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We present a comprehensive study of galaxy intrinsic alignment (IA) as a probe of parity-violating
primordial non-Gaussianity (PNG). Within the effective field theory (EFT) framework, we show that the
parity-odd IA power spectrum is sensitive to the collapsed limit of the parity-odd primordial trispectrum.
For a U(1)-gauge inflationary model, the IA power spectrum is proportional to the power spectrum of the
curvature perturbation, Py(k) o« k=3. However, the proportionality constants contain not only the PNG
amplitude but also undetermined EFT bias parameters. We use N-body simulations to determine the bias
parameters for dark matter halos. Using these bias parameters, we forecast IA’s constraining power,
assuming data from the Dark Energy Spectroscopic Instrument and the Rubin Observatory Legacy Survey
of Space and Time. We find that the IA power spectrum can improve the current limits on the amplitude of
parity-violating PNG derived from galaxy four-point correlation and cosmic microwave background
trispectrum analyses. Moreover, galaxy shapes are complementary to these probes, as they are sensitive to
different scales and trispectrum configurations. Beyond galaxy shapes, we develop a new method to
generate initial conditions for simulations and forward models from the parity-odd trispectrum with an

enhanced collapsed limit.
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I. INTRODUCTION

Parity symmetry is one of the fundamental symmetries of
nature, but whether it holds on cosmological scales remains
an open question [1-3]. While parity is maximally violated
in the standard model of elementary particles and fields
through the weak interaction [4,5], the cosmological
standard model, ACDM, which describes the evolution
of the Universe dominated by dark matter and dark energy
[6], is generally assumed to be parity-conserving. However,
if cosmic inflation [7-11], dark matter, or dark energy
originates from physics beyond the standard model, it is
natural to ask whether parity symmetry might also be
violated on cosmological scales. Probing potential parity
violation thus offers a unique window into the physics of
the early Universe and the nature of its dark components.

Recent observations have provided a variety of cosmo-
logical probes to search for parity violation. One key probe
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is the polarization of the cosmic microwave background
(CMB) [1]. Since the CMB polarization is described as a
spin-2 field on the sky, it can be decomposed into
eigenstates of parity, called £ and B modes [12,13].
Parity violation can be probed in statistical correlations
that involve an odd number of B-mode components, which
are parity-odd by construction. In particular, the EB power
spectrum represents the lowest-order statistic sensitive to
parity violation, and recent analyses have reported evidence
for a nonzero signal potentially originating from cosmic
birefringence [14]. One promising class of models to
explain the observed cosmic birefringence involves axion-
like particles with a Chern-Simons coupling [15-18].

If the statistics of primordial curvature perturbations do
not obey Gaussian statistics, i.e., if there is a primordial
non-Gaussianity (PNG) [19], then higher-order statistics
beyond two-point functions can be used to probe a
violation of parity symmetry in the primordial universe.
Recent studies have also investigated parity violation in the
CMB temperature and FE-mode polarization trispectra
[20,21]. Although T and E are parity-even scalar fields,
their four-point correlations can acquire parity-odd com-
ponents [2]. Parity-violating physics during inflation (e.g.,
[22]) can imprint parity-odd components in the trispectrum
of the primordial curvature perturbations, i.e., as a parity-
violating PNG, at the leading order [2].

Published by the American Physical Society
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Complementary constraints come from the large-scale
structure (LSS) of the Universe, where parity-odd compo-
nents of the galaxy density four-point correlation function
have been explored [3]. Recent observational analyses have
placed constraints on parity violation using the parity-odd
galaxy four-point function [23-27], with some studies
reporting a detection.

In addition to galaxy clustering, intrinsic galaxy shapes
provide another observable for probing the late-time
Universe. The cosmological correlations of these intrinsic
shapes are known as galaxy intrinsic alignment (IA)
[28-31]. Because IA can contaminate weak lensing mea-
surements by mimicking part of the cosmic shear signal
[32], much of the early work on IA focused on its role as a
systematic effect in weak lensing surveys (see [33-37] for a
review). More recently, however, IA has also been recog-
nized as a potential source of cosmological information,
and several theoretical studies have explored how IA
measurements could be used to constrain cosmological
models [38—41].

Since the observed galaxy ellipticities form a spin-2 field
on the sky, similar to CMB polarization, the shape field can
be decomposed into E- and B-mode components [42].
Under this decomposition, the galaxy shape two-point
statistics are sensitive to parity. In particular, several studies
have proposed using the EB cross power spectrum of
galaxy shapes as a probe of parity violation [38,43-48].
These studies are based on the so-called tensor fossil
effects, where primordial gravitational waves generated
during the early Universe modulate small-scale matter
fluctuations, leaving imprints in the initial conditions of
large-scale structure formation [38,43,49-52]. If the pri-
mordial gravitational waves are chiral, they can induce a
nonzero parity-odd EB power spectrum in galaxy shapes.’

In this work, by contrast, we investigate a different class
of parity-violating signals in galaxy shapes. Rather than
focusing on the tensor fossil effects associated with chiral
gravitational waves, we explore parity-violating imprints in
the scalar sector, specifically, signatures embedded in the
statistics of curvature perturbations. At the lowest order,
such parity-odd signals arise from the four-point correlation
function, or trispectrum, of the curvature perturbation. We
show, for the first time, how the parity-odd trispectrum of
curvature perturbations can be probed through galaxy
shape statistics. In particular, we investigate both the
three-dimensional power spectrum of projected shapes
and the angular power spectrum of projected shapes.

"There are also studies that aim to use galaxy spins (i.e., the
orientation of galaxy angular momentum), rather than shapes, as
probes of primordial parity violation, based on both simulations
[53-55] and observations [56-58]. In addition, constraints on
cosmic birefringence using joint galaxy shape and polarization
information have been proposed [59]. These approaches are
closely related to, and complementary with, studies based on
intrinsic galaxy shapes.

The former leverages the combination of projected ellip-
ticities observed in imaging surveys and the three-
dimensional galaxy positions measured in spectroscopic
surveys, thereby offering access to rich three-dimensional
information beyond currently standard probes. The latter is
a well-studied probe and major workhorse for photometric
galaxy surveys, i.e., for galaxy samples without spectro-
scopic redshift measurements.

The paper is structured as follows: in Sec. II, we derive
an analytic expression for the parity-odd power spectrum
of galaxy shapes based on an effective field theory (EFT)
framework, and present theoretical predictions for specific
models of parity-odd primordial trispectra. In Sec. III, we
develop a new method to generate initial conditions that
realize a given parity-odd primordial trispectrum, perform
N-body simulations with these initial conditions, and
confirm that the simulation results are consistent with
the EFT predictions. In Sec. IV, we forecast the con-
straining power of IA on parity-violating models using
actual galaxy survey parameters.

To help guide the reader, we highlight two key results
of this work here. First, as shown in Fig. 7, the EFT
predictions derived in Sec. II are in good agreement with
the N-body simulation results from Sec. III. In particular,
for parity-odd trispectra that are enhanced in the collapsed
limit, such as the one predicted by the U(1)-gauge model,
the IA power spectrum shows strong sensitivity to the
underlying parity-violating signal. Second, in Figs. 10
and 12, we present forecasted lo constraints on the
amplitude parameters of parity-odd trispectra expected
from the IA signal in future observations. We find that
the constraints on the amplitude of parity-violating
PNG derived from IA measurements alone are competitive
with, and in some regimes stronger than, current bounds
from galaxy four-point correlation [23] and CMB trispec-
trum [20] analyses.

We use the convention for the Fourier and inverse
Fourier transform as

f(k) = /dxf(x)e‘“"x, f(x) = / (;:)3 F(K)ex,

and the abbreviations for the momentum integral

/_/ dk /_/wkzdk /_/de(
k_ (27{)3’ k_ 0 271'27 f(_ 4x ’

To save space, the notations X, = X(k) and k.., =
k; + --- + k, will be used at times, and the time (redshift)
dependence of the fields and functions will be suppressed
when irrelevant. We also introduce the prime notation to
reduce the Dirac delta for the momentum conservation,

(2”)35(]Dln <qu T an>/ = <X
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Throughout this paper, repeated indices are implicitly
summed over. We use the publicly available Boltzmann
code cLASS [60] to compute the linear transfer function
with the Planck 2018 [61] baseline cosmology model 2.20.*

II. THEORY

In this section, we begin by introducing the primordial
parity-odd trispectrum, which is the main focus of our
study and will be explored through galaxy shape statistics.
We then define the spatial distribution of galaxy shapes as a
rank-two tensor field and examine key properties of the
galaxy shape power spectrum under parity transformation,
demonstrating that galaxy shapes can be sensitive to parity
violation even at the level of two-point statistics. Next, we
review an EFT framework that describes large-scale corre-
lations of galaxy shapes, treating them as a tensorial biased
tracer of the underlying matter density field, 8, in the late-
time Universe. Within this framework, we derive an
analytic expression for the parity-odd power spectrum of
galaxy shapes in the presence of the parity-odd trispectrum,
calculated at leading order. Finally, we provide examples of
the expected parity-odd signals based on specific parity-
odd trispectrum models.

A. Recap: Parity-odd trispectrum

If parity-violating physics existed in the early Universe,
its signatures would be imprinted at the lowest order in the
four-point function of the curvature perturbation ¢ under
the assumptions of statistical homogeneity and isotropy [2].
We define the primordial trispectrum of the Bardeen
potential ® = 3{/5 [62] as

To(ky ky k3 ky) = (@ Dy, Dy Py, ), (1)

The trispectrum can be decomposed into the parity-even
and -odd parts, classified by their transformation properties
under parity,

To=Ty +T5 (2)

where P[Tﬁbi)] = j:bei). Geometrically speaking, consider
a closed tetrahedron configuration guaranteed by statistical

homogeneity, for which TEDH gives the same amplitude for

both the configuration and its mirror image (including any

)

rotations), while Tg gives the opposite amplitude for each

configuration. Hence, TED_ ) is zero when the tetrahedral
configuration can be mapped onto its mirror image by a

rotation. From the reality condition of ¢, {*(k) = {(-k),

bas e plikHM TTTEEE lowl lowE lensing
post_BAO_ Pantheon (https://wiki.cosmos.esa.int/planck
-legacy-archive/images/b/be/Baseline_params_table_2018_68pc
.pdf).

the parity-even and parity-odd components are purely real
and imaginary, respectively. Due to statistical isotropy,
the degrees of freedom in the trispectrum are significantly
reduced, meaning it can depend only on the four side
lengths and the two diagonals. Moreover, the parity-odd
component must be proportional to the scalar triple product
constructed from three out of the four momenta [54],

T5) = ik, - (K x ks)Je_(ky k. ks kg ki k). (3)

where k;, = |k; + k| and k4, = |k, + k| are the two
diagonals. The function z_ is totally antisymmetric under
permutations of momenta and can generally be decom-
posed as follows using a model-dependent function f_:

T_= Z sgn(0) f— (Ko(1):Ko(2)- ko (3) ko) Ko(1)o(2) Ko(1)o(4) )

cES,

4)

where S, is the symmetric group of degree four, and
sgn(c) is the sign of a permutation ¢ € Sy. ky(1)4(2) =
[Ko(1) + Ko()| and Ko(1)s4) = [Ko(1) + Ky4)| represent the
two independent diagonals of a tetrahedron after a permu-
tation o. Thus, specifying a parity-violating model corre-
sponds to determining the explicit form of f_ when
studying the parity-odd trispectrum.

The linear matter field is related to @ in the matter-
dominated era as

6 (k,z) = M(k, z)®(k), (5)
where
2
Miks) = 2L E50) )

with 7 being the transfer function and D being the linear
growth factor normalized to the scale factor in the matter-
dominated era. We will drop the redshift dependence on o
and M hereafter. Therefore, the trispectrum of the linear
matter field is written as

Ts(ky. ky ks, ky) = <51((1|)51((12>51((13>51<(?>;
4
:H[M(ki)]T¢(k1,kzak3’k4)- (7)

i=1

Throughout this paper, we consider two specific trispec-
trum models as working examples: the “squeezed-type
trispectrum” and the “collapsed-type trispectrum,” as intro-
duced below. We will investigate in detail how these models
impact galaxy shape statistics within the EFT framework
in Sec. II E.
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1. Squeezed-type trispectrum
First, we employ the model proposed by Ref. [54],

fo = =g KKERE Py (K1) Py (o) Py (k3), (8)

where g_ is the amplitude parameter, and «, f, and y
are distinct integers satisfying a + f +y = —3 for scale-
invariant initial conditions. We adopt the specific choice
(a,p,7) = (=2,-1,0), as in Ref. [54]. P,(k) = (dxdx')
denotes the primordial power spectrum. This model is
motivated by its simplicity and ease of implementation in
the initial conditions of numerical simulations, rather than
being derived from a specific, currently existing infla-
tionary model. The shape of the trispectrum resembles the
well-known gy -type trispectrum, as seen in the terms
Py(ky)Py(ky)Py(k3), and it exhibits a large amplitude in
the squeezed limit where one of the wave vectors along an
edge of the tetrahedron is taken to be small [63,64].

2. Collapsed-type trispectrum

A template that can describe a specific class of parity-
odd trispectra was introduced in Ref. [2],

25
= E dgdd[[:n(ﬂlj,) + (_1)n£n(ﬂl) + ‘611(/"3)]
n>0
ki ks ki

f-

©)

with p3 = ﬁl . ﬁ3, U = Rlz . Rl, and pu3; = Rlz . lA(3. The
sum of the three Legendre polynomials determines the
angular dependence, and d9%¢ is the amplitude parameter
for each order n. The trispectrum depends on the
diagonal, and it shows the same scale dependence as
the well-known 7y -type trispectrum, as seen from the
form P,(k;)Py(k;)P;(ky,), which is enhanced in the
collapsed limit (or the double-hard limit), where one of
the diagonal momenta of the tetrahedron, e.g., kj,, is
taken to be small compared to the two edge momenta,
each of which belongs to a different triangle connected
by kq,, e.g., ki and k3.3 We will refer to this template as
the “d%%¢ template” hereafter.

This template was originally introduced as a generali-
zation of the parity-odd component of the trispectrum
predicted by an inflationary model in which the inflaton
field ¢ couples to a U(1)-gauge field through an interaction
term of the form £ D 1/4f(p)(—F* + yFF) with y # 0,
as computed in Ref. [2]. In this model, often referred to as

The collapsed limit of the parity-odd trispectrum involves
taking the limit for the magnitudes of the momenta while
preserving the angular information needed to distinguish the
mirror image.

the “U(1)-gauge model,” the parity-odd component of the
trispectrum is given by

25 Py(ky) Py(ks) Py(kiy)
f-= _?Agaugef(/"l%ﬂl’/‘.%) ky ks ki ’
(10)
where A,y 1s the amplitude parameter and
Fluzspopz) = 1= iz + py — ps (11)

is the angular function. We can show that the U(1)-gauge
model corresponds to the specific case of the 43¢ template
[Eq. (9)], where

dgdd — _d(l)dd/3 = —A d(ygdz =0. (12)

gauge»
Recent analyses of the four-point correlation function
(4PCF) of galaxy clustering [23] and the trispectra of
CMB temperature fluctuations and E-mode polarization
[20] have placed constraints on Ay, d3’, and df%d. We
discuss the current constraints in detail in Sec. IV. In the
following, we will focus on the U(1)-gauge model as an
example of the collapsed-type parity-odd trispectrum.

B. Definition of galaxy shapes

We approximate a three-dimensional shape of a galaxy
or dark matter halo, which we label as “g,” as a triaxial

ellipsoid estimated from its inertia tensor

1
Lijo :N—W/drpg(r)w(r)rirj, (13)

where p, is a density or luminosity profile of the object and
r is the position relative to the center. w is an arbitrary radial
weighting function, and the normalization factor is defined
as N, = [drp,(r)w(r). Since I;; is symmetric, it has
6 degrees of freedom: one for the trace part (i.e., size of
object), and five for the trace-free part (i.e., two for
ellipsoidal distortions and three for orientation). Given a
set of inertia tensors of a target sample {/;,},_;.., we
formally define the (density-weighted) inertia tensor field
by assigning the values at each position as

1,(x) = ﬁizh 0% — x,), (14)
g g

where 71, is the mean number density of the sample. In this
paper we only focus on the trace-free part because the trace
part is a rotational scalar and thus parity-insensitive at the
level of two-point statistics, as we will see later. We then
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define the (trace-free) shape field from Eq. (14) as its
dimensionless fluctuation from the ensemble average,

sy0x) = | P20 1
K
:<T_1H> <]ij(x) —%Tr[), (16)

where “Tr” denotes the trace part: TrX = X, and we use
the notation “TF” to extract the trace-free part: TF[X ;] =
X;; — TrX&5;/3. We have used (I;;) = (Trl)8}5/3 due to
statistical isotropy at the second equation.

Note that we will initially focus on three-dimensional
shapes in theoretical modeling (Sec. II) and simulation
measurements (Sec. III), rather than two-dimensional
shapes, which are the realistic observables when consid-
ering projections on the sky. This choice is motivated by the
fact that TA is fundamentally a spatially three-dimensional
physical phenomenon. The effects of projection will be
addressed in detail in Sec. I'V.

C. Symmetry properties of tensor spectrum

1. Parity

Let us start by considering how statistics transform under
parity transformations and deriving the consequences of
parity invariance/violation without the usual assumptions
of statistical homogeneity and isotropy to clarify the
properties that hold under parity alone. The power spec-
trum of a shape field is defined as

<Sij(k)Sltl(k/)> = Pij,kl(k’k/)- (17)

Without assuming statistical homogeneity, the power spec-
trum includes off-diagonal components (k # k’). The tilde
notation distinguishes this from the diagonal power spec-
trum that holds under statistical homogeneity, which we
will define in Eq. (21). Note that this spectrum is a complex
quantity in general. Since the shape field S;;(x) is a real-
valued tensor field, we have a reality condition in Fourier
space: S7;(k) = S;;(=k). Therefore, by taking the complex
conjugate of Eq. (17), we have

P (k. K) = Py y(—k, —K'). (18)

We next consider the parity transformation. Since the
shape tensor is a tensor of rank two by definition in
Eq. (13), it transforms as P[S;;(k)] = S;;(~k), which

defines the transformation of the power spectrum as

P[Pij,kl<k’kl)] = Pij,kl(_k’ —k/)' (19)

With the reality condition Eq. (18), we find that applying a
parity transformation to the power spectrum is equivalent
to taking its complex conjugate. If the power spectrum is
parity-even, i.e., P[P;; ;] = P;jx, then combined with
Eq. (18), we have Pj;,; = P;;;, which implies Py is
purely real. In other words, the parity-violating signal,
corresponding to P[It’,-j’k,] # Pij.kl’ appears in the imagi-
nary part of the power spectrum. To emphasize, the
properties of the real and imaginary parts of the auto
power spectrum under parity hold independently of stat-
istical homogeneity and isotropy for any real-valued tensor
field of any rank.

2. Homogeneity

In order to extract the diagonal components, nonzero
under statistical homogeneity, we begin by considering
the transpose, which introduces the momentum exchange
identity. The exchange of two momenta in Eq. (17),
k <> K/, leads to the following relation associated with
the exchange of the index pairs (i, j) and (k, )*:

Pkl,ij(k’ k') = Pfj,kz(k/’k)- (20)

Particularly for the diagonal components (k = k’), from
this and the reality condition Eq. (18), we obtain the
equivalence between taking the complex conjugate and
swapping the index pairs: 13}}‘,(1 = Pk[,,-j for k = k.
Under statistical homogeneity, we define the diagonal
power spectrum due to the translational invariance as P;; y;,

<Sij(k)Skl(k/)> = (2”)35E+k’Pij,kl(k)
= Pk, —K'), (21)

where the second equality holds from the reality condition
of §;;. We immediately obtain P}, = Py,;; from the
discussion above. Therefore, considering parity transfor-
mation, we find that the parity-even condition for the
diagonal power spectrum, P[P;; ;] = P;; 4, corresponds to
the symmetry of the index pairs: Py, ;; = P;;j . along with
its reality: P}, ) = Piju-

In this work, on the other hand, we will focus on the
parity-violating signal, P[P;; ;] = —P;; ;. In this case, the
parity-odd component appears in the imaginary part of
the power spectrum, which is equivalent to appearing in the
antisymmetric part under the exchange of indices, (i, j) and

*Since S, ; 1s symmetric and traceless, it inherits symmetries
under the exchange of i(k) and j(1): Pj; sy = Pij i = Pji s = Pij s
as well as traceless conditions: Pj; ;; = P;j i = 0. This symmetry
and tracelessness are intrinsic properties of the observables of
interest (i.e., distortion of galaxy or halo shapes), and are
independent of statistical symmetries such as parity, homo-
geneity, or isotropy.
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(k,1): Py iy = —P; j!k,.s Note that, since scalar fields (rank-
zero tensors) lack tensorial structure, their power spectrum
is always real, making them insensitive to parity violation
at the level of two-point statistics. In contrast, for any tensor
with rank greater than zero, parity-violating signatures can
be imprinted in the antisymmetric components of the power
spectrum (or two-point correlation function).

