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We identify the complete set of fundamental building blocks for a 4D pregeometric theory of gravity.
Based on a gauge theory of SO(1,4) or SO(2, 3) coupled to a Higgs-like field under the rigid constraint of
general covariance in the unbroken phase, these building blocks (Lyiv, Lw, £, Lg, and Ly) constitute the
minimal generating set of independent field monomials from which any pregeometric action, including
arbitrary functionals thereof, can be constructed. While the most general pregeometric theory can extend
beyond linear combinations, these five irreducible invariants serve as the “atomic” constituents of all
possible pregeometric dynamics. Upon spontaneous symmetry breaking, they collectively generate an
emergent gravitational theory consisting of the Einstein-Hilbert action, the cosmological constant term, and
all 4D topological invariants: the Gauss-Bonnet, Pontryagin, Holst, and Nieh-Yan terms. The unification of
gravity’s dynamical and topological sectors from a common pregeometric source represents the central
result of this work. We also uncover a seesaw mechanism linking the Planck mass and the cosmological
constant, as well as several novel relations for the coupling constants of the topological sector, inclusive of
the Barbero-Immirzi parameter. This framework establishes the pregeometric foundations from which all
aspects of gravitation can dynamically emerge, providing a unified starting point for quantum gravity, dark

energy phenomenology, and the study of topological phases in gravitational theories.

DOI: 10.1103/fytf-m83r

I. INTRODUCTION

The search for a quantum theory of gravity has long
motivated the idea that Einstein’s general relativity (GR)
might not be fundamental, but rather emerge from a more
primitive structure. Among the most elegant realizations of
this idea are gauge-theoretical approaches, wherein gravity
emerges from the spontaneous symmetry breaking (SSB)
of a gauge group larger than the Lorentz one SO(1,3).
Seminal contributions in this direction include the
MacDowell-Mansouri (MM) [1-3] and Wilczek (W) [4]
formulations, which demonstrated how the Einstein-Hilbert
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(EH) action and the cosmological constant term can arise
from a spontaneously broken gauge theory of the de Sitter
group SO(1,4) or the anti-de Sitter group SO(2,3)."
Inspired by this line of research, a key insight from the
pregeometric framework developed in our previous works
[17-22] is that both energy scales of gravity—the Planck
mass and the vacuum energy—are emergent. The main
formal feature of pregeometric gravity is the absence of a
fundamental spacetime metric. Before the SSB, the theory
is in a sense scale invariant, devoid of any standard notions
of length or energy. The symmetry-breaking scale, set by
the vacuum expectation value (VEV) of a Higgs-like field
in the fundamental representation of SO(1,4) or SO(2, 3),
then generates all dimensionful parameters of low-energy

"For additional contributions on related subjects, see, for
example, Refs. [5-16]. In particular, when it comes to the choice
of either SO(1,4) or SO(2,3), Ref. [16] provided an argument
based on the problem of coupling fermions to an (anti—)de Sitter
tangent space.
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gravity, in addition to all geometric quantities of interest
such as the metric of spacetime (see Ref. [17]). The
pregeometric gauge potential gives rise to all gravitational
degrees of freedom in the spontaneously broken phase, thus
yielding a completely emergent Einstein-Cartan theory.

In this paper, we perform a systematic identification of
the “pregeometric” fundamental building blocks—the irre-
ducible monomials in the pregeometric fields and their first
derivatives—that are consistent with the rigidity of the
principles of pregeometric gravity (including that of gen-
eral covariance in the unbroken phase), as articulated in
Ref. [17]. A crucial clarification is in order regarding what
we mean by “fundamental building blocks.” The most
general 4D pregeometric action is not merely a linear
combination of the terms we identify; rather, it is an
arbitrary functional of these basic invariants. However,
any such functionals can be expanded or constructed from a
finite set of irreducible generating monomials. Thus, the
five Lagrangian densities we hereby present—~ZLyp, Lw,
Lj, Ly, and Ly—form the minimal set of independent field
monomials that serve as the atomic constituents of any 4D
pregeometric action. While one may consider functionals
FlLyvims Lw, Ly, Ly, Lg], these inevitably reduce—upon
SSB or in a derivative expansion—to combinations of
the effective couplings generated by the five fundamental
building blocks [20]. Therefore, identifying these building
blocks is the first and essential step toward constructing and
classifying the most general pregeometric theory, including
its nonlinear or nonperturbative extensions.

