
Photon emission by vortex particles accelerated in a linac

A. Yu. Murtazin,1,* G. K. Sizykh,1,2 D. V. Grosman,1 U. G. Rybak,3 A. A. Shchepkin ,1,2 and D. V. Karlovets 1,2,†

1School of Physics and Engineering, ITMO University, 197101, St. Petersburg, Russia
2Petersburg Nuclear Physics Institute named by B.P. Konstantinov of National Research Centre

“Kurchatov Institute”, 188300, Gatchina, Russia
3Peter the Great St. Petersburg Polytechnic University, 194021, St. Petersburg, Russia

(Received 11 December 2025; accepted 29 January 2026; published 25 February 2026)

We study the photon emission by charged spinless particles with phase vortices and an orbital angular
momentum (OAM) projection in longitudinal electric and magnetic fields within the scalar QED.
A realistic wave packet of an electron or ion accelerated by a radiofrequency wave locally feels a constant
and spatially homogeneous field, which allows us to develop an effective model for losing the angular
momentum of the vortex particle due to photon emission. For the fields typical for accelerator facilities, we
find that an effective lifetime of the vortex state greatly exceeds the acceleration time. This proves that the
acceleration of vortex electrons, ions, muons, and so forth to relativistic energies is possible in conventional
linacs, the OAM losses due to the photon emission are mostly negligible, and that the vortex quantum state
is highly robust against these losses.
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I. INTRODUCTION

The emission of photons in quantum field theory (QFT)
by charged particles accelerated in an external electromag-
netic field is an inherently nonstationary process because
acceleration occurs during a finite time interval over a finite
space domain. In contrast to that, the customary relativistic
perturbation theory within the S-matrix formalism deals
with the stationary quantum states of particles, so the
emission process formally occurs during the infinite time
interval with no spatial localization. It is only when the
particle path is periodic—say, a circle in a magnetic field—
that the stationary perturbation theory successfully
describes the emission [1]. The difference between the
stationary and nonstationary approaches can be illustrated
with the formation length (zone) effects when photons are
emitted by relativistic charged particles in media, such as,
for instance, the Landau-Pomeranchuk-Migdal effect, pre-
wave zone effect, etc. [2,3]. The use of the standard
stationary theory hinders the analysis of the formation
length and time phenomena.
Although the quantum states of charged particles accel-

erated in combinations of electric and magnetic fields have
long been known [4,5], their applications to specific

calculations in QED are extremely scarce. Leaving aside
the physical interpretation of such states, there is a
fundamental difficulty in dealing with the accelerated
particles. When the mean energy exceeds the double rest
energy of an electron, 2mc2, the vacuum can become
unstable and the particle-antiparticle pairs can start to
create [5,6]. To deal with the realistic accelerator facilities
with fields much weaker than the Schwinger critical value
E ≪ Ec ¼ m2c3=jejℏ ¼ 1.32 × 1016 V=cm, we need to
employ 1-particle states with a stable vacuum and, there-
fore, somewhat contrary to what the QED community has
been doing during the last several decades [5]—to get rid of
the pairs.
Here, we develop an effective model of photon emission

by scalar charged particles with phase vortices in relativistic
nonstationary perturbation theory. In modern facilities,
acceleration occurs in radiofrequency cavities in which
particles are pushed by electric impulses from traveling
waves. The key feature that allows us to significantly
simplify the model is that the wave packets of electrons,
muons, protons, ions, etc., are many orders of magnitude
smaller than (i) the length of an accelerating wave in a
waveguide, and (ii) spatial inhomogeneities of the accel-
erating fields. Therefore, if we suppose that the mean group
velocity of the particle packet always matches the phase
velocity of the accelerating wave, the particle locally
experiences a constant and homogeneous electric field
E ¼ f0; 0; Eg directed along the acceleration axis z.
The exact solutions to both the Klein-Gordon and

Dirac equations in such a field are known, see Ref. [4].
However, these solutions can be inconvenient in practical
calculations due to admixture of the electron-positron pairs
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(for brevity, we call the particles electron and positron even
if they have no spin). Instead, we develop an iterative
procedure following the Wentzel-Kramers-Brillouin
(WKB) or quasiclassical approach [7–9] that keeps us
within a class of 1-particle states with stable vacuum. The
corresponding quasiclassical state no longer obeys the
Klein-Gordon equation exactly, but the accuracy stays
under control and it is enough to analyze the emission
of a photon within the first order of the nonstationary
perturbation theory.
In particular, the finite time interval during which

acceleration occurs tf − ti is embedded in this state. This
temporal localization inevitably implies spatial localiza-
tion of the wave packet in the longitudinal direction, i.e.,
the existence of the packet center defined by a mean
classical path hriðtÞ [9], the latter being the relativistic
hyperbolic trajectory in the electric field [10].
We employ these quasiclassical states of accelerated

charged spinless particles with phase vortices, dubbed
vortex or twisted particles [11,12], for studying photon
emission within the first order of the perturbation theory in
scalar QED. For the electric and magnetic field strengths
typical for conventional accelerators, the time during which
the vortex particle loses its orbital angular momentum
(OAM) due to photon emission is found to be significantly
greater than the typical time-of-flight in an accelerator, even
for kilometer-long linacs. This proves the stability of the
twisted quantum states of the charged particles against
photon emission during the acceleration process and
demonstrates the principal possibility to accelerate vortex
electrons, muons, ions, etc., in a linac. Once this accel-
eration to relativistic energies is achieved, it opens new
possibilities for studying a plethora of quantum phenomena
beyond the reach of conventional plane wave (or Gaussian)
states without phase vortices [11–18].
Throughout this paper, we employ the system of units

ℏ ¼ c ¼ 1, except in key formulas where retaining these
constants is essential to construct the WKB solution.

II. LOSS OF VORTICITY DURING
ACCELERATION

Some of us have already argued that if a charged particle
with a phase vortex is accelerated to relativistic energies, its
quantum state with an orbital (or total) angular momentum
(AM) projection l stays very stable against the emission of
twisted photons carrying the AM away [13,19,20]. One can
start with simple considerations from relativistic kinemat-
ics: in a longitudinal magnetic field of a focusing solenoid,
the state of an electron with an AM l lives a finite time
interval (a lifetime) and decays due to emission of a twisted
photon. If the total angular momentum of that photon lγ is
maximized, lγ ¼ l, the electron goes to the final ground
state with lf ¼ 0 and thereby loses its vorticity. Suppose
that we know the time τ during which this happens for a
nonrelativistic electron (see the corresponding calculations

in [21,22]). Then the lifetime in a laboratory frame in which
this particle moves with a Lorentz factor γ ¼ ε=mc2 is

t ¼ γτ > τ; ð1Þ

i.e., the higher the energy, the less probable the emission
becomes and the more stable the quantum state of the
electron against the emission of twisted photons.
The acceleration can be taken into account by integrating

the emission probability without electric field over the
electron’s initial longitudinal momentum pz, as done in
Ref. [20]. In other words, different momentum components
are combined incoherently, at the level of probabilities. In
the present nonstationary approach the accelerated electron
is described with a single wave packet in the external field,
and the S-matrix element contains a time integral over the
entire acceleration interval, see Eq. (C11). When squaring
the amplitude, one obtains terms that represent interference
between emission amplitudes associated with different
times along the accelerated trajectory. It is precisely this
temporal coherence that is absent in the probability-level
treatment of Ref. [20]. In this paper we employ a more
general theory in which this interference takes place.
We find that even with the above interference taken into

account the qualitative conclusions of Refs. [13,20–23]
remain valid: the vortex states are extremely stable against
OAM-changing photon emission within the parameter
range relevant for accelerator facilities. The probability
of emitting a photon that changes the electron OAM during
a single pass through the accelerator is very small, and
the resulting lifetime τ of the OAM state greatly exceeds
the characteristic transit time through the accelerating
structure.
Moreover, the hierarchy of channels is robust: transitions

