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We present a comprehensive study of galaxy intrinsic alignment (IA) as a probe of parity-violating
primordial non-Gaussianity (PNG). Within the effective field theory (EFT) framework, we show that the
parity-odd IA power spectrum is sensitive to the collapsed limit of the parity-odd primordial trispectrum.
For a Uð1Þ-gauge inflationary model, the IA power spectrum is proportional to the power spectrum of the
curvature perturbation, PζðkÞ ∝ k−3. However, the proportionality constants contain not only the PNG
amplitude but also undetermined EFT bias parameters. We use N-body simulations to determine the bias
parameters for dark matter halos. Using these bias parameters, we forecast IA’s constraining power,
assuming data from the Dark Energy Spectroscopic Instrument and the Rubin Observatory Legacy Survey
of Space and Time. We find that the IA power spectrum can improve the current limits on the amplitude of
parity-violating PNG derived from galaxy four-point correlation and cosmic microwave background
trispectrum analyses. Moreover, galaxy shapes are complementary to these probes, as they are sensitive to
different scales and trispectrum configurations. Beyond galaxy shapes, we develop a new method to
generate initial conditions for simulations and forward models from the parity-odd trispectrum with an
enhanced collapsed limit.
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I. INTRODUCTION

Parity symmetry is one of the fundamental symmetries of
nature, but whether it holds on cosmological scales remains
an open question [1–3]. While parity is maximally violated
in the standard model of elementary particles and fields
through the weak interaction [4,5], the cosmological
standard model, ΛCDM, which describes the evolution
of the Universe dominated by dark matter and dark energy
[6], is generally assumed to be parity-conserving. However,
if cosmic inflation [7–11], dark matter, or dark energy
originates from physics beyond the standard model, it is
natural to ask whether parity symmetry might also be
violated on cosmological scales. Probing potential parity
violation thus offers a unique window into the physics of
the early Universe and the nature of its dark components.
Recent observations have provided a variety of cosmo-

logical probes to search for parity violation. One key probe

is the polarization of the cosmic microwave background
(CMB) [1]. Since the CMB polarization is described as a
spin-2 field on the sky, it can be decomposed into
eigenstates of parity, called E and B modes [12,13].
Parity violation can be probed in statistical correlations
that involve an odd number of B-mode components, which
are parity-odd by construction. In particular, the EB power
spectrum represents the lowest-order statistic sensitive to
parity violation, and recent analyses have reported evidence
for a nonzero signal potentially originating from cosmic
birefringence [14]. One promising class of models to
explain the observed cosmic birefringence involves axion-
like particles with a Chern-Simons coupling [15–18].
If the statistics of primordial curvature perturbations do

not obey Gaussian statistics, i.e., if there is a primordial
non-Gaussianity (PNG) [19], then higher-order statistics
beyond two-point functions can be used to probe a
violation of parity symmetry in the primordial universe.
Recent studies have also investigated parity violation in the
CMB temperature and E-mode polarization trispectra
[20,21]. Although T and E are parity-even scalar fields,
their four-point correlations can acquire parity-odd com-
ponents [2]. Parity-violating physics during inflation (e.g.,
[22]) can imprint parity-odd components in the trispectrum
of the primordial curvature perturbations, i.e., as a parity-
violating PNG, at the leading order [2].
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Complementary constraints come from the large-scale
structure (LSS) of the Universe, where parity-odd compo-
nents of the galaxy density four-point correlation function
have been explored [3]. Recent observational analyses have
placed constraints on parity violation using the parity-odd
galaxy four-point function [23–27], with some studies
reporting a detection.
In addition to galaxy clustering, intrinsic galaxy shapes

provide another observable for probing the late-time
Universe. The cosmological correlations of these intrinsic
shapes are known as galaxy intrinsic alignment (IA)
[28–31]. Because IA can contaminate weak lensing mea-
surements by mimicking part of the cosmic shear signal
[32], much of the early work on IA focused on its role as a
systematic effect in weak lensing surveys (see [33–37] for a
review). More recently, however, IA has also been recog-
nized as a potential source of cosmological information,
and several theoretical studies have explored how IA
measurements could be used to constrain cosmological
models [38–41].
Since the observed galaxy ellipticities form a spin-2 field

on the sky, similar to CMB polarization, the shape field can
be decomposed into E- and B-mode components [42].
Under this decomposition, the galaxy shape two-point
statistics are sensitive to parity. In particular, several studies
have proposed using the EB cross power spectrum of
galaxy shapes as a probe of parity violation [38,43–48].
These studies are based on the so-called tensor fossil
effects, where primordial gravitational waves generated
during the early Universe modulate small-scale matter
fluctuations, leaving imprints in the initial conditions of
large-scale structure formation [38,43,49–52]. If the pri-
mordial gravitational waves are chiral, they can induce a
nonzero parity-odd EB power spectrum in galaxy shapes.1

In this work, by contrast, we investigate a different class
of parity-violating signals in galaxy shapes. Rather than
focusing on the tensor fossil effects associated with chiral
gravitational waves, we explore parity-violating imprints in
the scalar sector, specifically, signatures embedded in the
statistics of curvature perturbations. At the lowest order,
such parity-odd signals arise from the four-point correlation
function, or trispectrum, of the curvature perturbation. We
show, for the first time, how the parity-odd trispectrum of
curvature perturbations can be probed through galaxy
shape statistics. In particular, we investigate both the
three-dimensional power spectrum of projected shapes
and the angular power spectrum of projected shapes.

The former leverages the combination of projected ellip-
ticities observed in imaging surveys and the three-
dimensional galaxy positions measured in spectroscopic
surveys, thereby offering access to rich three-dimensional
information beyond currently standard probes. The latter is
a well-studied probe and major workhorse for photometric
galaxy surveys, i.e., for galaxy samples without spectro-
scopic redshift measurements.
The paper is structured as follows: in Sec. II, we derive

an analytic expression for the parity-odd power spectrum
of galaxy shapes based on an effective field theory (EFT)
framework, and present theoretical predictions for specific
models of parity-odd primordial trispectra. In Sec. III, we
develop a new method to generate initial conditions that
realize a given parity-odd primordial trispectrum, perform
N-body simulations with these initial conditions, and
confirm that the simulation results are consistent with
the EFT predictions. In Sec. IV, we forecast the con-
straining power of IA on parity-violating models using
actual galaxy survey parameters.
To help guide the reader, we highlight two key results

of this work here. First, as shown in Fig. 7, the EFT
predictions derived in Sec. II are in good agreement with
the N-body simulation results from Sec. III. In particular,
for parity-odd trispectra that are enhanced in the collapsed
limit, such as the one predicted by the Uð1Þ-gauge model,
the IA power spectrum shows strong sensitivity to the
underlying parity-violating signal. Second, in Figs. 10
and 12, we present forecasted 1σ constraints on the
amplitude parameters of parity-odd trispectra expected
from the IA signal in future observations. We find that
the constraints on the amplitude of parity-violating
PNG derived from IA measurements alone are competitive
with, and in some regimes stronger than, current bounds
from galaxy four-point correlation [23] and CMB trispec-
trum [20] analyses.
We use the convention for the Fourier and inverse

Fourier transform as

fðkÞ≡
Z

dx fðxÞe−ik·x; fðxÞ≡
Z

dk
ð2πÞ3 fðkÞe

ik·x;

and the abbreviations for the momentum integral

Z
k
≡
Z

dk
ð2πÞ3 ;

Z
k
≡
Z

∞

0

k2dk
2π2

;
Z
k̂
≡
Z

dΩk̂

4π
:

To save space, the notations Xk ≡ XðkÞ and k1���n ≡
k1 þ � � � þ kn will be used at times, and the time (redshift)
dependence of the fields and functions will be suppressed
when irrelevant. We also introduce the prime notation to
reduce the Dirac delta for the momentum conservation,

ð2πÞ3δDq1���nhXq1 � � �Xqni0 ≡ hXq1 � � �Xqn
i:

1There are also studies that aim to use galaxy spins (i.e., the
orientation of galaxy angular momentum), rather than shapes, as
probes of primordial parity violation, based on both simulations
[53–55] and observations [56–58]. In addition, constraints on
cosmic birefringence using joint galaxy shape and polarization
information have been proposed [59]. These approaches are
closely related to, and complementary with, studies based on
intrinsic galaxy shapes.
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Throughout this paper, repeated indices are implicitly
summed over. We use the publicly available Boltzmann
code CLASS [60] to compute the linear transfer function
with the Planck 2018 [61] baseline cosmology model 2.20.2

II. THEORY

In this section, we begin by introducing the primordial
parity-odd trispectrum, which is the main focus of our
study and will be explored through galaxy shape statistics.
We then define the spatial distribution of galaxy shapes as a
rank-two tensor field and examine key properties of the
galaxy shape power spectrum under parity transformation,
demonstrating that galaxy shapes can be sensitive to parity
violation even at the level of two-point statistics. Next, we
review an EFT framework that describes large-scale corre-
lations of galaxy shapes, treating them as a tensorial biased
tracer of the underlying matter density field, δ, in the late-
time Universe. Within this framework, we derive an
analytic expression for the parity-odd power spectrum of
galaxy shapes in the presence of the parity-odd trispectrum,
calculated at leading order. Finally, we provide examples of
the expected parity-odd signals based on specific parity-
odd trispectrum models.

A. Recap: Parity-odd trispectrum

If parity-violating physics existed in the early Universe,
its signatures would be imprinted at the lowest order in the
four-point function of the curvature perturbation ζ under
the assumptions of statistical homogeneity and isotropy [2].
We define the primordial trispectrum of the Bardeen
potential Φ ¼ 3ζ=5 [62] as

TΦðk1;k2;k3;k4Þ≡ hΦk1
Φk2

Φk3
Φk4

i0c: ð1Þ

The trispectrum can be decomposed into the parity-even
and -odd parts, classified by their transformation properties
under parity,

TΦ ¼ TðþÞ
Φ þ Tð−Þ

Φ ; ð2Þ

where P½Tð�Þ
Φ � ¼ �Tð�Þ

Φ . Geometrically speaking, consider
a closed tetrahedron configuration guaranteed by statistical

homogeneity, for which TðþÞ
Φ gives the same amplitude for

both the configuration and its mirror image (including any

rotations), while Tð−Þ
Φ gives the opposite amplitude for each

configuration. Hence, Tð−Þ
Φ is zero when the tetrahedral

configuration can be mapped onto its mirror image by a
rotation. From the reality condition of ζ, ζ�ðkÞ ¼ ζð−kÞ,

the parity-even and parity-odd components are purely real
and imaginary, respectively. Due to statistical isotropy,
the degrees of freedom in the trispectrum are significantly
reduced, meaning it can depend only on the four side
lengths and the two diagonals. Moreover, the parity-odd
component must be proportional to the scalar triple product
constructed from three out of the four momenta [54],

Tð−Þ
Φ ¼ i½k1 · ðk2 × k3Þ�τ−ðk1; k2; k3; k4; k12; k14Þ; ð3Þ

where k12 ¼ jk1 þ k2j and k14 ¼ jk1 þ k4j are the two
diagonals. The function τ− is totally antisymmetric under
permutations of momenta and can generally be decom-
posed as follows using a model-dependent function f−:

τ−¼
X
σ∈S4

sgnðσÞf−ðkσð1Þ;kσð2Þ;kσð3Þ;kσð4Þ;kσð1Þσð2Þ;kσð1Þσð4ÞÞ;

ð4Þ

where S4 is the symmetric group of degree four, and
sgnðσÞ is the sign of a permutation σ ∈ S4. kσð1Þσð2Þ ¼
jkσð1Þ þ kσð2Þj and kσð1Þσð4Þ ¼ jkσð1Þ þ kσð4Þj represent the
two independent diagonals of a tetrahedron after a permu-
tation σ. Thus, specifying a parity-violating model corre-
sponds to determining the explicit form of f− when
studying the parity-odd trispectrum.
The linear matter field is related to Φ in the matter-

dominated era as

δð1Þðk; zÞ ¼ Mðk; zÞΦðkÞ; ð5Þ

where

Mðk; zÞ≡ 2k2T ðkÞDðzÞ
3ΩmH2

0

; ð6Þ

with T being the transfer function and D being the linear
growth factor normalized to the scale factor in the matter-
dominated era. We will drop the redshift dependence on δ
and M hereafter. Therefore, the trispectrum of the linear
matter field is written as

Tδðk1;k2;k3;k4Þ≡
D
δð1Þk1

δð1Þk2
δð1Þk3

δð1Þk4

E0
c

¼
Y4
i¼1

½MðkiÞ�TΦðk1;k2;k3;k4Þ: ð7Þ

Throughout this paper, we consider two specific trispec-
trum models as working examples: the “squeezed-type
trispectrum” and the “collapsed-type trispectrum,” as intro-
duced below.Wewill investigate in detail how these models
impact galaxy shape statistics within the EFT framework
in Sec. II E.

2base_plikHM_TTTEEE_lowl_lowE_lensing_
post_BAO_Pantheon (https://wiki.cosmos.esa.int/planck
-legacy-archive/images/b/be/Baseline_params_table_2018_68pc
.pdf).
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1. Squeezed-type trispectrum

First, we employ the model proposed by Ref. [54],

f− ¼ −g−kα1k
β
2k

γ
3Pϕðk1ÞPϕðk2ÞPϕðk3Þ; ð8Þ

where g− is the amplitude parameter, and α, β, and γ
are distinct integers satisfying αþ β þ γ ¼ −3 for scale-
invariant initial conditions. We adopt the specific choice
ðα; β; γÞ ¼ ð−2;−1; 0Þ, as in Ref. [54]. PϕðkÞ ¼ hϕkϕk0 i0
denotes the primordial power spectrum. This model is
motivated by its simplicity and ease of implementation in
the initial conditions of numerical simulations, rather than
being derived from a specific, currently existing infla-
tionary model. The shape of the trispectrum resembles the
well-known gNL-type trispectrum, as seen in the terms
Pϕðk1ÞPϕðk2ÞPϕðk3Þ, and it exhibits a large amplitude in
the squeezed limit where one of the wave vectors along an
edge of the tetrahedron is taken to be small [63,64].

2. Collapsed-type trispectrum

A template that can describe a specific class of parity-
odd trispectra was introduced in Ref. [2],

f− ¼ 25

9

X
n≥0

doddn ½Lnðμ13Þ þ ð−1ÞnLnðμ1Þ þ Lnðμ3Þ�

×
Pϕðk1Þ
k1

Pϕðk3Þ
k3

Pϕðk12Þ
k12

; ð9Þ

with μ13 ≡ k̂1 · k̂3, μ1 ≡ k̂12 · k̂1, and μ3 ≡ k̂12 · k̂3. The
sum of the three Legendre polynomials determines the
angular dependence, and doddn is the amplitude parameter
for each order n. The trispectrum depends on the
diagonal, and it shows the same scale dependence as
the well-known τNL-type trispectrum, as seen from the
form Pϕðk1ÞPϕðk3ÞPϕðk12Þ, which is enhanced in the
collapsed limit (or the double-hard limit), where one of
the diagonal momenta of the tetrahedron, e.g., k12, is
taken to be small compared to the two edge momenta,
each of which belongs to a different triangle connected
by k12, e.g., k1 and k3.

3 We will refer to this template as
the “doddn template” hereafter.
This template was originally introduced as a generali-

zation of the parity-odd component of the trispectrum
predicted by an inflationary model in which the inflaton
field φ couples to aUð1Þ-gauge field through an interaction
term of the form L ⊃ 1=4fðφÞð−F2 þ γFF̃Þ with γ ≠ 0,
as computed in Ref. [2]. In this model, often referred to as

the “Uð1Þ-gauge model,” the parity-odd component of the
trispectrum is given by

f− ¼ −
25

3
AgaugeF ðμ13; μ1; μ3Þ

Pϕðk1Þ
k1

Pϕðk3Þ
k3

Pϕðk12Þ
k12

;

ð10Þ

where Agauge is the amplitude parameter and

F ðμ13; μ1; μ3Þ≡ 1 − μ13 þ μ1 − μ3 ð11Þ

is the angular function. We can show that the Uð1Þ-gauge
model corresponds to the specific case of the doddn template
[Eq. (9)], where

dodd0 ¼ −dodd1 =3 ¼ −Agauge; doddn≥2 ¼ 0: ð12Þ

Recent analyses of the four-point correlation function
(4PCF) of galaxy clustering [23] and the trispectra of
CMB temperature fluctuations and E-mode polarization
[20] have placed constraints on Agauge, dodd0 , and dodd1 . We
discuss the current constraints in detail in Sec. IV. In the
following, we will focus on the Uð1Þ-gauge model as an
example of the collapsed-type parity-odd trispectrum.

B. Definition of galaxy shapes

We approximate a three-dimensional shape of a galaxy
or dark matter halo, which we label as “g,” as a triaxial
ellipsoid estimated from its inertia tensor

Iij;g ¼
1

Nw

Z
drρgðrÞwðrÞrirj; ð13Þ

where ρg is a density or luminosity profile of the object and
r is the position relative to the center. w is an arbitrary radial
weighting function, and the normalization factor is defined
as Nw ≡ R drρgðrÞwðrÞ. Since Iij is symmetric, it has
6 degrees of freedom: one for the trace part (i.e., size of
object), and five for the trace-free part (i.e., two for
ellipsoidal distortions and three for orientation). Given a
set of inertia tensors of a target sample fIij;ggg¼1;���, we
formally define the (density-weighted) inertia tensor field
by assigning the values at each position as

IijðxÞ≡ 1

n̄g

X
g

Iij;gδDðx − xgÞ; ð14Þ

where n̄g is the mean number density of the sample. In this
paper we only focus on the trace-free part because the trace
part is a rotational scalar and thus parity-insensitive at the
level of two-point statistics, as we will see later. We then

3The collapsed limit of the parity-odd trispectrum involves
taking the limit for the magnitudes of the momenta while
preserving the angular information needed to distinguish the
mirror image.
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define the (trace-free) shape field from Eq. (14) as its
dimensionless fluctuation from the ensemble average,

SijðxÞ≡ TF

�
IijðxÞ − hIiji

hTrIi
�
; ð15Þ

¼ 1

hTrIi
�
IijðxÞ −

δKij
3
TrI

�
; ð16Þ

where “Tr” denotes the trace part: TrX ≡ Xkk, and we use
the notation “TF” to extract the trace-free part: TF½Xij�≡
Xij − TrXδKij=3. We have used hIiji ¼ hTrIiδKij=3 due to
statistical isotropy at the second equation.
Note that we will initially focus on three-dimensional

shapes in theoretical modeling (Sec. II) and simulation
measurements (Sec. III), rather than two-dimensional
shapes, which are the realistic observables when consid-
ering projections on the sky. This choice is motivated by the
fact that IA is fundamentally a spatially three-dimensional
physical phenomenon. The effects of projection will be
addressed in detail in Sec. IV.

C. Symmetry properties of tensor spectrum

1. Parity

Let us start by considering how statistics transform under
parity transformations and deriving the consequences of
parity invariance/violation without the usual assumptions
of statistical homogeneity and isotropy to clarify the
properties that hold under parity alone. The power spec-
trum of a shape field is defined as

hSijðkÞS�klðk0Þi≡ P̃ij;klðk;k0Þ: ð17Þ

Without assuming statistical homogeneity, the power spec-
trum includes off-diagonal components (k ≠ k0). The tilde
notation distinguishes this from the diagonal power spec-
trum that holds under statistical homogeneity, which we
will define in Eq. (21). Note that this spectrum is a complex
quantity in general. Since the shape field SijðxÞ is a real-
valued tensor field, we have a reality condition in Fourier
space: S�ijðkÞ ¼ Sijð−kÞ. Therefore, by taking the complex
conjugate of Eq. (17), we have

P̃�
ij;klðk;k0Þ ¼ P̃ij;klð−k;−k0Þ: ð18Þ

We next consider the parity transformation. Since the
shape tensor is a tensor of rank two by definition in
Eq. (13), it transforms as P½SijðkÞ� ¼ Sijð−kÞ, which
defines the transformation of the power spectrum as

P½P̃ij;klðk;k0Þ� ¼ P̃ij;klð−k;−k0Þ: ð19Þ

With the reality condition Eq. (18), we find that applying a
parity transformation to the power spectrum is equivalent
to taking its complex conjugate. If the power spectrum is
parity-even, i.e., P½P̃ij;kl� ¼ P̃ij;kl, then combined with
Eq. (18), we have P̃�

ij;kl ¼ P̃ij;kl, which implies P̃ij;kl is
purely real. In other words, the parity-violating signal,
corresponding to P½P̃ij;kl� ≠ P̃ij;kl, appears in the imagi-
nary part of the power spectrum. To emphasize, the
properties of the real and imaginary parts of the auto
power spectrum under parity hold independently of stat-
istical homogeneity and isotropy for any real-valued tensor
field of any rank.

2. Homogeneity

In order to extract the diagonal components, nonzero
under statistical homogeneity, we begin by considering
the transpose, which introduces the momentum exchange
identity. The exchange of two momenta in Eq. (17),
k ↔ k0, leads to the following relation associated with
the exchange of the index pairs ði; jÞ and ðk; lÞ4:

P̃kl;ijðk;k0Þ ¼ P̃�
ij;klðk0;kÞ: ð20Þ

Particularly for the diagonal components (k ¼ k0), from
this and the reality condition Eq. (18), we obtain the
equivalence between taking the complex conjugate and
swapping the index pairs: P̃�

ij;kl ¼ P̃kl;ij for k ¼ k0.
Under statistical homogeneity, we define the diagonal

power spectrum due to the translational invariance as Pij;kl,

hSijðkÞSklðk0Þi≡ ð2πÞ3δDkþk0Pij;klðkÞ
¼ P̃ij;klðk;−k0Þ; ð21Þ

where the second equality holds from the reality condition
of Sij. We immediately obtain P�

ij;kl ¼ Pkl;ij from the
discussion above. Therefore, considering parity transfor-
mation, we find that the parity-even condition for the
diagonal power spectrum, P½Pij;kl� ¼ Pij;kl, corresponds to
the symmetry of the index pairs: Pkl;ij ¼ Pij;kl, along with
its reality: P�

ij;kl ¼ Pij;kl.
In this work, on the other hand, we will focus on the

parity-violating signal, P½Pij;kl� ¼ −Pij;kl. In this case, the
parity-odd component appears in the imaginary part of
the power spectrum, which is equivalent to appearing in the
antisymmetric part under the exchange of indices, ði; jÞ and

4Since Sij is symmetric and traceless, it inherits symmetries
under the exchange of iðkÞ and jðlÞ: Pji;kl¼Pij;lk¼Pji;lk¼Pij;kl,
as well as traceless conditions: Pii;kl ¼ Pij;kk ¼ 0. This symmetry
and tracelessness are intrinsic properties of the observables of
interest (i.e., distortion of galaxy or halo shapes), and are
independent of statistical symmetries such as parity, homo-
geneity, or isotropy.
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ðk; lÞ: Pkl;ij ¼ −Pij;kl.
5 Note that, since scalar fields (rank-

zero tensors) lack tensorial structure, their power spectrum
is always real, making them insensitive to parity violation
at the level of two-point statistics. In contrast, for any tensor
with rank greater than zero, parity-violating signatures can
be imprinted in the antisymmetric components of the power
spectrum (or two-point correlation function).

3. Isotropy

The Cartesian expression of the power spectrum, Pij;kl,
involves many indices and appears cumbersome to handle.
To simplify the treatment, we introduce the helicity
decomposition following Ref. [65], an efficient mathemati-
cal framework for isolating independent degrees of freedom
under the assumption of statistical isotropy. Let Sij be a
real, symmetric, trace-free tensor field. In Fourier space, its
components can be decomposed into five orthogonal states

SijðkÞ≡
X2
m¼−2

SmðkÞYm;ijðk̂Þ; ð22Þ

where Ym ðm ¼ 0;�1;�2Þ are the basis tensors of rank
two with helicity m, defined as

Y0;ijðk̂Þ ¼
ffiffiffi
3

2

r  
k̂ik̂j −

δKij
3

!
; ð23Þ

Y�1;ijðk̂Þ ¼
ffiffiffi
1

2

r �
k̂ie�;j þ k̂je�;i

�
; ð24Þ

Y�2;ijðk̂Þ ¼ e�;ie�;j; ð25Þ

with e�;i being a complex unit vector defined for each
mode k as

e�;iðk̂Þ≡ ∓ 1ffiffiffi
2

p ðâi � ib̂iÞ; ð26Þ

where the basis fâ; b̂; k̂g forms a right-handed orthonormal
coordinate system. We adopt the polar coordinate basis
fâ; b̂; k̂g ¼ feθðk̂Þ; eϕðk̂Þ; k̂g.6 In particular, when k̂ ¼ ẑ,
this reproduces the Cartesian basis fx̂; ŷ; ẑg. Hereafter we

will omit the dependence on k̂ in e�;i when irrelevant.
Since the helicity components in Eq. (22) transform as
Sm → e−imψSm under a rotation by an angle ψ around k̂,
we have the helicity spectra under statistical isotropy (and
homogeneity),

hSmðkÞSm0 ðk0Þi≡ ð2πÞ3δDkþk0δKmm0PmðkÞ: ð27Þ

The reality condition of S yields P�
m ¼ P−m. Thus, helicity

modes only correlate with modes of the same helicity under
isotropy, and there are 5 degrees of freedom in the power
spectrum of a real, symmetric, trace-free tensor. From
Eqs. (21) and (27), we isolate the independent helicity
components from the Cartesian components of the power
spectrum as

PmðkÞ ¼ ½Ym;ijðk̂ÞYm;klð−k̂Þ��Pij;klðkÞ: ð28Þ

So far, we have not used the properties related to parity
transformation. As mentioned before, the parity-even (odd)
component corresponds to the symmetric (antisymmetric)
part of the Cartesian components with respect to the index
pairs, ði; jÞ and ðk; lÞ. By further symmetrizing (and
antisymmetrizing) the basis tensors, we extract parity-even
(þ) and -odd (−) components separately as

PðλÞ
� ðkÞ≡

h
Λðλ;�Þ
ij;kl ðk̂Þ

i�
Pij;klðkÞ; ð29Þ

¼ 1

2
ðPmðkÞ � P−mðkÞÞ; ð30Þ

with λ ¼ jmj (λ ¼ 0, 1, 2), where the projection tensors are
defined by

Λðλ;�Þ
ij;kl ðk̂Þ≡ 1

2

h
Yλ;ijðk̂ÞYλ;klð−k̂Þ � Yλ;ijð−k̂ÞYλ;klðk̂Þ

i
;

ð31Þ

satisfying the orthogonal relation: Λðλ;sÞ� · Λðλ0;s0Þ ¼
N λδ

K
λλ0δ

K
ss0 , with the normalization factor

N λ ≡ 1þ δKλ0
2

; ð32Þ

and s∈ f�g. By explicitly writing these out, we obtain the
following:

Λð0;þÞ
ij;kl ¼ 3

2

�
k̂ik̂j −

1

3
δKij

��
k̂kk̂l −

1

3
δKkl

�
; ð33Þ

Λð1;þÞ
ij;kl ¼1

4

�
Pikk̂jk̂lþPilk̂jk̂kþPjkk̂ik̂lþPjlk̂ik̂k

�
; ð34Þ

Λð2;þÞ
ij;kl ¼ 1

4
ðPikPjl þ PilPjk − PijPklÞ; ð35Þ

5In general, one could also have a mixed-parity spectrum,
where both symmetric and antisymmetric components coexist,
so that the spectrum is neither purely parity-even nor purely
parity-odd.

