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The dynamics of a light fermion bound to a heavy one is expected to be described by the Dirac equation
with an external potential. The potential breaks translation invariance, whereas the bound state momentum
is well defined. Boosting the bound state determines the frame dependence of the light fermion dynamics.
I study the Dirac limit of QCD2 in the limit of Nc → ∞. The light quark wave function turns out to be
independent of the frame of the bound state, up to an irrelevant Lorentz contraction. The discrete bound
state spectrum determines corresponding discrete energies of the Dirac equation, which for a linear
potential allows a continuous spectrum.
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I. INTRODUCTION

The Dirac equation [1] for an electron of mass m1 in a
Coulomb potential can be derived by summing Feynman
“ladder diagrams,” where photons are exchanged between
the electron and a heavy particle [2–4]. As the mass m2 of
the heavy particle tends to infinity in its rest frame, the
electron experiences a static Coulomb potential. Exchanges
with crossed photon lines (Z-diagrams) generate the
negative energy components of the Dirac wave function.
The Dirac equation with a static potential VðxÞ gives

eigenstates of energy but not of spatial momentum, because
the potential breaks space translation invariance. On the
other hand, the bound state of a light and a heavy particle
can have a well-defined center-of-mass (CM) momentum.
Provided m2 ≫ VðxÞ, the light particle dynamics in the
bound state should be governed by the Dirac equation.
Bound states with nonvanishing CM momentum allows us
to view the Dirac dynamics in any reference frame.
Boosts of canonically quantized (equal-time) bound

states involve interactions, unlike the standard covariance
of the Dirac equation. Boost generators do not commute
with the Hamiltonian in the Poincaré Lie algebra, implying
that the dynamics is frame dependent. The example of the
hydrogen atom, described by the Schrödinger equation in
the rest frame, shows that bound state boosts are nontrivial
[5]. Relativistically bound, Poincaré covariant bound states
can generally not be studied analytically.

Here, I consider QCD in D ¼ 1þ 1 dimensions (QCD2)
in the limit of a large number of colors, Nc → ∞. As first
noted by ’t Hooft [6], quark pair production is suppressed in
this limit, allowing an exact solution for the qq̄ Fock states;
’t Hooft used light-front (LF) quantization at equal
xþ ¼ tþ z. The LF method neglects “zero modes,” by
assuming particles to carry positive LF momenta (pþ > 0).
Consequently, ’t Hooft required that the LF wave functions
vanish at quark momentum fraction xB ¼ 0. Bars and
Green [7] were able to reproduce the results of ’t Hooft
using quantization at equal time t. They needed to modify
the Feynman iϵ prescription of the quark propagators, but
Poincaré symmetry was restored in the qq̄ sector.
Numerous later studies were based on their methods.
A recent study of QCD2 at Nc → ∞ [8] started from

canonically quantized qq̄ states, avoiding the use of
singular quark propagators. This method agreed with ’t
Hooft’s equation in the infinite momentum frame.
However, the wave function did not vanish at xB ¼ 0
and included contributions with negative kinetic energy.
This implied that the bound state spectrum differed from
that of ’t Hooft.
As argued above, the dynamics of a light constituent in a

bound state should be described by the Dirac equation with
a Coulomb potential, in the limit where the other constitu-
ent is heavy. A previous study of this limit [9], using a
method based on that of Bars and Green [7], gave nonlocal
interactions with scalar and spacelike vector potentials.
Here, I find that the bound states defined as in Ref. [8]
reduce to the usual Dirac equation with a linear Coulomb
potential.
The Dirac equation with a linear potential has some

unusual features [10]. The wave function oscillates with
frequency ∝ x and constant norm as x → ∞. Similarly as
for plane waves, the solutions allow a continuum of energy
eigenvalues. At large x, the potential V 0jxj is balanced by a
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correspondingly large and negative kinetic energy of the fermion. This describes a positron being repelled by the potential
[11]. Viewing the Dirac states as the m2 → ∞ limit of qq̄ bound states adds insight into their spectrum and frame
dependence.

