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We present a numerically efficient and accurate implementation of the Passaglia-Hu effective fluid

approximation for ultralight axions within the Boltzmann code cAMB. This method is specifically designed

to evolve the axion field accurately across cosmological timescales, mitigating the challenges associated

with its rapid oscillations. Our implementation is based on the latest version of CAMB, ensuring

compatibility with other cosmological codes., e.g., for calculating cosmological parameter constraints.

Compared to exact solutions of the Klein-Gordon equation, our method achieves subpercent accuracy in

the cosmic microwave background power spectrum across a broad range of axion masses, from 10728 eV to

1072* eV. We perform Markov chain Monte Carlo analyses incorporating our implementation, and find
improved constraints on the axion mass and abundance compared to previous, simpler fluid-based
approximations. For example, using Planck Public Release 4 and Dark Energy Spectroscopic Instrument
baryon acoustic oscillation data, we find 2¢ upper limits on the axion fraction f,, < 0.0082 and physical

density Q,,h* < 0.0010 for m = 10728 eV,
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I. INTRODUCTION

The A cold dark matter (ACDM) paradigm provides a
remarkably successful framework for describing the evo-
lution of the Universe [1]. However, the precise nature of
the dark sector remains a central open question, motivating
the exploration of a wide array of dark matter [2] and dark
energy [3] candidates. Among these, ultralight axions
(ULAs) [4-6] have attracted significant attention due to
their potential to address persistent cosmological puzzles,
including anomalies observed in small-scale structure [7]
and the fundamental nature of dark energy [8]. While
initially proposed to resolve the strong-CP problem in
quantum chromodynamics [9-11], axions with masses
considerably smaller than typical QCD axions are predicted
in various extensions of the Standard Model, such as string
theory compactifications [4,5].

The cosmological behavior of ULAS is strongly influ-
enced by the relationship between their mass, m, and the
Hubble parameter, H [12]. When H > m, the axion field
effectively remains constant due to Hubble friction,
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behaving like vacuum energy. As the Universe expands
and the Hubble rate decreases below the axion mass
(H < m), the field begins to oscillate. In this oscillatory
regime, the axion energy density redshifts like cold dark
matter. This transition, which occurs around the time the
Hubble rate is comparable to the axion mass, introduces
a distinct cosmological signature, particularly for axion
masses close to the value of the Hubble parameter at matter-
radiation equality, He, ~ 107 eV. Consequently, axions
with masses close to this scale can introduce unique
dynamics and observable effects.

One notable observational consequence of ULAs is the
suppression of structure formation on small scales [7]. For
this reason, axions in the mass range 10728 eV <m <
1072 eV have been shown (e.g., Ref. [13]) to reduce the Sg
tension (for a review, see, e.g., Ref. [14]), as they suppress
structure growth on ~8h~! Mpc scales. Heavier axions,
with masses around m ~ 1072? eV, are expected to damp
density fluctuations on kpc scales, a scenario often referred
to as “fuzzy dark matter”” However, direct numerical
simulation of the axion field evolution, in particular for
masses much smaller than the Hubble parameter today
(m < Hy ~ 10733 V), becomes computationally prohibi-
tive. This is because the oscillation timescale of the field
becomes much shorter than relevant cosmological time-
scales, requiring very small time steps. This poses a
significant challenge for cosmological Boltzmann codes,
which aim to accurately model the evolution of perturba-
tions across a wide range of scales.
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A common approach to circumvent these numerical
difficulties is the effective fluid approximation (EFA)
[7,12]. By treating the axion field as an effective fluid,
one can average over the rapid field oscillations, resulting
in simplified equations of state and sound speeds. However,
the standard EFA can introduce systematic errors [15],
which are particularly significant for axion masses in the
range 10728 eV <m <1076 eV, where current cosmic
microwave background (CMB) data already provide strong
constraints from the power spectrum. Furthermore, even for
heavier axions (1072 eV < m < 107!° eV), overly simpli-
fied EFAs can lead to inaccurate characterizations of their
cosmological effects on very small scales. An alternative
cycle-averaging method was developed by Urefia-Lopez
and Gonzalez-Morales [16], however, Ref. [15] showed
that it is equivalent to the standard EFA.