6It is not necessary to explicitly specify the directions of the
basis vectors fâ; b̂g on the plane perpendicular to k̂ on the
theoretical side. However, on the simulation side, when imple-
menting helicity explicitly, we need to define these directions.
The orthonormality relation is Y�

m · Ym0 ¼ δKmm0 with the complex
conjugate being Y�

mðk̂Þ ¼ ð−1ÞmY−mðk̂Þ ¼ Ymð−k̂Þ, where the
second equation follows from e�;ið−k̂Þ ¼ −e∓;iðk̂Þ ¼ e��;iðk̂Þ.
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for the parity-even projectors, and

Λð1;−Þ
ij;kl ¼ −

i
4

�
k̂ik̂kεjlmk̂m þ k̂ik̂lεjkmk̂m

þ k̂jk̂kεilmk̂m þ k̂jk̂lεikmk̂m
�
; ð36Þ

Λð2;−Þ
ij;kl ¼ −

i
4
ðεikmk̂mPjl þ εjlmk̂mPikÞ; ð37Þ

for the parity-odd projectors. We have defined the usual
projector onto the plane normal to k as Pij ≡ δKij − k̂ik̂j. To
derive these expressions, we have used the relation:
eþ;ie−;j ¼ −Pij=2þ iεijmk̂m=2. In our convention, the
original Cartesian tensor power spectrum is expanded

as Pij;kl ¼
P

λ;s N
−1
λ Λðλ;sÞ

ij;klP
ðλÞ
s .

Note that Λðλ;sÞ is, by construction, consistent with
statistical isotropy, as it is built from the isotropic tensors
δKij and εijk together with the unit wave vector k̂i. In
particular, we observe that the parity-odd projectors contain
an odd number of iεijk, which guarantees that they are
purely imaginary and equivalently carry the antisymmetric
structure, as expected. Another interpretation is that this
projection extracts the scalar coefficients of independent
pseudotensors under statistical isotropy [Eqs. (36) and (37)].
The fact that the parity-odd projectors are pseudotensors
follows directly from the fact that εijk is a pseudotensor.
Now, the five helicity components are rearranged into

three parity-even and two parity-odd components, with the
latter defined as the difference between the helicity power
spectra of �m (m ≠ 0), i.e., the difference between the
power spectra of right- and left-handed helical modes. It is
worth mentioning that the mode with helicity-0, i.e.,
longitudinal scalar mode, is not sensitive to parity.
The parity-odd projector, Λðλ;−Þ, is a key mathematical

quantity in this paper, as we will extract the parity-odd
components in the galaxy/halo shape power spectrum, PðλÞ

− ,
from its Cartesian expression, Pij;kl, by projecting onto this
basis both in theoretical calculation and in measurements
from simulations.

D. Effective field theory for galaxy shapes

Up to this point, we have derived the mathematical
properties of galaxy shape statistics based on symmetry
considerations. Moving forward, we will develop a physi-
cal model for them. In this paper, we adopt an EFT for
galaxy shapes [65]. We first briefly review the basics of
EFT, then extend the framework to the cases of parity-
violating initial conditions.

1. Bias expansion

In the EFT framework, a shape tensor field is schemati-
cally written as

Sij ¼ Slocalij þ Sh:d:ij þ Sstochij ; ð38Þ

where Slocalij represents the deterministic terms expressed by
local gravitational operators, i.e., at lowest order in deriv-
atives, Sh:d:ij accounts for the higher derivative terms arising
from the nonlocality of galaxy formation, and Sstochij

represents the nondeterministic terms from small-scale
physics and the discrete nature of galaxies.
The perturbative bias expansion of the local component,

Slocalij ¼P∞
n¼1 S

ðnÞ
ij , is expressed by an operator basis as

SðnÞij ¼
Xn
q¼1

XNq

p¼1

cq;pTF
h
Oðq;pÞ

ij

iðnÞ
; ð39Þ

where n denotes the perturbative order, and the index pair
ðq; pÞ specifies the linearly independent operators. Here, q
labels the order of the bias operator (sometimes referred to
as the generation, not to be confused with the perturbative
order n), and p enumerates theNq independent operators of
a given order q. cq;p is the corresponding bias coefficient.
For example, there are three independent quadratic (q ¼ 2)
operators for a rank-two tensor field, as listed below (see
Ref. [65] for details). Note that the triplet ðn; q; pÞ uniquely
determines the kernels of the operators at nth order in
perturbation. We consider the perturbative expansion up to
n ¼ 3, i.e., terms up to the order of ðδð1ÞÞ4 in the statistics.
This order is required to probe parity violation, as it
constitutes the lowest-order scalar statistics sensitive to
parity. At this order, the leading-order parity-odd power
spectrum sourced by the primordial parity-odd trispectrum
appears, as we will show below.

The first few operators, Oðq;pÞ
ij , are given by

Oð1;1Þ
ij ¼ Π½1�

ij ; ð40Þ

Oð2;1Þ
ij ¼ Π½2�

ij ; ð41Þ

Oð2;2Þ
ij ¼ Π½1�

ikΠ
½1�
kj ; ð42Þ

Oð2;3Þ
ij ¼ Π½1�

ij δ; ð43Þ

where Π½1�
ij ≡ ∂

−2
∂i∂jδ is the rescaled Hessian matrix of

the gravitational potential satisfying Tr½Π½1�� ¼ δ via the
Poisson equation. Notice that the first line (q ¼ 1) starts
at first order in perturbations, but receives higher-order
(second-order, third-order, ...) corrections due to the non-
linear evolution of matter. Similarly, the following lines
(q ¼ 2) start at second order, with third- and higher-order
contributions. When evaluated at first order in perturbation,
the trace-free part of the first-order operator [Eq. (40)] thus
represents the linear tidal field, which corresponds to the
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“linear alignment” model [32]. Π½q�
ij ðq > 1Þ is the higher-

generation operator recursively defined by the convective
time derivative as [66,67]

Π½q�
ij ¼ 1

ðq − 1Þ!
�
ðHfÞ−1 D

Dτ
Π½q−1�

ij − ðq − 1ÞΠ½q−1�
ij

�
; ð44Þ

with the conformal Hubble parameter H, the logarithmic
growth rate f, and the convective time derivative:
D=Dτ≡ ∂=∂τ þ vi∂i. The physical interpretations of
the second-order effects of the four operators in
Eqs. (41)–(43) are, briefly, dependent on the formation
history of the tidal field, tidal torquing, and density
weighting, respectively.
We define the Fourier-space kernels of the operators at

the nth order as

h
Oðq;pÞ

ij

iðnÞðkÞ¼Z
q1;…;qn

ð2πÞ3δDk−q1���n

×
h
KOðq;pÞ

ij

iðnÞðq1;…;qnÞδð1Þq1
� ��δð1Þqn ; ð45Þ

where their explicit forms are given by (up to the second
order)

h
KOð1;1Þ

ij

ið1Þ ¼ q̂iq̂j; ð46Þ

h
KOð1;1Þ

ij

ið2Þ ¼ F2ðq1;q2Þq̂12;iq̂12;j; ð47Þ

h
KOð2;1Þ

ij

ið2Þ ¼ 5

7
ð1 − μ212Þq̂12;iq̂12;j þ μ12q̂1;ðiq̂2;jÞ; ð48Þ

h
KOð2;2Þ

ij

ið2Þ ¼ μ12q̂1;ðiq̂2;jÞ; ð49Þ

h
KOð2;3Þ

ij

ið2Þ ¼ 1

2
ðq̂1;iq̂1;j þ q̂2;iq̂2;jÞ; ð50Þ

with F2 being the second-order gravitational evolution
kernel in the standard perturbation theory [68], μmn ≡
q̂m · q̂n being the cosine of angle between two momenta,
and we have defined the notation for symmetrization:
xðiyjÞ ≡ ðxiyj þ xjyiÞ=2. We omit the full expressions for

the third-order terms Sð3Þij because, as we will see shortly,
the first- and third-order terms do not contribute to the
parity-odd signals at the leading order due to the
symmetries.
So far, we have used a bias expansion assuming that

galaxy and halo formation is spatially local. However,
since gravitational collapse occurs over a finite region, we
need to account for nonlocal effects at certain scales of
interest [69,70]. These effects can be captured by including

higher derivative operators. Up to the third order, only one
operator is relevant,

Oðh:d:Þ
ij ¼ R2�∂2O

ð1;1Þ
ij ; ð51Þ

with R� being a typical halo formation scale. This term is
suppressed by a factor of OðR2�k2Þ relative to the linear

operator Oð1;1Þ
ij , effectively counting as a third-order oper-

ator because the additional k2 dependence becomes degen-
erate with the counterterm that accounts for backreaction
from small-scale matter density fluctuations in the EFT of
large-scale structure at this order (see, e.g., [71] for details).
In summary, the power spectrum of a shape field

[Eq. (21)] is perturbatively expanded up to the order of
ðδð1ÞÞ3 (excluding stochastic terms for now),

Pij;kl ¼ Pð11Þ
ij;kl þ Pð22Þ

ij;kl þ Pð13Þ
ij;kl þ Pð1h:d:Þ

ij;kl þ PðctrÞ
ij;kl; ð52Þ

where the last term represents appropriate counterterms
from the loop integrals. Note that the higher derivative term
shares the same angular structure as the tree-level spectrum
by definition in Eq. (51), differing only in its k2 depend-
ence. Furthermore, we extract the independent helicity
components by projecting onto the basis tensors, as defined
in Eq. (29).
In Ref. [65], these next-to-leading-order corrections

(including stochastic contributions) were derived for
Gaussian initial conditions (see also Refs. [72,73]). In this
case, all the information is contained in the primordial
power spectrum, which is parity-even, as mentioned in
Sec. II C. Since gravitational evolution preserves parity, any
parity-odd signal remains zero. Thus, the only parity-even
components projected onto Λðλ;þÞ (λ ¼ 0, 1, 2) defined in
Eqs. (33)–(35) are nonzero for Gaussian initial conditions.
In this work, on the other hand, we focus on non-Gaussian
initial conditions, particularly those that violate parity. The
corresponding signals appear in the parity-odd components
obtained by projecting onto Λðλ;−Þ (λ ¼ 1, 2) defined in
Eqs. (36) and (37).

2. Parity-odd power spectrum

Here, we present a useful fact that can simplify future
calculations for parity-odd signals. Recall that the first-
generation operator [Eq. (40)] is expressed in Fourier
space as

Oð1;1Þ
ij ðkÞ ¼ k̂ik̂jδðkÞ: ð53Þ

This represents a pure longitudinal scalar mode at any
order in perturbations, i.e., helicity-0 mode in terms of the
helicity basis [Eqs. (23)–(25)]. From Eq. (27), the two-
point correlations involving this operator contribute only to
a helicity-0 power spectrum under statistical isotropy,
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which is parity-insensitive. Therefore, Pð11Þ, Pð13Þ, and
Pð1h:d:Þ in Eq. (52) are all parity-insensitive.7 Thus, we only
need to focus on Pð22Þ, which consists of the following
operator spectra with the loop integral:

PðλÞ
− ⊃ cq;pcq0;p0Pðλ;−Þ

Oðq;pÞOðq0 ;p0Þ ; ð54Þ

with

Pðλ;−Þ
OO0 ≡

Z
q1;…;q4

ð2πÞ3δDk−q12ð2πÞ3δDkþq34

× Kðλ;−Þ
OO0 ðq1;q2;q3;q4ÞTð−Þ

δ ðq1;q2;q3;q4Þ; ð55Þ

where Tð−Þ
δ is the underlying parity-odd matter trispectrum

[Eq. (7)], and we have defined the projected kernel

Kðλ;sÞ
OO0 ðq1;q2;q3;q4Þ
≡
h
Λðλ;sÞ
ij;kl ðk̂Þ

i�½KO
ij �ð2Þðq1;q2Þ½KO0

kl �ð2Þðq3;q4Þ: ð56Þ

We show a diagrammatic representation of the parity-odd
power spectrum sourced by the parity-odd trispectrum
through the (22)-type loop integral in Fig. 1. Note that
when deriving Eq. (55), we used the fact that the parity-odd
projection is orthogonal to the parity-even statistics (such as
the Gaussian part and parity-even non-Gaussian compo-
nents) contained in the fourth-order moment of δð1Þ, i.e.,
they vanish after the loop integration due to their trans-
formation properties under parity qi → −qi.
We can further simplify Pð22Þ by using the degeneracies

among the second-order kernels [Eqs. (47)–(50)] derived

in Ref. [65]. The detailed calculations are provided in
Appendix A. Briefly, the helicity-1 component of the
parity-odd spectrum depends only on the combination
c2;1 þ c2;2 þ c2;3, while the helicity-2 component depends
only on c2;1 þ c2;2 and c2;3 as independent bias coeffi-
cients. Therefore, by appropriately redefining the linear
combinations of the second-generation operators, we
obtain the following simplified expressions for each hel-
icity component:

Pð1Þ
− ¼ c2QP

ð1;−Þ
QQ ; ð57Þ

Pð2Þ
− ¼ c2QP

ð2;−Þ
QQ þ 2cQcRP

ð2;−Þ
ðQRÞ þ c2RP

ð2;−Þ
RR ; ð58Þ

where cQ ≡ c2;1 þ c2;2 þ c2;3, cR ≡ c2;3, and we have
introduced the new operator labels

Qij ≡Oð2;2Þ
ij ; Rij ≡Oð2;3Þ

ij −Oð2;2Þ
ij : ð59Þ

The explicit forms of the corresponding Fourier-space
kernels are given by, for helicity λ ¼ 1,

Kð1;−Þ
QQ ðq1;q2;q3;q4Þ ¼

i
4
½k̂ · ðq̂1 × q̂3Þ�

�
μk1 −

q1
q2

μk2

��
μk3 −

q3
q4

μk4

�
; ð60Þ

and for λ ¼ 2,

Kð2;−Þ
QQ ðq1;q2;q3;q4Þ ¼

i
2
½k̂ · ðq̂1 × q̂3Þ�ðμ13 − μk1μk3Þ

q1
q2

μ12
q3
q4

μ34; ð61Þ

Kð2;−Þ
ðQRÞðq1;q2;q3;q4Þ ¼ −

i
8
½k̂ · ðq̂1 × q̂3Þ�ðμ13 − μk1μk3Þ

k2

q2q4

�
q1
q4

μ12 þ
q3
q2

μ34

�
; ð62Þ

Kð2;−Þ
RR ðq1;q2;q3;q4Þ ¼

i
8
½k̂ · ðq̂1 × q̂3Þ�ðμ13 − μk1μk3Þ

k4

q22q
2
4

; ð63Þ

where μkn ≡ k̂ · q̂n, and the cross terms have already been symmetrized: KðQRÞ ≡ ðKQR þ KRQÞ=2. The scalar triple
product (and imaginary unit) common to the kernels combines with the analogous term in the parity-odd trispectrum in
Eq. (3), leading to a nonzero parity-odd signal.
The angular structure in these kernels determines how the second-order gravitational effects on galaxy shapes capture the

underlying parity-violating signal. Moreover, according to the two-loop configuration shown in Fig. 1, we expect that the

FIG. 1. A diagram of the parity-odd power spectrum sourced by
the parity-odd trispectrum.

7Pð1nÞ
ij;kl (n ≥ 1) is parity-insensitive in general.
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loop integral over the two internal momenta is dominated
by hard modes of the integrand. Since the wave vector k of
interest corresponds to one of the diagonals of the formed
tetrahedron, this soft-limit configuration, k ≪ q1; q3, is
referred to as the double-hard limit or the collapsed limit.
We thus expect that the parity-odd spectrum of galaxy
shapes is enhanced if the primordial trispectrum has a large
amplitude in the collapsed limit. The calculations assuming
specific models are presented in Sec. II E. More generally,
the sensitivity of galaxy shapes to parity-violating physics
is model-dependent and is essentially determined by the
similarity (or cosine) between the parity-odd kernels and
the trispectrum.

3. Stochasticity

We now consider the stochastic term Sstochij , which
constitutes the final component included in the EFT
expansion [Eq. (38)]. This term is necessary to describe
the stochastic effects of small-scale fluctuations, as gal-
axy shapes are influenced by both large-scale perturbations
(the deterministic part) and small-scale fluctuations. In
this paper, we focus only on the leading term, which
is represented by adding a stochastic operator ϵijðxÞ to
the bias expansion, uncorrelated with the large-scale
perturbations,

Sij ⊃ ϵij; ð64Þ

where hOijϵkli ¼ 0 for any deterministic operators Oij.
We define the power spectrum of this field as

hϵijðkÞϵklðk0Þi≡ ð2πÞ3δDkþk0Nij;klðkÞ: ð65Þ

Our objective here is to determine the general form of the
parity-odd components in this noise power spectrum. The
parity-even components have already been derived up to
leading and next-to-leading order (in derivatives) in
Refs. [65,73], respectively. In the following, by extending
the method used in Ref. [73], we derive the parity-odd
components, which are imaginary, or equivalently, anti-
symmetric under the pair exchange ði; jÞ ↔ ðk; lÞ.
The stochastic contributions can be considered as the

limit of the shape correlation function in the small-
separation limit. This consideration helps in identifying
the nontrivial index structure of Nij;kl, especially beyond
leading order in the derivative expansion. Hence, we first
define the two-point correlation function of the stochastic
field as

hϵijðxÞϵklðx0Þi≡ ξij;klðr=R�Þ; ð66Þ

with r≡ x − x0. This correlation function, by definition, is
expected to have a typical extent on the order of halo radius
R�, i.e., ξij;klðyÞ is nonzero up to y ∼ 1 with y ≡ r=R�. The

noise power spectrum is obtained via the Fourier transform
of this. Due to the locality, we can perturbatively expand the
transformation in the regime with R�k ≪ 1 as

Nij;klðkÞ ¼
Z

drξij;klðr=R�Þe−ik·r ð67Þ

≃ R3�

Z
dyξij;klðyÞ

×

�
1 − iðR�kaÞya −

1

2
ðR2�kakbÞyayb

þ i
6
ðR3�kakbkcÞyaybyc þ � � �

�
: ð68Þ

For the first term, since the term ∝
R
ξij;kl is an even-rank

constant tensor, it must be constructed solely from δKij. This
leading-order contribution is given by [65]

Nð0Þ
ij;kl ¼

a0
2

�
δKikδ

K
jl þ δKilδ

K
jk −

2

3
δKijδ

K
kl

�
; ð69Þ

¼ a0
�
Λð0;þÞ
ij;kl þ 2Λð1;þÞ

ij;kl þ 2Λð2;þÞ
ij;kl

�
; ð70Þ

wherewe used the definitions of the parity-even basis tensors
[Eqs. (33)–(35)] in the second equation. This is the only
tensor that satisfies the index symmetry and traceless
condition inherited from Sij at this order. We introduced
a dimensionful parameter a0. In practice, the dominant
contribution to a0 arises from Poisson shape noise due to
the discrete nature of galaxies. Reference [73] derived the
next-to-leading-order contributions, at second order in
derivativesOðk2Þ, for the parity-even part from the third term
in Eq. (68), and found that there are two independent tensors,

Nð2;1Þ
ij;kl ¼ a2;1k2N

ð0Þ
ij;kl; ð71Þ

Nð2;2Þ
ij;kl ¼ 2a2;2k2

�
Λð1;þÞ
ij;kl þ 4Λð2;þÞ

ij;kl

�
: ð72Þ

These tensors can be derived by considering that the term
∝ kakb

R
ξij;klyayb must be constructed from combinations

of two k vectors (kikj or k2δKij) and δKij, satisfying the
required symmetry properties.8

8With our notation, the parity-even stochastic power spectra
are given by

Pð0Þ
þ ⊃ a0 þ a2;1k2; ð73Þ

Pð1Þ
þ ⊃ a0 þ ða2;1 þ a2;2Þk2; ð74Þ

Pð2Þ
þ ⊃ a0 þ ða2;1 þ 4a2;2Þk2: ð75Þ

KURITA, JAMIESON, KOMATSU, and SCHMIDT PHYS. REV. D 113, 063557 (2026)

063557-10



We now apply the same approach to the parity-odd
components. As inferred from the above discussion, we
focus on the second and fourth terms in Eq. (68). Since
these terms involve an odd number of iki (or ∂i in real
space), constructing an even-rank tensor Nij;kl requires an
odd number of εijk (along with the imaginary unit). At each
order in derivatives, following similar reasoning, we obtain
the following independent pseudotensors: for the first order
in derivatives,

Nð1Þ
ij;kl ¼ −

a1
2
ðiδKikεjlmkm þ 3 permsÞ

¼ 2a1k
�
Λð1;−Þ
ij;kl þ 2Λð2;−Þ

ij;kl

�
; ð76Þ

and for the third order,

Nð3;1Þ
ij;kl ¼ a3;1k2N

ð1Þ
ij;kl; ð77Þ

Nð3;2Þ
ij;kl ¼ −

a3;2
2

ðikikkεjlmkm þ 3 permsÞ

¼ 2a3;2k3Λ
ð1;−Þ
ij;kl ; ð78Þ

where we used the definitions of the parity-odd basis
tensors [Eqs. (36) and (37)]. We find that the leading-
order stochastic contribution to the parity-odd spectrum is
described by a single tensor in Eq. (76), which is propor-
tional to k and contributes to both helicities. At next-to-
leading order, two independent degrees of freedom appear,
as given in Eqs. (77) and (78), both scaling as k3.
Interestingly, the second tensor contributes only to the
helicity-1 mode. Therefore, in addition to Eqs. (57)
and (58), the parity-odd power spectra include stochastic
terms up to next-to-leading order in derivatives as

Pð1Þ
− ⊃ a1kþ ða3;1 þ a3;2Þk3; ð79Þ

Pð2Þ
− ⊃ 2a1kþ 2a3;1k3: ð80Þ

The physical significance of the linear-in-k stochastic
contribution can be understood as the local effect of a
stochastic torque, i.e., the curl of the white noise stochastic
spectrum, as follows. Let Tijkl be the Cartesian components
of a tensor field T. We define the curl of T as

½∇ × T�ijkl ≡ εlml0∂mTijkl0 : ð81Þ

This is a generalization of the curl of a vector field A:
½∇ × A�i ¼ εijk∂jAk. In Fourier space, Eq. (81) corresponds
to iεlml0kmTijkl0 . Now suppose that TðrÞ describes the
small-scale correlation function of a 2-tensor, such as the
small-scale tidal field. Since this has the same symmetries

as Nð0Þ
ij;kl [Eq. (70)], we have, symmetrizing under the

exchange (k ↔ l),

½iεlml0kmTijkl0 �sym ∝ Nð1Þ
ij;kl: ð82Þ

Thus, the linear-in-k contribution represents a preferential
alignment of the white noise tensor components in a
specific rotational direction, i.e., handedness, which arises
due to the breaking of statistical parity symmetry. Similarly,

at the next-to-leading order, we find that the curl of Nð2;αÞ
ij;kl

(α ¼ 1, 2) generates Nð3;αÞ
ij;kl for each α. In this way, the

parity-odd stochastic power spectrum naturally shows up as
the curl of a parity-even stochastic term that begins at
zeroth order in derivatives.

E. Case study

In this section, we assume the two parity-odd trispectrum
models, squeezed-type and collapsed-type, introduced in
Sec. II A and compute the expected signals of the parity-
odd power spectrum of galaxy shapes. By substituting
Eqs. (3) and (4) into Eq. (55), we obtain an expression for
each component of the parity-odd power spectrum in
Eqs. (57) and (58),

Pðλ;−Þ
XY ðkÞ ¼

Z
q1;…;q4

ð2πÞ3δDk−q12ð2πÞ3δDkþq34
Kðλ;−Þ

XY ðq1;q2;q3;q4Þ

×
Y4
i¼1

½MðqiÞ�½−iq12 · ðq1 × q3Þ�
X
σ ∈ S4

sgnðσÞf−ðqσð1Þ; qσð2Þ; qσð3Þ; qσð4Þ; qσð1Þσð2Þ; qσð1Þσð4ÞÞ; ð83Þ

with X; Y ∈ fQ;Rg, and we used the triangle condition:
q1 · ðq2 × q3Þ ¼ −q12 · ðq1 × q3Þ. Equation (83) is a key
equation, as it allows us to compute all parity-odd power
spectra of different helicities when a trispectrum template is

provided. In particular, as shown in Fig. 1, this corresponds
to a two-loop integral, involving two free momenta. In the
following, we denote the two UV cutoff scales for the two-
loop integral as Λ and Λ0.
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1. Squeezed-type trispectrum

The left panel of Fig. 2 presents the result of the two-loop
calculation defined in Eq. (83), applied to the squeezed
model introduced in Eq. (8) (red line). The details of the
numerical implementation of the loop integrals are pro-
vided in Appendix B 1. Interestingly, no helicity-2 parity-
odd signals arise from this model at this order due to the
absence of diagonal dependence. We provide a proof of this
in Appendix B 2. Thus, only the helicity-1 component

Pð1;−Þ
QQ appears, as shown in the left panel. Since the overlap

between the shapes of the gravitational kernels and
the squeezed model is small, the result of the loop
integral becomes small (particularly compared to the
collapsed trispectrum case discussed later), as expected.
Nevertheless, there is a non-negligible dependence on
small-scale modes in the low-k region, quantified by the
dependence on the UV cutoff scale. Below, we examine the
dependence on the high-q modes in more detail.
First, let us consider the contribution from the collapsed

(double-hard) limit, where both internal momenta are much
larger than k of interest: k ≪ q1; q3. From the calculation
presented in Appendix B 3, we findh

Pð1;−Þ
QQ ðkÞ

i
dh ¼ g−SdhðΛ;Λ0Þk3; ð84Þ

showing a k3 suppression with a cutoff-dependent coef-
ficientSdhðΛ;Λ0Þ defined in Eq. (B35). This suppression is

consistent with the odd-power scaling of k that naturally
arises from the assumption of local stochasticity, as dis-
cussed in the previous section. In particular, at this order,
the cutoff dependence is absorbed into the coefficient a3;2
in Eq. (79). It is also in agreement with the fact that
this trispectrum does not exhibit a large amplitude in
the collapsed limit, where small-scale fluctuations are
decoupled from large-scale modes.
However, the actual behavior of the power spectrum at

low k, as shown in the left panel of Fig. 2, does not follow
this k3 scaling, indicating that this contribution is sub-
dominant. As detailed in Appendix B 3, the dominant
contribution actually comes from the single-hard limit
where only one of the internal momenta is much larger
than k. This can be understood as follows: the given
squeezed-type trispectrum, which has a sharp peak in
the squeezed limit, is nearly orthogonal to the (22)-type
loop integral that captures signals in the collapsed con-
figuration. As a result, the dominant contribution instead
arises from the “product” configuration of the two soft
limits, specifically from the equilateral triangle-squeezed
triangle configuration, where, out of the two triangles
glued together via k, only one is in the squeezed limit (see
Fig. 3 for an illustration). This leads to a dominant single-
hard contribution, which takes the form

h
Pð1;−Þ
QQ ðkÞ

i
sh ¼ g−SshðΛÞk2nsþ2þαþβ; ð85Þ

FIG. 2. Parity-odd power spectra of helicity-1 (left panel) and helicity-2 (right panel), as defined in Eq. (83), sourced by the squeezed-
type and collapsed-type parity-odd trispectra. The helicity-2 spectra for the squeezed trispectrum are exactly zero due to the absence of
diagonal dependence, and hence do not appear in the right panel. The model amplitudes are set to g− ¼ Agauge ¼ 1, and the linear matter
power spectrum at z ¼ 0 is used. For the loop integral, we set the IR and UV cutoff scales to qmin ¼ 10−4hMpc−1 and
Λ ¼ Λ0 ¼ 1h Mpc−1, however, the results are insensitive to qmin as long as qmin ≪ k. To better visualize the behavior in the
k → 0 limit, we also show the analytically derived asymptotic scalings for each case as guides, plotted as short lines alongside the
corresponding original curves in the low-k region: Eq. (85) for the squeezed trispectrum, and Eqs. (87)–(90) for the collapsed
trispectrum. Note that this is not an expected physical signal, as the amplitude depends on the choice of the UV cutoff scale. The key
point here is the low-k scaling, which originates from the trispectra in the soft limits and must be renormalized by introducing an
additional tensor operator.
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where SshðΛÞ is a cutoff-dependent coefficient defined in
Eq. (B31). The asymptotic k-scaling explicitly depends on
α and β in the definition of the squeezed trispectrum
template [Eq. (8)]. Substituting ðα; βÞ ¼ ð−2;−1Þ, as
assumed in this work, into Eq. (85), we find that it scales
as ∝ k2ns−1. As indicated by the red guide line in the left
panel of Fig. 2, this function correctly captures the low-k
scaling behavior. Thus, after the appropriate renormaliza-
tion, the model of the parity-odd power spectrum of galaxy
shapes under the squeezed trispectrum should take the
following form:

Pð1Þ
− ðkÞ ¼ g−b2−k2nsþ2þαþβ; ð86Þ

where b− is a renormalized bias parameter. However, the
signal predicted by this model is intrinsically small due to
the kernel-trispectrum mismatch, and it likely will be
difficult to place strong constraints on the amplitude
parameter with the galaxy shape power spectrum in this
scenario.