II. DIRAC EQUATION FROM qq̄ BOUND STATES

A. Rest frame

In temporal ðA0
a ¼ 0Þ gauge the rest frame qq̄ states of QCD2 can at time t ¼ 0 be expressed as [8]

jMi ¼
Z

dx1dx2 ψ̄1ðx1ÞPðx2 → x1ÞΦðx1 − x2Þψ2ðx2Þj0i ðt ¼ 0Þ ð2:1Þ

Pðx2 → x1Þ≡ P exp
�
ig
Z

x1

x2

dxA1
aðxÞTa

�
ðP∶ path orderingÞ: ð2:2Þ

Here,M is the bound state mass, ψ1 is the field of the quark with massm1 (having two Dirac andNc color components), and
ψ2 is the field of the quark with mass m2. The gauge link Pðx2 → x1Þ ensures that jMi is invariant under time-independent
gauge transformations (which preserve A0

a ¼ 0). For jMi to be an eigenstate of the Hamiltonian, the c-numbered, color
singlet wave function ΦðxÞ should satisfy the Bound State Equation (BSE),

i∂xfα1;ΦðxÞg þm1γ
0ΦðxÞ −m2ΦðxÞγ0 þ VðxÞΦðxÞ ¼ MΦðxÞ; VðxÞ ¼ V 0jxj; ð2:3Þ

where α1 ¼ γ0γ1 and V 0 ¼ 1
2
g2CF. In D ¼ 1þ 1 dimensions, we may represent the Dirac matrices by Pauli matrices,

γ0 ¼ σ3; γ1 ¼ iσ2; α1 ¼ σ1: ð2:4Þ

In the Nc → ∞ limit, g ∝ 1=
ffiffiffiffiffiffi
Nc

p
→ 0 [6]. Hence, qq̄ pair production is suppressed, ensuring that the BSE is exact at fixed

V 0. The analytic solutions of (2.3) were found in Ref. [12].1

The four Dirac components of ΦðxÞ may be expressed in terms of the scalar functions ϕjðxÞ; (j ¼ 0, 1, 2, 3),

ΦðxÞ ¼ ϕ0ðxÞ þ σ1ϕ1ðxÞ þ iσ2ϕ2ðxÞ þ σ3ϕ3ðxÞ: ð2:5Þ

The BSE (2.3) then implies that Φ may be expressed in terms of just ϕ0 and ϕ1,

ΦðxÞ ¼
�
1þm1 −m2

M − V
σ3

�
ϕ0ðxÞ þ

�
σ1 þ

m1 þm2

M − V
iσ2

�
ϕ1ðxÞ

2i∂xϕ1 ¼ ðM − VÞ
�
1 −

ðm1 −m2Þ2
ðM − VÞ2

�
ϕ0 2i∂xϕ0 ¼ ðM − VÞ

�
1 −

ðm1 þm2Þ2
ðM − VÞ2

�
ϕ1: ð2:6Þ

In the limit of large m2, I define the Dirac bound state energy MD by

M ¼m2→∞
m2 þMD: ð2:7Þ

For m2 → ∞, keeping m1;MD and x fixed, Eq. (2.6) becomes

lim
m2→∞

Φ ¼ ð1 − σ3Þϕ0 þ ðσ1 þ iσ2Þϕ1 ¼ 2

�
0 ϕ1

0 ϕ0

�
¼ 2σ3

�
ϕ1

−ϕ0

�
ð 0 1 Þ;

i∂xϕ1 ¼m2→∞ðMD − V þm1Þϕ0; i∂xϕ0 ¼m2→∞ðMD − V −m1Þϕ1; ð2:8Þ

1The energy scale was fixed by V 0 ¼ 1
2
in Ref. [12]. Here, I shall keep the dependence on V 0, which means that powers of 2V 0 need to

be inserted in the dimensionful quantities of Ref. [12].
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Hence, at largem2, the spinor with components ϕ1 and −ϕ0

satisfies the Dirac equation, with fermion mass m1,
potential V ¼ V 0jxj, and energy MD,

ð−iσ1∂x þm1σ3 þ VÞ
�

ϕ1

−ϕ0

�
¼ MD

�
ϕ1

−ϕ0

�
: ð2:9Þ

Nonleading contributions of OðV=m2Þ to (2.8) imply that
V ≪ m2 is required for the Dirac limit.