The pregeometric framework can naturally accommo-
date the emergence of topological terms too. Indeed, the
principal result of this work is the demonstration that the
five pregeometric building blocks collectively unify grav-
ity’s dynamical and topological sectors. Specifically, their
SSB generates an emergent gravitational theory that con-
tains not only the Einstein-Hilbert action with a cosmo-
logical constant term but also the complete set of 4D
topological invariants: the Gauss-Bonnet (GB), Pontryagin
(P), Holst (H) and Nieh-Yan (NY) terms. This unification
from a common pregeometric source is, to our knowledge,
unprecedented in the literature.

Within this unified framework, we also uncover several
novel results for the emergent coupling constants of the
gravitational interaction. These relations unveil deep con-
nections between the dynamical and the topological sectors
of gravity, which in a special case are inclusive of a seesaw
mechanism between the Planck mass and the cosmological
constant; the Gauss-Bonnet coupling being proportional to
the entropy of a de Sitter universe; the Pontryagin and
Nieh-Yan couplings being proportional, with the former
being, in turn, inversely proportional to the cosmological
constant and the latter being, in turn, directly proportional
to the cosmological constant; the Barbero-Immirzi param-
eter being proportional to the Gauss-Bonnet coupling and
independent of the VEV scale.

This article is organized as follows. In Sec. II, we
introduce the notation and present the five irreducible
Lagrangian densities that form the generating set of any
4D pregeometric action. We compute the SSB for each
term, derive the emergent gravitational theory, and analyze
the relations between pregeometric and emergent coupling
constants. In Sec. III, we then discuss a special case that
highlights the intrinsic relations (such as the seesaw
mechanisms) underpinning the emergent gravitational
parameters. Section IV concludes the paper by summariz-
ing our main findings, discussing the implications for
dynamical dark energy and quantum gravity via functional
extensions that promote couplings to dynamical graviaxion
fields and outlining directions for future research, including
the quest for a UV conformal fixed point in the pregeo-
metric theory [21-24].

II. THE MOST GENERAL 4D TOPOLOGICAL
EXTENSION OF EINSTEIN GRAVITY

The pregeometry of spacetime is determined by the
coupled dynamics of the gauge potential A of the theory
and a Higgs-like field ¢; the former is the gauge field of
either SO(1,4) or SO(2, 3), while the latter is a scalar field
in the fundamental representation of the chosen gauge
group. Whenever a double sign is encountered in the text,
the first sign refers to the choice of SO(1,4) and the second
one to the choice of SO(2,3). In this work we employ
natural units and use the same notation of Ref. [19]:
uppercase Latin letters A, B, C, etc. run from O to 4 and
lowercase Latin letters a, b, ¢, etc. run from 0 to 3,
representing tangent space (or internal) indices in the
unbroken and the spontaneously broken phases, respec-
tively; Greek letters 4, u, v, etc. run from O to 3, indicating
instead spacetime (or external) indices. The internal space
metric 7 has signature (—, 4, +, +, £) before the SSB and
(=, +,+,+) after the SSB. The Levi-Civita symbol and
tensor are denoted, respectively, by ¢ and &, and their
relation is &7 = e"*?/, /=g with g being the metric
determinant (e43cpE = €apcpr ON tangent spaces).

When the Higgs-like field acquires a nonzero VEV

) (1)

as a result of a dynamical mechanism of SSB (see Ref. [17]
for details about the potential), the gauge connection
decomposes into its spin and tetrad parts,

SSB SSB
ab ab a4 a

AL — ), Al — mey, (2)

where m is a mass parameter introduced to make the tetrad

fields dimensionless. In turn, the decomposition of the
curvature tensor F' = dA + A A A induced by the SSB is
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SSB SSB
Fi—R  2m? et e’ Fa—mT4,. (3)

")
where R and 7 are the Riemann and torsion tensors,
respectively. We employ the curved-spacetime definition
of the Hodge star operator, so, for example, the Hodge dual
of a 2-form F is given by

