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We study the nonrelativistic (NR) limit of Hohm-Siegel-Zwiebach (HSZ) theory, a higher-derivative
theory of gravity with exact and manifest T-duality invariance. Since the theory can be formulated using the
generalized metric formalism, the HSZ Lagrangian remains convergent to all orders in derivatives when
taking the NR limit. In this work, we analyze the three-derivative corrections to the symmetry
transformations of the fields in the NR case, as well as the terms in the four-derivative action depending
on the b field. Interestingly, the corrections to the metric degrees of freedom cannot be fully trivialized, as in
the relativistic case, in order to preserve the convergence of the theory. As HSZ theory interpolates order by
order between heterotic and bosonic string theories, the results of this work can be interpreted as a
truncation of the four-derivative structure of heterotic supergravity in the NR limit.
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I. INTRODUCTION

Understanding how symmetries constrain higher-
derivative interactions has emerged as a central question
in high-energy physics. The presence of these contributions
in string theory provides a powerful construction where
quantum corrections are encoded in higher-derivative terms
without violations of unitarity and causality [1]. For the
four- and six-derivative string corrections, T duality can be
promoted to a manifest symmetry, before compactification
and for general backgrounds, in the framework of double
field theory (DFT) [2,3] (see Ref. [4] for reviews). While
recent results show that the manifest form of this symmetry
faces obstructions beyond the six-derivative case [5], at the
four-derivative level, a two-parameter family of consistent
deformations of DFT can be constructed by modifying both
the action and the gauge symmetries [6,7]. In this sense, the
universal structure of four-derivative corrections in DFT
embeds those of the bosonic and heterotic string theories
[8], as well as other T-duality invariant theories, which are
not directly connected to string theory.

Some time ago, Hohm, Siegel, and Zwiebach introduced
a higher-derivative theory of gravity that is both exactly and
manifestly T-duality invariant [9], now known as HSZ
theory.' HSZ theory is not a string theory, and its spectrum
includes a metric, an antisymmetric tensor, and a dilaton;
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the full theory also contains two massive spin-two ghosts
and massive scalars [11]. The leading two-derivative theory
coincides with ordinary DFT, so HSZ theory represents a
nontrivial higher-derivative deformation. HSZ theory is
particularly attractive for two main reasons: first, the full
Lagrangian is known and finite [9]. After parametrization,
the four-derivative structure of the theory coincides with the
Z, odd terms of heterotic supergravity, while the six-
derivative structure coincides with the Z, even correction in
bosonic supergravity. Therefore, HSZ interpolates between
these two formulations; second, HSZ can be expressed in
the double geometry in the generalized metric formalism to
all orders in derivatives: the double metric [12] is identified
with the generalized metric plus a specific higher-derivative
combination of the generalized metric and dilaton upon
integration of the massive fields. This latter property is
especially valuable for exploring the nonrelativistic (NR)
limit of the theory.

The NR limit of DFT [13] consists of a T-duality
invariant rewriting of the metric, the B field and the dilaton
under the following expansion:

(1.1)

(1.2)

PO 2
g;u/ - h/w +c Tuw»
Ho_ 2

B,, = by, +c7cy,

A

® =1In(c) + ¢, (1.3)

where c is an arbitrary parameter that allows us to take the
nonrelativistic limit in the case ¢ — co0.”> Under this
expansion the metric tensor has a longitudinal (heavy)

%For reviews, see Ref. [14] and references therein.
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and a transversal part (light), while the B field contains a
particular expansion to compensate the two-derivative
divergences in the effective supergravity action. One
long-term goal of the string theory community is to
understand the NR limit of the four-derivative structure
of bosonic string (¢ = b = —’) and heterotic string
(a = =/, b = 0) according to the action,

S:/de —ge—2f7'<1%+4(a<25)2—iﬁl2+L<1>>, (1.4)

12
where
a+b|. . | N
L(l) = - ] |:R;w/)(7Rﬂup6 - 5I{MJIDI_I;w'}uRl//)D-}L
+iH4 _1H2 H2/41/
24 g M
a—>b wp
+=—"pgwrc,, (1.5)

Interestingly, the expansions (1.1)—(1.3) lead to divergen-
ces and, therefore, the NR limit requires new mechanisms
to cancel these divergences. In (1.5), we have introduced
the following notation:

N S

C;wp = W[,uabava]ah + gw[uabwuh Wolcas (16)

H), =H/H,,. (1.7)
H>=H,, H". (1.8)

In this work, we will show that the combination a = —b =

—a' (HSZ theory) has a finite and convergent Lagrangian
once we impose field redefinitions at the supergravity level.
In [13], it was shown that there exists a tension between
the metric formalism and the frame formalism when
constructing NR theories, a tension that also appears in
the relativistic case, as discussed in [15]. Remarkably, both
the generalized metric and the generalized dilaton have
convergent NR expansions [13], and thus HSZ theory
remains finite to all orders in derivatives. Upon taking the
NR limit (and considering the parametrization of the
degrees of freedom and the solution to the strong con-
straints), the study of HSZ provides a useful insight into the
long-term goal of computing higher-derivative corrections
to bosonic and heterotic supergravity in the NR limit.
This paper is organized as follows: in Sec. II, we briefly
review the construction of HSZ theory. In Sec. 111, we study
the NR limit of the theory, imposing a fully metric ansatz
for the components of the generalized metric. Here, we also
analyze the symmetry transformations for the degrees of
freedom in the NR case, and finally, we present the explicit
action for the b, contributions. In Sec. IV, we discuss the
role of the field redefinitions at the supergravity level, with

focus on the idea that the redefinitions should be performed
before imposing the NR limit. This point is crucial to
describe the supergravity limit of HSZ, and opens the
possibility of constructing higher-derivative corrections in
heterotic string theory, as discussed in Sec. V. Finally, we
conclude the work in Sec. VL.

