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In gamma-ray astronomy and cosmic-ray physics, the continuous approximation of inverse Compton
scattering (ICS) is widely adopted to model the evolution of electron energy. However, when the initial
electron energy approaches ~100 TeV, the discrete nature of ICS becomes prominent, and the energy of
evolved electrons should be considered as a broad distribution rather than a deterministic value. By
simulating the evolution paths of individual electrons under ICS, we capture this discrete nature and
demonstrate that when the electron injection spectrum exhibits a high-energy cutoff, the correct discrete
treatment yields a higher cutoff energy in the evolved spectrum compared to the continuous approximation.
Applying the discrete ICS treatment to interpret the gamma-ray spectrum of the Geminga pulsar halo
measured by the High Altitude Water Cherenkov Gamma-Ray Observatory (HAWC), we find that the
inferred cutoff energy of the injection spectrum is correspondingly lower than that derived using the
continuous approximation at a 95% confidence level. This suggests that the systematic bias introduced by
the approximation has exceeded the measurement precision. We also expect the application of the discrete
ICS correction in the peta electron volt (PeV) regime using the ultrahigh-energy gamma-ray source
ILHAASO J1954 4 2836u as a case study, pointing out that adopting the continuous approximation may

considerably overestimate the electron acceleration capability of the source.
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I. INTRODUCTION

Inverse Compton scattering (ICS) of relativistic electrons
with low-energy photons is a fundamental radiation mecha-
nism in gamma-ray astronomy. ICS also plays a dominant
role in determining the energy evolution of the parent
electrons of gamma rays. Unlike the synchrotron radiation
process of electrons in magnetic fields, ICS between
electrons and background photons is a discrete process.
In practical calculations, the energy evolution of electrons is
generally approximated using a continuous treatment,
represented by the equation dE,/dt = —by(E,)E?2, where
E, is the electron energy, and b, is an energy-dependent
coefficient that accounts for the Klein-Nishina effect (e.g.,
see [1]). However, as the electron energy increases, the
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frequency of ICS decreases, and the energy loss per
scattering becomes significant compared to the initial
electron energy. For example, a 100-TeV electron can lose
about half its energy in a single scattering with a microwave
background (CMB) photon [2], where the continuous
approximation of ICS clearly breaks down. This issue
had already been noted by the classic paper on radiation
mechanisms in astrophysics [3]; however, due to the
observational limitations at the time, rigorous calculations
had not yet found a clear application scenario.
Gamma-ray astronomy has entered the ultrahigh-energy
(UHE, > 100 TeV) era, with the energy spectra of over 30
gamma-ray sources measured beyond 100 TeV [4]. Among
them, about 20 UHE gamma-ray sources are associated with
pulsars. These sources are likely related to pulsar wind
nebulae (PWNe) or pulsar halos, and may thus originate
from ICS. Apparently, when constructing evolution models
for the parent electrons of these sources, the impact of the
discrete nature of ICS must be discussed. Owing to the
randomness of discrete scatterings, the evolved energy of
electrons is no longer a deterministic value but instead forms
a distribution with a considerable width. This broadening
effect directly influences the calculated gamma-ray energy
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spectrum. As a result, when we deduce the initial electron
injection spectrum from the observed gamma-ray spectrum
using a continuous approximation of ICS, the inferred
electron injection spectrum will appear broader than the
true one. Therefore, when the gamma-ray spectrum exhibits
structures deviating from a power law, a discrete treatment
of ICS would be necessary.

In this work, we investigate the impact of the discrete
treatment of ICS on the parameter estimation of electron
injection spectra in gamma-ray astronomy. We use a
Monte Carlo method to simulate the energy evolution of
electrons due to ICS. This approach is similar to those
adopted in Refs. [2,5], which investigated the necessity of
discrete treatment of ICS in dark matter indirect detection.
In Sec. II, we present the simulation method for the energy
evolution of individual electrons due to ICS. In Sec. III, we
apply the discrete treatment of ICS to time-dependent
electron injection spectra. In Sec. IV, by fitting the spectra
of specific gamma-ray sources, we demonstrate the sig-
nificant differences in the inferred electron injection spectra
between the discrete treatment and continuous approxima-
tion. Section V provides the conclusion of the paper.