1
Fb = EF,‘jf,’dx" A dx,

- 1

Fe = (%F)® = 3 (xF)abdx* A dx*, (4)
where

Tab — ab _ VNV -9 T a

Fm/f = (*F);u}f - D) g/) gﬂgeﬂuanpg' (5)

For later convenience, we define the following geometric
scalars:

1
G=R?- 4Ruule + Ry R¥P” = — 4 gabcdpraR/%)R;g

= = E 8”ypaRﬂVT§R/)”T§’ (68.)
P=towoge, RS — R, Rwe 6b
= 58 SN tpe — T Nuwpo ’ ( )

> 1 VPO H v pab DU
R= 55 R, s = €aeyRy) = R, (6¢)

— 1 JVpo A FAuy
T = 58 T #DT}»[)O' = Ti;u/T . (6d)

|

Equation (1) neglects any excitations of the Higgs-like field
¢, which come in the form of a scalar degree of freedom p
to be added to the VEV v in the unitary gauge. Such scalar
field p is expected to have a Planckian mass in order for the
phase transition from a pregeometric to a metric spacetime
to happen at the alleged scale of quantum gravity [17].
Equation (1) is thus formally exact only in regimes well
below the Planck energy, in which p is effectively frozen out.
By requiring the principle of general covariance to hold
in the unbroken phase too (see Ref. [17] for a more in-depth
discussion), we can write down only five different pregeo-
metric Lagrangian densities involving the pregeometric
fields A and ¢ and their first derivatives (in a polynomial

way),
Lyiv = kniv€nscpe€ Ful Fop o, (7a)

,CW = kw€ABCDE€”DpGFﬁfv/)¢cva¢D¢E’ (7b)

L; = kjeapcpee™” Gvﬂ¢A Vyfﬁvaﬁvaaff’D‘l”E’ (7¢)

Ly = kgnacnppe"’°F; /éf F /():r? ’ (7d)
£19 = klgl’]ACr]BDe’uW)o—Fﬁfvp¢cvo-¢D- (76)

Through Eqgs. (1) and (2), their SSB is given, respectively,
by

Lam—2 dkypngv(£4m?R — 24m* — G)\/=g.  (8a)

SSB

Ly—dkyv(—m?R + 12m*), /=g, (8b)
EJE;) - 24k]1}5m4\/—g, (8(:)

L0228 _2ky(P + 4m?R F 2m2T) /=g,  (8d)

£9ﬂ2k,91;2m21~3 v=g. (8e)

The mass dimensions of the five pregeometric coupling
constants are [kypi] = [M]7, [kw] = [M]73, [k)] = [M]75,
[kg] = [M]°, and [kg] = [M]~2. Notice that, in the absence
of a fundamental spacetime metric, the external indices of
all pregeometric terms in Eq. (7) are contracted by means of
the contravariant Levi-Civita symbol.

The complete pregeometric Lagrangian density is thus

‘CPG:EMM+£W+‘CJ+£6'+£8' (9)
Its SSB yields the gravitational Lagrangian

L M3 M3 .
—\/_ig = —2P R — M3A + 066 + 0P + —2;,’ R+6,7T,
(10)

once the six emergent coupling constants (Mp, A, Ogg, Op,
Y', and @7) of the gravitational interaction are identified as
follows in terms of the seven pregeometric constants (Kypn,
kw, k;, kg, kg, v, and m) that characterize Lpg:

M3 = 8vm? (+dkyp — kwv?), (11a)
4k 2hewv? + kvt
AE3m2 MM :F WU +2J1} ) (11b)
:i:4kMM - ka
HGB = —4kMM’U, (1 IC)
91) = —2k9, (lld)
20(+4kypg — kwv?
= v(F4kmm V;U ) (11e)
:{:4]{9 + klg’U
0 = +dkym?. (11f)
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Newton’s gravitational constant is defined as G =1/
(8zM3). Different observations can be made on these
results.

(1) The (reduced) Planck mass Mp receives contribu-
tions only from Lyp and Ly, which implies that at
least one of the two is indispensable for the emergent
gravitational theory to be realistic.