B. CM momentum P > 0

Eigenstates of momentum P1 ≡ P > 0 at t ¼ 0 may in
QCD2 be expressed similarly to (2.1) [8],

jM;Pi ¼
Z

dx1dx2ψ̄ðx1ÞPðx2 → x1Þ

× exp

�
1

2
iPðx1 þ x2Þ þ iφðx1 − x2Þ

�

×ΦðPÞðx1 − x2Þψðx2Þj0i: ð2:10Þ

As noted in Ref. [12], it is convenient to separate a phase
φðxÞ from the wave function ΦðPÞðxÞ, with

φðxÞ≡ εðxÞm
2
1 −m2

2

4V 0 log

��
M

Eþ P

�
2
����E − V þ P
E − V − P

����
�
;

ð2:11Þ

where εðx≷0Þ ¼ �1 and E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

p
. Note that

φð0Þ ¼ 0 for all P and φðxÞ ¼ 0 for P ¼ 0. For
m2 → ∞ with M ¼ m2 þMD as in (2.7), the phase factor
in (2.10) becomes

lim
m2→∞

exp

�
1

2
iPðx1 þ x2Þ þ iφðx1 − x2Þ

�
¼ expðiPx2Þ;

ð2:12Þ

showing that the CM momentum P of the bound state is
carried by the heavy quark. The state (2.10) is an eigenstate
of the QCD2 Hamiltonian with eigenvalue E if ΦðPÞðxÞ
satisfies the BSE,

i∂xfσ1;ΦðPÞðxÞg − ð∂xφÞfσ1;ΦðPÞðxÞg

−
1

2
P½σ1;ΦðPÞðxÞ� þm1σ3ΦðPÞðxÞ

−m2ΦðPÞðxÞσ3 ¼ ðE − VÞΦðPÞðxÞ; ð2:13Þ

where

∂xφðxÞ ¼
1

2
P

m2
1 −m2

2

M2 − 2EV þ V2
: ð2:14Þ

Using the expansion (2.5) for ΦðPÞðxÞ in terms of the scalar functions ϕðPÞ
j ðxÞ, the BSE implies

ΦðPÞðxÞ ¼
�
1þ ðm1 −m2Þ

ðE − VÞσ3 þ Piσ2
ðE − VÞ2 − P2

�
ϕðPÞ
0 ðxÞ þ

�
σ1 þ ðm1 þm2Þ

Pσ3 þ ðE − VÞiσ2
ðE − VÞ2 − P2

�
ϕðPÞ
1 ðxÞ ð2:15Þ

2i∂xϕ
ðPÞ
1 ¼ ðE − VÞ

�
1 −

ðm1 −m2Þ2
ðE − VÞ2 − P2

�
ϕðPÞ
0 2i∂xϕ

ðPÞ
0 ¼ ðE − VÞ

�
1 −

ðm1 þm2Þ2
ðE − VÞ2 − P2

�
ϕðPÞ
1 : ð2:16Þ

Lorentz invariance requires E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

p
. The P dependence of the ϕðPÞ

j ðxÞ is then determined by (2.16). In a boost from
the rest frame with Lorentz factor γ,

