂βξγ

−
1

2
ðbλνhλσ þ cλντλσÞτργ∂σhαβ∂α∂½βζγ� þ

1

4
ðbλνhλσ þ cλντλσÞτδρbδγ∂σhαβ∂α∂βξγ

−
1

4
ðbλνhλσ þ cλντλσÞτργ∂σðbϵβhϵα þ cϵβτϵαÞ∂α∂γξβ þ

1

4
ðbλνhλσ þ cλντλσÞcϵγτϵρ∂σταβ∂α∂βξγ

þ 1

2
ðbλνhλγ þ cλντλγÞτρσ∂αðbϵγhϵβ þ cϵγτϵβÞ∂σ∂βξα −

1

2
τρσðbλνhλγ þ cλντλγÞ∂σhαβ∂α∂½βζγ�

þ 1

2
ðhνγ þ bλνhλτbτγ þ 2cλðνjτλτbτjγÞÞτρσ∂αhβγ∂σ∂βξα

þ 1

4
τρσðhνγ þ bλνhλτbτγ þ 2cλðνjτλτbτjγÞÞ∂σhαβ∂α∂βξγ −

1

4
τρσðbλνhλσ þ cλντλγÞ∂σðbϵβhϵα þ cϵβτϵαÞ∂α∂γξβ

þ 1

2
τργðbλνhλσ þ cλντλσÞ∂αðbϵγhϵβ þ cϵγτϵβÞ∂σ∂βξα

þ 1

2
τδρbδγðbλνhλσ þ cλντλσÞ∂αhβγ∂σ∂βξα þ

1

2
cλγτλρbδντδσ∂αhβγ∂σ∂βξα

þ 1

2
cλγτλρðbλνhλσ þ cλντλσÞ∂ατβγ∂σ∂βξα −

1

2
∂στ

τρ
∂ν∂τξ

σ

�
τρμ: ð3:43Þ

At this point, we can explicitly write the corrections to the leading order b shifts. They are given by
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Δζbμν ¼
1

4

h
ðbϵνhϵρ þ cϵντϵρÞhσδ∂ρhβα þ ðbϵνhϵδ þ cϵντϵδÞhσρ∂ρhβα

− 2bψνhðψ jρhjσÞδ∂ρhαβ − τψρhσδ∂ρhαβcψν − hσρτψδ∂ρhαβcψν
i
∂α∂½βζδ�hσμ

−
1

4

h
ðbλνhλσ þ cλντλσÞτργ þ τρσðbλνhλγ þ cλντλγÞ

i
∂σhαβ∂α∂½βζγ�τρμ

−
1

4
bρνðτσγhρδ∂γhαβ∂α∂½βζδ� þ hργτσδ∂γhαβ∂α∂½βζδ�Þτσμ − ðμ ↔ νÞ: ð3:44Þ

We can easily see that all these terms can be eliminated using a field redefinition for the b field of the form,

b̃μν ¼ bμν −
1

4

h
ðbϵ½νjhϵρ þ cϵ½νjτϵρÞhσδ∂ρhβα þ ðbϵ½νjhϵδ þ cϵ½νjτϵδÞhσρ∂ρhβα

− 2bψ ½νjhðψ jρhjσÞδ∂ρhαβ − τψρhσδ∂ρhαβcψ ½νj − hσρτψδ∂ρhαβcψ ½νj
i
∂αbβδhσjμ�

−
1

4

h
ðbλ½νjhλσ þ cλ½νjτλσÞτργ þ τρσðbλ½νjhλγ þ cλ½νjτλγÞ

i
∂σhαβ∂αbβγτρjμ�

−
1

4
bρ½νjðτσγhρδ∂γhαβ∂αbβδ þ hργτσδ∂γhαβ∂αbβδÞτσjμ�: ð3:45Þ

As in the relativistic case, the correction to the diffeomorphisms transformations, Δξbμν, cannot be eliminated by field
redefinitions. This correction is given by

Δξbμν ¼ Δξbψ ½νjhψχhχjμ� − δð1ÞHð−2Þ
½νj

ρτρjμ� − bρ½νjΔτρστσjμ�

¼ bδ1½μjκ∂jν�∂δξ
κ þ bαβ2 ω½μν�∂α∂βξ

ω; ð3:46Þ

where in the last equality we consider, once more, a factorization for the derivatives of the diffeomorphism parameter. For
the latter, we find,

bδ1μκ ¼
1

2
∂κhδρhμρ − 2∂κτ

δρτμρ: ð3:47Þ

This quantity transforms noncovariantly, and therefore, it cannot be removed from the b-field correction. The same happens
with bαβ2 ω½μν�, which also transforms noncovariantly. Due to the extension of this object, we report it in the Appendix B. The
corrections given in (3.46) are the equivalent of the Green-Schwarz for diffeomorphisms for the b-field.
As happens for τ̃μν, the new b̃μν receives a correction to its boost transformation. This correction is given by

Δλb̃μν ¼
1

4

h
bϵνhϵρhσδ∂ρhβα þ cϵντϵρhσδ∂ρhβα þ bϵνhϵδhσρ∂ρhβα þ cϵντϵδhσρ∂ρhβα

− 2bψνhðψ jρhjσÞδ∂ρhαβ − τψρhσδ∂ρhαβcψν − hσρτψδ∂ρhαβcψν
i
∂αbβδλaa0eðσa

0
τμÞa

þ 1

4

h
bϵνhϵρhσδ∂ρhβα þ cϵντϵρhσδ∂ρhβα þ bϵνhϵδhσρ∂ρhβα þ cϵντϵδhσρ∂ρhβα

− 2bψνhðψ jρhjσÞδ∂ρhαβ − τψρhσδ∂ρhαβcψν − hσρτψδ∂ρhαβcψν
i
∂αðϵabλaa0τ½βaeδ�a0 Þhσμ

−
1

8

h
−2ϵabλaa0τ½ϵbeν�a

0
hϵρhσδ∂ρhβα þ cϵνλaa

0
eρa0τϵahσδ∂ρhβα − 2ϵabλ

a
a0τ½ϵbeν�a

0
hϵδhσρ∂ρhβα

þ cϵνλaa
0
eδa0τϵahσρ∂ρhβα þ 4ϵabλ

a
a0τ½ψbeν�a

0 Þhðψ jρhjσÞδ∂ρhαβ − 2λa
a0eðψ a0τρÞahσδ∂ρhαβcψν

− 2hσρλaa
0
eðψ a0τδÞa∂ρhαβcψν

i
∂αbβδhσμ

þ 1

4

h
bλνhλστργ þ cλντλστργ þ τρσbλνhλγ þ τρσcλντλγ

i
∂σhαβ∂αðϵabλaa0τ½βbeγ�a0 Þτρμ

ERIC LESCANO PHYS. REV. D 113, 086004 (2026)

086004-10



−
1

8

h
bλνhλσλaa

0
eγa0τρa þ cλντλσλaa

0
eγa0τρa

þ τρσϵabλ
a
a0τν

beλa
0
hλγ þ τρσcλνλaa

0
eγa0τλa

i
∂σhαβ∂αbβγτρμ

−
1

8

h
ϵabλ

a
a0τν

beλa
0
hλστργ þ cλνλaa

0
eσa0τλaτργ þ λa

a0eσa0τρabλνhλγ þ λa
a0eσa0τρacλντλγ

i
∂σhαβ∂αbβγτρμ

−
1

8
ϵabλ

a
a0τν

beρa
0 ðτσγhρδ∂γhαβ∂αbβδ þ hργτσδ∂γhαβ∂αbβδÞτσμ

−
1

8
bρνðτσγhρδ∂γhαβ∂αð−2ϵabλaa0τ½βbeδ�a0 Þ þ hργτσδ∂γhαβ∂αð−2ϵabλaa0τ½βbeδ�a0 ÞÞτσμ