3. Isotropy

The Cartesian expression of the power spectrum, P;; ;;,
involves many indices and appears cumbersome to handle.
To simplify the treatment, we introduce the helicity
decomposition following Ref. [65], an efficient mathemati-
cal framework for isolating independent degrees of freedom
under the assumption of statistical isotropy. Let S;; be a
real, symmetric, trace-free tensor field. In Fourier space, its
components can be decomposed into five orthogonal states

Sij(k) = Z S;n(k)ym,ij<ﬁ>v (22)

where ), (m =0,+1,42) are the basis tensors of rank
two with helicity m, defined as

X 3(.. 65
yO.ij(k) = B k,k] ENA (23)
~ 1/4 n
Virij(k) = \/;(kiei,j + kjei,i)a (24)

yiz,ij(f() = ey ey, (25)

with e, ; being a complex unit vector defined for each
mode k as

ei,i(ﬁ)z + 75(511‘ +ib;), (26)

where the basis {4, b, k} forms a right-handed orthonormal
coordinate system. We adopt the polar coordinate basis
{a,b.k} = {ey(k), e¢(ﬁ), k}.° In particular, when k = ,
this reproduces the Cartesian basis {X, §,2}. Hereafter we

°In general, one could also have a mixed-parity spectrum,
where both symmetric and antisymmetric components coexist,
so that the spectrum is neither purely parity-even nor purely
parity-odd.

It is not necessary to explicitly specify the directions of the
basis vectors {4,b} on the plane perpendicular to k on the
theoretical side. However, on the simulation side, when imple-
menting helicity explicitly, we need to define these directions.
The orthonormality relation is V;, - Y,y = 5K v With the complex
conjugate being V%, (k) = (=1)"Y_,,(k) = ,,(~k), where the
second equation follows from e ;(—k) = —e-; (k) = e% ;(k).

will omit the dependence on k in e, ; when irrelevant.
Since the helicity components in Eq. (22) transform as
S,, — e~™¥ S, under a rotation by an angle y around k,
we have the helicity spectra under statistical isotropy (and
homogeneity),

(22)38> .65 P,(k).  (27)

<Sm (k)Sm’ (k/)> kK+K' Y mm'

The reality condition of S yields P, = P_,,. Thus, helicity
modes only correlate with modes of the same helicity under
isotropy, and there are 5 degrees of freedom in the power
spectrum of a real, symmetric, trace-free tensor. From
Egs. (21) and (27), we isolate the independent helicity
components from the Cartesian components of the power
spectrum as
Pm(k) = [ymu(k>ym kl( k)]*Pij,kl(k)' (28)
So far, we have not used the properties related to parity
transformation. As mentioned before, the parity-even (odd)
component corresponds to the symmetric (antisymmetric)
part of the Cartesian components with respect to the index
pairs, (i,j) and (k,[). By further symmetrizing (and
antisymmetrizing) the basis tensors, we extract parity-even
(+) and -odd (—) components separately as

PO (k) = [AGD (R)] Pyssa(k), (29)

(P (k) £ Py (K)), (30)

N =

with A = |m| (1 = 0, 1, 2), where the projection tensors are
defined by

1 .\ .\ .\
Ej/?( )= ) [yi 1/( JVau(=k) £ yﬂ,ij(—k)yz.kz(k)],
(31)
satisfying the orthogonal relation: A9)* . AWS) =
N;8K,8%,, with the normalization factor
14 6%
Nﬁ = % , (32)

and s € {£}. By explicitly writing these out, we obtain the

following:
o) 3 (sn 1
AmﬁziG%— )le3k9 (33)

1 AA A A A A A A
A =5 (P,.kk S+ Pk + P ki +P jlkikk> . (34)
1
2,
Agj,l:;) =1 (PuPji+ PiPix = PijPu), (35)
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for the parity-even projectors, and

— L [~ A A~ PNIPN N
Agjlkl) = _Z (kikkgjlmkm + kzklgjkmkm
=+ ]%jlzkeilml,%m + I}j]%leikmlzm ) (36)
AP = e B Pt kP (37)
ij,kl 4 ikm®m/'™ jl jlm®m ik )

for the parity-odd projectors. We have defined the usual
projector onto the plane normal to k as P;; = 55 - lAc,»lch. To
derive these expressions, we have used the relation:
eie_;=-P;/2+ ieijmfcm/Z. In our convention, the
original Cartesian tensor power spectrum is expanded
as Pijj = s N/;IAE;.’}EI)P‘(\.A).

Note that A4 is, by construction, consistent with
statistical isotropy, as it is built from the isotropic tensors

65. and g;; together with the unit wave vector lAc,-. In
particular, we observe that the parity-odd projectors contain
an odd number of ie;;, which guarantees that they are
purely imaginary and equivalently carry the antisymmetric
structure, as expected. Another interpretation is that this
projection extracts the scalar coefficients of independent
pseudotensors under statistical isotropy [Egs. (36) and (37)].
The fact that the parity-odd projectors are pseudotensors
follows directly from the fact that ¢;;; is a pseudotensor.

Now, the five helicity components are rearranged into
three parity-even and two parity-odd components, with the
latter defined as the difference between the helicity power
spectra of £m (m # 0), i.e., the difference between the
power spectra of right- and left-handed helical modes. It is
worth mentioning that the mode with helicity-0, i.e.,
longitudinal scalar mode, is not sensitive to parity.

The parity-odd projector, A%, is a key mathematical
quantity in this paper, as we will extract the parity-odd
components in the galaxy/halo shape power spectrum, P%),
from its Cartesian expression, P;; ;;, by projecting onto this
basis both in theoretical calculation and in measurements
from simulations.

D. Effective field theory for galaxy shapes

Up to this point, we have derived the mathematical
properties of galaxy shape statistics based on symmetry
considerations. Moving forward, we will develop a physi-
cal model for them. In this paper, we adopt an EFT for
galaxy shapes [65]. We first briefly review the basics of
EFT, then extend the framework to the cases of parity-
violating initial conditions.

1. Bias expansion

In the EFT framework, a shape tensor field is schemati-
cally written as

Sy = S+ Shd 4 Sioch, (38)

where Sg’-cal represents the deterministic terms expressed by
local gravitational operators, i.e., at lowest order in deriv-

atives, S?j:d' accounts for the higher derivative terms arising
from the nonlocality of galaxy formation, and S?}"Ch
represents the nondeterministic terms from small-scale
physics and the discrete nature of galaxies.

The perturbative bias expansion of the local component,
S%(}cal —

5] (n) .
ne1 i, 1s expressed by an operator basis as

n Ny
S =D cq,TE[O]", (39)

q=1 p=1

where n denotes the perturbative order, and the index pair
(¢, p) specifies the linearly independent operators. Here, ¢
labels the order of the bias operator (sometimes referred to
as the generation, not to be confused with the perturbative
order n), and p enumerates the N, independent operators of
a given order g. ¢, , is the corresponding bias coefficient.
For example, there are three independent quadratic (¢ = 2)
operators for a rank-two tensor field, as listed below (see
Ref. [65] for details). Note that the triplet (1, ¢, p) uniquely
determines the kernels of the operators at nth order in
perturbation. We consider the perturbative expansion up to
n = 3, i.e., terms up to the order of (5"))* in the statistics.
This order is required to probe parity violation, as it
constitutes the lowest-order scalar statistics sensitive to
parity. At this order, the leading-order parity-odd power
spectrum sourced by the primordial parity-odd trispectrum
appears, as we will show below.

The first few operators, O,(-j‘-”p ), are given by

ot =, (40)
oY =1, (41)
o =mym !, (42)
03 =nllls, (43)

(1]
ij
the gravitational potential satisfying Tr[I1]] = § via the
Poisson equation. Notice that the first line (¢ = 1) starts
at first order in perturbations, but receives higher-order
(second-order, third-order, ...) corrections due to the non-
linear evolution of matter. Similarly, the following lines
(g = 2) start at second order, with third- and higher-order
contributions. When evaluated at first order in perturbation,
the trace-free part of the first-order operator [Eq. (40)] thus
represents the linear tidal field, which corresponds to the

where IT;. = 0‘20,0/-5 is the rescaled Hessian matrix of
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“linear alignment” model [32]. 1'[[.7] (¢ > 1) is the higher-
generation operator recursively defined by the convective
time derivative as [66,67]

q 1 gD -y e
Hij _(q—l)! (Hf) DTHij (q 1)1_[,'_; . (44)

with the conformal Hubble parameter H, the logarithmic
growth rate f, and the convective time derivative:
D/Dt = 0/0dt + v'9;. The physical interpretations of
the second-order effects of the four operators in
Eqgs. (41)-(43) are, briefly, dependent on the formation
history of the tidal field, tidal torquing, and density
weighting, respectively.

We define the Fourier-space kernels of the operators at
the nth order as

)
CRUNCEY UL

><[Kf?””}(")(ql,.--,qn)éf,'l)-~-5f,'n), (45)

where their explicit forms are given by (up to the second
order)

an ) ..
[Kf? } = 4:4;, (46)
1] (2) P
[K,(?H} = F2(q1,92)312,G12 ) (47)
oenl@ S 2vA A " oA
K —7(1—ﬂ12)412,if112,j+ﬂ12611,(ﬂ2,/’)v (48)
2)7(2) A
[KE?@ )} = 11291,(i92.j) (49)
oenl@ 1, A A
K =5 (G141 + @24G2,) (50)

with F, being the second-order gravitational evolution
kernel in the standard perturbation theory [68], u,,, =
{, - §, being the cosine of angle between two momenta,
and we have defined the notation for symmetrization:
xiyj) = (x;y; + x;y;)/2. We omit the full expressions for

the third-order terms SS-) because, as we will see shortly,

the first- and third-order terms do not contribute to the
parity-odd signals at the leading order due to the
symmetries.

So far, we have used a bias expansion assuming that
galaxy and halo formation is spatially local. However,
since gravitational collapse occurs over a finite region, we
need to account for nonlocal effects at certain scales of
interest [69,70]. These effects can be captured by including

higher derivative operators. Up to the third order, only one
operator is relevant,

(hd) _ 5253~ (11)
O, = R0°0;, (51)
with R, being a typical halo formation scale. This term is
suppressed by a factor of O(R?k?) relative to the linear

operator O,(-jl.’l), effectively counting as a third-order oper-

ator because the additional k> dependence becomes degen-
erate with the counterterm that accounts for backreaction
from small-scale matter density fluctuations in the EFT of
large-scale structure at this order (see, e.g., [71] for details).

In summary, the power spectrum of a shape field
[Eq. (21)] is perturbatively expanded up to the order of
(6(1))3 (excluding stochastic terms for now),

Pyja = Pl + P + P + P + PG (52)
where the last term represents appropriate counterterms
from the loop integrals. Note that the higher derivative term
shares the same angular structure as the tree-level spectrum
by definition in Eq. (51), differing only in its k> depend-
ence. Furthermore, we extract the independent helicity
components by projecting onto the basis tensors, as defined
in Eq. (29).

In Ref. [65], these next-to-leading-order corrections
(including stochastic contributions) were derived for
Gaussian initial conditions (see also Refs. [72,73]). In this
case, all the information is contained in the primordial
power spectrum, which is parity-even, as mentioned in
Sec. II C. Since gravitational evolution preserves parity, any
parity-odd signal remains zero. Thus, the only parity-even
components projected onto A1) (1 =0, 1, 2) defined in
Egs. (33)—(35) are nonzero for Gaussian initial conditions.
In this work, on the other hand, we focus on non-Gaussian
initial conditions, particularly those that violate parity. The
corresponding signals appear in the parity-odd components
obtained by projecting onto A4~ (1 =1, 2) defined in
Egs. (36) and (37).

2. Parity-odd power spectrum

Here, we present a useful fact that can simplify future
calculations for parity-odd signals. Recall that the first-
generation operator [Eq. (40)] is expressed in Fourier
space as

OUY (k) = kik;6(k). (53)
This represents a pure longitudinal scalar mode at any
order in perturbations, i.e., helicity-0 mode in terms of the
helicity basis [Egs. (23)-(25)]. From Eq. (27), the two-
point correlations involving this operator contribute only to
a helicity-0 power spectrum under statistical isotropy,
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which is parity-insensitive. Therefore, P(!'), P(3) and

PUhd) in Bq. (52) are all parity-insensitive.” Thus, we only
need to focus on P, which consists of the following
operator spectra with the loop integral:

PY > p4) (54)

Ca.pCq.p Olar) o p)’

with

-
PE?O’) E/q q (27[)35{?—(112(277)35113+(h4
1 4

A— -
X Kggor)(%,(h’%,%)T{(s )(‘h,(h,(hafh)’ (55)
where Tfs_) is the underlying parity-odd matter trispectrum
[Eq. (7)], and we have defined the projected kernel

Kgg(‘h .q2.93.q4)
= [AL )] K™ (@ 02) KT (a5, 40). (56)

We show a diagrammatic representation of the parity-odd
power spectrum sourced by the parity-odd trispectrum
through the (22)-type loop integral in Fig. 1. Note that
when deriving Eq. (55), we used the fact that the parity-odd
projection is orthogonal to the parity-even statistics (such as
the Gaussian part and parity-even non-Gaussian compo-
nents) contained in the fourth-order moment of 5, i.e.,
they vanish after the loop integration due to their trans-
formation properties under parity q; = —q;.

We can further simplify P(?) by using the degeneracies

among the second-order kernels [Eqs. (47)—(50)] derived
|

qs q1

q4 q2

FIG. 1. A diagram of the parity-odd power spectrum sourced by
the parity-odd trispectrum.

in Ref. [65]. The detailed calculations are provided in
Appendix A. Briefly, the helicity-1 component of the
parity-odd spectrum depends only on the combination
Cpq + ¢y + ¢p3, while the helicity-2 component depends
only on ¢, + ¢, and ¢, 3 as independent bias coeffi-
cients. Therefore, by appropriately redefining the linear
combinations of the second-generation operators, we
obtain the following simplified expressions for each hel-
icity component:

PO =3Pl (57)

2,— 2,— 2.~
P(_2> = C2QP<QQ) + 2CQCRPEQR; + c%{PEQR )’ (58)

where cop =cy ) + ¢+ €23, Cg=cp3, and we have
introduced the new operator labels

R;=00 — 0. (59)

J T tj

— (22
Qij:O,'j s

The explicit forms of the corresponding Fourier-space
kernels are given by, for helicity 4 = 1,

1- e n q q
K(QQ )(ql»(b Q. 4q4) =5 [k (41 X q3)] [ﬂkl - —lﬂkz] [/“’k3 - _3ﬂk4]v (60)
4 P 94
and for A = 2,
2- L 91 4
K(QQ)(Q1,(12,(137(14) = E[k (@) % q3)] (113 _ﬂklﬂkS)_IMIZ_SMMa (61)
q> 44
K%E;(‘ll,‘h, 3. Q) = L [k (@ % @) (113 — paatuas) k—2 [ﬂlm + @ﬂ%} (62)
8 4294 194 9>
(2.-) in a . k*
Krr (41,92, 493, Q) = g[k (@ x 43)](p13 _ﬂklﬂld)F» (63)
244

where u;, =k - §,,, and the cross terms have already been symmetrized: K og) = (Kor + Kgg)/2. The scalar triple
product (and imaginary unit) common to the kernels combines with the analogous term in the parity-odd trispectrum in

Eq. (3), leading to a nonzero parity-odd signal.

The angular structure in these kernels determines how the second-order gravitational effects on galaxy shapes capture the
underlying parity-violating signal. Moreover, according to the two-loop configuration shown in Fig. 1, we expect that the

7Pz<,h1?1 (n > 1) is parity-insensitive in general.
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loop integral over the two internal momenta is dominated
by hard modes of the integrand. Since the wave vector k of
interest corresponds to one of the diagonals of the formed
tetrahedron, this soft-limit configuration, k < ¢y, g3, is
referred to as the double-hard limit or the collapsed limit.
We thus expect that the parity-odd spectrum of galaxy
shapes is enhanced if the primordial trispectrum has a large
amplitude in the collapsed limit. The calculations assuming
specific models are presented in Sec. Il E. More generally,
the sensitivity of galaxy shapes to parity-violating physics
is model-dependent and is essentially determined by the
similarity (or cosine) between the parity-odd kernels and
the trispectrum.

3. Stochasticity

We now consider the stochastic term Sf-}"d‘, which
constitutes the final component included in the EFT
expansion [Eq. (38)]. This term is necessary to describe
the stochastic effects of small-scale fluctuations, as gal-
axy shapes are influenced by both large-scale perturbations
(the deterministic part) and small-scale fluctuations. In
this paper, we focus only on the leading term, which
is represented by adding a stochastic operator €;;(X) to
the bias expansion, uncorrelated with the large-scale
perturbations,

S

De (64)

ij 2 €ijs
where (O;;e;;) = 0 for any deterministic operators O;;.
We define the power spectrum of this field as

(eij(K)ey (k') = (27)*60 Ny (k). (65)

Our objective here is to determine the general form of the
parity-odd components in this noise power spectrum. The
parity-even components have already been derived up to
leading and next-to-leading order (in derivatives) in
Refs. [65,73], respectively. In the following, by extending
the method used in Ref. [73], we derive the parity-odd
components, which are imaginary, or equivalently, anti-
symmetric under the pair exchange (i, j) <> (k,1).

The stochastic contributions can be considered as the
limit of the shape correlation function in the small-
separation limit. This consideration helps in identifying
the nontrivial index structure of N;;, especially beyond
leading order in the derivative expansion. Hence, we first
define the two-point correlation function of the stochastic
field as

(eij(x)eq (X)) = &iju(r/R,), (66)

with r = x — x’. This correlation function, by definition, is
expected to have a typical extent on the order of halo radius
R, i.e., &;u(y) is nonzeroup to y ~ 1 with y = r/R,. The

noise power spectrum is obtained via the Fourier transform
of this. Due to the locality, we can perturbatively expand the
transformation in the regime with R .k <« 1 as

Niju(k) = /dl'ffij,H(r/R*)e_[kT (67)
~ R} / dyé&;; xu(y)
. 1
X (1 - l(R*ka)ya - 5 (Rzkakb)yayb
i

For the first term, since the term o« [ & ki 18 an even-rank
constant tensor, it must be constructed solely from 55 This
leading-order contribution is given by [65]

0 do 2
Nz('j.,)kl =3 <5§5§<] + 83565, — 3555,5), (69)
= ao(Ai 20 2N oo

where we used the definitions of the parity-even basis tensors
[Egs. (33)—(35)] in the second equation. This is the only
tensor that satisfies the index symmetry and traceless
condition inherited from S;; at this order. We introduced
a dimensionful parameter a,. In practice, the dominant
contribution to a arises from Poisson shape noise due to
the discrete nature of galaxies. Reference [73] derived the
next-to-leading-order contributions, at second order in
derivatives O(k?), for the parity-even part from the third term
in Eq. (68), and found that there are two independent tensors,

2,1 0
Nz('j.,kl) = aZ,lkzNz('jw)kl’ (71)
22 1, 2,
Ngj,,d) = 2a,,k* (Az('j,lz) + 4A§j,k+1))- (72)

These tensors can be derived by considering that the term
x k,kp f &ijk1Yqy» must be constructed from combinations
of two k vectors (k;k; or k*65) and &, satisfying the
required symmetry properties.

*With our notation, the parity-even stochastic power spectra
are given by

P(P D ay + ay k%, (73)
PV 5 ag + (az) + azn)k (74)
P(+2> D) ap + ((l2,1 =+ 4022)]{2. (75)
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We now apply the same approach to the parity-odd
components. As inferred from the above discussion, we
focus on the second and fourth terms in Eq. (68). Since
these terms involve an odd number of ik; (or d; in real
space), constructing an even-rank tensor N;; s, requires an
odd number of ¢;;; (along with the imaginary unit). At each
order in derivatives, following similar reasoning, we obtain
the following independent pseudotensors: for the first order
in derivatives,

ap
2

—2a k(A +2857)). (76)

Nt(/l)kl - (i88€ 1k, + 3 perms)

and for the third order,

3,1 1
Ngj.kl) = a3-,1k2Nl('j.>kl’ (77)

Nl(?lfl) == % (ik;kye ik, + 3 perms)

= 2a3,k3 AL (78)

where we used the definitions of the parity-odd basis
tensors [Egs. (36) and (37)]. We find that the leading-
order stochastic contribution to the parity-odd spectrum is
described by a single tensor in Eq. (76), which is propor-
tional to k and contributes to both helicities. At next-to-
leading order, two independent degrees of freedom appear,
as given in Egs. (77) and (78), both scaling as k.
Interestingly, the second tensor contributes only to the
helicity-1 mode. Therefore, in addition to Eqs. (57)
and (58), the parity-odd power spectra include stochastic
terms up to next-to-leading order in derivatives as

P(_l) D alk + (03_1 + 613’2)](3, (79)

PP > 2ak + 2a;z k. (80)
|

A— A—
P (k) = / (2r)80., (2208, K&
q q4

.....