E¼ γM; P¼
ffiffiffiffiffiffiffiffiffiffiffi
γ2−1

q
M; M¼m2þMD; ð2:17Þ

the Lorentz contraction of x can be taken into account through the variable u,

u ¼ γx; ∂x ¼ γ∂u: ð2:18Þ

For m2 → ∞ at fixed MD, γ, and u, the BSE (2.16) reduces to the Dirac equation (2.8) in the variable u,
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i∂uϕ
ðPÞ
1 ¼ ðMD − V 0juj þm1ÞϕðPÞ

0 ;

i∂uϕ
ðPÞ
0 ¼ ðMD − V 0juj −m1ÞϕðPÞ

1 : ð2:19Þ

Since Lorentz contraction is irrelevant for a single particle,
the Dirac equation is in fact frame independent.

III. SOLUTIONS OF THE BOUND STATE AND
DIRAC EQUATIONS

A. Bound State Equation

The form of the BSE (2.16) suggests describing the x
dependence at fixed P using the variable τPðxÞ,

τPðxÞ≡ ½ðE − VÞ2 − P2�=V 0;

∂x ¼
∂τP
∂x

∂τP ¼ −2εðxÞðE − VÞ∂τP : ð3:1Þ

Expressed in terms of τP, Eq. (2.16) does not
explicitly depend on P nor E (at any value of m1, m2

and x ≥ 0),

−4i∂τPϕ
ðPÞ
1 ¼

�
1 −

ðm1 −m2Þ2
V 0τP

�
ϕðPÞ
0

−4i∂τPϕ
ðPÞ
0 ¼

�
1 −

ðm1 þm2Þ2
V 0τP

�
ϕðPÞ
1 : ð3:2Þ

Given the solutions ϕðPÞ
1 ðτPÞ and ϕðPÞ

0 ðτPÞ, their x
dependence at any P is determined by τPðxÞ (3.1).
The 2 × 2 wave function ΦðPÞ (2.15) depends also
explicitly on E and P. Since VðxÞ ¼ V 0jxj is nonanalytic
at x ¼ 0, we may first solve (2.16) for x ≥ 0 and then

determine ϕðPÞ
0;1 ðx < 0Þ using the x → −x symmetry of

the BSE. This imposes a smoothness condition on

ϕðPÞ
0;1 ðτPÞ at x ¼ 0, which requires that τPðx ¼ 0Þ ¼ ðE2 −

P2Þ=V 0 is independent of P. There are regular solutions
at all x and P only if E2 − P2 ¼ M2, as required by
Lorentz covariance.
Denoting Δm2 ≡m2

1 −m2
2, the general solution of (3.2)

given in Ref. [12] is

ϕðPÞ
1 ðτPÞ þ ϕðPÞ

0 ðτPÞ ¼ eiτP=4½ðaþ ibÞm1jτPj−iΔm2=4V 0
1F1ðim2

2=2V
0; 1 − iΔm2=2V 0;−iτP=2Þ

− ða − ibÞm2jτPjiΔm2=4V 0
1F1ðim2

1=2V
0; 1þ iΔm2=2V 0;−iτP=2Þ�

ϕðPÞ
1 ðτPÞ − ϕðPÞ

0 ðτPÞ ¼ e−iτP=4½ða − ibÞm1jτPjiΔm2=4V 0
1F1ð−im2

2=2V
0; 1þ iΔm2=2V 0; iτP=2Þ

− ðaþ ibÞm2jτPj−iΔm2=4V 0
1F1ð−im2

1=2V
0; 1 − iΔm2=2V0; iτP=2Þ�; ð3:3Þ

where a and b are complex constants. The 2 × 2wave function (2.15) can be singular at τP ¼ 0. Setting aþ ib ¼ 0 in (3.3)
avoids a 1=τP pole in the P → ∞ limit [12]. Using 1F1ðb − a; b; zÞ ¼ ez1F1ða; b;−zÞ then gives