with the small OAM loss Δl ¼ l − l0 ∼ 1 dominate,
whereas channels with large Δl ≫ 1 and those with change
of the radial quantum number Δn ≠ 0 are strongly sup-
pressed. At the same time, our approach reveals several
important features absent in simpler kinematic arguments.
First, the emission probability and the lifetime exhibit a
significant dependence on the external electric field and on
the coherence length of the wave packet. For realistically
short packets, with lengths on the order of σ ∼ 1–10 nm
[13,24,25], the probability is practically independent of the
electric field, whereas longer packets acquire a narrow-
region dependence on the field strength. Even in the
presence of very strong electric fields, the qualitative
picture remains unchanged: in all regimes we have
explored, the probability of OAM-changing emission stays
tiny, and the corresponding lifetimes remain orders of
magnitude larger than the characteristic acceleration time.
In the recent paper by Meng et al. [23], the robustness of

vortex states in a homogeneous electric field has also been
emphasized. In the paraxial regime, the authors obtained an
exact expression for dynamics of a beam width in the
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electric field, including its dependence on the field strength,
initial momentum, and the initial width. The electric field
has been shown to suppress free-space packet spreading,
which can also be seen as a hallmark of the robustness of
the vortex state during acceleration. A complementary
analysis has also been recently done not only for electric
field, but also for a more realistic radiofrequency accel-
erating wave in a linac [26]. In contrast to Ref. [23], here we
study the radiative dynamics of the vortex electron packet
in a combination of electric and magnetic fields, taking
quantum photon emission into account with the change of
the electron OAM, as well as the packet spreading and its
deceleration at high energies.

III. MODEL

A. Quantum state of a charged particle in longitudinal
electric and magnetic fields

1. Klein-Gordon equation with longitudinal fields

We model electron dynamics in a linac via the Klein-
Gordon equation in the longitudinal electric and magnetic
fields,

½ði∂μ − eAμÞ2 −m2�Ψðr; tÞ ¼ 0: ð2Þ

The electron is accelerated by the electric field along the
z-axis, E ¼ f0; 0; Eg, and the magnetic field H¼f0;0;Hg
is used to control the wave packet spreading in the
transverse directions, similarly to a focusing magnetic lens.
The field direction is chosen such that the particle accel-
erates along the z-axis—for an electron this corresponds to
E ¼ −jEj < 0. The vector potential for stationary and
homogeneous collinear electric and magnetic fields can
be chosen in a Coulomb gauge as follows:

Aμ ¼
�
0;
Hρ

2
eϕr

þ Etez

�
; ð3Þ

where ez ¼ f0; 0; 1g and eϕr
¼ f− sinϕr; cosϕr; 0g are the

basis vector along the z-axis and the azimuthal direction,
respectively. Alternatively, in a stationary gauge

Aμ ¼
�
Ez;

Hρ

2
eϕr

�
; ð4Þ

which provides the same field configuration. The results
obtained below agree for both gauges up to a trans-
formation that induces a phase shift in the wave function
(Appendix B 1). For definiteness, let us take the gauge (3).
Substituting (3) into Eq. (2) leads to

�
−∂2t þ Δ −m2 −

e2H2ρ2

4
− e2E2t2 − ieH∂ϕr

− 2ieEt∂z

�
Ψðr; tÞ ¼ 0: ð5Þ

Equation (5) admits the separation of variables, so the
wave function is factorized,

Ψðr; tÞ ¼ Ψkðz; tÞΨ⊥ðρ;ϕrÞ: ð6Þ

Substituting the factorized form of the solution (6) into
Eq. (5), we obtain two independent equations: one for the
transverse mode Ψ⊥ðρ;ϕrÞ and one for the longitudinal
dynamics Ψkðz; tÞ. Importantly, the transverse dynamics
depends only on the magnetic field and not on the electric
one, whereas for the longitudinal motion it is vice versa.

2. Transverse dynamics

Let us first examine the transverse dynamics, which is
described by the solution Ψ⊥ðρ;ϕrÞ to the equation

�
Δ⊥ −

e2H2ρ2

4
þ eHl̂z þ C

�
Ψ⊥ðρ;ϕrÞ ¼ 0 ð7Þ

that follows from Eq. (5). Here, l̂z ¼ −i∂ϕr
is the operator

for the z-projection of angular momentum, and C is the
separation constant, which will be defined later. The exact

solutions to Eq. (7) with a well-defined OAM are the scalar
Landau states,

Ψ⊥ðρ;ϕrÞ≡Ψn;lðρ;ϕrÞ

¼ N⊥
�
ρ

ρH

�
l
Ll
n

�
2ρ2

ρ2H

�
exp

�
−
ρ2

ρ2H
þ ilϕr

�
; ð8Þ

where N⊥ is the normalization constant (see
Appendix A 1), and ρH is the characteristic transverse
scale (magnetic length) that sets the root-mean-square
radius (rms) radius of the ground state. It is given by

ρH ¼
ffiffiffiffiffiffiffiffiffi
4

jeHj

s
≡ 2λc

ffiffiffiffiffiffi
Hc

H

r
: ð9Þ

For convenience, the critical magnetic fieldHc ¼ m2=jej ¼
4.41 × 109 T and the electron Compton wavelength
λc ¼ 1=m ¼ 3.8 × 10−11 cm are introduced. The quantum
numbers n and l are the radial and orbital indices,
respectively: n ¼ 0; 1; 2;…, l ¼ 0;�1;�2;….
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This solution dictates an exact form for the constant C,

C ¼ 8

ρ2H

�
nþ lþ 1

2

�
: ð10Þ

Additionally, introducing the transverse kinetic momentum
operator, it can be shown that [4] (Appendix A 2)

p̂2⊥Ψ⊥ðρ;ϕrÞ ¼ CΨ⊥ðρ;ϕrÞ: ð11Þ

This means C≡ p2⊥ can be referred to as the conserved
transverse momentum of a particle that can change only
during spontaneous emission of photons, exactly as in the
quantum theory of synchrotron radiation [1]. Therefore, the
transverse dynamics of this scalar charged particle is
quantized (relativistic Landau states).

3. Longitudinal dynamics

As follows from Eq. (5), the longitudinal wave function
Ψkðz; tÞ is a solution to the following equation:

ð−∂2t þ∂
2
z −m2−e2E2t2−2ieEt∂z−p2⊥ÞΨkðz;tÞ¼0; ð12Þ

where there is no magnetic field. This equation admits
exact solutions in the form of parabolic cylinder functions
DνðzÞ [4,27]. However, as we have argued, they are
inconvenient for our purposes. First, they are delocalized
in space, and therefore describing acceleration of a charged
particle with them during a finite time interval can be
challenging, even putting aside the fact that they contain an
admixture of positrons. Second, it can be shown that the
typical values for the index of the corresponding parabolic
cylinder functions reach ∼106 and even more for modern
linacs. This makes the use of these states extremely
inconvenient even for numerical simulations.
To avoid this problem, we employ a semiclassical

approach and solve Eq. (12) within the WKB approxima-
tion, seeking the solution as a series in powers of ℏ [8,9].
The effects of particle-antiparticle pair creation are hidden
in the highest orders of this series, and we deliberately
neglect them, as they are negligible in the fields, typical for
a realistic accelerator. The WKB approach allows us to
construct a localized and normalized wave packet solution.
To proceed, we recover the ℏ dimension. The longitudinal
part (12) of the Klein-Gordon Eq. (2) can be written in a
more compact way, as follows:

��
iℏ∂μ −

e
c
ðAjjÞμ

�
2

−m2c2 − p2⊥
�
Ψkðz; tÞ ¼ 0; ð13Þ

where ðAjjÞμ is a longitudinal part of the 4-potential vector,

ðAjjÞμ ¼ f0; ctEezg: ð14Þ
According to the WKB approach, the solution can be

found according to the following ansatz:

Ψkðz; tÞ ¼
�X∞

k¼0

ℏkakðz; tÞ
�
exp

�
i
ℏ
Sclðz; tÞ

�
; ð15Þ

where ak are the coefficients to be defined, and Scl is a
classical action, the solution of a Hamilton-Jacobi problem
for a classical particle in a homogeneous electric field [8,9].
The longitudinal dynamics within the accuracy of Oðℏ2Þ
(see Appendix B 2) is

Ψkðz; tÞ ¼
Nkffiffiffiffiffiffiffiffiffiffiffi
EclðtÞ

p exp

�
i
ℏ
Sclðz; tÞ −

ðz − zclðtÞÞ2
2σ2

�
;

Sclðz; tÞ ¼ pzz −
Z

t

0

EclðτÞdτ;

zclðtÞ ¼
1

F0

ðEclðtÞ − Eclð0ÞÞ;

EclðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 þ c2p2⊥ þ c2ðpz þ F0tÞ2

q
: ð16Þ

Here, Nk is a normalization constant (Appendix B 4), while
EclðtÞ, Sclðz; tÞ, and zclðtÞ are the classical energy, action,
and the mean trajectory of a charged particle accelerating
along the z-axis (cf. Ref. [10]). Here,

F0 ¼ −eE ð17Þ
is a classical force acting on a particle, for an electron
F0 ¼ −jF0j < 0. The parameter σ is the coherence length
(or simply length) of the electron packet along the z-axis in
the laboratory reference frame. We set the time instant for
the particle entering the electric field region to be t ¼ 0.
The accuracy of the solution (16) is analyzed in
Appendix B 3 in detail.