4

The physical significance of the linear-in-k stochastic
contribution can be understood as the local effect of a
stochastic torque, i.e., the curl of the white noise stochastic
spectrum, as follows. Let T';j;; be the Cartesian components
of a tensor field 7. We define the curl of T as

[V X T);jts = €imrOmTijir- (81)

This is a generalization of the curl of a vector field A:
[V x A]; = €;x0,A. In Fourier space, Eq. (81) corresponds
to i€k, ;. Now suppose that T(r) describes the
small-scale correlation function of a 2-tensor, such as the
small-scale tidal field. Since this has the same symmetries

as N:(;))kz [Eq. (70)], we have, symmetrizing under the
exchange (k < 1),

[iglml’kaijkl’]sym & ijl)kl (82)

Thus, the linear-in-k contribution represents a preferential
alignment of the white noise tensor components in a
specific rotational direction, i.e., handedness, which arises
due to the breaking of statistical parity symmetry. Similarly,
at the next-to-leading order, we find that the curl of N l(jz,f?

(x =1, 2) generates Nl(;,f’l) for each a. In this way, the

parity-odd stochastic power spectrum naturally shows up as
the curl of a parity-even stochastic term that begins at
zeroth order in derivatives.

E. Case study

In this section, we assume the two parity-odd trispectrum
models, squeezed-type and collapsed-type, introduced in
Sec. IT A and compute the expected signals of the parity-
odd power spectrum of galaxy shapes. By substituting
Egs. (3) and (4) into Eq. (55), we obtain an expression for
each component of the parity-odd power spectrum in
Egs. (57) and (58),

(41.492.93.94)

X H (M(q;)][-iq12 - (q1 < q3)] Z sgn(0) f_(4s(1) 4o(2) Do(3)» Do(4)» Do(1)0(2)> Do(1)0(4) )5 (83)

i=1 cES,

with X, Y €{Q,R}, and we used the triangle condition:
q; - (92 X q3) = —qy> - (q; % q3). Equation (83) is a key
equation, as it allows us to compute all parity-odd power
spectra of different helicities when a trispectrum template is

provided. In particular, as shown in Fig. 1, this corresponds
to a two-loop integral, involving two free momenta. In the
following, we denote the two UV cutoff scales for the two-
loop integral as A and A’
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FIG. 2. Parity-odd power spectra of helicity-1 (left panel) and helicity-2 (right panel), as defined in Eq. (83), sourced by the squeezed-
type and collapsed-type parity-odd trispectra. The helicity-2 spectra for the squeezed trispectrum are exactly zero due to the absence of
diagonal dependence, and hence do not appear in the right panel. The model amplitudes are set to g_ = Ag,e. = 1, and the linear matter
power spectrum at z =0 is used. For the loop integral, we set the IR and UV cutoff scales to ¢, = 107*AMpc~! and
A=A = 1h Mpc™', however, the results are insensitive to g, as long as ¢, < k. To better visualize the behavior in the
k — 0 limit, we also show the analytically derived asymptotic scalings for each case as guides, plotted as short lines alongside the
corresponding original curves in the low-k region: Eq. (85) for the squeezed trispectrum, and Eqs. (87)—(90) for the collapsed
trispectrum. Note that this is not an expected physical signal, as the amplitude depends on the choice of the UV cutoff scale. The key
point here is the low-k scaling, which originates from the trispectra in the soft limits and must be renormalized by introducing an

additional tensor operator.

1. Squeezed-type trispectrum

The left panel of Fig. 2 presents the result of the two-loop
calculation defined in Eq. (83), applied to the squeezed
model introduced in Eq. (8) (red line). The details of the
numerical implementation of the loop integrals are pro-
vided in Appendix B 1. Interestingly, no helicity-2 parity-
odd signals arise from this model at this order due to the
absence of diagonal dependence. We provide a proof of this
in Appendix B 2. Thus, only the helicity-1 component
PgQ_ ) appears, as shown in the left panel. Since the overlap
between the shapes of the gravitational kernels and
the squeezed model is small, the result of the loop
integral becomes small (particularly compared to the
collapsed trispectrum case discussed later), as expected.
Nevertheless, there is a non-negligible dependence on
small-scale modes in the low-k region, quantified by the
dependence on the UV cutoff scale. Below, we examine the
dependence on the high-¢g modes in more detail.

First, let us consider the contribution from the collapsed
(double-hard) limit, where both internal momenta are much
larger than k of interest: kK < ¢, g3. From the calculation
presented in Appendix B 3, we find

- dh
PO 0] " =g @ AR, (34)
showing a k* suppression with a cutoff-dependent coef-
ficient © 4, (A, A’) defined in Eq. (B35). This suppression is

consistent with the odd-power scaling of k that naturally
arises from the assumption of local stochasticity, as dis-
cussed in the previous section. In particular, at this order,
the cutoff dependence is absorbed into the coefficient a3,
in Eq. (79). It is also in agreement with the fact that
this trispectrum does not exhibit a large amplitude in
the collapsed limit, where small-scale fluctuations are
decoupled from large-scale modes.

However, the actual behavior of the power spectrum at
low k, as shown in the left panel of Fig. 2, does not follow
this &% scaling, indicating that this contribution is sub-
dominant. As detailed in Appendix B3, the dominant
contribution actually comes from the single-hard limit
where only one of the internal momenta is much larger
than k. This can be understood as follows: the given
squeezed-type trispectrum, which has a sharp peak in
the squeezed limit, is nearly orthogonal to the (22)-type
loop integral that captures signals in the collapsed con-
figuration. As a result, the dominant contribution instead
arises from the “product” configuration of the two soft
limits, specifically from the equilateral triangle-squeezed
triangle configuration, where, out of the two triangles
glued together via k, only one is in the squeezed limit (see
Fig. 3 for an illustration). This leads to a dominant single-
hard contribution, which takes the form

Pl W] = g a5
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Kernel Trispectrum
kg k3 k2 k2 k3
— [k — ks S Jrk—
k1 k4 k; ky ky
ky

FIG. 3.

A conceptual diagram illustrating why the single-hard limit dominates in the case of a squeezed trispectrum. The red (black)

vectors represent soft (hard) momenta, respectively. The (22)-type loop integral is sensitive to the collapsed limit (left). However, if the
trispectrum template has a shape that peaks in the squeezed limit (center), the dominant contribution after loop integration comes from
the single-hard limit, where both effects overlap (right). Note that for this specific case, where the diagonal K = |k, | is taken as the soft
mode, by “single-hard” and “double-hard” we specifically refer to whether one or both of k; and k5 are large.

where &, (A) is a cutoff-dependent coefficient defined in
Eq. (B31). The asymptotic k-scaling explicitly depends on
a and f in the definition of the squeezed trispectrum
template [Eq. (8)]. Substituting (a,f) = (=2,-1), as
assumed in this work, into Eq. (85), we find that it scales
as o« k21, As indicated by the red guide line in the left
panel of Fig. 2, this function correctly captures the low-k
scaling behavior. Thus, after the appropriate renormaliza-
tion, the model of the parity-odd power spectrum of galaxy
shapes under the squeezed trispectrum should take the
following form:

P(_l)(k) _ g_b%an.‘+2+a+/3, (86)
where b_ is a renormalized bias parameter. However, the
signal predicted by this model is intrinsically small due to
the kernel-trispectrum mismatch, and it likely will be
difficult to place strong constraints on the amplitude
parameter with the galaxy shape power spectrum in this
scenario.

2. Collapsed-type trispectrum

In both panels of Fig. 2, we show the results of the loop
integrations for the U(1)-gauge model trispectrum defined
in Eq. (10). We provide the details of the numerical
implementation in Appendix C 1. Unlike the squeezed-
type trispectrum, this case predicts nonzero signals for both
helicity-1 (left panel) and helicity-2 (right panel) modes.
In the low-k regime, the behavior is dominated by the
collapsed (double-hard) limit of the trispectrum, leading to
the following k dependencies for each spectrum (see
Appendix C 2 for derivations). For helicity 4 = 1:

1,— dh 1,—
[P<QQ)(k)} = Agause®@0g (A N)Py(K),  (87)
and for helicity 4 = 2:
2,— dh 2.—
(P2 (0]™ = A @05 (A APy(K),  (88)

_ dh _
{P%RSU‘)} = Aguge@0r (A APy (K),  (89)

P 0] = Ague

Sy (MNP (k). (90)
where @57 (A, A") is defined in Eqgs. (C17)~(C23). As seen
from Egs. (60)—(63), the relative suppressions of factors k>
and k* for P(gr) and Pgg, respectively, exist at the kernel
level, i.e., they are independent of the form of the trispec-
trum. Therefore, in the k — 0 limit, the dominant contribu-
tion always comes from Poo for both helicities, i.e., from the
“tidal torquing” operator by definition of Q;; [Eqgs. (42) and
(59)]. In particular, in the case of the U(1)-gauge model,
Py has a scale dependence proportional to P (k) ~ k=,
leading to a significant enhancement at low k°

Note that, in terms of the d%% parametrization in
Eq. (12), this scale-dependent enhancement comes only
from the n =1 component, and the contributions from
the n = 0 component have an additional k> suppression due
to cancellations (see Appendix C2). Hence, Agye In
Egs. (87)-(90) can always be equivalently rewritten as
Aguuge <> d%9/3. In other words, since the scale-dependent
enhancement of the galaxy shape power spectrum is
primarily sensitive to d%9, it is consequently also sensitive
t0 Agauge-

We hereafter focus on the leading term, Py, and carry
out its renormalization. (The same discussion applies to
the other components, Pyr and Pgg.) To renormalize the
UV cutoff dependence of Py, in Egs. (87) and (88), we
introduce additional tensor operators in the bias expansion
of the shape field [Eq. (38)],

_(
Sij D WE,'>’ (91)

’In general, the scale dependence is determined by the func-
tional form of the diagonal dependence of the primordial
trispectrum.
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for A =1, 2, satisfying <(9,-j1;7,<{’}>> =0 for any of the
previously introduced “Gaussian” operators O;;, and

Py ) = (A )] () oy (1))
= Py(k). (92)

Thus, z/‘/l(-j) is a purely helical tensor field with helicity 4,
whose power spectrum matches (by our choice of defi-
nition) the primordial scalar power spectrum P . Therefore,
the model of the parity-odd power spectrum for galaxy
shapes under the collapsed trispectrum takes the following
simple form for each helicity:

PO(k) = Agauge (0P (k). (93)

where b (1 = 1, 2) is a renormalized bias parameter. Note
that this is the only contribution to the parity-odd shape
statistics, since gravitational evolution from Gaussian (i.e.,
parity-conserving) initial conditions does not lead to parity-
odd contributions at any order.

Lastly, we provide a physical interpretation for the
additional bias operator in the presence of the parity-odd
collapsed trispectrum. We start with an expression for
the matter trispectrum in the collapsed limit, derived in
Appendix C 2. For simplicity of notation, we relabel the
UV momenta as q = q; and q' = q3, and take the limit
of k<« ¢q,q'. From Eq. (C15), we obtain the following
expression:

15 ik - (@ % @)@ Py PP, (94)

where P(g) is the linear matter power spectrum, and a
constant prefactor is omitted for simplicity. We find that
this particular angular dependence can be rewritten as a
tensor contraction using the parity-odd projectors defined
in Egs. (36) and (37),

A

ik (@x@))(a-@) = (AL 200V aaa,8,.  (95)

Substituting this into Eq. (94), we obtain an explicit form
of the parity-odd contribution from the UV modes for
each helicity,

75 5 A (k)P (K)3:4,P(9)d,d 1P (). (96)

To develop a physical understanding of this, we consider a
case where the local (position-dependent) power spectrum
is modulated by the large-scale modes of 1/75;),

Plgx) = (14805 %) Pl@).  (97)

This corresponds to fixing a long-wavelength realization
and taking an ensemble average over the short modes.
Considering the large-scale correlation of the quadrupolar
modulation, defined as AP(q;x) = P(q;x) — P(q), we
obtain

/dxe‘ik"‘/dx’e‘“""‘%AP(q;x)AP(q’;x’)>’
—ikr/~ (4 _ (4 A A Al A
- / dre %+ (5 ()5 (x))3,4,P(@)243,P(d)

= AL (K)Py(K):a,;P(9)d,/P(d), (98)

which is identical to Eq. (96). Note that we used the

definition of the power spectrum of 1/7,(.;), given in Eq. (92)

in the third line. Thus, the collapsed limit of the parity-odd
trispectrum quantifies the large-scale correlation of the
anisotropic (quadrupolar) modulation in the small-scale

power spectrum, mediated by a helical tensor field, lpﬁj),

that is uncorrelated with large-scale scalar perturbations.'®
This new degree of freedom subsequently appears in the
bias expansion of the shape field.

III. N-BODY SIMULATION

So far, we have derived analytical expressions for the
parity-odd power spectrum of galaxy shapes in the EFT
framework. In this section, in order to test whether these
predictions are actually realized and to estimate the
amplitude of the response of shapes to parity-violating
PNG, which remains undetermined in the EFT expansion,
we perform a set of numerical simulations. In this study, we
use the shapes of dark matter halos as a proxy for galaxy
shapes, and analyze the signal by running N-body simu-
lations. In the previous section, we showed that the shape
power spectrum is expected to be particularly sensitive to
the collapsed-type parity-odd trispectrum. From now on,
we therefore focus only on the collapsed-type model, rather
than the squeezed-type model. We first propose an efficient
method to implement a specific class of parity-odd col-
lapsed-type trispectra into the initial conditions. We then
demonstrate that our new method is sufficiently flexible to
imprint the parity-odd trispectrum predicted by the U(1)-
gauge model into the initial conditions, and we validate this

For the parity-even collapsed trispectrum, i.e., the 7y
trispectrum, it has already been shown that an additional scalar
field (denoted here as y) appears in the bias expansion of the
galaxy density field. Physically, this is interpreted as the effect
where the local power spectrum is modulated by large-scale
modes of an uncorrelated scalar field y, as shown in [74-77],

P(g;x) = (1 +y(x))P(q). (99)

Thus, our analysis provides a natural generalization to the case of
a parity-odd trispectrum.
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implementation. Subsequently, we run N-body simulations
using these initial conditions and show that the IA power
spectrum at late times is indeed sensitive to the parity-
violating initial conditions. We also confirm that the
resulting signal matches the functional form predicted by
EFT. Finally, by performing a fit to the measured power
spectrum, we estimate the amplitude of the response of halo
shapes to the parity-violating PNG.

A. Parity-violating initial conditions

1. Idea
Let us start with the simplest method that produces a
(parity-even) collapsed-type trispectrum, known as the 7y,
trispectrum. We assume that the Bardeen potential includes
a quadratic non-Gaussian correction

O(x) = p(x) + Ap? (x;0), (100)

where

¢?(x;0) = p(x)a(x), (101)
with A being the amplitude parameter and ¢ and ¢ being
uncorrelated Gaussian random fields [75,78]. In Fourier
space, we equivalently have

(2n)o0_g,Pla)o(qx).  (102)

#(ki) = [

q1.92

We will suppress the argument ¢ in ¢ to condense the
notation. In this model, polyspectra involving an odd
number of ® vanish at any order, and the leading-order
trispectrum is given by

Te(ki ky ks ky)
/
:A2<¢k]¢§3j¢k3¢§3> +5perms + O(A%)

:A2P¢(k1)P¢(k3)PG(k12)—|—11perms+0(A4) (103)
Although P, determining the scale dependence of the
diagonal, can be taken to be different from P, in general,
we assume P, = P, hereafter. Thus, A is related to the

well-known amplitude parameter 7y; as A% = 257y /9.
Regarding the structure of the collapsed-type trispectrum,
we note that since ¢ appears only in the quadratic correction
and not in the Gaussian part, it always carries the diagonal
dependence of the trispectrum at the tree level. Thus, q,
in Eq. (102) corresponds to one of the diagonal momenta,
for example, as ki, in Eq. (103). On the other hand,
the momentum q; of ¢ corresponds to one of the edge
momenta k;.

a1

€¢

P12

€9

FIG. 4. Definitions of the polar and azimuthal angles (0, ¢,)
in Eq. (104).

Now, interpreting the convolution kernel in Eq. (102) as
unity or “monopole,” it can be generalized using spherical
harmonics as

2
82 (ki 0s) = / (2mPaD.
q:.92

X "Y (A13 G2)P(A1)0rm(d2),  (104)
where we define the polar and azimuthal angles for the
spherical harmonics, Y,,,(q;;42) = Y, (612, ¢12), as the
angles for q; measured in the Cartesian coordinate system,
where the polar basis associated with q,, {ey(q,),
€,(d2).q,}, is regarded as the coordinate axes in the x,
v, and z directions, respectively (see Fig. 4). As mentioned
above, since q; and q, correspond to the edge and diagonal
momenta for the trispectrum, respectively, the spherical
harmonics are designed to encode the angular dependence
associated with the orientation of the triangle (q;) around
the diagonal momentum (q,). The phase factor i” is needed
to satisfy the reality condition: [(/)(fzni(k)]* = qﬁgn)l(—k) (see
Appendix D 1 for details). We introduced distinct, uncor-
related Gaussian random fields o, for each m-state
(m =0, %1, ..., ££). These fields are constructed to satisfy
(OpmOrm) =85 peoP,, ensuring statistical isotropy,
where |p,»| < 1 denotes the correlation matrix. By expand-
ing the quadratic kernel of ¢(*) using spherical harmonics,

O(k) = (k) + > Asndin(Kiop,).  (105)
‘m

where A,, are real coefficients, one can express an
arbitrary relative angular dependence between the pair
(qy.qy). The tilde notation A, represents a temporary
parameter introduced before redefining the final amplitude
parameter A,,, (without the tilde) in Eq. (112). Note that
Eq. (102) corresponds to (£, m) = (0,0).

063557-15



KURITA, JAMIESON, KOMATSU, and SCHMIDT

PHYS. REV. D 113, 063557 (2026)

FIG. 5. The shape of a tetrahedron is determined by two
triangles that share a diagonal momentum k,: one defined by
k; and the other by kj;, along with the angle ¢ between their
planes. This angle ¢ is given by the dot and cross products of Kk,
k5, and k,, [see Egs. (D14) and (D15)].

With the quadratic correction given in Eq. (105), we
obtain the leading-order trispectrum (see Appendix D 2
for details),

Te(ky ky k3. ky)

= prf’AfmAf’m(_l)fom(kl; ki2)Y;, (K3 ko)

‘' m

X Py(ky)Py(k3)Py(kip) 4 11 perms, (106)
which includes the typical collapsed-type scale dependence
Py (ky)P,(k3)P,(ky,), along with the angular dependence
expressed as the product of two spherical harmonics that
capture the orientations of the two triangles sharing the
diagonal Kk, (see Fig. 5 for an illustration). As shown in
Appendix D 2, this trispectrum template has both nonzero
parity-even (real) and parity-odd (imaginary) parts in
general. Furthermore, the angular dependence of each
component is represented as a polynomial composed of
three cosines, ﬁ,z-ﬁ], ﬁlz-ﬁ3, and ﬁl -ﬁ3 (and their
permutations), with a single factor of the scalar triple
product for the parity-odd component: ik, - (k; x k3),
which ensures statistical isotropy [see Eq. (D16) for the
explicit expression]. Note that, for the pair of +|m| states,
when the two amplitudes Agi‘ml are equal, the imaginary
parts in Eq. (106) cancel out, making the trispectrum purely
parity-even. In other words, the difference between +|m|
states generates the parity-odd component. We will provide
a more intuitive explanation for the generation of nonzero
parity-odd components in this model in the following
implementation section.