I1. BASICS OF HSZ THEORY

HSZ theory is defined on a double space equipped with
an O(D,D,R) invariant metric 7,,y, which raises and
lowers the duality indices M, N,= 1, ...,2D. All the fields
and gauge parameters are restricted by the strong con-
straint,

The fundamental fields in HSZ theory are the double
metric M,y and the generalized dilaton d. The double
metric is symmetric but otherwise unconstrained. Under
infinitesimal generalized diffeomorphisms parametrized by
a generalized vector £, the generalized dilaton transforms
as usual,

Se2d = gp(EPe™24), (2.2)
but the double metric receives higher-derivative correc-
tions,

oMyy = Z"(SMMN + TV M)y + TP M)y, (2.3)
where Ky = 20&y) and

1
j(l)(M)MN = _EaMManPKQN

— 0pMouonK2" + (M < N) (2.4)

1
T (M) yy ==70u0x M C0ypK " +(M < N). (25)

Imposing the strong constraint, the gauge transforma-
tions closes

[551 ’ 552] = 5[51 Salers (26)
with respect to a deformed C’ bracket,
(&1, &) = 2&f0pey! — Ef,0" Eyp + 0peloMapel. (2.7

Interestingly, the gauge transformations (2.3) do not
satisfy the Leibnitz rule, and therefore, one defines a star
product * in the following way:
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1
(T*T)MN = TMPTNP - ZaMTanNTPQ + ZONTPQﬁQTNP - apTMQaQTNP
1 1
+ EGMPTQIONITQP - GNPTQIOQITMP - gaMPQT”aN”TPQ
1 1 1
+5 T"20po Ty + 5 T p2oyoG" — 5 oNTP20pGy

1 1
-2 0upT% 0N, GP + 3 G"0pTyy — 0pT9%0noG"

+ TyponG? — Ty F0pGy + (M < N), (2.8)
where we used the notation dyy = aMaN...3 and
GM(T,d) = oyTMN —2TMNoyd + TN oy pMd
- %0M[0NPTNP —40yTNP0pd — 2TN? (0 pd — 20y dopd))]. (2.9)
The star product does satisfy the Leibnitz rule with respect to the gauge transformations,
8(Ty % Ty) =68T ) % Ty + Ty % 671>, (2.10)

where (T % T5)n»> T1ymn and T,y transform in the same way as the double metric in (2.3).
The standard invariant metric contractions also turns out not to be covariant under the deformed gauge transformations.
However, the following quantity:

(T|Ty) = %TIPQTZPQ = 0pT x0T, + %aMNTlPQaPQTZMN
=S GI)NGT2) +30yG(T)YNG(T2)Y = T NuG(T, )
ST NG S 0u TN O G 45Ty 0yr (T, @.11)
transforms as a scalar under the deformed gauge transformations due to the strong constraint,
8(T1|Ta) = (6T\|Ta) + (T\|6T3) = E"0p(T\|T>). (2.12)

Using the previous elements now we can write the action of HSZ theory, which is given by
1
S:/dzDXe‘ZdL, L= <M’77—8M*M>, (2.13)

and it is gauge invariant by construction. Since both the star and inner products are linear in each argument, the action is
cubic in powers of the double metric. In order to write the theory in terms of the DFT degrees of freedom, one considers the
following decomposition of the double metric [12]:

Mun = Hun + Fun. (2.14)

where H,,y is the generalized metric of DFT, and F;y is a higher order contribution. In [11,12], this field was shown to
correspond to dynamical massive excitations. However, one can integrate them out ending with an effective action for the
massless fields. The result of such a procedure is a functional dependence in terms of the generalized metric and dilaton. For
the first order, the effective F,y field is given by

*We use this notation in several parts of this paper. Also, 0y, = 9,0, for space-time indices.
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1 1 1

1 1
+ EHMPONHQIGPHQI + gHPQaPHMIaQHNI + (M < N).

(2.15)

Since we would like to explore the NR limit of the four-derivative terms of the HSZ Lagrangian, we will need the

following terms of the HSZ Lagrangian:

! I
Lysz = Lprr — EGNQ]:NQ + 20V FyQ0pd — 2F0pdoyd — E.7:P1-;1:PJ7_(”

1 1
+ FPIHpjdjLHIL - EF“HKL()KLH” + EfPQGJHpJOLHQL

1 1 1
3 FP00 Mg My = 3 FPOOHI0, Moy + 5 FPO0pH 09 H,,

1 1 1
12 HYHEL0, Fry + EH”HKLaIK'FJL + EHPQ()J]:PL‘)QHJL

1 1 1
= 5 MO Fpgd M,y = S HPO9pF 10, oy, + 55 HI0pF ogHy,

+ HPCopF ol 0" Hyp — 2F P Hp N H M Ogpd — 2F P Hp 0, H, 0 d

1
~ 2F M O My 0d + g FUHN 0 H 0, d — 2HY MG, F ydyd

1 1
+ 6H”’HKLa,fKLa,d + 2FPTH K H L ogdo, d + EfPQaf Hplo Hy,

+ 2FPLopod 4+ O().

Since Fjy can be written in terms of H,y, then HSZ
theory can be entirely written in terms of the generalized
metric and the generalized dilaton [see Appendix A for the
explicit form of L(*]. This is true to all order in derivatives,
and therefore, HSZ converges upon taking a NR limit to all
orders. At the level of the double geometry, this limit consist
in taking a particular non-Riemannian solution [16-24] for
the generalized metric and dilaton. In this work, we will
focus on the first nontrivial correction to the action (four-
derivative terms) and symmetry transformation (three-
derivative terms).

h*
0
nggv = (

_ PV _ pU
bl CouT

and

T b, *
H ) = o). (3.3)
b, b, 7b,,

The components of the previous metric can be thought as

(2.16)

III. THE NONRELATIVISTIC LIMIT FOR HSZ

A. Nonrelativistic decomposition in metric formalism

We start by considering the NR expansion for the
generalized metric constructed in [13] for a pure metric
ansatz,

where
|
—b, h*" — ¢, "
”p . r o , (3.2)
hﬂl/ + bﬂ#h b,ﬂ, + 2Cp(”|’[ bo\u)
|
O = hyy + czrﬂy, (3.4)
. 1
g = h" + — 7, (3.5)
c
B,, = b, + czcw, (3.6)

an expansion on the metric and B field of the form,
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where the Newton-Cartan relations in terms of the previous
quantities are given by

h*z,, = h*c,, =0, (3.7)
B, =0, (3.8)
hy, WP = S — 7,77, (3.9)

and the antisymmetric c,, also obeys the following con-
straint:
Cup®Coy = Ty (3.10)
This last constraint is the minimal requirement to have a
finite NR expansion in the generalized metric. Moreover,
this states that c,,, is gauge invariant under B shifts. In this
work, we are using a ¢, field for the divergent part of the
B-field expansion since we are interested in a full metric
formulation of both supergravity and double geometry. We
will discuss about this point in the below Eq. (3.51).
On the other hand, the generalized dilaton is expanded
considering ® = In(c) + ¢, and therefore, it satisfies

2 — e—zcﬁ\/fg — 20 /f(r, h) = e,

where f(z,h) = —C%.