Current cosmological constraints on ULA utilize the
standard EFA approach implemented in codes such
as AxionCAMB [12,17] and AxicLASS [18]. Using CMB
data from the Planck satellite, Atacama Cosmology
Telescope, South Pole Telescope, and Baryon Oscillation
Spectroscopic  Survey (BOSS) galaxy clustering data,
Ref. [13] found, using AxionCAMB, that the axion dark
matter fraction, f,,, is < 0.1 for m < 10726 eV and < 0.01
for 10730 eV <m < 10728, Reference [19] presented a
method for modeling so-called “extreme” axions, where
the initial value of the axion field is sufficiently large that
the full cosine potential is important, which combines the
generalized dark matter model with the EFA. For extreme
axions, structure formation on small scales is enhanced
rather than suppressed, and they find that constraints on the
axion fraction can be significantly weakened. With the
approach of CMB-S4 [20] and other more precise cosmo-
logical datasets, developing fast and accurate methods for
calculating axion density perturbations is important.

To address the limitations of the standard EFA, Passaglia
and Hu [21] developed an improved approximation
scheme. Their method systematically removes the rapid
oscillations by introducing auxiliary fields, and then
calibrates the effective fluid equation of state and sound
speed against exact solutions of the Klein-Gordon (KG)
equation. This approach maintains accuracy throughout the
field’s evolution, reducing errors across a wide range of
axion masses. Importantly, this refined prescription allows
for a more reliable incorporation of ULAs into standard
cosmological analyses without incurring excessive compu-
tational cost. A complementary approach was recently
implemented in Ref. [22], which extended the Passaglia-
Hu scheme to general background expansion histories,
including axions with masses smaller than H,.

In this paper, we detail our implementation of the
improved EFA developed by Passaglia and Hu within
CAMB [23], a widely used Boltzmann solver in cosmology.
Our implementation is designed to maintain consistency
and compatibility with the latest version of CAMB, with a
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FIG. 1. Violin plots of the posterior distributions for the axion
density, Q. /4, at fixed axion masses, m € {1078, 107%7,1072°,
10725,1072*} eV. The violin shapes illustrate the full margin-
alized distribution, while the horizontal red bars indicate the 2o
upper limits. These results are derived using our implementation
of the Passaglia—Hu EFA combined with Planck Public Release
(PR) 4 data [24] and Dark Energy Spectroscopic Instrument
baryon acoustic oscillation (DESI BAO) data [25].

focus on numerical stability and computational efficiency.
We also demonstrate how this new implementation can be
integrated into Markov chain Monte Carlo (MCMC) frame-
works to obtain updated cosmological constraints on ULAs
from CMB measurements. Figure 1 shows our main result,
the marginalized distribution of the axion density, Q,, 42, for
fixed values of the axion mass in the range 10728-1072% eV
using our implementation of the Passaglia—Hu EFA com-
bined with Planck PR4 data [24] and DESI BAO [25].

The remainder of this paper is organized as follows: in
Sec. II, we summarize the standard and Passaglia-Hu EFA,
emphasizing how auxiliary fields facilitate the removal of
fast oscillations. Section III provides a detailed description
of our numerical implementation within CAMB, including
discussions on numerical stability, validation tests, boun-
dary conditions, and the transition between the auxiliary-
field description and the effective fluid representation.
Section IV outlines the integration of our implementation
with the Cobaya MCMC framework and presents prelimi-
nary constraints derived from CMB data. Finally, we
conclude with a discussion of potential extensions and
future directions for this work.

II. OVERVIEW OF THE EFFECTIVE FLUID
APPROXIMATION
A. Klein-Gordon evolution

The evolution of the axion field, ¢(X, 1), is governed by
the Klein-Gordon equation:

dv(g(x. 1))

Op(X, 1) = id

~m2p(X, 1), (1)
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where m is the axion mass. We have made the usual
assumption [12,13,15-17,21,26,27] that the field is initially
sufficiently close to the minimum that the full axion cosine
potential, V(¢) = m>f2[1 —cos (¢/f,)] where f, is the
axion decay constant, can be approximated by
V(¢) = im*¢*. As first shown in Ref. [12], for values
of the axion mass and density that are consistent with
observations, the initial field value is small compared
with the Planck mass, and hence this assumption is valid
provided f, is not too small.

In a homogeneous and isotropic Friedmann-Lemaitre-
Robertson-Walker cosmology, the background equation of
motion becomes

¢+ 2Hp + a’>m>¢p = 0, (2)

where overdots denote derivatives with respect to con-
formal time = f dt/a, a is the scale factor, and H = aH
is the conformal Hubble parameter.