B. Emission of a photon by a charged scalar particle

1. Matrix element in scalar QED

In scalar QED, the first-order transition matrix element
for the emission of a plane wave photon is

Sfi ¼ −ie
Z

d4xjμfiðxÞA�
μðxÞ;

jμfi ¼
1

2m
Ψ�

fðxÞði∂μ − eAμÞΨiðxÞ

þ 1

2m
ΨiðxÞði∂μ − eAμÞ�Ψ�

fðxÞ ¼ ðjμfiÞ†;

A�
μðxÞ ¼

1ffiffiffiffiffiffiffiffiffiffi
2ωV

p e�μðkÞeikx; eμkμ ¼ 0: ð18Þ

Here, jμfi is the transition current from the initial state ΨiðxÞ
to the final one ΨfðxÞ, Aμ is the 4-potential of the emitted
photon with the wave vector k, frequency ω, and the
polarization vector eμ, and V is the normalization volume.
The photon wave 4-vector is
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kμ ¼ ωf1; sin θ cosϕ; sin θ sinϕ; cos θg: ð19Þ

The photon transverse momentum is

k⊥ ¼ ω sin θ: ð20Þ
In the Coulomb gauge with k · eλðkÞ ¼ 0, we have [28]

eμ ¼ f0; eλg; eλðkÞ ¼
X

σ¼0;�1

expf−iσϕgd1σλðθÞχ σ ;

χ 0 ¼ ð0; 0; 1Þ; χ�1 ¼ ∓ 1ffiffiffi
2

p ð1;�i; 0Þ; ð21Þ

where d1σλðθÞ are the small Wigner functions [29], Eq. (C2).
Vectors χ σ represent eigenvectors for the photon spin
operator ŝz,

ŝz ¼

0
B@

0 −i 0

i 0 0

0 0 0

1
CA; ð22Þ

with the eigenvalues σ ¼ 0;�1,

ŝzχ σ ¼ σχ σ: ð23Þ

The decomposition of the polarization vector over the spin
eigenvectors χ σ explicitly separates the angular and

polarization dependence of the emitted photon. In this
form, the polarization is encoded in the discrete index σ,
whereas the angular dependence is carried by the Wigner
functions d1σλðθÞ and the azimuthal phase factor e−iσϕ.

2. Initial and final states

According to the solutions of transverse and longitudinal
equations, we choose the initial and final states of the
particle as Ψi and Ψf. These states describe the particle
before and after the photon emission, respectively. Since
the emission does not occur in a definite point in spacetime,
we must not associate Ψi and Ψf with the states at the
beginning and the end of acceleration. The nonstationary
and nonlocal nature of the emission and acceleration
processes is described by the matrix element (18).
The final momentum p0

z can also easily be misinterpreted
as the kinetic one, and, therefore, it can be incorrectly
assumed that it grows with time due to acceleration.
However, in contrast to the kinetic one, the momentum pz
and p0

z are approximate quantum numbers and, as will be
further seen, dictate thewavevector of the emitted photonkz.
We further discuss thismeaning in Sec. III B 3 andSec. III C.
The transition of the particle between the states with the

quantum numbers n, l and n0; l0 comes with the emission of
a photon, as illustrated in Fig. 1. Thus, our initial and final
states are

Ψiðr; tÞ ¼
Nffiffiffiffiffiffiffiffiffiffiffi
EclðtÞ

p
�
ρ

ρH

�
l
Ll
n

�
2ρ2

ρ2H

�
exp

�
−
ρ2

ρ2H
þ ilϕr þ ipzz −

Z
t

0

Eclðt0Þdt0 −
ðz − zclðtÞÞ2

2σ2

�
;

Ψfðr; tÞ ¼
N0ffiffiffiffiffiffiffiffiffiffiffi
E0
clðtÞ

p
�
ρ

ρH

�
l0

Ll0
n0

�
2ρ2

ρ2H

�
exp

�
−
ρ2

ρ2H
þ il0ϕr þ ip0

zz −
Z

t

0

E0
clðt0Þdt0 −

ðz − z0clðtÞÞ2
2σ2

�
; ð24Þ

with the normalization constants

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

πρ2H

n!
ðnþ lÞ!

s
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðπσ2Þ1=2
p ;

N0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l

0þ1

πρ2H

n0!
ðn0 þ l0Þ!

s
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðπσ2Þ1=2
p : ð25Þ

Here, EclðtÞ and zclðtÞ are the classical energy and longi-
tudinal trajectory of the particle in the external fields, as
introduced in Eq. (16). Their primed versions, E0

clðtÞ and
z0clðtÞ, contain pz

0; p0⊥ instead of pz; p⊥,

EclðtÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þp2⊥þðpzþF0tÞ2

q
; zclðtÞ¼

EclðtÞ−Eclð0Þ
F0

;

E0
clðtÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2þp2⊥0 þðpz

0þF0tÞ2
q

; z0clðtÞ¼
E0
clðtÞ−E0

clð0Þ
F0

:

ð26Þ

The magnetic length ρH is defined in Eq. (9). The electron
packet length σ is the same in the initial and final states and
is not modified by the emission process. In general,
emission of a photon can lead to reduction of the electron
coherence length, since the photon can partially resolve the
internal structure of the wave packet [30,31]. A significant
change of the coherence length, however, occurs when the
emitted photon carries a noticeable fraction of the electron’s
energy, so that its wavelength becomes comparable to the
packet length. In this regime different longitudinal regions
of the packet contribute to the emission with distinguish-
able phases, which leads to partial decoherence of the
packet. Since the emission of photons with sufficiently high
energies and short wavelengths is strongly suppressed, the
change in the electron’s coherence length can be safely
neglected for the emission of soft x rays and lower-
frequency photons, whose wavelengths exceed the initial
packet size.

PHOTON EMISSION BY VORTEX PARTICLES ACCELERATED … PHYS. REV. D 113, 036024 (2026)

036024-5



3. Differential probability of emission

For further calculations, the differential probability of
emission needs to be obtained. The first-order (single
vertex) probability in the scalar QED of a photon being
emitted with the momentum between k and kþ dk is
proportional to a squared module of the S-matrix element.
The final longitudinal momentum of the particle lies

within p0
z and p0

z þ dp0
z. Generally speaking, a set of states

with different p0
z is not orthogonal due to the Gaussian

factor (B21). However, we can treat them as orthogonal if a
proper measure of integration is defined. The integration of
two states with different momenta over z yields

Z þ∞

−∞
Ψ�

p0
z
Ψp00

z
dz ∝ exp

�
−
ðz0cl − z00clÞ2

4σ2
−
σ2ðp0

z − p00
zÞ2

4

�
:

ð27Þ

When the energy gain F0t in the electric field significantly
exceeds the longitudinal momentum difference jp0

z − p00
z j,

the disparity between the two classical trajectories z0cl and
z00cl becomes negligible. Consequently, the value of the
integral depends mostly on the second term. We can
express jp0

z − p00
z j in terms of the emitted photon energies,

jp0
z−p00

z j ¼ jðpz−p0
zÞ− ðpz−p00

z Þj ¼ jω0−ω00j≤ 2ω: ð28Þ

In typical accelerator fields, the energy of a single photon is
always negligibly small compared to the total energy gain.
Therefore, we treat two states as orthogonal if their
momenta differ by at least 1=σ. Thus, we arrive at the
differential probability

dW ¼
X
λ¼�1

jSfiðλÞj2
Vd3k
ð2πÞ3

ffiffiffi
2

p
σdp0

z: ð29Þ

Here, the factor
ffiffiffi
2

p
σ is a measure associated with dp0

z. It is
evaluated as a dispersion σp0

z
of the longitudinal momentum

p0
z, calculated on a solution (16). For simplicity, we

evaluate

σ2z≡hz2i−hzi2¼
Z þ∞

−∞
j0z2dz−

�Z þ∞

−∞
j0zdz

�
2

¼σ2

2
: ð30Þ

We further require the uncertainty relation to be minimized,
obtaining

σ2p0
z
¼ 1

2σ2
: ð31Þ

With this choice, the set of packets labeled by p0
z forms an

approximately orthonormal basis for the longitudinal
motion, so that Eq. (29) can be interpreted as the proba-
bility density in the combined photon-electron phase space.
The detailed derivation of the S-matrix element is

provided in Appendix C. Here, we introduce the final
result,

Sfi ¼ −2πi
1ffiffiffiffiffiffiffiffiffiffi
2ωV

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

πρ2H

n!
ðnþ lÞ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l

0þ1

πρ2H

n0!
ðn0 þ l0Þ!

s

×
eρH
2m

eiðl−l0Þϕk exp

�
−
σ2ðp0

z − pz þ kzÞ2
4

�

×
X

σ¼0;�1

iσ−lþl0d1σ;λðθÞT σðk⊥ρHÞ; ð32Þ

where the T functions are defined in Eq. (C11) and contain
the only left integration over t. Equation (32) clearly
exhibits the main angular and kinematic features of the
process. The dependence on the azimuthal angle of the
photon momentum, ϕk, is fully contained in the overall
phase factor eiðl−l0Þϕk, whereas the Wigner functions d1σλðθÞ
encode the polar-angle dependence. The sum over
σ ¼ 0;�1 corresponds to different projections of the
photon spin, and the functions T σðk⊥ρHÞ depend on the
dimensionless combination k⊥ρH. The Gaussian factor
expf−σ2ðp0

z − pz þ kzÞ2=4g constrains the longitudinal
momenta. It shows that conservation of the total
z-momentum would require a completely delocalized

FIG. 1. The electron is bounded by a magnetic field H and
accelerated by an electric field E, both of which are directed
along the z-axis. During the acceleration the electron undergoes
the transition between the Landau states with quantum numbers
from n; l; pz to n0; l0; p0

z. The transition comes with the emission
of the photon, thus, the root mean squared transverse radius of
the Landau state changes from

ffiffiffiffiffiffiffiffiffi
hρ2i

p
¼ ρH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nþ lþ 1

p
toffiffiffiffiffiffiffiffiffi

hρ02i
p

¼ ρH
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0 þ l0 þ 1

p
and becomes smaller. The longi-

tudinal size of the electron packet, σ, remains unchanged during
the emission.
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state (σ → ∞). However, since the acceleration process
inherently involves spatial localization, strict momentum
conservation is generally violated.

C. Wide-packet approximation

Let us take a look at the damping factor in the S-matrix
element (32),

exp

�
−
σ2ðp0

z − pz þ kzÞ2
4

�
: ð33Þ

This factor suppresses the amplitude—and therefore the
probability—exponentially everywhere except in a narrow
region of momenta. It can be interpreted as a limitation
either for the final electron momentum, or, equivalently, for
the longitudinal photon momentum. The state of the
emitted photon is beyond the scope of this work. Our
main interest is the final electron state, especially its OAM.
We therefore integrate over kz to obtain the total emission
probability. The integral is localized near kz ≃ pz − p0

z.
The longitudinal length of the electron packet σ is

the main parameter determining the localization. Thus,
for σ ≫ 1=jp0

z − pz þ kzj the Gaussian can be approxi-
mated with a delta function. Equivalently, this requires that
the longitudinal packet size in the laboratory frame exceeds
the radiation formation length [2],

σ ≫ Lform ∼ γ2λph; ð34Þ

where λph is the photon wavelength and γ ¼ EclðtÞ=m is the
Lorentz factor. In this work, we do not consider formation
zone effects, which would require a detailed analysis of the
σ ≪ Lform regime. However, accounting for one would
likely reduce the emission probability due to incomplete
formation of radiation.
Now, let us treat (33) as a deltalike function. We will first

take the squared module of an amplitude in order to avoid
the problem of regularizing a square of a delta function,

jSfij2 ∝ exp

�
−
σ2ðp0

z − pz þ kzÞ2
2

�

∼
ffiffiffiffiffiffi
2π

p

σ
δðp0

z − pz þ kzÞ: ð35Þ

The
ffiffiffiffiffiffi
2π

p
=σ factor is obtained from the delta function

normalization condition by integrating both sides over
p0
z − pz þ kz in infinite limits. From now on, we imply

the relation kz ¼ pz − p0
z as a result of the integration,

which allows us to simplify the integrals over t in (C11).
The further integration over t, k⊥, and p0

z is numerical.

IV. RESULTS

A. Suppression of large photon transverse
momenta and its OAM

In order to obtain the lifetime of a state in the electro-
magnetic field, one needs to integrate over k⊥ ∈ ½0;∞Þ.
However, due to the exponential factor in Eq. (C9) the
integral can be taken in finite limits with the upper limit, as
follows:

k⊥max ∼
2

ρH
¼ m

ffiffiffiffiffiffi
H
Hc

s
: ð36Þ

FIG. 2. Double-differential probability, d2W=ðdp0
z dk⊥Þ, of

plane wave photon emission by an accelerated vortex particle
as a function of the photon transverse momentum k⊥. The
S-matrix is strongly localized around k⊥max ∼ 2=ρH. Parameters:
H ¼ 10 T, E ¼ 10 MV=m, σ ¼ 1 nm (coherence length), pz ¼
0.5 keV (initial longitudinal electron momentum), kz ¼ 3 eV
(longitudinal photon momentum), n ¼ n0 ¼ 3, l ¼ l0 ¼ 3, and
tout ¼ 25 ns ðL ¼ ctout ≈ 7 mÞ.

FIG. 3. Differential probability of photon emission, dW=dp0
z,

versus the final longitudinal momentum p0
z for several final OAM

projections l0 at fixed initial l ¼ 3. The distribution is peaked near
p0
z ¼ pz, i.e., emission is dominated by soft photons kz ¼

pz − p0
z. Parameters: H ¼ 10 T, E ¼ 10 MV=m, σ ¼ 1 nm

(coherence length), pz ¼ 0.5 keV (initial longitudinal electron
momentum), n ¼ n0 ¼ 3, and tout ¼ 25 ns ðL ¼ ctout ≈ 7 mÞ.
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This quantity defines the cutoff for k⊥, the larger values of
which turn out to be suppressed by the exponential factor,
as can be seen, for example, in Fig. 2. The numerical results
show that the electric field does not significantly modify
this cutoff.
The differential probability dW=dp0

z (Fig. 3) shows the
principal dependence on p0

z, and we see that it is localized
around p0

z ¼ pz and decreases as we move further from the
localization point.
This shows that the main contribution in photon emis-

sion comes from an electron with the final states’ longi-
tudinal momentum close to the initial one. Equivalently, we
can say that the emission occurs mainly due to low-energy
photons, since kz ¼ pz − p0

z. Therefore, integration over p0
z

comes with a narrow interval of �3σp0
z
, as follows:

p0
z ∈

�
pz −

3ffiffiffi
2

p
σ
; pz þ

3ffiffiffi
2

p
σ

�
; ð37Þ

which coincides with the localization scale of the differ-
ential probability dW=dp0

z.
In addition, the OAM dependence is also predictable. As

seen from Fig. 3, it is much more possible to emit a photon
with a small OAM compared to the large ones. This shows
that processes with large OAM losses are highly
suppressed.