2. Collapsed-type trispectrum

In both panels of Fig. 2, we show the results of the loop
integrations for the Uð1Þ-gauge model trispectrum defined
in Eq. (10). We provide the details of the numerical
implementation in Appendix C 1. Unlike the squeezed-
type trispectrum, this case predicts nonzero signals for both
helicity-1 (left panel) and helicity-2 (right panel) modes.
In the low-k regime, the behavior is dominated by the
collapsed (double-hard) limit of the trispectrum, leading to
the following k dependencies for each spectrum (see
Appendix C 2 for derivations). For helicity λ ¼ 1:h

Pð1;−Þ
QQ ðkÞ

i
dh ¼ AgaugeS

ð1;−Þ
QQ ðΛ;Λ0ÞPϕðkÞ; ð87Þ

and for helicity λ ¼ 2:h
Pð2;−Þ
QQ ðkÞ

i
dh ¼ AgaugeS

ð2;−Þ
QQ ðΛ;Λ0ÞPϕðkÞ; ð88Þ

h
Pð2;−Þ
ðQRÞðkÞ

i
dh ¼ AgaugeS

ð2;−Þ
QR ðΛ;Λ0Þk2PϕðkÞ; ð89Þ

h
Pð2;−Þ
RR ðkÞ

i
dh ¼ AgaugeS

ð2;−Þ
RR ðΛ;Λ0Þk4PϕðkÞ; ð90Þ

whereSðλ;−Þ
XY ðΛ;Λ0Þ is defined in Eqs. (C17)–(C23). As seen

from Eqs. (60)–(63), the relative suppressions of factors k2

and k4 for PðQRÞ and PRR, respectively, exist at the kernel
level, i.e., they are independent of the form of the trispec-
trum. Therefore, in the k → 0 limit, the dominant contribu-
tion always comes from PQQ for both helicities, i.e., from the
“tidal torquing” operator by definition of Qij [Eqs. (42) and
(59)]. In particular, in the case of the Uð1Þ-gauge model,
PQQ has a scale dependence proportional to PϕðkÞ ∼ k−3,
leading to a significant enhancement at low k.9

Note that, in terms of the doddn parametrization in
Eq. (12), this scale-dependent enhancement comes only
from the n ¼ 1 component, and the contributions from
the n ¼ 0 component have an additional k2 suppression due
to cancellations (see Appendix C 2). Hence, Agauge in
Eqs. (87)–(90) can always be equivalently rewritten as
Agauge ↔ dodd1 =3. In other words, since the scale-dependent
enhancement of the galaxy shape power spectrum is
primarily sensitive to dodd1 , it is consequently also sensitive
to Agauge.
We hereafter focus on the leading term, PQQ, and carry

out its renormalization. (The same discussion applies to
the other components, PQR and PRR.) To renormalize the
UV cutoff dependence of PQQ in Eqs. (87) and (88), we
introduce additional tensor operators in the bias expansion
of the shape field [Eq. (38)],

Sij ⊃ ψ̄ ðλÞ
ij ; ð91Þ

FIG. 3. A conceptual diagram illustrating why the single-hard limit dominates in the case of a squeezed trispectrum. The red (black)
vectors represent soft (hard) momenta, respectively. The (22)-type loop integral is sensitive to the collapsed limit (left). However, if the
trispectrum template has a shape that peaks in the squeezed limit (center), the dominant contribution after loop integration comes from
the single-hard limit, where both effects overlap (right). Note that for this specific case, where the diagonal K ¼ jk12j is taken as the soft
mode, by “single-hard” and “double-hard” we specifically refer to whether one or both of k1 and k3 are large.

9In general, the scale dependence is determined by the func-
tional form of the diagonal dependence of the primordial
trispectrum.
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for λ ¼ 1, 2, satisfying hOijψ̄
ðλÞ
kl i ¼ 0 for any of the

previously introduced “Gaussian” operators Oij, and

Pðλ;−Þ
ψ̄ ψ̄ ðkÞ≡

h
Λðλ;−Þ
ij;kl ðk̂Þ

i�D
ψ̄ ðλÞ
ij ðk̂Þψ̄ ðλÞ

kl ðk̂0Þ
E0

¼ PϕðkÞ: ð92Þ

Thus, ψ̄ ðλÞ
ij is a purely helical tensor field with helicity λ,

whose power spectrum matches (by our choice of defi-
nition) the primordial scalar power spectrum Pϕ. Therefore,
the model of the parity-odd power spectrum for galaxy
shapes under the collapsed trispectrum takes the following
simple form for each helicity:

PðλÞ
− ðkÞ ¼ AgaugeðbðλÞ− Þ2PϕðkÞ; ð93Þ

where bðλÞ− (λ ¼ 1, 2) is a renormalized bias parameter. Note
that this is the only contribution to the parity-odd shape
statistics, since gravitational evolution from Gaussian (i.e.,
parity-conserving) initial conditions does not lead to parity-
odd contributions at any order.
Lastly, we provide a physical interpretation for the

additional bias operator in the presence of the parity-odd
collapsed trispectrum. We start with an expression for
the matter trispectrum in the collapsed limit, derived in
Appendix C 2. For simplicity of notation, we relabel the
UV momenta as q≡ q1 and q0 ≡ q3, and take the limit
of k ≪ q; q0. From Eq. (C15), we obtain the following
expression:

Tð−Þ
δ ⟶

dh ½−ik̂ · ðq̂ × q̂0Þ�ðq̂ · q̂0ÞPϕðkÞPðqÞPðq0Þ; ð94Þ

where PðqÞ is the linear matter power spectrum, and a
constant prefactor is omitted for simplicity. We find that
this particular angular dependence can be rewritten as a
tensor contraction using the parity-odd projectors defined
in Eqs. (36) and (37),

½−ik̂ ·ðq̂× q̂0Þ�ðq̂ · q̂0Þ¼ ðΛð1;−Þ
ij;kl þ2Λð2;−Þ

ij;kl Þq̂iq̂jq̂0kq̂0l: ð95Þ

Substituting this into Eq. (94), we obtain an explicit form
of the parity-odd contribution from the UV modes for
each helicity,

Tð−Þ
δ ⊃ Λðλ;−Þ

ij;kl ðkÞPϕðkÞq̂iq̂jPðqÞq̂0kq̂0lPðq0Þ: ð96Þ

To develop a physical understanding of this, we consider a
case where the local (position-dependent) power spectrum

is modulated by the large-scale modes of ψ̄ ðλÞ
ij ,

Pðq;xÞ≡
�
1þ q̂iq̂jψ̄

ðλÞ
ij ðxÞ

�
PðqÞ: ð97Þ

This corresponds to fixing a long-wavelength realization
and taking an ensemble average over the short modes.
Considering the large-scale correlation of the quadrupolar
modulation, defined as ΔPðq;xÞ≡ Pðq;xÞ − PðqÞ, we
obtainZ

dxe−ik·x
Z

dx0e−ik0·x0 hΔPðq;xÞΔPðq0;x0Þi0

¼
Z

dre−ik·rhψ̄ ðλÞ
ij ðxÞψ̄ ðλÞ

ij ðx0Þiq̂iq̂jPðqÞq̂0kq̂0lPðq0Þ

¼ Λðλ;−Þ
ij;kl ðkÞPϕðkÞq̂iq̂jPðqÞq̂0kq̂0lPðq0Þ; ð98Þ

which is identical to Eq. (96). Note that we used the

definition of the power spectrum of ψ̄ ðλÞ
ij , given in Eq. (92)

in the third line. Thus, the collapsed limit of the parity-odd
trispectrum quantifies the large-scale correlation of the
anisotropic (quadrupolar) modulation in the small-scale

power spectrum, mediated by a helical tensor field, ψ̄ ðλÞ
ij ,

that is uncorrelated with large-scale scalar perturbations.10

This new degree of freedom subsequently appears in the
bias expansion of the shape field.

III. N-BODY SIMULATION

So far, we have derived analytical expressions for the
parity-odd power spectrum of galaxy shapes in the EFT
framework. In this section, in order to test whether these
predictions are actually realized and to estimate the
amplitude of the response of shapes to parity-violating
PNG, which remains undetermined in the EFT expansion,
we perform a set of numerical simulations. In this study, we
use the shapes of dark matter halos as a proxy for galaxy
shapes, and analyze the signal by running N-body simu-
lations. In the previous section, we showed that the shape
power spectrum is expected to be particularly sensitive to
the collapsed-type parity-odd trispectrum. From now on,
we therefore focus only on the collapsed-type model, rather
than the squeezed-type model. We first propose an efficient
method to implement a specific class of parity-odd col-
lapsed-type trispectra into the initial conditions. We then
demonstrate that our new method is sufficiently flexible to
imprint the parity-odd trispectrum predicted by the Uð1Þ-
gauge model into the initial conditions, and we validate this

10For the parity-even collapsed trispectrum, i.e., the τNL
trispectrum, it has already been shown that an additional scalar
field (denoted here as ψ) appears in the bias expansion of the
galaxy density field. Physically, this is interpreted as the effect
where the local power spectrum is modulated by large-scale
modes of an uncorrelated scalar field ψ , as shown in [74–77],

Pðq;xÞ ¼ ð1þ ψðxÞÞPðqÞ: ð99Þ
Thus, our analysis provides a natural generalization to the case of
a parity-odd trispectrum.
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implementation. Subsequently, we run N-body simulations
using these initial conditions and show that the IA power
spectrum at late times is indeed sensitive to the parity-
violating initial conditions. We also confirm that the
resulting signal matches the functional form predicted by
EFT. Finally, by performing a fit to the measured power
spectrum, we estimate the amplitude of the response of halo
shapes to the parity-violating PNG.

A. Parity-violating initial conditions

1. Idea

Let us start with the simplest method that produces a
(parity-even) collapsed-type trispectrum, known as the τNL
trispectrum. We assume that the Bardeen potential includes
a quadratic non-Gaussian correction

ΦðxÞ ¼ ϕðxÞ þ Aϕð2Þðx; σÞ; ð100Þ

where

ϕð2Þðx; σÞ≡ ϕðxÞσðxÞ; ð101Þ

with A being the amplitude parameter and ϕ and σ being
uncorrelated Gaussian random fields [75,78]. In Fourier
space, we equivalently have

ϕð2Þðk; σÞ ¼
Z
q1;q2

ð2πÞ3δDk−q12ϕðq1Þσðq2Þ: ð102Þ

We will suppress the argument σ in ϕð2Þ to condense the
notation. In this model, polyspectra involving an odd
number of Φ vanish at any order, and the leading-order
trispectrum is given by

TΦðk1;k2;k3;k4Þ
¼A2

D
ϕk1

ϕð2Þ
k2
ϕk3

ϕð2Þ
k4

E0 þ5permsþOðA4Þ
¼A2Pϕðk1ÞPϕðk3ÞPσðk12Þþ11permsþOðA4Þ: ð103Þ

Although Pσ, determining the scale dependence of the
diagonal, can be taken to be different from Pϕ in general,
we assume Pσ ¼ Pϕ hereafter. Thus, A is related to the
well-known amplitude parameter τNL as A2 ¼ 25τNL=9.
Regarding the structure of the collapsed-type trispectrum,
we note that since σ appears only in the quadratic correction
and not in the Gaussian part, it always carries the diagonal
dependence of the trispectrum at the tree level. Thus, q2

in Eq. (102) corresponds to one of the diagonal momenta,
for example, as k12 in Eq. (103). On the other hand,
the momentum q1 of ϕ corresponds to one of the edge
momenta ki.

Now, interpreting the convolution kernel in Eq. (102) as
unity or “monopole,” it can be generalized using spherical
harmonics as

ϕð2Þ
lmðk; σlmÞ≡

Z
q1;q2

ð2πÞ3δDk−q12
× imYlmðq̂1; q̂2Þϕðq1Þσlmðq2Þ; ð104Þ

where we define the polar and azimuthal angles for the
spherical harmonics, Ylmðq̂1; q̂2Þ≡ Ylmðθ12;ϕ12Þ, as the
angles for q1 measured in the Cartesian coordinate system,
where the polar basis associated with q2, feθðq̂2Þ;
eϕðq̂2Þ; q̂2g, is regarded as the coordinate axes in the x,
y, and z directions, respectively (see Fig. 4). As mentioned
above, since q1 and q2 correspond to the edge and diagonal
momenta for the trispectrum, respectively, the spherical
harmonics are designed to encode the angular dependence
associated with the orientation of the triangle (q1) around
the diagonal momentum (q2). The phase factor im is needed

to satisfy the reality condition: ½ϕð2Þ
lmðkÞ�� ¼ ϕð2Þ

lmð−kÞ (see
Appendix D 1 for details). We introduced distinct, uncor-
related Gaussian random fields σlm for each m-state
(m ¼ 0;�1;…;�l). These fields are constructed to satisfy
hσlmσl0m0 i0 ¼ δKmm0ρll0Pσ, ensuring statistical isotropy,
where jρll0 j ≤ 1 denotes the correlation matrix. By expand-
ing the quadratic kernel of ϕð2Þ using spherical harmonics,

ΦðkÞ ¼ ϕðkÞ þ
X
lm

Ãlmϕ
ð2Þ
lmðk; σlmÞ; ð105Þ

where Ãlm are real coefficients, one can express an
arbitrary relative angular dependence between the pair
ðq1;q2Þ. The tilde notation Ãlm represents a temporary
parameter introduced before redefining the final amplitude
parameter Alm (without the tilde) in Eq. (112). Note that
Eq. (102) corresponds to ðl; mÞ ¼ ð0; 0Þ.

FIG. 4. Definitions of the polar and azimuthal angles ðθ12;ϕ12Þ
in Eq. (104).
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With the quadratic correction given in Eq. (105), we
obtain the leading-order trispectrum (see Appendix D 2
for details),

TΦðk1;k2;k3;k4Þ
¼
X
ll0m

ρll0ÃlmÃl0mð−1ÞlYlmðk̂1; k̂12ÞY�
l0mðk̂3; k̂12Þ

× Pϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms; ð106Þ

which includes the typical collapsed-type scale dependence
Pϕðk1ÞPϕðk3ÞPσðk12Þ, along with the angular dependence
expressed as the product of two spherical harmonics that
capture the orientations of the two triangles sharing the
diagonal k̂12 (see Fig. 5 for an illustration). As shown in
Appendix D 2, this trispectrum template has both nonzero
parity-even (real) and parity-odd (imaginary) parts in
general. Furthermore, the angular dependence of each
component is represented as a polynomial composed of
three cosines, k̂12 · k̂1, k̂12 · k̂3, and k̂1 · k̂3 (and their
permutations), with a single factor of the scalar triple
product for the parity-odd component: ik12 · ðk1 × k3Þ,
which ensures statistical isotropy [see Eq. (D16) for the
explicit expression]. Note that, for the pair of �jmj states,
when the two amplitudes Ãl�jmj are equal, the imaginary
parts in Eq. (106) cancel out, making the trispectrum purely
parity-even. In other words, the difference between �jmj
states generates the parity-odd component. We will provide
a more intuitive explanation for the generation of nonzero
parity-odd components in this model in the following
implementation section.

2. Implementation

To implement the correction given in Eq. (104) by
utilizing Fast Fourier Transforms (FFTs), we recall an

expression for spherical harmonics in terms of the rank-l
trace-free tensor contraction (e.g., [79]),

Ylmðθ;ϕÞ ¼ clmTF½n̂i1 � � � n̂il �
×
�
es;i1ðẑÞ � � � es;ijmj ðẑÞẑijmjþ1

� � � ẑil
�
; ð107Þ

where n̂iðθ;ϕÞ is a unit vector, and clm is the normalization
constant,

clm ¼ ð2l − 1Þ!!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

2jmj

ðlþmÞ!ðl −mÞ!

s
; ð108Þ

s≡ sgnðmÞ∈ f�g is the sign of m, es;iðẑÞ is the complex
unit vector defined in Eq. (26), and TF½Xi1;…;il � denotes the
trace-free part of Xi1;…;il .

11 By replacing n̂ with q̂1 and ẑ
with q̂2 in Eq. (107), we obtain an expression for the
spherical harmonics defined in Eq. (104),

Ylmðq̂1; q̂2Þ ¼ clmTF½q̂1;i1 � � � q̂1;il �
×
�
es;i1ðq̂2Þ � � � es;ijmj ðq̂2Þq̂2;ijmjþ1

� � � q̂2;il
�
:

ð110Þ

Notably, the spherical harmonics are now written in a sum-
separable form with respect to q1 and q2. This allows
the quadratic convolution in Eq. (104) to be implemented
just as a product of two tensor fields in real space. By
substituting Eq. (110) into Eq. (104), we can finally express
the quadratic correction as follows:

ΦðxÞ≡ ϕðxÞ þ
X
lm

Ãlmϕ
ð2Þ
lmðx; σlmÞ; ð111Þ

≡ ϕðxÞ þ
X
lm

Almϕ
ðlÞ
i1���ilðxÞσ

ðlmÞ
i1���ilðxÞ; ð112Þ

where the amplitude parameters are redefined as

Alm ≡ ð−1ÞlÃlmclm ð113Þ

in the second line, and the two rank-l tensors are defined in
Fourier space as

ϕðlÞ
i1���ilðkÞ≡ TF½ik̂i1 � � � ik̂il �ϕðkÞ; ð114Þ

FIG. 5. The shape of a tetrahedron is determined by two
triangles that share a diagonal momentum k12: one defined by
k1 and the other by k3, along with the angle ϕ between their
planes. This angle ϕ is given by the dot and cross products of k̂1,
k̂3, and k̂12 [see Eqs. (D14) and (D15)].

11Due to the property of the trace-free part, we have

TF½n̂i1 � � � n̂il �ðe�;i1ðẑÞ � � � e�;ijmj ðẑÞẑijmjþ1
� � � ẑilÞ

¼ n̂i1 � � � n̂ilTF½e�;ði1ðẑÞ � � � e�;ijmj ðẑÞẑijmjþ1
� � � ẑilÞ�: ð109Þ

Note that the trace-free operation in the second line is applied
after the symmetrization for the indices, i1;…; il.
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σðlmÞ
i1���ilðkÞ≡e−si1 ðk̂Þ���e−sijmj ðk̂Þik̂ijmjþ1

�� �ik̂ilσlmðkÞ; ð115Þ

with esi ≡ e�s;i being the dual basis vector satisfying

es · es0 ¼ δKss0 with s∈ f�g. Note that both ϕðlÞ
i1���il and

σðlmÞ
i1���il satisfy the reality condition, and it does not affect

the result whether the indices of σðlmÞ
i1���il are symmetrized in

the definition. ϕðlÞ
i1���il is a pure longitudinal tensor, while

σðlmÞ
i1���il is a helical tensor with helicity m. Therefore, in this

model, the quadratic mode coupling between the helical
and nonhelical tensor field sources both parity-odd and
parity-even trispectra.
The simplest case where a parity-odd component arises

is when only the m ¼ þ1 or m ¼ −1 state for l ¼ 1 is
nonzero, while all others vanish,

ϕð2Þ
� ðx; σ1�1Þ≡ AϕiðxÞσð1�1Þ

i ðxÞ; ð116Þ

where A≡ A1�1, and

ϕð1Þ
i ðkÞ ¼ ik̂iϕðkÞ; ð117Þ

σð1�1Þ
i ðkÞ ¼ e∓i ðk̂Þσ1�1ðkÞ: ð118Þ

Here, σð1mÞ
i is interpreted as a purely helical Gaussian

vector field whose power spectrum is given by Pσ.
Computing the trispectrum with this non-Gaussian correc-
tion (see Appendix D 2 for detailed derivation), we find that
the parity-odd component corresponds to the “dodd0 -only
model” in the parity-odd template of Eq. (9), with
dodd0 ¼∓3A2=100.
Furthermore, by extending the correction to l ¼ 2, we

consider the following quadratic term:

ϕð2Þ
� ðx; σ1�1; σ2�1; σ2�2Þ
≡ A

h
ϕð1Þ
i ðxÞσð1�1Þ

i ðxÞ

þ ϕð2Þ
ij ðxÞσð2�1Þ

ij ðxÞ þ ϕð2Þ
ij ðxÞσð2�2Þ

ij ðxÞ
i
; ð119Þ

where A≡ A1�1 ¼ A2�1 ¼ A2�2, and

ϕð2Þ
ij ðkÞ ¼ −k̂ik̂jϕðkÞ; ð120Þ

σð2�1Þ
ij ðkÞ ¼ ik̂ie

∓
j ðk̂Þσ2�1ðkÞ; ð121Þ

σð2�2Þ
ij ðkÞ ¼ e∓i ðk̂Þe∓j ðk̂Þσ2�2ðkÞ: ð122Þ

Here, σð2mÞ
ij are helical rank-two tensor fields with

helicity m. Following the same computation as before
(see Appendix D 2), we can show that the resulting
parity-odd trispectrum takes the form of the Uð1Þ-gauge

model [Eq. (10)] with Agauge ¼ �3A2=100, assuming the
correlation matrix ρll0 ¼ 1 for any l;l0 ¼ 1, 2.
Equivalently, this can be expressed in terms of Eq. (12)
as dodd0 ¼ ∓3A2=100 and dodd1 ¼ �9A2=100.
We implement the quadratic non-Gaussian correction

defined in Eq. (119) into the initial conditions to realize the
Uð1Þ-gauge parity-odd trispectrum, by modifying the
public initial condition generator MUSIC2-monofonIC
[80,81]. The procedure is briefly summarized as follows.
First, we generate three Gaussian random fields, ϕ, σ1þ1,
and σ2þ2, from the assumed Pϕ. For opposite helicities
(m < 0), we use the same random seed, i.e., we set
σlm ¼ σl−m. Using these fields, we construct the relevant

vector and tensor fields in Fourier space: ϕð1Þ
i , ϕð2Þ

ij , σ
ð1þ1Þ
i ,

σð2þ1Þ
ij , and σð2þ2Þ

ij . These are then transformed to real
space via inverse FFTs, and the tensor contractions in
Eq. (119) are evaluated to obtain the final non-Gaussian
field Φ. Based on this Φ, we solve the Lagrangian
dynamics up to second order to generate the initial particle
distribution [82,83].
Figure 6 shows the results of the validation test based on

the parity-odd trispectrum measured from the initial con-
ditions. Details of the parity-odd trispectrum estimator
and the analytical expression for the angle-averaged tris-
pectrum corresponding to the measurement are provided in
Appendix E. The results are consistent with theoretical
expectations, which confirms the validity of our method.
Here, we comment on the relation to existing methods

for generating parity-violating initial conditions.
Reference [54] introduces a cubic correction to Gaussian
initial conditions to realize a parity-odd trispectrum
enhanced in the squeezed limit. Although both our
approach and theirs introduce parity violation through
scalar perturbations, we focus on collapsed-type parity-
odd trispectra and thus on a different trispectrum shape.
Other works implement parity-violating signals from hel-
ical vector and tensor fossil effects [55,84], whereas we
consider scalar-sector primordial non-Gaussianity and
therefore probe a different physical scenario.