−
1

8
bρνðλaa0eγa0τσahρδ∂γhαβ∂αbβδ þ hργλaa

0
eδa0τσa∂γhαβ∂αbβδÞτσμ − ðμ ↔ νÞ: ð3:48Þ

Finally, moving to Δhμν and Δτμν, these transformations can be extracted from

Δhμν ¼ δð1ÞHð0Þ
μν − 2ΔbρðμjhρσbσjνÞ − bρμΔhρσbσν − 2ΔcρðμjτρσbσjνÞ − 2cρðμjΔτρσbσjνÞ − 2cρðμjτρσΔbσjνÞ; ð3:49Þ

and

Δτμν ¼ 2ΔcðμjρτρσcσjνÞ þ cμρΔτρσcσν; ð3:50Þ

respectively. Since these transformations effectively depend
on Δbμν and Δcμν, it is a straightforward computation to
prove that these quantities also contain nonambiguous
corrections to their diffeomorphisms transformations.
Similarly to τ̃μν and b̃μν, the new field h̃μν will inherit
new higher-derivative boost corrections. Due to the sys-
tematic of the computation, we do not report these correc-
tions explicitly. We observe that in the relativistic case all
the higher-derivative correction in the transformation of the
metric and its inverse can be completely eliminated using
field redefinitions (i.e., Δgμν ¼ Δgμν ¼ 0), while in the NR
limit this is not possible. We will discuss about this
important feature of the NR limit of HSZ theory in
the Sec. IV.
Another interesting point about the way of choosing the

fundamental fields of the theory is related to cμν. While at
the two derivative level one can choose this field to be [25],

cμν ¼ −τμaτνbϵab; ð3:51Þ

the inclusion of higher-derivative terms in HSZ implies

Δcμν ¼ −Δτμaτνbϵab − τμ
aΔτνbϵab; ð3:52Þ

which is not satisfied by the cμν field. However, it should be
possible to find a field redefinition which allows one to
fully write the HSZ theory in vielbein formalism, as in [7],
for the relativistic case. A subtle point here is that the
vielbein formulation of HSZ in the relativistic limit con-
tains a nontrivial transformation for the Lorentz trans-
formation of the generalized metric, instead of a
deformation of the generalized diffeomorphism. For this
reason, we expect a similar behavior when analyzing the
NR limit: the higher-derivative transformation (3.12)–
(3.17) should turn into nontrivial deformations of the
double Lorentz transformations, where the decomposition
(3.51) should be consistent with the symmetry rules of the
formulation.

C. NR HSZ Lagrangian up to four-derivatives terms

Our goal is to compute the Lagrangian of HSZ up to four
derivatives. The two-derivative Lagrangian Lð2Þ for HSZ
matches the DFT NR Lagrangian,

Lð2Þ
DFT ¼ 5

4
∂μhνρ∂σhνρhμσ −

1

4
∂μcνρ∂σcγϵτνγτρϵhμσ −

1

2
∂μτ

νρ
∂σcνγτγϵcρϵhμσ

−
1

4
∂μτ

νρ
∂στ

γϵcνγcρϵhμσ −
1

2
∂μhνρ∂σhμνhρσ −

1

2
∂μcνρ∂σhμντργτσϵcγϵ

þ 1

2
∂μτ

νρ
∂σhμγτσϵcνγcρϵ −

1

2
∂μcνρ∂σcγϵτμγτνϵhρσ −

1

2
∂μτ

νρ
∂νcσγτσϵcρϵhμγ

−
1

2
∂μcνρ∂σhνγτμϵτρσcγϵ þ 4∂μνφhμν þ ∂μνhρσhρσhμν
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þ ∂μντ
ρστρσhμν þ ∂μτνρ∂στ

νρhμσ þ 4∂μφ∂νhμν þ ∂μhμν∂νhρσhρσ þ ∂μτ
νρ
∂σhμστνρ

− 4∂μφ∂νφhμν − 2∂μφ∂νhρσhρσhμν − 2∂μφ∂ντ
ρστρσhμν −

1

4
∂μhνρ∂σhγϵhνρhγϵhμσ

−
1

2
∂μτ

νρ
∂σhγϵτνρhγϵhμσ −

1

4
∂μτ

νρ
∂στ

γϵτνρτγϵhμσ − ∂μνhμν

þ 3

2
hμνρ∂σhνγτρϵcγϵhμσ −

1

4
hμνρhσγϵhμσhνγhρϵ −

3

2
hμνρ∂σcγϵτνγhμσhρϵ; ð3:53Þ

where hμνρ ¼ 3∂½μbνρ� is the curvature of the b field.
The four-derivative corrections in the setup under consideration are given by the following contributions:

Lð4Þ
NR-HSZ ¼ −

1

2
∂
NQF ð0Þ

NQ þ 2∂NF ð0Þ
N

Q
∂Qd − 2F ð0ÞPQ

∂Pd∂Qd −
1

2
F ð0ÞPIF ð0Þ

P
JHð0Þ

IJ

þ F ð0ÞPIHð0Þ
P

J
∂J

LHð0Þ
IL −

1

12
F ð0ÞIJHð0ÞKL

∂KLH
ð0Þ
IJ þ 1

2
F ð0ÞPQ

∂
JHð0Þ

PJ∂
LHð0Þ

QL

−
1

12
F ð0ÞPQ

∂
JHð0Þ

PQ∂
LHð0Þ

JL −
1

2
F ð0ÞPQ

∂PHð0ÞJL
∂JH

ð0Þ
QL þ 1

8
F ð0ÞPQ

∂PHð0ÞJL
∂QH

ð0Þ
JL

−
1

12
Hð0ÞIJHð0ÞKL

∂IJF
ð0Þ
KL þ 1

2
Hð0ÞIJHð0ÞKL

∂IKF
ð0Þ
JL þ 1

2
Hð0ÞPQ

∂
JF ð0Þ

P
L
∂QH

ð0Þ
JL

−
1

12
Hð0ÞPQ

∂
JF ð0Þ

PQ∂
LHð0Þ

JL −
1

2
Hð0ÞPQ

∂PF ð0ÞJL
∂JH

ð0Þ
QL þ 1

12
Hð0ÞPQ

∂PF ð0ÞJL
∂QH

ð0Þ
JL

þHð0ÞPQ
∂PF

ð0Þ
Q

J
∂
LHð0Þ

JL − 2F ð0ÞPIHð0Þ
P

KHð0Þ
I

L
∂KLd − 2F ð0ÞPIHð0Þ

P
J
∂JH

ð0Þ
I

L
∂Ld

− 2F ð0ÞPIHð0Þ
P

J
∂
LHð0Þ

IL ∂Jdþ 1

6
F ð0ÞIJHð0ÞKL

∂KH
ð0Þ
IJ ∂Ld − 2Hð0ÞIJHð0ÞKL

∂IF
ð0Þð0Þ
JK ∂Ld

þ 1

6
Hð0ÞIJHð0ÞKL

∂IF
ð0Þ
KL∂Jdþ 2F ð0ÞPIHð0Þ

P
KHð0Þ

I
L
∂Kd∂Ldþ 1

2
F ð0ÞPQ

∂
JHð0Þ

P
L
∂LH

ð0Þ
QJ

þ 2F ð0ÞPQ
∂PQd: ð3:54Þ

After parametrization, the full Lð4Þ
NR-HSZ Lagrangian can be schematically written as

Lð4Þ
NR-HSZ ¼ ∂μbνρTμνρðh; τÞ þ ∂μ∂νbρσTμνρσðh; τÞ þ ∂μ∂ν∂ρbσγTμνρσγðh; τÞ

þ ∂μbνρ∂σbγϵ∂λbαβTμνρσγϵλαβðh; τÞ þ LðcÞ; ð3:55Þ

where LðcÞ are the c-field contributions of the Lagrangian. The explicit computation of the full Lagrangian is a hard
computational challenge, due to the extension of it and the lack of well-defined curvatures for the anomalous
transformations of all the fields of the theory. We report in the Appendix C, the contributions given by Tμνρðh:τÞ,
Tμνρσðh; τÞ, Tμνρσγðh; τÞ, and Tμνρσγϵλαβðh; τÞ. With a suitable rewriting of these contributions plus partial integration, we
expect higher-derivative corrections in the curvature of the b field, and similar higher-order curvatures for the remanent
fields.