(3.11)

1

The symmetry transformations of the fundamental fields
are

Sh = Lo + AW (E,0), (3.12)
Shyy = LeTy, — 2gqe(, 7% + Ahy, (£.0), (3.13)
St = Lot 4 21,% e 1) + At (&,0), (3.14)
6t,, = Let,, + A7, (8.0), (3.15)

by, = Leb,, — 2€ab/111a,1'[ﬂbey]a’ + 20,8, + Ab,,(E.0).
(3.16)

8¢,y = Lecy, + Acy, (E,0), (3.17)
where 4, is a boost parameter, and we have used A(&, {) to
express a higher-derivative correction to the leading order
symmetry transformations. While these higher-order con-
tributions do not deform the boost transformations, they
might modify their form due to field redefinitions, as we
show in the next section.

B. Three-derivative corrections to the
diffeomorphism transformations

The first order deformation of the gauge transformation
of the generalized metric is given by the expressions,

1
8 Hygy = =1 0 HOPC0pK o + 3 My PHY CorHIOM 0K s

1
2

and

SHG =~

1

1
— - OpHON oK + EHES,)PH;?)Qa,Hg%QKH (M < N),

(3.18)

I, -
= — 1 OH 00K gy + My PHY 0o H O 9K g

- 1
Mot PR QOO 0K g 4 My PHY QoI 0,K g

1 1
-5 OpHn OnKOP + EHV)PHEVO)Q(),H(;}Q oK1

2

1 _ 1 _
5 HA PP o H{ 0K + 3 HA PRI oMU 0K + (M > N).

(3.19)

From the previous equations, we can read some of the corrections to the zeroth order transformations (3.12)—(3.17). First,

from 6(VH % we can compute
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1
ARH = h(”|/’h‘””@,h”ﬁa{,awéﬁ] -5 h(ﬂ|/’(by6h}’\v) + cy(,rﬂw)a,,h"/”a(,a 5E°

h(ulﬂh\v)ﬁap(byﬁhw 4 Cyﬁfya)aaaggﬂ — h(ﬂ\phlv)vaa(byphyﬁ + Cypfyﬂ)aﬂaaga

N[ =

+

—~

b, W + ¢, W79, 10,0487, (3.20)
Similarly, from SWH(2m e can obtain the correction to the transformation of 7/,
Ar = tWP o9, hP9,055¢ 1 + hWPel)?9,h% 0,0, 5 + KPP RIP?9,2%0,0,4¢
-~ %T(”‘/)(bmhew + C7))0,h% 0,048 — %h<”‘/’b,mr”‘”)6,,11“/’6,,6/,5”
- %h(ﬂ‘f’(bwhe‘”) + €o™)0,70,05E° + %W\ﬂh\v)ﬂap(b,,ﬁrm)aaaggﬂ

1 1
+ 51—(#|ﬂh|1/)0@p (beﬂhm + CeﬂTea)aaaaéﬂ + Ehwpr‘y)gaﬂ(l)eﬂhw) + Ceﬂrm))aaaagﬁ

— tWle 29, (b, h? + c.,7)050,E* — h¥P o9, (b, h + c,1)050,E
— h(u\phlv)ﬁaa(b Tﬂﬁ)aﬁaaéra -b T”(/‘|h|’“)"0ah/’f’a{,aﬂ§“

p p

— (be,h ¥ + ¢, 7V 2199, 120,057 — (b, he ¥ + ¢, W W70, 2770 ,0557. (3.21)

At this point, we observe that the corrections AA** and A7*¥ involves both diffeomorphisms and b shifts,
AR = AW + Ach, (3.22)
AT = At + At (3.23)

The last pieces of the previous transformations, involving ¢, can be eliminated considering a field redefinition. Explicitly,

- 1
h* = v — Eh("‘f’h“’)"aph“ﬂaabﬁa, (3.24)

1
THY — gV 3 (T(ﬂ|/’h|l’)f’aphaﬂ + h(ﬂ\/’ﬂ”)”@ph”f” + h(ﬂ\ﬂh\v)ﬂapfaﬂ)aabﬂa. (3.25)

The remanent AA*¥ and A7*” cannot be eliminated with field redefinitions. The reader can easily prove that given the
following factorization:

A = HE0,0,8P, (3.26)
At = 7/3770,0,&, (3.27)

both 72" and 7" transform in a noncovariant fashion. This behavior is inherited from the relativistic limit of the theory.
The redefinition (3.25) is not boost invariant, and therefore, 7** receives a correction in its boost transformation given by

A = —

(lual e(ﬂa/ T/))a hyo—apha/i 4 hﬂpﬂaa, e(ya/z.(r)aapha[)’ + huphyrraﬂ (lau/ e(aal T/))a))aabﬂo_

+

N = DN =

(T h400,h% + W29 b + W2 100,70, (€A w it e ) + (4 <> 1). (3.28)

Now we move to the analysis of the other components of the generalized metric. The expression for 5“)7-(,(40)” is given by
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S(I)H,(P)” = —%aﬂh/ma,,a(,gv - %a,,h”"aﬂaggﬂ - % (beuh + @) [(brgh™ + €1ot™)0,hP*0,05E° + 2h””6/,hﬁ”d{,6wé(,]

— 201790, (baph™ + Cpp7™) 030, — 207 05(b,, ™ + €4, T°)0,0,EF]

+ % (hyy + beyh" by, + 2c€(m1€”b,,‘,,>)hwaﬁhaﬂagaagﬁ

+ % W (hye + be,h by +- 2c€wTeﬂb,,h,))aphﬂaaaaﬂgv
+ % (beuh® + 1) %h”/’ap(b,,ﬁh’"’ + c,,ﬁr”“)aaa,,g/’ - h”/’aphﬁ"aawg“,,]

— W0, (b, h™ + ¢, 7) 0,058 + (b, h™ + ¢, 7 )0, 1P 0,056 |. (3.29)
From the definition of this component, we get the relation,