2. Implementation

To implement the correction given in Eq. (104) by
utilizing Fast Fourier Transforms (FFTs), we recall an

expression for spherical harmonics in terms of the rank-#
trace-free tensor contraction (e.g., [79]),

Yfm<93 ¢) = cfmTF[ﬁil e ﬁif]
x (€0 @)+ ey, (@2, 2 ) (107)

where 71;(0, ¢) is a unit vector, and ¢, is the normalization
constant,

20+ 1 2lm|
:(25‘1)”\/ bt Gt m)(f—m)

s = sgn(m) € {£} is the sign of m, e ;(2) is the complex
unit vector defined in Eq (26) and TF[X; ;] denotes the
trace-free part of X; By replacmg ] w1th q, and Z
with ¢, in Eq. (107) we obtain an expression for the
spherical harmonics defined in Eq. (104),

(108)

Yfm(ﬁl;q2) = CfmTF[fll,i, : "@1,if]

X <es,i1 (@2) - €54, (G2) G2, flz,if)-

(110)

Notably, the spherical harmonics are now written in a sum-
separable form with respect to q; and q,. This allows
the quadratic convolution in Eq. (104) to be implemented
just as a product of two tensor fields in real space. By
substituting Eq. (110) into Eq. (104), we can finally express
the quadratic correction as follows:

®(x) = ¢(x) + Y _Arubpn(X:07m), (111)
‘m
fm
=¢ + ZAfm¢l] i \X)0;,.. 1/( )’ (112)
where the amplitude parameters are redefined as
Afm = (_l)fAfmcfm (113)

in the second line, and the two rank-Z tensors are defined in
Fourier space as

¢\, (k) =TF[ik;, --- ik; Jp(k),

iy ip

(114)

"Due to the property of the trace-free part, we have

TR, -7y, ](ex; (2) -
=y - 7; TFle,. (,]( Z)--

€Ly (2)2i\m\+] o '21}7)

: eﬂ:,l",,, (2)2i‘m‘+1 T 21‘[)]' (109)

Note that the trace-free operation in the second line is applied
after the symmetrization for the indices, iy, ..., i,.

063557-16



PARITY VIOLATION IN GALAXY SHAPES: PRIMORDIAL ...

PHYS. REV. D 113, 063557 (2026)

o (k) =e;*(k)---e;* (K)ik

iyip {m|

ik opm(K).  (115)

Uml|+1

with e} =e{; being the dual basis vector satisfying

e’ ey =65, with se{+}. Note that both p\") . and

iyi
o\ satisfy the reality condition, and it does not affect

s
(¢m)
i

is a pure longitudinal tensor, while

the result whether the indices of ¢

the definition. ¢

ol(.f'f’il is a helical tensor with helicity m. Therefore, in this
model, the quadratic mode coupling between the helical
and nonhelical tensor field sources both parity-odd and
parity-even trispectra.

The simplest case where a parity-odd component arises
is when only the m = +1 or m = —1 state for £ =1 is

nonzero, while all others vanish,

are symmetrized in

i

$2 (xs0140) = Adi(x)ol(x),  (116)

where A = A4, and
¢ (k) = ikip(k). (117)
oV (k) = e (K)o (K). (118)

Here, o\ is interpreted as a purely helical Gaussian

vector field whose power spectrum is given by P,.
Computing the trispectrum with this non-Gaussian correc-
tion (see Appendix D 2 for detailed derivation), we find that
the parity-odd component corresponds to the “d$%-only
model” in the parity-odd template of Eq. (9), with
d3¥ =F3A2/100.

Furthermore, by extending the correction to £ = 2, we
consider the following quadratic term:

2)(e.
L (X:0141. 6241, 6212)

= Ao (x)o"* (x)
+ 07 eV x) + 0 x)e V)], (119)
where A=A = Ay = Aypy, and
¢ (k) = ~kikp(K). (120)
o (k) = ikieT (K)ora (K), (121)
o P (k) = ef (K)ef (K)orn(k).  (122)

(2m)

Here, o;;
helicity m. Following the same computation as before
(see Appendix D2), we can show that the resulting
parity-odd trispectrum takes the form of the U(1)-gauge

are helical rank-two tensor fields with

model [Eq. (10)] with Agyyee = +3A2/100, assuming the
correlation matrix pyp =1 for any £, =1, 2.
Equivalently, this can be expressed in terms of Eq. (12)
as d3% = F3A42/100 and d9% = +9A2/100.

We implement the quadratic non-Gaussian correction
defined in Eq. (119) into the initial conditions to realize the
U(1)-gauge parity-odd trispectrum, by modifying the
public initial condition generator MUSIC2-monofonIC
[80,81]. The procedure is briefly summarized as follows.
First, we generate three Gaussian random fields, ¢, 6,1,
and 0,,,, from the assumed P,. For opposite helicities
(m < 0), we use the same random seed, ie., we set

Osm = 0¢_p. Using these fields, we construct the relevant
() _(1+1)
c

vector and tensor fields in Fourier space: ¢,(-l), ®; 70 ,

0(2+1) l(_Jerz)

i and o . These are then transformed to real
space via inverse FFTs, and the tensor contractions in
Eq. (119) are evaluated to obtain the final non-Gaussian
field ®. Based on this ®, we solve the Lagrangian
dynamics up to second order to generate the initial particle
distribution [82,83].

Figure 6 shows the results of the validation test based on
the parity-odd trispectrum measured from the initial con-
ditions. Details of the parity-odd trispectrum estimator
and the analytical expression for the angle-averaged tris-
pectrum corresponding to the measurement are provided in
Appendix E. The results are consistent with theoretical
expectations, which confirms the validity of our method.

Here, we comment on the relation to existing methods
for generating parity-violating initial conditions.
Reference [54] introduces a cubic correction to Gaussian
initial conditions to realize a parity-odd trispectrum
enhanced in the squeezed limit. Although both our
approach and theirs introduce parity violation through
scalar perturbations, we focus on collapsed-type parity-
odd trispectra and thus on a different trispectrum shape.
Other works implement parity-violating signals from hel-
ical vector and tensor fossil effects [55,84], whereas we
consider scalar-sector primordial non-Gaussianity and
therefore probe a different physical scenario.

B. Data

We generate the initial particle distribution at z = 49
with N, = 10243 particles in a comoving simulation box
of size 1h~! Gpc. We evolve the particle distribution by
using GADGET4 [85]. The particle mass corresponds to
m, ~8 x 10'"°h~'M . We perform a total of 40 N-body
simulations, consisting of eight realizations for each of five
different initial conditions: one Gaussian case and four non-
Gaussian collapsed-type cases with different amplitudes of
Agauge» specifically Agyyee = £6 X 10* and £3 x 107 (cor-
responding to A2 = 2 x 10% and 1 x 107, respectively). For
each realization, we use the same random seed for the
Gaussian part ¢ to reduce sample variance when comparing
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FIG. 6. A validation test for our initial conditions, comparing the measurements of the parity-odd trispectrum in the initial conditions
with its expectation values calculated from the analytic expression (see Appendix E for details). The top panel shows the parity-odd
trispectrum measured from 1000 realizations of the initial conditions. Blue (red) data points correspond to the positive (negative)
amplitude A, To suppress noise, we plot the difference relative to the corresponding Gaussian realization. The box size is 14! Gpc,
and the density field is constructed on a 64 grid based on the initial particle distribution. For the trispectrum measurement, we use
binning with ki, = 0.0, kpax = 0.22 Mpc™!, and Ny, = 20, applied to each of the five wave numbers k;, (b = 1, ..., 4, 12). The bottom
panel shows the corresponding configurations (ky, k, k3, k4, k15). We plot the configurations with the highest signal-to-noise ratios
among the independent data points. As expected, the configurations with the strongest trispectrum signals are those in the collapsed
limit, where one of the diagonal momenta is significantly smaller than the edge momenta. The black line in the top panel represents the

theoretical expectation (computed by using a subgridding procedure), which is in good agreement with the measurements.

different models. Note that for each nonzero amplitude, the
nonlinear correction to the initial power spectrum increases
monotonically with k and peaks at the Nyquist frequency,
where the relative correction is Pg/Py—1<0.01 and
0.04, respectively (see Appendix D3 for the analytical
expression). Since these corrections are sufficiently small
for the purposes of this study, we do not apply any rescaling
to the initial power spectrum in our simulations.

At low-redshift snapshots, we identify dark matter halos
using the friends-of-friends algorithm implemented in
GADGET-4. For each halo, we define its shape by computing
the inertia tensor from the relative positions of its member
particles with respect to the halo center. We adopt the
“reduced” inertia tensor [with w(r) = 1/r* in Eq. (13)] for
our main results, rather than the standard inertia tensor
[with w(r) = 1], in order to better capture the shape of the
inner halo region, which is often associated with the
formation of central galaxies (see, e.g., Refs. [86—89]).
The results using the standard inertia tensor are presented in
Appendix F. They are in overall qualitative agreement, with
minor differences discussed later. We then assign these halo
shapes to a regular grid using the Cloud-In-Cell (CIC)
scheme to construct the three-dimensional shape field

S ;j(x). In Fourier space, we apply the interlacing technique
[90] to suppress aliasing effects, in addition to deconvolv-
ing the CIC kernel.

We measure the parity-odd power spectra for helicities
A =1 and 2 using the standard binned power spectrum
estimator with a parity-odd projection,

POk == 3 [A )] 8,008u(k).  (123)

Ny k €binb

where N, is the number of Fourier modes within the bth
spherical shell, and k;, is the bin-averaged wave number
defined by k, = >\ coinp |K|/Np. We use logarithmically
spaced bins with width Alog;qk = 0.1.

C. Results

1. Comparison of EFT and simulation

Figure 7 shows the parity-odd power spectra measured
from dark matter halo shapes for both helicities 1 =1, 2.
Clear nonzero signals at large scales are observed in the
cases with parity-violating non-Gaussian initial conditions,
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FIG. 7. Comparison between the measured parity-odd power spectra of halo IA for different initial conditions and the
corresponding EFT best-fit models (solid lines) defined in Eq. (93): (b))% = 0.065 and (b*)? = 0.177. The left (right) panel
shows the helicity-1 (helicity-2) component of the power spectrum. The power spectra are measured at z = 1 from halo samples

with 1 x 10" < My <4 x 1083h7 M,

in contrast to the null results obtained from Gaussian initial
conditions. We also show the best-fit EFT curves, as
defined in Eq. (93). For the fitting, we restrict the analysis
to linear scales, using data up to k,,,, = 0.064 Mpc~'. To
suppress noise, we define the signal as the half difference
between the simulations with opposite parity-violating
amplitudes, +Ag, .- The fact that the amplitudes of the
measured signals linearly scale with the input parameter
Agauges both in magnitude and in sign, and that their scale-
dependent enhancement matches the shape of Py(k), is in
excellent agreement with the EFT prediction.

2. PNG bias: Different helicities

Since, as shown in Eq. (93), the parity-odd power
spectrum is proportional to the product of the underlying
parity-violating amplitude A,q. and the PNG-induced bias
(bW)2, prior knowledge of the PNG-induced bias is
required to directly constrain Ay, from measurements.
This situation is analogous to the well-known degeneracy
between the local-type PNG parameter fy; and the PNG-
induced bias by in the scale-dependent bias of the galaxy
clustering power spectrum [91]. Therefore, we here derive
fitting formulae that relate the PNG-induced biases b to
the linear (Gaussian) shape bias bg.

First, the left panel of Fig. 8 shows the relation between
the parity-violating PNG-induced biases for the two hel-
icities A = 1, 2. They show a clear linear relation, which is
well described by

(124)

with the best-fit value

B =270 + 0.08. (125)

Note that b)) are only defined up to a sign, since they
always enter quadratically in the statistics. We found that
adding a constant or quadratic term does not improve the
quality of the fit. The linear relation between the biases for
different helicities indicates that the response of the halo
shape to anisotropic modulations of local power spectrum
is essentially the same for both helicities, apart from an
overall multiplicative factor (i.e., the slope), regardless of
the specific halo sample.

On the other hand, the fact that the slope deviates from
unity is nontrivial and is generally expected to be model
dependent. In particular, for the U(1)-gauge model con-
sidered here, a renormalization calculation presented in
Appendix C shows that the cutoff scale dependence differs
between helicities exactly by a factor of 2 [see Eqgs. (C17)
and (C19)],

2,- 1-
@55 (M AN) =285 (A N). (126)
Thus, the double-hard limits for both helicities are propor-
tional, and this proportionality is also confirmed by the halo
bias measurements, although with a different coefficient.

We note that this result is based on halo shapes defined
using the reduced inertia tensor, which gives more weight
to particles in the inner regions of the halo. Interestingly,
even when we use the unweighted inertia tensor instead, the
slope parameter f remains nearly unchanged (consistent
within the 1o level, see Appendix F). This suggests that
both the inner and outer regions of the halo respond
similarly to modulations of the local power spectrum.
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Relations among the measured bias parameters and results of polynomial fitting. The left panel shows the relation between

the two parity-violating biases for helicities 4 = 1, 2: b{!) and b®). The black line indicates the best-fit linear model with slope
parameter in Eq. (125). The right panel shows the relation between b and the standard Gaussian linear bias bg. The black curve
shows the best-fit polynomial with parameters in Eq. (128). We omit the plot of the relation between b)) and by, as it is redundant

given the two panels above.

3. PNG bias: Relation to Gaussian bias

Next, we investigate the relation between these PNG-
induced biases and the Gaussian linear shape bias bg. To
estimate by, we used the ratio between the matter-shape
cross power spectrum to the matter power spectrum at
linear scales in the Gaussian simulations [92]. The right
panel of Fig. 8 shows a scatter plot comparing the PNG-
induced bias and the Gaussian bias, and we fit the data with
a polynomial function

(b1)? = ayb% + auby, (127)
with the best-fit values
a, =2.25+0.11, ay = 23.38 +4.15. (128)

The relation between b®) and by can then be obtained by
substituting Eq. (127) into Eq. (124), as shown in Fig. 8.
We found that including additional lower- or higher-order
polynomial terms (from zeroth to sixth order) does not
improve the quality of the fit, as all coefficients other than
the quadratic and quartic terms are consistent with zero.
When using the unweighted inertia tensor instead of the
reduced one, we find that the fitting parameters «, differ
significantly (see Appendix F), in contrast to the relation
between the helicities discussed above, which remains
nearly unchanged. This discrepancy reflects the fact that
the response to the large-scale tidal field, encoded in by,
differs between the inner and outer regions of the halo. In
the forecast analysis in the next section, we employ the
fitting results from the reduced inertia tensor [Eq. (128)],
which better captures the inner halo shape and is often

considered more relevant for describing the region asso-
ciated with central galaxy formation.

As a caveat, we have not investigated possible assembly
bias or other secondary dependencies of b, Such effects
are known to be significant for the local PNG-induced bias
of galaxy density (e.g., Ref. [93]), and may also affect b,
A detailed study of these effects is beyond the scope of this
work and left for future investigation.

IV. PROJECTION AND ANGULAR STATISTICS

In this section, we forecast how well IA can constrain the
U(1)-gauge model, particularly its amplitude parameter
Agauges With the parity-violating signals. In the previous
sections, we focused on three-dimensional galaxy and halo
shapes, as they naturally form in three-dimensional space.
In actual imaging galaxy surveys, however, we do not have
direct access to the full three-dimensional shapes. Instead,
only the two-dimensional shapes projected onto the sky are
observable. If spectroscopic redshifts are available from a
spectroscopic survey, we can infer the three-dimensional
positions of galaxies. In that case, the three-dimensional
power spectrum of projected shapes becomes the observ-
able quantity. On the other hand, in imaging surveys, where
only photometric redshifts are generally available, the
galaxy positions are effectively projected onto the sky,
and the angular power spectrum becomes the primary
observable. We demonstrate that in both cases, the
parity-odd power spectra found in the three-dimensional
formalism show up as nonzero EB cross power spectra
after the projection of galaxy shapes: Pz (k, i) for spectro-
scopic surveys and Cgg(¢) for photometric surveys,
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respectively.]2 Finally, we perform Fisher analyses to
estimate how tightly current and future surveys can con-
strain the parameter Agyqc.

A. Spectroscopic sample

1. 3D power spectrum: Pgg(k.p)

The projected traceless shape tensor at position x along
the line-of-sight direction fi, denoted by yl-j(x; n), is
defined as [40]

vij(X;R) = Py (0) Sy (x), (129)

where S;; is the original three-dimensional shape tensor,
and P;jy, is a rank-four projection operator given by

1

Piju(h) = 3 (PuPj+PuyPiy—PiiPu) (130)
= 2003 (A), (131)

which corresponds to the helicity-2, parity-even projection
tensor with respect to the direction i [see Eq. (35)]. Here,
we adopt the global plane-parallel (or distant observer)
approximation, where the line-of-sight direction for all
galaxies in the survey is taken to be a fixed unit vector fi.
Note, however, that when we later consider the angular
power spectrum, we will adopt the full-sky formalism.
Under this approximation, the projection in Fourier space
can also be written in the same multiplicative form,
vij(Ks ) = P () Sy (K). (132)
The 2 degrees of freedom in y,; can be decomposed into
the rotationally invariant £ and B modes in Fourier space.
Following Ref. [96], we extend the E/B decomposition to
include possible nonzero parity-violating signals, and
derive the expression for the EB cross power spectrum
(see Appendix G for details),

i i
Py p) = =5 (1 = ) PO (k) = 2 (1 + ) PE (k).

(133)

where u = k -fi is the cosine of the angle between the
Fourier mode k and the line-of-sight direction. Note that
Py is purely imaginary, and, hence, odd in p due to the

2Our framework is not restricted to the inflationary model
considered here and can be applied to other parity-odd primordial
trispectra (e.g., Refs. [94,95]). Different collapsed-type trispectra
generally show distinct scale dependencies and helicity struc-
tures. These differences can in principle be distinguished through
the multipole dependence of Prp(k,u) or the £ dependence of
Cpp(?) (see below).

reality condition of the shape field. P becomes nonzero
only in the presence of intrinsic parity violation, i.e.,
PW #£0, and thus deviations of Pgp from zero serve as
a direct probe of parity-violating physics. We expand Pgp
in terms of Legendre polynomials

Peglkou) = > PEK)LA(n),

=13,

(134)

and obtain the following expressions for the nonzero
multipoles:

PO (k) = —é(P(_”(k) F2PD(K),  (135)
POK) = - 2PO(k) + PO(R).  (136)

10

Although the projection reduces the number of independent
degrees of freedom from 5 (helicities) to 2 (E/B modes),
which may appear to limit access to the underlying 3D
shape information, it is worth noting that the helicity-1 and
2 components have distinct u dependence in Eq. (133).
These lead to different contributions to the multipoles in
Egs. (135) and (136). Therefore, in principle, the under-
lying helicity components can still be disentangled, as
similarly demonstrated for parity-even signals in Ref. [96].

Figure 9 shows the dipole moment (£ = 1) of the EB
cross power spectrum measured from the projected shapes
of dark matter halos, using the method introduced in
Ref. [89]. We omit the octopole moment due to the low

2 -
000 —— EFT (projected from 3D helicity fit)
1500
m 1000}
@)
o
,?E 500}
=
— 0
=
Sm —5001
. § Gaussian
£ —1000} I Agauge= +3x10°
{  Agauge= —3x10°
—1500F T Agauge= +6x10*
[ Agauge = — 6% 10%
—2000¢ h
1072 107!
k [AMpc~!]

FIG. 9. Dipole moment (£ = 1) of the E/B power spectrum
measured from the same halo sample as in Fig. 7 after the
projection of their shapes. The solid curve shows the EFT
prediction given in Eq. (135), computed by inserting the best-
fit bias parameters obtained from the three-dimensional helicity
analysis in the previous section. Thus, this is not a direct fit to P(EII;
itself. See the main text for further details.
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signal-to-noise ratio. The solid curve represents the EFT
prediction, which is not obtained by directly fitting Pgp, but
instead derived by projecting the theoretical model from the
previous section. Specifically, we substitute the best-fit bias
parameters from the three-dimensional helicity spectrum
analysis into Eq. (93), and then evaluate the projected EB
spectrum using the analytic expression in Eq. (135). The
good agreement between the simulation measurement and
the EFT prediction confirms the consistency between the
projection procedure applied to the simulation data and the
corresponding theoretical modeling.

The multipole moments in real space are nonzero only
for £ =1 and 3, and this structure arises purely from the
geometry of the projection. In particular, it is independent
of the underlying parity-violating model. In actual galaxy
surveys, redshift-space distortions (RSDs) can break this
structure by introducing additional angular dependencies.
However, for IA signals, the impact of RSD is a higher-
order effect [97]. Moreover, since our analysis focuses on
the large-scale limit, where such effects are suppressed, this
approximation should remain valid for our purposes.
Therefore, higher multipoles £ > 5 can be used as con-
sistency checks or to identify potential systematics in the
data. In the following analysis, we will use the multipoles
¢ =1 and 3 as the observable signals.

