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Dirac states from the ’t Hooft model
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The dynamics of a light fermion bound to a heavy one is expected to be described by the Dirac equation
with an external potential. The potential breaks translation invariance, whereas the bound state momentum
is well defined. Boosting the bound state determines the frame dependence of the light fermion dynamics.
I study the Dirac limit of QCD, in the limit of N, — oo0. The light quark wave function turns out to be
independent of the frame of the bound state, up to an irrelevant Lorentz contraction. The discrete bound
state spectrum determines corresponding discrete energies of the Dirac equation, which for a linear

potential allows a continuous spectrum.
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I. INTRODUCTION

The Dirac equation [1] for an electron of mass m; in a
Coulomb potential can be derived by summing Feynman
“ladder diagrams,” where photons are exchanged between
the electron and a heavy particle [2-4]. As the mass m, of
the heavy particle tends to infinity in its rest frame, the
electron experiences a static Coulomb potential. Exchanges
with crossed photon lines (Z-diagrams) generate the
negative energy components of the Dirac wave function.

The Dirac equation with a static potential V(x) gives
eigenstates of energy but not of spatial momentum, because
the potential breaks space translation invariance. On the
other hand, the bound state of a light and a heavy particle
can have a well-defined center-of-mass (CM) momentum.
Provided m, > V(x), the light particle dynamics in the
bound state should be governed by the Dirac equation.
Bound states with nonvanishing CM momentum allows us
to view the Dirac dynamics in any reference frame.

Boosts of canonically quantized (equal-time) bound
states involve interactions, unlike the standard covariance
of the Dirac equation. Boost generators do not commute
with the Hamiltonian in the Poincaré Lie algebra, implying
that the dynamics is frame dependent. The example of the
hydrogen atom, described by the Schrodinger equation in
the rest frame, shows that bound state boosts are nontrivial
[5]. Relativistically bound, Poincaré covariant bound states
can generally not be studied analytically.

“Contact author: paul.hoyer@helsinki.fi

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026,/113(1)/016023(7)

016023-1

Here, I consider QCD in D = 1 + 1 dimensions (QCD,)
in the limit of a large number of colors, N. — oo. As first
noted by 't Hooft [6], quark pair production is suppressed in
this limit, allowing an exact solution for the ¢g Fock states;
’t Hooft used light-front (LF) quantization at equal
xT =1t+z The LF method neglects “zero modes,” by
assuming particles to carry positive LF momenta (p* > 0).
Consequently, 't Hooft required that the LF wave functions
vanish at quark momentum fraction xz = 0. Bars and
Green [7] were able to reproduce the results of 't Hooft
using quantization at equal time ¢. They needed to modify
the Feynman ie prescription of the quark propagators, but
Poincaré symmetry was restored in the ¢gg sector.
Numerous later studies were based on their methods.

A recent study of QCD, at N, — oo [8] started from
canonically quantized ¢gg states, avoiding the use of
singular quark propagators. This method agreed with ’t
Hooft’s equation in the infinite momentum frame.
However, the wave function did not vanish at xz =0
and included contributions with negative kinetic energy.
This implied that the bound state spectrum differed from
that of ’t Hooft.

As argued above, the dynamics of a light constituent in a
bound state should be described by the Dirac equation with
a Coulomb potential, in the limit where the other constitu-
ent is heavy. A previous study of this limit [9], using a
method based on that of Bars and Green [7], gave nonlocal
interactions with scalar and spacelike vector potentials.
Here, I find that the bound states defined as in Ref. [8]
reduce to the usual Dirac equation with a linear Coulomb
potential.

The Dirac equation with a linear potential has some
unusual features [10]. The wave function oscillates with
frequency « x and constant norm as x — oo. Similarly as
for plane waves, the solutions allow a continuum of energy
eigenvalues. At large x, the potential V’|x| is balanced by a
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correspondingly large and negative kinetic energy of the fermion. This describes a positron being repelled by the potential
[11]. Viewing the Dirac states as the m, — oo limit of gg bound states adds insight into their spectrum and frame
dependence.