SOHY 4 by, ARV + ¢, AT = —Ab,, i — Ac,, 7", (3.30)

where the full lhs is known. We can then factorize 4** and 7¥* of this sum and in this way, obtain part of the transformations
of ¢,, and b,,,. However, some of the terms cannot be directly factorized in this way, and in those cases, we need to invoke
the relation (3.9). Explicitly,

1 1
—Ac, ™" = —Zaﬂhﬂt’a,,aag%ﬂeﬂv - Edph“dﬂ()gfprmr’”

1 1

~1 (beuh + ceﬂ‘reﬂ)cwr””aphﬁadaaﬂé" + 5 (beh* + ceﬂre")cﬂpr””aah”ﬂaaaﬂdf“
b lh"’p 9 hP0,0,E° ! TRYO O hPPO_0E

I VR G 0pE +§C7PT o’ 0,058

1
+ ¢y [_ 5T(W\ﬂcegfelv)aphaﬂaaaﬁéa _ cepfe(wfl’)"aahﬂpagaﬂdf“] ’ (3.31)
and
Ab, h"" = 16 h°0,0,.Eh,  h™ 16 h°¢0,0,EPh, . h™
- Wi __Zp paé e _Ep [465 e

1
= 2 (b 4 o 7) [bagh™ 9, h 0,057 + 2070, 10,0
— 21790, (b g™ + € 1g7)0,0,E — 210 0p(b h™ + ¢, 7)0,0, ]

+ % (yp + beuh by, + 2¢(u 7" ) Vh*05h% 0,0,

- % B (hyp + beyh by + 2C0(u T b)) 0, 1P0,055

+ % (b h + €0, 7) B B0, (bsh™ + .57 ) 00,8 — h*0,hP*0, 5L

— 120, (b gy ™ + CyT)0505E% + by, h™ 0,h?P 0,056

+ by, {h<‘/’|f’h|”)”a,,h”/”aaawé,,] - %hw"f’bwh””) 0,h0,05E° — ih"/’c},,,fy"’dl,h”/”dadﬁf”

1
+5 hWIPhIo0 (b, sh'® + ¢,577)0,0,E — KWV R0, (b, 1P + c,,77P)050,E
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1
— b, i W h79,hP9,0,¢ =5 T H70, 170,05
L voppog natg,0 Lywognog navg,o

+ |57 ™ 0u0po) + 5 h*P7770,h* 0,0)4C,

L von, heva hbo, 0,60 — S job, oo hta,0,67 — L e, 1v g 9,0,6
_ZT o P a /15 _Z Pl P o [35 _Z CeoT /)T a /15

1 1
+ erphvaa/’(beﬁhm + Ceﬂfea)aaaagﬁ + 4 hyprwgaﬂ(beﬁhw + CeﬂTga)aaaaéﬂ

1 1
—~ Er"’”h”"()a(bephgﬂ + ¢, 7) 050, 7 — 5hw’rwaa(be,,lfﬂ + €., 77)050,E°

1 1 1
-5 by T 170,170,055 — 3 b, h 170,100,055 — 3 CepTVh*20,770,04E7 . (3.32)

The full correction for Ac,, is given by

= 7/°
Ac v T ACPMT

] — Cp[l,‘Ah/mha‘ﬂ], (333)

H olu

where we have used the fact that ¢, h*” = 0. Once again, we can split the transformation as
Ac,, = Agcyy + Accy,. (3.34)

The reader might quickly verify that the former vanishes, and therefore, the correction is purely deforming the
diffeomorphism transformation. Particularly,

1
AsCpy = — g (0,100 05857 1 T™ 4 20,h%0,05E T s ™
+ (beaheK + CeaTEK)Cﬂﬁfﬂyakhﬂaaaaﬂ‘fﬁ - 2(b60h65 + ceare(?)Cﬂkrnuaahxﬂaéaﬂfa
+ byo (W C, 57" 0 h™ 0,058 + 2, T V20, hP* 050,5E%)
+ 20,5 (t%¥c 520, h%0,0,E° + 2¢ , 7*W21)20, hP* 050,67
1
+ 3 e [ ¢,770, h% 0,05E° + 2¢,, 7" W00, WP 0505y, — (p <> ©). (3.35)

One may try to eliminate it with field redefinitions. For doing so, we factorize the second derivative of the diffeomorphism
parameter as

ACpa = C?[p‘Ka‘g]a(gfk + Cg/}a[pg]a(;aﬂfa, (336)
where ¢ e and cgﬁ alpo] Ar€ given by

= =21, 0 3.37
Clp;c - _Erup Kkt ( . )

1 1 ‘ ‘ 1 ) )

Cgﬁa[po-] = _ZTa[ﬂaa]haﬂ - ZTL/U)|(be|6] he + ce|6]TéK)czzocﬁ[ﬂyalcl’l/j(s + ETu[p\ (be\a] he + ce\a]Teﬁ)CerTﬂyaahKﬂ
1 1
- —Ty[p|b,/,|o.]hw CyaTy ()Khéﬂ - ETv[p|by/\zf]CyKT}, hwéaahﬁ

4

1
- 5TUMcl,,‘g]r("""cmfe‘”)ﬁkh‘sﬂ = Typ|Cylo] o W18, pPr

1 1
+ 5 Culo WV €070y W By + 5 Cyfof €y T N0 By . (3.38)
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Inspecting the transformation properties of the previous objects, we can easily see that ¢§ o« transforms covariantly, while

some of the terms of cgﬂ alpo] transforms noncovariantly. This indicates that (3.35) cannot be removed with field
redefinitions, and it is a nonambiguous deformation of the diffeomorphism transformation of c,,. Explicitly, the
nonambiguous terms in the transformation are given by

AéC

po | nonambiguous —

1 1
- ZTa[pao'] h — ZTu[p|(be\a]h€K + Ce\o‘]TSK)CﬂaTﬂyaKhﬁé

1 1
- ZT”[P‘bW‘”] hwkcmr}'uakhﬁﬂ - ETDL,,‘CV,MT(MKCMTGM ()Khéﬂ

Culol BV €@, WP Iy | 050567, (3.39)

The previous transformation is the equivalent to a Green-Schwarz mechanism for diffeomorphism for the ¢, field. Now, we
would like to find the same mechanism, but for the b, field. The full transformation of the b,, field is given by

Ab,, = Ab,\ W hgy) + Ab 77T, (3.40)
The second piece of the previous transformation must be read from 5(1)7-{;2” using the relation,
SOH” = —Ab, 7 — b, A, (3.41)
Therefore, the transformation can be written as
by, = Abyy 7 hyy) = 6HE D0, = by ATz, (3.42)

To explicitly obtain the previous transformation, we first compute,

_ 1 1
SOHer,, = |- J 0T 00, 4 b1, 700,10, 0!