II. DISCRETE ICS FOR SINGLE-ENERGY
ELECTRONS

The energy evolution equation of electrons due to ICS is
typically written as

dze - _//(Ey —¢)f(E,,E,, €)dE,de, (1)

where f(E,, E,,€) = dN/(dtdE,de) represents the scatter-
ing rate at which a electron scatters with a background photon
of energy e to produce a gamma photon of energy E,.
Equation (1) integrates over the energies of the background
photons and the emitted photons, treating the energy evo-
lution of electrons as a smooth process over time. This is
referred to as the continuous approximation of ICS, which is
useful for estimating the average energy evolution behavior
of a large number of electrons. However, for individual
electrons, ICS occurs infrequently, and the energy of emitted
photons from each scattering event exhibits substantial
randomness. If we consider only CMB as the background
photon field, the average time interval between two scatter-
ings for a 100-TeV electron is estimated to be ~6 kyr, and the
average energy loss per collision is 20 TeV. This means
that the evolution path of each electron appears as a distinct
steplike pattern, which may deviate significantly from the
statistical average given by Eq. (1). The higher the initial
energy of the electron, the larger the expected energy loss per
collision is in comparison to the initial energy, and the more
pronounced the discreteness.'

'For comparison, a 1-TeV electron has an expected energy loss
of 2 GeV per collision, which is only 0.2% of its initial energy.

To simulate the discrete nature of the evolution path of a
single electron, we adopt the Monte Carlo method. The
sampling is based on the scattering rate in Eq. (1), which
can be expressed as follows (as given by Ref. [3]):

B 3o07cC n(e)
f(EevEr’€> 74(Ee/me02)2 x €
2(1_
x 2qlnq+(1+26])(1_q)+% ’
(2)
where
_ 4E.e ___EJE
C=ter  Ta-gjer O

and n(e) is the differential energy density of background
photons, while o7 denotes the Thomson cross section. The
photon fields we adopt include the CMB, the infrared
radiation from dust, and the starlight radiation, with
their temperatures and energy densities being (2.7 K,
0.26 eVem™), (20 K, 0.3 eVem™), and (5000 K,
0.3 eV cm™), respectively [6]. For the dust and starlight
background, we assume that n(e) follows a graybody
spectrum; that is, it adopts the spectral shape of blackbody
radiation but is renormalized according to its energy
density.

We choose a sampling time step of At = 50 yr, which is
much shorter than the average time interval between two
ICS events, T = 1///f(Ee,Ey, €)dE,de. This ensures that
at most one scattering event can occur within each step. In
each sampling time step, the probability of a scattering
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FIG. 1. The colored lines illustrate the energy evolution paths of

100 electrons due to ICS, as given by the Monte Carlo simulation.
All the electrons have an initial energy of 100 TeV. For
comparison, the black line represents the electron energy evo-
lution under the continuous approximation of ICS.
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occurring is At/T, which we use to determine if scattering
will happen. If a scattering event does occur, we apply
Eq. (2) as the weight to perform random sampling for both
the background photon energy ¢ and the emitted photon
energy E,. Consequently, we obtain the electron energy
loss resulting from this scattering event, i.e., £}, — ¢. Based
on this method, we present in Fig. 1 the evolution paths of
100 electrons with an initial energy of 100 TeV. It can be
seen that the evolution paths of individual electrons can
deviate significantly from the statistical average given by
the continuous approximation.

To more clearly demonstrate the energy dispersion of
electrons under discrete treatment, we simulate 30,000
electrons, each with an initial energy of 100 TeV, and
statistically analyze the electron energy distribution at
various evolution times, as shown in Fig. 2. When
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t = 5 kyr, the evolution time is shorter than the scattering
period of electrons with £, = 100 TeV, so a large number
of electrons have not yet undergone ICS, and the energy
distribution of electrons differs significantly from the
continuous approximation expectation.