(2) The cosmological constant A receives contributions
only from Lyp, Lw, and L, with the latter contrib-
uting exclusively to A.

(3) Ly and Ly do not contribute to either Mp or A.

(4) Ogg receives contributions only from Lypy.

(5) Op receives contributions only from L,.

(6) The contribution of the Barbero-Immirzi parameter
y' depends crucially on the difference between kgv?
and +4kg, and thus on the contributions from £, and
Ly, though it is related to Ly and Ly too via the
definition of Mp.

(7) O; receives contributions only from £, and deter-
mines the magnitude of the only term in the
emergent gravitational theory that depends explicitly
on torsion.

(8) The ratio between the terms proportional to R and to
T emerging from L, [see Eq. (8d)] is the same as
that between the same quantities in the definition of
the scalar N [in Eq. (6e)], meaning that the con-
tribution of £, can always be expressed in terms of
P and N rather than P, R, and 7.

The last two observations reveal that the last two terms of
the emergent theory (10), which are proportional to R and
T, respectively, can be recast in an equivalent way as two
different terms, proportional to R and N, by simply
redefining their emergent coupling constants y’ and 0
as some new constants y and fyy. In other words, the SSB
of the complete pregeometric Lagrangian density can also
be expressed as

Ls M} M}
—_Gg: 'R —M%A+6’GBQ+9PP+2—;R+9NY/\/,
(12)

where this time

M%, = 8vm?(Ldkyp — kwv?), (13a)
4k 2kwv? + kvt

A= 32 M T EWEGY 5y
:l:4kMM — kwl]

QGB = _4kMMU7 (13C)

Op = —2k,, (13d)
2(tdkyng — kw12

y = (E4kyv — kwo ) (13e)

klg’U

QNYE F 8k9m2. (13f)
Comparing Eqgs. (11) and (13) shows that the effect of the
above redefinition of parameters is to disentangle the
contributions of £, and Ly: now the latter contributes only
to y and the former contributes only to @p and Oyy. The
expression (12) also highlights the main result of this paper:
the gravitational theory Lg that emerges from the pregeo-
metric theory Lpg is the most general 4D “topological”
extension of Einstein gravity. Indeed, its first two terms
describe the Einstein-Cartan theory as a sum of the
Einstein-Hilbert and the cosmological constant terms,
respectively, while the other four coincide with all possible
topological terms that can be defined on a 4D metric
spacetime, i.e., the Gauss-Bonnet, Pontryagin, Holst, and
Nieh-Yan terms, respectively.” In formulas,

SPG = /[:de4)€ = SMM + SW + SJ + Sg + S@ﬂSG

= /EG\/ —gd*x = Sgn + Sp + Sce + Sp
+ Su + Sy, (14)

where the pregeometric actions are given [together with
Egs. (7)] by

Smm = / Lymd*x = —4kym / €apcpeFE N FEPPE,

(15a)

Sw = / Lyd*x=—=2ky / eapcpeF*® ANV@C AV GPHE,

(15b)
SJ:/£Jd4X

_—y / exncor Vo A VOE A VC A VP e,
(15c¢)

Sy = / Lod*x = —4k, / Fug A FAB.  (15d)

S,g = /£3d4x = —2](,9 / FAB VAN V¢A A V¢B, (156)

while the emergent gravitational actions are given [together
with Egs. (13)] by

“This list of topological terms excludes boundary terms, such
as the Gibbons-Hawking-York boundary term (which is osten-
sibly hard to express in a pregeometric form, if that is possible
at all).
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M

MZ 2
SEH = TP/R\/_gdé‘x = 2P/*(€a VAN €b> A Rab,
(16a)

MEA
Sy = —M%A/\/—gd“x:TP/*ea A e, (16b)

Sce = Ocs / gy —gd*x = Ogg / €apeaR™ N R, (16c)
Sp = GP/P\/—gd“x = ZGP/Rab A R, (16d)

M3 [ . M3
SHZZ—;J R,/—gd4x:—2;/ea/\eb/\R“h, (16e)

SNY = QNY /N\/—gd4x

= Ony /(Ta AT —e, A e, ARP). (16f)