The energy density, p,,, and pressure, P,,, of the axion
field are given by

14 1

Pax = 22 + Emzfﬁz, (3)
14> 1

ax — Eg—imzqﬁz- (4)

The perturbed Klein-Gordon equation in the synchro-
nous gauge is given by

5 + 2HEP + (K + a>m?)6¢p = —gf/}, (5)

where k is the comoving wave number and / is the trace of
the spatial metric perturbation. The axion density and
pressure perturbations are defined as

Opax = a—Z(i) 5¢ +m2¢5¢’ (6)
0P, = a_2¢ 5¢ _m2¢5¢7 (7)
PaxUax = Cl_zkd)éqﬁ, (8)

where u,, = (1 + wy, )v,, is the axion heat-flux, and
wax = Pa/pax 18 the equation of state.

B. Standard EFA

The standard EFA, used in codes like AxionCAMB [12,17]
and AxiCLASS [18], involves evolving the full KG
equation until the field starts oscillating (m/H = 1). At
a = a,, defined by m ~ 3H(a, ), a transition is made from
solving the full KG equation to a fluid description.
Specifically, fluid variables (p,y, 0., Ua) are initialized
using values derived from the KG quantities at a,, with

Sax (A ) = Spax(ax)/pax(ay). The factor of 3 in the defi-
nition of a, is a numerical choice that balances accuracy
and computational efficiency.

After initialization, the evolution of the density contrast,
0., and heat flux, u,,, for a given mode k is governed by
the standard fluid equations in the synchronous gauge, as
follows:

. h
5ax =~ |:kuax + (1 +Wax)§:|

—3H(c2 — wy) <5ax +3H ”7)

Wax uax

_3H(1+wax)7’

©)

tigy = —(1 = 362 Hitgy +

m”ax + ke Sa,  (10)
ax

where c,, is the sound speed in the axion rest frame.

In the standard EFA, the axion is treated as a pressure-
less fluid (w,, = w,, = 0), but with a scale-dependent
sound speed, as follows:

2 2.2
ch — M_ (11)
1+ k%/(4m>a?)

At late times, this captures the average effect of the rapid
axion field oscillations without requiring direct solution
of the oscillatory KG equation. The approximation works
reasonably well because once m > H, the residual pressure
support of the field is effectively described by this (k, a)-
dependent sound speed, and the time-averaged energy
density behaves like nonrelativistic matter.

C. Passaglia and Hu EFA

Passaglia and Hu [21] introduced an improved effective
fluid approximation, which we refer to as the PH EFA. To
facilitate numerical computation, they decompose the axion
field into two auxiliary fields, ¢, and ¢,, as follows:

d(7) = p.(r)cos [t —7.] + @4() sin[z — 7], (12)

where 7 = mt is a dimensionless time variable and 7z, is a
reference time (the switch time) in the oscillatory regime.

These auxiliary fields represent the slowly varying
envelope of the axion field, effectively filtering out the
rapid oscillations. Substituting Eq. (12) into the KG
equation yields the equations of motion for ¢, and ¢, gives

H
cp’é+2<p’s+3;[¢s+¢’c} =0, (13a)

H
o =20, +3 - (@ + @] =0, (13b)

where primes denote derivatives with respect to z.
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The effective fluid energy density, p<t, and pressure, P,

are defined as

ef_l of 2 5 4022 40.:'2 / ’ 14
Px=sm 0+ @i+ + ot ). (14)

1 ¢/2 (p/2
ri=g (% i boat). (9

which satisfy the usual fluid conservation law. Analysis of
the ratio P2t /p¢t in the late-time oscillatory regime reveals
an approximate equation of state

Wy = % (Z) ” (16)

To minimize matching errors and suppress fast oscil-
latory modes at the switch time, specific matching con-
ditions are imposed. These constrain the ratio of the second
and first derivatives of the auxiliary fields ¢, ; (collectively
P

denoted) at the switch time: o

|* = D, where

D=

, (17)

*

‘5%< - <:>3d<z>2>

and (H) represents the Hubble rate averaged over axion
oscillation cycles. In practice, instead of averaging, an
effective Hubble rate H°f, sourced by pl, is used.