B. Emission probability per unit of time

To characterize the scattering rate, we introduce the
probability of photon emission per unit time,

Ẇ ≡ W
tout

: ð38Þ

In stationary problems with the infinite process time,
tin → −∞, tout → þ∞, this comes as a natural way to

get rid of the nonphysical infinite normalization time. In
our case, tout is a physical time that we associate with the
duration of the particle acceleration. It is also convenient to
consider the lifetime of the vortex state τ instead of the
transition rate

τ≡ Ẇ−1 ¼ tout
W

: ð39Þ

Note that the lifetime τ, as we define it, depends on tout in
both terms: W and tout itself. We interpret the lifetime τ as
the characteristic time over which the particle preserves its
OAM in the accelerator against radiative transitions. Thus,
we denote the total probability of transitions with n ¼ n0
from the state with OAM l to the state with l0 ≠ l as W.
Transitions with Δn ≠ 0 are strongly suppressed, similar to
the case without the electric field [21], so the dominant
contribution to τ comes from OAM-changing channels
with n ¼ n0.
The dependence of the particle’s lifetime on the initial

OAM is shown in Fig. 4. Here, we see that τ ≫ tout for any
achievable magnetic field H even in the presence of an
electric field. It is also understandable why the lifetime
increases with the decreasing magnetic field. Radiative
transitions occur due to the transverse dynamics and the
change in discrete quantum numbers n and l. The rms
radius of the ground Landau state scales as

ρH ¼
ffiffiffiffiffiffiffiffiffi
4

jeHj

s
; ρ2H ∝

1

H
: ð40Þ

Therefore, as we lower the magnetic field, the probability
decreases due to the factor expf−ðk⊥ρHÞ2=8g in (C9), and
the lifetime increases.
To understand how the electric field affects different

transitions with a change of OAM, let us consider

FIG. 4. Lifetime τ of a vortex state against OAM-changing transitions as a function of the initial OAM l for different magnetic fields
H. Decreasing H suppresses transverse emission and increases τ. (a) Parameters: E ¼ 10 MV=m, σ ¼ 1 nm (coherence length),
pz ¼ 0.5 keV (initial longitudinal momentum), n ¼ n0 ¼ 3, and tout ¼ 25 ns ðL ¼ ctout ≈ 7 mÞ. (b) Same dependence for a higher
energy and stronger field: E ¼ 100 MV=m, pz ¼ 100 keV, n ¼ n0 ¼ 10, and tout ¼ 55 ns ðL ¼ ctout ≈ 15 mÞ. The qualitative trend
with H remains the same.
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probabilities per unit time Ẇ for various “scattering
channels” (Fig. 6). Despite the complex channel structure,
a clear trend emerges: transitions with a small OAM loss
dominate over channels with a large Δl. For this set of
parameters, an average value of the transition rate is
10−3s−1. In statistical terms, only about one out of 103

realizations per second leads to an OAM-changing emis-
sion. We also show graphs for stronger magnetic fields
[Fig. 6(b)] for illustrative purposes. We note that the
probabilities in Fig. 6 show the same qualitative behavior
as those without the electric field.
We further investigate the dependence on the electric

field. Numerical modeling shows that the field significantly
affects transition probabilities only within a narrow range
of magnitudes, and that this range is controlled by the
coherence length σ (Fig. 5). Analytically, this is because F0

and σ enter Eq. (16) in a similar way, which determines the
longitudinal state of the particle.
In the parameter range relevant for accelerator facilities,

the S-matrix, and hence the emission probability, is
essentially independent of the field strength for the realistic
electron packet length, which for nonrelativistic electrons is
of the order of a few nanometers [13,24,25],

σ ∼ 1 nm: ð41Þ

For relativistic electrons, this length is yet shorter than that
due to the Lorentz contraction. At the same time, for much
wider packets, the probability exhibits a pronounced
dependence on E.
The key factor is the radiation formation length, i.e., the

longitudinal distance over which the emission process is

coherently built up along the trajectory. If the coherence
length of the packet in the laboratory frame, σ, is much
smaller than the formation length, the packet is effectively
pointlike. In this regime, the detailed longitudinal profile of
the packet no longer matters: the radiation amplitude
depends only on the instantaneous trajectory and becomes
insensitive to how the charge density is distributed along z.
Consequently, once σ is reduced below the formation
length, the emission probability saturates and is no longer
changed by further variations of the external parameters. In
the relativistic regime, the electron coherence length in the
laboratory frame decreases as γ−1 during acceleration,
whereas the formation length of the photon Lform ∼ γ2λph
grows much faster. As a result, the condition Lform ≫ σ is
reached very quickly in practice for relativistic electrons,
for which the radiation losses in a linac are tiny.
The electric field influences this picture mainly by

modifying the classical trajectory and, therefore, the for-
mation length itself. A stronger field increases the accel-
eration and curvature of the trajectory, and thereby changes
the longitudinal distance over which the radiation remains
phase-coherent. For initially long packets, in moderate
fields the packet size is still comparable to or larger than the
formation length over a substantial part of the motion.
Different longitudinal slices then radiate with different
phases, and the probability is strongly affected by the
value of E. As the field increases, the formation length
becomes longer and the same packet enters the effectively
pointlike regime σ ≪ Lform, so that the dependence on E
gradually disappears.
In contrast, an initially short packet, such as σ ∼ 1 nm, is

already much shorter than the relevant formation length
even at relatively weak fields. Throughout the acceleration
process, the radiation effectively “sees” a pointlike source,
because the coherence region always exceeds the packet
size. In this situation, changing the electric field modifies
the overall kinematics and spectral properties of the
radiation, but does not resolve any additional longitudinal
structure of the packet, and therefore the emission prob-
ability remains practically independent of the field
magnitude.

C. Formation length

The longitudinal part of the amplitude contains the
overlap factor

exp

�
−
ðzclðtÞ − z0clðtÞÞ2

4σ2

�
; ð42Þ

where zclðtÞ and z0clðtÞ are the classical trajectories in the
external field F0 for two nearby longitudinal momenta.
This factor directly controls how long along the trajectory
the emission process remains coherent: once the separation
jzclðtÞ − z0clðtÞj becomes larger than the intrinsic packet size

FIG. 5. Squared S-matrix element jSfij2 for the transition
n ¼ n0 ¼ 3, l ¼ 3 → l0 ¼ 2 as a function of accelerating electric
field E for different packet lengths σ. The graph shows the
crossover from the narrow-packet regime (weak E dependence)
to the wide-packet regime (strong E dependence). Parameters:
H ¼ 10 T, pz ¼ 0.5 keV (initial longitudinal electron momen-
tum), kz ¼ 3 eV (longitudinal photon momentum), and tout ¼
25 ns ðL ¼ 7 mÞ.
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σ, the overlap is exponentially suppressed and the corre-
sponding contribution to the amplitude is negligible.
To make this more explicit, we consider two close initial

momenta,

p0
z ¼ pz þ δp; ð43Þ

and expand the primed trajectory to the first order in δp,

z0clðt; p0
zÞ ≃ zclðt; pzÞ þ

∂zclðtÞ
∂pz

δp: ð44Þ

Using the explicit form of zclðtÞ in a constant field F0, we
obtain

∂EclðtÞ
∂pz

¼ pz þ F0t
EclðtÞ

≡ vðtÞ; ð45Þ

so that

∂zclðtÞ
∂pz

¼ 1

F0

½vðtÞ − vð0Þ�: ð46Þ

Therefore, the separation of the trajectories is

zclðtÞ − z0clðtÞ ≃ −
vðtÞ − vð0Þ

F0

δp: ð47Þ

As we follow the longitudinal momentum conservation
law, kz ¼ −δp. Therefore, the overlap factor (42) can then
be written as

exp

�
−
ΔzðtÞ2
4σ2

�
∼ exp

�
−
ðvðtÞ − vð0ÞÞ2

4F2
0σ

2
k2z

�
: ð48Þ

We define the wave packet–induced formation time tform
as the moment when the exponent in (48) becomes of order
unity,