A clarifying remark on the topological nature of the
Holst term is due here. The Gauss-Bonnet, Pontryagin, and
Nieh-Yan [25] terms are topological because they can be
recast as total derivatives, given that, respectively,

2
€apeaR® N R4 =d [eabcdw“b A <da)"d + ga)ce A a)edﬂ ,

(17a)

R, AR® =d

2
Wy N <da)“b —gwhc A a)”“)], (17b)

T,ANT —e, Ney, NR® =d(e* ANT,). (17¢)
Instead, the Holst term is topological only in the absence of
torsion. This is easily understood from Eq. (6e), whereby
R = N when 7 = 0. That said, in a pregeometric theory of
gravity, there is no a priori reason why torsion should
vanish. Therefore, in general, the emergent gravitational
theory under exam will represent a topological extension of
the Einstein-Cartan theory only if kg =0, ie., if the
pregeometric term Ly is not included.

III. A SPECIAL CASE: THE LINK BETWEEN
DYNAMICAL AND TOPOLOGICAL SECTORS
OF GRAVITY

We can draw more insight from the SSB of the
pregeometric theory (14) by studying a special case, in
which only two of the pregeometric coupling constants are
independent,

kPG = :l:kMM = kwﬂz = :l:kjﬂ4, k@ = :l:kg = k‘(ﬂ)z.

(18)
This is interesting because it allows us to group the
pregeometric terms based on whether the internal indices

are contracted with the Levi-Civita symbol or the gener-
alized Minkowski metric,

Lpg = kpgeapcpre (£FEFSP + v 2BV ¢V 9P
+ vV, ¢V, 9PV POV P ) pF
+ kenacnppe" P’ FaB (£FSP + v2V ¢V ¢P).
(19)

In this special case, the emergent gravitational coupling
constants are

M3 = 24kpgvm?, (20a)
A =+3m?, (20b)
Ocg = Fkpgv, (20¢c)
Op = F2ke, (20d)
Y= 6%: v, (20e)
Ony = —8kgm?. (20f)

Also this time, we can make several observations.

(1) The definition of the emergent Planck mass re-
quires kpg > 0.

(2) The cosmological constant is independent of all
pregeometric coupling constants and its sign is
positive for SO(1,4) or negative for SO(2, 3). There
is a seesaw mechanism between the Planck mass and
the cosmological constant (as already noted, for
instance, in Refs. [4,17]), since

M3

— = 8kpgv. (21)

Al

(3) The intensity of the Gauss-Bonnet term is set by the
ratio between the Planck mass and the cosmological
constant, as

M2

O = ——. 22
on =~ 57 (22)
(4) The Pontryagin and Nieh-Yan coupling constants
are proportional, with the proportionality constant
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set by the cosmological constant,

Oy 4
Y _ZA 23

(5) Just like Op and Oyy, also the Barbero-Immirzi
parameter depends only on the free parameter kg,
as it can be recast as

- 3M% 73963
"7 dkolA T O

(24)

Therefore, the three parameters fp, y, and Oyy are
either all real or all complex, depending on the
imaginary part of kg (while Mp, A, and Ogp are all
real). It is worth noticing that the dependence of y on
the VEV scale v is effectively canceled by the
knowledge of the other emergent parameters. Addi-
tionally, in this case y ends up being directly propor-
tional to fgp and inversely proportional to 8p. Indeed,
the above relation can also be inverted to give

3M3
Op = ——2L. 25
b 27A (25)

(6) The Nieh-Yan coupling constant is proportional to
the cosmological constant, as

8
Ony = —gk@W- (26)

With regards to the third observation, the emergence of the
Gauss-Bonnet term is an intriguing feature of the MM
formulation, which sets it apart from the W one. As a matter
of fact, the relation (22) for fgg can have profound
consequences for the vacuum structure of the emergent
theory—see Ref. [23] for a dedicated study. In essence,
the Gauss-Bonnet coupling acts as a gravitational 8 angle,
endowing a suitable symmetry-breaking potential of the
Higgs-like field with a large, discrete symmetry that forces its
vacuum to be degenerate. Each degenerate vacuum state is
specified by an integer k and corresponds to a different pair of
values for A and Ogg. This leads to a natural seesaw
mechanism: a large Gauss-Bonnet coupling (i.e., a large-k
sector) implies a hierarchically small cosmological constant.
Moreover, the model presented in [23] naturally predicts that
the cosmological constant is quantized and that the de Sitter
entropy is discretized and proportional to the large-k VEV of
¢—in compliance with the holographic principle.