To initialize the effective fluid approximation, the

auxiliary field variables ¢.., @, ¢.., and ¢/, at the switch

Per = D>m? 4+ 3DH,m + 4m* °’

where starred quantities are evaluated at z,.
Similarly, the axion perturbation d¢) is decomposed into
two parts, o@,. and og;, as follows:

b¢(7) = 8¢ (7) cos[t — 7,] + 6y (7) sin[z — 7,].  (19)

The equations of motion for d¢,. and dp, are

2

H
09" + 28¢5 + 3 — (09 + ;) + —5— 69,
m a~-m
!
= =5 (9. + o). (20a)
/! / H / k2
5(ps - 26§0c +3— (_5(/)0 + 5(/)\) + ﬁéqpx
m a~-m
h/
=~ (@~ ). (20b)

The effective fluid versions of the perturbed quantities are
defined as

1
Spet = 5 m?[p 5¢.. — ¢ .50, + 5¢.p. + ¢l (21)

+60,( 20, + @) + 60,20 — ¢)]. (22)

time are determined by solving the matching conditions 5P\ = dpi — m*[6p,9, + 80.¢.], (23)
Pes = ¢*7 (18&) . km
Pt = 5= [00c (0 + 90) + S5 (=0 + 90)], (24)
@.[(Dm + 3H,)* + 4m*] + 6H..mg.
Psv = D?m? + 3DH ., m + 4m? (18b) Similar t? the background, the perturbation matching
condition gg,” = D is used to suppress oscillatory modes.
/ cs Tk
= 351 [=2¢. + D] , (18c) Solving for the auxiliary variables at the switch provides
D*m +3DH, +4m the initial conditions for the fluid perturbations
|
0Py = 6., (258.)

O =

(26, [DK*m +3H, (k> +2a*m?)] +a*m{25¢'[9H? +6DH m+ (4+ D*)m?|+h.m (3¢, H, + Dgl..m—=2¢\ . m+2me,, +3H,p,, +Dmp,,)})

2m[2k* +a’*m(3DH , +4m+ D*m)]

(25b)
@ = (=26, (k* + 2a%k*m® — 3a*DH, m?)—a>m{26¢.[Dk*m + 3H . (k* + 2a*m?)]
+hymll, (K + 2a*°m?) + K@, + a*m*(Dg}, — Do, + 2¢,.)]}) (25¢)
2a’m?*2k*> + a>m(3DH,, + 4m + D*m)] '
;o {46¢)’*k2m—25(/)x [Dk2m + 3H*(k2 + 202m2)]_02m[65¢;H*(3H* + Dm)+h;m<3(p£*H* + D(ﬂé*m - 2<pi,m + zm(/]c* + SH*[/]S* + Dm(/’s*)]} (25d)

ok

2m2k* + a>m(3DH, + 4m + D*m))
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At the switch, the fluid variables (puy, 8., Uay) are
initialized using the effective values derived from the
auxiliary variables.

The EFA is completed by specifying the sound speed for
perturbations

2 = (aim>_l< 1+ (g%)z— 1> +§ <g>_2, (26)

where the final term again calibrates the true KG solution.

III. cams IMPLEMENTATION

A. Background evolution

Our implementation begins by evolving the homo-
geneous axion field, ¢(a), using Ina as the integration
variable. The second-order KG equation is rewritten as two
coupled first-order equations

;, (27)

@) =~ — (28)

where V(¢) = Im?¢?. These equations are numerically
integrated from early times (a < 1) with a specified initial
field value, ¢;, until the axion field enters the oscillatory
regime. The switch to the EFA can be triggered by several
criteria: when m/H, > f (with § being a user-defined
parameter), after a specified number of oscillation cycles,
or at a predefined scale factor a,. After the switch, the code
continues to evolve ¢ using the KG equation for a short
“grace period” (approximately one e-fold in In @) to ensure
a smooth transition to the fluid description.

At the transition to the EFA, the auxiliary variables are
initialized using Eq. (18). Subsequently, the effective fluid
density, which we denote by p, guig, 1S initialized according
to Eq. (14). The computation of the auxiliary variables
involves solving an implicit system of equations, which
we perform iteratively, using the values from KG solution
as an initial guess. This process converges within a few
iterations.

Following the switch, the effective fluid density, p.y fuiqs
is evolved using the standard conservation equation:

dpax,ﬂuid o
“dlna =31 + Wy (@)]Pax.fuia (@), (29)

where the equation of state w,, (a) can be chosen to match
either the standard EFA or the Passaglia-Hu prescription,
yielding a slowly varying wy, ~ (m/H)™2.

To ensure a smoother transition, we combine the exact
scalar-field density and the effective fluid density using a
weighting function

pax(a) = W(a)pax,KG(a) + [1 - W(a)]pax,ﬂuid(a)’ (30)

where W(a) = exp[a(Ina, —Ina)] and o > 0 controls the
sharpness of the transition. For a < a,, the evolution is
dominated by the exact field solution, while for a > a,, the
fluid limit is recovered. The field variables {¢(a), ¢ (a)},
and p,,(a) at the switch point, a,., are stored and used for
spline interpolation when evolving perturbations.