B. Data

We generate the initial particle distribution at z ¼ 49

with Np ¼ 10243 particles in a comoving simulation box
of size 1h−1 Gpc. We evolve the particle distribution by
using GADGET-4 [85]. The particle mass corresponds to
mp ≃ 8 × 1010h−1M⊙. We perform a total of 40 N-body
simulations, consisting of eight realizations for each of five
different initial conditions: one Gaussian case and four non-
Gaussian collapsed-type cases with different amplitudes of
Agauge, specifically Agauge ¼ �6 × 104 and �3 × 105 (cor-
responding to A2 ¼ 2 × 106 and 1 × 107, respectively). For
each realization, we use the same random seed for the
Gaussian part ϕ to reduce sample variance when comparing
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different models. Note that for each nonzero amplitude, the
nonlinear correction to the initial power spectrum increases
monotonically with k and peaks at the Nyquist frequency,
where the relative correction is PΦ=Pϕ − 1≲ 0.01 and
0.04, respectively (see Appendix D 3 for the analytical
expression). Since these corrections are sufficiently small
for the purposes of this study, we do not apply any rescaling
to the initial power spectrum in our simulations.
At low-redshift snapshots, we identify dark matter halos

using the friends-of-friends algorithm implemented in
GADGET-4. For each halo, we define its shape by computing
the inertia tensor from the relative positions of its member
particles with respect to the halo center. We adopt the
“reduced” inertia tensor [with wðrÞ ¼ 1=r2 in Eq. (13)] for
our main results, rather than the standard inertia tensor
[with wðrÞ ¼ 1], in order to better capture the shape of the
inner halo region, which is often associated with the
formation of central galaxies (see, e.g., Refs. [86–89]).
The results using the standard inertia tensor are presented in
Appendix F. They are in overall qualitative agreement, with
minor differences discussed later. We then assign these halo
shapes to a regular grid using the Cloud-In-Cell (CIC)
scheme to construct the three-dimensional shape field

ŜijðxÞ. In Fourier space, we apply the interlacing technique
[90] to suppress aliasing effects, in addition to deconvolv-
ing the CIC kernel.
We measure the parity-odd power spectra for helicities

λ ¼ 1 and 2 using the standard binned power spectrum
estimator with a parity-odd projection,

P̂ðλÞ
− ðkbÞ ¼

1

Nb

X
k∈ bin b

h
Λðλ;−Þ
ij;kl ðk̂Þ

i�
ŜijðkÞŜklð−kÞ; ð123Þ

where Nb is the number of Fourier modes within the bth
spherical shell, and kb is the bin-averaged wave number
defined by kb ¼

P
k∈ bin b jkj=Nb. We use logarithmically

spaced bins with width Δ log10 k ¼ 0.1.

C. Results

1. Comparison of EFT and simulation

Figure 7 shows the parity-odd power spectra measured
from dark matter halo shapes for both helicities λ ¼ 1, 2.
Clear nonzero signals at large scales are observed in the
cases with parity-violating non-Gaussian initial conditions,

FIG. 6. A validation test for our initial conditions, comparing the measurements of the parity-odd trispectrum in the initial conditions
with its expectation values calculated from the analytic expression (see Appendix E for details). The top panel shows the parity-odd
trispectrum measured from 1000 realizations of the initial conditions. Blue (red) data points correspond to the positive (negative)
amplitude Agauge. To suppress noise, we plot the difference relative to the corresponding Gaussian realization. The box size is 1h−1 Gpc,
and the density field is constructed on a 643 grid based on the initial particle distribution. For the trispectrum measurement, we use
binning with kmin ¼ 0.0, kmax ¼ 0.2h Mpc−1, andNbin ¼ 20, applied to each of the five wave numbers kb (b ¼ 1;…; 4, 12). The bottom
panel shows the corresponding configurations ðk1; k2; k3; k4; k12Þ. We plot the configurations with the highest signal-to-noise ratios
among the independent data points. As expected, the configurations with the strongest trispectrum signals are those in the collapsed
limit, where one of the diagonal momenta is significantly smaller than the edge momenta. The black line in the top panel represents the
theoretical expectation (computed by using a subgridding procedure), which is in good agreement with the measurements.

KURITA, JAMIESON, KOMATSU, and SCHMIDT PHYS. REV. D 113, 063557 (2026)

063557-18



in contrast to the null results obtained from Gaussian initial
conditions. We also show the best-fit EFT curves, as
defined in Eq. (93). For the fitting, we restrict the analysis
to linear scales, using data up to kmax ¼ 0.06h Mpc−1. To
suppress noise, we define the signal as the half difference
between the simulations with opposite parity-violating
amplitudes, �Agauge. The fact that the amplitudes of the
measured signals linearly scale with the input parameter
Agauge, both in magnitude and in sign, and that their scale-
dependent enhancement matches the shape of PϕðkÞ, is in
excellent agreement with the EFT prediction.

2. PNG bias: Different helicities

Since, as shown in Eq. (93), the parity-odd power
spectrum is proportional to the product of the underlying
parity-violating amplitude Agauge and the PNG-induced bias
ðbðλÞ− Þ2, prior knowledge of the PNG-induced bias is
required to directly constrain Agauge from measurements.
This situation is analogous to the well-known degeneracy
between the local-type PNG parameter fNL and the PNG-
induced bias bϕ in the scale-dependent bias of the galaxy
clustering power spectrum [91]. Therefore, we here derive
fitting formulae that relate the PNG-induced biases bðλÞ− to
the linear (Gaussian) shape bias bK.
First, the left panel of Fig. 8 shows the relation between

the parity-violating PNG-induced biases for the two hel-
icities λ ¼ 1, 2. They show a clear linear relation, which is
well described by

ðbð2Þ− Þ2 ¼ βðbð1Þ− Þ2; ð124Þ

with the best-fit value

β ¼ 2.70� 0.08: ð125Þ

Note that bðλÞ− are only defined up to a sign, since they
always enter quadratically in the statistics. We found that
adding a constant or quadratic term does not improve the
quality of the fit. The linear relation between the biases for
different helicities indicates that the response of the halo
shape to anisotropic modulations of local power spectrum
is essentially the same for both helicities, apart from an
overall multiplicative factor (i.e., the slope), regardless of
the specific halo sample.
On the other hand, the fact that the slope deviates from

unity is nontrivial and is generally expected to be model
dependent. In particular, for the Uð1Þ-gauge model con-
sidered here, a renormalization calculation presented in
Appendix C shows that the cutoff scale dependence differs
between helicities exactly by a factor of 2 [see Eqs. (C17)
and (C19)],

Sð2;−Þ
QQ ðΛ;Λ0Þ ¼ 2Sð1;−Þ

QQ ðΛ;Λ0Þ: ð126Þ

Thus, the double-hard limits for both helicities are propor-
tional, and this proportionality is also confirmed by the halo
bias measurements, although with a different coefficient.
We note that this result is based on halo shapes defined

using the reduced inertia tensor, which gives more weight
to particles in the inner regions of the halo. Interestingly,
even when we use the unweighted inertia tensor instead, the
slope parameter β remains nearly unchanged (consistent
within the 1σ level, see Appendix F). This suggests that
both the inner and outer regions of the halo respond
similarly to modulations of the local power spectrum.

FIG. 7. Comparison between the measured parity-odd power spectra of halo IA for different initial conditions and the
corresponding EFT best-fit models (solid lines) defined in Eq. (93): ðbð1Þ− Þ2 ¼ 0.065 and ðbð2Þ− Þ2 ¼ 0.177. The left (right) panel
shows the helicity-1 (helicity-2) component of the power spectrum. The power spectra are measured at z ¼ 1 from halo samples
with 1 × 1013 < Mh < 4 × 1013h−1M⊙.
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3. PNG bias: Relation to Gaussian bias

Next, we investigate the relation between these PNG-
induced biases and the Gaussian linear shape bias bK . To
estimate bK , we used the ratio between the matter-shape
cross power spectrum to the matter power spectrum at
linear scales in the Gaussian simulations [92]. The right
panel of Fig. 8 shows a scatter plot comparing the PNG-
induced bias and the Gaussian bias, and we fit the data with
a polynomial function

ðbð1Þ− Þ2 ¼ α2b2K þ α4b4K; ð127Þ

with the best-fit values

α2 ¼ 2.25� 0.11; α4 ¼ 23.38� 4.15: ð128Þ

The relation between bð2Þ− and bK can then be obtained by
substituting Eq. (127) into Eq. (124), as shown in Fig. 8.
We found that including additional lower- or higher-order
polynomial terms (from zeroth to sixth order) does not
improve the quality of the fit, as all coefficients other than
the quadratic and quartic terms are consistent with zero.
When using the unweighted inertia tensor instead of the

reduced one, we find that the fitting parameters α4 differ
significantly (see Appendix F), in contrast to the relation
between the helicities discussed above, which remains
nearly unchanged. This discrepancy reflects the fact that
the response to the large-scale tidal field, encoded in bK ,
differs between the inner and outer regions of the halo. In
the forecast analysis in the next section, we employ the
fitting results from the reduced inertia tensor [Eq. (128)],
which better captures the inner halo shape and is often

considered more relevant for describing the region asso-
ciated with central galaxy formation.
As a caveat, we have not investigated possible assembly

bias or other secondary dependencies of bðλÞ− . Such effects
are known to be significant for the local PNG-induced bias
of galaxy density (e.g., Ref. [93]), and may also affect bðλÞ− .
A detailed study of these effects is beyond the scope of this
work and left for future investigation.

IV. PROJECTION AND ANGULAR STATISTICS

In this section, we forecast how well IA can constrain the
Uð1Þ-gauge model, particularly its amplitude parameter
Agauge, with the parity-violating signals. In the previous
sections, we focused on three-dimensional galaxy and halo
shapes, as they naturally form in three-dimensional space.
In actual imaging galaxy surveys, however, we do not have
direct access to the full three-dimensional shapes. Instead,
only the two-dimensional shapes projected onto the sky are
observable. If spectroscopic redshifts are available from a
spectroscopic survey, we can infer the three-dimensional
positions of galaxies. In that case, the three-dimensional
power spectrum of projected shapes becomes the observ-
able quantity. On the other hand, in imaging surveys, where
only photometric redshifts are generally available, the
galaxy positions are effectively projected onto the sky,
and the angular power spectrum becomes the primary
observable. We demonstrate that in both cases, the
parity-odd power spectra found in the three-dimensional
formalism show up as nonzero EB cross power spectra
after the projection of galaxy shapes: PEBðk; μÞ for spectro-
scopic surveys and CEBðlÞ for photometric surveys,

FIG. 8. Relations among the measured bias parameters and results of polynomial fitting. The left panel shows the relation between
the two parity-violating biases for helicities λ ¼ 1, 2: bð1Þ− and bð2Þ− . The black line indicates the best-fit linear model with slope
parameter in Eq. (125). The right panel shows the relation between bð2Þ− and the standard Gaussian linear bias bK . The black curve
shows the best-fit polynomial with parameters in Eq. (128). We omit the plot of the relation between bð1Þ− and bK , as it is redundant
given the two panels above.
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respectively.12 Finally, we perform Fisher analyses to
estimate how tightly current and future surveys can con-
strain the parameter Agauge.

A. Spectroscopic sample

1. 3D power spectrum: PEBðk;μÞ
The projected traceless shape tensor at position x along

the line-of-sight direction n̂, denoted by γijðx; n̂Þ, is
defined as [40]

γijðx; n̂Þ≡ Pijklðn̂ÞSklðxÞ; ð129Þ

where Sij is the original three-dimensional shape tensor,
and Pijkl is a rank-four projection operator given by

Pijklðn̂Þ≡ 1

2
ðPikPjl þ PilPjk − PijPklÞ ð130Þ

¼ 2Λð2;þÞ
ij;kl ðn̂Þ; ð131Þ

which corresponds to the helicity-2, parity-even projection
tensor with respect to the direction n̂ [see Eq. (35)]. Here,
we adopt the global plane-parallel (or distant observer)
approximation, where the line-of-sight direction for all
galaxies in the survey is taken to be a fixed unit vector n̂.
Note, however, that when we later consider the angular
power spectrum, we will adopt the full-sky formalism.
Under this approximation, the projection in Fourier space
can also be written in the same multiplicative form,

γijðk; n̂Þ ¼ Pijklðn̂ÞSklðkÞ: ð132Þ

The 2 degrees of freedom in γij can be decomposed into
the rotationally invariant E and B modes in Fourier space.
Following Ref. [96], we extend the E=B decomposition to
include possible nonzero parity-violating signals, and
derive the expression for the EB cross power spectrum
(see Appendix G for details),

PEBðk; μÞ ¼ −
i
2
μð1 − μ2ÞPð1Þ

− ðkÞ − i
4
μð1þ μ2ÞPð2Þ

− ðkÞ;
ð133Þ

where μ≡ k̂ · n̂ is the cosine of the angle between the
Fourier mode k and the line-of-sight direction. Note that
PEB is purely imaginary, and, hence, odd in μ due to the

reality condition of the shape field. PEB becomes nonzero
only in the presence of intrinsic parity violation, i.e.,
PðλÞ
− ≠ 0, and thus deviations of PEB from zero serve as

a direct probe of parity-violating physics. We expand PEB
in terms of Legendre polynomials

PEBðk; μÞ ¼
X

l¼1;3;���
PðlÞ
EBðkÞLlðμÞ; ð134Þ

and obtain the following expressions for the nonzero
multipoles:

Pð1Þ
EBðkÞ ¼ −

i
5
ðPð1Þ

− ðkÞ þ 2Pð2Þ
− ðkÞÞ; ð135Þ

Pð3Þ
EBðkÞ ¼ −

i
10

ð2Pð1Þ
− ðkÞ þ Pð2Þ

− ðkÞÞ: ð136Þ

Although the projection reduces the number of independent
degrees of freedom from 5 (helicities) to 2 (E=B modes),
which may appear to limit access to the underlying 3D
shape information, it is worth noting that the helicity-1 and
2 components have distinct μ dependence in Eq. (133).
These lead to different contributions to the multipoles in
Eqs. (135) and (136). Therefore, in principle, the under-
lying helicity components can still be disentangled, as
similarly demonstrated for parity-even signals in Ref. [96].
Figure 9 shows the dipole moment (l ¼ 1) of the EB

cross power spectrum measured from the projected shapes
of dark matter halos, using the method introduced in
Ref. [89]. We omit the octopole moment due to the low

FIG. 9. Dipole moment (l ¼ 1) of the E=B power spectrum
measured from the same halo sample as in Fig. 7 after the
projection of their shapes. The solid curve shows the EFT
prediction given in Eq. (135), computed by inserting the best-
fit bias parameters obtained from the three-dimensional helicity

analysis in the previous section. Thus, this is not a direct fit to Pð1Þ
EB

itself. See the main text for further details.

12Our framework is not restricted to the inflationary model
considered here and can be applied to other parity-odd primordial
trispectra (e.g., Refs. [94,95]). Different collapsed-type trispectra
generally show distinct scale dependencies and helicity struc-
tures. These differences can in principle be distinguished through
the multipole dependence of PEBðk; μÞ or the l dependence of
CEBðlÞ (see below).
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signal-to-noise ratio. The solid curve represents the EFT
prediction, which is not obtained by directly fitting PEB, but
instead derived by projecting the theoretical model from the
previous section. Specifically, we substitute the best-fit bias
parameters from the three-dimensional helicity spectrum
analysis into Eq. (93), and then evaluate the projected EB
spectrum using the analytic expression in Eq. (135). The
good agreement between the simulation measurement and
the EFT prediction confirms the consistency between the
projection procedure applied to the simulation data and the
corresponding theoretical modeling.
The multipole moments in real space are nonzero only

for l ¼ 1 and 3, and this structure arises purely from the
geometry of the projection. In particular, it is independent
of the underlying parity-violating model. In actual galaxy
surveys, redshift-space distortions (RSDs) can break this
structure by introducing additional angular dependencies.
However, for IA signals, the impact of RSD is a higher-
order effect [97]. Moreover, since our analysis focuses on
the large-scale limit, where such effects are suppressed, this
approximation should remain valid for our purposes.
Therefore, higher multipoles l ≥ 5 can be used as con-
sistency checks or to identify potential systematics in the
data. In the following analysis, we will use the multipoles
l ¼ 1 and 3 as the observable signals.

2. Fisher analysis: DESI Y5

Here, we perform a Fisher analysis to estimate the
constraining power of the IA power spectrum on the
amplitude parameter Agauge. The observable signals are
the EB cross power spectra, and their amplitudes, i.e., the
PNG-induced bias parameters bðλÞ− , are determined as
follows. We consider luminous red galaxies as a typical
galaxy sample, since for these galaxies, the standard
Gaussian (parity-even) IA signal has already been mea-
sured (see, e.g., Ref. [97]). For example, Ref. [98] mea-
sured the cross power spectrum between the galaxy density
field and the E-mode shape field, PgE, using the SDSS-III
BOSS LOWZ and CMASS samples [99], and found
b2DK ≃ −0.05 at z ≃ 0.5. We adopt this value as the fiducial
value in our forecast and assume that it is well constrained
by parity-even signals such as PgE. Therefore, we treat it as
a fixed parameter rather than marginalizing over it as a free
parameter. Based on this fiducial value, we assume the
redshift dependence to be

b2DK ðzÞ ¼ −0.05 ×
D̃ð0.5Þ
D̃ðzÞ ; ð137Þ

where D̃ is the linear growth factor normalized to unity at
z ¼ 0. This redshift dependence is the same as that adopted
in Ref. [40], although the overall amplitude has been updated
based on more recent observational results. It corresponds to
assuming that AIAðzÞ ∝ b2DK ðzÞD̃ðzÞ, a commonly used form
of the IA amplitude in the weak lensing literature, is
constant. This assumption is sometimes referred to as the
“primordial alignment” scenario [32].
We explicitly write “2D” here because in actual obser-

vations, the galaxy ellipticity is defined based on the
projected shape, which is normalized by the two-
dimensional trace, I11 þ I22. This is different from our
three-dimensional definition, which uses the full trace
I11 þ I22 þ I33, and thus results in a different normalization
of bK . As noted by Refs. [72,100], the two are related at
leading order by

b2DK ¼ 3bK: ð138Þ

Taking this into account, we convert the fiducial b2DK into
the corresponding three-dimensional bK , and then use the
fitting formula in Eq. (128) to determine the values of bðλÞ− .
Finally, we rescale the result as ½bðλÞ− �2D ¼ 3bðλÞ− to properly
match the two-dimensional normalization used in actual
observations.
Note that Eq. (137) corresponds to the commonly used IA

amplitude parameter [101] AIA ≃ 4 ∼ 5, chosen to reproduce
an IA amplitude of elliptical galaxies consistent with current
observations [97,101–109] and measurements from hydro-
dynamical simulations [110–114]. Hence, we do not adopt
the bK value of dark matter halos. The IA amplitude entering
the Fisher analysis is intended to be realistic for galaxies,
while the halo calibration is used only to map this amplitude
into an expected parity-odd response via the b−–bK relation
in Eq. (127). This procedure is directly analogous to
constraints on local-type PNG fNL from the scale-dependent
bias in galaxy clustering, where a calibrated relation bϕðb1Þ
is used to infer bϕ from the measured b1.
Given the model signal, and assuming that all bias

and cosmological parameters other than the parameter
of interest Agauge are fixed, we obtain the expected 1σ error
on Agauge as

σ−2ðAgaugeÞ ¼ VS

Z
kmax

kmin

k2dk
2π2

X
l;l0

∂PðlÞ
EBðkÞ

∂Agauge

h
Cov

h
PðlÞ
EB; P

ðl0Þ
EB

i
ðkÞ
i
−1 ∂Pðl0Þ

EB ðkÞ
∂Agauge

; ð139Þ

with VS being the survey volume and the Gaussian covariance per mode k

Cov½PðlÞ
EB; P

ðl0Þ
EB �ðkÞ ¼ ð2lþ 1Þð2l0 þ 1Þ

Z
1

−1

dμ
2
LlðμÞLl0 ðμÞ½P̂EEðk; μÞP̂BBðk; μÞ þ P̂2

EBðk; μÞ�: ð140Þ
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We employ the linear theory for the sample variance with
the Poisson shape noise under the fiducial (Gaussian)
cosmology,

P̂EEðk; μÞ ¼
ð1 − μ2Þ2

4
ðb2DK Þ2PðkÞ þ σ2γ

n̄g
; ð141Þ

P̂BBðk; μÞ ¼
σ2γ
n̄g

; ð142Þ

P̂EBðk; μÞ ¼ 0; ð143Þ
where σγ is the intrinsic shape noise, and n̄g is the mean
number density of the galaxy sample. We set σγ ¼ 0.17
based on Ref. [98] and neglect the redshift dependence
of σγ .

13 Note that since there is no fiducial signal in PEB

and no contributions other than shape noise in PBB, the
covariance does not contain terms proportional to P2ðkÞ.
Additionally, in practice, since ðb2DK Þ2PðkÞ < σ2γ=n̄g, the
covariance is dominated by shape noise. As a result, the
covariance matrix for the multipoles per mode is approx-
imately diagonal.
We adopt survey parameters motivated by the final year

dataset of the Dark Energy Spectroscopic Instrument
(DESI) survey [117], hereafter DESI Y5. We assume
sky coverages of fsky ¼ 0.33. As our target galaxy samples,
we first consider the DESI Luminous Red Galaxy (LRG)
sample covering the redshift range 0.4 < z < 1.0 [118],
and assume a redshift-dependent galaxy number density,
following Ref. [119], with n̄g ¼ 5 × 10−4h3 Mpc−3 for
0.4<z<0.8, decreasing to 4×10−4 at 0.8<z<0.9, and
2×10−4 at 0.9<z<1.0. The effective number density and
redshift for the sample are n̄g;eff ¼ 4.5 × 10−4h3 Mpc−3

and zeff ¼ 0.7, respectively. In addition, we include the
DESI Bright Galaxy Sample (BGS) covering 0.1 < z < 0.4
[120]. Since the BGS is selected based on an r-band
magnitude cut, it includes both red and blue galaxies.
Among them, the BGS red galaxies are expected to exhibit
IA signals similar to those of the BOSS LOWZ sample,
which consists of red, early-type galaxies in the same
redshift range. Reference [121] reported that approximately
50% of the flux-limited BGS sample are red galaxies, based
on an analysis using the DESI Early Data Release (DR)
galaxies. Based on this, we adopt an effective number
density for IA-contributing red galaxies in the BGS sample
as n̄g ¼ 5 × 10−4h3 Mpc−3, corresponding to 50% of the
total BGS sample [119]. The combined BGS (red) and
LRG samples cover the redshift range 0.1 < z < 1.0.

Accounting for sky coverage, the corresponding comoving
survey volume is VS ≃ 17h−3 Gpc3 for DESI Y5.
The left panel of Fig. 10 shows the 1σ constraint on the

amplitude parameter of the Uð1Þ-gauge model, Agauge, as a
function of the minimum wave vector used in the analysis,
kmin. Throughout the analysis, we fix the maximum wave
vector to kmax ¼ 0.1, which we have confirmed to have
little impact on the results. Since the PEB signal is enhanced
as PϕðkÞ ∝ k−3 in the large-scale limit, the constraints from
IA improve significantly as kmin is pushed to smaller
values. For the choice of kmin, we follow the recent fNL
analysis in Ref. [122], which carefully investigated imaging
systematics mitigation in large-scale galaxy power spec-
trum measurements from DESI DR1 data. We adopt kmin ¼
0.003 as the fiducial scale cut and consider kmin ¼ 0.001 as
the optimistic limit, based on the scales where their method
is considered reliable for correcting geometrical systemat-
ics in DESI DR1 data.14 For comparison, we also plot the
current constraints on Agauge from galaxy clustering 4PCF
analysis with the BOSS DR12 sample [23], and from the
CMB temperature T- and E-mode polarization trispectrum
analysis with Planck PR4 data [20], shown as horizontal
lines. Overall, our results indicate that the 3D EB power
spectrum can place competitive constraints on Agauge with
DESI Y5. With the fiducial scale cut, the expected con-
straint is of the same order as the current CMB limit, though
slightly weaker. In contrast, the optimistic scale cut could
yield a constraint that is potentially tighter than the CMB
bound and comparable to current limits from the LSS
analysis. The specific values are summarized in Table I.
Note that, naively, imaging systematics are expected to

affect angular modes most strongly, i.e., the μ ¼ 0 modes,
which are perpendicular to the line of sight [124]. On the
other hand, as shown in Eq. (133), PEB is an odd function
of μ, which suggests that it may be less sensitive to
contaminants that strongly affect the μ ¼ 0 modes.
While this needs to be tested with realistic mock data
since we need to take into account a nontrivial mode
coupling due to the survey window function, if confirmed,
it could indicate that PEB is less affected by imaging
systematics than the galaxy clustering power spectrum,
potentially allowing access to larger scales (smaller kmin).
The right panel of Fig. 10 shows the constraint on the

amplitude parameter of the n ¼ 1 component of the doddn

template defined in Eq. (9), i.e., dodd1 . As discussed in
Sec. II E, the constraint on Agauge from IA measurements
can be directly translated into a constraint on dodd1 =3 via
Eq. (12), since the n ¼ 0 component (dodd0 ) does not

13Here, γ refers to the shear, which is defined as the measured
ellipticity ϵ divided by the shear responsivity factor 2R≡
2ð1 − σ2ϵÞ, i.e., γ ¼ ϵ=ð2RÞ [115]. The amplitude parameter
shown in Eq. (137) is also defined with this normalization.
For the sample used in Ref. [98],R ≃ 0.93, which corresponds to
σϵ ≃ 0.27 [116].

14For simplicity, we use the (local) plane-parallel approxima-
tion for the Fisher forecast with the three-dimensional IA power
spectrum. While standard in IA and galaxy power spectrum
estimators [96,123], wide-angle effects may become relevant on
the very large scales considered here, and should be mitigated or
modeled in future work.
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contribute in the collapsed limit. A similar situation arises
in the CMB analysis of Ref. [20], where the trispectrum
configurations in the collapsed limit (with internal
momenta L ≤ 10) have limited sensitivity to dodd0 , and the
constraint on Agauge is therefore dominated by dodd1 (see

Table I). In contrast, the galaxy 4PCF analysis behaves
differently: the constraint on Agauge is mainly determined by
dodd0 . This is because the analysis in Ref. [23] uses galaxy
pair separations in the range 20<r<160h−1Mpc, corre-
sponding roughly to wave numbers 0.04<k<0.3hMpc−1.
These scales are more sensitive to equilateral trispectrum
configurations than to the collapsed limit. Since dodd0 is
suppressed in the collapsed limit but contributes signifi-
cantly in equilateral configurations, it becomes the dom-
inant contributor to the 4PCF signal on those scales. Given
the relation among parameters [Eq. (12)],

dodd0 ¼ −dodd1 =3 ¼ −Agauge;

probes that are sensitive to the n ¼ 0 component effectively
constrain dodd0 , leading to σðAgaugeÞ ≃ σðdodd0 Þ. Conversely,
probes that are sensitive to the n ¼ 1 component constrain
dodd1 , yielding σðAgaugeÞ ≃ σðdodd1 Þ=3. The former case
applies to the galaxy clustering 4PCF analysis, while the
latter applies to the CMB and IA measurements.
For dodd1 , we find that the IA EB power spectrum

provides constraints that are comparable to, or potentially
tighter than, current limits from galaxy clustering and CMB
analyses. Note that, for the reasons mentioned above,
while both galaxy clustering and IA are observables of
the late-time Universe using galaxies, they probe different
scales and are therefore complementary. Moreover, our
analysis is based on the power spectrum (i.e., two-point

FIG. 10. Forecasted 1σ constraints on the amplitude parameter of theUð1Þ-gauge model, Agauge (left), and the n ¼ 1 component of the
doddn template, dodd1 (right), using the three-dimensional IA power spectrum from BGS and LRG samples in DESI Y5, shown as functions
of the minimum wave number kmin (red curves). For comparison, current constraints from the galaxy 4PCF analysis of BOSS DR12 [23]
and from the CMB trispectrum analysis using Planck T and E modes [20] are shown as horizontal solid and dot-dashed lines,
respectively. The vertical dotted line indicates our fiducial scale cut, kmin ¼ 0.003, which matches the conservative choice adopted in the
fNL analysis of DESI DR1 [122]. The specific values are also summarized in Table I.