"
— = (bl + ¢;,79)1770,h 0,08, + 1(th + ¢, 7)1 b;s,0,h 0,05

(b1 + €3, T7)T7 0, (boyh™ + €.p7°*) 0,0, + (bbhﬁ + €3, T%) €y 770, T 0, 0!
(by,h* + ¢3,7)17°0, (b h + ¢, 77)0,05E* — Er””(bhh’ly + ¢ 77)0,h" 0,048,

+ = (hy, + b, h* by, +2¢) y‘f’l b,‘y))f/’”dahmaaa/jf"

Hl\)\»—[\)h—n#lr—*wl»—

+ prg(hby + blyhm’bry + 2C1<U|Tlrb7‘}, )6 h ﬁa 6ﬂ§” —_ _Tpd(bﬂ hﬂo‘ + CAUT/W) ( ﬂh a + CGﬂT )dadyfﬁ
1

+ Efpy(b/luhla + CAUT]LG)aa(beyheﬂ + Ceyreﬂ>aaaﬂ€a
1 1

+ §T5ﬂb5y(biyh)»0 + cﬂyr’l")aahﬂmﬂ()ﬁéa + 5 Ciyfipb(;y’fégaahﬂyao_aﬁé:a

1 1
5 T (B k' + 770,870,058 = 50,170,087 | (3.43)

At this point, we can explicitly write the corrections to the leading order b shifts. They are given by
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1
A{,'b/w — Z [(bwhep + CebTep)haﬁaph/)’a + (beyheﬁ + Ceyrsﬁ)hapaph/)'a
—2b,, WYV hlo’g, pob — e podo hbe,, — hﬂﬂrwéaphaﬁcw} 0,05 5oy
1
-4 [(bbhﬂv TV + 100 (b T+ %Tﬂy)} 0,h0,0,4C,17,,
1
- Zb,,y(TWh/’éayhaﬁaaa[ﬂc:(ﬂ + h72%0,h% 0,015 5 ) Tpy — (4 <> V). (3.44)

We can easily see that all these terms can be eliminated using a field redefinition for the b field of the form,

w = % [(bthf/’ + € 7P )h70, WP + (b h + oy 79°) hP 0, hP®

= 2b,,, WYV hI?120,hP — P oo, hP e, — h"/’r"”sd,,h”/"cl,,[l,‘] 0ub 5Py

- % [(bﬂ[v\hl" )T 7 (b h o+ %ﬂ”)] 0o 0ubpy T,

- %bp[b‘ (27 hP20,h 0, bgs + hP'7°0,h% 0, bgs) T, (3.45)

As in the relativistic case, the correction to the diffeomorphisms transformations, Aéb
redefinitions. This correction is given by

s €annot be eliminated by field

(_2) o
Acby, = Achyy ¥ Ry = 8 H 05, = by AT T
= D011 01058 + b5 1,1 0a05E, (3.46)

where in the last equality we consider, once more, a factorization for the derivatives of the diffeomorphism parameter. For
the latter, we find,

1
b =—-0.h%h p— 20,7t

1ux 2 H Hp: (347)

This quantity transforms noncovariantly, and therefore, it cannot be removed from the b-field correction. The same happens
with bgﬁ ol which also transforms noncovariantly. Due to the extension of this object, we report it in the Appendix B. The
corrections given in (3.46) are the equivalent of the Green-Schwarz for diffeomorphisms for the b-field.

As happens for 7#¥, the new BW receives a correction to its boost transformation. This correction is given by

1
— Z [bephsﬂhmsaphﬂa 4 Cey,rephaéaph/}a + bwheéhopap hPe + CeyTeéhapaphﬂa

= 2b,, AP hlPg, heP — P hod9, hb e, — hoPe¥%0,h%c,, }a bpshaa €(o” T

A/IB;W

1
+7 [beyheﬂhvéaphﬂa + Co TP, WP 4 by 9RO, 1P 4 ¢, PP 3, P

— QbWVh(v/\ﬂhla)éaﬂhaﬂ _ Tll/ﬂhaéaphalicwy _ hﬁpfvlﬁaphaﬂcwy} aa(eahllaa’f[[)‘a e a’)h

o
1 /

_ g |:_2€ub/1aa’7[ ]a he/)hmﬁa h/ia + ceul /Tea h(rﬁa h/ia 2€uhiaa’r[ebep]u hsﬁho—/)aph/}a

+ Ceha® €y TR0, WP 4 de 1% Ty, y]“')h(V"”h|”)50ph“ﬁ — 22,7 eV 4179109, hc,,

— 214, W 41049, h cy,y}a(,bﬁ(;h

1 ,
+3 [b wh' TP 4 TP 4 b, W+ 1P c mﬂ 05h™ 0y (€ap2 w75 e VT
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1
y! ! A !
- g [b'll/h Glau eya’T/m + CuT (V’au eyu’Tpa

! /
+ Tpo-é'ab/laalfybeia hﬁy + TpGCADﬂaa e}/a/T/lai| aah“ﬂdabﬂ/rpﬂ

1

! ! !
—= [eabﬂ“arrl,beﬂ“ hot?r + c; 0, % ey’ + 4,0

a A a a A o
€% by W + 4,4 €° yt’icy,T Y} dsh ﬂaabﬁyrpﬂ

8
1 /
- gé'abllaa/l'ybepa (To-}/hpéa},haﬂaabﬂg + hpyr"‘sa},h“ﬂdabﬂ(;)raﬂ
1 ! !
-3 b,, (277 h*°0,h* aa(—ZGQbﬂ“arrwb e ) + hpyr”‘sayhaﬁaa(—2eab/1“a/r[ﬁ”e5]” ))Tou
l ! /
-3 by (A" eya/r"“h/"sdyh"/}aabﬁ(; + hP72,¢ e‘sa/r”“a},h“ﬂaabﬁﬁ)rw —(p<v). (3.48)
Finally, moving to Ah,, and Az, these transformations can be extracted from
— (0) o o [} o o
Ahy, = 8D Hy — 28D, by = by AWy = 20,7 o) = 2€,5 ATy — 2€,( T Abyy).  (3.49)

and

Az, = 2A¢(,,77Coly) + CupAT7Cqy,  (3.50)

respectively. Since these transformations effectively depend
on Ab,, and Ac,,, it is a straightforward computation to
prove that these quantities also contain nonambiguous
corrections to their diffeomorphisms transformations.
Similarly to #* and b,,, the new field %, will inherit
new higher-derivative boost corrections. Due to the sys-
tematic of the computation, we do not report these correc-
tions explicitly. We observe that in the relativistic case all
the higher-derivative correction in the transformation of the
metric and its inverse can be completely eliminated using
field redefinitions (i.e., Ag,, = Ag" = 0), while in the NR
limit this is not possible. We will discuss about this
important feature of the NR limit of HSZ theory in
the Sec. IV.