A practical aspect of implementing ULA models is the
common requirement to fix the present-day axion density,
Q. h%. Our implementation addresses this by iteratively
searching for the initial field value ¢; (at a very early time
a; < 1) that yields the desired Q,.4°. This involves a
root-finding procedure in ¢;, where the background field

(pax hz) /p(-rit 0 CL3

0.00—
0.25—

(pax hZ)/p(-rit 0 CL3

0.00—

1071 1073
a

FIG. 2. Evolution of the axion energy density around the time
it starts oscillating, for an axion mass of m = 102’ eV and
Q. h?> = 0.12. The top panel shows the evolution using the
standard EFA for different switch points, defined by m/H,
ranging from 5 to 20. The bottom panel displays the evolution
using the Passaglia-Hu EFA. In both panels, the vertical axis
shows the axion energy density scaled by the present-day critical
density and a3, and the horizontal axis is the scale factor a. The
dashed horizontal line indicates the target energy density. The
weighting factor for the transition between the Klein-Gordon and
fluid descriptions, Eq. (30), is @ = 100.
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FIG. 3.
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logio(k) [Mpc™!]

Axion density, d,, as a function of scale factor, a, and wave number, k, for an axion mass of m =5 x 10727 eV and a

switch at m/H, = 10. The switch time is indicated by the dashed red line, and matter-radiation equality by the dotted blue line. The
PH EFA yields a more accurate evolution of §,,, even when switching relatively early in the oscillatory regime. Left: standard EFA.

Right: PH EFA.

equation is repeatedly integrated from ag,, up to a =1
until the final axion density matches the target. Since this
step only involves the background equation, the computa-
tional cost is minimal.

As a check of the background dynamics for the standard
EFA versus the PH EFA, we set Q,h* = 0.12. This is
illustrated in Fig. 2 for an axion mass of 10727 eV. The top
panel of Fig. 2 shows the evolution for the standard EFA
with the switch point, defined by m/H,, ranging from
5 to 20. The weighting factor for the transition between
the KG and fluid descriptions is set to @ = 100. For the
standard EFA, achieving the target present-day density
requires a significant variation in the initial field value, with
a difference of approximately 3.9%. This sensitivity to the
choice of switch point results in substantial changes to the
axion density near matter-radiation equality.

—2.00 —1.75 —1.50 —1.25 —1.00 —0.75 —0.50 —0.25 0.00
logio(k) [Mpc™1]

In contrast, the bottom panel of Fig. 2 demonstrates the
robustness of the PH EFA, requiring a much smaller
variation in the initial field value, only around 0.2%, to
reach the same target density across the same range of
switch points. This improved stability is attributed to the
auxiliary fields removing oscillations, and the higher
accuracy of the equation of state, w,,, which is accurate
to order (m/H)~2. Extending the range of m/H, for the
switch point from 10 to 20 results in an even smaller
variation in the initial field value, of only about 0.05%.

B. Perturbations

The implementation of perturbations closely follows the
background evolution strategy. We evaluate the auxiliary
fields d¢. and o, at the switch time, at which point we
transition to solving the effective fluid equations. The fluid

—2.00 —1.75 —1.50 —1.25 —1.00 —0.75 —0.50 —0.25 0.00
logio(k) [Mpc™]

FIG. 4. As for Fig. 3 but for a switch m/H, = 1000.
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perturbations, d,, and u,,, are initialized at a, using the
matching conditions derived from the auxiliary field values
as described in Sec. II C. Following the switch, we continue
to evolve the KG equation for a short grace period and
apply the same weighting as in Eq. (30) to smoothly
transition between the auxiliary field solution and the
effective fluid description. This weighting is applied to
the density and heat flux perturbations, (8., Uy )-

Figures 3 and 4 compare the evolution of the axion
density contrast, J,,, for the standard EFA (left panels)
and the PH EFA (right panels) as a function of scale factor,
a, and comoving wave number, k. We show results for an
axion mass m = 5 x 10727 eV, with two choices of the
switch point: a relatively early transition at m/H, = 10
(Fig. 3) and a later transition at m/H, = 1000 (Fig. 4).
The m/H, = 1000 case can be viewed as a ground-truth
benchmark since the field is deep in the oscillatory regime
at the time of switching. This particular mass is chosen
as matter-radiation equality is close to the m/H, = 10
switch point.