IV. FIELD REDEFINITIONS BEFORE TAKING THE NR LIMITS

In the relativistic case, the supergravity limit of HSZ up to four derivatives is given by Chern-Simons terms Ωμνρ that
correct the three-form field strength of the Kalb-Ramond field [26],

H̃μνρ ¼ 3∂½μB̃νρ� þ 3Ω̃μνρ; Ω̃μνρ ¼ Γ̃δ
½μjσ∂jνΓ̃

σ
ρ�δ þ

2

3
Γ̃δ
½μjσΓ̃

σ
jνjλΓ̃

λ
jρ�δ: ð4:1Þ
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The state of the art is that to first order, the gauge
invariant action of HSZ theory is the following:

S ¼
Z

dDx
ffiffiffiffiffiffi
−g̃

p
e−2ϕ̃

�
R̃þ 4ð∇ϕ̃Þ2 − 1

12
H̃2

�
; ð4:2Þ

where the B̃-field has a Green-Schwarz transformation
given by

δB̃μν ¼ ∂½μj∂ρξσΓ̃
ρ
jν�σ: ð4:3Þ

As first glance, the NR limit cannot be taken in this
Lagrangian since the product HμνρΩμνρ contains divergen-
ces up to c6. Therefore, one can impose a first order
noncovariant field redefinition before taking the NR limit.
One possible choice for the family of field redefinitions

that makes HSZ theory convergent at the supergravity limit
up to four-derivative contributions are

g̃μν ¼ ĝμν − Δ1gμν; ð4:4Þ

B̃μν ¼ B̂μν − Δ1Bμν; ð4:5Þ

ϕ̃ ¼ ϕ̂ − Δ1ϕ; ð4:6Þ

where

Δ1gμν ¼ −
1

4
∂μB̂ρσ∂γ ĝνϵĝργ ĝσϵ −

1

4
∂ρB̂μσ∂γ ĝνϵĝρϵĝσγ

þ 1

4
∂ρB̂μσ∂γ ĝνϵĝργ ĝσϵ −

1

4
∂ρB̂μσ∂νĝγϵĝργ ĝσϵ

þ ðμ ↔ νÞ;

Δ1Bμν ¼
1

4
∂μĝρσ∂γ ĝνϵĝργ ĝσϵ − ðμ ↔ νÞ; ð4:7Þ

Δ1ϕ̂ ¼ −
1

4
log

Δ1ĝ
ĝ

: ð4:8Þ

Considering the previous field redefinitions, the super-
gravity limit of HSZ theory coincides with the results
coming from a double geometry in the generalized metric
approach and, therefore, its Lagrangian converges.
According to the results in [27], we expect the same
behavior at the next order in derivatives (six-derivative
case). We summarize the previous statements in the
following diagram:

The results of this work indicate that including higher-
derivative corrections in bosonic, heterotic, or type II string
theory might need field redefinitions before taking the NR
limit. The simplest case of study could be the bosonic or
heterotic string, which contain four-derivative terms in their
α0 expansion. For this reason, we will discuss this case in
the next section.

V. TOWARDS THE α0-CORRECTIONS IN NR
HETEROTIC AND BOSONIC STRING

One of the most intriguing aspects of the HSZ theory lies
in its structure as an order-by-order interpolation between
the heterotic and bosonic string theories, truncated by a
discrete Z2 symmetry transformation, as described in [27].
This interpolation offers a unified higher-derivative frame-
work that captures features of both string theories within a
single formalism, which also is T-duality invariant. At the
four-derivative level, the theory incorporates the Z2 odd

terms of heterotic string theory and a Green-Schwarz
mechanism for generalized diffeomorphisms. Importantly,
in the NR limit, this leads to the specific form of the
corrections of the symmetry transformations of the degrees
of freedom of the theory, presented in Eqs. (3.12)–(3.17).
The higher-derivative corrections in the boost transforma-
tions of the new redefined fields h̃μν, τ̃μν, and b̃μν are a
distinctive feature from the HSZ formulation in its NR limit.
When the gauge field of the heterotic supergravity is
included by considering a Yang-Mills interaction in the
Lagrangian and Chern-Simons terms, the NR limit admits
two distinct c expansions, both of which are constructed to
be invariant under T duality. On the one hand, one can adopt
a direct expansion of the fundamental fields—namely, the
metric, the B field, and a suitably chosen expansion of the
non-Abelian gauge field Aμ

i. This method was developed in
[28], where the corresponding Buscher rules [29] were also
derived. While this formulation is consistent and captures
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essential features of the NR dynamics, it lacks a manifest T-
duality invariance in terms of a DFT metric.4 A similar
behavior appears in all the formulations of string theory at
order α03, in the relativistic case, as discussed in [5].
Apparently, a similar problem appears at the two-derivative
level for the NR heterotic string.
To overcome this limitation, a second formulation was

introduced in [13], in which the fields are embedded
directly in an OðD;Dþ NÞ generalized metric. This
embedding requires a specific expansion of the A field
that is compatible with the constraint H2 ¼ 1 of DFT,
thereby preserving the fact that the generalized metric is an
element of the duality group. This approach was further
developed in [30], where the explicit form of the heterotic
supergravity was inspected. The two formulations are
expected to be related through field redefinitions at the
level of two-derivative supergravity, and none of them
seems to be suited for systematically including higher-
derivative corrections. In particular, the presence of Riem2

terms in the four-derivative Lagrangian seems to indicate
divergences that will require field redefinitions in both
approaches.
For the second-order corrections, a new study of the HSZ

theory to that order could be very useful. HSZ theory
contains all the Z2-even contributions of the bosonic string
in the relativistic setting, as explicitly demonstrated in [27].
Extending the analysis of this paper to include six-deriva-
tive corrections would be a natural next step, potentially
allowing for the construction of a consistent truncation of
the NR limit of the bosonic string. Such an extension would
deepen our understanding of the structure of NR string
theories at higher orders.
In addition to these theoretical implications, our findings

could have applications for exploring cosmological solu-
tions within higher-derivative contributions. In particular,
these results are useful in the study of nonrelativistic
cosmologies, where NR limits of string theory could
provide a simplified framework to test string dualities as
in [31], upon exploring the treatment of matter with higher-
derivative terms [32] in the NR limit.
In this work, we have focused on the NR formulation of

the HSZ theory within the generalized metric formalism,
consistent with the original framework introduced by
Hohm, Siegel, and Zwiebach. However, it is important
to emphasize that HSZ theory also admits an equivalent
description in terms of generalized fluxes, where the
generalized metric transforms as a tensor under generalized
diffeomorphisms but transforms nontrivially under double
Lorentz transformations [10]. In the relativistic case, these
two formulations (metric and generalized flux) are equiv-
alent, up to an identification of parameters and field
redefinitions. Specifically, a suitable identification of the

double Lorentz parameter with the generalized diffeomor-
phism parameter, together with a redefinition of the
generalized metric should map one formulation into
the other.
However, whether this equivalence persists in the NR

limit remains an open and interesting question. It is likely
that both approaches may yield inequivalent NR limits
already at the four-derivative level. This potential non-
equivalence could signal the existence of multiple consis-
tent NR limits of heterotic and bosonic string theories, each
with distinct symmetry properties: a generalized metric
formulation with deformed generalized diffeomorphisms
and a generalized flux formulation with deformed Lorentz
transformations. This represents a profound insight into the
landscape of nonrelativistic string theories and their effec-
tive descriptions.