ðvðtformÞ − vð0ÞÞ2
4F2

0σ
2

k2z ∼ 1; ð49Þ

or equivalently

FIG. 6. The total probability of photon emission per unit time Ẇ ¼ W=tout for various scattering channels as a function of the final
OAM l0. (a) Parameters: H ¼ 10 T, E ¼ 10 MV=m, σ ¼ 1 nm (coherence length), pz ¼ 0.5 keV (initial longitudinal momentum),
n ¼ n0 ¼ 3, and tout ¼ 25 ns ðL ¼ ctout ≈ 7 mÞ. The dominant contribution comes from channels with small OAM loss Δl ¼ l − l0,
whereas transitions with Δn ≠ 0 are suppressed. (b) The same as in (a) but for a stronger magnetic field,H ¼ 10−5Hc. The hierarchy of
channels remains qualitatively the same, with large Δl transitions being strongly suppressed. (c) The same as in (a) but for different
packet width, acceleration time, and quantum numbers: H ¼ 10 T, E ¼ 1 MV=m, σ ¼ 1.75 nm, pz ¼ 5 keV, n ¼ n0 ¼ 20, and tout ¼
35 ns ðL ¼ ctout ≈ 10 mÞ. The qualitative dominance of small Δl channels persists in this regime as well.
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jvðtformÞ − vð0Þj ∼ 2jF0jσ=kz: ð50Þ
Since 0 ≤ jvðtÞj ≤ 1, Eq. (50) immediately leads to two

regimes.

a. Narrow-packet regime

If

2jF0jσ=kz ≪ 1; ð51Þ
then the condition (50) is met already at very small
velocities, jvðtformÞ − vð0Þj ≪ 1. In this case, the coherence
is lost at an early stage of acceleration, when the trajectory
has not yet changed significantly. Thus, in the narrow-
packet regime, the effective formation length is set purely
by the wave packet size and does not depend on the field
strength. This regime occurs for σ ≪ kz=2jF0j.

b. Wide-packet regime

If

2jF0jσ=kz ≳ 1; ð52Þ

then the right-hand side of (50) is of order unity or larger,
and the inequality jvðtÞj ≤ 1 no longer restricts the overlap.

In this case, the Gaussian factor (42) does not cut off the
time integral at an early stage. The longitudinal structure of
the packet remains visible over the relevant part of the
trajectory, and the emission probability acquires a pro-
nounced dependence on F0.
It is convenient to characterize the transition between the

two regimes by a critical packet length σ�ðF0Þ obtained
from the equality in (51)–(52),

σ�ðF0Þ ∼
kz

2jF0j
: ð53Þ

c. Numerical estimates

To relate (53) to the experimental parameters, we express
F0 in natural units. For an electric field of order
E ¼ 10 MV=m, one finds

eE ¼ 10 MeV=m: ð54Þ

For kz ¼ 3 eV we have

σ�ðF0Þ ∼
kz
2eE

∼
3

2 × 107
nm ∼ 150 nm: ð55Þ

In our simulations, narrow packets with σ ∼ 1 nm are
well below σ�ðF0Þ for typical accelerator fields, so they fall

FIG. 7. The lifetime τ versus the initial longitudinal momentum pz of the accelerating vortex particle. Increasing pz (i.e., a larger
Lorentz factor) increases the probability of OAM-changing radiation and decreases the stability of the vortex state. (a) Nonrelativistic
momenta, parameters: H ¼ 10 T, E ¼ 10 MV=m, σ ¼ 1 nm (packet length), n ¼ n0 ¼ 3, l ¼ 5, and tout ¼ 25 ns ðL ¼ 7 mÞ.
(b) Nonrelativistic regime, same as (a), but for a longer acceleration section and lower electric field: E ¼ 1 MV=m, tout ¼ 1.7 μs
ðL ¼ 500 mÞ. (c) The same dependence as in (a) but for the larger initial momenta.
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into the regime (51): the effective formation length is
limited by the packet size, and the emission probability is
practically independent of F0. Wider packets start to
become of the same order as σ� and belong to the regime
(52): in this case, the wave packet does not restrict
the formation region, the field significantly modifies the
classical trajectory over the relevant length, and the
probability acquires a strong dependence on the electric
field strength.
Figure 7 shows the dependence of the lifetime τ on the

initial longitudinal momentum pz. Increasing pz leads to a
shorter lifetime. This trend is opposite to the naive classical
expectation based on a time dilation, where one would
anticipate τ0 ¼ γτ with γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2⊥ þ ðpz þ F0tÞ2

p
=m.

The much steeper decrease observed in the nonrelativistic
region highlights the genuinely quantum nature of the
process, which is absent in a purely classical description.

V. CONCLUSION AND DISCUSSION

We have developed a nonstationary framework for
photon emission by spinless charged particles with phase
vortices accelerated in a linac. We have used the quasi-
classical WKB method to obtain a localized wave packet in
a longitudinal electric field, combined with Landau quan-
tization in the transverse plane due to the longitudinal
magnetic field. This avoids the pair-admixture issues of
exact Klein-Gordon solutions and naturally incorporates a
finite acceleration time and the radiation formation length.
Within this model, we have derived the first-order

transition amplitude and emission probability, identified
wide- and narrow-packet regimes, and showed that in the
experimentally relevant narrow-packet regime the total
emission probability is essentially insensitive to the electric
field strength. The transverse magnetic dynamics predomi-
nantly governs OAM-changing transitions: channels with
the large OAM loss are strongly suppressed, so the life-
times of the vortex states are extremely long compared to
the acceleration time, and they further increase for larger
initial longitudinal momenta.
Overall, we confirm the robustness of the vortex states in

realistic accelerator fields and delineate the conditions
under which the OAM-changing radiation can occur.
Our formalism can be extended to Dirac particles, more
complex accelerating structures, the spin-OAM coupling,
and twisted-photon emission, and thus provides a basis for
further studies of nonstationary radiation from the struc-
tured quantum states of charged particles.
Recent theoretical and simulation studies suggest that

vortex beams can, in principle, retain their angular momen-
tum in wakefields, especially in regimes where the beam
propagates close to the axis in a symmetric or rotating
wake [32–34]. These observations motivate the assumption
that, on the scale of the of the wave packet, the wakefield
can be approximated as locally homogeneous and weakly
varying. However, this assumption is nontrivial: real

wakefields exhibit strong spatiotemporal variations.
Therefore, extending our conclusions to that regime would
require a dedicated analysis that accounts for the full time-
dependent structure of the wake. In particular, the radiative
stability of vortex states in such complex backgrounds
remains an open question that calls for future investigation.
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APPENDIX A: TRANSVERSE KLEIN-GORDON
EQUATION DYNAMICS

1. Normalization constant

The normalization constant for the transverse solution
Ψ⊥ is defined with the following condition:

Z
∞

0

ρdρ
Z

2π

0

dϕrjΨ⊥j2 ¼ 1: ðA1Þ

Using the associated Laguerre polynomial orthogonality
property for integer n, l,

Z
∞

0

ρle−ρLl
nðρÞLl

mðρÞdρ ¼ ðnþ lÞ!
n!