On large scales, ULAs behave like a nonrelativistic
component after oscillations begin; at small scales, how-
ever, there is a scale-dependent pressure support introduced
by the field’s oscillatory nature. In the standard EFA
case (left), one observes that immediately after the switch
time (marked by the red dashed line), the evolution of &,
can develop spurious oscillatory features or mismatches in
amplitude. The mismatch in amplitude is apparent on small
scales even for m/H, = 1000, demonstrating that late
switches can still be problematic.

By contrast, the PH EFA case (right) highlights a
smoother and more robust evolution of §,,, with the fluid
approximation much closer to the full KG evolution. This

reduces the need for fine-tuning the switch time, which is
often a nuisance parameter in the standard EFA. An important
consequence of these differences emerges in observable
signatures. For axion masses ~10727 — 10728 eV, the field
commences oscillating around matter-radiation equality.
Small inaccuracies in the predicted timing of these oscilla-
tions, or in the residual pressure support, can shift how
structures grow on subhorizon scales.

The cosmic microwave background power spectrum is a
key probe of cosmology, sensitive to the effects of dark
matter near recombination. We therefore use this as a
primary benchmark to compare the accuracy and perfor-
mance of the standard and improved PH EFA. Figures 5
and 6 show the CMB temperature power spectrum
(CIT) for models with switch values of m/H, =3 and
m/H, = 10 respectively. The left panels in both figures
show the power spectrum calculated using the standard
EFA, while the right panels show results from the PH EFA.
In each panel we show ACDM, along with axion masses
ranging from m = 1072 eV to 107> eV. We define the
fraction of dark matter composed of axions, f,,, as fax =
Q.. /Qp, where Qp = Q. + Qcpy is the total dark matter
density. When comparing with ACDM, we set f,, = 1, and
otherwise use Planck 2018 best-fit parameters [1].

The PH EFA better captures the small-scale damping
signature arising from ULA oscillations. In particular,
for axion masses near 10727 eV, the standard EFA can
misestimate the suppression of temperature power at high 7
when switching from the KG to fluid description too early.
The PH EFA requires a less aggressive (later) switch to
maintain comparable accuracy, reducing potential param-
eter biases when fitting to data. Even at m/H, = 100, there
are visible changes for the standard EFA.

7000 T
—— ACDM

=== m, =10"% eV ——= m, =102 eV
6000F I mg = 10726 eV - A AU SRS S . .. Mme = 10726 oV _
Il 1 mg =5 x 10727 eV ma =5 x 10727 eV
. —_— m, =107 eV —_— m, =10"2T eV
N
v 5000
=
=
4000
S
g
<
S 3000
i
+
S
< 2000
1000 p

T
—— ACDM

Multipole ¢

1 I ! |
500 1000 1500 2000

1 | 1
500 1000 1500 2000
Multipole ¢

FIG. 5. CMB temperature power spectra (CLT) for a switch m/H, = 3, comparing ACDM (black) and axion models with masses
me{5x 107%,1072,5 x 10726, 102} eV. The fraction of dark matter in axions is set to f, = 1, i.e., all of the dark matter is

composed of axions. Left: standard EFA. Right: PH EFA.
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FIG. 6. As for Fig. 5 but for a switch m/H, = 10.

Since the presence of ULAs modifies the expansion
history, this impacts the reionization history. The change in
H(z) is taken into account in RECFAST [28]. It also changes
the evolution of the matter temperature, 7, through
dH /dz [29], which is not automatically taken into account
in RECFAST. However, for the range of axion masses and
abundances considered here, the induced changes in dH /dz
are small enough that they do not significantly alter the
visibility function relative to the standard ACDM case.
Empirically, we verified that modifying RECFAST to account
for these variations has only a negligible effect on the CMB
anisotropies at the accuracy levels with which we are
concerned. Hence, for practical purposes, we do not include
such corrections in our code.

C. Optimizing the switch

The optimal switch should balance computational speed
and accuracy. For large values of m/H ., higher accuracy
settings in CAMB are required to maintain the fidelity of the
KG solution. Empirically, we find that when m/H, = 100,
the default setting (accuracy=1) for the Runge-Kutta
integrator can be insufficient.

We define a normalized compute time, 7 = 1, using
parameters m = 10727 eV, m/H, = 100, f,, = 1, accu-
racy=1, and other Planck 2018 best-fit values. Increasing
accuracy to 2 and 3 raises 7" to approximately 1.3 and
1.7, respectively. Doubling or tripling m/H, to 200 and
300 with accuracy=1 leads to only a modest increase in
compute time, 7 ~ 1.05 and 1.1. However, the perturbed
KG equation can diverge at large m/H,, especially for
small k£ modes, necessitating higher accuracy settings and
longer runtimes. This makes it preferable to keep m/H, as
small as possible while using default accuracy settings.