2. Fisher analysis: DESI Y5

Here, we perform a Fisher analysis to estimate the
constraining power of the IA power spectrum on the
amplitude parameter A,, .. The observable signals are
the EB cross power spectra, and their amplitudes, i.e., the
PNG-induced bias parameters b, are determined as
follows. We consider luminous red galaxies as a typical
galaxy sample, since for these galaxies, the standard
Gaussian (parity-even) TA signal has already been mea-
sured (see, e.g., Ref. [97]). For example, Ref. [98] mea-
sured the cross power spectrum between the galaxy density
field and the E-mode shape field, P,p, using the SDSS-TII
BOSS LOWZ and CMASS samples [99], and found
b2P ~ —0.05 at 7 ~ 0.5. We adopt this value as the fiducial
value in our forecast and assume that it is well constrained
by parity-even signals such as P, . Therefore, we treat it as
a fixed parameter rather than marginalizing over it as a free
parameter. Based on this fiducial value, we assume the

redshift dependence to be
|

klﬂﬂX k2 dk

D(0.5)

b3P(z) = —0.05 x BG)

, (137)

where D is the linear growth factor normalized to unity at
z = 0. This redshift dependence is the same as that adopted
in Ref. [40], although the overall amplitude has been updated
based on more recent observational results. It corresponds to
assuming that Ajx (z) o b3P(z)D(z), a commonly used form
of the TA amplitude in the weak lensing literature, is
constant. This assumption is sometimes referred to as the
“primordial alignment” scenario [32].

We explicitly write “2D” here because in actual obser-
vations, the galaxy ellipticity is defined based on the
projected shape, which is normalized by the two-
dimensional trace, I; 4+ I,,. This is different from our
three-dimensional definition, which uses the full trace
111 + 15, + I35, and thus results in a different normalization
of bg. As noted by Refs. [72,100], the two are related at
leading order by

b3P = 3by. (138)
Taking this into account, we convert the fiducial b3° into
the corresponding three-dimensional b, and then use the
fitting formula in Eq. (128) to determine the values of b,
Finally, we rescale the result as [b?]?® = 3b1) to properly
match the two-dimensional normalization used in actual
observations.

Note that Eq. (137) corresponds to the commonly used 1A
amplitude parameter [101] A5 ~ 4 ~ 5, chosen to reproduce
an [A amplitude of elliptical galaxies consistent with current
observations [97,101-109] and measurements from hydro-
dynamical simulations [110-114]. Hence, we do not adopt
the by value of dark matter halos. The IA amplitude entering
the Fisher analysis is intended to be realistic for galaxies,
while the halo calibration is used only to map this amplitude
into an expected parity-odd response via the b_—by relation
in Eq. (127). This procedure is directly analogous to
constraints on local-type PNG fy; from the scale-dependent
bias in galaxy clustering, where a calibrated relation b, (b, )
is used to infer b, from the measured b;.

Given the model signal, and assuming that all bias
and cosmological parameters other than the parameter
of interest A,,,.. are fixed, we obtain the expected 1o error
on A as

gaug
gauge

min 20

(¢) ()
0P (k / —10P.; (k
g ( )[COV[P,(Q,P%”}(k)} 10P g ( )’

-2 A = V /
o ( gauge) S . 272 Z aAgauge

(139)

0A gauge

with Vg being the survey volume and the Gaussian covariance per mode k

Cov[PY), PUN(k) = (26 + 1)(2¢' + 1) /
-1

) L () P (k) P (k) + P (k).

(140)
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We employ the linear theory for the sample variance with
the Poisson shape noise under the fiducial (Gaussian)
cosmology,

) 1 —u?)? o2
Pret) =L 0P2p + 7 (141)
Ny
R o2
PBB(k’”) = __}” (142)
g
PEB(kv u) =0, (143)
where o, is the intrinsic shape noise, and 7, is the mean

number density of the galaxy sample. We set 6, = 0.17
based on Ref. [98] and neglect the redshift dependence
of ¢,."> Note that since there is no fiducial signal in Py
and no contributions other than shape noise in Pgg, the
covariance does not contain terms proportional to P?(k).
Additionally, in practice, since (b3)?P(k) < 67 /iy, the
covariance is dominated by shape noise. As a result, the
covariance matrix for the multipoles per mode is approx-
imately diagonal.

We adopt survey parameters motivated by the final year
dataset of the Dark Energy Spectroscopic Instrument
(DESI) survey [117], hereafter DESI Y5. We assume
sky coverages of f, = 0.33. As our target galaxy samples,
we first consider the DESI Luminous Red Galaxy (LRG)
sample covering the redshift range 0.4 <z < 1.0 [118],
and assume a redshift-dependent galaxy number density,
following Ref. [119], with 7, =5 X 107*h* Mpc™ for
0.4 <z<0.8, decreasing to 4x 107 at 0.8 <z<0.9, and
2x107* at 0.9 < z < 1.0. The effective number density and
redshift for the sample are iy e = 4.5 x 107*A* Mpc™
and z.; = 0.7, respectively. In addition, we include the
DESI Bright Galaxy Sample (BGS) covering 0.1 < z < 0.4
[120]. Since the BGS is selected based on an r-band
magnitude cut, it includes both red and blue galaxies.
Among them, the BGS red galaxies are expected to exhibit
IA signals similar to those of the BOSS LOWZ sample,
which consists of red, early-type galaxies in the same
redshift range. Reference [121] reported that approximately
50% of the flux-limited BGS sample are red galaxies, based
on an analysis using the DESI Early Data Release (DR)
galaxies. Based on this, we adopt an effective number
density for [A-contributing red galaxies in the BGS sample
as i, = 5 x 10™*A* Mpc™3, corresponding to 50% of the
total BGS sample [119]. The combined BGS (red) and
LRG samples cover the redshift range 0.1 <z < 1.0.

13Here, y refers to the shear, which is defined as the measured
ellipticity e divided by the shear responsivity factor 2R =
2(1 —6?), ie., y=¢/(2R) [115]. The amplitude parameter
shown in Eq. (137) is also defined with this normalization.
For the sample used in Ref. [98], R =~ 0.93, which corresponds to
0. ~0.27 [116].

Accounting for sky coverage, the corresponding comoving
survey volume is Vg =~ 1743 Gpc? for DESI Y5.

The left panel of Fig. 10 shows the 1o constraint on the
amplitude parameter of the U(1)-gauge model, Agyyqe, as a
function of the minimum wave vector used in the analysis,
kumin- Throughout the analysis, we fix the maximum wave
vector to k., = 0.1, which we have confirmed to have
little impact on the results. Since the Py signal is enhanced
as Py (k) o k= in the large-scale limit, the constraints from
IA improve significantly as k.;, is pushed to smaller
values. For the choice of k,;,, we follow the recent fy
analysis in Ref. [122], which carefully investigated imaging
systematics mitigation in large-scale galaxy power spec-
trum measurements from DESI DR1 data. We adopt k;, =
0.003 as the fiducial scale cut and consider k,,;;, = 0.001 as
the optimistic limit, based on the scales where their method
is considered reliable for correcting geometrical systemat-
ics in DESI DR1 data."* For comparison, we also plot the
current constraints on Ag,,e. from galaxy clustering 4PCF
analysis with the BOSS DR12 sample [23], and from the
CMB temperature 7- and E-mode polarization trispectrum
analysis with Planck PR4 data [20], shown as horizontal
lines. Overall, our results indicate that the 3D EB power
spectrum can place competitive constraints on Ag,,e. With
DESI Y5. With the fiducial scale cut, the expected con-
straint is of the same order as the current CMB limit, though
slightly weaker. In contrast, the optimistic scale cut could
yield a constraint that is potentially tighter than the CMB
bound and comparable to current limits from the LSS
analysis. The specific values are summarized in Table I.

Note that, naively, imaging systematics are expected to
affect angular modes most strongly, i.e., the 4 = 0 modes,
which are perpendicular to the line of sight [124]. On the
other hand, as shown in Eq. (133), Pgp is an odd function
of u, which suggests that it may be less sensitive to
contaminants that strongly affect the p =0 modes.
While this needs to be tested with realistic mock data
since we need to take into account a nontrivial mode
coupling due to the survey window function, if confirmed,
it could indicate that Ppp is less affected by imaging
systematics than the galaxy clustering power spectrum,
potentially allowing access to larger scales (smaller k;,).

The right panel of Fig. 10 shows the constraint on the
amplitude parameter of the n = 1 component of the d9%
template defined in Eq. (9), i.e., d{%. As discussed in
Sec. IIE, the constraint on A,y from IA measurements
can be directly translated into a constraint on d‘fdd /3 via
Eq. (12), since the n =0 component (d3%) does not

“For simplicity, we use the (local) plane-parallel approxima-
tion for the Fisher forecast with the three-dimensional IA power
spectrum. While standard in TA and galaxy power spectrum
estimators [96,123], wide-angle effects may become relevant on
the very large scales considered here, and should be mitigated or
modeled in future work.
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FIG. 10. Forecasted 1o constraints on the amplitude parameter of the U(1)-gauge model, Agyqc (left), and the n = 1 component of the
d°% template, d‘l’dd (right), using the three-dimensional IA power spectrum from BGS and LRG samples in DESI Y5, shown as functions
of the minimum wave number k,,,;, (red curves). For comparison, current constraints from the galaxy 4PCF analysis of BOSS DR12 [23]
and from the CMB trispectrum analysis using Planck 7" and E modes [20] are shown as horizontal solid and dot-dashed lines,
respectively. The vertical dotted line indicates our fiducial scale cut, k,;, = 0.003, which matches the conservative choice adopted in the
S analysis of DESI DR1 [122]. The specific values are also summarized in Table 1.

contribute in the collapsed limit. A similar situation arises
in the CMB analysis of Ref. [20], where the trispectrum
configurations in the collapsed limit (with internal
momenta L < 10) have limited sensitivity to d3%, and the
constraint on Ay, is therefore dominated by d§ (see

TABLE I. Summary of 1o constraints on the amplitude param-
eters of the parity-odd primordial trispectrum from the U(1)-gauge
model: Agyyges dgdd, and d‘l’dd. Top rows show current constraints
from the galaxy clustering 4PCF analysis of BOSS DR12 [23] and
the Planck CMB trispectrum analysis (7 and E) [20]. Bottom rows
show forecasted constraints from IA measurements using DESI Y5
(BGS + LRG) and LSST Y10 (red galaxies), under both fiducial
and optimistic scale cuts. For DESI, we assume k;, = 0.003
(fiducial) or 0.001 (optimistic), and for LSST, we assume
min = 10 (fiducial) or 4 (optimistic) with f.4 = 0.1. Constraints
from IA are not shown for 3%, as the signal is insensitive to this
component. The relation Agyee = dj%/3 is used to translate
between the parametrizations. See also Figs. 10 and 12 for the
detailed dependencies on k,;, and ¢ ;,, respectively.

1026(Agge)  1026(d5%)  10726(d90)

BOSS GC 7.8 7.8 350
Planck 33 1.1 x 107 98
DESI 1A (fid) 73 220
DESI IA (opt) 14 41
LSST IA (fid) 18 53
LSST IA (opt) 2.7 8.0

Table I). In contrast, the galaxy 4PCF analysis behaves
differently: the constraint on A, is mainly determined by
d3%. This is because the analysis in Ref. [23] uses galaxy
pair separations in the range 20 < r < 160h~! Mpc, corre-
sponding roughly to wave numbers 0.04 < k <0.3h Mpc~'.
These scales are more sensitive to equilateral trispectrum
configurations than to the collapsed limit. Since d3%¢ is
suppressed in the collapsed limit but contributes signifi-
cantly in equilateral configurations, it becomes the dom-
inant contributor to the 4PCF signal on those scales. Given
the relation among parameters [Eq. (12)],

dgdd = _d(l)dd/3 = _Agaugev

probes that are sensitive to the n = 0 component effectively
constrain d§%, leading to 6(Agyge) = o(d§™). Conversely,
probes that are sensitive to the » = 1 component constrain
d9, yielding 6(Agyge) = 0(d5)/3. The former case
applies to the galaxy clustering 4PCF analysis, while the
latter applies to the CMB and IA measurements.

For d%%, we find that the IA EB power spectrum
provides constraints that are comparable to, or potentially
tighter than, current limits from galaxy clustering and CMB
analyses. Note that, for the reasons mentioned above,
while both galaxy clustering and IA are observables of
the late-time Universe using galaxies, they probe different
scales and are therefore complementary. Moreover, our
analysis is based on the power spectrum (i.e., two-point
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statistics), whose covariance properties are well under-
stood. This provides a practical advantage over the 4PCF
analysis, where accurate estimation of the covariance
matrix remains a challenging and actively studied issue
(see, e.g., Refs. [24-26]).

B. Photometric sample

1. Angular power spectrum: Crg(€)

We next consider the case in which only photometric
redshifts are available and no spectroscopic redshift

)
Cip(?;2,7) :”Ef+2;!;N

where F g?)f denotes the kernel function for the X € {E, B}

mode sourced by a mode with helicity A. N(Cl) =2 and
N 5:2) = 1/2 are normalization factors for each helicity. The
superscript “I”’ indicates the intrinsic contribution to the
observed shear (see Appendix H for further details). We
confirm that only the parity-odd three-dimensional power
spectra, PY, contribute to the parity-odd angular power
spectrum. The helicity-0 component does not contribute to
parity-odd statistics. Notice that Crg(¢; 7, 7') is suppressed
at high 7 for z =7, as the 3D power spectrum Pgp
vanishes for transverse k modes [i.e., 4 = 0, Eq. (133)].

From Eq. (144), the tomographic EB spectrum averaged
over redshift bins a and b is then computed as

Cal(£) = A ® G palr) A * & o) Can(£:2.2). (145)

where p, is the redshift (radial) distribution of galaxies in
bin a, normalized as [ dyp,(y) = 1. In this section, we
assume the overall redshift distribution of source galaxies

to follow
s () l-()]

and adopt source galaxy parameters based on the Rubin
Observatory Legacy Survey of Space and Time (LSST),
with (zg, @, #) = (0.11,2,0.68) [126]. We divide this dis-
tribution into Ny, = 8 tomographic bins such that each
bin has the same integrated redshift probability for a Fisher
analysis. The effective redshift of each bin corresponds
to zer = [0.23,0.44,0.60,0.78,0.98, 1.23, 1.60, 2.55].
Figure 11 shows the angular EB power spectrum of
galaxy IA for the U(1)-gauge inflationary model, focusing
on the autospectrum of the second tomographic bin with
effective redshift z.;r = 0.44. We set Ag,0c = 1 and assume

(146)

) (f—Fﬂ)!
C (=)

1 1
AP(_’”(k;z,z’)Fg)f‘ (kZ(Z))Fg,)zf” (kx (),

information is provided. In this case, the most natural
observable is the angular power spectrum. The angular
power spectrum for spin-2 observables on the curved sky is
derived based on the formalism developed in Ref. [125]
(see also Refs. [38,43,44]). Below, we directly present the
final expression.

The full-sky EB angular power spectrum between two
shape samples located at redshifts z and 7’ (for simplicity,
we first assume delta function distributions in redshift) is
given by

(144)

Eq. (137) for the amplitude of bias parameters. The sign flip
at low 7 in the helicity-2 contribution is consistent with the
results of Ref. [44], which studied parity-violating tensor
fossil effects on IA. The high-#Z (Limber) approximation of
the tomographic EB power spectrum (see Appendix H 2 for
derivation) is given by

31 [ p2x) ¢

10711t — total (exact)
h, A=1 (exact)
N —— A=2 (exact)
‘\:\\ A =1 (high-£ approx.)
. A R R A =2 (high-£ approx.)
~ 10—12 L ~
S~
S)
4]
w
S
—
+ -
= 10 3L
=
10-14}
10! 10?
!
FIG. 11. Angular EB power spectrum of galaxy IA induced

by the U(1)-gauge inflationary model, assuming Agqype = 1. The
plot shows the autospectrum for the tomographic bin with
effective redshift z.; = 0.44. The red and blue lines indicate
contributions from helicity 4 = 1 and 4 = 2, respectively, while
the black line shows the total signal. Solid and dashed lines
represent positive and negative values, respectively. Dotted lines
of each color correspond to the high-# approximation results
computed from Eq. (147).
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which shows that the spectrum scales as #~'P% (£ /y) « £~* at high ¢, leading to a strong suppression on small angular
scales, consistent with the Limber limit (4 = 0) of Pgp.

2. Fisher analysis: LSST Y10

We perform a Fisher analysis to estimate the expected constraint on the amplitude parameter Ag,,.. using the
IA angular power spectra. Throughout this analysis, we assume survey specifications consistent with the final year of LSST,
hereafter referred to as LSST Y10. The Fisher matrix is given by

As) = 3 T2 [covicgs o] 2, (149

ab,ecd ¢ gauge gauge
with the Gaussian covariance per multipole £ given by

1

Cov[Céh, Csd](£) = ———

[CH(OCh3(0) + Cas () (2)] (149)

where fq, denotes the sky coverage fraction. We adopt ~ The first term in Eq. (150), accounting for both weak
fsky = 0.44 for LSST Y10 dataset. The observed (noise- lensing (“G”) and IA (“I”) contributions, is explicitly given

included) angular spectra are given by in Eq. (H17).
We estimate the shape noise as follows. Assuming
2 .
R oy, the LSST Y10 total galaxy number density to be
() = Capfooraraimg) 4 Tra gk (g5 L i it the tamosrenh
o figor = 27 arcmin™, and recalling that the tomographic
& bins are constructed to have equal galaxy counts, the
@ (£) 624 5 (151) number density in each bin is 71§ = fig o1 |. cpina P(2) =
BB ¢ e ab> fig 101/ Niomo- Furthermore, since direct measurements of 1A
’ are typically restricted to red galaxies that exhibit strong [A
C %(£) =0. (152) signals, we introduce a fraction of red galaxies f¢,; for each
—— LSST Y10 IA (freg = 0.1) —— LSST Y10 IA (freg = 0.1) /455 o
104+ :
SO H 7S < 112 T AL PlancK
_ 3L
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FIG. 12. Same as Fig. 10, but for LSST Y10 using the angular IA power spectrum from red galaxies (blue curves). The forecasted 1o
constraints on Agy,. (left) and d‘lmld (right) are shown as functions of the minimum multipole #,,;,. Horizontal lines indicate current
constraints from BOSS 4PCF (solid) and Planck CMB trispectrum (dot-dashed), and the vertical dotted line at #,;, = 10 corresponds to
our fiducial scale cut. The specific values are also summarized in Table 1.
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bin. The effective number density used in the covariance is
then given by ng, 4 = fiqfg, Which corresponds to the
number of red galaxies per steradian in tomographic bin a.
Although the precise value of f%. ; is currently uncertain, we
consider f.q = 0.1 as a fiducial redshift-independent value
in our analysis, which is consistent with Ref. [40]. For the
variance of intrinsic ellipticities in the numerator, we adopt
0. = 0.26. Assuming a shear responsivity factor of R = 1,
this corresponds to a shear variance of o, = 0.13.

Figure 12 shows the forecasted lo errors from LSST
Y10 data: the left panel shows the constraint on Agqyees

and the right panel on d‘l’dd, as functions of the minimum
multipole £ ;, used in the analysis. As in the case of the 3D
power spectrum (Fig. 10), access to larger scales signifi-
cantly improves the constraint, although observational
systematics at these scales remain a challenge. Compared
to the DESI case, LSST provides tighter constraints mainly
due to its higher galaxy number density, which reduces the
shape noise. In addition, since the LSST sample covers
higher redshifts, it probes a larger volume. In this case,
these two effects win out over the loss in information due to
the projection to angular statistics. In both analyses, the
covariance is dominated by the shape noise contribution,
and thus the expected error bars approximately scale
inversely with the shape noise. For example, at £,,;, = 10,
the improvement factor relative to the constraint obtained
with f.4=0.1 is in the range [0.53, 1.85] for
frea = [0.05,0.2]. Under this fiducial scale cut, the con-
straint on Ag,.. i already comparable to current limits
from the CMB and galaxy clustering, while the constraint
on d%% is tighter than both. With the optimistic scale cut
(e.g., Cmin ~4), LSST has the potential to improve upon
current constraints by up to an order of magnitude.

V. CONCLUSION

In this work, we investigated, for the first time, how IA
of galaxies can probe parity-violating primordial non-
Gaussianity. Combining EFT modeling (Sec. II), N-body
simulations (Sec. III), and forecast analyses (Sec. IV), we
established IA as a novel and competitive probe of parity-
violating physics in the early Universe.

We derived analytic expressions for the TA parity-odd
power spectrum within the EFT framework up to one-loop
order, introducing projectors that isolate the parity-odd
components and facilitate the calculation. The parity-odd
contributions only come in through nonzero helicity con-
tributions, which means only the (22)-type loop integrals
contribute to the parity-odd two-point functions. We also
find new structures for the stochastic (shot noise) contri-
butions to the shape statistics, which involve odd powers of
wave number k, the leading contribution scaling as k.

We showed that the TA power spectrum is especially
sensitive to collapsed-type parity-odd trispectra, which
generate a strong scale-dependent enhancement in

large-scale signals. This behavior can be physically inter-
preted as large-scale correlations of helical modulations in
the small-scale power spectrum, arising from the collapsed
limit of the parity-odd trispectrum. These correlations
coherently distort galaxy shapes and give rise to large-
scale IA correlations.