As the evolution time increases, the proportion of
electrons that have not reacted decreases, and the electron
energy distribution shifts towards a Gaussian-like shape.
The center of the distribution tends to be consistent with the
energy predicted by the continuous approximation; how-
ever, the width of the distribution is quite significant
compared to the central energy. Moreover, the distribution
width does not decrease over time. The reason is that at the
early stages of evolution, ICS of high-energy electrons
exhibits significant discrete effects, and the evolution paths
of individual electrons diverge noticeably. However, as the
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FIG. 2. Electron energy distributions at various evolution times, which are statistically obtained from the simulation of ICS involving
30,000 electrons. All electrons have an initial energy of 100 TeV. For comparison, the red dashed line represents the electron energy

expected from the continuous approximation of ICS.
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Impact of the discrete ICS correction on the evolved electron spectrum, assuming a PWN as the electron source. The left panel

is for various evolution times of the pulsar, while the right is for different cutoff energies of the electron injection spectrum.

energy decreases, the discrete effects begin to weaken, and
the fluctuations in the evolution paths become smaller.
Consequently, the deviations brought about by the early
evolution of electrons are preserved. This indicates that the
discrete treatment of ICS remains significant for relatively
old electron sources.

For comparison, Appendix A displays the distributions of
final-state electron energies for initial electron energies of
10 and 1 TeV. As the initial energy decreases, the distri-
bution width of the final-state electrons narrows and
gradually approaches the value derived from the continuous
approximation.

III. CORRECTED PARENT
ELECTRON SPECTRUM

In order to discuss the significance of the discrete
correction of ICS in gamma-ray astronomy, we extend
the simulation in Sec. II to the case of a time-dependent
electron injection spectrum. Among high-energy astro-
physical sources, PWNe can accelerate electrons with
E, > 100 TeV over extended periods through the con-
tinuous generation of relativistic shocks [7,8]. Therefore,
PWNe and pulsar halos, which result from the escaped
electrons of PWNe [9,10], provide suitable scenarios for
applying the discrete correction of ICS. We construct
models based on the characteristics of these sources, as
outlined below.

The electron injection spectrum is assumed to be

dN(E,, 1) >
_ L = [ E_a _(Ec/Eacul) s 4

B = QW )
where the energy dependence is suggested by the relativ-
istic acceleration theory [11]. The time profile is assumed to
follow the temporal evolution of the spin-down luminosity
of pulsars, that is,

ot (1+1)7, (5)

where 7 is the spin-down timescale and is set to be 10 kyr.

Our injected electron energy distribution ranges from
1 TeV to 1 PeV. Different from the approach in Ref. [2], we
do not determine the initial number of samples in each
energy bin based on the spectrum in Eq. (4). Instead, we
assign 100 electrons to each energy bin. This approach
ensures an adequate number of samples in each bin,
preventing an excess of low-energy samples and a shortage
of high-energy samples. We inject electrons starting from
t = 0 at intervals of 1 kyr until ¢ reaches the current pulsar
age. After all electrons have evolved, we renormalize the
number of electrons according to their initial energy and
injection time using the energy and time dependence in
Eq. (4). Finally, we perform time integration to obtain the
evolved energy spectrum.

In the left panel of Fig. 3, we compare the electron energy
spectra obtained by the discrete ICS method with those
expected from the continuous approximation at different
evolution times. The injection spectrum parameters are both
assumed to be o = 1.5 and E, , = 500 TeV. The differ-
ence between the discrete method and the continuous
approximation is mainly in the high-energy cutoff region.
Given the same injection spectrum, the cutoff energy of the
evolved spectrum obtained by the continuous approxima-
tion is lower. Physically, this is because the correct discrete
treatment, compared to the continuous approximation,
allows some high-energy electrons to have a longer lifetime.
As can be seen from Fig. 2, the discrete correction of ICS is
approximately equivalent to convolving the spectrum of the
continuous approximation with an energy-spread function.
If the injection spectrum is a pure power-law spectrum, this
does not lead to significant changes. However, in cases
where the spectrum includes a cutoff, the relative scarcity of
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high-energy electrons makes the spread of low-energy elec-
trons to higher energies—due to the discrete correction—
substantially increase the number of high-energy electrons.