II. DIRAC EQUATION FROM ¢gq BOUND STATES

A. Rest frame
In temporal (A% = 0) gauge the rest frame gg states of QCD, can at time ¢ = 0 be expressed as [8]

M) = / dxydxy 7, (6 )P (x; > x)®(x, = x2)ya(12)]0) (1 = 0) 2.1)
P(x, — x;) =Pexp [ig /XI dxA}l(x)T"] (P: path ordering). (2.2)

Here, M is the bound state mass, v is the field of the quark with mass m; (having two Dirac and N color components), and
y, is the field of the quark with mass m,. The gauge link P(x, — x;) ensures that |M) is invariant under time-independent
gauge transformations (which preserve A% = 0). For |M) to be an eigenstate of the Hamiltonian, the c-numbered, color
singlet wave function ®(x) should satisfy the Bound State Equation (BSE),

i0{a, @(x)} + my ' ®(x) — my®(x)y° + V(x)®@(x) = MP(x),  V(x) =V (2.3)

where a; = %' and V' = %gZC r. In D =1+ 1 dimensions, we may represent the Dirac matrices by Pauli matrices,
]/O = 03, ]/1 = iGz, ay = 0. (24)

In the N, — oo limit, g « 1/4/N,. — 0 [6]. Hence, ¢g pair productlon is suppressed, ensuring that the BSE is exact at fixed
V’. The analytic solutions of (2. 3) were found in Ref. [12]
The four Dirac components of ®(x) may be expressed in terms of the scalar functions ¢;(x), (j =0, 1, 2, 3),

D (x) = ¢o(x) + 0191 (x) + ic2h2(x) + 63¢h3(x). (2.5)

The BSE (2.3) then implies that ® may be expressed in terms of just ¢, and ¢y,

0) = |14 020 o) + o+ 2 i )
%}% 2iax¢o—<M—V>[

M-V

2ioyd, = (M= V) [1 - w]qﬁ .

(M—-V)
In the limit of large m,, I define the Dirac bound state energy M by

my—00

For m, — oo, keeping m;, M and x fixed, Eq. (2.6) becomes

0
mlziinoo(b = (1 =03)¢ + (0 +ioy), = 2(0 Z;) = 203(_42)0)(0 1),

i0,py" = —V+m)py. oy = (Mp—V —m), (2.8)

2—}00(

"The energy scale was fixed by V' = % in Ref. [12]. Here, I shall keep the dependence on V', which means that powers of 2V’ need to
be inserted in the dimensionful quantities of Ref. [12].
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Hence, at large m,, the spinor with components ¢»; and —¢,,
satisfies the Dirac equation, with fermion mass m;,
potential V = V’|x|, and energy Mp,

(—ic10, + mio3 + V) <_¢¢1)0> = MD<_¢;O). (2.9)

Nonleading contributions of O(V/m,) to (2.8) imply that
V <« m, is required for the Dirac limit.

B. CM momentum P > 0

Eigenstates of momentum P! = P > 0 at t = 0 may in
QCD, be expressed similarly to (2.1) [8],

M. P) = / dxydap (5 )P(xz — x1)

1
sexp 3P +32) + iy =)

x OF)(x; = x,)r(2)[0). (2.10)

As noted in Ref. [12], it is convenient to separate a phase
@(x) from the wave function ®)(x), with

2,¢(x)

m} — m3 M \2|E-V+P
g”(x) Eg(x) 4vl log E+P E-V-P ’

(2.11)

where ¢(x=0) = +1 and E = vM?+ P2. Note that
@(0)=0 for all P and @(x)=0 for P=0. For
my, — oo with M = m, + M, as in (2.7), the phase factor
in (2.10) becomes

1
lim exp EiP(xl +x) + ip(x; — x5) | = exp(iPx,),

my—00

(2.12)

showing that the CM momentum P of the bound state is
carried by the heavy quark. The state (2.10) is an eigenstate

of the QCD, Hamiltonian with eigenvalue E if ®()(x)
satisfies the BSE,

iax{al’ (D(P) (x)} - (ax(p){al’ CD(P) (x)}
1

Using the expansion (2.5) for ®*)(x) in terms of the scalar functions ¢§-P) (x), the BSE implies

(I)(P)()C) _ |:1 T (ml _ mz) (E_ V)63 + Pi62:| ¢(P)

(E-V)?-P?