To validate these predictions, we developed a flexible
and efficient method to implement collapsed-type parity-
odd trispectra into N-body initial conditions. These sim-
ulations are useful beyond shape statistics and could be
used to investigate the halo four-point function as well, for
example. The simulations confirmed the expected scale-
dependent enhancements and enabled a precise determi-
nation of the PNG-induced bias parameters that cannot be
predicted from the EFT or first principles.

We further showed that, when the projection of galaxy
shapes in observations on the sky is taken into account, the
parity-odd signal appears as the cross power spectrum of £
and B modes. Fisher forecasts for DESI [117] and LSST
[127] indicate that IA can provide constraints comparable
to, or potentially tighter than, those from existing CMB
and galaxy four-point correlation analyses. Note that the
covariance of these large-scale two-point statistics is
essentially determined only by the shape noise and is thus
very well known. This contrasts with the case for the galaxy
four-point function on small scales. On the other hand, the
signal is proportional to a new alignment bias coefficient,
which needs to be estimated from simulations.

Beyond two-point statistics, higher-order IA correlations
such as the bispectrum offer a complementary probe of parity
violation (e.g., [128—131]). Unlike galaxy density, tensor
quantities like galaxy shapes can still be sensitive to parity-
odd signals at the three-point level, and probe configurations
beyond the collapsed limit. A further open issue is the
calculation of wide-angle effects on the three-dimensional
shape statistics, which could become relevant on the very
large scales where the signal is significant. On these very large
scales, additive shear systematics such as leakage of the point
spread function could generate spurious parity-odd signals.
Detailed modeling and mitigation of these effects are beyond
the scope of this work and are left for future study.

Ongoing and future galaxy surveys such as DESI, Euclid
[132], Subaru PFS [133], LSST, the 4-metre Multi-Object
Spectroscopic Telescope (4MOST) survey [134], and the
Roman Space Telescope [135] will deliver high-quality
data that can substantially improve IA measurements. They
will broaden the range of galaxy samples available and
enable more precise and robust tests of parity-violating
physics with galaxy shapes.
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APPENDIX A: OPERATOR DEGENERACY

We derive the parity-odd power spectra given in
Eqgs. (57) and (58). To simplify the expression for P(?2),
we utilize the degeneracies among the second-order kernels
[Egs. (47)-(50)] derived in Ref. [65]. Since the argument

for OEJZ.’U, the first term in Eq. (48) can be ignored for our
purposes, as it is purely longitudinal. Since the second term
in Eq. (48) is identical to Eq. (49), applying a transverse
projection to (95]2-’1), i.e., the projection onto helicity-1 and
helicity-2 components, yields exactly the same result as
22 .
(’)Sj ). As a result, the parity-odd power spectra depend
only on the sum of the bias coefficients, ¢, | + ¢, 5, for both
helicities. We are thus left with only three relevant operator

correlations which are sensitive to the parity-violating
signals,

2.2) A(2.2 2.2) A(2.3 23) (2.3
(0579057, (0570f™) . (05705, (A
where  (0;;0))m = (0;;0 + O;;04) /2 denotes  the
symmetrization for the cross term with respect to the

operator labels (not for the momenta). We explicitly show
the parity-odd bias kernels for helicity 4 = 1 [Eq. (56)],

> sym

1,—
Ké(z,g)o(z.z) (ql » 42, 4q3, q4)

PN q q
2 (k- (q; x q3)] [ﬂkl - _lﬂk2] [ﬂk3 - —3/4k4], (A2)
q> q4
1.- 1,-
Kgo(z.)z)o(z.s)) = Ké(z.z))o(z_z)v (A3)

regarding the longitudinality of Eq. (53) holds at all orders, (1) — g0 (A4)
3 23) T 2,2 2.2)°
the second-order contribution from (’)5}‘1) in P2 is also oo ornon
irrelevant, as seen in Eq. (47) with §, = K. Additionally, and for 1 =2,
|
2,— Lo A A q q
K59<'z.z)>ou,2> (41.92.93.94) = ) (k- (@1 % Q3)] (k13 — paa i) q—;ﬂlz q—j/@m (A5)
(2-) i 0 a ar\ a3
K(O(2.2)0(2,3))(q17q2v q3.q4) = ~3 (k- (@1 % @3)] (113 — prapis) g/ﬁz 1+ 2 + {1+ P a/@t ) (A6)
) it e s a qi %
K onpes (4192, 93, 44) = 3 (k- (G1 % @3)] (113 — praps) | 1 +? 1+ 2) (A7)
2 4

Note that the expressions for the cross term have already
been symmetrized. From Eqgs. (A2)-(A4), we find that

the contributions to the helicity-1 spectrum from 01(12-2)

and (9[(-]2-'3) are identical, which means it depends only on
€1 + ¢4 + ¢p3. Considering the following algebra:

Sij D Co 1 01(12’1) + C2,20512-’2) + 62305123)

=c2 01(72"1> +(c22+ C2,3)(’)§Jz~’2) +ca3 ((’)1(72,*3) _ 0(2,2)) ’

ij

and introducing the new operator labels Q; ;= (’)5]2.’2) and

R; = (’)5]2.’3) - Oﬁf*”, we obtain the expression for the
spectra in Eqgs. (57) and (58) and the corresponding kernels
in Egs. (60)—(63).

APPENDIX B: SQUEEZED-TYPE LOOP
CALCULATIONS

1. Implementation of loop integral

We describe in detail how we numerically implemented
the two-loop integral given by Eq. (83). In principle, since
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the integral involves two momentum variables, it is
originally a six-dimensional integral. However, due to
azimuthal symmetry, it reduces to a four-dimensional
integral. Furthermore, because of the separability of the
squeezed trispectrum, it factorizes into a product of 2
two-dimensional integrals. That is, the shapes of the two
triangles containing the diagonal k can be integrated
independently. As a result, the computational complexity
is reduced to O(N?). The choice of how to perform this
two-dimensional integration depends on the parametriza-
tion of the triangle, leading to different integration varia-
bles. One approach, which analytically performs the
angular integrals using the spherical harmonic expansion
of the Dirac delta function (see, e.g., Ref. [63]), uses the

|

lengths of the two other sides (g;,q,) as variables.
Alternatively, one can instead take the length of one
side, g, and the cosine of the angle between q and Kk,
U :ﬁ-ﬁ, as integration variables, i.e., (g,u). In this
study, we adopt the latter parametrization, as it simplifies
the angular integration over y after taking the UV limit of
the integrand. (We have checked that the integration
results shown in Fig. 2 of the main text agree between
both methods.)

If the given trispectrum is independent of the diagonal
and separable with respect to each momentum, meaning
that it can be expressed as a product of individual functions,
as in Eq. (8), the sum over permutations for the antisym-
metric part [Eq. (4)] can be rewritten as follows:

4
75 (a1, 62, 63.94) = [-1Q - (@, x a3)] [[IM(4:)] Y sen(o)f- o(2)> o(3)> do(4))s (B1)
i=1 cES,
=—g_[-iQ - (q; x q3)] Z Sgn(6>fa(1)(QI)fo'(Z)<q2)f5(3)(q3)fa(4)(Q4)’ (B2)
cES,
—g_[=iQ - (a1 x q3)] > _ 580(0) £ o(1)(01)f 520 (@2) F0(3) (@3 F () (4) (B3)

cES,

Thus, the previous permutations of the momenta have
been equivalently replaced by permutations of the func-
tions. In the third line, we defined the antisymmetrization

where we defined the following four functions in the
second line:

f1(q) = q*M(q)Py(q), (B4) with respect to the function for later convenience:
fa@)fu(p) = (fa(@)f(P) = f5(a)fa(p))/2. By elimi-
fla)=4q M(q)P¢(q), (BS) nating ¢, and q4 with the triangle condition, k = q, =
= g" M(q)P ’ B6 —(34, the parity-odd kernel function with helicity 4 =1
fila) =g Mig) a2 (B6) [Eq. (60)] and the trispectrum [Eq. (B3)] can be
falq) = M(q) (B7)  expressed as
|
(L9 0 of i oo (ke —q)2qu — k) (k' + ¢') (24'W' + k)
Koo (4.9 k) =—2[k-(Gx§ , BS
/
Na,q5k) = ig_k3[k - (§ x ﬁ')]%% sgn(0) f16(1) () fo2) (1K = A1) f1o(3) (@) f o)) ( 1), (B9)
CES,
where we relabel q = q;.q’ = qs, and u =Kk - 4,4/ =k - §. For later convenience, we note
(k- (@x @) =1+2um'f = (12 + 4 + i), (B10)
with i = § - §/. Consequently, the parity-odd power spectrum [Eq. (83)] simplifies to
Poy (k) = ngn / U 2u' i = (02 + u” + 7))
{7654
q (ku — q)(2qp — k) q (kw' +q')2q'u + k)
- k - - k B11
[k k—qr L 0(@feen(lk —al)| =2 i) (@) oty (k'] (BID)
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Here, we note that the integration over the two momenta (q,q’) can be expressed in a separable form using some
isotropic functions ¢ and h, ie., g(k,q) = g(k,q,u), except for the coupling that arises from the scalar triple
product through f,

[ 2 2+ ok @)k q) (B12)
q.9

In such cases, the integral, which involves crosstalk due to the dependence on /i, can be rewritten in a separable form using
the formula given in Appendix I, as shown below. For the second and last terms in Eq. (B12), since uu'fi = uy'4,q; and
i = 4i4;4:q’;» we can compute them as follows:

[ /q éiug} { /q , @?M’h] = [k /q ['1(//’)/"9:| {k A El(u’)ﬂ’h]

Therefore, Eq. (B12) can be reduced to the following form:

A,q’ (14 2up'fi = (u* + % + i?)]g(k. q)h(k.q') = % Uq(l — 1) g(k, q)] [/}/(1 — u?)h(k, q’)] . (BI3)

From the above, Eq. (B11) can be further reduced, yielding the following simplified expression:

1.—
PLy (i AN) =g ngn N o1)0(2) (ks A (3)00) (k3 ) (B14)
O'GS4
k3
<—mﬂm®mem+M®MMWNHﬂMMMMmN+M9N0, (B15)

where we explicitly wrote the dependence on the UV cutoff scale, A, on both sides and defined

g*d Id ku—q)2qu —k
Lotin) = [ [1 G S DCRZD b ),k - ), (816

k —qf
with a, b€ {1,2,3,4}. Note that the u integral was implemented in an IR-safe manner by replacing

Ly /min(k/Zq,l) du
LN,

12 . 2

using the symmetry of the integrand to avoid the pole at q = k, which could potentially lead to an IR divergence.

2. A proof of no helicity-2 spectrum

We prove that the squeezed-type parity-odd trispectrum, as defined in Eq. (8), does not contribute to the parity-odd power
spectrum for helicity 4 = 2. Following the same argument as above, the parity-odd kernel functions with helicity 4 = 2
[Egs. (61)—(63)] take the following functional form:

K& (q,q5 k) ik - (6 x @)] (7 — ) x(k, @)y (K, Q). (B17)
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with X, Y € {Q, R}, where x and y are some isotropic functions. Thus, the structural difference from the helicity 4 = 1 case
lies in the additional angular dependence introduced by the common factor ji — g’ in all components. Combining this with
the trispectrum expression in Eq. (B9), we find that the parity-odd power spectrum of helicity-2 [Eq. (83)] formally takes the
following sum-separable form with some isotropic functions, ¢ and h:

P (k) 2 / 2= % 4 ) g k. (k) (B18)

As in the previous case, using the momentum integration formula in Appendix I, we obtain
. o1 1
/ U2 = (02 + i + 2] — )k, @)h(k, q') = / 5 (=) (U= p2) (' = ) g(k. @)h(k. q)
a.q
=0.
Therefore, the helicity-2 power spectrum always vanishes.

3. UV limit

Here, we consider the UV (hard) limit of the loop momenta to investigate the effects of small-scale modes on large-scale
correlations. For convenience, we define the integrand in Eq. (B16) as 7,

1,k A) = / " dingZ,,(g: k). (B19)

We omit the dependence on the IR cutoff scale g,,;, because it is irrelevant when ¢,,;, < k. Using this, the power spectrum
[Eq. (B14)] can be rewritten as

( ) A A
o (KA N)= ngn / dlanU(l)a(Z)(q;k)/ dIn ¢'Z 5 (3)6(4) (4" k). (B20)

O'ES4

Equivalently, we obtain

62P(1~—)
99 (k AN /.
———=—(kiq.q") = g-— > _se0(0)Lo1)o(2)(4: k)L o(3)0(4)(q': k) (B21)
dlngdlng’ (;4
=9-Paen(q.4':k). (B22)

Thus, Z,,(k, q) represents the contribution to the power spectrum at wave number k from a g-shell of width dln ¢, while
Pgen(g. q'; k) represents the total contribution from both the g-shell and ¢'-shell.

Figure 13 shows the contribution of the two shells to the power spectrum. The dominant contribution arises when one of
the wave numbers, ¢ or ¢/, equals k while the other is in the UV regime. This corresponds to the case where the two
triangles, sharing the common edge k, consist of one equilateral triangle and one squeezed triangle. In other words, this
situation represents the UV limit for one of the momenta, i.e., the single-hard limit. To derive an analytical expression for
the power spectrum in this regime, we first take the single-hard limit (k < ¢), denoted as “sh,” of the kernel [Eq. (B8)] and
the squeezed trispectrum [Eq. (B9)], respectively,

(ky' +q')(2q'u' + k)

09 oK) <" — LR - (6 x &)=
(q q;k) —>zg Pk - ( ngn(a
6654
1
_Eﬂfﬁ(l)(Q)fﬁ(z)(q)Anﬁ(z)ﬁ(l) (Q) + O(G) f[6(3)(q/)f(7(4)] (‘k + q/|)’ (B24)
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FIG. 13. Contribution from the g-shell and ¢'-shell to the parity-odd power spectrum at wave numbers k = 0.001 (left panel) and
k = 0.01 (right panel) as a function of ¢’. The blue curve represents the case where ¢ = k, meaning that one of the triangles is an
equilateral triangle. In this case, the contribution is larger for larger values of ¢’. In contrast, the orange curve corresponds to the case
where ¢ = 1, meaning that one of the triangles is a squeezed triangle. Here, the contribution is most significant when ¢’ ~ k. Thus, the
contribution becomes large when either g or ¢’ equals k, while the other is in the UV regime, i.e., in the single-hard limit.

where we defined € = k/q and Any,(q) = n,(q) — n,(g) with the spectral index of f,: n,(¢) = dIn f,/ In g. Thus, using
Eq. (B19), the contribution from UV modes in a shell with width dlng to the power spectrum can be written as

€—> d 3
Tu(g:k) =5 9 (g )E/_ifﬂ(l_ﬂz)ﬂzzq—ﬂzfa(Q)fh(Q)Anba(Q)

2q

152 Zfa( )fb(Q)Anba(q)' (BZS)

Therefore, the corresponding shell power spectrum at the UV cutoff scale, A, becomes

a2P(l~_)
00 . / UV /.
— 90 _(kg.q) g sen(o)Tt T 3104 (43 K). B26
dingolng BT 6;4 o) (ML o(310(4) (45 K) (B26)

The low-k behavior of the power spectrum in this limit (k/g — 0) is determined by integrating this over the other
momentum, In ¢’. From Fig. 13, we observe that the integrand Pg,.;; (g, ¢'; k) has a sharp peak around ¢’ ~ k, indicating that
the dominant contribution (up to a constant factor) mainly comes from its diagonal: 7, (k, k). Furthermore, among the
terms in the summation over permutations of functions in Eq. (B26), the dominant term is given by Z,(k, k), which
corresponds to the combination in Eqgs. (B4)—(B7) that shows the strongest enhancement in the £ — 0 limit. Specifically,
from Egs. (B16) and (B19), Z,(k, k) is given by

k6
Tolkk) =27 [ dro (@ = 1) = 1fu (0 2k, (B27)
Kotatp 1
= M) A a1 (12 — 1)(42 = D)[(20)F — (20 M (2ke) Py (2k1), (B28)

where we introduced # = /(1 — u)/2. Moreover, since M (k) « k?, where k < keq, wWe obtain

0 ng— a
Lok, k)|, = T keI, (B29)
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(0)

where the constant 7}, can be analytically derived from Eq. (B28). Thus, ignoring constant factors and focusing only on the
asymptotic scaling, we obtain the following simplified expression for the single-hard limit:

k3

1.— sh
{P(QQ)(]‘)] —9—_134 (M) T 12 (k. k)|,

=g_ @sh (A) k2nS+2+a+ﬂ’

where &, (A)
[Eq. (B20)], as shown in Fig. 2.

(B30)

(B31)

=7 QI&V (A)/2. This function correctly captures the low-k behavior from the two-loop integral

Lastly, we consider the double-hard limit (k < ¢, ¢'), denoted as “dh.” In this regime, the kernel and the trispectrum take

the following forms:

1—
Kyo (0.4 k) — -

_ dh . A~ A~ ~
T (q.q: k) = ig K[k - (@ x §)] Y sen(o)

.Q)

DI[=2u+ O(e)][24" + O], (B32)

1 1
X [—Eﬂfaa)(Cl)f(;(z)(CI)A"a(z)au)(Q) + 0(6)] [Eﬂ/fa@)(Cll)fn(4)(61/)A”a(4)a(3) (¢)+0()|, (B33)

where we defined €' =

2 p(l.-)
*Pyy

m(k;q’ql) —’9

q=Ag'=N

= g_G (A NI,

where &4,(A,A’) is the UV cutoff-dependent constant.
This term proportional to k% is absorbed into the contri-
bution from local stochasticity, which we derived in
Sec. II D. However, this does not account for the dominant
contribution to the backreaction from UV modes.

APPENDIX C: COLLAPSED-TYPE LOOP
CALCULATIONS

1. Implementation of loop integral

In this section, we provide the detailed calculations
necessary to derive the results for the collapsed-type
trispectrum, as presented in Sec. I E. Unlike the squeezed
trispectrum, the collapsed trispectrum depends on the
diagonal of the formed tetrahedron, as shown in
Eq. (10), which makes the integrals over the two triangles
nonseparable. (When using the spherical wave expansion
of the Dirac delta function, an infinite sum over angular

~

Ta_)(Qh‘lz,%qut) = [—iqyy - (qy X q3) H

Z sgn(c

i=1 cES,

k/q'. In the same way, we obtain the shell power spectrum in the double-hard limit,

ng“ (@) 102 ()T G3)0a) (A

0'654

(B34)

(B35)

momenta appears.) Therefore, for the two-loop integration
over q and ', we directly performed a six-dimensional
Monte Carlo integration. Given the symmetry of the
trispectrum under permutations of momenta, it is useful
to decompose it into channels labeled by the following
variables:

S=q; +q, (C1)
t=q; +4qs, (C2)
u=q;+4q. (C3)

Decomposing into the s-, #-, and u-channels both classifies
the structure of the trispectrum and aids the subsequent
analysis of its behavior in the collapsed limit.

Recall the definition of the parity-odd matter trispectrum
[Egs. (3), (4), and (7)],

45(2)> 4o(3)> Do(4)s Do(1)o(2)s Do(1)o(4))s  (C4)
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with the specific collapsed-type trispectrum determined by f_ [Eq. (10)],

25
f-(q1,93,9q12) = 3
and F=1-q4,-43 +q12- 4
simultaneous exchange of q,(1) <> q,(3) and g,

u-channels. That is,

=) e )

where T4’

4
TS = 2[~iqy, - (a1 % @) ] m

i=1

and Té” is obtained by swapping q, <> q3 in each term of T';'
making its diagonal dependence only on t = q;3. Similarly, 7'

dependence only on u = 4.

Agaugef(ql ’ QSﬂ qu)

. Py(a1) Py(qs) Py(qr2)

C5
q1 q3 q12 ( )

—{1> - 3. We note that f_ is invariant under the simultaneous exchange q; <> 3 and
q, <> q4. [More precisely, this is a symmetry with respect to the permutation of “entries,”

meaning invariance under the

<> Q,4(4) in Eq. (C4).] Therefore, the sum over the 24 permutations of
o € S, reduces to 12 terms. Furthermore for these 12 terms, we decompose the dependence on the diagonal into s-,

t-, and

(Co)

is defined as the component that depends only on s = q, as the diagonal variable,

q < Q2
( (41.93.912) — (41 < q2) — (43 <> q4) + ( )) (C7)
q3 < q4

, including the momenta appearing in the scalar triple product,

(s)

((3”) is defined by swapping q, <> q4 in T’ resulting in

Recall that the kernels [Egs. (60)-(63)] are always symmetric under the exchanges q; <> q, and q3 <> qq4, while being
antisymmetric under the simultaneous exchange of q; <> q3 and q, <> q4. From these symmetries, in the special case of
the (22)-type loop integral [Eq. (83)] with A = A/, all contributions from each term in the s-channel become identical.
Moreover, the contributions from the 7~ and u-channels are also identical. Additionally, among the four terms in the
t/u-channel, the first and last terms contribute equally, as do the second and third terms. Therefore, due to these symmetries,
the number of independent terms to be computed is greatly reduced, and it suffices to evaluate the following three terms
(one for the s-channel and two for the #- and u-channels):

q; X q3) H

i=1

~

Tés) : 8[—iqyy - ( —(41,93,912), (C8)

~

T((;) + T§“>:8[—iQ12 (a1 x q3) H
i=1

DI(f=(41, 92, q13) + (43, 92, q13))- (C9)

Figure 14 presents the loop integral results for each
channel, derived from the expression for the parity-odd
power spectrum [Eq. (83)]. In the case of the s-channel, the
direct dependence on the diagonal term P,(s) = P, (k)
leads to a significant enhancement in the low-k limit. In
contrast, such behavior is absent in the #- and u-channels,
which makes their contributions subdominant.