Another interesting point about the way of choosing the
fundamental fields of the theory is related to c,,. While at
the two derivative level one can choose this field to be [25],

Cu = —7,°7, €, (3.51)
|

@ _3 woppo _ 1
Lppr = Zaﬂhbpdgh PhHe — Zdﬂcwdac},g

the inclusion of higher-derivative terms in HSZ implies

Ac,, = —At, 7, e, — 7,0 AT, e, (3.52)

which is not satisfied by the ¢, field. However, it should be
possible to find a field redefinition which allows one to
fully write the HSZ theory in vielbein formalism, as in [7],
for the relativistic case. A subtle point here is that the
vielbein formulation of HSZ in the relativistic limit con-
tains a nontrivial transformation for the Lorentz trans-
formation of the generalized metric, instead of a
deformation of the generalized diffeomorphism. For this
reason, we expect a similar behavior when analyzing the
NR limit: the higher-derivative transformation (3.12)—
(3.17) should turn into nontrivial deformations of the
double Lorentz transformations, where the decomposition
(3.51) should be consistent with the symmetry rules of the
formulation.

C. NR HSZ Lagrangian up to four-derivatives terms

Our goal is to compute the Lagrangian of HSZ up to four
derivatives. The two-derivative Lagrangian L(®) for HSZ
matches the DFT NR Lagrangian,

1
VY PERUO _ vp ye Ho
TP h 2(3”1 dﬁcwr cpeh

1 1 1
- Zd °0,7c,, C ' — Eéﬂhwagh/‘ hPe — Eaﬂc,/pdgh" 7%¢C,,

U

1 1
+ 2 0,77 0P 1%y Cpe — =0y

1
) 0uCup

o HTp

1 i
0,C, T ThP7 — 5 0,770,y T Cpc WM

i

O hI Tt + 40, @h™ + 0, kP B,
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+ 0,7, h + 0,7,,0,T ' + 40,00, W + 9,h" 0, " h, + 0,70, 1",

1
~ 40,0, ph" — 20,90, W hygh* — 20,00,7 Tpo " — 2 0,0 b

vp'tye

1 1
- 56”1 PO N T, h, hH — Z@,,T””dgfy 7,,Ty M — 0, h*

3 1 3
+ = h,,,0.h"t"c, W ——h, h, 7T hPC —— h 0y,C, T hFOWPe (3.53)

 Hep ye 4 hvptiore uvpYebye

where h,,, = 30,b,,) is the curvature of the b field.
The four-derivative corrections in the setup under consideration are given by the following contributions:

LY r = aNQfN +20VFY)29pd — 2O PQapdan——f(°>”f5£>fH§3>
1
+ FOPIHG9 M) — 5 FOUHOKL g, M) +ff(0)PQang)}6LH(Q02
[ [
— 5 F OO Hppo ) — 2 0P0G,HOILY,HE) + f P29, H O L0 HY)
I

12

I 1 1
— 5 HOPC Fipat i) — S HOPCa,FOLa Hey) + 5 HOPCo, F Ok Hy)

_ H(O)IJH(O)KLaIJfggz + 5 H(O)IJH(O)KLale'JL + 5 H(O)PQaJ]_—P LaQHJL

12
4 H(O)PQ() jc'(o)JaLH(O) —2F (O)PIH(O) KH(())La d _ 2f(O)PlH(0)Ja H(O)La d
FOPIHOI5.1 D5 a4+ — .7-" WHOKLY H Do, d — 2HOVHOKLY, FOO) g 4

oJ
+2FOPCgpd. (3.54)

+ 6 H(O)IJH(O)KL()[]:KLajd + ZF(O)PIHP KHI LaKdaLd + 5 f<0)PQ6JHP LaLH( )

After parametrization, the full Lﬁ&_Hsz Lagrangian can be schematically written as

LGnsz = 0,uby, T (h, 7) + 0,0,b,,T"% (h, 7) + 0,0,0,b,, "7 (h, 7)
+ 0,b,)05b,c03bag TP 1% (I, 7) + L (c), (3.55)

where L(c) are the c-field contributions of the Lagrangian. The explicit computation of the full Lagrangian is a hard
computational challenge, due to the extension of it and the lack of well-defined curvatures for the anomalous
transformations of all the fields of the theory. We report in the Appendix C, the contributions given by T+ (h.z),
T#0°(h,t), T (h,7), and T#*°r¢*P(h, 7). With a suitable rewriting of these contributions plus partial integration, we
expect higher-derivative corrections in the curvature of the b field, and similar higher-order curvatures for the remanent
fields.