— 3 Plor. @) + my0; 07 (x)
- my®P) (x)o3 = (E = V)DP)(x), (2.13)
where
|
1 2 02
2" lelz\’/niL 2 21
L0+ ot (m 4 ) PEEETIE 00 as)
2
" 2iag” = (E-V) {1 - %} . (2.16)

20, = (E=V) [1 _m = m) }/)(P’

E-V-P

Lorentz invariance requires E = v M? + P2. The P dependence of the ¢§P> (x) is then determined by (2.16). In a boost from

the rest frame with Lorentz factor y,

E=yM, P=

PP=1M, M=my+Mp,

(2.17)

the Lorentz contraction of x can be taken into account through the variable u,

u=yx,

Oy = 70,

(2.18)

For m, — oo at fixed Mp, y, and u, the BSE (2.16) reduces to the Dirac equation (2.8) in the variable u,
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0,7 = (Mp = V'|u| + m))pS, —4io, p\") = [1 _ (i = ma)” _,mzq o
. T” V't
0,45 = (Mp = V'lul = m)p". (2.19) .
—aia. P — [ =t ma)7] i) 39
. . « . . . la‘[p¢0 - / ¢] . ( . )
Since Lorentz contraction is irrelevant for a single particle, Vitp

the Dirac equation is in fact frame independent.

III. SOLUTIONS OF THE BOUND STATE AND Given the solutions ¢\ (zp) and @\ (zp), their x

DIRAC EQUATIONS dependence at any P is determined by zp(x) (3.1).
The 2x2 wave function ®%) (2.15) depends also
explicitly on E and P. Since V(x) = V'|x| is nonanalytic
at x =0, we may first solve (2.16) for x > 0 and then

A. Bound State Equation

The form of the BSE (2.16) suggests describing the x

dependence at fixed P using the variable 7p(x), determine ¢(()p1) (x <0) using the x — —x symmetry of

p(x) = [(E - V)2 _ P2] IV, th(eI:) BSE. This imposes a smoothness condition on
oz bo, )(zp) at x = 0, which requires that z,(x = 0) = (E* —
0y = aarp = _2€(x) (E - V)arp- (3-1) P2) /V' is independent of P. There are regular solutions
at all x and P only if E?— P?> = M?, as required by
Expressed in terms of 7p, Eq. (2.16) does not  Lorentz covariance.
explicitly depend on P nor E (at any value of m,, m, Denoting Am? = m?
and x > 0), given in Ref. [12] is
|

— m3, the general solution of (3.2)

A (@p) + by (ep) = €@+ ib)my|op| AN Fy(im3 )2V 1 — iAm? 2V ~izp)2)
— (a — ib)m,|tp| 214V Fy(im3/2V' 1 + iAm?/2V', —itp/2)]
$ (zp) =y (zp) = €74 (a = ib)my|2p| A7 | Fy (=im3/2V! 1 + iAm? 2V itp/2)
— (a+ ibymy|zp| 72V Fy (=im3 2V 1 — iAm? )2V itp/2)], (3.3)

where a and b are complex constants. The 2 x 2 wave function (2.15) can be singular at 7p = 0. Setting a 4+ ib = 0 in (3.3)
avoids a 1/7p pole in the P — oo limit [12]. Using F(b —a,b,z) = €°,F;(a, b, —z) then gives

1 : . /
¢ (zp) = 5 (@ = ib)e Rl [y Fy (=im3/2V/. 1+ idm? [2V!, izp 2)
—my Fy (1 —im3/2V' 1 + iAm?/2V' itp/2)]
1 . ) /
By (ep) = =5 (a = ib)e™ ™ ep A my Fy (im3 2V, 1 + iAm? 2V ip/2)

+ my Fy(1 = im2/2V' 1 + iAm2/2V, izp/2)). (3.4)

If ®*)(x) is a solution of the BSE (2.13) at any P, then so is ®")*(—x). With (3.4) for x > 0, we may define

@) (—x) = n@P)*(x) (n = =%1). (3.5)

This means that ®(7) (x = 0) is real (y = 1) or imaginary (7 = —1). In either case, the phase difference between q’zép) and
gbgp) can only be 0 or 7 at x =0, so

m[p) (x = 0)p\"* (x = 0)] = 0. (3.6)

Up to an overall normalization, the complex parameter a — ib in (3.3) may be fixed by setting ¢§p) (x =0) = 1(i) for

n = 1(—=1). The phase condition (3.6) on qbf)P) (x = 0) then determines the discrete bound state masses M.
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For P — oo at fixed u [defined as in Eq. (2.18)], also 7p &~ M?/V' —2Mu is fixed. In this limit, the wave function
becomes, using |F;(a,b,z) — Fi(a —1,b,z) = (z/b),Fi(a,b + 1,z2),