TABLE I. Summary of 1σ constraints on the amplitude param-
eters of the parity-odd primordial trispectrum from theUð1Þ-gauge
model: Agauge, dodd0 , and dodd1 . Top rows show current constraints
from the galaxy clustering 4PCF analysis of BOSS DR12 [23] and
the Planck CMB trispectrum analysis (T and E) [20]. Bottom rows
show forecasted constraints from IAmeasurements using DESI Y5
(BGSþ LRG) and LSST Y10 (red galaxies), under both fiducial
and optimistic scale cuts. For DESI, we assume kmin ¼ 0.003
(fiducial) or 0.001 (optimistic), and for LSST, we assume
lmin ¼ 10 (fiducial) or 4 (optimistic) with fred ¼ 0.1. Constraints
from IA are not shown for dodd0 , as the signal is insensitive to this
component. The relation Agauge ¼ dodd1 =3 is used to translate
between the parametrizations. See also Figs. 10 and 12 for the
detailed dependencies on kmin and lmin, respectively.

10−2σðAgaugeÞ 10−2σðdodd0 Þ 10−2σðdodd1 Þ
BOSS GC 7.8 7.8 350
Planck 33 1.1 × 107 98

DESI IA (fid) 73 220
DESI IA (opt) 14 41
LSST IA (fid) 18 53
LSST IA (opt) 2.7 8.0
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statistics), whose covariance properties are well under-
stood. This provides a practical advantage over the 4PCF
analysis, where accurate estimation of the covariance
matrix remains a challenging and actively studied issue
(see, e.g., Refs. [24–26]).

B. Photometric sample

1. Angular power spectrum: CEBðlÞ
We next consider the case in which only photometric

redshifts are available and no spectroscopic redshift

information is provided. In this case, the most natural
observable is the angular power spectrum. The angular
power spectrum for spin-2 observables on the curved sky is
derived based on the formalism developed in Ref. [125]
(see also Refs. [38,43,44]). Below, we directly present the
final expression.
The full-sky EB angular power spectrum between two

shape samples located at redshifts z and z0 (for simplicity,
we first assume delta function distributions in redshift) is
given by

CEBðl; z; z0Þ ¼ π
ðl − 2Þ!
ðlþ 2Þ!

X2
λ¼1

NðλÞ
C

ðlþ λÞ!
ðl − λÞ!

Z
k
PðλÞ
− ðk; z; z0ÞFðλÞ

E;l

			IðkχðzÞÞFðλÞ
B;l

			Iðkχðz0ÞÞ; ð144Þ

where FðλÞ
X;l denotes the kernel function for the X∈ fE; Bg

mode sourced by a mode with helicity λ. Nð1Þ
C ¼ 2 and

Nð2Þ
C ¼ 1=2 are normalization factors for each helicity. The

superscript “I” indicates the intrinsic contribution to the
observed shear (see Appendix H for further details). We
confirm that only the parity-odd three-dimensional power
spectra, PðλÞ

− , contribute to the parity-odd angular power
spectrum. The helicity-0 component does not contribute to
parity-odd statistics. Notice that CEBðl; z; z0Þ is suppressed
at high l for z ¼ z0, as the 3D power spectrum PEB
vanishes for transverse k modes [i.e., μ ¼ 0, Eq. (133)].
From Eq. (144), the tomographic EB spectrum averaged

over redshift bins a and b is then computed as

Cab
EBðlÞ≡

Z
∞

0

dχpaðχÞ
Z

∞

0

dχ0pbðχ0ÞCEBðl;z;z0Þ; ð145Þ

where pa is the redshift (radial) distribution of galaxies in
bin a, normalized as

R∞
0 dχpaðχÞ ¼ 1. In this section, we

assume the overall redshift distribution of source galaxies
to follow

pðzÞ ∝
�
z
z0

�
α

exp

�
−
�
z
z0

�
β
�
; ð146Þ

and adopt source galaxy parameters based on the Rubin
Observatory Legacy Survey of Space and Time (LSST),
with ðz0; α; βÞ ¼ ð0.11; 2; 0.68Þ [126]. We divide this dis-
tribution into Ntomo ¼ 8 tomographic bins such that each
bin has the same integrated redshift probability for a Fisher
analysis. The effective redshift of each bin corresponds
to zeff ¼ ½0.23; 0.44; 0.60; 0.78; 0.98; 1.23; 1.60; 2.55�.
Figure 11 shows the angular EB power spectrum of

galaxy IA for the Uð1Þ-gauge inflationary model, focusing
on the autospectrum of the second tomographic bin with
effective redshift zeff ¼ 0.44. We set Agauge ¼ 1 and assume

Eq. (137) for the amplitude of bias parameters. The sign flip
at low l in the helicity-2 contribution is consistent with the
results of Ref. [44], which studied parity-violating tensor
fossil effects on IA. The high-l (Limber) approximation of
the tomographic EB power spectrum (see Appendix H 2 for
derivation) is given by

Caa
EBðlÞ ≃

3

2l

X2
λ¼1

1

λ

Z
∞

0

dχ
p2
aðχÞ
χ2

PðλÞ
−

�
k ¼ l

χ
; χ

�
; ð147Þ

FIG. 11. Angular EB power spectrum of galaxy IA induced
by the Uð1Þ-gauge inflationary model, assuming Agauge ¼ 1. The
plot shows the autospectrum for the tomographic bin with
effective redshift zeff ¼ 0.44. The red and blue lines indicate
contributions from helicity λ ¼ 1 and λ ¼ 2, respectively, while
the black line shows the total signal. Solid and dashed lines
represent positive and negative values, respectively. Dotted lines
of each color correspond to the high-l approximation results
computed from Eq. (147).
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which shows that the spectrum scales as l−1PðλÞ
− ðl=χÞ ∝ l−4 at high l, leading to a strong suppression on small angular

scales, consistent with the Limber limit (μ ¼ 0) of PEB.

2. Fisher analysis: LSST Y10

We perform a Fisher analysis to estimate the expected constraint on the amplitude parameter Agauge using the
IA angular power spectra. Throughout this analysis, we assume survey specifications consistent with the final year of LSST,
hereafter referred to as LSST Y10. The Fisher matrix is given by

σ−2ðAgaugeÞ ¼
X
a;b;c;d

X
l

∂Cab
EBðlÞ

∂Agauge

h
Cov½Cab

EB; C
cd
EB�ðlÞ

i
−1 ∂Ccd

EBðlÞ
∂Agauge

; ð148Þ

with the Gaussian covariance per multipole l given by

Cov½Cab
EB; C

cd
EB�ðlÞ ¼

1

ð2lþ 1Þfsky
h
Ĉac
EEðlÞĈbd

BBðlÞ þ Ĉad
EBðlÞĈcb

EBðlÞ
i
; ð149Þ

where fsky denotes the sky coverage fraction. We adopt
fsky ¼ 0.44 for LSST Y10 dataset. The observed (noise-
included) angular spectra are given by

Ĉab
EEðlÞ ¼ Cab

EEjGGþGIþIGþIIðlÞ þ σ2γ;a
n̄ag;red

δKab; ð150Þ

Ĉab
BBðlÞ ¼

σ2γ;a
n̄ag;red

δKab; ð151Þ

Ĉab
EBðlÞ ¼ 0: ð152Þ

The first term in Eq. (150), accounting for both weak
lensing (“G”) and IA (“I”) contributions, is explicitly given
in Eq. (H17).
We estimate the shape noise as follows. Assuming

the LSST Y10 total galaxy number density to be
n̄g;tot ¼ 27 arcmin−2, and recalling that the tomographic
bins are constructed to have equal galaxy counts, the
number density in each bin is n̄ag ¼ n̄g;tot

R
z∈ bin a pðzÞ ¼

n̄g;tot=Ntomo. Furthermore, since direct measurements of IA
are typically restricted to red galaxies that exhibit strong IA
signals, we introduce a fraction of red galaxies fared for each

FIG. 12. Same as Fig. 10, but for LSST Y10 using the angular IA power spectrum from red galaxies (blue curves). The forecasted 1σ
constraints on Agauge (left) and dodd1 (right) are shown as functions of the minimum multipole lmin. Horizontal lines indicate current
constraints from BOSS 4PCF (solid) and Planck CMB trispectrum (dot-dashed), and the vertical dotted line at lmin ¼ 10 corresponds to
our fiducial scale cut. The specific values are also summarized in Table I.
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bin. The effective number density used in the covariance is
then given by n̄ag;red ¼ faredn̄

a
g, which corresponds to the

number of red galaxies per steradian in tomographic bin a.
Although the precise value of fared is currently uncertain, we
consider fred ¼ 0.1 as a fiducial redshift-independent value
in our analysis, which is consistent with Ref. [40]. For the
variance of intrinsic ellipticities in the numerator, we adopt
σϵ ¼ 0.26. Assuming a shear responsivity factor ofR ¼ 1,
this corresponds to a shear variance of σγ ¼ 0.13.
Figure 12 shows the forecasted 1σ errors from LSST

Y10 data: the left panel shows the constraint on Agauge,
and the right panel on dodd1 , as functions of the minimum
multipole lmin used in the analysis. As in the case of the 3D
power spectrum (Fig. 10), access to larger scales signifi-
cantly improves the constraint, although observational
systematics at these scales remain a challenge. Compared
to the DESI case, LSST provides tighter constraints mainly
due to its higher galaxy number density, which reduces the
shape noise. In addition, since the LSST sample covers
higher redshifts, it probes a larger volume. In this case,
these two effects win out over the loss in information due to
the projection to angular statistics. In both analyses, the
covariance is dominated by the shape noise contribution,
and thus the expected error bars approximately scale
inversely with the shape noise. For example, at lmin ¼ 10,
the improvement factor relative to the constraint obtained
with fred ¼ 0.1 is in the range [0.53, 1.85] for
fred ¼ ½0.05; 0.2�. Under this fiducial scale cut, the con-
straint on Agauge is already comparable to current limits
from the CMB and galaxy clustering, while the constraint
on dodd1 is tighter than both. With the optimistic scale cut
(e.g., lmin ≃ 4), LSST has the potential to improve upon
current constraints by up to an order of magnitude.

V. CONCLUSION

In this work, we investigated, for the first time, how IA
of galaxies can probe parity-violating primordial non-
Gaussianity. Combining EFT modeling (Sec. II), N-body
simulations (Sec. III), and forecast analyses (Sec. IV), we
established IA as a novel and competitive probe of parity-
violating physics in the early Universe.
We derived analytic expressions for the IA parity-odd

power spectrum within the EFT framework up to one-loop
order, introducing projectors that isolate the parity-odd
components and facilitate the calculation. The parity-odd
contributions only come in through nonzero helicity con-
tributions, which means only the (22)-type loop integrals
contribute to the parity-odd two-point functions. We also
find new structures for the stochastic (shot noise) contri-
butions to the shape statistics, which involve odd powers of
wave number k, the leading contribution scaling as k.
We showed that the IA power spectrum is especially

sensitive to collapsed-type parity-odd trispectra, which
generate a strong scale-dependent enhancement in

large-scale signals. This behavior can be physically inter-
preted as large-scale correlations of helical modulations in
the small-scale power spectrum, arising from the collapsed
limit of the parity-odd trispectrum. These correlations
coherently distort galaxy shapes and give rise to large-
scale IA correlations.
To validate these predictions, we developed a flexible

and efficient method to implement collapsed-type parity-
odd trispectra into N-body initial conditions. These sim-
ulations are useful beyond shape statistics and could be
used to investigate the halo four-point function as well, for
example. The simulations confirmed the expected scale-
dependent enhancements and enabled a precise determi-
nation of the PNG-induced bias parameters that cannot be
predicted from the EFT or first principles.
We further showed that, when the projection of galaxy

shapes in observations on the sky is taken into account, the
parity-odd signal appears as the cross power spectrum of E
and B modes. Fisher forecasts for DESI [117] and LSST
[127] indicate that IA can provide constraints comparable
to, or potentially tighter than, those from existing CMB
and galaxy four-point correlation analyses. Note that the
covariance of these large-scale two-point statistics is
essentially determined only by the shape noise and is thus
very well known. This contrasts with the case for the galaxy
four-point function on small scales. On the other hand, the
signal is proportional to a new alignment bias coefficient,
which needs to be estimated from simulations.
Beyond two-point statistics, higher-order IA correlations

such as the bispectrum offer a complementary probe of parity
violation (e.g., [128–131]). Unlike galaxy density, tensor
quantities like galaxy shapes can still be sensitive to parity-
odd signals at the three-point level, and probe configurations
beyond the collapsed limit. A further open issue is the
calculation of wide-angle effects on the three-dimensional
shape statistics, which could become relevant on the very
large scaleswhere the signal is significant.On thesevery large
scales, additive shear systematics such as leakage of the point
spread function could generate spurious parity-odd signals.
Detailed modeling and mitigation of these effects are beyond
the scope of this work and are left for future study.
Ongoing and future galaxy surveys such as DESI, Euclid

[132], Subaru PFS [133], LSST, the 4-metre Multi-Object
Spectroscopic Telescope (4MOST) survey [134], and the
Roman Space Telescope [135] will deliver high-quality
data that can substantially improve IA measurements. They
will broaden the range of galaxy samples available and
enable more precise and robust tests of parity-violating
physics with galaxy shapes.
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APPENDIX A: OPERATOR DEGENERACY

We derive the parity-odd power spectra given in
Eqs. (57) and (58). To simplify the expression for Pð22Þ,
we utilize the degeneracies among the second-order kernels
[Eqs. (47)–(50)] derived in Ref. [65]. Since the argument
regarding the longitudinality of Eq. (53) holds at all orders,

the second-order contribution from Oð1;1Þ
ij in Pð22Þ is also

irrelevant, as seen in Eq. (47) with q̂12 ¼ k̂. Additionally,

for Oð2;1Þ
ij , the first term in Eq. (48) can be ignored for our

purposes, as it is purely longitudinal. Since the second term
in Eq. (48) is identical to Eq. (49), applying a transverse

projection to Oð2;1Þ
ij , i.e., the projection onto helicity-1 and

helicity-2 components, yields exactly the same result as

Oð2;2Þ
ij . As a result, the parity-odd power spectra depend

only on the sum of the bias coefficients, c2;1 þ c2;2, for both
helicities. We are thus left with only three relevant operator
correlations which are sensitive to the parity-violating
signals,

D
Oð2;2Þ

ij Oð2;2Þ
kl

E
;
D
Oð2;2Þ

ij Oð2;3Þ
kl

E
sym

;
D
Oð2;3Þ

ij Oð2;3Þ
kl

E
; ðA1Þ

where hOijO0
klisym ¼ hOijO0

kl þO0
ijOkli=2 denotes the

symmetrization for the cross term with respect to the
operator labels (not for the momenta). We explicitly show
the parity-odd bias kernels for helicity λ ¼ 1 [Eq. (56)],

Kð1;−Þ
Oð2;2ÞOð2;2Þ ðq1;q2;q3;q4Þ

¼ i
4
½k̂ · ðq̂1 × q̂3Þ�

�
μk1 −

q1
q2

μk2

��
μk3 −

q3
q4

μk4

�
; ðA2Þ

Kð1;−Þ
ðOð2;2ÞOð2;3ÞÞ ¼ Kð1;−Þ

Oð2;2ÞOð2;2Þ ; ðA3Þ

Kð1;−Þ
Oð2;3ÞOð2;3Þ ¼ Kð1;−Þ

Oð2;2ÞOð2;2Þ ; ðA4Þ

and for λ ¼ 2,

Kð2;−Þ
Oð2;2ÞOð2;2Þ ðq1;q2;q3;q4Þ ¼

i
2
½k̂ · ðq̂1 × q̂3Þ�ðμ13 − μk1μk3Þ

q1
q2

μ12
q3
q4

μ34; ðA5Þ

Kð2;−Þ
ðOð2;2ÞOð2;3ÞÞðq1;q2;q3;q4Þ ¼ −

i
8
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; ðA6Þ

Kð2;−Þ
Oð2;3ÞOð2;3Þ ðq1;q2;q3;q4Þ ¼
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1þ q21
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�
: ðA7Þ

Note that the expressions for the cross term have already
been symmetrized. From Eqs. (A2)–(A4), we find that

the contributions to the helicity-1 spectrum from Oð2;2Þ
ij

and Oð2;3Þ
ij are identical, which means it depends only on

c2;1 þ c2;2 þ c2;3. Considering the following algebra:

Sij⊃c2;1O
ð2;1Þ
ij þc2;2O

ð2;2Þ
ij þc2;3O

ð2;3Þ
ij

¼c2;1O
ð2;1Þ
ij þðc2;2þc2;3ÞOð2;2Þ

ij þc2;3
�
Oð2;3Þ

ij −Oð2;2Þ
ij

�
;

and introducing the new operator labels Qij ≡Oð2;2Þ
ij and

Rij ≡Oð2;3Þ
ij −Oð2;2Þ

ij , we obtain the expression for the
spectra in Eqs. (57) and (58) and the corresponding kernels
in Eqs. (60)–(63).

APPENDIX B: SQUEEZED-TYPE LOOP
CALCULATIONS

1. Implementation of loop integral

We describe in detail how we numerically implemented
the two-loop integral given by Eq. (83). In principle, since
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the integral involves two momentum variables, it is
originally a six-dimensional integral. However, due to
azimuthal symmetry, it reduces to a four-dimensional
integral. Furthermore, because of the separability of the
squeezed trispectrum, it factorizes into a product of 2
two-dimensional integrals. That is, the shapes of the two
triangles containing the diagonal k can be integrated
independently. As a result, the computational complexity
is reduced to OðN2Þ. The choice of how to perform this
two-dimensional integration depends on the parametriza-
tion of the triangle, leading to different integration varia-
bles. One approach, which analytically performs the
angular integrals using the spherical harmonic expansion
of the Dirac delta function (see, e.g., Ref. [63]), uses the

lengths of the two other sides ðq1; q2Þ as variables.
Alternatively, one can instead take the length of one
side, q, and the cosine of the angle between q and k,
μ ¼ q̂ · k̂, as integration variables, i.e., ðq; μÞ. In this
study, we adopt the latter parametrization, as it simplifies
the angular integration over μ after taking the UV limit of
the integrand. (We have checked that the integration
results shown in Fig. 2 of the main text agree between
both methods.)
If the given trispectrum is independent of the diagonal

and separable with respect to each momentum, meaning
that it can be expressed as a product of individual functions,
as in Eq. (8), the sum over permutations for the antisym-
metric part [Eq. (4)] can be rewritten as follows:

Tð−Þ
δ ðq1;q2;q3;q4Þ ¼ ½−iQ · ðq1 × q3Þ�

Y4
i¼1

½MðqiÞ�
X
σ ∈ S4

sgnðσÞf−ðqσð1Þ; qσð2Þ; qσð3Þ; qσð4ÞÞ; ðB1Þ

≡ −g−½−iQ · ðq1 × q3Þ�
X
σ ∈ S4

sgnðσÞfσð1Þðq1Þfσð2Þðq2Þfσð3Þðq3Þfσð4Þðq4Þ; ðB2Þ

¼ −g−½−iQ · ðq1 × q3Þ�
X
σ ∈ S4

sgnðσÞf½σð1Þðq1Þfσð2Þ�ðq2Þf½σð3Þðq3Þfσð4Þ�ðq4Þ; ðB3Þ

where we defined the following four functions in the
second line:

f1ðqÞ≡ qαMðqÞPϕðqÞ; ðB4Þ
f2ðqÞ≡ qβMðqÞPϕðqÞ; ðB5Þ
f3ðqÞ≡ qγMðqÞPϕðqÞ; ðB6Þ

f4ðqÞ≡MðqÞ: ðB7Þ

Thus, the previous permutations of the momenta have
been equivalently replaced by permutations of the func-
tions. In the third line, we defined the antisymmetrization
with respect to the function for later convenience:
f½aðqÞfb�ðpÞ≡ ðfaðqÞfbðpÞ − fbðqÞfaðpÞÞ=2. By elimi-
nating q2 and q4 with the triangle condition, k ¼ q12 ¼
−q34, the parity-odd kernel function with helicity λ ¼ 1
[Eq. (60)] and the trispectrum [Eq. (B3)] can be
expressed as

Kð1;−Þ
QQ ðq;q0;kÞ ¼ −

i
4
½k̂ · ðq̂ × q̂0Þ� ðkμ − qÞð2qμ − kÞ

jk − qj2
ðkμ0 þ q0Þð2q0μ0 þ kÞ

jkþ q0j2 ; ðB8Þ

Tð−Þ
δ ðq;q0;kÞ ¼ ig−k3½k̂ · ðq̂ × q̂0Þ� q

k
q0

k

X
σ ∈ S4

sgnðσÞf½σð1ÞðqÞfσð2Þ�ðjk − qjÞf½σð3Þðq0Þfσð4Þ�ðjkþ q0jÞ; ðB9Þ

where we relabel q ¼ q1;q0 ¼ q3, and μ≡ k̂ · q̂; μ0 ≡ k̂ · q̂0. For later convenience, we note

½k̂ · ðq̂ × q̂0Þ�2 ¼ 1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ; ðB10Þ
with μ̃≡ q̂ · q̂0. Consequently, the parity-odd power spectrum [Eq. (83)] simplifies to

Pð1;−Þ
QQ ðkÞ ¼ g−

k3

4

X
σ ∈ S4

sgnðσÞ
Z
q;q0

½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�

×

�
q
k
ðkμ − qÞð2qμ − kÞ

jk − qj2 f½σð1ÞðqÞfσð2Þ�ðjk − qjÞ
��

q0

k
ðkμ0 þ q0Þð2q0μ0 þ kÞ

jkþ q0j2 f½σð3Þðq0Þfσð4Þ�ðjkþ q0jÞ
�
: ðB11Þ
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Here, we note that the integration over the two momenta ðq;q0Þ can be expressed in a separable form using some
isotropic functions g and h, i.e., gðk;qÞ ¼ gðk; q; μÞ, except for the coupling that arises from the scalar triple
product through μ̃,

Z
q;q0

½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�gðk;qÞhðk;q0Þ: ðB12Þ

In such cases, the integral, which involves crosstalk due to the dependence on μ̃, can be rewritten in a separable form using
the formula given in Appendix I, as shown below. For the second and last terms in Eq. (B12), since μμ0μ̃ ¼ μμ0q̂iq̂0i and
μ̃2 ¼ q̂iq̂jq̂0iq̂

0
j, we can compute them as follows:

�Z
q
q̂iμg

��Z
q0
q̂0iμ

0h
�
¼
�
k̂i

Z
q
L1ðμÞμg

��
k̂i

Z
q
L1ðμ0Þμ0h

�

¼
Z
q
μ2g
Z
q0
μ02h;

�Z
q
q̂iq̂jg

��Z
q0
q̂0iq̂

0
jh

�
¼
��

k̂ik̂j −
δKij
3

�Z
q
L2ðμÞgþ

δKij
3

Z
q
g

���
k̂ik̂j −

δKij
3

�Z
q0
L2ðμ0Þhþ δKij

3

Z
q0
h

�

¼ 3

2

Z
q
μ2g
Z
q0
μ02hþ 1

2

�Z
q
μ2g
Z
q0
hþ

Z
q
g
Z
q0
μ02h

�
þ 1

2

Z
q
g
Z
q0
h:

Therefore, Eq. (B12) can be reduced to the following form:

Z
q;q0

½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�gðk;qÞhðk;q0Þ ¼ 1

2

�Z
q
ð1 − μ2Þgðk;qÞ

��Z
q0
ð1 − μ02Þhðk;q0Þ

�
: ðB13Þ

From the above, Eq. (B11) can be further reduced, yielding the following simplified expression:

Pð1;−Þ
QQ ðk;Λ;Λ0Þ ¼ g−

k3

8

X
σ ∈ S4

sgnðσÞIσð1Þσð2Þðk;ΛÞIσð3Þσð4Þðk;Λ0Þ ðB14Þ

�
¼ g−

k3

2
½I12ðk;ΛÞI34ðk;Λ0Þ þ I13ðk;ΛÞI42ðk;Λ0Þ þ I14ðk;ΛÞI23ðk;Λ0Þ� þ ðΛ ↔ Λ0Þ

�
; ðB15Þ

where we explicitly wrote the dependence on the UV cutoff scale, Λ, on both sides and defined

Iabðk;ΛÞ≡
Z

Λ

qmin

q2dq
2π2

Z
1

−1

dμ
2
ð1 − μ2Þ q

k
ðkμ − qÞð2qμ − kÞ

jk − qj2 f½aðqÞfb�ðjk − qjÞ; ðB16Þ

with a; b∈ f1; 2; 3; 4g. Note that the μ integral was implemented in an IR-safe manner by replacing

Z
1

−1

dμ
2

→ 2

Z
minðk=2q;1Þ

−1

dμ
2
;

using the symmetry of the integrand to avoid the pole at q ¼ k, which could potentially lead to an IR divergence.

2. A proof of no helicity-2 spectrum

We prove that the squeezed-type parity-odd trispectrum, as defined in Eq. (8), does not contribute to the parity-odd power
spectrum for helicity λ ¼ 2. Following the same argument as above, the parity-odd kernel functions with helicity λ ¼ 2
[Eqs. (61)–(63)] take the following functional form:

Kð2;−Þ
XY ðq;q0;kÞ ∝ i½k̂ · ðq̂ × q̂0Þ�ðμ̃ − μμ0Þxðk;qÞyðk;q0Þ; ðB17Þ
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with X; Y ∈ fQ;Rg, where x and y are some isotropic functions. Thus, the structural difference from the helicity λ ¼ 1 case
lies in the additional angular dependence introduced by the common factor μ̃ − μμ0 in all components. Combining this with
the trispectrum expression in Eq. (B9), we find that the parity-odd power spectrum of helicity-2 [Eq. (83)] formally takes the
following sum-separable form with some isotropic functions, g and h:

Pð2;−Þ
XY ðkÞ ⊃

Z
q;q0

½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�ðμ̃ − μμ0Þgðk;qÞhðk;q0Þ: ðB18Þ

As in the previous case, using the momentum integration formula in Appendix I, we obtainZ
q;q0

½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�ðμ̃ − μμ0Þgðk;qÞhðk;q0Þ ¼
Z
q;q0

1

2
ð1 − μ2Þð1 − μ02Þðμμ0 − μμ0Þgðk;qÞhðk;q0Þ

¼ 0:

Therefore, the helicity-2 power spectrum always vanishes.