VI. CONCLUSIONS

HSZ theory is a higher-derivative theory of gravity with
exact and manifest T-duality invariance. Constructed within
the framework of the double geometry, HSZ can be
formulated in terms of a generalized metric and a gener-
alized dilaton. Since both fields have a convergent NR
expansion [13], this ensures that the HSZ Lagrangian
remains finite under a nonrelativistic (NR) expansion of
its degrees of freedom.
When we write the theory in the generalized metric

approach, the symmetry transformations in HSZ theory
arise from a deformed version of generalized diffeomor-
phisms. The generalized Lie derivative acting on the
generalized metric receives a Green-Schwarz-like correc-
tion, and consequently, the transformations of its compo-
nents induce higher-derivative corrections to the symmetry
transformations of the fundamental fields in the NR limit,
as seen in (3.12)–(3.17). While the contributions with ζμ
can be eliminated from Δτμν, Δτμν, Δhμν, Δhμν, and Δbμν,
part of their corrections to the diffeomorphism transforma-
tions cannot be removed and become unambiguous in this
limit, and h̃μν, τ̃μν and b̃μν acquire new higher-derivative
boost corrections.
In the relativistic case, the transformation of the metric

tensor can be fully trivialized through field redefinitions,
while the transformation of the B field retains an ambigu-
ous term given by (4.3). However, applying the NR limit
directly to this configuration leads to divergences in the
effective Lagrangian, necessitating appropriate field rede-
finitions before taking the NR limit. This provides a key
lesson for constructing higher-derivative structures in
bosonic or heterotic string theory from a supergravity
perspective: while terms like Riem2 may introduce diver-
gences, field redefinitions can play a crucial role in curing
potential divergences of the higher-derivative theory.
In this work, we also constructed the four-derivative

correction to the action (3.53), which directly depends on
4Relaxing the constraint H2 ¼ 1 could be a potential solution

to incorporate this formulation in a relaxed form of DFT.
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bμν. Since HSZ theory interpolates, order by order, between the heterotic and bosonic strings [27], the corrected NR action
constructed in this paper contains part of the four-derivative structure of heterotic string theory in the NR regime.
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APPENDIX A: HSZ FOUR-DERIVATIVE LAGRANGIAN IN TERMS OF THE GENERALIZED METRIC

The compact Lagrangian (2.16) can be written explicitly in terms of the generalized metric as