. Y . [ 00 0 0
Jim @) () = 7 (s i) I (B + ) + a9 = )
M . . /
= —i(a - ib) %(@ Fioy)e T A | AV B (1 — im3/2V, 2 + idm? )2V itp)2).  (3.7)
B. Dirac equation
The Dirac equation in D = 1 + 1 dimensions with a linear potential V = V'|x| is
. y ()
(=ic10, + moy + V'|x[)¥p = Mp¥p, ¥p = ( >
AD
—id.pp = (Mp —V +m)xp,
—idyp = (Mp—V —m)ep,
V'e(x)
0> — 90 Mp—V)*—m? =0. 3.8
x(/’D+MD_V+m p + [(Mp = V)" = m*|pp (3.8)

For x — oo, the last equation reduces at leading order to (02 + V)@ = 0, 50 ¢p(x — o0) ~ exp(ZiV'x?/2). This allows a
continuum of eigenvalues M, [10], like for plane waves. The bound state spectrum discussed above in Sec. III A is, on the
other hand, discrete. Hence, obtaining the Dirac equation as a limit of a bound state with a heavy constituent determines a
discrete spectrum also for the Dirac equation.

An analytic solution of the Dirac equation (3.8) for x > 0 was given in Ref. [12]. For any complex constants cy, ¢»,

. 2 7] 1
@p(x) + yp(x) = e Mp=V)/2V {CnFl [—imz/‘W’,—, i(Mp — V)Z/V/}

2

2

1
+ sz(MD — V)lFl |:§ - im2/4V',§, I(MD - V)Z/V/:| }

: ) 3
200 = 20(0) = =ie o by = V), |1 = 4V S i = V2V

1 1
+ C21F1 |:§ - im2/4V',§, I(MD - V)Z/V/:| }

If ¥, (x) is a solution of the Dirac equation (3.8), then so is
W5, (=x). As in (3.5), the solution for x < 0 is defined by

Yp(=x) =n¥p(x)  (n==£1).  (3.10)
This implies that ¢, (0) and y(0) are both real (7 = 1) or
imaginary (7 = —1), which fixes two of the four real
parameters in ¢, ¢,. The remaining two parameters may
be used to fix the norms of ¢, (0) and x5 (0), completely
determining the solution for any M. When obtaining the
Dirac equation as a limit of a bound state equation, the
value of M must be supplied by the bound states.

IV. NUMERICAL EXAMPLE

The bound state wave function (3.4) can be reduced to
the Dirac wave function (3.9) for m, — oo, since the BSE

(3.9)

(2.16) reduces to the Dirac equation (2.19). One should be
able to show this analytically by taking a limit of the
Fi(a,b,z) functions in (3.4) for a,b,z o m3 — oo.
However, here I consider a numerical example.

I take m; = 0.14/V’ as in Refs. [8,12] and P = 0. The
parity in (3.5) and (3.10) is # = 1, and the normalization is
(arbitrarily) fixed by ¢,(0) = 1. Requiring Im ¢,(0) =0
(3.6) determines M for each m,. Figure 1 (left) shows that
M — m, approaches a fixed value M as assumed
in (2.7). Fitting a fourth-order polynomial in 1/m, to
the numerical values of M — m, for m, < 100V V’ gives

Mp = 1.532V/V'. Figure 1 (right) illustrates the conver-
gence of the bound state and Dirac wave functions for
increasing m, atx = 4.0/ V'V'. The parameters ¢, ¢, of the
Dirac solution (3.9) were determined by ¢, (0) = ¢,(0)
and y,(0) = —¢ho(0) according to (2.9) and (3.8), with
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Mp . 0.05
157, m; = 0.14 " Re(d, — op) x=4)
. m2

1.56 * 20 40 60 80 100

155 -.... ~0.05 .'/

. \ -0.10 .;

20 40 60 80 100 8
m

FIG. 1. Approach of the P = 0 bound state wave function (3.4) to the Dirac wave function (3.9) with increasing m,. All units are in

terms of V' =1 and m; = 0.14. Left: M —m, (2.7) tending to M, = 1.532. Right: Re(¢; — ¢p) at x = 4.0.