ϕðPÞ
1 ðτPÞ ¼

1

2
ða − ibÞe−iτP=4jτPjiΔm2=4V 0 ½m11F1ð−im2

2=2V
0; 1þ iΔm2=2V 0; iτP=2Þ

−m21F1ð1 − im2
2=2V

0; 1þ iΔm2=2V 0; iτP=2Þ�

ϕðPÞ
0 ðτPÞ ¼ −

1

2
ða − ibÞe−iτP=4jτPjiΔm2=4V 0 ½m11F1ð−im2

2=2V
0; 1þ iΔm2=2V 0; iτP=2Þ

þm21F1ð1 − im2
2=2V

0; 1þ iΔm2=2V 0; iτP=2Þ�: ð3:4Þ

If ΦðPÞðxÞ is a solution of the BSE (2.13) at any P, then so is ΦðPÞ�ð−xÞ. With (3.4) for x ≥ 0, we may define

ΦðPÞð−xÞ ¼ ηΦðPÞ�ðxÞ ðη ¼ �1Þ: ð3:5Þ

This means that ΦðPÞðx ¼ 0Þ is real (η ¼ 1) or imaginary (η ¼ −1). In either case, the phase difference between ϕðPÞ
0 and

ϕðPÞ
1 can only be 0 or π at x ¼ 0, so

Im½ϕðPÞ
0 ðx ¼ 0ÞϕðPÞ

1

�ðx ¼ 0Þ� ¼ 0: ð3:6Þ

Up to an overall normalization, the complex parameter a − ib in (3.3) may be fixed by setting ϕðPÞ
1 ðx ¼ 0Þ ¼ 1ðiÞ for

η ¼ 1ð−1Þ. The phase condition (3.6) on ϕðPÞ
0 ðx ¼ 0Þ then determines the discrete bound state masses M.
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For P → ∞ at fixed u [defined as in Eq. (2.18)], also τP ≃M2=V 0 − 2Mu is fixed. In this limit, the wave function
becomes, using 1F1ða; b; zÞ − 1F1ða − 1; b; zÞ ¼ ðz=bÞ1F1ða; bþ 1; zÞ,

lim
P→∞

ΦðPÞðuÞ ¼ γ

M − 2V 0juj ðσ3 þ iσ2Þ½m1ðϕð∞Þ
1 þ ϕð∞Þ

0 Þ þm2ðϕð∞Þ
1 − ϕð∞Þ

0 Þ�

¼ −iða − ibÞ γm1m2M
2V 0 þ iΔm2

ðσ3 þ iσ2Þe−iτP=4jτPjiΔm2=4V 0
1F1ð1 − im2

2=2V
0; 2þ iΔm2=2V 0; iτP=2Þ: ð3:7Þ

B. Dirac equation

The Dirac equation in D ¼ 1þ 1 dimensions with a linear potential V ¼ V 0jxj is

ð−iσ1∂x þmσ3 þ V 0jxjÞΨD ¼ MDΨD; ΨD ¼
�
φD

χD

�
;

−i∂xφD ¼ ðMD − V þmÞχD;
−i∂xχD ¼ ðMD − V −mÞφD;

∂
2
xφD þ V 0εðxÞ

MD − V þm
∂xφD þ ½ðMD − VÞ2 −m2�φD ¼ 0: ð3:8Þ

For x → ∞, the last equation reduces at leading order to ð∂2x þ V2ÞφD ¼ 0, so φDðx → ∞Þ ∼ expð�iV 0x2=2Þ. This allows a
continuum of eigenvaluesMD [10], like for plane waves. The bound state spectrum discussed above in Sec. III A is, on the
other hand, discrete. Hence, obtaining the Dirac equation as a limit of a bound state with a heavy constituent determines a
discrete spectrum also for the Dirac equation.
An analytic solution of the Dirac equation (3.8) for x ≥ 0 was given in Ref. [12]. For any complex constants c1, c2,

φDðxÞ þ χDðxÞ ¼ e−iðMD−VÞ2=2V 0
�
c11F1

�
−im2=4V 0;