2. UV limit

Here, we derive an analytical expression for the UV limit
of the parity-odd power spectrum. As shown in Fig. 14, the
dominant contribution in the low-k regime comes from the
s-channel. Thus, to capture the leading-order contribution,
it is sufficient to focus only on the s-channel. Furthermore,

unlike in the squeezed trispectrum case, the form of the
collapsed trispectrum matches that of the (22)-type integral,
suggesting that the dominant contribution arises from the
collapsed (double-hard) limit. Thus, we begin by consid-
ering the double-hard limit: k¥ <« ¢, g3. Hereafter, as in the
previous section, we relabel the variables for convenience.
Specifically, we define

k=q;=-qs,. q=q. q = qs,
l,{ER(Al, ﬂ/ER (Al/v ﬂzqq/

Additionally, we introduce the small parameters € = k/q,
e€=k/q.

063557-34



PARITY VIOLATION IN GALAXY SHAPES: PRIMORDIAL ... PHYS. REV. D 113, 063557 (2026)

10 10
10 —— s-channel 10 —— s-channel
—— t-channel —— t-channel
1071+ 1071+
o o
= =
(? 1073+ "? 1073}
= =
< S
T 1075 ¢ T 105}
38 58
1077+ 1077+
1073 1072 107! 1073
k [hMpc~1] k [hMpc~1]

FIG. 14. Contributions from each channel to the parity-odd power spectrum PSQ_ ) for helicity 4 = 1 (left panel) and A = 2 (right
panel). We omit the contribution from the u-channel because it is identical to that from the t-channel due to the symmetry of the

(22)-type loop integral. In the low-k regime, the dominant contribution comes from the s-channel.

The double-hard limit of the kernel with helicity A = 1 is given in Eq. (B32). In a similar way, we obtain the expressions
for the three kernels with 4 = 2 [Eqgs. (61)—(63)] in this limit,

K35 (@ 05102 DR - @ x Q)]G - ) + O({e. ) c10)
K@) LR (@ x )]~ i) (€ + €) + O({e, ). i)

K (.45 K) -5 5 [R - (@ % @)](7 — )6 + O({e. ¢'}). (C12)

0| ~.

From these, P o) and Pgg have additional suppressions of factors k? and k*, respectively, compared to Py at the kernel
level. Moreover, since the angular dependence of the leading terms is the same for all three cases, we find that Py, will
dominate in the k — O limit, regardless of the assumed form (angular dependence) of the trispectrum (see Fig. 2).

Next, we consider the UV limit of the collapsed trispectrum. For convenience, we first rewrite T(gs) from Eq. (C7) in a
“product of differences” form, expressed as the inner product of unit vectors,

s S0 . 4 P (q12)
T(5> = ?Agauge[_lqlz q; X q3 H —a2 .
i=1
Py(q)) Py(qa)) . Py(q1) . Pylq), Py(qs) Pylqs)\ . Pylqs) . Pylqs)
X[<(/1_42‘112+ ¢1(l1—¢2‘12 : ¢3_¢4(l34+ ¢3(13—(/4(I4-
q1 q92 q1 q92 q3 94 q3 q4

(C13)

063557-35



KURITA, JAMIESON, KOMATSU, and SCHMIDT PHYS. REV. D 113, 063557 (2026)

Taking the double-hard limit, we obtain

Tgs)ﬂ, 530Agauge[—ik (q % q/)]M2((])(1 + O(G))Mz(q’)(l +0(¢)) P(/,k(k)
«Lotd) [(eu(ny — 1) + O(e?))k +24] - P¢( ) (€W (ny — 1) + O(e?))k + 241, (C14)
= ?Agwge[—if{ (@ x @)aPs (k) M?(q)Py(q) M (q)Py(q') + O({e.€'})
- @Agauge[_iﬁ (q é\l )]/"P(ﬁ( )P(Q)P(q/) + O({é‘, 61}), (ClS)

where n,, is the spectral index of P,: ny = dInP,/Ing, and P(q) is the linear matter power spectrum. By performing the
following angular integrals with the aid of Appendix I:

_ 2
/ [+ 2up' o — (2 + > + i)l it = 355"
ad
[A (1 2mp' i = (4 2+ 1) (B = )i = 555
a.q

we obtain the analytic expressions for the contributions to the parity-odd power spectra at wave number k from the g-shell
and ¢’-shell of the two-loop integral in the double-hard limit,

_angé_) (k:q.q') 16, P (A)YP oy (AP, (k) (Cle)
dlngalng T AN 57 gauge 7 (0) (0) ¢

=Aguge @4y (A A)P,(K), (C17)

2.-)
% (k;q.4") qA.q/A/Lh’ %Agaugep(o) (A)P o) (A')Py(k) (C18)
=A@y (A NP (K), (C19)

Py P%IE; (ka.d an 8 , N2

ngomg K14 ) s Agauge(P(-2) (N)Po)(A) + (A < N)k*Py (k) (C20)
= Agauee@or (A AP, (K), (C21)

-
%élfn)q’ (k:q.4") qA,q’A’Lh) %Agaugep<—2> (A)P(Lo) (A)K* Py (k) (C22)
= Aguge@in | (A NP (), (€23)

where we introduced the following power spectrum:

Po(q) =55 P(q). (C24)
Finally, we parametrize this trispectrum in terms of the d%%¢ template, as defined in Eq. (9), recalling Eq. (12),

A3 = %M /3 = A e, d2% =0, (C25)
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and examine the contributions from d3% and d9%¢ separately in the double-hard limit. For n = 0, only the first term exists
among the vectorized components in (C14). Thus, the double-hard limit in this case takes the following form:

(s) dh 50

79 - ik - (a % @M (g)(1 -+ O(e) M2()(1 + O(e)

Py(q)

X T(eﬂ(”qs —1)+0(e))k-

50

= =3 A" =ik - (4 x q)|up'ee (ny = 1)Py (k) P(q)P(q') + O{e.€'}).

Due to the lack of angular dependence, a leading-order
cancellation occurs, suppressing the collapsed limit by a
factor of k> and thereby reducing the enhancement.
Consequently, the enhancement of the U(1)-gauge model
in the k — O limit is driven by the n = 1 component at
leading order.

APPENDIX D: INITIAL CONDITION DETAILS

In this section, we provide additional details on the initial
condition introduced in Sec. Il A,

O(x) = p(x) + Y _Audin(Xi04,).  (DI)
‘m

where the quadratic correction is defined in Fourier space
as [Eq. (104)]

P2 (K04

= / @08 Y pu(ir: @) (@n)oom(a). (D)
q:.92

We define the polar and azimuthal angles for the spherical
harmonics, Y,,,(q1;42) = Y, (612, ¢12), as the angles of
q; measured in a Cartesian coordinate system, where the
polar basis associated with q,, {€y(q>).€,(G2). 42}, is
treated as the coordinate axes along the x-, y-, and
z-directions, respectively (see Fig. 4). For each m mode
(m=0,%1,...,£¢), we define uncorrelated Gaussian
random fields oy, such that (6,,00,) =65 perP,.
This condition guarantees statistical isotropy, where
|pser| < 1 specifies the correlation matrix.

1. Reality condition

We derive the phase factor i in Eq. (D2) from the reality
condition. Before that, let us first summarize the properties
of the spherical harmonics defined above. The standard
spherical harmonics are functions of the angles (6, ¢) of a
single unit vector n, measured with respect to the fiducial
Cartesian coordinate system. In contrast, the spherical
harmonics defined above take as arguments the angles

Py(k)
k

Py(d)

q

(€4 (ny - 1) + O(e)k

(C26)

(612, ¢12), which are defined in terms of two unit vectors,
q, and q,. Specifically, these angles are measured in a local
frame associated with q, in Fourier space. As a result,
they exhibit nontrivial behavior under inversions such as
q; = —q; and q, — —q,. When considering the inversion
q; —» —q; with q, fixed, the local frame remains
unchanged. Thus, the angles transform as (05, ¢1,) —
(=015, 1o + 7), just as in the case i —» —i for standard
spherical harmonics. As a result, the transformation of the
spherical harmonics follows

Yom(=13G2) = (=1)7Y72 (613 @)- (D3)
On the other hand, when considering the inversion
q, — —(, with q; fixed, the reference frame for measuring
the angles transforms as

{ea(‘iz)&qs(ﬁz),ﬁz} - {ea(—%)’%(—%)’ —Gp}
= {ep(qn), —e¢(flz)7 -G}

In this new frame, the measured angles transform as
(012, P12) = (7 — 015, —p12), which leads to the following
transformation rule for the spherical harmonics:

Yon(@is—G2) = (=1)""Y7*(@13@2).  (D4)
By combining Egs. (D3) and (D4), we find that the
simultaneous inversions ¢; - —q; and q, — —q, result
in the angular transformation (6,,¢,) = (012, 7 — ¢12).
Accordingly, the spherical harmonics transform as

Yeu(=G1:—G) = (=1)"Y}"(@1:2).  (D5)
Now, let us determine the condition imposed by the

reality condition. First, we introduce a phase factor e® as
follows:

¢1(fzyy),(k;0fm)

= / (228 €Y (1) (@ )oum(@r).  (D6)
q:.92
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Taking the complex conjugate of both sides and using the reality conditions of ¢ and o,,,, and Eq. (D5), we obtain

o] = [ 0P e @ (@) )

q1.92

- / (2260 (~1)"e ¥ (=0 ~2)(~0 ) (~ )
q:.92

:( ) —21a¢ ( k O'fm)

Thus, the reality condition for the quadratic correction corresponds to (—1)"e™2* = 1, i.e., e'® = i".

2. Initial trispectrum

Here, we provide the details on the trispectrum in the non-Gaussian initial conditions defined in Egs. (D1) and (D2). The
leading-order trispectrum is given by

To(ki ko ks ky) =Y > AsAmy (P (k1) (Kn: 60 )p(K3)Ppioy (Kas 6)) + 5 perms

‘m O'm'
- ZZAKW: 4 ’/ 36D —q» (2ﬂ)351124 —qQa4 mem(Ql;(iZ)im,Yf’nl/((i3;q4)
‘m 'm' 41,9293, Cl4

X (¢(k1)9(q1)02n(q2)¢(k3)h(d3)0 7 (d4))' + 5 perms

=Y peeAemA eSS ™Y g (=K1K 12)Y o (—K3; =K 1) Py (ky) Py (k3) Py (k12) + 11 perms
‘m 'm'

= peoAenAon(=1) Y en(ki;k12) Y5, (ka3 K12) Py(ky) Py (k3) Py (k1) + 11 perms, (D7)
c'm

where we used the Gaussianity of ¢ and ¢ and the isotropy condition (6,,,6.,y) = 6% ps»P, in the third line, and the

mm
properties of the spherical harmonics [Egs. (D3) and (D5)] in the last line.
In the following, we derive an explicit expression for the product of two spherical harmonics in Eq. (D7) as a scalar
function composed of four scalar quantities constructed from the three vectors ﬁl, ﬁ3, and ﬁlz, ie.,
ﬂ135f(1 '1237 Hi Ef(l 'lA(IZv H3 =kj - kpp, kyp - (k) x k3). (D8)
The resulting expression will be given in Eq. (D16). We begin by recalling the explicit form of the spherical harmonics,

Ym0, ) = N g L2 (u)eim = (=1)m=1mD2N7 20 () eimd (D9)

where u = cosf, N, is the normalization factor,

26 +1(£=m)!

= (=)™ — D10
Now= 0 = G (D10)
and L7 denotes the associated Legendre polynomials, defined for 0 <m < ¢ as
m — m 2\m/2 a
L3 () = (=1)" (1 = )" Lo (), (D11)

du

with £, being the ordinary Legendre polynomials. Since both spherical harmonics are defined with respect to the coordinate
frame associated with k,, i.e., {ey(Kk ). e¢(ﬁ,2), Kk, }, the product of the two spherical harmonics takes the form

Y om (K1 Kio) Ve (K33 K1) = N N s £ () L2 (1) i1 =2), (D12)
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where ¢ and ¢ are the azimuthal angles of k, and ﬁ3, respectively, measured counterclockwise from the eg(ﬁlz)—axis
(see Fig. 4). In other words, we parametrize the three vectors as

k|2—(00 ] l} <\/l_ﬂlcosiﬁ],\/l—ﬂlsln¢1,ﬂ1> 123:<\/I—M%COS¢3,\/I—M%Sin¢3,ﬂ3). (D13)

From this parametrization, we obtain expressions for cos(¢; — ¢b3) and sin(¢p; — ¢3) using the inner product and scalar

triple product,
2 —ﬂl\/ 1 = p3 cos(¢p = H13 — H1M3, (D14)
/1 =3 /1= idsin(py — d3) = k5 - (k; x ks). (D15)

Note that the difference ¢p = ¢p; — ¢b; corresponds to the angle between the planes of the two triangles sharing the diagonal
k;, (see Fig. 5). By substituting these expressions and Eq. (D11) into Eq. (D12), we arrive at the final result,

ALy (py) AL pr(p3)
A

Yom(Ki:k12)Y5, (K3:K12) = NN o (13 — mips — i[k o - (K x k)™, (D16)

Let us examine a few of the simplest cases. When only A, is nonzero, we recover the standard 7y -type trispectrum with
a1 = 943,/1007, and there is no parity-odd contribution in this case. When only A, ; is nonzero, the resulting trispectrum
contains both parity-even and parity-odd components,

3.
Re[To] = _EA%-H(/"B — pit3) Py (ki) Py (k3) Py (ki2) + 11 perms, (D17)

Im[Ty] = A% [k - (kg x K3)]Py (ki )Py(ks)P,(K2) + 11 perms, (D18)

8

where the imaginary part corresponds to the d3% template defined in Eq. (9), with d§% = —9A?} /4007 (which is
negative). A parity-odd trispectrum with dgdd > ( can be obtained by flipping the sign of m. Next, consider the case where

the three coefficients A1+1, AQH, and A2+2 are nonzero. Here, we also assume that the correlation matrix satisfies pyp = 1
for any #,¢' = 1, 2. In this case, the real and imaginary parts of the trispectrum are given by

3 -
Re[To] = 37 {( 2 HVEAL Ay (g — ) + SAL pps) (s — i)

5~
+ ZA%H(—I + 4+ U3+ 2uty — A ps s +,u%,u%)}P¢(k1)P¢(k3)P,,(k12) + 11 perms, (D19)

3 ~ 5.
Im([T¢] = g{ 2ot = V5A LAy (1 — p3) — SA3 s — EA%+2(H13 —M1ﬂ3)}
x [k - (kg x K3)]Py(ki)Py(ks)P, (k) + 11 perms. (D20)

By choosing the parameters such that

. 5. L
A=A, =58, =340, with Apdyy, <0, (D21)

we reproduce the U(1)-gauge model template given in Eq. (12), with Agyee = 9A2/400z > 0. Finally, using the
redefinition of the amplitude parameters from Eq. (113), we find that the condition in Eq. (D21) corresponds to

A?=A}, =A%, = A3, with A Ay, >0, (D22)
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and in this case, Agyyge = 3A%/100 > 0, where we have used ¢;, = 1/3/4x in Eq. (108). The trispectrum with A <0

can again be obtained by flipping the sign of m.

gauge

3. Correction to initial power spectrum

The quadratic correction in Eq. (D1) modifies the initial power spectrum. The correction is given by the auto power
spectrum of the quadratic term. Following the same procedure as in the previous subsection, we obtain the general
expression

APo(K) = D3 proA s pm (K5 o) B0y (K5 0) )

m £'m!

= prf’AfmAf’m/ (27)°8%_q,, Y (@13 @2) Y}, (013 62) Py (41) P (2)- (D23)
cf'm a41-92

For the U(1)-gauge model, the correction takes the specific form

A2
APg(k) =—- / (27)361_,, (3 = dpiy = 243, + 4ty — 1) Py (1) Po(q2)- (D24)
q:.92

APPENDIX E: VALIDATION TESTS FOR INITIAL CONDITIONS

To validate our initial conditions, we compare the trispectrum measured from the simulations with its analytical
prediction. We first review an estimator for the parity-odd trispectrum developed in Ref. [54]. Unlike the squeezed-type
trispectrum considered in Ref. [54], the collapsed-type trispectrum depends explicitly on the diagonal momenta. As a result,
when computing the corresponding theoretical prediction for the measurements, the spherical wave expansion of the
Dirac delta function used in Ref. [54], while still applicable, leads to an expression involving an infinite sum over
angular momentum, making it less tractable. Therefore, in order to derive a simpler expression in the thin-shell limit that
is applicable to more general trispectra, including the collapsed type, we present a more careful review and derivation in
the following.

1. Parity-odd trispectrum estimator
We adopt the parity-odd binned trispectrum estimator originally proposed in Ref. [54], which is defined as

Tfs._1>2345 = Té_)(bu by, b3, by, bs)

= Do D> D D ik (kg x iks)]5(ky)8(ka)8(k3)S(Ka)SK , mo O mg  (E1)

12345 m, €b, m, €b, m3 €by my € by ms € bs

where m; = (m;,,m;,,m, ) is a tuple of three integers specifying the ith wave vector as k; = kpm;, with kg =27/L
denoting the fundamental frequency of the periodic simulation box with volume V = L3. The index b, indicates the bin
label of the ith wave vector k; in a spherical shell. Here, b, ..., b, correspond to the bin labels for the four edge momenta,
while bs corresponds to that for the diagonal momentum ks = k;, = —ks,. The factor V> on the right -hand side arises
from our forward-normalized discrete Fourier transform (DFT), where we define 6(k) = 6" (k)/N} 4, with 6”77 (k)
obtained from the unnormalized DFT and N4 being the number of grid points per side used in the FFT algorithm. For
normalization, we define the number of tetrahedra formed within a bin as

Nlyas =NT(b1 by by, bybs) = D> > > > > 68 im0 - (E2)

m; €bymy by m; Eb; my €Eb, ms € bs

Note that the scalar triple product in Eq. (E1) extracts the parity-odd component (i.e., the imaginary part) of the matter
trispectrum. Since the normalization defined in Eq. (E2) does not include the scalar triple product, the ensemble average of
the quantity measured by Eq. (E1) is not exactly the parity-odd component of the matter trispectrum itself (see the next
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subsection for further details). We compute T((s_) and N 1T2345 efficiently using FFTs, based on the (discrete) plane wave

expansion of the Kronecker delta (see, e.g., [54,137]),

o V3 ;
Tz(s,l)2345 NT. Z ljk]:}f,bz(ks)gl;;/u(_ks)’ N1T2345 = Z ublbz(kS)ub3b4(_k5)’ (E3)
12345 m5 € bs m; € bs
with
F(k) = / 10,6, (%)][0, ()], G, (k) = / 1035 ()] ()€™, Uy (k) = / up(X)uy (x)e®x,  (EA)

where &, is the masked density field which, in Fourier space, takes 5, (k) = §(k) when the mode is in the bth spherical-shell
bin (otherwise zero), and u,, is the field similarly defined but it takes unity, i.e., u;, (k) = 1, instead. Note that the presence of
the imaginary unit in front of each k; in Eq. (E1) ensures that all calculations can be carried out using real-to-complex
Fourier transforms because its real-space counterpart corresponds to the derivative operator, 9;, as shown in Eq. (E4).
Similarly, the bin-averaged wave number k; (i = 1,...,5) for each bin can be computed as

Z Z Z Z |k |5m,2m56§134,—m5- (ES)

NT
12345 m, € b, m, € b, m; € b3 m, € b, ms € bs

ki(by. by, by, by, bs) =

2. Thin-shell limit

Here, we derive the analytical expression for the expectation value of Eq. (E1). We consider the continuous limit of the
discrete sum and the Kronecker delta as follows:

27
Z - V/ ub[(‘li)’ 55112,m5 - ( V) 5‘]Dlz —qs> (E6)
eb i

m; €5;

where u,, is the selection function for the bth shell, defined in Eq. (E4). We begin by taking the continuous limit of Eq. (E2),
and we obtain

5
Niyys = V2 H {/ up,(d;) ] 2”)35512—% (2”)35qu4+%

/q p, (ds U Up, (ql)ubz(qs—ql)] [/ up, (43)up, (—qs — @3) |- (E7)

a3

Next, adopting the thin-shell limit for the selection function
Up, (q;) = Ak5D(Qi - k;), (E8)
where k; is the effective wave number defined in Eq. (ES), Eq. (E7) simplifies to

Niss = V(08 [ #las—k) | [ / 5D<q1—k1>5D<|q5—ql|—kz>} [ / 6D<q3—k3>5'><|q5+q3|—k4>}
qs qs q q3
k2 k2 k2

V3(Ak) —5 8P (|ksGs — ki@ | — k2)6° (|ksQs + k3ds| — ky)
2 2 27[ G1.43.45
ki k5 k3 du, . Ldus N ~ 7 de
= VB(Ak)Sz_”zz_ﬂ_zz_ﬂz /_ > —— 8P (Jkslis — k1@, | — k2) /_175D(|k5% + k3| — ky) A El
k
= vA(aky 2 1y ) Ay K K, (E9)

3270
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FIG. 15.
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Bin label

Same as Fig. 6, but the theoretical prediction is split into individual channels for clarity. The theory curves are computed

using a subgridding procedure to improve the thin-shell approximation (see text for details). For visual clarity, the sign of the signals
with opposite amplitude A, is flipped. Note that kj, = ks is the diagonal momentum.

where A(a, b, ¢) is a selection function that returns 1 if the
arguments satisfy the triangle condition, and 0 otherwise.
Note that, in the third line, 4; = s - q; denotes the cosine
of the angle between the diagonal momentum qs and edge
|

4

Nl 2ﬂd¢ .
<Tfs,1)2345> - ks H [ki\/ 1 —ﬂ%} /0 Esmzdn‘i(k,,kz, ks, ky. ks, ),

i=1

where 7% is the parity-odd component of the matter
trispectrum [excluding the scalar triple product, as defined
in Eq. (3)]. If the trispectrum has no dependence on the
diagonal configuration, i.e., no ¢ dependence, the ¢
integral reduces to a constant factor of 1/2. However, if
the trispectrum depends on ¢, the full one-dimensional
integral over ¢ must be evaluated explicitly.