3. UV limit

Here, we consider the UV (hard) limit of the loop momenta to investigate the effects of small-scale modes on large-scale
correlations. For convenience, we define the integrand in Eq. (B16) as Iab,

Iabðk;ΛÞ≡
Z

Λ
dln qIabðq; kÞ: ðB19Þ

We omit the dependence on the IR cutoff scale qmin because it is irrelevant when qmin ≪ k. Using this, the power spectrum
[Eq. (B14)] can be rewritten as

Pð1;−Þ
QQ ðk;Λ;Λ0Þ ¼ g−

k3

8

X
σ ∈ S4

sgnðσÞ
Z

Λ
dlnqIσð1Þσð2Þðq; kÞ

Z
Λ0

dln q0Iσð3Þσð4Þðq0; kÞ: ðB20Þ

Equivalently, we obtain

∂
2Pð1;−Þ

QQ

∂ ln q∂ ln q0
ðk; q; q0Þ ¼ g−

k3

8

X
σ ∈ S4

sgnðσÞIσð1Þσð2Þðq; kÞIσð3Þσð4Þðq0; kÞ ðB21Þ

≡g−Pshellðq; q0; kÞ: ðB22Þ

Thus, Iabðk; qÞ represents the contribution to the power spectrum at wave number k from a q-shell of width dln q, while
Pshellðq; q0; kÞ represents the total contribution from both the q-shell and q0-shell.
Figure 13 shows the contribution of the two shells to the power spectrum. The dominant contribution arises when one of

the wave numbers, q or q0, equals k while the other is in the UV regime. This corresponds to the case where the two
triangles, sharing the common edge k, consist of one equilateral triangle and one squeezed triangle. In other words, this
situation represents the UV limit for one of the momenta, i.e., the single-hard limit. To derive an analytical expression for
the power spectrum in this regime, we first take the single-hard limit (k ≪ q), denoted as “sh,” of the kernel [Eq. (B8)] and
the squeezed trispectrum [Eq. (B9)], respectively,

Kð1;−Þ
QQ ðq;q0;kÞ⟶sh −

i
4
½k̂ · ðq̂ × q̂0Þ�½−2μþOðϵÞ� ðkμ

0 þ q0Þð2q0μ0 þ kÞ
jkþ q0j2 ; ðB23Þ

Tð−Þ
δ ðq;q0;kÞ⟶sh ig−k3½k̂ · ðq̂ × q̂0Þ� q

0

k

X
σ ∈ S4

sgnðσÞ

×

�
−
1

2
μfσð1ÞðqÞfσð2ÞðqÞΔnσð2Þσð1ÞðqÞ þOðϵÞ

�
f½σð3Þðq0Þfσð4Þ�ðjkþ q0jÞ; ðB24Þ
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where we defined ϵ≡ k=q and ΔnbaðqÞ≡ nbðqÞ − naðqÞ with the spectral index of fa: naðqÞ≡ d ln fa= ln q. Thus, using
Eq. (B19), the contribution from UV modes in a shell with width dlnq to the power spectrum can be written as

Iabðq; kÞ ⟶ϵ→0
IUV
ab ðqÞ≡

Z
1

−1

dμ
2
ð1 − μ2Þμ2 q3

2π2
faðqÞfbðqÞΔnbaðqÞ

¼ 2

15

q3

2π2
faðqÞfbðqÞΔnbaðqÞ: ðB25Þ

Therefore, the corresponding shell power spectrum at the UV cutoff scale, Λ, becomes

∂
2Pð1;−Þ

QQ

∂ ln q∂ ln q0
ðk; q; q0Þ

				
q¼Λ

⟶
sh

g−
k3

8

X
σ ∈ S4

sgnðσÞIUV
σð1Þσð2ÞðΛÞIσð3Þσð4Þðq0; kÞ: ðB26Þ

The low-k behavior of the power spectrum in this limit (k=q → 0) is determined by integrating this over the other
momentum, ln q0. From Fig. 13, we observe that the integrand Pshellðq; q0; kÞ has a sharp peak around q0 ∼ k, indicating that
the dominant contribution (up to a constant factor) mainly comes from its diagonal: Iabðk; kÞ. Furthermore, among the
terms in the summation over permutations of functions in Eq. (B26), the dominant term is given by I12ðk; kÞ, which
corresponds to the combination in Eqs. (B4)–(B7) that shows the strongest enhancement in the k → 0 limit. Specifically,
from Eqs. (B16) and (B19), I12ðk; kÞ is given by

I12ðk; kÞ ¼
2k6

π2

Z
1

0

dt t3ðt2 − 1Þð4t2 − 1Þf½1ðkÞf2�ð2ktÞ; ðB27Þ

¼ k6þαþβ

π2
MðkÞPϕðkÞ

Z
1

0

dt t3ðt2 − 1Þð4t2 − 1Þ½ð2tÞβ − ð2tÞα�Mð2ktÞPϕð2ktÞ; ðB28Þ

where we introduced t≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − μÞ=2p
. Moreover, since MðkÞ ∝ k2, where k ≪ keq, we obtain

I12ðk; kÞjk≪keq ¼ I ð0Þ
12 k

2ns−1þαþβ; ðB29Þ

FIG. 13. Contribution from the q-shell and q0-shell to the parity-odd power spectrum at wave numbers k ¼ 0.001 (left panel) and
k ¼ 0.01 (right panel) as a function of q0. The blue curve represents the case where q ¼ k, meaning that one of the triangles is an
equilateral triangle. In this case, the contribution is larger for larger values of q0. In contrast, the orange curve corresponds to the case
where q ¼ 1, meaning that one of the triangles is a squeezed triangle. Here, the contribution is most significant when q0 ∼ k. Thus, the
contribution becomes large when either q or q0 equals k, while the other is in the UV regime, i.e., in the single-hard limit.
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where the constant I ð0Þ
12 can be analytically derived from Eq. (B28). Thus, ignoring constant factors and focusing only on the

asymptotic scaling, we obtain the following simplified expression for the single-hard limit:

h
Pð1;−Þ
QQ ðkÞ

i
sh ≡ g−

k3

2
IUV
34 ðΛÞI12ðk; kÞjk≪keq ðB30Þ

≡g−SshðΛÞk2nsþ2þαþβ; ðB31Þ

where SshðΛÞ≡ I ð0Þ
12 I

UV
34 ðΛÞ=2. This function correctly captures the low-k behavior from the two-loop integral

[Eq. (B20)], as shown in Fig. 2.
Lastly, we consider the double-hard limit (k ≪ q; q0), denoted as “dh.” In this regime, the kernel and the trispectrum take

the following forms:

Kð1;−Þ
QQ ðq;q0;kÞ⟶dh −

i
4
½k̂ · ðq̂ × q̂0Þ�½−2μþOðϵÞ�½2μ0 þOðϵ0Þ�; ðB32Þ

Tð−Þ
δ ðq;q0;kÞ⟶dh ig−k3½k̂ · ðq̂ × q̂0Þ�

X
σ ∈ S4

sgnðσÞ

×
�
−
1

2
μfσð1ÞðqÞfσð2ÞðqÞΔnσð2Þσð1ÞðqÞ þOðϵÞ

��
1

2
μ0fσð3Þðq0Þfσð4Þðq0ÞΔnσð4Þσð3Þðq0Þ þOðϵ0Þ

�
; ðB33Þ

where we defined ϵ0 ≡ k=q0. In the same way, we obtain the shell power spectrum in the double-hard limit,

∂
2Pð1;−Þ

QQ

∂ ln q∂ ln q0
ðk; q; q0Þ

				
q¼Λ;q0¼Λ0

⟶
dh

g−
k3

8

X
σ ∈ S4

sgnðσÞIUV
σð1Þσð2ÞðΛÞIUV

σð3Þσð4ÞðΛ0Þ; ðB34Þ

≡ g−SdhðΛ;Λ0Þk3; ðB35Þ

where SdhðΛ;Λ0Þ is the UV cutoff-dependent constant.
This term proportional to k3 is absorbed into the contri-
bution from local stochasticity, which we derived in
Sec. II D. However, this does not account for the dominant
contribution to the backreaction from UV modes.

APPENDIX C: COLLAPSED-TYPE LOOP
CALCULATIONS

1. Implementation of loop integral

In this section, we provide the detailed calculations
necessary to derive the results for the collapsed-type
trispectrum, as presented in Sec. II E. Unlike the squeezed
trispectrum, the collapsed trispectrum depends on the
diagonal of the formed tetrahedron, as shown in
Eq. (10), which makes the integrals over the two triangles
nonseparable. (When using the spherical wave expansion
of the Dirac delta function, an infinite sum over angular

momenta appears.) Therefore, for the two-loop integration
over q and q0, we directly performed a six-dimensional
Monte Carlo integration. Given the symmetry of the
trispectrum under permutations of momenta, it is useful
to decompose it into channels labeled by the following
variables:

s≡ q1 þ q2; ðC1Þ

t≡ q1 þ q3; ðC2Þ

u≡ q1 þ q4: ðC3Þ

Decomposing into the s-, t-, and u-channels both classifies
the structure of the trispectrum and aids the subsequent
analysis of its behavior in the collapsed limit.
Recall the definition of the parity-odd matter trispectrum

[Eqs. (3), (4), and (7)],

Tð−Þ
δ ðq1;q2;q3;q4Þ ¼ ½−iq12 · ðq1 × q3Þ�

Y4
i¼1

½MðqiÞ�
X
σ ∈ S4

sgnðσÞf−ðqσð1Þ; qσð2Þ; qσð3Þ; qσð4Þ; qσð1Þσð2Þ; qσð1Þσð4ÞÞ; ðC4Þ
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with the specific collapsed-type trispectrum determined by f− [Eq. (10)],

f−ðq1;q3;q12Þ ¼ −
25

3
AgaugeF ðq̂1; q̂3; q̂12Þ

Pϕðq1Þ
q1

Pϕðq3Þ
q3

Pϕðq12Þ
q12

; ðC5Þ

and F ≡ 1 − q̂1 · q̂3 þ q̂12 · q̂1 − q̂12 · q̂3. We note that f− is invariant under the simultaneous exchange q1 ↔ q3 and
q2 ↔ q4. [More precisely, this is a symmetry with respect to the permutation of “entries,” meaning invariance under the
simultaneous exchange of qσð1Þ ↔ qσð3Þ and qσð2Þ ↔ qσð4Þ in Eq. (C4).] Therefore, the sum over the 24 permutations of
σ ∈ S4 reduces to 12 terms. Furthermore, for these 12 terms, we decompose the dependence on the diagonal into s-, t-, and
u-channels. That is,

Tð−Þ
δ ≡ TðsÞ

δ þ TðtÞ
δ þ TðuÞ

δ ; ðC6Þ

where TðsÞ
δ is defined as the component that depends only on s ¼ q12 as the diagonal variable,

TðsÞ
δ ¼ 2½−iq12 · ðq1 × q3Þ�

Y4
i¼1

½MðqiÞ�
�
f−ðq1;q3;q12Þ − ðq1 ↔ q2Þ − ðq3 ↔ q4Þ þ

�
q1 ↔ q2

q3 ↔ q4

��
; ðC7Þ

and TðtÞ
δ is obtained by swapping q2 ↔ q3 in each term of TðsÞ

δ , including the momenta appearing in the scalar triple product,

making its diagonal dependence only on t ¼ q13. Similarly, TðuÞ
δ is defined by swapping q2 ↔ q4 in TðsÞ

δ , resulting in
dependence only on u ¼ q14.
Recall that the kernels [Eqs. (60)–(63)] are always symmetric under the exchanges q1 ↔ q2 and q3 ↔ q4, while being

antisymmetric under the simultaneous exchange of q1 ↔ q3 and q2 ↔ q4. From these symmetries, in the special case of
the (22)-type loop integral [Eq. (83)] with Λ ¼ Λ0, all contributions from each term in the s-channel become identical.
Moreover, the contributions from the t- and u-channels are also identical. Additionally, among the four terms in the
t=u-channel, the first and last terms contribute equally, as do the second and third terms. Therefore, due to these symmetries,
the number of independent terms to be computed is greatly reduced, and it suffices to evaluate the following three terms
(one for the s-channel and two for the t- and u-channels):

TðsÞ
δ ∶ 8½−iq12 · ðq1 × q3Þ�

Y4
i¼1

½MðqiÞ�f−ðq1;q3;q12Þ; ðC8Þ

TðtÞ
δ þ TðuÞ

δ ∶8½−iq12 · ðq1 × q3Þ�
Y4
i¼1

½MðqiÞ�ðf−ðq1;q2;q13Þ þ f−ðq3;q2;q13ÞÞ: ðC9Þ

Figure 14 presents the loop integral results for each
channel, derived from the expression for the parity-odd
power spectrum [Eq. (83)]. In the case of the s-channel, the
direct dependence on the diagonal term PϕðsÞ ¼ PϕðkÞ
leads to a significant enhancement in the low-k limit. In
contrast, such behavior is absent in the t- and u-channels,
which makes their contributions subdominant.

2. UV limit

Here, we derive an analytical expression for the UV limit
of the parity-odd power spectrum. As shown in Fig. 14, the
dominant contribution in the low-k regime comes from the
s-channel. Thus, to capture the leading-order contribution,
it is sufficient to focus only on the s-channel. Furthermore,

unlike in the squeezed trispectrum case, the form of the
collapsed trispectrum matches that of the (22)-type integral,
suggesting that the dominant contribution arises from the
collapsed (double-hard) limit. Thus, we begin by consid-
ering the double-hard limit: k ≪ q1; q3. Hereafter, as in the
previous section, we relabel the variables for convenience.
Specifically, we define

k ¼ q12 ¼ −q34; q≡ q1; q0 ≡ q3;

μ≡ k̂ · q̂; μ0 ≡ k̂ · q̂0; μ̃≡ q̂ · q̂0:

Additionally, we introduce the small parameters ϵ≡ k=q;
ϵ0 ≡ k=q0.
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The double-hard limit of the kernel with helicity λ ¼ 1 is given in Eq. (B32). In a similar way, we obtain the expressions
for the three kernels with λ ¼ 2 [Eqs. (61)–(63)] in this limit,

Kð2;−Þ
QQ ðq;q0;kÞ⟶dh i

2
½k̂ · ðq̂ × q̂0Þ�ðμ̃ − μμ0Þ þOðfϵ; ϵ0gÞ; ðC10Þ

Kð2;−Þ
ðQRÞðq;q0;kÞ⟶dh i

8
½k̂ · ðq̂ × q̂0Þ�ðμ̃ − μμ0Þðϵ2 þ ϵ02Þ þOðfϵ; ϵ0g3Þ; ðC11Þ

Kð2;−Þ
RR ðq;q0;kÞ⟶dh i

8
½k̂ · ðq̂ × q̂0Þ�ðμ̃ − μμ0Þϵ2ϵ02 þOðfϵ; ϵ0g5Þ: ðC12Þ

From these, PðQRÞ and PRR have additional suppressions of factors k2 and k4, respectively, compared to PQQ at the kernel
level. Moreover, since the angular dependence of the leading terms is the same for all three cases, we find that PQQ will
dominate in the k → 0 limit, regardless of the assumed form (angular dependence) of the trispectrum (see Fig. 2).

Next, we consider the UV limit of the collapsed trispectrum. For convenience, we first rewrite TðsÞ
δ from Eq. (C7) in a

“product of differences” form, expressed as the inner product of unit vectors,

TðsÞ
δ ¼ 50

3
Agauge½−iq12 · ðq1 × q3Þ�

Y4
i¼1

½MðqiÞ�
Pϕðq12Þ
q12

×

��
Pϕðq1Þ
q1

−
Pϕðq2Þ
q2

�
q̂12 þ

�
Pϕðq1Þ
q1

q̂1 −
Pϕðq2Þ
q2

q̂2

��
·

��
Pϕðq3Þ
q3

−
Pϕðq4Þ
q4

�
q̂34 þ

�
Pϕðq3Þ
q3

q̂3 −
Pϕðq4Þ
q4

q̂4

��
:

ðC13Þ

FIG. 14. Contributions from each channel to the parity-odd power spectrum Pðλ;−Þ
QQ for helicity λ ¼ 1 (left panel) and λ ¼ 2 (right

panel). We omit the contribution from the u-channel because it is identical to that from the t-channel due to the symmetry of the
(22)-type loop integral. In the low-k regime, the dominant contribution comes from the s-channel.
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Taking the double-hard limit, we obtain

TðsÞ
δ ⟶

dh 50

3
Agauge½−ik · ðq × q0Þ�M2ðqÞð1þOðϵÞÞM2ðq0Þð1þOðϵ0ÞÞPϕðkÞ

k

×
PϕðqÞ
q

½ðϵμðnϕ − 1Þ þOðϵ2ÞÞk̂þ 2q̂� · Pϕðq0Þ
q0

½ðϵ0μ0ðnϕ − 1Þ þOðϵ02ÞÞk̂þ 2q̂0�; ðC14Þ

¼ 200

3
Agauge½−ik̂ · ðq̂ × q̂0Þ�μ̃PϕðkÞM2ðqÞPϕðqÞM2ðq0ÞPϕðq0Þ þOðfϵ; ϵ0gÞ

¼ 200

3
Agauge½−ik̂ · ðq̂ × q̂0Þ�μ̃PϕðkÞPðqÞPðq0Þ þOðfϵ; ϵ0gÞ; ðC15Þ

where nϕ is the spectral index of Pϕ: nϕ ≡ d lnPϕ= ln q, and PðqÞ is the linear matter power spectrum. By performing the
following angular integrals with the aid of Appendix I:Z

q̂;q̂0
½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�μμ0μ̃ ¼ 2

225
;Z

q̂;q̂0
½1þ 2μμ0μ̃ − ðμ2 þ μ02 þ μ̃2Þ�ðμ̃ − μμ0Þμ̃ ¼ 8

225
;

we obtain the analytic expressions for the contributions to the parity-odd power spectra at wave number k from the q-shell
and q0-shell of the two-loop integral in the double-hard limit,

∂
2Pð1;−Þ

QQ

∂ ln q∂ ln q0
ðk; q; q0Þ

				
q¼Λ;q0¼Λ0

⟶
dh 16

27
AgaugePð0ÞðΛÞPð0ÞðΛ0ÞPϕðkÞ ðC16Þ

≡AgaugeS
ð1;−Þ
QQ ðΛ;Λ0ÞPϕðkÞ; ðC17Þ

∂
2Pð2;−Þ

QQ

∂ ln q∂ ln q0
ðk; q; q0Þ

				
q¼Λ;q0¼Λ0

⟶
dh 32

27
AgaugePð0ÞðΛÞPð0ÞðΛ0ÞPϕðkÞ ðC18Þ

≡AgaugeS
ð2;−Þ
QQ ðΛ;Λ0ÞPϕðkÞ; ðC19Þ

∂
2Pð2;−Þ

ðQRÞ
∂ ln q∂ ln q0

ðk; q; q0Þ
				
q¼Λ;q0¼Λ0

⟶
dh 8

27
AgaugeðPð−2ÞðΛÞPð0ÞðΛ0Þ þ ðΛ ↔ Λ0ÞÞk2PϕðkÞ ðC20Þ

≡ AgaugeS
ð2;−Þ
QR ðΛ;Λ0Þk2PϕðkÞ; ðC21Þ

∂
2Pð2;−Þ

RR

∂ ln q∂ ln q0
ðk; q; q0Þ

				
q¼Λ;q0¼Λ0

⟶
dh 8

27
AgaugePð−2ÞðΛÞPð−2ÞðΛ0Þk4PϕðkÞ ðC22Þ

≡ AgaugeS
ð2;−Þ
RR ðΛ;Λ0Þk4PϕðkÞ; ðC23Þ

where we introduced the following power spectrum:

PðαÞðqÞ≡ q3þα

2π2
PðqÞ: ðC24Þ

Finally, we parametrize this trispectrum in terms of the doddn template, as defined in Eq. (9), recalling Eq. (12),

dodd0 ¼ −dodd1 =3 ¼ −Agauge; doddn≥2 ¼ 0; ðC25Þ
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and examine the contributions from dodd0 and dodd1 separately in the double-hard limit. For n ¼ 0, only the first term exists
among the vectorized components in (C14). Thus, the double-hard limit in this case takes the following form:

TðsÞ
δ ⟶

dh
−
50

3
dodd0 ½−ik · ðq × q0Þ�M2ðqÞð1þOðϵÞÞM2ðq0Þð1þOðϵ0ÞÞPϕðkÞ

k

×
PϕðqÞ
q

ðϵμðnϕ − 1Þ þOðϵ2ÞÞk̂ ·
Pϕðq0Þ
q0

ðϵ0μ0ðnϕ − 1Þ þOðϵ02ÞÞk̂

¼ −
50

3
dodd0 ½−ik · ðq × q0Þ�μμ0ϵϵ0ðnϕ − 1Þ2PϕðkÞPðqÞPðq0Þ þOðfϵ; ϵ0g3Þ: ðC26Þ

Due to the lack of angular dependence, a leading-order
cancellation occurs, suppressing the collapsed limit by a
factor of k2 and thereby reducing the enhancement.
Consequently, the enhancement of the Uð1Þ-gauge model
in the k → 0 limit is driven by the n ¼ 1 component at
leading order.

APPENDIX D: INITIAL CONDITION DETAILS

In this section, we provide additional details on the initial
condition introduced in Sec. III A,

ΦðxÞ ¼ ϕðxÞ þ
X
lm

Almϕ
ð2Þ
lmðx; σlmÞ; ðD1Þ

where the quadratic correction is defined in Fourier space
as [Eq. (104)]

ϕð2Þ
lmðk; σlmÞ

≡
Z
q1;q2

ð2πÞ3δDk−q12imYlmðq̂1; q̂2Þϕðq1Þσlmðq2Þ: ðD2Þ

We define the polar and azimuthal angles for the spherical
harmonics, Ylmðq̂1; q̂2Þ≡ Ylmðθ12;ϕ12Þ, as the angles of
q1 measured in a Cartesian coordinate system, where the
polar basis associated with q2, feθðq̂2Þ; eϕðq̂2Þ; q̂2g, is
treated as the coordinate axes along the x-, y-, and
z-directions, respectively (see Fig. 4). For each m mode
(m ¼ 0;�1;…;�l), we define uncorrelated Gaussian
random fields σlm such that hσlmσl0m0 i0 ¼ δKmm0ρll0Pσ .
This condition guarantees statistical isotropy, where
jρll0 j ≤ 1 specifies the correlation matrix.

1. Reality condition

We derive the phase factor im in Eq. (D2) from the reality
condition. Before that, let us first summarize the properties
of the spherical harmonics defined above. The standard
spherical harmonics are functions of the angles ðθ;ϕÞ of a
single unit vector n̂, measured with respect to the fiducial
Cartesian coordinate system. In contrast, the spherical
harmonics defined above take as arguments the angles

ðθ12;ϕ12Þ, which are defined in terms of two unit vectors,
q̂1 and q̂2. Specifically, these angles are measured in a local
frame associated with q̂2 in Fourier space. As a result,
they exhibit nontrivial behavior under inversions such as
q1 → −q1 and q2 → −q2. When considering the inversion
q1 → −q1 with q2 fixed, the local frame remains
unchanged. Thus, the angles transform as ðθ12;ϕ12Þ →
ðπ − θ12;ϕ12 þ πÞ, just as in the case n̂ → −n̂ for standard
spherical harmonics. As a result, the transformation of the
spherical harmonics follows

Ylmð−q̂1; q̂2Þ ¼ ð−1ÞlYm
l ðq̂1; q̂2Þ: ðD3Þ

On the other hand, when considering the inversion
q2 → −q2 with q1 fixed, the reference frame for measuring
the angles transforms as

feθðq̂2Þ; eϕðq̂2Þ; q̂2g → feθð−q̂2Þ; eϕð−q̂2Þ;−q̂2g
¼ feθðq̂2Þ;−eϕðq̂2Þ;−q̂2g:

In this new frame, the measured angles transform as
ðθ12;ϕ12Þ → ðπ − θ12;−ϕ12Þ, which leads to the following
transformation rule for the spherical harmonics:

Ylmðq̂1;−q̂2Þ ¼ ð−1ÞlþmYm�
l ðq̂1; q̂2Þ: ðD4Þ

By combining Eqs. (D3) and (D4), we find that the
simultaneous inversions q1 → −q1 and q2 → −q2 result
in the angular transformation ðθ12;ϕ12Þ → ðθ12; π − ϕ12Þ.
Accordingly, the spherical harmonics transform as

Ylmð−q̂1;−q̂2Þ ¼ ð−1ÞmYm�
l ðq̂1; q̂2Þ: ðD5Þ

Now, let us determine the condition imposed by the
reality condition. First, we introduce a phase factor eiα as
follows:

ϕð2Þ
lmðk;σlmÞ

≡
Z
q1;q2

ð2πÞ3δDk−q12eiαYlmðq̂1;q̂2Þϕðq1Þσlmðq2Þ: ðD6Þ
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Taking the complex conjugate of both sides and using the reality conditions of ϕ and σlm, and Eq. (D5), we obtain

h
ϕð2Þ
lmðk; σlmÞ

i� ¼ Z
q1;q2

ð2πÞ3δDk−q12e−iαYm�
l ðq̂1; q̂2Þϕ�ðq1Þσ�lmðq2Þ

¼
Z
q1;q2

ð2πÞ3δDk−q12ð−1Þme−iαYm
l ð−q̂1;−q̂2Þϕð−q1Þσlmð−q2Þ

¼ ð−1Þme−2iαϕð2Þ
lmð−k; σlmÞ:

Thus, the reality condition for the quadratic correction corresponds to ð−1Þme−2iα ¼ 1, i.e., eiα ¼ im.