Lð4Þ
HSZ ¼ 1

12
HPQ

∂
JHLS

∂PQLHJS −
1

4
HPQ

∂PHJL
∂QJ

SHLS −
1

24
HPQ

∂P
JHLS

∂QLHJS

þ 1

12
∂
NHN

Q
∂
JHLS

∂QLHJS −
3

8
∂
NHQJ

∂QHLS
∂JLHNS −

1

4
∂
NHQJ

∂QHN
L
∂J

SHLS

−
1

6
HPQ

∂
JHLS

∂Pd∂QLHJS þ
1

2
HPQ

∂PHJL
∂Jd∂QSHLS

þ 1

4
HKLHRSHTU

∂KHR
W
∂LSTHUW þ 1

8
HKLHRSHTU

∂KRHT
W
∂LUHSW

þ 1

8
HIJHKL

∂IHJ
S
∂KHS

U
∂L

WHUW −
1

4
HIJHKL

∂IHJ
S
∂KHUW

∂LUHSW

−
1

4
HIJHKL

∂IHJ
S
∂
UHS

W
∂KLHUW þ 1

4
HIJHKL

∂IHJ
S
∂
UHS

W
∂KWHLU

−
1

4
HIJHKL

∂IHK
S
∂JHL

U
∂S

WHUW þ 1

8
HIJHKL

∂IHK
S
∂LHUW

∂JUHSW

−
1

8
HIJHKL

∂IHK
S
∂LHUW

∂SUHJW þ 1

8
HIJHKL

∂IHK
S
∂
UHJ

W
∂LWHSU

þ 1

12
HIJHKL

∂IHK
S
∂
UHW

L ∂JWHSU þ 1

4
HIJHKL

∂IHK
S
∂
UHL

W
∂SWHJU

þ 1

48
HIJHKL

∂IHSU
∂JHS

W
∂KLHUW þ 1

6
HIJHKL

∂IHSU
∂KHS

W
∂JLHUW

þ 1

6
HIJHKL

∂IHSU
∂KHS

W
∂JWHLU þ 1

4
HIJHKL

∂IHSU
∂SHJ

W
∂KUHLW

−
1

8
HIJHKL

∂IHSU
∂SHK

W
∂JLHUW þ 3

8
HIJHKL

∂IHSU
∂SHK

W
∂LUHJW

−
1

4
HIJHKL

∂IHSU
∂SHU

W
∂JKHLW þ 1

8
HIJHKL

∂IHSU
∂
WHSW∂JKHLU

−
1

4
HIJHKL

∂
SHIS∂

UHJ
W
∂KLHUW þ 1

4
HIJHKL

∂
SHIS∂

UHJ
W
∂KWHLU

−
1

12
HPQ

∂
JHP

L
∂LHQ

S
∂
UHJS∂

WHUW þ 1

4
HPQ

∂
JHP

L
∂LHQ

S
∂
UHJU∂

WHSW

þ 1

8
HPQ

∂
JHP

L
∂LHQ

S
∂
UHJ

W
∂WHSU þ 1

8
HPQ

∂PHJL
∂JHL

S
∂SHUW

∂UHQW
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þ 1

12
HPQ

∂PHJL
∂JHL

S
∂
UHQS∂

WHUW þ 1

8
HPQ

∂PHJL
∂QHSU

∂JHLS∂
WHUW

−
1

16
HPQ

∂PHJL
∂QHSU

∂JHL
W
∂WHSU þ 1

4
HPQ

∂PHJL
∂JHQ

S
∂LHS

U
∂
WHUW

−
1

16
HPQ

∂PHJL
∂JHQ

S
∂LHUW

∂SHUW þ 3

8
HPQ

∂PHJL
∂JHQ

S
∂SHUW

∂UHLW

−
1

4
HPQ

∂PHJL
∂JHQ

S
∂
UHLU∂

WHSW −
1

4
HPQ

∂PHJL
∂JHQ

S
∂
UHL

W
∂WHSU

−
1

8
HPQ

∂PHJL
∂JHSU

∂LHS
W
∂UHQW −

1

8
HPQ

∂PHJL
∂JHSU

∂SHL
W
∂WHQU

þ 1

4
HPQ

∂PHJL
∂JHSU

∂SHQ
W
∂UHLW −

1

8
HPQ

∂PHJL
∂JHSU

∂SHQ
W
∂WHLU

þ 1

8
HPQ

∂PHJL
∂JHSU

∂SHU
W
∂WHQL þ 5

48
HPQ

∂PHJL
∂QHSU

∂JHS
W
∂LHUW

þ 1

24
HPQ

∂PHJL
∂QHSU

∂JHS
W
∂WHLU þ 1

4
HPQ

∂PHQ
J
∂
LHJ

S
∂SHL

U
∂
WHUW

−
1

4
HPQ

∂PHQ
J
∂
LHJ

S
∂
UHLS∂

WHUW þ 1

4
HPQ

∂PHJL
∂QHJ

S
∂LHS

U
∂
WHUW

þ 1

32
HPQ

∂PHJL
∂QHJ

S
∂LHUW

∂SHUW −
1

4
HPQ

∂PHJL
∂QHJ

S
∂LHUW

∂UHSW

þ 1

48
HPQ

∂PHJL
∂QHJ

S
∂
UHLS∂

WHUW þ 1

8
HPQ

∂PHJL
∂QHJ

S
∂
UHLU∂

WHSW

þ 11

48
HPQ

∂PHJL
∂QHJ

S
∂
UHL

W
∂WHSU −

1

2
HKLHRSHTU

∂KHR
W
∂Sd∂LTHUW

þ 1

2
HIJHKL

∂IHJ
S
∂KHS

U
∂UHL

W
∂Wdþ 1

2
HIJHKL

∂IHK
S
∂JHL

U
∂
WHSW∂Ud

þ 1

2
HIJHKL

∂IHK
S
∂JHUW

∂LHSU∂Wd −
1

2
HIJHKL

∂IHK
S
∂JHUW

∂SHLU∂Wd

−
1

2
HIJHKL

∂IHK
S
∂JHUW

∂UHLW∂Sd −
1

2
HIJHKL

∂IHK
S
∂LHJ

U
∂SHU

W
∂Wd

−
1

2
HIJHKL

∂IHK
S
∂LHJ

U
∂
WHSW∂Ud −

1

6
HIJHKL

∂IHK
S
∂LHUW

∂UHSW∂Jd

−
1

6
HIJHKL

∂IHK
S
∂SHUW

∂UHLW∂Jdþ 1

2
HIJHKL

∂IHK
S
∂
UHJ

W
∂WHLU∂Sd

−
1

24
HIJHKL

∂IHSU
∂JHS

W
∂KHUW∂Ld −

1

6
HIJHKL

∂IHSU
∂KHS

W
∂UHJW∂Ld

þ 1

32
HKLHRSHTU

∂KHR
W
∂LHS

Y
∂THW

P
∂UHYP

−
1

8
HKLHRSHTU

∂KHR
W
∂LHW

Y
∂SHT

P
∂PHUY

−
1

16
HKLHRSHTU

∂KHR
W
∂SHL

Y
∂THW

P
∂UHYP: ðA1Þ
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APPENDIX B: NONCOVARIANT bαβ2 ω½μν�
Here, we report a noncovariant piece of the δξbμν transformation,

bαβ2 ω½μν� ¼
1

4
∂½νhαβhμ�ω þ 1

4
ðbϵ½νjhϵρ þ cϵ½νjτϵρÞ½bπωhπχ∂ρhβα − 2hχβ∂ρðbπωhπα þ cπωτπαÞ

− 2hχβ∂ωðbπρhπα þ cπρτπαÞ�hχjμ� −
1

2
ðh½νjρ þ bϵ½νjhϵπbπρ þ 2cϵð½νjτϵπbπρÞÞhχβ∂ωhαρhχjμ�

−
1

4
hχρðh½νjω þ bϵ½νjhϵπbπω þ 2cϵð½νjτϵπbπωÞÞ∂ρhβαhχμ� −

1

4
ðbϵ½νjhϵβ þ cϵ½νjτϵβÞhχρ∂ρðbπωhπα þ cπωτπαÞhχjμ�

−
1

2
ðbϵ½νjhϵα þ cϵ½νjτϵαÞ½−hχρ∂ωðbπρhπβ þ cπρτπβÞ þ bπρhπχ∂ωhρβ�hχjμ�

− bψ ½νj

�
−
1

2
hðψ jρbγωhγχÞ∂ρhαβ −

1

4
hχρcγωτγψ∂ρhαβ þ

1

2
hðψ jρhjχÞβ∂ρðbγωhγαÞ þ cγωτγαÞÞ

− hðψ jρhjχÞα∂ωðbγρhγβ þ cγρτγβÞ − bγρhγðψ jhχÞα∂ωhβρ −
1

2
cγρτγψhχα∂ωhβρ

�
hχjμ�

− cψ ½νj

�
−
1

4
τψρbϵωhϵχ∂ρhαβ −

1

4
hχρbπωτπψ∂ρhαβ −

1

4
hχρcϵωτϵψ∂ρταβ

þ 1

4
τψρhχβ∂ρðbϵωhϵα þ cϵωτϵαÞ þ

1

4
hχρτψβ∂ρðbϵωhϵα þ cϵωτϵαÞ

−
1

2
τψρhχα∂ωðbϵρhϵβ þ cϵρτϵβÞ −

1

2
hχρτψα∂ωðbϵρhϵβ þ cϵρτϵβÞ

−
1

2
bπρτπψhχα∂ωhβρ −

1

2
bϵρhϵχτψα∂ωhβρ −

1

2
cϵρτϵψhχα∂ωτβρ

�
hχjμ�

−
1

4
½−∂½νταβτωμ� þ bδ½ντδσcλωτλρ∂σhαβτρμ� þ ðbλ½νhλσ þ cλ½ντλσÞτδρbδω∂σhαβτρμ�

− ðbλ½νjhλσ þ cλ½νjτλσÞτρβ∂σðbϵωhϵα þ cϵωτϵαÞτρjμ� þ ðbλ½νjhλσ þ cλ½νjτλσÞcϵωτϵρ∂σταβτρjμ�
þ 2ðbλ½νjhλγ þ cλ½νjτλγÞτρα∂ωðbϵγhϵβ þ cϵγτϵβÞτρjμ� þ 2ðh½νjγ þ bλ½νjhλτbτγ þ 2cλð½νjτλτbτγÞÞτρα∂ωhβγτρjμ�
þ τρσðh½νjω þ bλ½νjhλτbτω þ 2cλð½νjτλτbτωÞÞ∂σhαβτρjμ� − τρσðbλ½νjhλβ þ cλ½νjτλβÞ∂σðbϵωhϵα þ cϵωτϵαÞτρjμ�
þ 2τργðbλ½νjhλα þ cλ½νjτλαÞ∂ωðbϵγhϵβ þ cϵγτϵβÞτρjμ� þ 2τδρbδγðbλ½νjhλα þ cλ½νjτλαÞ∂ωhβγτρjμ�
þ 2cλγτλρbδ½νjτδα∂ωhβγτρjμ� þ 2cλγτλρðbλ½νhλα þ cλ½νjτλαÞ∂ωτβγτρjμ��

− bρ½νj

�
−
1

4
τσχbϵωhϵρ∂χhαβ −

1

2
τðρjχcϵωτϵσÞ∂χhαβ −

1

4
hρχbπωτπσ∂χhαβ −

1

4
hρχcϵωτϵσ∂χταβ

þ 1

4
τσχhρβ∂χðbϵωhϵα þ cϵωτϵαÞ þ

1

4
hρχτσβ∂χðbϵωhϵα þ cϵωτϵαÞ −

1

2
τσχhρα∂ωðbϵχhϵβ þ cϵχτϵβÞ

−
1

2
hρχτσω∂ωðbϵχhϵβ þ cϵχτϵβÞ −

1

2
bπχτπσhρα∂ωhβχ −

1

2
bϵχhϵρτσα∂ωhβχ

− cϵχτϵðρjτσÞα∂ωhβχ −
1

2
cϵχτϵσhρα∂ωτβχ

�
τσjμ�: ðB1Þ
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APPENDIX C: CONTRIBUTIONS TO THE FOUR-DERIVATIVE LAGRANGIAN