From the left panel of Fig. 3, we find that the impact of
the correction due to discrete treatment grows with time and
begins to stabilize at + = 50 kyr (the correction magnitude
at t = 300 kyr shows no obvious difference from that at
t = 50 kyr). The reason is that when ¢ > 50 kyr, the high-
energy part of the electron energy spectrum is always
dominated by recently injected components. Therefore, for
PWNe or pulsar halos associated with middle-aged pulsars,
it remains important to consider the discrete correction
of ICS.

The right panel of Fig. 3 presents the results for different
E, .. at the same evolution time (# = 300 kyr). The effect
of the discrete correction is more significant for a higher
cutoff energy of the injection spectrum. As discussed in
Sec. II, electrons with higher energies suffer greater
fluctuations in their energy-loss path. This figure addition-
ally illustrates the effect of the discrete correction of ICS at
multi-TeV energies. The sharp spectral structure, which
arises from the synergy of the time evolution of the
injection rate and the energy loss of electrons, is smoothed
due to the discrete correction. This is consistent with the
findings of Ref. [2].

These results indicate that when the evolved electron
spectrum deviates significantly from a power law, such as
exhibiting a spectral cutoff or bump, the discrete correction
of ICS becomes essential.

Additionally, the accuracy of the discrete ICS simulation
process depends on parameter settings. In Appendix B, we
vary the time-step size, the number of injected electrons,
and the number of energy bins to test the convergence of
our calculations. The results demonstrate that increasing
the computational precision beyond the default settings
does not yield any noticeable impact on the outcomes.
Therefore, the differences between the discrete ICS and
continuous approximation electron spectra shown in Fig. 3
are reliable.

IV. IMPACT ON PARAMETER ESTIMATION

Section III illustrates that if the continuous approxima-
tion of ICS is used to calculate the electron energy loss,
the cutoff energy of the obtained electron spectrum will be
lower than the correct value. In other words, when we
interpret the gamma-ray spectrum emitted by electrons,
the continuous approximation can lead to an overestima-
tion of the inferred cutoff energy of the injection spectrum.
In this section, we explore the importance of the dis-
crete treatment of ICS for parameter estimation in
gamma-ray astronomy, using two specific high-energy
gamma-ray sources, the Geminga halo and 1ILHAASO
J1954 + 2836u, as examples.

A. The Geminga halo

The Geminga halo is the prototype of gamma-ray pulsar
halos [6,12]. It is generated by ICS of high-energy electrons
accelerated and released by the Geminga PWN, and the
slow-diffusion phenomenon near the source ensures the
high brightness of the Geminga halo. Although Geminga is
a middle-aged pulsar, x-ray observations indicate that its
PWN still possesses the ability to accelerate electrons to
~100 TeV [13,14]. Currently, the High Altitude Water
Cherenkov Gamma-Ray Observatory (HAWC) has con-
ducted precise measurements of the gamma-ray spectrum
of the Geminga halo over an energy range covering 2 orders
of magnitude [15]. Compared to x-ray observations, this
offers a superior opportunity to determine the electron
injection spectrum of the Geminga PWN, which is crucial
for understanding its acceleration capability.

In this work, we do not consider the spatial transport
processes and only focus on the evolution of the electron
spectrum due to energy losses. We fit the spectrum of the
Geminga halo measured by HAWC using the continuous
and discrete treatments of ICS, respectively. Observations
of the region within 1° around Geminga by extended
ROentgen Survey with an Imaging Telescope Array
(eROSITA) suggest that the magnetic-field strength in
the surrounding interstellar medium could be lower than
~1.5 pG [16]. Therefore, when calculating the total energy
loss, we assume B = 1 pG for the synchrotron term.

In the fitting procedure, we consider the cutoff energy
E, . and a normalization factor of the spectrum as free
parameters. Given that the discrete correction of ICS does
not significantly influence the determination of the power-
law index, we fix itas a = 1.0,2 which is consistent with the
suggestions from x-ray observations and the expectations of
simulations [14,18]. We estimate the posterior distribution
of the parameters using Bayesian theory and explore the
parameter space through the Markov chain Monte Carlo
method implemented by the Python package Cobaya® [19-21].
We adopt uniform priors for both parameters. The fitting
results are presented in Fig. 4 and Table I.