Observe that the subcase of Eq. (18) with kg =0 is
tantamount to setting kyw = k; = 0 and redefining the only
two remaining pregeometric coupling constants, kg and kg.
In other words, the most general 4D topological extension of
the Einstein-Cartan theory (even in the presence of torsion)

can emerge in the pregeometric framework even only from
the minimalistic theory Sy + S

IV. CONCLUSIONS AND PERSPECTIVES

In this paper, we have identified the five irreducible
pregeometric building blocks—Lym, Lw, Ly, Ly, and
Ly—that constitute the minimal generating set for any 4D
pregeometric theory of gravity based on the gauge group
SO(1,4) or SO(2,3), under the rigid constraint of general
covariance in the unbroken phase. While the most general
pregeometric action can involve arbitrary functionals of
these building blocks [20], their linear combination already
yields, upon SSB, a gravitational theory that unifies all
known sectors of gravity, i.e., the Einstein-Hilbert action,
the cosmological constant term, and the complete set of 4D
topological invariants: the Gauss-Bonnet, Pontryagin,
Holst, and Nieh-Yan terms. This emergent theory of gravity
is nothing else but the most general 4D topological
extension of the Einstein-Cartan theory. The main result
of this article is thus the unification of gravity’s dynamical
and topological sectors emerging from a common pregeo-
metric origin.

Our findings reveal numerous surprising relations
between the emergent gravitational couplings that were
previously unnoticed in the literature. The form of these
relations simplifies considerably in the special case studied
in Sec. III, which consequently allows for an easier physical
understanding of the emergent theory. The first result is a
seesaw mechanism between the Planck mass Mp and the
cosmological constant A, demonstrating how a relatively
large Planck scale and a relatively small cosmological
constant can arise from the pregeometric dynamics and, in
particular, from the same symmetry-breaking scale v set by
the Higgs-like field ¢.

A second result concerns the Gauss-Bonnet invariant,
which can originate solely from Lyg,. Its emergent cou-
pling Ogg is determined by the (relatively large) ratio
between M3 and A—which is of the same order of
magnitude as the fine-tuning required to fix the infamous
cosmological constant problem [26]. This also means that
Ogp 1is proportional to the entropy of a de Sitter uni-
verse [22,23].

Third, we have uncovered a striking and direct relation
between the Pontryagin coupling dp and the cosmological
constant, as @p o 1/(yA). This result mirrors the one
anticipated from the Chern-Simons-Kodama state in loop
quantum gravity (LQG) [27]. Our relation introduces a
correction with a factor of y in the law 0p  1/A predicted
in Ref. [27].

Speaking of the emergence of the Barbero-Immirzi
parameter y, we have shown that the Holst term, often
considered to be an ambiguous addition to the gravitational
action, arises naturally from the SSB of specific pregeo-
metric terms. The constant y is, in principle, a free
parameter in the definition of the Ashtekar-Barbero

044056-6



EMERGENCE OF GRAVITY’S DYNAMICAL AND TOPOLOGICAL ...

PHYS. REV. D 114, 044056 (2026)

connection of LQG [28] and is only fixed a posteriori to
match the black hole entropy counting. A fourth result of
our framework is instead that y is not arbitrary, rather it
emerges as a precise combination of pregeometric cou-
plings; in particular, it is proportional to Ogg. Crucially, we
have proved that y can be independent of the VEV v, in
sharp contrast with standard 0 angles (which scale with v).
This provides a potential resolution to the classical ambi-
guity of the Holst term—which does not affect GR’s field
equations—by granting it a well-defined pregeometric
origin, while still preserving its quantum effects that are
vital to the LQG program. For example, our framework can
explain why the Barbero-Immirzi parameter is real and
close to unity when considered alongside a graviaxion
mechanism that simultaneously rotates the Gauss-Bonnet
and Pontryagin 6 angles too.