Here, we report the terms with b-dependence in the four-derivative Lagrangian,

Tμνρσγϵλαβðh; τÞ ¼ ∂ξhπψ

�
1

8
hλπhμσhνγhραhϵξhβψ þ 1

8
hλνhμσhργhϵπhαξhβψ þ 1

8
hλξhμνhσγhραhϵπhβψ

−
1

8
hλξhμνhσγhρπhϵαhβψ þ 1

8
hλξhμνhσπhργhϵαhβψ

�
þ ∂ξhμν

�
1

4
hλγhσαhρβhϵξ

−
1

4
hλγhσαhρϵhβξ −

1

4
hλγhσαhρξhϵβ þ 1

4
hλγhσρhϵαhβξ þ 3

8
hλγhσξhραhϵβ

−
1

4
hλρhσγhϵαhβξ −

1

8
hλρhσξhγαhϵβ þ 1

8
hλσhρξhγαhϵβ −

1

4
hλξhσγhραhϵβ

þ 1

8
hλξhσρhγαhϵβ

�
þ ∂ξhμσ

�
−
1

4
hλνhργhϵαhβξ −

1

8
hλνhρξhγαhϵβ

�

þ ∂ξhνγ
�
1

8
hλμhσαhρβhϵξ þ 1

4
hλρhμαhσβhϵξ

�
þ 1

16
hλμhσξhραhϵπhβψ∂ξhνγhπψ

þ 1

8
hλσhνγhραhϵξhβπ∂ξhμψhψπ þ

1

16
hλξhμσhργhϵαhβπ∂ξhνψhψπ; ðC1Þ

Tμνρσγðh; τÞ ¼ 1

12
hνϵhσγ∂ϵhμρ −

1

4
hνσhγϵ∂ϵhμρ þ

1

4
hμρhνλhσϵhγα∂ϵhλα; ðC2Þ

Tμνρσðh; τÞ ¼ hνγ
�
−
3

8
∂ϵhμρ∂γhσϵ þ

1

12
∂γhμρ∂ϵhσϵ

�
−
1

4
hνσ∂γhμϵ∂ϵhργ

þ hσγ
�
5

12
∂ϵhμρ∂γhνϵ −

1

4
∂γhμρ∂ϵhνϵ

�
þ 1

4
hμσhνγ∂γhρϵ∂λhλαhϵα

−
1

4
hνγhρσ∂γhμϵ∂λhλαhϵα þ hνγhσϵ

�
−

1

24
∂ϵτ

λα
∂γhμρτλα −

1

6
∂ϵϕ∂γhμρ

−
1

12
∂γϵhμρ −

1

24
∂γhμρ∂ϵhλαhλα þ

1

12
∂ϵhμλ∂γhραhλα

�
þ hνρhσγ

�
1

8
∂ϵτ

λα
∂γhμϵτλα

þ 1

2
∂ϵϕ∂γhμϵ þ

1

8
∂γhμϵ∂ϵhλαhλα

�
−
1

4
hνσhγϵ∂γhμλ∂ϵhραhλα

þ hμγhνϵhσλ
�
−
3

8
∂αhγλ∂ϵhρα −

1

6
∂λhαγ∂ϵhρα

�
þ hμρhνγhσϵ

�
−
1

4
∂λhαγ∂ϵhλα

þ 1

8
∂ϵhλγ∂αhλα

�
þ hμσhνγhϵλ

�
1

4
∂ϵhαλ∂γhρα þ

1

4
∂αhγϵ∂λhρα

�

þ hνγhρϵhσλ
�
−
1

4
∂ϵhαλ∂γhμα −

1

8
∂αhγϵ∂λhμα þ

1

3
∂ϵhαγ∂λhμα

�

þ hνγhρσhϵλ
�
−
1

4
∂ϵhαλ∂γhμα þ

1

24
∂ϵhαγ∂λhμα

�

þ hνγhσϵhλα
�
−
1

4
∂λhγα∂ϵhμρ þ

1

8
∂ϵhγλ∂αhμρ

�
þ hνρhσγhϵλ

�
1

8
∂ϵhαλ∂γhμα

−
1

4
∂γhαϵ∂λhμα −

1

4
∂ϵhαγ∂λhμα

�
þ 1

4
hμγhνϵhρλhσα∂γλhϵα

þ hμρhνγhσϵhλα
�
−
1

8
∂λτ

βξ
∂ϵhγατβξ −

1

8
∂ϵhγλ∂αhβξhβξ −

1

2
∂λϕ∂ϵhγα

�
; ðC3Þ
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Tμνρðh:τÞ ¼ hμρ
�
−
1