2. Initial trispectrum

Here, we provide the details on the trispectrum in the non-Gaussian initial conditions defined in Eqs. (D1) and (D2). The
leading-order trispectrum is given by

TΦðk1;k2;k3;k4Þ ¼
X
lm

X
l0m0

ÃlmÃl0m0 hϕðk1Þϕð2Þ
lmðk2; σlmÞϕðk3Þϕð2Þ

l0m0 ðk4; σl0m0 Þi0 þ 5 perms

¼
X
lm

X
l0m0

ÃlmÃl0m0

Z
q1;q2;q3;q4

ð2πÞ3δDk2−q12ð2πÞ3δDk4−q34i
mYlmðq̂1; q̂2Þim0

Yl0m0 ðq̂3; q̂4Þ

× hϕðk1Þϕðq1Þσlmðq2Þϕðk3Þϕðq3Þσl0m0 ðq4Þi0 þ 5 perms

¼
X
lm

X
l0m0

ρll0ÃlmÃl0m0δKmm0 imþm0
Ylmð−k̂1; k̂12ÞYl0m0 ð−k̂3;−k̂12ÞPϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms

¼
X
ll0m

ρll0ÃlmÃl0mð−1ÞlYlmðk̂1; k̂12ÞY�
l0mðk̂3; k̂12ÞPϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms; ðD7Þ

where we used the Gaussianity of ϕ and σ and the isotropy condition hσlmσl0m0 i0 ¼ δKmm0ρll0Pσ in the third line, and the
properties of the spherical harmonics [Eqs. (D3) and (D5)] in the last line.
In the following, we derive an explicit expression for the product of two spherical harmonics in Eq. (D7) as a scalar

function composed of four scalar quantities constructed from the three vectors k̂1, k̂3, and k̂12, i.e.,

μ13 ≡ k̂1 · k̂3; μ1 ≡ k̂1 · k̂12; μ3 ≡ k̂3 · k̂12; k̂12 · ðk̂1 × k̂3Þ: ðD8Þ

The resulting expression will be given in Eq. (D16). We begin by recalling the explicit form of the spherical harmonics,

Ylmðθ;ϕÞ ¼ N lmLm
l ðμÞeimϕ ¼ ð−1Þðm−jmjÞ=2N ljmjL

jmj
l ðμÞeimϕ; ðD9Þ

where μ≡ cos θ, N lm is the normalization factor,

N lm ¼ ð−1Þm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

4π

ðl −mÞ!
ðlþmÞ!

s
; ðD10Þ

and Lm
l denotes the associated Legendre polynomials, defined for 0 ≤ m ≤ l as

Lm
l ðμÞ≡ ð−1Þmð1 − μ2Þm=2 dm

dμm
LlðμÞ; ðD11Þ

withLl being the ordinary Legendre polynomials. Since both spherical harmonics are defined with respect to the coordinate
frame associated with k̂12, i.e., feθðk̂12Þ; eϕðk̂12Þ; k̂12g, the product of the two spherical harmonics takes the form

Ylmðk̂1; k̂12ÞY�
l0mðk̂3; k̂12Þ ¼ N ljmjN l0jmjL

jmj
l ðμ1ÞLjmj

l0 ðμ3Þeimðϕ1−ϕ3Þ; ðD12Þ
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where ϕ1 and ϕ3 are the azimuthal angles of k̂1 and k̂3, respectively, measured counterclockwise from the eθðk̂12Þ-axis
(see Fig. 4). In other words, we parametrize the three vectors as

k̂12¼ð0;0;1Þ; k̂1¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

1−μ21

q
cosϕ1;

ffiffiffiffiffiffiffiffiffiffiffiffi
1−μ21

q
sinϕ1;μ1

�
; k̂3¼

� ffiffiffiffiffiffiffiffiffiffiffiffi
1−μ23

q
cosϕ3;

ffiffiffiffiffiffiffiffiffiffiffiffi
1−μ23

q
sinϕ3;μ3

�
: ðD13Þ

From this parametrization, we obtain expressions for cosðϕ1 − ϕ3Þ and sinðϕ1 − ϕ3Þ using the inner product and scalar
triple product,

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ21

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ23

q
cosðϕ1 − ϕ3Þ ¼ μ13 − μ1μ3; ðD14Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ21

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ23

q
sinðϕ1 − ϕ3Þ ¼ −k̂12 · ðk̂1 × k̂3Þ: ðD15Þ

Note that the difference ϕ ¼ ϕ1 − ϕ3 corresponds to the angle between the planes of the two triangles sharing the diagonal
k12 (see Fig. 5). By substituting these expressions and Eq. (D11) into Eq. (D12), we arrive at the final result,

Ylmðk̂1; k̂12ÞY�
l0mðk̂3; k̂12Þ ¼ N ljmjN l0jmj

djmjLlðμ1Þ
dμjmj

1

djmjLl0 ðμ3Þ
dμjmj

3

ðμ13 − μ1μ3 − i½k̂12 · ðk̂1 × k̂3Þ�Þm: ðD16Þ

Let us examine a few of the simplest cases. When only Ã00 is nonzero, we recover the standard τNL-type trispectrum with
τNL ¼ 9Ã2

00=100π, and there is no parity-odd contribution in this case. When only Ã1þ1 is nonzero, the resulting trispectrum
contains both parity-even and parity-odd components,

Re½TΦ� ¼ −
3

8π
Ã2
1þ1ðμ13 − μ1μ3ÞPϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms; ðD17Þ

Im½TΦ� ¼ þ 3

8π
Ã2
1þ1½k̂12 · ðk̂1 × k̂3Þ�Pϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms; ðD18Þ

where the imaginary part corresponds to the doddn template defined in Eq. (9), with dodd0 ¼ −9Ã2
1þ1=400π (which is

negative). A parity-odd trispectrum with dodd0 > 0 can be obtained by flipping the sign of m. Next, consider the case where
the three coefficients Ã1þ1, Ã2þ1, and Ã2þ2 are nonzero. Here, we also assume that the correlation matrix satisfies ρll0 ¼ 1
for any l;l0 ¼ 1, 2. In this case, the real and imaginary parts of the trispectrum are given by

Re½TΦ� ¼
3

8π



ð−Ã2

1þ1 þ
ffiffiffi
5

p
Ã1þ1Ã2þ1ðμ1 − μ3Þ þ 5Ã2

2þ1μ1μ3Þðμ13 − μ1μ3Þ

þ 5

4
Ã2
2þ2ð−1þ μ21 þ μ23 þ 2μ213 − 4μ1μ3μ13 þ μ21μ

2
3Þ
�
Pϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms; ðD19Þ

Im½TΦ� ¼
3

8π



Ã2
1þ1 −

ffiffiffi
5

p
Ã1þ1Ã2þ1ðμ1 − μ3Þ − 5Ã2

2þ1μ1μ3 −
5

2
Ã2
2þ2ðμ13 − μ1μ3Þ

�
× ½k̂12 · ðk̂1 × k̂3Þ�Pϕðk1ÞPϕðk3ÞPσðk12Þ þ 11 perms: ðD20Þ

By choosing the parameters such that

Ã2 ≡ Ã2
1þ1 ¼ 5Ã2

2þ1 ¼
5

2
Ã2
2þ2; with Ã1þ1Ã2þ1 < 0; ðD21Þ

we reproduce the Uð1Þ-gauge model template given in Eq. (12), with Agauge ¼ 9Ã2=400π > 0. Finally, using the
redefinition of the amplitude parameters from Eq. (113), we find that the condition in Eq. (D21) corresponds to

A2 ≡ A2
1�1 ¼ A2

2�1 ¼ A2
2�2; with A1þ1A2þ1 > 0; ðD22Þ
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and in this case, Agauge ¼ 3A2=100 > 0, where we have used c11 ¼
ffiffiffiffiffiffiffiffiffiffi
3=4π

p
in Eq. (108). The trispectrum with Agauge < 0

can again be obtained by flipping the sign of m.

3. Correction to initial power spectrum

The quadratic correction in Eq. (D1) modifies the initial power spectrum. The correction is given by the auto power
spectrum of the quadratic term. Following the same procedure as in the previous subsection, we obtain the general
expression

ΔPΦðkÞ ¼
X
lm

X
l0m0

ρll0ÃlmÃl0m0
D
ϕð2Þ
lmðk; σlmÞϕð2Þ

l0m0 ðk0; σl0m0 Þ
E0

¼
X
ll0m

ρll0 ÃlmÃl0m

Z
q1;q2

ð2πÞ3δDk−q12Ylmðq̂1; q̂2ÞY�
l0mðq̂1; q̂2ÞPϕðq1ÞPσðq2Þ: ðD23Þ

For the Uð1Þ-gauge model, the correction takes the specific form

ΔPΦðkÞ ¼
A2

4

Z
q1;q2

ð2πÞ3δDk−q12ð3 − 4μ12 − 2μ212 þ 4μ312 − μ412ÞPϕðq1ÞPσðq2Þ: ðD24Þ

APPENDIX E: VALIDATION TESTS FOR INITIAL CONDITIONS

To validate our initial conditions, we compare the trispectrum measured from the simulations with its analytical
prediction. We first review an estimator for the parity-odd trispectrum developed in Ref. [54]. Unlike the squeezed-type
trispectrum considered in Ref. [54], the collapsed-type trispectrum depends explicitly on the diagonal momenta. As a result,
when computing the corresponding theoretical prediction for the measurements, the spherical wave expansion of the
Dirac delta function used in Ref. [54], while still applicable, leads to an expression involving an infinite sum over
angular momentum, making it less tractable. Therefore, in order to derive a simpler expression in the thin-shell limit that
is applicable to more general trispectra, including the collapsed type, we present a more careful review and derivation in
the following.

1. Parity-odd trispectrum estimator

We adopt the parity-odd binned trispectrum estimator originally proposed in Ref. [54], which is defined as

T̂ð−Þ
δ;12345 ≡ T̂ð−Þ

δ ðb1; b2; b3; b4; b5Þ

≡ V3

NT
12345

X
m1 ∈ b1

X
m2 ∈ b2

X
m3 ∈ b3

X
m4 ∈ b4

X
m5 ∈ b5

½ik1 · ðik2 × ik3Þ�δðk1Þδðk2Þδðk3Þδðk4ÞδKm12;m5
δKm34;−m5

; ðE1Þ

where mi ¼ ðmi;x; mi;y; mi;zÞ is a tuple of three integers specifying the ith wave vector as ki ¼ kFmi, with kF ≡ 2π=L
denoting the fundamental frequency of the periodic simulation box with volume V ¼ L3. The index bi indicates the bin
label of the ith wave vector ki in a spherical shell. Here, b1;…; b4 correspond to the bin labels for the four edge momenta,
while b5 corresponds to that for the diagonal momentum k5 ¼ k12 ¼ −k34. The factor V3 on the right-hand side arises
from our forward-normalized discrete Fourier transform (DFT), where we define δðkÞ≡ δDFTðkÞ=N3

grid, with δDFTðkÞ
obtained from the unnormalized DFT and Ngrid being the number of grid points per side used in the FFT algorithm. For
normalization, we define the number of tetrahedra formed within a bin as

NT
12345 ≡ NTðb1; b2; b3; b4; b5Þ≡

X
m1 ∈ b1

X
m2 ∈ b2

X
m3 ∈ b3

X
m4 ∈ b4

X
m5 ∈ b5

δKm12;m5
δKm34;−m5

: ðE2Þ

Note that the scalar triple product in Eq. (E1) extracts the parity-odd component (i.e., the imaginary part) of the matter
trispectrum. Since the normalization defined in Eq. (E2) does not include the scalar triple product, the ensemble average of
the quantity measured by Eq. (E1) is not exactly the parity-odd component of the matter trispectrum itself (see the next
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subsection for further details). We compute T̂ð−Þ
δ and NT

12345 efficiently using FFTs, based on the (discrete) plane wave
expansion of the Kronecker delta (see, e.g., [54,137]),

T̂ð−Þ
δ;12345 ¼

V3

NT
12345

X
m5 ∈ b5

εijkF
ij
b1b2

ðk5ÞGk
b3b4

ð−k5Þ; NT
12345 ¼

X
m5 ∈ b5

Ub1b2ðk5ÞUb3b4ð−k5Þ; ðE3Þ

with

F ij
bb0 ðkÞ≡

Z
k
½∂iδbðxÞ�½∂jδb0 ðxÞ�eik·x; Gk

bb0 ðkÞ≡
Z
k
½∂kδbðxÞ�δb0 ðxÞeik·x; Ubb0 ðkÞ≡

Z
k
ubðxÞub0 ðxÞeik·x; ðE4Þ

where δb is the masked density field which, in Fourier space, takes δbðkÞ ¼ δðkÞwhen the mode is in the bth spherical-shell
bin (otherwise zero), and ub is the field similarly defined but it takes unity, i.e., ubðkÞ ¼ 1, instead. Note that the presence of
the imaginary unit in front of each ki in Eq. (E1) ensures that all calculations can be carried out using real-to-complex
Fourier transforms because its real-space counterpart corresponds to the derivative operator, ∂i, as shown in Eq. (E4).
Similarly, the bin-averaged wave number ki (i ¼ 1;…; 5) for each bin can be computed as

kiðb1; b2; b3; b4; b5Þ≡ 1

NT
12345

X
m1 ∈ b1

X
m2 ∈ b2

X
m3 ∈ b3

X
m4 ∈ b4

X
m5 ∈ b5

jkijδKm12;m5
δKm34;−m5

: ðE5Þ

2. Thin-shell limit

Here, we derive the analytical expression for the expectation value of Eq. (E1). We consider the continuous limit of the
discrete sum and the Kronecker delta as follows:

X
mi ∈ bi

→ V
Z
qi

ubiðqiÞ; δKm12;m5
→

ð2πÞ3
V

δDq12−q5 ; ðE6Þ

where ub is the selection function for the bth shell, defined in Eq. (E4). We begin by taking the continuous limit of Eq. (E2),
and we obtain

NT
12345 → V3

Y5
i¼1

�Z
qi

ubiðqiÞ
�
ð2πÞ3δDq12−q5

ð2πÞ3δDq34þq5

¼ V3

Z
q5

ub5ðq5Þ
�Z

q1

ub1ðq1Þub2ðq5 − q1Þ
��Z

q3

ub3ðq3Þub4ð−q5 − q3Þ
�
: ðE7Þ

Next, adopting the thin-shell limit for the selection function

ubiðqiÞ → ΔkδDðqi − kiÞ; ðE8Þ

where ki is the effective wave number defined in Eq. (E5), Eq. (E7) simplifies to

NT
12345 → V3ðΔkÞ5

Z
q5

δDðq5 − k5Þ
Z
q̂5

�Z
q1

δDðq1 − k1ÞδDðjq5 − q1j − k2Þ
��Z

q3

δDðq3 − k3ÞδDðjq5 þ q3j − k4Þ
�

¼ V3ðΔkÞ5 k21
2π2

k23
2π2

k25
2π2

Z
q̂1;q̂3;q̂5

δDðjk5q̂5 − k1q̂1j − k2ÞδDðjk5q̂5 þ k3q̂3j − k4Þ

¼ V3ðΔkÞ5 k21
2π2

k23
2π2

k25
2π2

�Z
1

−1

dμ1
2

δDðjk5q̂5 − k1q̂1j − k2Þ
��Z

1

−1

dμ3
2

δDðjk5q̂5 þ k3q̂3j − k4Þ
� Z

2π

0

dϕ
2π

1

¼ V3ðΔkÞ5 k1k2k3k4
32π6

Δðk1; k2; k5ÞΔðk3; k4; k5Þ; ðE9Þ
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where Δða; b; cÞ is a selection function that returns 1 if the
arguments satisfy the triangle condition, and 0 otherwise.
Note that, in the third line, μi ≡ q̂5 · q̂i denotes the cosine
of the angle between the diagonal momentum q5 and edge

momenta, and ϕ is the angle between the two triangles
sharing q5.
Similarly, evaluating the expectation value of Eq. (E1)

under the continuous and thin-shell limits gives

D
T̂ð−Þ
δ;12345

E
→ k25

Y4
i¼1

�
ki

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − μ2i

q �Z
2π

0

dϕ
2π

sin2ϕτδ−ðk1; k2; k3; k4; k5;ϕÞ; ðE10Þ

where τδ− is the parity-odd component of the matter
trispectrum [excluding the scalar triple product, as defined
in Eq. (3)]. If the trispectrum has no dependence on the
diagonal configuration, i.e., no ϕ dependence, the ϕ
integral reduces to a constant factor of 1=2. However, if
the trispectrum depends on ϕ, the full one-dimensional
integral over ϕ must be evaluated explicitly.
Figure 15 shows a comparison between the parity-odd

trispectrum measured from the initial conditions and the
theoretical prediction computed from Eq. (E10). To high-
light the structure of the theoretical prediction, we decom-
pose the total signal into contributions from individual
channels, shown in different colors. For the decomposition
into the three channels, see Appendix C 1. The measure-
ment is performed using kmin ¼ 0.0, kmax ¼ 0.2, and
Nbin ¼ 20, i.e., with a bin width Δk ¼ 0.01. However,
using the effective wave numbers ki derived directly from
this binning setup leads to a poor approximation in the thin-
shell limit. To improve accuracy, we employ a subgridding

method: we increase the number of bins toNHR
bin ¼ 100 (i.e.,

ΔkHR ¼ 0.002), compute Eq. (E10) for each subgrid
configuration with kHRi , and then take the weighted average
of the resulting values using the corresponding NT;HR

12345.
Since we refine each of the five ki directions by a factor of
5, this results in 55 ¼ 3125 subgrid points for each original
configuration. We have checked that this result is well
converged for both NHR

bin ¼ 80 and NHR
bin ¼ 100. As shown

in Fig. 15, the configurations listed at the beginning
correspond to cases where the diagonal momentum is
much smaller than the edge momenta, i.e., k12 ≪ ki. In
this regime, since s ¼ k1 þ k2 is small, the s-channel
contribution (blue) dominates. On the other hand, for
configurations where k1 ¼ k3 and k2 ¼ k4, the diagonal
momentum t ¼ k1 þ k3 becomes small, and the t-channel
(orange) provides the dominant contribution. Finally, the
last group of configurations illustrates how the overall sign
of the trispectrum can flip depending on the relative size of
k12 and k2.

FIG. 15. Same as Fig. 6, but the theoretical prediction is split into individual channels for clarity. The theory curves are computed
using a subgridding procedure to improve the thin-shell approximation (see text for details). For visual clarity, the sign of the signals
with opposite amplitude Agauge is flipped. Note that k12 ≡ k5 is the diagonal momentum.
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APPENDIX F: DEPENDENCE ON SHAPE
MEASUREMENTS

In this section, we further examine how the definitions
of halo shape measurements affect the bias parameters. Our
main analysis in the paper uses the reduced inertia tensor,
which employs a radial weighting wðrÞ ¼ 1=r2 in Eq. (13),

Iredij;g ¼
1

Nw

Z
dr ρgðrÞ

rirj
r2

; ðF1Þ

to focus on the inner regions of halos. Here, we additionally
present results obtained using the original (unweighted)
inertia tensor with wðrÞ ¼ 1,

Iorigij;g ¼ 1

Nw

Z
dr ρgðrÞrirj: ðF2Þ

Figure 16 shows the bias parameters measured with this
alternative shape definition, along with the corresponding
best-fit curves. The best-fit parameters, assuming the same
functional forms as Eqs. (124) and (127), are given by

β¼2.61�0.11; α2¼2.08�0.16; α4¼7.34�1.78:

ðF3Þ

While β and α2 remain consistent within 1σ, the best-fit
values of α4 differ from those obtained using the reduced
inertia tensor [see Eqs. (125) and (128)]. This difference
likely reflects the fact that the amplitude of the Gaussian
linear bias bK depends on the definition of the inertia tensor
used in shape measurements. Despite the shift in parameter
values, the same polynomial model provides a good fit to
the data in both cases.

APPENDIX G: THREE-DIMENSIONAL EB
POWER SPECTRUM

We derive Eq. (133) starting from Eq. (129), following
the method in Ref. [96], but with slightly modified notation
for improved clarity. The traceless part of the projected
tensor has 2 degrees of freedom, corresponding to spin-2
quantities on the sky, which can be isolated as

�2γðx; n̂Þ≡ ½m�
i ðn̂Þm�

j ðn̂Þ�†γijðx; n̂Þ; ðG1Þ

¼ ½m�
i ðn̂Þm�

j ðn̂Þ�†SijðxÞ; ðG2Þ

where m�
i is a complex unit vector associated with the

line-of-sight direction n̂, defined as

m�
i ðn̂Þ≡ ∓ 1ffiffiffi

2
p ðeθ;iðn̂Þ ∓ jeϕ;iðn̂ÞÞ; ðG3Þ

and we have used the identity m�
i m

�
j Pijkl ¼ m�

k m
�
l in the

second equality. This vector is the complex conjugate of the
complex basis vector defined in Eq. (26), i.e., e�i , but with
the argument replaced from the Fourier direction k̂ to the
line-of-sight direction n̂. To distinguish the two, we denote
it by a different symbol m�

i , although its mathematical
properties are identical to e�i . Note that the complex
notation associated withm�

i , i.e., the spin-2 decomposition,
is introduced purely for notational convenience. To avoid
confusion with complex conjugation of the physical field
Sij in Fourier space in the following, we use “j” for the
imaginary unit and “†” for complex conjugation for m�

i .
For example, in our notation, ½m�

i �† ¼ −m∓
i and thus

½�2γ�† ¼∓2 γ. The overall sign in Eq. (G3) is irrelevant,
as the projection is always quadratic in m�

i .

FIG. 16. Same as Fig. 8, but based on halo shapes defined using the original (unweighted) inertia tensor instead of the reduced one.
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Under the global plane-parallel approximation, the spin-2 decomposition in Fourier space takes an analogous form,

�2γðk; n̂Þ ¼ ½m�
i ðn̂Þm�

j ðn̂Þ�†SijðkÞ: ðG4Þ

We define coordinate-independent quantities, the so-called E-mode and B-mode fields, as

Eðk; n̂Þ � jBðk; n̂Þ≡ �2γðk; n̂Þe∓2jϕk̂;n̂ with e�2jϕk̂;n̂ ≡ 2m�
i m

�
j k̂ik̂j

Pijðn̂Þk̂ik̂j
: ðG5Þ

The phase factor cancels the dependence on the coordinate system in the plane perpendicular to n̂. Note that these two fields
satisfy the reality condition, e.g., Eð−k; n̂Þ ¼ E�ðk; n̂Þ. Following the same calculation as in Ref. [96], the coordinate-
independent power spectra can be summarized as

h½Eðk; n̂Þ þ jBðk; n̂Þ�½Eðk0; n̂Þ − jBðk0; n̂Þ�i0 ¼ PEEðk; μÞ þ PBBðk; μÞ þ 2jPEBðk; μÞ; ðG6Þ

h½Eðk; n̂Þ þ jBðk; n̂Þ�½Eðk0; n̂Þ þ jBðk0; n̂Þ�i0 ¼ PEEðk; μÞ − PBBðk; μÞ: ðG7Þ

The parity-even part, PEE and PBB, has already been derived in Ref. [96], so we omit the details here. The parity-odd part in
Eq. (G6), PEB, arises due to parity violation and was absent in Ref. [96]. Below, we derive its explicit form in detail.
From Eq. (G5), the imaginary part of the left-hand side of Eq. (G6) in j becomes

−hEðk; n̂ÞBðk0; n̂Þi þ hBðk; n̂ÞEðk0; n̂Þi: ðG8Þ

The first term in Eq. (G8) reduces to

hEðk; n̂ÞBðk0; n̂Þi ¼ −
j
4
fþhþ2γðk; n̂Þþ2γðk0; n̂Þie−2jϕk̂;n̂e−2jϕk̂0 ;n̂ − hþ2γðk; n̂Þ−2γðk0; n̂Þie−2jϕk̂;n̂eþ2jϕk̂0 ;n̂

þ h−2γðk; n̂Þþ2γðk0; n̂Þieþ2jϕk̂;n̂e−2jϕk̂0 ;n̂ − h−2γðk; n̂Þ−2γðk0; n̂Þieþ2jϕk̂;n̂eþ2jϕk̂0 ;n̂g: ðG9Þ

Using Eqs. (G4), (21), and (29), the first term in Eq. (G9) reduces to

hþ2γðk; n̂Þþ2γðk0; n̂Þi ¼ ½mþ
i m

þ
j m

þ
k m

þ
l �†hSijðkÞSklðk0Þi; ðG10Þ

¼ ð2πÞ3δDkþk0
X
λ;s

N −1
λ ½mþ

i m
þ
j m

þ
k m

þ
l �†Λðλ;sÞ

ij;kl ðk̂ÞPðλÞ
s ðkÞ: ðG11Þ

Here, we encounter the tensor contraction between the projection vectors with respect to the line of sight,

½mþ
i m

þ
j m

þ
k m

þ
l �†ðn̂Þ, and the tensor projectors for each Fourier mode Λðλ;sÞ

ij;kl ðk̂Þ. These contractions are summarized
in Table II. We observe that, since the line-of-sight projector mþ

i m
þ
j m

þ
k m

þ
l is totally symmetric in this case, only the

TABLE II. Summary of the tensor contractions between the projection vectors, m�
i , defined with respect to the line-of-sight direction

n̂, and the Fourier-space projection tensor Λðλ;sÞ
ij;kl corresponding to the tensor field mode k̂. The parity-even components are reproduced

from Ref. [96].

Λð0;þÞ
ij;kl ðk̂Þ Λð1;þÞ

ij;kl ðk̂Þ Λð2;þÞ
ij;kl ðk̂Þ Λð1;−Þ

ij;kl ðk̂Þ Λð2;−Þ
ij;kl ðk̂Þ

½mþ
i m

þ
j m

−
k m

−
l �†ðn̂Þ 3

8
ð1 − μ2Þ2 1

8
ð1 − μ2Þfð1 − μÞ2 þ ð1þ μÞ2g 1

32
fð1 − μÞ4 þ ð1þ μÞ4g ij

2
μð1 − μ2Þ ij

4
μð1þ μ2Þ

½mþ
i m

þ
j m

þ
k m

þ
l �†ðn̂Þ 3

8
ð1 − μ2Þ2eþ4jϕk̂;n̂ − 1

4
ð1 − μ2Þ2eþ4jϕk̂;n̂ 1

16
ð1 − μ2Þ2eþ4jϕk̂;n̂ 0 0
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parity-even components (s ¼ þ) contribute. However, these contributions cancel exactly with the fourth term in Eq. (G9).
In a similar manner, the second term in Eq. (G9) reduces to

hþ2γðk; n̂Þ−2γðk0; n̂Þi ¼ ½mþ
i m

þ
j m

−
k m

−
l �†hSijðkÞSklðk0Þi; ðG12Þ

¼ ð2πÞ3δDkþk0
X
λ;s

N −1
λ ½mþ

i m
þ
j m

−
k m

−
l �†Λðλ;sÞ

ij;kl ðk̂ÞPðλÞ
s ðkÞ: ðG13Þ

According to Table II, both parity-even and parity-odd components become nonzero here. The parity-even contributions
cancel with those from the third term, while the parity-odd contributions from the second and third terms are identical.
Therefore, we can simply compute one of them and double the result. We thus obtain

PEBðk; μÞ≡ hEðk; n̂ÞBðk0; n̂Þi0 ¼ j
2
hþ2γðk; n̂Þ−2γðk0; n̂Þi0e−2jϕk̂;n̂eþ2jϕk̂0 ;n̂

¼ j
2

X
λ¼1;2

N −1
λ ½mþ

i m
þ
j m

−
k m

−
l �†Λðλ;−Þ

ij;kl ðk̂ÞPðλÞ
− ðkÞe−2jϕk̂;n̂eþ2jϕ−k̂;n̂

¼ j
2



ijμð1 − μ2ÞPð1Þ

− ðkÞ þ ij
2
μð1þ μ2ÞPð2Þ

− ðkÞ
�

¼ −
i
2
μð1 − μ2ÞPð1Þ

− ðkÞ − i
4
μð1þ μ2ÞPð2Þ

− ðkÞ; ðG14Þ

where we used e2jϕ−k̂;n̂ ¼ e2jðϕk̂;n̂þπÞ ¼ e2jϕk̂;n̂ . This corresponds to Eq. (133) in the main text.