IV. FIELD REDEFINITIONS BEFORE TAKING THE NR LIMITS

In the relativistic case, the supergravity limit of HSZ up to four derivatives is given by Chern-Simons terms €2,,, that
correct the three-form field strength of the Kalb-Ramond field [26],
H 30,,B,, +3Q Q,,=1?% 0,19 + 2 re It 4.1
pp Bup) + 84, R L l/tlt7 [v|2™ [plo° (4.1)
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The state of the art is that to first order, the gauge
invariant action of HSZ theory is the following:

s= [ xy=ied (R avir - o7, 42

where the B-field has a Green-Schwarz transformation
given by
0B, = 6[}46,,5”1“?”]6. (4.3)
As first glance, the NR limit cannot be taken in this
Lagrangian since the product H**€Q,, , contains divergen-
ces up to c®. Therefore, one can impose a first order
noncovariant field redefinition before taking the NR limit.
One possible choice for the family of field redefinitions
that makes HSZ theory convergent at the supergravity limit
up to four-derivative contributions are

g/w = @/,w - Alg;w’ (44)
B, =B, -AB,, (4.5)

¢=d- 20, (4.6)
where
1o A Apy poE 1o A ADPERT
Alg;w = _ZaﬂBpaayguegpygg _ZapB/maygyegp g7
1 7 P Y 1 7 A APy NOE
+ Z()/JB;ma;/gue.g/yg(y - ZapB;mavgyeg”/g
+ (u < v),
1 ~ A Apy AoE
AIB}IU = Zayg/)o'a}/gysg/yg - (:u <~ V)’ (47)
A 1 Ag
A= —log 19, (4.8)

Considering the previous field redefinitions, the super-
gravity limit of HSZ theory coincides with the results
coming from a double geometry in the generalized metric
approach and, therefore, its Lagrangian converges.
According to the results in [27], we expect the same
behavior at the next order in derivatives (six-derivative
case). We summarize the previous statements in the
following diagram:

NR HSZ-double geometry <+— NR HSZ-supergravity level

!

finite c-expansion

(H,d)

—

The results of this work indicate that including higher-
derivative corrections in bosonic, heterotic, or type II string
theory might need field redefinitions before taking the NR
limit. The simplest case of study could be the bosonic or
heterotic string, which contain four-derivative terms in their
o expansion. For this reason, we will discuss this case in
the next section.

V. TOWARDS THE o'-CORRECTIONS IN NR
HETEROTIC AND BOSONIC STRING

One of the most intriguing aspects of the HSZ theory lies
in its structure as an order-by-order interpolation between
the heterotic and bosonic string theories, truncated by a
discrete Z, symmetry transformation, as described in [27].
This interpolation offers a unified higher-derivative frame-
work that captures features of both string theories within a
single formalism, which also is T-duality invariant. At the
four-derivative level, the theory incorporates the Z, odd

finite c-expansion

(4, B, )

] N

non-finite c-expansion

(9, B, ®)

terms of heterotic string theory and a Green-Schwarz
mechanism for generalized diffeomorphisms. Importantly,
in the NR limit, this leads to the specific form of the
corrections of the symmetry transformations of the degrees
of freedom of the theory, presented in Egs. (3.12)—(3.17).
The higher-derivative corrections in the boost transforma-
tions of the new redefined fields izm,, 7", and B;w are a
distinctive feature from the HSZ formulation in its NR limit.
When the gauge field of the heterotic supergravity is
included by considering a Yang-Mills interaction in the
Lagrangian and Chern-Simons terms, the NR limit admits
two distinct ¢ expansions, both of which are constructed to
be invariant under T duality. On the one hand, one can adopt
a direct expansion of the fundamental fields—namely, the
metric, the B field, and a suitably chosen expansion of the
non-Abelian gauge field A”". This method was developed in
[28], where the corresponding Buscher rules [29] were also
derived. While this formulation is consistent and captures
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essential features of the NR dynamics, it lacks a manifest T-
duality invariance in terms of a DFT metric.* A similar
behavior appears in all the formulations of string theory at
order o, in the relativistic case, as discussed in [5].
Apparently, a similar problem appears at the two-derivative
level for the NR heterotic string.

To overcome this limitation, a second formulation was
introduced in [13], in which the fields are embedded
directly in an O(D,D + N) generalized metric. This
embedding requires a specific expansion of the A field
that is compatible with the constraint H? =1 of DFT,
thereby preserving the fact that the generalized metric is an
element of the duality group. This approach was further
developed in [30], where the explicit form of the heterotic
supergravity was inspected. The two formulations are
expected to be related through field redefinitions at the
level of two-derivative supergravity, and none of them
seems to be suited for systematically including higher-
derivative corrections. In particular, the presence of Riem?
terms in the four-derivative Lagrangian seems to indicate
divergences that will require field redefinitions in both
approaches.

For the second-order corrections, a new study of the HSZ
theory to that order could be very useful. HSZ theory
contains all the Z,-even contributions of the bosonic string
in the relativistic setting, as explicitly demonstrated in [27].
Extending the analysis of this paper to include six-deriva-
tive corrections would be a natural next step, potentially
allowing for the construction of a consistent truncation of
the NR limit of the bosonic string. Such an extension would
deepen our understanding of the structure of NR string
theories at higher orders.

In addition to these theoretical implications, our findings
could have applications for exploring cosmological solu-
tions within higher-derivative contributions. In particular,
these results are useful in the study of nonrelativistic
cosmologies, where NR limits of string theory could
provide a simplified framework to test string dualities as
in [31], upon exploring the treatment of matter with higher-
derivative terms [32] in the NR limit.

In this work, we have focused on the NR formulation of
the HSZ theory within the generalized metric formalism,
consistent with the original framework introduced by
Hohm, Siegel, and Zwiebach. However, it is important
to emphasize that HSZ theory also admits an equivalent
description in terms of generalized fluxes, where the
generalized metric transforms as a tensor under generalized
diffeomorphisms but transforms nontrivially under double
Lorentz transformations [10]. In the relativistic case, these
two formulations (metric and generalized flux) are equiv-
alent, up to an identification of parameters and field
redefinitions. Specifically, a suitable identification of the

4Relaxing the constraint 74> = 1 could be a potential solution
to incorporate this formulation in a relaxed form of DFT.

double Lorentz parameter with the generalized diffeomor-
phism parameter, together with a redefinition of the
generalized metric should map one formulation into
the other.

However, whether this equivalence persists in the NR
limit remains an open and interesting question. It is likely
that both approaches may yield inequivalent NR limits
already at the four-derivative level. This potential non-
equivalence could signal the existence of multiple consis-
tent NR limits of heterotic and bosonic string theories, each
with distinct symmetry properties: a generalized metric
formulation with deformed generalized diffeomorphisms
and a generalized flux formulation with deformed Lorentz
transformations. This represents a profound insight into the
landscape of nonrelativistic string theories and their effec-
tive descriptions.

VI. CONCLUSIONS

HSZ theory is a higher-derivative theory of gravity with
exact and manifest T-duality invariance. Constructed within
the framework of the double geometry, HSZ can be
formulated in terms of a generalized metric and a gener-
alized dilaton. Since both fields have a convergent NR
expansion [13], this ensures that the HSZ Lagrangian
remains finite under a nonrelativistic (NR) expansion of
its degrees of freedom.