4
∂σhνγ∂γhσϵ∂λhλαhϵα þ

1

4
∂σhνγ∂ϵhσλ∂αhϵαhγλ

�
þ hμσ

�
1

4
∂γhνϵ∂ϵσhργ

−
1

8
∂γhνγ∂σhρϵ∂ϵhλαhλα þ

1

2
∂γϕ∂σhνγ∂ϵhρϵ −

1

12
∂γhνϵ∂ϵhγλ∂σhραhλα

þ 1

8
∂γτ

ϵλ
∂σhνγ∂αhρατϵλ −

1

4
∂σhνγ∂γϵhρϵ þ

1

2
∂σhνγ∂γhρϵ∂λhλαhϵα

�

þ hρσ
�
−

1

12
∂γhμϵ∂λhνγ∂αhλαhϵσ þ

1

4
∂γhμϵ∂λhνλ∂αhγαhϵσ þ

1

8
∂γhμϵ∂λhνα∂αhγλhϵσ

þ 1

12
∂γhγϵ∂ϵσhμν −

1

6
∂γhμϵ∂ϵσhνγ −

1

4
∂γhμϵ∂σhνγ∂λhλαhϵα −

1

4
∂γhμϵ∂λhνγ∂σhλαhϵα

−
1

12
∂γhμγ∂ϵhνλ∂σhϵαhλα −

1

4
∂σhμγ∂γϵhνϵ −

1

4
∂σhμγ∂ϵhνλ∂λhϵαhγα

þ 1

8
∂σhμγ∂γhϵλ∂ϵhναhλα

�
þ hσγ

�
−

1

12
∂ϵhμλ∂σhνϵ∂γhραhλα þ

1

12
∂ϵhμν∂σγhρϵ

−
1

24
∂ϵhμν∂σhρϵ∂γhλαhλα −

1

2
∂ϵϕ∂σhμν∂γhρϵ þ

1

4
∂ϵhμν∂σhρλ∂γhϵαhλα

−
1

8
∂ϵτ

λα
∂σhμν∂γhρϵτλα −

1

24
∂στ

ϵλ
∂αhμν∂γhρατϵλ −

1

4
∂σhμν∂ϵγhρϵ −

1

6
∂σhνϵ∂ϵγhμρ

−
1

6
∂σϕ∂ϵhμν∂γhρϵ −

1

8
∂σhμν∂γhρϵ∂ϵhλαhλα þ

1

4
∂σhμϵ∂λhνλ∂γhραhϵα

�

−
1

4
hμνhρσ∂γhϵσ∂λhγϵ∂αhλα þ hμρhσγ

�
−
1

4
∂ϵhλσ∂γhνϵ∂αhλα þ

1

2
∂ϵϕ∂σhνλ∂γhϵαhλα

þ 1

6
∂ϵhλα∂σhνλ∂γhϵα þ

1

8
∂ϵτ

λα
∂σhνβ∂γhϵξτλαhβξ þ

1

4
∂σhϵλ∂αhνϵ∂γhλα

þ 1

8
∂σhνϵ∂γhλα∂λhβξhϵαhβξ þ

1

8
∂σhϵλ∂γhνϵ∂αhλα

�
þ hμσhγϵ

�
−
1

4
∂γhλϵ∂αhνλ∂σhρα

−
1

8
∂λhασ∂γhνλ∂ϵhρα −

1

8
∂λhαγ∂σhνλ∂ϵhρα þ

1

4
∂γhλα∂σhνλ∂ϵhρα þ

1

8
∂γhλϵ∂σhνλ∂αhρα

−
1

8
∂σhλγ∂αhνλ∂ϵhρα

�
þ hμσhργ

�
1

8
∂ϵhλγ∂αhνα∂σhϵλ þ

5

24
∂ϵhλγ∂αhνλ∂σhϵα

þ 1

24
∂ϵhλγ∂αhνϵ∂σhλα þ

1

4
∂ϵhλα∂γhνλ∂σhϵα −

1

16
∂ϵhλα∂γhνϵ∂σhλα þ

1

8
∂γhϵλ∂ασhναhϵλ

þ 1

8
∂γτ

ϵλ
∂ασhνατϵλ þ

1

8
∂ϵτ

λα
∂βhνβ∂σhϵξτλαhξγ −

1

8
∂ϵτ

λα
∂γhνβ∂σhϵξτλαhβξ

−
1

8
∂γτ

ϵλ
∂αhνβ∂σhαξτϵλhβξ −

1

8
∂ϵhλσ∂αhνλ∂γhϵα −

1

8
∂ϵhλσ∂αhνϵ∂γhλα

−
1

8
∂ϵhνλ∂σhϵα∂γhβξhλαhβξ þ

1

2
∂ϵϕ∂λhνλ∂σhϵαhαγ þ

1

8
∂ϵhλσ∂γhνα∂αhϵλ

þ 1

12
∂ϵhλσ∂γhνλ∂αhϵα −

1

4
∂γhϵσ∂λhνλ∂αhϵα −

1

4
∂γhϵσ∂λhνα∂αhϵλ

−
1

8
∂γhνϵ∂σhλα∂λhβξhϵαhβξ þ

1

2
∂γϕ∂ϵσhνϵ −

1

4
∂ϵσγhνϵ þ

1

8
∂ϵhνϵ∂σhλα∂λhβξhαγhβξ

þ 1

12
∂ϵhλα∂λσhνϵhαγ þ

1

16
∂ϵhλα∂σhνϵ∂γhλα −

1

4
∂ϵhλα∂σhνλ∂γhϵα þ

1

4
∂ϵhλγ∂σhνϵ∂αhλα

−
1

4
∂ϵhλγ∂σhνα∂αhϵλ þ

1

24
∂ϵhλγ∂σhνλ∂αhϵα −

1

2
∂ϵϕ∂γhνλ∂σhϵαhλα þ

1

4
∂γhϵλ∂σhνϵ∂αhλα

þ 1

16
∂γhϵλ∂σhνα∂αhϵλ −

1

2
∂γϕ∂ϵhνλ∂σhϵαhλα −

1

4
∂σhϵλ∂ϵαhναhλγ −

1

8
∂σhϵλ∂αhνϵ∂γhλα

NONRELATIVISTIC LIMIT OF HOHM-SIEGEL-ZWIEBACH … PHYS. REV. D 113, 086004 (2026)