As a ground-truth reference, we adopt the PH EFA with a
switch at m/H, =300 and accuracy=3. For earlier

switch times and axion masses in the range 10728 eV to

107> eV, we compute the resulting CMB temperature

(model)

power spectra, C, , using accuracy=1. These are

compared to the ground-truth spectra, C(;ef),

mismatch measure

€ max (model) (ref)\ 2
C -C
4= Z ( ¢ ¢ ) ’

via the

=2 oc,
2 (ref)
GCf = 27 + lcf ’ (31)

assuming a cosmic-variance-limited experiment with
Cmax = 2000.

Figure 7 illustrates > as a function of m/H, for four
representative axion masses. The left panel corresponds to
the standard EFA, while the right panel shows the PH EFA.
Larger inaccuracies arise for masses where the field begins
oscillating near matter-radiation equality. The nonsmooth
behavior stems from errors depending on the phase of the
oscillation cycle at the switch point.

In the standard EFA, y? values remain high unless m/H,
is very large, indicating significant biases when switching
too early during the oscillatory phase. Conversely, in the
PH EFA, 4 is significantly lower across a broader range of
switch times. With m/H, ~ 40-50, the PH EFA maintains
close agreement with the late-switch baseline, keeping y?
near unity in most cases. This robustness to earlier switches
results from the auxiliary field formulation, which better
tracks the averaged oscillations of the axion field without
requiring a late-time transition.

In the following section, we therefore adopt m/H, = 50
and accuracy=1 as a practical compromise between
computational efficiency and accuracy, ensuring the CMB
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FIG. 7. Comparison of the mismatch measure y> between model and ground-truth CMB temperature power spectra as a function of
m/H, for axion masses m = 10723, 10726, 10727, 1072% eV. Left: standard EFA. Right: PH EFA.

power spectra remain near ground-truth levels across a
wide range of axion masses.

IV. AXION CONSTRAINTS

We perform a Markov chain Monte Carlo analysis of the
axion model, using the public Cobaya [30] code. We focus
on the mass range 10728 eV <m < 1072* eV, where the
standard EFA can introduce significant systematic errors
compared to the PH EFA.

We assume a spatially flat cosmology, and adopt flat
priors for the six base cosmological parameters:

{Ho, Qth, Qbhz, ng, 10g(1010A5>, T}.

Here, Q,h? is the baryon density, n is the spectral index,
log(10'°4,) is the log of the primordial power spectrum
amplitude, and 7 is the optical depth to reionization. We
also use a flat prior for the axion fraction,

0<fx <1

Following Ref. [13], we do not fully sample over the
axion mass, as the joint posterior in the two-dimensional
(m, fa) space can exhibit multimodality and other com-
plexities. Instead, we perform separate MCMC runs at
fixed discrete values of the axion mass, specifically
me{1072%,10727,10726,1072°,1072*} eV. This strategy
captures the dependence of cosmological observables on
each chosen mass without requiring a global fit across the
entire mass range. Because our main interest is in how
constraints on the axion fraction vary with mass, analyzing
each mass independently is sufficient to map out the
relevant parameter space.

For each run we use the standard Metropolis-Hastings
method to sample over the parameter space, and run
multiple MCMC chains in parallel to assess convergence.
The convergence criterion is based on the Gelman-Rubin
statistic R;, which we require to be R; < 0.05 for each
sampled parameter before terminating the chains. This
threshold ensures that any remaining variation among
chains is negligible, indicating robust sampling of the
posterior distribution. After confirming R; < 0.05, we
discard an initial burn-in portion of each chain and combine
the remaining samples to form the final posterior.

Once the MCMC chains are converged, we perform a
bound optimization by quadratic approximation minimi-
zation of the y? function, using the best-fit point from the
MCMC as our initial guess. This step refines the maximum-
likelihood estimate, but primary inferences on cosmologi-
cal parameters and axion properties are derived from the
posterior distributions.