δn;m: ðA2Þ

We arrive at

N⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

πρ2H

n!
ðnþ lÞ!

s
: ðA3Þ

2. Transverse momentum

To check if the C constant in Eq. (7) represents trans-
verse momentum, we apply the corresponding p̂⊥ operator
to the Ψ⊥ function in (8),

p̂2⊥ ¼ ð−i∇⊥ − eA⊥Þ2;

p̂2⊥Ψ⊥ ¼
�
−Δ⊥ þ 2ie

Aϕr

ρ
∂ϕr

þ e2A2⊥
�
Ψ⊥: ðA4Þ

Equation (7) can be used to simplify the derivation of Δ⊥.
Taking into account that l̂z ¼ −i∂ϕr

,
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p̂2⊥Ψ⊥ ¼
�
eHl̂z þ C −

e2H2ρ2

4
− 2e

Aϕr

ρ
l̂z þ e2A2

ϕr

�
Ψ⊥:

ðA5Þ

Since Aϕr
¼ Hρ=2, all the terms except C are canceled out,

and so

p̂2⊥Ψ⊥ ¼ CΨ⊥:

APPENDIX B: THE WKB APPROXIMATION

1. Classical action derivation

The classical action is a main part of the WKB approach,
because it determines the final form of the solution. In order
to evaluate it, the Hamilton-Jacobi problem has to be
solved. Thus, let us consider the equation

∂S
∂t

þHðr;∇S; tÞ ¼ 0; ðB1Þ

with the Hamiltonian

Hðr;p; tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 þ c2

�
p −

e
c
A

�
2

s
þ eA0: ðB2Þ

For clarity, in this section we consider a particle accel-
erating along the z-axis, with free transverse dynamics. The
vector potential is

Aμ ¼ f0; Ect ezg or Aμ ¼ fEz; 0g: ðB3Þ

First, we solve the Hamilton’s canonical equations to
determine the classical path. As for the initial conditions,
we set the coordinates and momentum of the particle at the
beginning point t0 ¼ 0,

ṙ ¼ ∂H
∂p

; ṗ ¼ −
∂H
∂r

;

rðt0Þ ¼ r0; pðt0Þ ¼ p0: ðB4Þ

In both gauges, trajectories r and kinetic momentum P in
the electric field are the same,

rðtÞ ¼ r0 þ
Z

t

0

c2
Pðt0Þ
Hðt0Þ dt

0;

PðtÞ ¼ p0 −
e
c
AðtÞ: ðB5Þ

However, the conjugate momentum depends on a gauge.
In a nonstationary gauge p ¼ p0, whereas in a stationary
one pðtÞ ¼ F0tez. Once we find the trajectories, the
classical action at the initial point can be evaluated as
follows [36]:

Sðr0; tÞ ¼ Sðr0; t0Þ þ
Z

t

0

½pðt0; r0Þṙðt0; r0Þ −Hðt0; r0Þ�dt0:

ðB6Þ

The initial condition for the action is defined by the
conjugate momentum at the starting point

pðt0Þ ¼ ∇rSðr; t0Þ: ðB7Þ

This means that the action at the moment t ¼ t0 can be
chosen as

Sðr; t0Þ ¼ r · p0: ðB8Þ

To evaluate the action at any point in space and time, we
need to substitute r0 ¼ r0ðrÞ from the previously calculated
solution (B5) into the function Sðr0; tÞ. Thus, we get

Sðr; tÞ ¼ r · p0 −
Z

t

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 þ c2p2

0⊥ þ c2ðp0z þ F0t0Þ
q

dt0

ðB9Þ

for the time-dependent gauge, and

Sðr; tÞ ¼ r · p0 −
Z

t

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2c4 þ c2p2

0⊥ þ c2ðp0z þ F0t0Þ
q

dt0

þ F0zt ðB10Þ

for the stationary one. In both expressions, p2
0⊥¼p2

0xþp2
0y.

This difference causes a phase shift in a wave
function, since the WKB solution we seek implies
Ψk ∝ expfi=ℏ Sðr; tÞg. The transformation from one gauge
to another is

A → Aþ∇f;
A0 → A0 −

1

c
∂

∂t
f;

fðr; tÞ ¼ −Eczt: ðB11Þ

In the general Klein-Gordon theory, the phase factor
appearing after a gauge transformation is

ψ → ψ exp

�
i
ef
ℏc

�
; ðB12Þ

which is exactly the phase shift caused by an action
difference.

2. The longitudinal solution

The solution for problem (13) can be found according to
the following ansatz [8]:
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Ψkðz; tÞ ¼
�X∞

k¼0

ℏkakðz; tÞ
�
exp

�
i
ℏ
Sclðz; tÞ

�
; ðB13Þ

where ak are the coefficients to be defined, and Scl is a
classical action, the solution of a Hamilton-Jacobi problem
for a classical particle in a homogeneous electric field
(Appendix B 1). Evaluating

�
iℏ∂μ −

e
c
ðAjjÞμ

�
Ψk

¼ exp

�
i
ℏ
Scl

�

×
X∞
k¼0

	
iℏkþ1ð∂μakÞ − ℏkakð∂μSclÞ −

e
c
ðAjjÞμℏkak



;

ðB14Þ

we expand the left-hand side as a formal power series in ℏ.
Setting each coefficient to zero yields an equation for each
power of ℏ. Thus, the equation for ℏ0 reads

��
∂
μScl þ

e
c
ðAjjÞμ

�
2

−m2c2 − p2⊥
�
a0 ¼ 0: ðB15Þ

The ℏ0 equation is automatically satisfied, since it repre-
sents the Hamilton-Jacobi equation itself.
In the next ℏ1 expansion order, we find

�
∂
μ
∂μScl þ 2

�
∂μScl þ

e
c
ðAjjÞμ

�
∂
μ

�
a0 ¼ 0: ðB16Þ

The classical kinetic momentum Pμ satisfies

Pμ ¼ −
�
∂μScl þ

e
c
ðAjjÞμ

�
;

Pμ ¼ m
drμ
dτ

; τ ¼ γ−1t; γ ¼ Ecl

mc2
;

Ecl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2⊥ þ ðpz þ F0tÞ2

q
; F0 ¼ −eE; ðB17Þ

where τ is the time in the particle rest frame, t is the
laboratory time, and γ is the Lorentz factor. The sign of the
force F0 is positive for the electron that accelerates along
the z-axis.
Taking this into account, Eq. (B16) can be rewritten as

�
∂
μ
∂μScl −

2EclðtÞ
c2

d
dt

�
a0 ¼ 0: ðB18Þ

Since ∂
μ
∂μScl ¼ −Ėcl=c2, the above equation has a solu-

tion of

a0ðz; tÞ ¼
αðz; tÞffiffiffiffiffiffiffiffiffiffiffi
EclðtÞ

p ; ðB19Þ

where α is an arbitrary function satisfying

dαðz; tÞ
dt

¼ 0; αðzcl; tÞ ¼ const;

d
dt

¼ ∂

∂t
þ v · ∇: ðB20Þ

Here, zcl¼ðEclðtÞ−Eclð0ÞÞ=F0 is a classical trajectory [10].
The simplest way to satisfy the conditions in (B20) is to

choose α as αðz; tÞ ¼ fðz − zclðtÞÞ. Since we consider a
particle acceleration process, it is natural to think of a wave
packet, initially localized in the z-direction. Thus, we
choose αðz; tÞ as follows:

αðz; tÞ ¼ exp

�
−
ðz − zclðtÞÞ2

2σ2

�
: ðB21Þ

Here, σ is a length of the wave packet in the laboratory
frame of reference. Hence, in the first order of the WKB
approach, an accelerated particle is localized around its
classical trajectory [9].

3. Accuracy of the solution

The accuracy of the solution (16) is determined similarly
to the standard WKB procedure for the Schrödinger
equation. One can neglect the Oðℏ2Þ terms when

���� ℏ∂μ∂
μa0

a0∂μ∂μScl

���� ≪ 1; ðB22Þ

where a0 is the amplitude corresponding to ℏ0 [see
Eqs. (B19)–(B20)]. This condition simplifies to

∂μ∂
μa0
a0

≪
Ėcl

ℏc2
; ðB23Þ

where the dot stands for the laboratory time derivative.
Applying the exact form of a0ðz; tÞ and supposing
z − zclðtÞ ∼ σ, one finds

3

4

�
Ėcl

Ecl

�
2

−
1

2

Ëcl

Ecl
þ 1

F0σ

�
Ëcl −

ðĖclÞ2
Ecl

�
≪

Ėcl

ℏc2
: ðB24Þ

This inequality can be satisfied when

F0ℏc
E2
cl

≪ 1;
F0ℏc3ðm2c2þp2⊥Þ

E4
cl

≪ 1;
ℏc
σEcl

≪ 1: ðB25Þ

Each of the three inequalities corresponds to a natural small
parameter of the problem. The first two conditions,
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F0ℏc
E2
cl

≪ 1;
F0ℏc3ðm2c2 þ p2⊥Þ

E4
cl

≪ 1; ðB26Þ

quantify how weak the electric field is compared to
the characteristic QED (Schwinger) scale. For electron
energies not smaller than the rest energy, Ecl ≳mc2, one
can estimate