086004-19



þ 1

24
∂σhϵγ∂λhνϵ∂αhλα þ

1

4
∂σhϵγ∂λhνλ∂αhϵα þ

11

24
∂σhϵγ∂λhνα∂αhϵλ −

1

16
∂σhϵλ∂γhνα∂αhϵλ

�

þ hνσhργ
�
−

1

12
∂ϵhλσ∂αhμα∂γhϵλ þ

1

8
∂ϵhλσ∂αhμλ∂γhϵα −

1

4
∂ϵhλσ∂αhμϵ∂γhλα −

1

4
∂ϵhλσ∂γhμϵ∂αhλα

−
1

2
∂ϵϕ∂σhμλ∂γhϵαhλα −

1

16
∂ϵhλα∂σhμϵ∂γhλα þ

1

6
∂ϵhλα∂σhμλ∂γhϵα −

1

8
∂ϵτ

λα
∂σhμβ∂γhϵξτλαhβξ

þ 1

8
∂σhϵλ∂αhμϵ∂γhλα þ

1

12
∂σhϵγ∂λhμϵ∂αhλα −

1

4
∂σhϵγ∂λhμλ∂αhϵα −

1

8
∂σhϵγ∂λhμα∂αhϵλ

−
1

8
∂σhμϵ∂γhλα∂λhβξhϵαhβξ þ

1

16
∂σhϵλ∂γhμα∂αhϵλ

�
þ hρσhγϵ

�
−
1

4
∂λhαγ∂ϵhμλ∂σhνα

−
1

4
∂λhλα∂γϵhμνhασ þ

1

8
∂λhαγ∂ϵhμν∂σhλα þ

1

8
∂λhαγ∂ϵhμα∂σhνλ −

1

2
∂λϕ∂γhμν∂ϵhλαhασ

−
1

2
∂λϕ∂γhμα∂ϵhνλhασ −

1

4
∂γhλϵ∂αhμλ∂σhνα −

1

4
∂γhλϵ∂αhμα∂σhνλ −

1

6
∂γϕ∂λhμν∂ϵhλαhασ

−
1

16
∂γhλα∂ϵhμν∂σhλα −

1

4
∂γhλα∂ϵhμλ∂σhνα −

1

24
∂γτ

λα
∂ϵhμβ∂σhνξτλαhβξ þ

5

24
∂λhασ∂γhμλ∂ϵhνα

þ 1

24
∂γhλσ∂αhμλ∂ϵhνα −

1

4
∂γhλσ∂αhμν∂ϵhλα þ

1

24
∂γhλσ∂αhμα∂ϵhνλ −

1

24
∂γhμλ∂σhνα∂ϵhβξhλαhβξ

þ 1

8
∂γhλσ∂ϵhμν∂αhλα þ

5

24
∂γhλσ∂ϵhμα∂αhνλ þ

1

4
∂γhλσ∂ϵhμλ∂αhνα þ

1

4
∂λhσγ∂αhμλ∂ϵhνα

þ 1

12
∂λhσγ∂ϵhμν∂αhλα þ

1

4
∂λhσγ∂ϵhμλ∂αhνα −

1

8
∂λhσγ∂ϵhμα∂αhνλ −

1

4
∂γhσϵ∂λhμν∂αhλα

−
1

6
∂γϕ∂σϵhμν −

1

6
∂λhαγ∂σhμλ∂ϵhνα −

1

4
∂λhαγ∂σhμα∂ϵhνλ −

1

24
∂γhλα∂σϵhμνhλα

þ 7

24
∂γhλα∂σhμλ∂ϵhνα −

1

24
∂γτ

λα
∂σϵhμντλα þ

1

4
∂γhλϵ∂σhμλ∂αhνα −

1

6
∂γϕ∂ϵhμλ∂σhναhλα

−
1

8
∂σhλγ∂αhμλ∂ϵhνα þ

1

8
∂σhλγ∂αhμν∂ϵhλα −

1

8
∂σhλγ∂ϵhμα∂αhνλ þ

1

12
∂σγϵhμν

−
1

16
∂σhλα∂γhμν∂ϵhλα þ

1

24
∂σhλα∂γhμλ∂ϵhνα −

1

24
∂λhμν∂γhλα∂ϵhβξhασhβξ

−
1

8
∂λτ

αβ
∂γhμν∂ϵhλξταβhξσ −

1

8
∂λτ

αβ
∂γhμξ∂ϵhνλταβhξσ −

1

24
∂γτ

λα
∂βhμν∂ϵhβξτλαhξσ

−
1

8
∂γhμλ∂ϵhνα∂αhβξhλσhβξ −

1

8
∂γhμν∂ϵhλα∂λhβξhασhβξ

�
þ hσγhϵλ

�
1

8
∂σhαϵ∂λhμν∂γhρα

−
1

6
∂σhαγ∂ϵhμν∂λhρα

�
þ hμνhρσhγϵ

�
−
1

4
∂γhλα∂λϵhασ þ

1

8
∂γhλσ∂αϵhλα

�

þ hμρhσγhϵλ
�
1

8
∂στ

αβ
∂ϵhξγ∂λhνξταβ þ

1

8
∂σhνα∂γϵhαλ −

1

4
∂σhαϵ∂γλhνα þ

1

8
∂σhαϵ∂γhνα∂λhβξhβξ

þ 1

2
∂σϕ∂ϵhαγ∂λhνα

�
þ hμσhνγhρϵ

�
∂λϕ∂γhαϵ∂σhλα −

1

8
∂γhλα∂λϵhασ þ

1

2
∂γϕ∂λhαϵ∂σhλα

−
1

8
∂λτ

αβ
∂γhξσ∂ϵhλξταβ þ

1

8
∂γτ

λα
∂ϵhβσ∂ξhβξτλα −

1

8
∂γhλσ∂αhλα∂ϵhβξhβξ −

1

8
∂γhλσ∂ϵhλα∂αhβξhβξ

−
1

2
∂γϕ∂σhλϵ∂αhλα −

1

8
∂λhαγ∂σhλα∂ϵhβξhβξ −

1

2
∂λϕ∂γhασ∂ϵhλα þ

1

8
∂γhλα∂λσhαϵ
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−
1

8
∂γτ

λα
∂σhβϵ∂ξhβξτλα þ

1

4
∂γhλϵ∂σhλα∂αhβξhβξ þ

1

2
∂γϕ∂ϵhλσ∂αhλα −

1

4
∂σhλγ∂αϵhλα

þ 1

8
∂σhλγ∂αhλα∂ϵhβξhβξ þ

1

8
∂σhλγ∂αhλβ∂ϵhαξhβξ þ

1

4
∂λτ

αβ
∂γhξϵ∂σhλξταβ þ

1

8
∂γτ

λα
∂βhξϵ∂σhβξτλα

�

þ hμσhργhϵλ
�
1

8
∂ατ

βξ
∂ϵhσγ∂λhνατβξ −

1

12
∂ϵhνα∂γλhασ −

1

48
∂ϵhαγ∂λhνα∂σhβξhβξ

−
1

24
∂αhγϵ∂λhνα∂σhβξhβξ þ

1

8
∂ϵhγλ∂ασhνα −

1

12
∂ϵϕ∂λhαγ∂σhνα þ

1

16
∂ϵhαβ∂λhνα∂σhβξhξγ

−
1

24
∂ϵτ

αβ
∂γhξσ∂λhνξταβ −

1

24
∂ϵτ

αβ
∂λhξσ∂γhνξταβ þ

1

3
∂ϵhνα∂σλhαγ þ

1

2
∂αϕ∂ϵhσγ∂λhνα

−
1

8
∂ϵhασ∂γλhνα −

1

4
∂ϵhνα∂σγhαλ þ

1

6
∂ϵhνα∂ασhγλ −

1

24
∂ϵhασ∂γhνα∂λhβξhβξ −

1

4
∂γhνα∂σϵhαλ

−
1

24
∂γhασ∂ϵhνα∂λhβξhβξ þ

1

2
∂ϵϕ∂σhαλ∂γhνα þ

1

8
∂ϵhσγ∂λhνα∂αhβξhβξ þ

1

8
∂αhνα∂σϵhγλ

−
1

12
∂ϵϕ∂σhαγ∂λhνα þ

1

2
∂γϕ∂σhαϵ∂λhνα −

1

4
∂ϵhαλ∂σγhνα −

1

6
∂ϵϕ∂λhασ∂γhνα

−
1

48
∂ϵτ

αβ
∂σhξγ∂λhνξταβ þ

1

3
∂ϵhαγ∂σλhνα −

1

48
∂ϵhαγ∂σhνα∂λhβξhβξ −

1

6
∂ϵϕ∂γhασ∂λhνα

þ 1

8
∂γτ

αβ
∂σhξϵ∂λhνξταβ −

1

8
∂γhαϵ∂σλhνα þ

1

8
∂ϵτ

αβ
∂σhξλ∂γhνξταβ −

1

24
∂στ

αβ
∂ξhγϵ∂λhνξταβ

þ 1

24
∂σhνα∂ϵλhαγ þ

1

8
∂σhαϵ∂λhνα∂γhβξhβξ −

1

48
∂στ

αβ
∂ϵhξγ∂λhνξταβ þ

1

24
∂σhαγ∂ϵλhνα

−
1

48
∂σhαγ∂ϵhνα∂λhβξhβξ −

1

6
∂σϕ∂αhγϵ∂λhνα þ

1

16
∂σhαγ∂ϵhνβ∂λhαξhβξ −

1

8
∂σhγϵ∂αhνβ∂λhαξhβξ

−
1

4
∂σhαϵ∂γλhνα þ

1

8
∂σhαϵ∂γhνα∂λhβξhβξ −

1

12
∂σϕ∂ϵhαγ∂λhνα −

1

48
∂ϵτ

αβ
∂λhξγ∂σhνξταβ

�

þ hνσhργhϵλ
�
1

24
∂ϵτ

αβ
∂λhξσ∂γhμξταβ −

1

8
∂ϵhμα∂σλhαγ þ

1

12
∂ϵhασ∂γλhμα þ

1

6
∂ϵhμα∂ασhγλ

þ 1

24
∂ϵhασ∂γhμα∂λhβξhβξ þ

1

8
∂ϵhαλ∂σhμα∂γhβξhβξ þ

1

6
∂ϵϕ∂λhασ∂γhμα −

1

2
∂σϕ∂ϵhαλ∂γhμα

þ 1

8
∂σhαϵ∂γλhμα þ

1

4
∂σhμα∂αϵhγλ −

1

8
∂στ

αβ
∂ϵhξλ∂γhμξταβ

�
þ hρσhγϵhλα

�
−

1

24
∂γτ

βξ
∂ϵhσλ∂αhμντβξ

−
1

6
∂γϕ∂ϵhσλ∂αhμν −

1

24
∂γhσλ∂αhμν∂ϵhβξhβξ −

1

4
∂γhσϵ∂λαhμν −

1

4
∂γhμν∂ϵλhσα

−
1

8
∂γhβλ∂αhμξ∂ϵhνβhξσ

�
þ hμσhνγhρϵhλα

�
1

8
∂λhβσ∂γhξϵ∂αhβξ −

1

8
∂γhβσ∂λhξϵ∂αhβξ −

1

2
∂γϕ∂σλhϵα

−
1

8
∂γhβξ∂σλhϵαhβξ −

1

8
∂γτ

βξ
∂σλhϵατβξ þ

1

16
∂σhβγ∂λhξϵ∂αhβξ þ

1

4
∂σγλhϵα

�

þ hμσhργhϵλhαβ
�
−
1

8
∂ϵhξα∂βhγλ∂σhνξ þ

1

16
∂ϵhξα∂λhγβ∂σhνξ

�
þ 1

12
∂σhμν∂γhρσ∂ϵhγϵ

−
1

6
∂σhμγ∂γhνϵ∂ϵhρσ −

1

8
∂σhμν∂γhρϵ∂ϵhσγ −

1

4
∂σhμγ∂γhνσ∂ϵhρϵ; ðC4Þ

where the compact notation ∂μν ¼ ∂μ∂ν have been used.
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