The Pontryagin and Nieh-Yan terms can only arise from
Lg. A fifth result comes in the form of the Nieh-Yan
coupling fyy being directly proportional to the cosmo-
logical constant. This pregeometric prediction provides a
new observational signature to investigate the topological
structure of spacetime, potentially linking torsion phenom-
enology to the dark energy sector.

The implications of this work extend well beyond a
classical picture of emergent gravity. Our framework
suggests that what we believe to be the fundamental
constants of gravitation—Newton’s gravitational constant,
the cosmological constant, the Barbero-Immirzi parameter,
and the topological couplings—are not independent, but
can all be derived from a set of pregeometric parameters,
which includes a single VEV.

A particularly exciting avenue for future research is to
promote these pregeometric coupling constants to dynamical
degrees of freedom. For instance, considering functionals of
the form £, f[Lamiw.g.9£7"] can turn these parameters into
dynamical fields such as graviaxions. As argued in our
companion papers [22-24], this possibility has profound
implications for the cosmological constant problem and
dynamical dark energy. For example, the #-angle nature of
the Gauss-Bonnet coupling could lead to a relaxation
mechanism for the vacuum energy, analogous to the axion
solution to the strong CP problem—but in this case applied
to the gravitational sector. Other research areas that offer
opportunities for phenomenological enquiries about the role
of the Higgs-like field ¢ include inflation and dark matter.

Furthermore, the pregeometric viewpoint naturally
incorporates quantum gravity effects. The renormalization
group flow of the emergent couplings—G, A, y, Ogg, etc.—
can be studied directly from the pregeometric point of view.
Recent analyses relying on the stochastic quantization of
pregeometric gravity [21] strongly suggest the existence of
a UV conformal fixed point. This indicates that pregeo-
metric gravity may be asymptotically safe, providing a
well-defined UV completion of Einstein gravity.
The discovery of such a fixed point, and the resulting

renormalization group trajectories, could lead to predictive
relations among the emergent couplings at low energies,
relations that, in principle, could be tested with cosmo-
logical observations.

Additionally, as observed in Sec. II, the present analysis
neglected the role of the excitations p of the Higgs-like field
¢ after the SSB. This means that our results are formally
exact only at energy scales well below the Planckian
regime, as p is frozen out and (direct) quantum gravity
effects are washed out. Such IR limit corresponds to the
scenarios where gravitational experiments have been car-
ried out with great precision, confirming Einstein’s theory
over and over again. This does not only justify our focus on
the “classical” gravitational action Sg of Eq. (14) (where
p = 0), but also offers an illuminating perspective on the
nature of topological invariants. Indeed, if the same logic is
followed in reverse by passing from the IR limit of Einstein
gravity to the UV regime of the Planck scale, but just before
the pregeometric phase transition, then the well-known
geometric theory of gravity will exhibit ultrahigh-energy
deviations due to the coupling of the excitation p to the
geometry of spacetime: such coupling (whose precise form
was not presented here for conciseness) exists in both the
dynamical and topological sectors, implying that also the
terms that we used to conceive as topologically invariant
are actually dynamical whenever the field p is excited near
the Planck scale. In other words, the topological terms of
the gravitational interaction are born dynamical from the
pregeometric phase transition, and only become trivial at
low enough energies far from the Planck scale. This
profound insight sets the pregeometric gravity paradigm
apart from mere gauge-theoretical reformulations of gravity
such as gauge gravitation theory or MacDowell-Mansouri/
(anti—)de Sitter gravity, revealing that it predicts dynamical
deviations from GR whose phenomenological conse-
quences are yet to be adequately explored (for one such
case study, see, for instance, Ref. [29]).

A complete understanding of the quantum dynamics of
pregeometric gravity, including the full role of the topo-
logical terms and the fate of the Barbero-Immirzi parameter
under renormalization, requires a programmatic approach
of research that extends beyond the purposes of this paper.
However, the identification of the irreducible pregeometric
building blocks and the unified framework presented here
lay the essential groundwork for all such future inves-
tigations. From these minimal pregeometric seeds, all that
is gravitational can emerge.
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