1

2
; iðMD − VÞ2=V 0

�

þ c2mðMD − VÞ1F1

�
1

2
− im2=4V 0;

3

2
; iðMD − VÞ2=V 0

�	

φDðxÞ − χDðxÞ ¼ −ie−iðMD−VÞ2=2V 0
�
c1mðMD − VÞ1F1

�
1 − im2=4V 0;

3

2
; iðMD − VÞ2=V 0

�

þ c21F1

�
1

2
− im2=4V 0;

1

2
; iðMD − VÞ2=V 0

�	
: ð3:9Þ

If ΨDðxÞ is a solution of the Dirac equation (3.8), then so is
Ψ�

Dð−xÞ. As in (3.5), the solution for x < 0 is defined by

ΨDð−xÞ ¼ ηΨ�
DðxÞ ðη ¼ �1Þ: ð3:10Þ

This implies that φDð0Þ and χDð0Þ are both real (η ¼ 1) or
imaginary ðη ¼ −1Þ, which fixes two of the four real
parameters in c1, c2. The remaining two parameters may
be used to fix the norms of φDð0Þ and χDð0Þ, completely
determining the solution for any MD. When obtaining the
Dirac equation as a limit of a bound state equation, the
value of MD must be supplied by the bound states.

IV. NUMERICAL EXAMPLE

The bound state wave function (3.4) can be reduced to
the Dirac wave function (3.9) for m2 → ∞, since the BSE

(2.16) reduces to the Dirac equation (2.19). One should be
able to show this analytically by taking a limit of the

1F1ða; b; zÞ functions in (3.4) for a; b; z ∝ m2
2 → ∞.

However, here I consider a numerical example.
I take m1 ¼ 0.14

ffiffiffiffiffi
V 0p

as in Refs. [8,12] and P ¼ 0. The
parity in (3.5) and (3.10) is η ¼ 1, and the normalization is
(arbitrarily) fixed by ϕ1ð0Þ ¼ 1. Requiring Imϕ0ð0Þ ¼ 0

(3.6) determines M for each m2. Figure 1 (left) shows that
M −m2 approaches a fixed value MD as assumed
in (2.7). Fitting a fourth-order polynomial in 1=m2 to

the numerical values of M −m2 for m2 ≤ 100
ffiffiffiffiffi
V 0p

gives

MD ¼ 1.532
ffiffiffiffiffi
V 0p
. Figure 1 (right) illustrates the conver-

gence of the bound state and Dirac wave functions for

increasingm2 at x ¼ 4.0=
ffiffiffiffiffi
V 0p
. The parameters c1, c2 of the

Dirac solution (3.9) were determined by φDð0Þ ¼ ϕ1ð0Þ
and χDð0Þ ¼ −ϕ0ð0Þ according to (2.9) and (3.8), with
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MD ¼ 1.532
ffiffiffiffiffi
V 0p
. The approach to the Dirac limit is

consistent with being ∝ 1=m2 as in the analytic limit of
the bound state equation (2.6).
In Fig. 2, the real parts of the bound state and Dirac wave

functions are compared as functions of x at m2 ¼ 20
ffiffiffiffiffi
V 0p
.

The imaginary parts agree similarly. The deviation at x ¼
5.0=

ffiffiffiffiffi
V 0p

is commensurate with the ratio V 0x=m2 ¼ 0.25.