When we write the theory in the generalized metric
approach, the symmetry transformations in HSZ theory
arise from a deformed version of generalized diffeomor-
phisms. The generalized Lie derivative acting on the
generalized metric receives a Green-Schwarz-like correc-
tion, and consequently, the transformations of its compo-
nents induce higher-derivative corrections to the symmetry
transformations of the fundamental fields in the NR limit,
as seen in (3.12)—~(3.17). While the contributions with ¢,
can be eliminated from Az, Az,,, AW, Ah,,, and Ab,,,
part of their corrections to the diffeomorphism transforma-
tions cannot be removed and become unambiguous in this
limit, and EW, 7" and IBW acquire new higher-derivative
boost corrections.

In the relativistic case, the transformation of the metric
tensor can be fully trivialized through field redefinitions,
while the transformation of the B field retains an ambigu-
ous term given by (4.3). However, applying the NR limit
directly to this configuration leads to divergences in the
effective Lagrangian, necessitating appropriate field rede-
finitions before taking the NR limit. This provides a key
lesson for constructing higher-derivative structures in
bosonic or heterotic string theory from a supergravity
perspective: while terms like Riem? may introduce diver-
gences, field redefinitions can play a crucial role in curing
potential divergences of the higher-derivative theory.

In this work, we also constructed the four-derivative
correction to the action (3.53), which directly depends on
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b, Since HSZ theory interpolates, order by order, between the heterotic and bosonic strings [27], the corrected NR action
constructed in this paper contains part of the four-derivative structure of heterotic string theory in the NR regime.
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APPENDIX A: HSZ FOUR-DERIVATIVE LAGRANGIAN IN TERMS OF THE GENERALIZED METRIC

The compact Lagrangian (2.16) can be written explicitly in terms of the generalized metric as

1 1 1
Ly, = 13 MO0 H S 0poL H s = HPC0pH 00, s — 57 HPC0p 1509, Hys
3

1 1
1 1
- 8H"’QaJHLSanaQLH,S + 5HPQaP?thLa,daQSHLS

1 1
+ 1 HEEHEHTY 0 HgY o sr Huyw + gHKLHRSHTUaKRHTWaLUHSW

+ %H”HKLa,HJSaKHSUaLWHUW - %H”HKL(),H,SaKHUWaLUHSW
- iH”HKLa,H,SaUHSWaKLHUW + %H“H“a,H,SaUHSWaKWHLU
- %H”HKL(),HKSa,HLUaSWHUW + éHUH“a,HKSaLHUWaJUHSW
- %H”HKLa,HKSaLHUWaSU’HJW + %’H”H“a,HKSaUH,WaLWHSU
- é HYHEL 0, H S0V HY 0w Hsy + %H“H“ 0 HxS0VH, Y oswHu
+ %H”HKLa,HSUa,HSWaKLHUW + éH”HKLa,HSUaKHSWa,L’HUW
- %H”HKLOIHSUaKHSWa,WHLU + %H“H“O,HSUOSHJWOKUHLW

1 3

1 1

1 1
= M HEE O M50 H Y o Huyw + 3 HYHEE07H 50 H M ok Hy

1 1
- EHPQaJHPLaLHQSa’fH,SaWHUW + HPCO Hpt 0, H S0V H ;0" Hw

1 1
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1 1
+3 HPCopHL0,H, S0V H ps0" Hyw + 3 HPCopH 0y HSY 0, Hy 50" Hyw
1 1
- RHPQOPHJL()QHSUOJHLW()WHSU + ZH‘"QaPHJLa,HQSaLHSUa““HUW
1 3
1 1
-2 HPopH 0, H S0V H o™ Hew — ZHPQdPHJLOJHgsaUHLWOWHSU
1 1
- g HPQaPHJLaJHSUaLHSWaUHQW - g HPQ()PHJLa]HSUasHLWawHQU
1 1
+3 HFCopHLo, HSYosH oW oy Hw — g HFCopH/Lo, HSYosH W owH oy
1 5
+3 HPopHE 0, HSVogHy W dwHor + 13 HPCopHL oy HSY 0, HY o, Hyw
1 1
+ ﬂH“’QaPHJLaQHSUa,HSWaWHLU + HPCopH o' 0" H S0 HL Yo" Hyw
1 1
-2 HP0pH o’ 0L H ;S0 Hy 50" Hyw + 1 HFCopyHL oy H S0, Hs oV Hyw
1 1
+ 3—2HPQaPHJLaQH,SaLHUWaSHUW - ZHPQdPHJLaQHjsaLHUWdUHSW
1 1
+23 HPQopHL 0y H S0V H g0 Hyw + 3 HPCopHL oy H S0V H 10" Hew
11 1
+73 HPQopH™L oy H S0V H Y oy Hsy — 5 HELHRSHTU 0 H W 05do, 7 Hyw
1 1
+3 HYHEL 0, H S0k HY oy H L Y owd + > HYHEL 0, H S0, H, YoV Hgwoyd
1 1
+ z HIJHKLa[HKSaJHUWaLHSand - 5 HIJHKLa]HKSaJHUWasHLand

1 1
-5 HYHEL 0, H S0, HYY 0y Hwosd — 5H”HKLa,HKSaLH,UaSHUWawd

1 1
-3 HYHEL 0, H S0, H, VoY Hgwoyd — 6H’JHKLa,HKSaLHUWGUHSW()Jd

- %H”’HKLa,HKSaSHUWaUHLWa,d + %H”HKLd,HKSaUH,WaW’HLUan
- 2—14 HYHKL 9 HSU 9 HgW o Hyword — éH”HKL O HSV 0 HY Oy H oy d
+ 3i2 HKLHRSHTU 9, H W o Hs? 0 Moy 0y Hyp

- %HKLHRSHTUaKHRWaLHWYaSHTPaPHUY

1
- 1—6HKLHRSHTudKHRWasHLYaTHWPaUHYP. (A1)
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APPENDIX B: NONCOVARIANT 5%/,

Here, we report a noncovariant piece of the :b,, transformation,
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APPENDIX C: CONTRIBUTIONS TO THE FOUR-DERIVATIVE LAGRANGIAN

Here, we report the terms with b-dependence in the four-derivative Lagrangian,
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where the compact notation d,, = 9,0, have been used.
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