The left panel of Fig. 4 shows that both ICS treatments
achieve comparable fits to the data. However, the posterior
distributions in the right panel reveal substantial differences
in the parameter estimates derived from the two methods:
the cutoff energy obtained by the discrete method is
115.01’8'_';1 TeV, while the result of the continuous approxi-

mation is 133.7"]-/ TeV, which is higher than the accurate

’If  is regarded as a free parameter, it will tend to values much
smaller than those expected by acceleration theory or simulations
in the fitting process. This could be due to the finite size of the
slow-diffusion region around Geminga, indicating the gamma-
ray spectrum measured by HAWC may not reflect the whole-
space spectrum [17]. This conflict can be solved by employing a
two-zone diffusion model [17]. However, this is beyond the scope
of this work.

3https://cobaya.readthedocs.io/en/latest/
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FIG. 4. Left: best-fit models for the gamma-ray spectrum of the Geminga halo measured by HAWC under the discrete treatment and
continuous approximation of ICS, respectively. Right: one-dimensional and two-dimensional posterior distributions of fitting

parameters derived from Bayesian analysis.

value with a confidence level of £95%. This indicates that
the systematic bias in parameter estimation due to the
inaccurate ICS calculation has exceeded the statistical error
of experimental measurements. Currently, gamma-ray
astronomy has entered the era of precise measurements.
We argue that to attribute physical significance to the
outcomes of precise measurements, it is essential to employ
rigorous calculation methods.

B. 1ILHAASO J1954 + 2836u

Section III illustrates that the correction in parameter
estimation due to discrete ICS becomes more significant as
the cutoff energy of the electron injection spectrum
increases. The gamma-ray spectrum of the Geminga halo
exhibits a roll-off at tens of TeV, while LHAASO has
already observed a group of sources with spectra extending
close to PeV. In theory, these sources are more suitable
candidates for applying discrete ICS. However, since the
spectra of these UHE sources are generally soft above
100 TeV, any spectral cutoff features would result in a very
low expected flux, making detection challenging at present.

TABLE I. The prior ranges, best-fit values, mean values, and
posterior 68% range of the injection parameters for the Geminga
halo using the discrete and continuous ICS energy losses,
respectively. E, . is the cutoff energy of the injection spectrum,
and Norm is the total number of electrons from 1 TeV to 1 PeV.

Discrete ICS Continuous ICS

Prior range Best Mean Best Mean
E,cu/TeV  [50,250] 1149 115073 1338 133777
Norm/10*  [0.5.10]  3.40 3407018 297 2974016

With the accumulation of data, LHAASO may eventually
detect the spectral cutoffs of some of the sources. Taking
ILHAASO J1954 4 2836u (ZHWC J1955 + 285 [22]) as
an example, we offer insight into the application of discrete
ICS treatment. ILHAASO J1954 + 2836u is classified as a
PWN in the TeV online catalog [23], and the characteristic
age of the corresponding pulsar is ~70 kyr. According to
the calculations in Sec. III, the discrepancy between the
results of the discrete and continuous ICS treatments
reaches the maximum when the pulsar evolution time is
~50 kyr and then becomes stable. Consequently, the
correction provided by the discrete treatment for this source
is expected to be relatively significant. In addition, there are
a number of sources in the LHAASO catalog associated
with pulsars with an age of ~10 kyr. Among them, the high-
energy part of the spectrum of ILHAASO J1954 4 2836u
is relatively hard, which means that if there is a high-energy
cutoff in its spectrum, it is more likely to be detected in the
future.

We assume that for ILHAASO J1954 + 2836u, the
electron injection spectral index is a = 2.62 and the cutoff
energy is E, ., = 1.17 PeV. With these parameters, the
gamma-ray spectrum derived from the discrete treatment of
ICS is consistent with the current LHAASO measurement
within the error range. We assume the same B = 1 pG for
the synchrotron energy loss as in Sec. [IVA. Additionally,
we increase the maximum electron energy for the simu-
lation of energy evolution to 10 PeV.