V. DISCUSSION

The wave function of a free, relativistic electron is given
by the Dirac equation, which has exact Poincaré covari-
ance. The covariance is maintained for electrons in an
external field, when the electromagnetic potential Aμðt; xÞ
is transformed as a 4-vector. However, a nonvanishing
potential breaks translation invariance. An electron bound
by a static Coulomb potential can be in an energy
eigenstate, but not in an eigenstate of spatial momentum.
When the electron is a constituent of a bound state (with

no external field), the coordinate frame is defined by the

CM momentum of the bound state. If the companion
constituent is heavy compared to the binding potential,
the electron dynamics in the rest frame should be given by
the Dirac equation with a Coulomb potential. By boosting
the bound state, one may study the potential and the
electron (Dirac) wave function in any frame.
Such a study is generally not practical for field theory

bound states. However, QCD2 at largeNc, first studied by ’t
Hooft [6], is sufficiently simple to allow an analytic study.
The limit of a large number of colors suppresses qq̄
production, and there are no gluon constituents in D ¼
1þ 1 dimensions. Hence, the dynamics of the single qq̄
pair can be studied in a field theory context with exact
Poincaré invariance. In canonical quantization and tempo-
ral (A0

a ¼ 0) gauge, the potential is instantaneous in time
and linear in space, V ¼ V 0jxj.
In Sec. II, I verified that the QCD2 bound state equation

for quarks with masses m1, m2 reduces to the Dirac
equation for quark m1 in the linear potential whenffiffiffiffiffi
V 0p
=m2 → 0. This holds in any frame of the bound state,

FIG. 1. Approach of the P ¼ 0 bound state wave function (3.4) to the Dirac wave function (3.9) with increasing m2. All units are in
terms of V 0 ¼ 1 and m1 ¼ 0.14. Left: M −m2 (2.7) tending to MD ¼ 1.532. Right: Reðϕ1 − φDÞ at x ¼ 4.0.

FIG. 2. Comparison of the bound state wave function (2.6) (m1 ¼ 0.14; m2 ¼ 20;M −m2 ¼ 1.551) and the Dirac wave function (3.9)
ðm ¼ 0.14;MD ¼ 1.532Þ. All units are in terms of V 0 ¼ 1. Left: Reϕ1ðxÞ (blue) and ReφDðxÞ (brown). Right: Reϕ0ðxÞ (blue) and
−ReχDðxÞ (brown). The imaginary parts agree at a similar level.
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with the qq̄wave function Lorentz contracting as expected.
Since the contraction is irrelevant for the single-particle
Dirac equation, the light quark dynamics is, remarkably,
frame independent.
In Sec, III, I presented the analytic solutions for the

QCD2 and Dirac wave functions, in terms of confluent
hypergeometric functions 1F1ða; b; zÞ. A striking feature of
the Dirac equation with a linear potential is that the energy
spectrum is continuous, like for plane waves [10]. The
negative energy components of the Dirac equation describe
positrons, which are repelled by the potential and dominate
at large jxj. The qq̄wave function of QCD2 may be singular
at the value of x where V 0jxj ¼ E − P. The singularity is
absent only for discrete values of the bound state mass M.
Form2 → ∞, the singular point moves to infinite x. Hence,
the Dirac wave function is regular, but only discrete values
of the Dirac energyMD ¼ M −m2 occur as the limit of qq̄
bound states.
In Sec. IV, I studied the approach of the qq̄ bound state

wave functions to the Dirac ones. Since the exact expres-
sions are known, it should be possible to take theffiffiffiffiffi
V 0p
=m2 → 0 limit analytically in the 1F1ða; b; zÞ func-

tions. I left this for future work and instead chose a
numerical example in the rest frame. The difference

M −m2 converged to a constant value for the Dirac energy
MD, as shown in Fig. 1 (left). The difference between the
qq̄ and Dirac wave functions also converged ∝ 1=m2

(Fig. 1, right). The x dependence of the wave functions
were compared in Fig. 2 for m2 ¼ 20

ffiffiffiffiffi
V 0p
, showing good

agreement in the range where V 0jxj ≪ m2.
In conclusion, the dynamics of a light quark bound to a

heavy quark in QCD2 is described by the Dirac equation
with a linear Coulomb potential in all frames, when using
the method of Ref. [8]. This study can be extended to D ¼
3þ 1 dimensions given a relativistic bound state frame-
work. The approach described in Sec. VIII of Ref. [11]
should provide this.
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