Our analysis incorporates Planck CMB power spectra
from the PR4 (NPIPE) release, utilizing the latest CamSpec
likelihood [24], along with BAO measurements from DESI
[25]. The PR4 release provides approximately 10% tighter
constraints on cosmological parameters compared to the
2018 PR3 release, thanks to reduced noise in the calibrated
NPIPE frequency maps. Combining Planck with DESI
BAO measurements yields a comparable improvement in
constraints on baseline cosmological parameters, relative to
earlier BAO datasets used in the 2018 Planck analysis.
Consequently, we expect at least part of the improvement in
our results over previous studies to stem from this new data.

The constraints on Q,, 4% and f,, are presented in Fig. 1
and Table I. Our analysis has improved constraints on
Q. h> compared to those of Ref. [13], which relied on
the standard EFA and Planck PR3 data (we obtain
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TABLE 1. 20 upper limits on the axion fraction, f,,, and
physical density, Q,, /2, at fixed masses m, derived from a joint
analysis of Planck PR4 and DESI BAO data.

m Sax Q, h?

1072 eV <0.94 <0.110
10735 eV <0.59 <0.070
10726 eV <0.044 <0.0051
1077 eV <0.021 <0.0025
10728 eV <0.0082 <0.0010

approximately 50% tighter limits for the case m =
10728 eV). Reference [13] also incorporated DR3 data
with full-shape galaxy power spectrum and bispectrum
measurements from BOSS. This combination provides
stronger constraints by accessing higher-wave-number
modes than the CMB. Our results are comparable to these
combined analyses, except for the case of m = 1072 eV,
where the inclusion of BOSS data yields tighter constraints
(by approximately 50%).

V. CONCLUSIONS

In this work, we have presented a numerically efficient
and accurate implementation of the Passaglia-Hu effective
fluid approximation for ultralight axions within the cos-
mological Boltzmann solver cAMB. Our implementation
addresses key limitations of the standard EFA, which can
introduce significant systematic errors, particularly when
modeling axions with masses where oscillations begin
around matter-radiation equality, roughly 10727 to
1072 eV. By employing auxiliary fields, the PH EFA
effectively removes rapid oscillations, allowing for a more
accurate representation of the axion field’s behavior, even
when switching from the Klein-Gordon equation to the
fluid approximation at relatively early times.

We demonstrated the robustness of the PH EFA, showing
that, compared to the standard EFA, it requires much
smaller variations in the initial field value to match a target
present-day axion density. Together with the improved
modeling of axion perturbations, a comparison of the
mismatch measure between model and ground-truth
CMB spectra highlights the improved accuracy of the
PH EFA. It also reduces the need for fine-tuning the switch
time, a nuisance parameter in the standard EFA.

Furthermore, we performed a Markov chain Monte Carlo
analysis incorporating our new implementation, using the
Planck PR4 CMB data and DESI BAO. We obtained
improved constraints on the axion mass and abundance,
compared to previous studies which use the standard EFA
and older datasets. In particular, we find constraints

comparable to those found using large-scale structure
(LSS) in previous analysis. Our implementation, AxiCAMB,
is publicly available at [31], and is based on the latest
version of CAMB.

Current CMB and LSS data probe the axion fraction at
the percent level for 10730 eV < m,, < 1072® eV. Future
experiments will offer even tighter constraints on the ULA
parameter space: CMB-S4 will extend sensitivity up to
my ~ 1072 eV [32], while intensity mapping from
the Square Kilometre Array (SKA) will be sensitive to
fax ~0(0.01 —0.001) for 1073 eV < my, < 1072 [27].
This highlights the need for highly accurate numerical
methods, such as the one presented here, for exploiting
future data.

We highlight several avenues where our approach could
be extended. Firstly, generalizing the auxiliary-field
method to the full axion cosine potential, or axionlike
fields with self-interactions, is a natural next step. For the
cosine potential and an initial field value that is not small, a
hybrid approach combining the auxiliary-field method and
modifications to the axion sound speed as in Ref. [19] may
be effective. Secondly, the synergies with next-generation
probes such as Cosmic Microwave Background Stage 4,
the Simons Observatory, and the SKA will significantly
improve limits on subhorizon physics, and further inves-
tigation is warranted to examine the robustness of the
method across broader parameter ranges, including the
regime of heavy axions. Finally, the axion sector may
include multiple light scalars, and extending the PH
formulation to such multifield models could clarify whether
ULAs can address cosmological tensions and open new
windows on the dark sector.

Note: As we were nearing completion of this paper,
Ref. [26] appeared with a similar implementation of the PH
EFA, based on the original AxionCAMB codebase. We have
compared our results with theirs in the regime of suffi-
ciently large switch times, m/H, 2 30, and find very good
agreement in the resulting CMB power spectrum.
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