Re (%) Re 4ot

Reen ~Re (0
1.0~

05
0.5 . /,/
X
X 1 2 3 4 5
1 2 3 4 5
-0.5
-0.5

FIG.2. Comparison of the bound state wave function (2.6) (m; = 0.14,m, = 20, M — m, = 1.551) and the Dirac wave function (3.9)
(m =0.14,Mp = 1.532). All units are in terms of V' = 1. Left: Re¢;(x) (blue) and Regp(x) (brown). Right: Reg,(x) (blue) and
—Reyp(x) (brown). The imaginary parts agree at a similar level.

Mp = 1.532y/V'. The approach to the Dirac limit is
consistent with being o« 1/m, as in the analytic limit of
the bound state equation (2.6).

In Fig. 2, the real parts of the bound state and Dirac wave
functions are compared as functions of x at m, = 20v/V".

The imaginary parts agree similarly. The deviation at x =
5.0/v'V'" is commensurate with the ratio V'x/m, = 0.25.

V. DISCUSSION

The wave function of a free, relativistic electron is given
by the Dirac equation, which has exact Poincaré covari-
ance. The covariance is maintained for electrons in an
external field, when the electromagnetic potential A#(¢,x)
is transformed as a 4-vector. However, a nonvanishing
potential breaks translation invariance. An electron bound
by a static Coulomb potential can be in an energy
eigenstate, but not in an eigenstate of spatial momentum.

When the electron is a constituent of a bound state (with
no external field), the coordinate frame is defined by the

CM momentum of the bound state. If the companion
constituent is heavy compared to the binding potential,
the electron dynamics in the rest frame should be given by
the Dirac equation with a Coulomb potential. By boosting
the bound state, one may study the potential and the
electron (Dirac) wave function in any frame.

Such a study is generally not practical for field theory
bound states. However, QCD, at large N, first studied by 't
Hooft [6], is sufficiently simple to allow an analytic study.
The limit of a large number of colors suppresses ¢g
production, and there are no gluon constituents in D =
1 4+ 1 dimensions. Hence, the dynamics of the single ¢g
pair can be studied in a field theory context with exact
Poincaré invariance. In canonical quantization and tempo-
ral (AY = 0) gauge, the potential is instantaneous in time
and linear in space, V = V'|x|.

In Sec. II, I verified that the QCD, bound state equation
for quarks with masses m;, m, reduces to the Dirac
equation for quark m; in the linear potential when

vV /my — 0. This holds in any frame of the bound state,
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with the ¢gg wave function Lorentz contracting as expected.
Since the contraction is irrelevant for the single-particle
Dirac equation, the light quark dynamics is, remarkably,
frame independent.

In Sec, I, I presented the analytic solutions for the
QCD, and Dirac wave functions, in terms of confluent
hypergeometric functions | F; (a, b, z). A striking feature of
the Dirac equation with a linear potential is that the energy
spectrum is continuous, like for plane waves [10]. The
negative energy components of the Dirac equation describe
positrons, which are repelled by the potential and dominate
at large |x|. The ¢g wave function of QCD, may be singular
at the value of x where V’|x| = E — P. The singularity is
absent only for discrete values of the bound state mass M.
For m, — o0, the singular point moves to infinite x. Hence,
the Dirac wave function is regular, but only discrete values
of the Dirac energy M, = M — m, occur as the limit of ¢g
bound states.

In Sec. IV, I studied the approach of the gg bound state
wave functions to the Dirac ones. Since the exact expres-
sions are known, it should be possible to take the
VV'/my = 0 limit analytically in the ,F;(a,b,z) func-
tions. I left this for future work and instead chose a
numerical example in the rest frame. The difference

M — m, converged to a constant value for the Dirac energy
Mp, as shown in Fig. 1 (left). The difference between the
qq and Dirac wave functions also converged o 1/m,
(Fig. 1, right). The x dependence of the wave functions
were compared in Fig. 2 for m, = 20V, showing good
agreement in the range where V'|x| < m,.

In conclusion, the dynamics of a light quark bound to a
heavy quark in QCD, is described by the Dirac equation
with a linear Coulomb potential in all frames, when using
the method of Ref. [8]. This study can be extended to D =
3+ 1 dimensions given a relativistic bound state frame-
work. The approach described in Sec. VIII of Ref. [11]
should provide this.
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