First, we obtain the gamma-ray spectrum based on the
discrete calculation of ICS. Then, assuming that the
LHAASO data size is doubled (with the statistical error
reduced by a factor of v/2), we generate a set of expected
spectral points for ILHAASO J1954 + 2836u. Next, we fit
this set of spectral points using the continuous approxima-
tion model of ICS. By comparing the difference between the
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Fitting results of the gamma-ray spectrum of ILHAASO J1954 + 2836u derived from the continuous approximation of ICS to

the expected spectral points. The expected spectral points are generated based on the gamma-ray spectrum derived with the discrete
treatment of ICS, with the errors determined by assuming the LHAASO data size is doubled. The left panel is the best-fit spectrum
compared to the generated data. The right panel exhibits the posterior distribution of the cutoff energy of the electron injection spectrum.
The truth value of E, ., used in data generation is also shown for comparison, which illustrates that E, ., is significantly overestimated
if the continuous treatment of ICS is used in calculating the electron energy evolution.

parameter estimation results and the true values, we can
determine the systematic bias in parameter estimation that
arises from the inaccuracy of the continuous approximation.

Figure 5 illustrates the fitting of the gamma-ray spectrum
of ILHAASO J1954 + 2836u obtained from the continu-
ous approximation of ICS to the generated spectral points
(left), as well as the posterior distribution of the cutoff
energy of the electron injection spectrum determined by the
fitting (right). The cutoff energy obtained from the con-
tinuous approximation is 1.57700s PeV, which is higher
than the true value (1.17 PeV) with a confidence level of
over 4o. It means that the acceleration capability of the
source could be significantly overestimated if continuous
approximation is adopted. It should be noted that we use a
low magnetic-field strength here, so the effect of synchro-
tron radiation on electron evolution is minor. If the
magnetic-field strength is higher, the correction amplitude
brought by the discreteness of ICS would be reduced, as
synchrotron radiation can be safely regarded as a continu-
ous process.

V. CONCLUSION

In gamma-ray astronomy, the continuous approximation
of ICS is widely used to model the energy evolution of
parent electrons responsible for gamma photons. In this
study, we use a discrete method to accurately calculate the
electron energy evolution caused by ICS. By comparing the
results with those obtained from the continuous approxi-
mation, we demonstrate the importance of discrete treat-
ment of ICS on parameter estimation in gamma-ray
astronomy.

From the perspective of discrete ICS, the initial and final
energies of each photon scattered by an electron are both
random. Consequently, the energy of evolved electrons is
not a deterministic value but rather follows a distribution.
We use the Monte Carlo method to simulate the evolution
paths of a large number of individual electrons, thereby
obtaining the energy distributions of electrons with differ-
ent initial energies at different evolution times. It should be
emphasized that this distribution is physically intrinsic.
Provided that the number of electrons simulated is suffi-
ciently large, the resulting electron energy distribution can
be considered accurate and reliable.

We apply the results for individual electrons to a time-
dependent injection energy spectrum of electrons. The
discrete treatment of ICS can lead to significant corrections
when the injection spectrum has structures such as a cutoff
or a bump. Assuming the electron spectrum has a high-
energy cutoff, the cutoff energy of the evolved electron
spectrum obtained through discrete ICS treatment is higher
than that from the continuous approximation. We find that
the difference between the two reaches the maximum when
the evolution time reaches ~50 kyr, after which it becomes
stable. Furthermore, the correction is more pronounced if
the cutoff energy of the injection spectrum is higher.