Figure 15 shows a comparison between the parity-odd
trispectrum measured from the initial conditions and the
theoretical prediction computed from Eq. (E10). To high-
light the structure of the theoretical prediction, we decom-
pose the total signal into contributions from individual
channels, shown in different colors. For the decomposition
into the three channels, see Appendix C 1. The measure-
ment is performed using k.;, = 0.0, k. = 0.2, and
Npin = 20, i.e., with a bin width Ak = 0.01. However,
using the effective wave numbers k; derived directly from
this binning setup leads to a poor approximation in the thin-
shell limit. To improve accuracy, we employ a subgridding

momenta, and ¢ is the angle between the two triangles
sharing qs.

Similarly, evaluating the expectation value of Eq. (E1)
under the continuous and thin-shell limits gives

(E10)

|
method: we increase the number of bins to N}R = 100 (i.e.,
AKHR = 0.002), compute Eq. (E10) for each subgrid
configuration with k!R, and then take the weighted average

of the resulting values using the corresponding NlTiglfs.
Since we refine each of the five k; directions by a factor of
5, this results in 5° = 3125 subgrid points for each original
configuration. We have checked that this result is well
converged for both NHR = 80 and NHR = 100. As shown
in Fig. 15, the configurations listed at the beginning
correspond to cases where the diagonal momentum is
much smaller than the edge momenta, i.e., ki, < k;. In
this regime, since s = Kk; + k, is small, the s-channel
contribution (blue) dominates. On the other hand, for
configurations where k; = k3 and k, = k,, the diagonal
momentum t = k; 4+ k3 becomes small, and the 7-channel
(orange) provides the dominant contribution. Finally, the
last group of configurations illustrates how the overall sign
of the trispectrum can flip depending on the relative size of
k 12 and k2.
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APPENDIX F: DEPENDENCE ON SHAPE
MEASUREMENTS

In this section, we further examine how the definitions
of halo shape measurements affect the bias parameters. Our
main analysis in the paper uses the reduced inertia tensor,
which employs a radial weighting w(r) = 1/7* in Eq. (13),

1 rir;
d t
15 = - [ eyt L, (F1)

to focus on the inner regions of halos. Here, we additionally
present results obtained using the original (unweighted)
inertia tensor with w(r) = 1,

ori 1
=5 / dr py()r.r;. (F2)

Figure 16 shows the bias parameters measured with this
alternative shape definition, along with the corresponding
best-fit curves. The best-fit parameters, assuming the same
functional forms as Eqs. (124) and (127), are given by

p=2.61£0.11, a,=2.08+0.16, a,=7.34+1.78.

(F3)

While f and a, remain consistent within 1o, the best-fit
values of a, differ from those obtained using the reduced
inertia tensor [see Eqgs. (125) and (128)]. This difference
likely reflects the fact that the amplitude of the Gaussian
linear bias b depends on the definition of the inertia tensor
used in shape measurements. Despite the shift in parameter
values, the same polynomial model provides a good fit to
the data in both cases.

— Fit: (622 = p(bD)?

100 L

(b)?

10—1 L

e 8x102<M,<1x10B3h M,
o 1x10B¥<M,<4x103h M,

My >4 x1013h"IM g

—+— .

1071 10°

(bM)2

APPENDIX G: THREE-DIMENSIONAL EB
POWER SPECTRUM

We derive Eq. (133) starting from Eq. (129), following
the method in Ref. [96], but with slightly modified notation
for improved clarity. The traceless part of the projected
tensor has 2 degrees of freedom, corresponding to spin-2
quantities on the sky, which can be isolated as

sy (Xi ) = [mi (8)m5 ()] "y;;(x: ), (G1)
= [mi (8)m7 (A)]"S,;(x), (G2)

where mi is a complex unit vector associated with the

line-of-sight direction fi, defined as

mt(R)= ¥ %@ai(ﬁ) T jep(@).  (G3)

and we have used the identity m;"m; P, = mjm; in the
second equality. This vector is the complex conjugate of the
complex basis vector defined in Eq. (26), i.e., eii, but with
the argument replaced from the Fourier direction K to the
line-of-sight direction fi. To distinguish the two, we denote
it by a different symbol m;, although its mathematical
properties are identical to ei. Note that the complex
notation associated with mii, i.e., the spin-2 decomposition,
is introduced purely for notational convenience. To avoid
confusion with complex conjugation of the physical field
§;; in Fourier space in the following, we use “;” for the
imaginary unit and “i” for complex conjugation for m:.
For example, in our notation, [mi]" = —m; and thus
[,7]" =+27. The overall sign in Eq. (G3) is irrelevant,

. . . . . :t
as the projection is always quadratic in m;".

—— Fit: (b(_Z))Z = ﬂ(azb% + a4b,‘})

100 L

(b?)2

z=2.0
z=1.5
z=1.0
z=0.5
z=0.25
z=0.0

10—1 L

* 4 e > HEHO

0.1 0.2 0.3 0.4 0.5
—bk

FIG. 16. Same as Fig. 8, but based on halo shapes defined using the original (unweighted) inertia tensor instead of the reduced one.
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Under the global plane-parallel approximation, the spin-2 decomposition in Fourier space takes an analogous form,
oy (ki) = [ (A)m5 (A)]7S;(K). (G4)

We define coordinate-independent quantities, the so-called E-mode and B-mode fields, as

. . 2 ik
E(k;f) £ jB(k;f) = ,y(k;h)eTis  with e*2/%a = . (GS)

The phase factor cancels the dependence on the coordinate system in the plane perpendicular to fi. Note that these two fields
satisfy the reality condition, e.g., E(—k;n) = E*(k;f). Following the same calculation as in Ref. [96], the coordinate-
independent power spectra can be summarized as

([E(k:h) + jB(k:)][E(K";R) — jB(K"R)])" = Ppp(k. p) + Ppg(k. u) + 2jPeg(k. p). (Go)

([E(h) + jB(k:n)][E(K"R) + jB(KSR)]) = Prg(k, p) = Ppp(k, ). (G7)

The parity-even part, Pgr and Ppgp, has already been derived in Ref. [96], so we omit the details here. The parity-odd part in
Eq. (G6), Pgp, arises due to parity violation and was absent in Ref. [96]. Below, we derive its explicit form in detail.
From Eq. (G5), the imaginary part of the left-hand side of Eq. (G6) in j becomes

—(E(k:n)B(k";h)) + (B(k:A)E(K'; i)). (G8)
The first term in Eq. (G8) reduces to
(E(k;n)B(k";n)) = —{+<+27(k f) oy (K5 h))e ke 200 — (y (ks i) oy (K'sh))e > Phae i
+ Loy (k) oy (K'sR))e s e — (y(kih)_oy(K'si))e™2Pka e 2/ia ), (G9)

Using Eqgs. (G4), (21), and (29), the first term in Eq. (G9) reduces to

(o (5 8) oy (K3 R)) = [t mf ]SSy (), (G10)
(27) 36&@/\/ il m A (R)PY (k). (G11)

Here, we encounter the tensor contraction between the projection vectors with respect to the line of sight,

[mfm}mfm[]" (), and the tensor projectors for each Fourier mode Aff,zl)(f() These contractions are summarized

in Table II. We observe that, since the line-of-sight projector m; m;mj m is totally symmetric in this case, only the

TABLEII. Summary of the tensor contractlons between the projection vectors, m;, defined with respect to the line-of-sight direction

1, and the Fourier-space projection tensor AS

from Ref. [96].

ikl corresponding to the tensor field mode k. The parity-even components are reproduced

0, " 1,+ 2, " " 2,-)
Al (k) Al (k) A (k) AL (R) AT (R)
[m mmym; | (f) s —p)? sU= =2+ (402 0=+ 0+ Lu(1-42)  Fu(l+4)
I e (T ke D 0 0
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parity-even components (s = +) contribute. However, these contributions cancel exactly with the fourth term in Eq. (G9).
In a similar manner, the second term in Eq. (G9) reduces to

(o (ks R)_yy (K'sR)) = [mfm! mpmp](S,;(K) Sk (k') (G12)
= (20060, 0> N7 i mmpmp) AL (R)PE (k). (G13)
A,

According to Table II, both parity-even and parity-odd components become nonzero here. The parity-even contributions
cancel with those from the third term, while the parity-odd contributions from the second and third terms are identical.
Therefore, we can simply compute one of them and double the result. We thus obtain

(or(K3 ) oy (K'; )Y e 2ia et 2idia

l\)l\-

N7 m} m]+ mymy ]t Al(;?:k-l) (K)PD (k)e=2tin ot 2k

u(L = 12) PO (k) = (1 + 1) PO (k). (G14)

where we used e2/?ks = ¢¥(Piat?) = ¢%%a_ This corresponds to Eq. (133) in the main text.

APPENDIX H: ANGULAR EB POWER SPECTRUM
1. Full-sky formulae

In this appendix, we summarize the expressions for the angular power spectra required in the Fisher analysis presented in
Sec. IV B. All formulae are derived based on the formalism developed in Ref. [125] (see also Refs. [38,43,44,46]), and we
only present the final results here. The primary signal we consider is the A EB angular power spectrum. Since the analysis
is performed on linear scales, the sample variance in the covariance includes contributions from the EE auto power spectra
of IA (“I” component) and weak lensing (“G” component), and their cross-spectrum.

The auto angular power spectrum for IA can be expressed as

f+i 2 ) |1 yAREE
Crl1(#52.2) , / Py (k2 VR R ), (H1)

where x = ky(z) and x' = ky(7'), and X, Y € {E, B}. Here, s(XY) = + for parity-even spectra (XY = EE or BB), and
s(XY) = — for the parity-odd spectrum (XY = EB). The helicity index A runs over {0, 1,2} for parity-even spectra and

{1,2} for parity-odd spectra. The normahzatlon factor is given by N =3/2, N =2and N (Cz) = 1/2. The (real) kernel

function for the intrinsic contribution F' X f| is defined via

PO i ) = 09 [ 140 (12)

where O are (complex) differential operators acting on the spherical Bessel function j,. The explicit forms of these
operators are given by

0 (x) = 4 4 8x0, + x> + 1202 + 8x0 + 2x202 + x20%, (H3)
OW(x) = (x2 + 4x0, + x20%) + i(4x + 120, + x20, + 8x0% + x203), (H4)
0 (x) = (12 — x* + 8x0, + x202) — i(8x + 2x20,). (H5)
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Applying these operators explicitly, we obtain the right-hand side of Eq. (H2) in closed form,

O] = (£ = e + (e + 27, (v6)
0 (x) [jfix)] — (2 +¢-2) ”% i+ -2) {j/fix) + jf;(zx)} , (H7)
0% (x) {J";C(zx)] = +6+2- 2x2)j‘;(,f) + 2@-2:’ {j;(x) +2”}ﬂ. (H8)

For photometric redshift samples, the angular power spectrum between tomographic bins with redshift (radial)
distributions p,(y) and p,(y’) is obtained by replacing the integrand in Eq. (H1) as

I I o0 1 1
Pl (2. L WFE @) = [T armate) [T a0 )Pl iz G WFA @) ()

For the parity-odd power spectrum based on Eq. (93), assuming the geometric approximation P(k; z,7') ~ /P(k; z) P(k; Z')
and slowly varying bias parameters »)(z) within each bin, the tomographic EB power spectrum becomes

o (=2~ o (£ +2 200 L
CE%|H(K) :Agauge”m;NC _ k) Hb )’FE,(‘ } Hb )‘FB.f‘ (k,b)], (HIO)
with the averaged quantities over redshift
BO@I= [T aptoy 6002 Fka = [T aenr ). (H11)

For the sample variance in the covariance matrix, we consider the linear alignment contribution for IA, which suffices for
large-scale signals beyond the flat-sky regime. The tomographic EE power spectrum from IA is then

M 0) = o [P0 Brl@ P )] [Be0)FL i), (H12)

where by (z) = bg(z)D(z) with D(0) = 1, and
B(a) = / ™ dy pal0)Bx(r)- (H13)

Note that we assumed that by (z) o Aja(z) varies slowly within each bin.
In addition, we consider the weak lensing contribution to the covariance, which is a scalar (helicity-0) component. Under
the geometric approximation,

£—2)1

o ( ! ) G G,,
CEE|GG(f,z,z)n(f+2)!AP(k,O)Fg)f‘ (x>Fg{;\ (), (H14)
where
0 (6, = 2 2D 5o
FE,f (x) 3'QmH d)( ()( Z) ()(/) ( )[Jf( )] (HIS)
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with a(y) being the scale factor. The tomographic weak lensing power spectrum becomes

GG(f):”(f—z)!

ab
CEE

752! A PUOFE, [ (s a)FL)| (ks b). (H16)

In summary, we obtain the weak lensing and IA contributions to the covariance at linear scales,

) :71'((:;?)!! A P(k;0) [Fgf;(c’(k;a) +ZK(a)Fg{;(I(k;a)} [FQ}‘G(k;b) +ZK<b)Fgf;“(k;b)] (H17)

ab | GGHGIHIGHI
CEE

2. High-? limit

The angular power spectrum presented in Eq. (H10) is exact for all £ and thus suitable for a full-sky analysis including
low-£ modes. However, its numerical evaluation is computationally expensive. In cases where a flat-sky approximation is
valid, it is useful to derive the high-# limit expressions. The leading terms of the kernels in Eqs. (H6)—(HS) in the high-#
limit are given by

0 (Wil =), (H18)
00w ] <L) +i[ ) + et (H19)
02 ] = (%-2) et - 21 ) + 20 (120)

Note that in this limit, j/,(x) is of the same order as j,(x)/x, so we keep both.
The EB cross power spectrum involves integrals of the real and imaginary parts of these kernels, leading to terms of the
forms j,(x)j.(x") and j,(x)j,(x"). The first type can be evaluated using the well-known Limber approximation,

Jolx) = /Ziy&D(x —v), wherev=¢+1/2. (H21)

Since we are interested only in the leading-order behavior, we will set v~ ¢ in the following. Using the Limber
approximation, we find

o k2dk
27>

TO[f.g)(¢) = / P, (k) / ™ dr pal0)b ()£ (2) (%) / ® ¢’ )P () g
1 [ 2 A
“ o [T L o, (k - ;)f(ﬂg(f)- (H22)

Y
For the second type involving derivatives, we perform integration by parts and define

(6] 2 o0 (s
TOIf.gler= "5 TP [T b s ) [ paGBO )0
= [T rw (=) [ wi g [pannt0rw] [T p b0 o)

=2 IO g)(6) - IO 6)(0), (123)

where in the first approximation we dropped the boundary term from integration by parts, and in the second we applied the
Limber approximation, assumed weak redshift dependence of the bias, and used P, (k) ks,
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Using the above results, the contributions from each helicity mode to the high-# limit of Eq. (H10) are given by

0 o n

_ 1 7—n,
CaE%|</17])(f) :Agaugdr : ? <2 ?/ﬂz : (j(_l) |:7:| (f) +I(—l) |:’2:| (f)> = AgaugeTI(—UUv 1]’ (H24)

X X X X

1 7_ns

_ 1
CByIU0) = A5+ (272001100 + 470 [11)(0)) = A 27O 29

which yields the expression in Eq. (147) of the main text by substituting ng ~ 1 for simplicity.

APPENDIX I: ANGULAR INTEGRAL OF PRODUCT OF MOMENTA

We derive a useful formula of the angular integral of the product of momenta,

[2/2]

A ~ TF
/ qil '”qt(’ Zafkélllz oy lle{k12k+1 "'ki/)} /[’f—2k</’t)f<k’ q)’ (Il)
q

q

for any isotropic function f(k,q) = f(k,q.u) with u =Kk -§, where a,, will be defined in Eq. (I3). We denote the
symmetric part of a tensor using parentheses around its indices, e.g., x(;y;) = (x;y; +x;y;)/2, and the trace-free part using
curly brackets and/or a superscript “TE” e.g., {xy;)}"™" = (x;y; + x;5:)/2 — x,.946;;/3.

We begin with the formula for constructing a symmetnc trace-free rank-# tensor from a symmetric rank-¢ tensor 7;
(e.g., [79,138,139]),

iyip-iy

[£/2]

o £ (=DFQ2E =2k —1)!!
Z de, k5 (iyiy- ln 102k ’2k+1 de)jrvirdee with gk = (25 _ 1)3! 2kk!<f _ 2]{)! . (12)

1117 iy

Applying Eq. (I12) recursively, we derive its inverse formula, i.e., the decomposition formula of 7'; into the sum of its

trace-free parts,

iyiyip

(/2]

, £! (26 — 4k + 1)1
TTF —
1112 Iy Zabﬂké (iriy lzk 1lzk berig)jiir ke’ with Gk = (Zf— 2k + 1)!! 2kk!(f— Zk)' ' <I3)
For T ;,..;, = qi, - 4i,» Eq. (13) reduces to
[£/2]
Z dg, k5 (iyin+ lZA 112k{q12k+1 T @i/)}TF' <I4)

Next, we recall the expansion of the Legendre polynomials in terms of the symmetric trace-free tensors [79],

O 1 1 DO
Lok-@) =Sk R ) (1)

Using Eq. (I5), we derive the formula for the angular integral of the trace-free part of the product of momenta,
[ty ) = (k) [ 2sca). (16
q q

where we have used the symmetric trace-free condition on the left-hand side to restrict possible tensors on the right-hand
side to {lAcl-l ok f}TF alone, and L,(1) =1 for any # to match the normalization. Substituting Eq. (I6) into Eq. (14),
we obtain Eq. (I1).
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In the following, we present some examples of angular integrals. We introduce a shorthand notation for the multipole

moment of the isotropic function f(k,q):

Fo) = [ Lowsik.a). (17)
q

£=0:

/f = F,. (18)
q

£ =1

/ 0.f = kFy. (19)
q
£ =2
. o 1
2:9; = {q,9;}™ + 381 (110)
an o[22 \TF 1

/qqiqu_ {k,.k,} F>+36Fo. (111)

£ =73

R .. T1F 1 .
3:9;q, = {qijqk} +§(5,¢,-qk + 2 perms), (112)
U, A s & \TF 1, -
qu}Qkf = {klk]kk} F3 + §(5Jkk + 2perms)F1. (IlS)
q
£ =4
A oA TE 1 A A \TF 1
4:9;9,4, = {QinQkQI} +5 (5ij{61k‘ﬂ} +5perrnS) +E(5ij6kl + 2 perms), (114)
A A A A A ~a A A )TF 1 ~ ~ )TF 1
9:9;9:49:f = {kikjkkkl} Fy+ 7 (5ij{kkkl} + 5perms) Fy+ E(5ij5kl + 2 perms) F. (115)
q
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