F0ℏc
E2
cl

∼
eE0ℏ
m2c3

≲ E
Ec

; ðB27Þ

where Ec ¼ m2c3=ðeℏÞ is the Schwinger critical field.
The second inequality contains an extra factor

ðm2c2 þ p2⊥Þ=E2
cl ≤ 1, so the corresponding condition is

automatically satisfied once the first one holds. The third
condition,

ℏc
σEcl

≪ 1; ðB28Þ

has a clear interpretation in terms of the de Broglie
wavelength. The quantity λdB ¼ 2πℏc=Ecl is the relativistic
de Broglie wavelength of the electron, so this inequality can
be rewritten as

ℏc
σEcl

¼ λdB
2πσ

≪ 1; ðB29Þ

i.e., the packet length σ is much larger than the de Broglie
wavelength. This is precisely the standard WKB require-
ment that the wave packet envelope varies on a spatial scale
much larger than the local de Broglie wavelength.
For the parameter range treated in this work, all three

dimensionless parameters are many orders of magnitude
smaller than unity. The typical accelerating gradients of
E ∼ 10–100 MV=m are far below the Schwinger field
Ec≃1.32×1016V=cm, so F0ℏc=E2

cl≲E=Ec∼10−11–10−10,
and the second parameter is even smaller due to
ðm2c2 þ p2⊥Þ=E2

cl ≤ 1. For the smallest energies used in
our simulations, Ecl ≃ 511 keV and σ ∼ 1 nm, we have
λdB ¼ 2πℏc=Ecl ∼ 10−2 nm and λdB=2πσ ∼ 10−3. At higher
energies, this ratio further decreases. Moreover, all three
parameters introduced here are at most of order α ≃ 1=137,
and typically much smaller, i.e., below the magnitude of
second-order QED corrections to the emission probability.
Thus, the WKB approximation for the longitudinal wave
function Ψkðz; tÞ is fully justified for all the parame-
ters used.

4. Relativistic normalization

Since we solve a Klein-Gordon equation, the normali-
zation condition will be connected with a conserving j0

charge

j0¼ Im

�
Ψk

�
1

c
∂

∂t
− i

e
ℏc

A0

�
Ψ�

k

�
;

Z
j0dV¼ 1: ðB30Þ

Evaluation of the charge in both gauges results in

j0 ¼ jNkj2
c

exp

�
−
ðz − zclðtÞÞ2

σ2

�
: ðB31Þ

Therefore, the longitudinal normalization constant is inde-
pendent of the gauge and equals

Nk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c

ðπσ2Þ1=2
r

: ðB32Þ

APPENDIX C: S-MATRIX ELEMENT
CALCULATION

We evaluate the S-matrix,

Sfi ¼ −ie
Z

d4x jμfiðxÞA�
μðxÞ; ðC1Þ

as it is defined in (18). The transition current jμfiðxÞ contains
initial and final states Ψi and Ψf, as in (24). The small
Wigner d functions are [29]

d1λλ0 ðθÞ ¼
1

2
ð1þ λλ0 cos θÞ;

d111 ¼ cos2ðθ=2Þ; d11−1 ¼ sin2ðθ=2Þ;

d1λ0ðθÞ ¼ −d10λðθÞ ¼ −
λffiffiffi
2

p sin θ; d100ðθÞ ¼ cos θ;

X
σ¼0;�1

d1σ1σðθÞd1σ2σðθÞ ¼ δσ1σ2 : ðC2Þ

Let us now recall the relation [21]

e�μð∂μ þ ieAμÞ ¼
X

σ¼0;�1

d1σ;λ expðiσðϕ − ϕrÞÞX̂σ; ðC3Þ

where

X̂σ ¼ fX̂þ1; X̂−1; X̂0g;

X̂þ1 ¼
1ffiffiffi
2

p
�
i
ρ
∂ϕr

− ∂ρ −
jejHρ

2

�
;

X̂−1 ¼
1ffiffiffi
2

p
�
i
ρ
∂ϕr

þ ∂ρ −
jejHρ

2

�
;

X̂0 ¼ ∂z þ iF0t: ðC4Þ

After expanding the transition current, taking into account
∂ρLl

nðρÞ ¼ −Llþ1
n−1ðρÞ for n ≥ 1, we arrive at
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Sfi¼−
ie
2m

X
σ¼0;�1

d1σ;λ

Z
d4xeiðωt−k·rÞeiσðϕ−ϕrÞψ�

fψ iXσ; ðC5Þ

where X�1 and X0 are defined as

Xþ1 ¼ i

ffiffiffi
2

p

ρH

�
2ρ̃

�
Llþ1
n−1
Ll
n

−
Ll0þ1
n0−1

Ll0
n0

�
−
l
ρ̃
− 2ρ̃

�
;

X−1 ¼ −i
ffiffiffi
2

p

ρH

�
2ρ̃

�
Llþ1
n−1
Ll
n

−
Ll0þ1
n0−1

Ll0
n0

�
þ l0

ρ̃
þ 2ρ̃

�
;

X0 ¼ −pz − p0
z − 2F0tþ i

zclðtÞ − z0clðtÞ
σ2

: ðC6Þ

For the n ¼ 0 case, ∂ρLl
0 ¼ 0, and these terms are absent.

The integration over azimuthal angle ϕr involves the
integral representation of Bessel Jl functions,

Z
2π

0

dϕr

2π
eilϕrþix cosϕr ¼ ilJlðxÞ;Z

2π

0

dϕr

2π
eilϕr−ix cosϕr ¼ i−lJlðxÞ: ðC7Þ

The transverse integrals over ρ are

IσðyÞ ¼ ρH

Z
∞

0

dρρlþl0þ1XσðρÞLl
nð2ρ2ÞLl0

n0 ð2ρ2Þ

× Jl−l0−σðyρÞe−2ρ2 : ðC8Þ

The Iσ integrals are nontrivial and derived in another
paper [21],

I0ðyÞ ¼ ρHX0F
l;l0
n;n0 ðyÞ;

Iþ1ðyÞ ¼ −i
ffiffiffi
2

p
ð2F l;l0þ1

n;n0 ðyÞ þ ðnþ lÞF l−1;l0
n;n0 ðyÞÞ;

I−1ðyÞ ¼ −i
ffiffiffi
2

p
ð2F lþ1;l0

n;n0 ðyÞ þ ðn0 þ l0ÞF l;l0−1
n;n0 ðyÞÞ;

F l;l0
n;n0 ðyÞ ¼

ðn0 þ l0Þ!
n!

1

23ðn−n0Þþ2l−l0þ2
y2ðn−n0Þþl−l0

× Ln−n0þl−l0
n0þl0 ðy2=8ÞLn−n0

n0 ðy2=8Þe−y2=8: ðC9Þ

After evaluating the Gaussian integral over z, we finally
arrive at

Sfi ¼ −2πi
1ffiffiffiffiffiffiffiffiffiffi
2ωV

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ1

πρ2H

n!
ðnþ lÞ!

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l

0þ1

πρ2H

n0!
ðn0 þ l0Þ!

s

×
eρH
2m

eiðl−l0Þϕk exp

�
−
σ2ðp0

z − pz þ kzÞ2
4

�

×
X

σ¼0;�1

iσ−lþl0d1σ;λðθÞT σðk⊥ρHÞ; ðC10Þ

where the T σ functions are

T 0 ¼ ρHF
l;l0
n;n0 ðyÞ

Z
T

0

dt
X0ðtÞffiffiffiffiffiffiffiffiffiffiffi
EclE0

cl

p exp

�
−
ðzcl − z0clÞ2

4σ2

�
exp

�
i

�
ωt −

Z
t

0

ðEcl − E0
clÞdt0 −

ðzcl þ z0clÞðp0
z − pz þ kzÞ
2

��
;

T �1 ¼ I�1ðyÞ
Z

T

0

dt
1ffiffiffiffiffiffiffiffiffiffiffi
EclE0

cl

p exp

�
−
ðzcl − z0clÞ2

4σ2

�
exp

�
i

�
ωt −

Z
t

0

ðEcl − E0
clÞdt0 −

ðzcl þ z0clÞðp0
z − pz þ kzÞ
2

��
: ðC11Þ
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