Pulsar halos and middle-aged PWNe are ideal candidates
for applying discrete ICS treatment in gamma-ray
astronomy, as they not only have long evolutionary ages
but also retain the capability to accelerate electrons to
2100 TeV. Moreover, their magnetic fields are weaker
compared to younger PWNe or supernova remnants, which
results in a reduced contribution of synchrotron radiation to
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electron evolution, thereby accentuating the discrete nature
of ICS. By fitting the gamma-ray spectrum of the Geminga
pulsar halo measured by HAWC, we determine that the
cutoff energy of the electron injection spectrum inferred
from discrete ICS treatment is 115.01?‘3 TeV, whereas the

continuous approximation gives 133.7:;'11 TeV. This indi-
cates that at the current precision of HAWC, the continuous
approximation systematically overestimates the cutoff
energy with a confidence level of 95%. We also consider
a potential PWN, 1LHAASO J1954 + 2836u, as a case
study to evaluate the effect of discrete ICS correction in the
PeV regime. Should LHAASO observe the spectral cutoff
of this source in the future, the use of continuous approxi-
mation may lead to a significant overestimation of the
electron acceleration capability.

As gamma-ray astronomy has now entered an era of
ultrahigh energy and unprecedented precision, we empha-
size the necessity of employing rigorous computational
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methods, such as the discrete ICS treatment, to ensure that
the physical interpretations derived from precise measure-
ments are both accurate and meaningful.
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FIG. 6. Same as Fig. 2, but with an initial electron energy of 10 TeV.
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FIG. 7.

APPENDIX A: FINAL-STATE ENERGY
DISTRIBUTION OF ELECTRONS UNDER
LOWER INITIAL ENERGIES

In the ICS process, the expected relative energy loss of
electrons per scattering event increases with the initial
electron energy. This implies that the discrete effects of ICS
become more pronounced in UHE gamma-ray astronomy,
where the initial electron energy exceeds 100 TeV. We have
demonstrated in Fig. 2 that when the initial electron energy
is 100 TeV, the final-state electrons exhibit a significant
energy distribution width.

For comparison, Figs. 6 and 7 present the energy
dstributions of final-state electrons for initial electron
energies of 10 and 1 TeV, respectively. As the initial
electron energy decreases, the energy distribution final-
state electrons become narrower and gradually converge
toward the expected value obtained through the continuous
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Same as Fig. 2, but with an initial electron energy of 1 TeV.

approximation.4 Therefore, under typical conditions, the
discrete corrections for ICS become negligible when the
initial electron energy falls below 1 TeV.

However, the results might vary within the environment
of globular clusters. Given that the energy density of
starlight in globular clusters can be several orders of
magnitude higher than in the typical interstellar medium
[24], the electron energy loss below 1 TeV via ICS is
dominated by the starlight component. Under the Thomson
approximation, the relative energy loss per scattering for
sub-TeV electrons is negligible. However, for starlight
photons, the Klein-Nishina threshold is already reached

*It should be noted that although the peak of the final-state
electron distribution shows a visible deviation from the expect-
ation of the continuous approximation, its mean value remains in
good agreement with the continuous approximation prediction.
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FIG. 8. Comparison between evolved electron spectrum from enhanced-precision parameter settings (dotted lines) and default settings
(solid lines, same as the left panel of Fig. 3). Top left: halving the simulation time step. Top right: doubling the number of energy bins in
the 1-1000-TeV range. Bottom: doubling the number of injected electrons per energy bin. No visible differences are observed with
increased precision, confirming that the default calculations of ICS have converged.

when the electron energy is ~100 GeV [25]. This implies
that in special environments such as globular clusters, the
discrete corrections for ICS should also be considered in
the energy range of ~0.1-1 TeV. We defer further dis-
cussion of this aspect to future work.

APPENDIX B: INFLUENCE OF PARAMETER
SETTINGS ON SIMULATION RESULTS

In our default calculations of the electron spectrum
from discrete ICS, we adopt the following simulation
parameters: a time step of 50 yr, logarithmically dividing

the 1-1000-TeV range into 1000 bins, with 100 injected
electrons per energy bin. In Fig. 8, we compare results
obtained by (1) halving the time step, (2) doubling the
number of energy bins, and (3) doubling the number of
injected electrons per bin, against those from the default
parameters, respectively. The results show no significant
variations when increasing simulation precision, demon-
strating that our default calculations have converged. In
other words, the impact of enhanced simulation precision
is substantially smaller than the differences between
discrete calculations and continuous approximations,
ensuring the robustness of our conclusion.
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