APPENDIX H: ANGULAR EB POWER SPECTRUM

1. Full-sky formulae

In this appendix, we summarize the expressions for the angular power spectra required in the Fisher analysis presented in
Sec. IV B. All formulae are derived based on the formalism developed in Ref. [125] (see also Refs. [38,43,44,46]), and we
only present the final results here. The primary signal we consider is the IA EB angular power spectrum. Since the analysis
is performed on linear scales, the sample variance in the covariance includes contributions from the EE auto power spectra
of IA (“I” component) and weak lensing (“G” component), and their cross-spectrum.
The auto angular power spectrum for IA can be expressed as

CXY jIIðl; z; z0Þ ¼ π
ðl − 2Þ!
ðlþ 2Þ!

X
λ

NðλÞ
C

ðlþ λÞ!
ðl − λÞ!

Z
k
PðλÞ
sðXYÞðk; z; z0ÞFðλÞ

X;l

			IðxÞFðλÞ
Y;l

			Iðx0Þ; ðH1Þ

where x≡ kχðzÞ and x0 ≡ kχðz0Þ, and X; Y ∈ fE;Bg. Here, sðXYÞ ¼ þ for parity-even spectra (XY ¼ EE or BB), and
sðXYÞ ¼ − for the parity-odd spectrum (XY ¼ EB). The helicity index λ runs over f0; 1; 2g for parity-even spectra and

f1; 2g for parity-odd spectra. The normalization factor is given by Nð0Þ
C ¼ 3=2, Nð1Þ

C ¼ 2 and Nð2Þ
C ¼ 1=2. The (real) kernel

function for the intrinsic contribution FðλÞ
X;ljI is defined via

FðλÞ
E;l

			IðxÞ þ iFðλÞ
B;l

			IðxÞ≡ Q̂ðλÞðxÞ
�
jlðxÞ
xλ

�
; ðH2Þ

where Q̂ðλÞ are (complex) differential operators acting on the spherical Bessel function jl. The explicit forms of these
operators are given by

Q̂ð0ÞðxÞ ¼ 4þ 8x∂x þ x2 þ 12∂2x þ 8x∂3x þ 2x2∂2x þ x2∂4x; ðH3Þ

Q̂ð1ÞðxÞ ¼ ðx2 þ 4x∂x þ x2∂2xÞ þ ið4xþ 12∂x þ x2∂x þ 8x∂2x þ x2∂3xÞ; ðH4Þ

Q̂ð2ÞðxÞ ¼ ð12 − x2 þ 8x∂x þ x2∂2xÞ − ið8xþ 2x2∂xÞ: ðH5Þ
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Applying these operators explicitly, we obtain the right-hand side of Eq. (H2) in closed form,

Q̂ð0ÞðxÞ½jlðxÞ� ¼ ðl − 1Þlðlþ 1Þðlþ 2Þ jlðxÞ
x2

; ðH6Þ

Q̂ð1ÞðxÞ
�
jlðxÞ
x

�
¼ ðl2 þ l − 2Þ jlðxÞ

x
þ iðl2 þ l − 2Þ

�
j0lðxÞ
x

þ jlðxÞ
x2

�
; ðH7Þ

Q̂ð2ÞðxÞ
�
jlðxÞ
x2

�
¼ ðl2 þ lþ 2 − 2x2Þ jlðxÞ

x2
þ 2

j0lðxÞ
x

− 2i

�
j0lðxÞ þ 2

jlðxÞ
x

�
: ðH8Þ

For photometric redshift samples, the angular power spectrum between tomographic bins with redshift (radial)
distributions paðχÞ and pbðχ0Þ is obtained by replacing the integrand in Eq. (H1) as

PðλÞ
sðXYÞðk; z; z0ÞFðλÞ

X;l

			IðxÞFðλÞ
Y;l

			Iðx0Þ → Z
∞

0

dχ paðχÞ
Z

∞

0

dχ0 pbðχ0ÞPðλÞ
sðXYÞðk; z; z0ÞFðλÞ

X;l

			IðxÞFðλÞ
Y;l

			Iðx0Þ: ðH9Þ

For the parity-odd power spectrum based on Eq. (93), assuming the geometric approximation Pðk; z; z0Þ ≃ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pðk; zÞPðk; z0Þp

and slowly varying bias parameters bðλÞ− ðzÞ within each bin, the tomographic EB power spectrum becomes

Cab
EBjIIðlÞ ¼ Agaugeπ

ðl − 2Þ!
ðlþ 2Þ!

X2
λ¼1

NðλÞ
C

ðlþ λÞ!
ðl − λÞ!

Z
k
PϕðkÞ

h			b̄ðλÞ− ðaÞ
			F̄ðλÞ

E;l

			Iðk; aÞih			b̄ðλÞ− ðbÞ
			F̄ðλÞ

B;l

			Iðk; bÞi; ðH10Þ

with the averaged quantities over redshift

jb̄ðλÞ− ðaÞj≡
Z

∞

0

dχ paðχÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðbðλÞ− ðχÞÞ2

q
; F̄ðλÞ

X;lðk; aÞ≡
Z

∞

0

dχ paðχÞFðλÞ
X;lðkχÞ: ðH11Þ

For the sample variance in the covariance matrix, we consider the linear alignment contribution for IA, which suffices for
large-scale signals beyond the flat-sky regime. The tomographic EE power spectrum from IA is then

Cab
EEjIIðlÞ ¼ π

ðl − 2Þ!
ðlþ 2Þ!

Z
k
Pðk; 0Þ

h
¯̃bKðaÞF̄ð0Þ

E;l

			Iðk; aÞih ¯̃bKðbÞF̄ð0Þ
E;l

			Iðk; bÞi; ðH12Þ

where b̃KðzÞ≡ bKðzÞD̃ðzÞ with D̃ð0Þ ¼ 1, and

¯̃bKðaÞ≡
Z

∞

0

dχ paðχÞb̃KðχÞ: ðH13Þ

Note that we assumed that b̃KðzÞ ∝ AIAðzÞ varies slowly within each bin.
In addition, we consider the weak lensing contribution to the covariance, which is a scalar (helicity-0) component. Under

the geometric approximation,

CEEjGGðl; z; z0Þ ¼ π
ðl − 2Þ!
ðlþ 2Þ!

Z
k
Pðk; 0ÞFð0Þ

E;l

			GðxÞFð0Þ
E;l

			Gðx0Þ; ðH14Þ

where

Fð0Þ
E;l

			GðxÞ≡ 3ΩmH2
0

Z
χ

0

dχ0ðχ − χ0Þ χ
0

χ

D̃ðχ0Þ
aðχ0Þ Q̂

ð0Þðx0Þ½jlðx0Þ�; ðH15Þ
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with aðχÞ being the scale factor. The tomographic weak lensing power spectrum becomes

Cab
EE

			GGðlÞ ¼ π
ðl − 2Þ!
ðlþ 2Þ!

Z
k
Pðk; 0ÞF̄ð0Þ

E;l

			Gðk; aÞF̄ð0Þ
E;l

			Gðk; bÞ: ðH16Þ

In summary, we obtain the weak lensing and IA contributions to the covariance at linear scales,

Cab
EE

			GGþGIþIGþIIðlÞ¼π
ðl−2Þ!
ðlþ2Þ!

Z
k
Pðk;0Þ

h
F̄ð0Þ
E;l

			Gðk;aÞþ ¯̃bKðaÞF̄ð0Þ
E;l

			Iðk;aÞihF̄ð0Þ
E;l

			Gðk;bÞþ ¯̃bKðbÞF̄ð0Þ
E;l

			Iðk;bÞi: ðH17Þ

2. High-l limit

The angular power spectrum presented in Eq. (H10) is exact for all l and thus suitable for a full-sky analysis including
low-l modes. However, its numerical evaluation is computationally expensive. In cases where a flat-sky approximation is
valid, it is useful to derive the high-l limit expressions. The leading terms of the kernels in Eqs. (H6)–(H8) in the high-l
limit are given by

Q̂ð0ÞðxÞ½jlðxÞ� ≃
l4

x2
jlðxÞ; ðH18Þ

Q̂ð1ÞðxÞ
�
jlðxÞ
x

�
≃
l2

x
jlðxÞ þ i

�
l2

x
j0lðxÞ þ

l2

x2
jlðxÞ

�
; ðH19Þ

Q̂ð2ÞðxÞ
�
jlðxÞ
x2

�
≃
�
l2

x2
− 2

�
jlðxÞ − 2i

�
j0lðxÞ þ

2

x
jlðxÞ

�
: ðH20Þ

Note that in this limit, j0lðxÞ is of the same order as jlðxÞ=x, so we keep both.
The EB cross power spectrum involves integrals of the real and imaginary parts of these kernels, leading to terms of the

forms jlðxÞjlðx0Þ and j0lðxÞjlðx0Þ. The first type can be evaluated using the well-known Limber approximation,

jlðxÞ ≃
ffiffiffiffiffi
π

2ν

r
δDðx − νÞ; where ν ¼ lþ 1=2: ðH21Þ

Since we are interested only in the leading-order behavior, we will set ν ≃ l in the following. Using the Limber
approximation, we find

I ðλÞ
− ½f; g�ðlÞ≡

Z
∞

0

k2dk
2π2

PϕðkÞ
Z

∞

0

dχ paðχÞbðλÞ− ðχÞfðxÞjlðxÞ
Z

∞

0

dχ0 paðχ0ÞbðλÞ− ðχ0Þgðx0Þjlðx0Þ

≃
1

4π

Z
∞

0

dχ
p2
aðχÞ
χ2

ðbðλÞ− ðχÞÞ2Pϕ

�
k ¼ l

χ

�
fðlÞgðlÞ: ðH22Þ

For the second type involving derivatives, we perform integration by parts and define

J ðλÞ
− ½f; g�ðlÞ≡

Z
∞

0

k2dk
2π2

PϕðkÞ
Z

∞

0

dχ paðχÞbðλÞ− ðχÞfðxÞj0lðxÞ
Z

∞

0

dχ0 paðχ0ÞbðλÞ− ðχ0Þgðx0Þjlðx0Þ

≃
Z

∞

0

k2dk
2π2

PϕðkÞ
�
−
1

k

�Z
∞

0

dχ jlðxÞ
d
dχ

h
paðχÞbðλÞ− ðχÞfðxÞ

i Z ∞

0

dχ0 paðχ0ÞbðλÞ− ðχ0Þgðx0Þjlðx0Þ

≃
3 − ns
2l

I ðλÞ
− ½f; g�ðlÞ − I ðλÞ

− ½f0; g�ðlÞ; ðH23Þ

where in the first approximation we dropped the boundary term from integration by parts, and in the second we applied the
Limber approximation, assumed weak redshift dependence of the bias, and used PϕðkÞ ∝ kns−4.
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Using the above results, the contributions from each helicity mode to the high-l limit of Eq. (H10) are given by

Caa
EBjðλ¼1ÞðlÞ ≃ Agaugeπ ·

1

l4
· 2 · l2 ·

�
J ð1Þ

−

�
l2

x
;
l2

x

�
ðlÞ þ I ð1Þ

−

�
l2

x
;
l2

x2

�
ðlÞ
�

¼ Agauge
7 − ns
l

I ð1Þ
− ½1; 1�; ðH24Þ

Caa
EBjðλ¼2ÞðlÞ ≃ Agaugeπ ·

1

l4
·
1

2
· l4 ·

�
2J ð2Þ

− ½1; 1�ðlÞ þ 4I ð2Þ
−

�
1;
1

x

�
ðlÞ
�

¼ Agauge
7 − ns
2l

I ð2Þ
− ½1; 1�; ðH25Þ

which yields the expression in Eq. (147) of the main text by substituting ns ≃ 1 for simplicity.

APPENDIX I: ANGULAR INTEGRAL OF PRODUCT OF MOMENTA

We derive a useful formula of the angular integral of the product of momenta,

Z
q
q̂i1 � � � q̂ilfðk;qÞ ¼

X½l=2�
k¼0

al;kδði1i2…δi2k−1i2k

n
k̂i2kþ1

� � � k̂ilÞ
o
TF
Z
q
Ll−2kðμÞfðk;qÞ; ðI1Þ

for any isotropic function fðk;qÞ ¼ fðk; q; μÞ with μ≡ k̂ · q̂, where al;k will be defined in Eq. (I3). We denote the
symmetric part of a tensor using parentheses around its indices, e.g., xðiyjÞ ¼ ðxiyj þ xjyiÞ=2, and the trace-free part using
curly brackets and/or a superscript “TF,” e.g., fxðiyjÞgTF ¼ ðxiyj þ xjyiÞ=2 − xkykδij=3.
We begin with the formula for constructing a symmetric trace-free rank-l tensor from a symmetric rank-l tensor Ti1i2���il

(e.g., [79,138,139]),

TTF
i1i2���il ¼

X½l=2�
k¼0

ãl;kδði1i2…δi2k−1i2kTi2kþ1���ilÞj1j1���jkjk ; with ãl;k ¼
l!

ð2l − 1Þ!!
ð−1Þkð2l − 2k − 1Þ!!

2kk!ðl − 2kÞ! : ðI2Þ

Applying Eq. (I2) recursively, we derive its inverse formula, i.e., the decomposition formula of Ti1i2���il into the sum of its
trace-free parts,

Ti1i2���il ¼
X½l=2�
k¼0

al;kδði1i2…δi2k−1i2kT
TF
i2kþ1���ilÞj1j1���jkjk ; with al;k ¼

l!
ð2l − 2kþ 1Þ!!

ð2l − 4kþ 1Þ!!
2kk!ðl − 2kÞ! : ðI3Þ

For Ti1i2���il ≡ q̂i1 � � � q̂il, Eq. (I3) reduces to

q̂i1 � � � q̂il ¼
X½l=2�
k¼0

al;kδði1i2…δi2k−1i2kfq̂i2kþ1
� � � q̂ilÞgTF: ðI4Þ

Next, we recall the expansion of the Legendre polynomials in terms of the symmetric trace-free tensors [79],

Llðk̂ · q̂Þ ¼ ð2l − 1Þ!!
l!

k̂i1 � � � k̂ilfq̂i1 � � � q̂ilgTF: ðI5Þ

Using Eq. (I5), we derive the formula for the angular integral of the trace-free part of the product of momenta,Z
q
fq̂i1 � � � q̂ilgTFfðk;qÞ ¼ fk̂i1 � � � k̂ilgTF

Z
q
LlðμÞfðk;qÞ; ðI6Þ

where we have used the symmetric trace-free condition on the left-hand side to restrict possible tensors on the right-hand
side to fk̂i1 � � � k̂ilgTF alone, and Llð1Þ ¼ 1 for any l to match the normalization. Substituting Eq. (I6) into Eq. (I4),
we obtain Eq. (I1).
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In the following, we present some examples of angular integrals. We introduce a shorthand notation for the multipole
moment of the isotropic function fðk;qÞ:

FlðkÞ≡
Z
q
LlðμÞfðk;qÞ: ðI7Þ

l ¼ 0: Z
q
f ¼ F0: ðI8Þ

l ¼ 1: Z
q
q̂if ¼ k̂iF1: ðI9Þ

l ¼ 2:

q̂iq̂j ¼ fq̂iq̂jgTF þ
1

3
δij; ðI10Þ

Z
q
q̂iq̂jf ¼

n
k̂ik̂j

o
TF
F2 þ

1

3
δijF0: ðI11Þ

l ¼ 3:

q̂iq̂jq̂k ¼
n
q̂iq̂jq̂k

o
TF þ 1

5
ðδijq̂k þ 2 permsÞ; ðI12Þ

Z
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q̂iq̂jq̂kf ¼

n
k̂ik̂jk̂k

o
TF
F3 þ

1

5
ðδijk̂k þ 2 permsÞF1: ðI13Þ

l ¼ 4:

q̂iq̂jq̂kq̂l ¼
n
q̂iq̂jq̂kq̂l

o
TF þ 1
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�
δijfq̂kq̂lgTF þ 5 perms
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þ 1

15
ðδijδkl þ 2 permsÞ; ðI14Þ
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q
q̂iq̂jq̂kq̂lf ¼

n
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F4 þ

1

7

�
δij
n
k̂kk̂l

o
TF þ 5 perms

�
F2 þ

1

15
ðδijδkl þ 2 permsÞF0: ðI15Þ

[1] E. Komatsu, New physics from the polarized light of the
cosmic microwave background, Nat. Rev. Phys. 4, 452
(2022).

[2] M. Shiraishi, Parity violation in the CMB trispectrum from
the scalar sector, Phys. Rev. D 94, 083503 (2016).

[3] R. N. Cahn, Z. Slepian, and J. Hou, Test for cosmological
parity violation using the 3D distribution of galaxies, Phys.
Rev. Lett. 130, 201002 (2023).

[4] T. D. Lee and C. N. Yang, Question of parity conservation
in weak interactions, Phys. Rev. 104, 254 (1956).

[5] C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and
R. P. Hudson, Experimental test of parity conservation in
beta decay, Phys. Rev. 105, 1413 (1957).

[6] S. Weinberg, Cosmology (Oxford University Press,
New York, 2008).

[7] A. A. Starobinsky, A new type of isotropic cosmological
models without singularity, Phys. Lett. 91B, 99 (1980).

[8] A. H. Guth, Inflationary universe: A possible solution to
the horizon and flatness problems, Phys. Rev. D 23, 347
(1981).

PARITY VIOLATION IN GALAXY SHAPES: PRIMORDIAL … PHYS. REV. D 113, 063557 (2026)

063557-49

https://doi.org/10.1038/s42254-022-00452-4
https://doi.org/10.1038/s42254-022-00452-4
https://doi.org/10.1103/PhysRevD.94.083503
https://doi.org/10.1103/PhysRevLett.130.201002
https://doi.org/10.1103/PhysRevLett.130.201002
https://doi.org/10.1103/PhysRev.104.254
https://doi.org/10.1103/PhysRev.105.1413
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1103/PhysRevD.23.347
https://doi.org/10.1103/PhysRevD.23.347


[9] K. Sato, First-order phase transition of a vacuum and the
expansion of the universe, Mon. Not. R. Astron. Soc. 195,
467 (1981).

[10] A. D. Linde, A new inflationary universe scenario: A
possible solution of the horizon, flatness, homogeneity,
isotropy and primordial monopole problems, Phys. Lett.
108B, 389 (1982).

[11] A. Albrecht and P. J. Steinhardt, Cosmology for grand
unified theories with radiatively induced symmetry break-
ing, Phys. Rev. Lett. 48, 1220 (1982).

[12] M. Zaldarriaga and U. Seljak, All-sky analysis of polari-
zation in the microwave background, Phys. Rev. D 55,
1830 (1997).

[13] M. Kamionkowski, A. Kosowsky, and A. Stebbins, Sta-
tistics of cosmic microwave background polarization,
Phys. Rev. D 55, 7368 (1997).

[14] Y. Minami and E. Komatsu, New extraction of the cosmic
birefringence from the Planck 2018 polarization data,
Phys. Rev. Lett. 125, 221301 (2020).

[15] S. M. Carroll, G. B. Field, and R. Jackiw, Limits on a
Lorentz- and parity-violating modification of electrody-
namics, Phys. Rev. D 41, 1231 (1990).

[16] S. M. Carroll and G. B. Field, Einstein equivalence prin-
ciple and the polarization of radio galaxies, Phys. Rev. D
43, 3789 (1991).

[17] D. Harari and P. Sikivie, Effects of a Nambu-Goldstone
boson on the polarization of radio galaxies and the cosmic
microwave background, Phys. Lett. B 289, 67 (1992).

[18] S. M. Carroll, Quintessence and the rest of the world:
Suppressing long-range interactions, Phys. Rev. Lett. 81,
3067 (1998).

[19] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto,
Non-Gaussianity from inflation: Theory and observations,
Phys. Rep. 402, 103 (2004).

[20] O. H. E. Philcox and M. Shiraishi, Testing parity symmetry
with the polarized cosmic microwave background, Phys.
Rev. D 109, 083514 (2024).

[21] O. H. E. Philcox, Searching for inflationary physics with
the CMB trispectrum: 3. Constraints from Planck, Phys.
Rev. D 111, 123534 (2025).

[22] L. Sorbo, Parity violation in the cosmic microwave back-
ground from a pseudoscalar inflaton, J. Cosmol. Astropart.
Phys. 06 (2011) 003.

[23] O. H. E. Philcox, Probing parity violation with the four-
point correlation function of BOSS galaxies, Phys. Rev. D
106, 063501 (2022).

[24] J. Hou, Z. Slepian, and R. N. Cahn, Measurement of parity-
odd modes in the large-scale 4-point correlation function of
Sloan Digital Sky Survey Baryon Oscillation spectroscopic
survey twelfth data release CMASS and LOWZ galaxies,
Mon. Not. R. Astron. Soc. 522, 5701 (2023).

[25] A. Krolewski, S. May, K. Smith, and H. Hopkins, No
evidence for parity violation in BOSS, J. Cosmol. Astro-
part. Phys. 08 (2024) 044.

[26] O. H. E. Philcox and J. Ereza, Could sample variance be
responsible for the parity-violating signal seen in the
baryon oscillation spectroscopic survey?, Phil. Trans. R.
Soc. A 383, 20240034 (2025).

[27] Z. Slepian et al., Measurement of parity-violating modes of
the dark energy spectroscopic instrument (DESI) year 1

luminous red galaxies’ 4-point correlation function,
arXiv:2508.09133.

[28] R. A. C. Croft and C. A. Metzler, Weak-lensing surveys
and the intrinsic correlation of galaxy ellipticities, As-
trophys. J. 545, 561 (2000).

[29] P. Catelan, M. Kamionkowski, and R. D. Blandford,
Intrinsic and extrinsic galaxy alignment, Mon. Not. R.
Astron. Soc. 320, L7 (2001).

[30] R. G. Crittenden, P. Natarajan, U.-L. Pen, and T. Theuns,
Discriminating weak lensing from intrinsic spin correla-
tions using the curl-gradient decomposition, Astrophys. J.
568, 20 (2002).

[31] Y. P. Jing and Y. Suto, Triaxial modeling of halo density
profiles with high-resolution N-body simulations, Astro-
phys. J. 574, 538 (2002).

[32] C. M. Hirata and U. Seljak, Intrinsic alignment-lensing
interference as a contaminant of cosmic shear, Phys. Rev.
D 70, 063526 (2004).

[33] B. Joachimi, M. Cacciato, T. D. Kitching, A. Leonard, R.
Mandelbaum, B. M. Schäfer, C. Sifón, H. Hoekstra, A.
Kiessling, D. Kirk, and A. Rassat, Galaxy alignments: An
overview, Space Sci. Rev. 193, 1 (2015).

[34] A. Kiessling, M. Cacciato, B. Joachimi, D. Kirk, T. D.
Kitching, A. Leonard, R. Mandelbaum, B. M. Schäfer, C.
Sifón, M. L. Brown, and A. Rassat, Galaxy alignments:
Theory, modelling &amp; simulations, Space Sci. Rev.
193, 67 (2015).

[35] D. Kirk, M. L. Brown, H. Hoekstra, B. Joachimi, T. D.
Kitching, R. Mand elbaum, C. Sifón, M. Cacciato, A.
Choi, A. Kiessling, A. Leonard, A. Rassat, and B. M.
Schäfer, Galaxy alignments: Observations and impact on
cosmology, Space Sci. Rev. 193, 139 (2015).

[36] M. A. Troxel and M. Ishak, The intrinsic alignment of
galaxies and its impact on weak gravitational lensing in an
era of precision cosmology, Phys. Rep. 558, 1 (2015).

[37] C. Lamman, E. Tsaprazi, J. Shi, N. N. Šarčević, S. Pyne, E.
Legnani, and T. Ferreira, The IA guide: A breakdown of
intrinsic alignment formalisms, Open J. Astrophys. 7, 14
(2024).

[38] F. Schmidt and D. Jeong, Large-scale structure with gravi-
tational waves. II. Shear, Phys. Rev. D 86, 083513 (2012).

[39] N. E. Chisari and C. Dvorkin, Cosmological information
in the intrinsic alignments of luminous red galaxies, J.
Cosmol. Astropart. Phys. 12 (2013) 029.

[40] F. Schmidt, N. E. Chisari, and C. Dvorkin, Imprint of
inflation on galaxy shape correlations, J. Cosmol. Astro-
part. Phys. 10 (2015) 032.

[41] A. Taruya and T. Okumura, Improving geometric and
dynamical constraints on cosmology with intrinsic align-
ments of galaxies, Astrophys. J. 891, L42 (2020).

[42] R. G. Crittenden, P. Natarajan, U.-L. Pen, and T. Theuns,
Discriminating weak lensing from intrinsic spin correla-
tions using the curl-gradient decomposition, Astrophys. J.
568, 20 (2002).

[43] F. Schmidt, E. Pajer, and M. Zaldarriaga, Large-scale
structure and gravitational waves. III. Tidal effects, Phys.
Rev. D 89, 083507 (2014).

[44] M. Biagetti and G. Orlando, Primordial gravitational
waves from galaxy intrinsic alignments, J. Cosmol. As-
tropart. Phys. 07 (2020) 005.

KURITA, JAMIESON, KOMATSU, and SCHMIDT PHYS. REV. D 113, 063557 (2026)

063557-50

https://doi.org/10.1093/mnras/195.3.467
https://doi.org/10.1093/mnras/195.3.467
https://doi.org/10.1016/0370-2693(82)91219-9
https://doi.org/10.1016/0370-2693(82)91219-9
https://doi.org/10.1103/PhysRevLett.48.1220
https://doi.org/10.1103/PhysRevD.55.1830
https://doi.org/10.1103/PhysRevD.55.1830
https://doi.org/10.1103/PhysRevD.55.7368
https://doi.org/10.1103/PhysRevLett.125.221301
https://doi.org/10.1103/PhysRevD.41.1231
https://doi.org/10.1103/PhysRevD.43.3789
https://doi.org/10.1103/PhysRevD.43.3789
https://doi.org/10.1016/0370-2693(92)91363-E
https://doi.org/10.1103/PhysRevLett.81.3067
https://doi.org/10.1103/PhysRevLett.81.3067
https://doi.org/10.1016/j.physrep.2004.08.022
https://doi.org/10.1103/PhysRevD.109.083514
https://doi.org/10.1103/PhysRevD.109.083514
https://doi.org/10.1103/y81z-g7th
https://doi.org/10.1103/y81z-g7th
https://doi.org/10.1088/1475-7516/2011/06/003
https://doi.org/10.1088/1475-7516/2011/06/003
https://doi.org/10.1103/PhysRevD.106.063501
https://doi.org/10.1103/PhysRevD.106.063501
https://doi.org/10.1093/mnras/stad1062
https://doi.org/10.1088/1475-7516/2024/08/044
https://doi.org/10.1088/1475-7516/2024/08/044
https://doi.org/10.1098/rsta.2024.0034
https://doi.org/10.1098/rsta.2024.0034
https://arXiv.org/abs/2508.09133
https://doi.org/10.1086/317856
https://doi.org/10.1086/317856
https://doi.org/10.1046/j.1365-8711.2001.04105.x
https://doi.org/10.1046/j.1365-8711.2001.04105.x
https://doi.org/10.1086/338838
https://doi.org/10.1086/338838
https://doi.org/10.1086/341065
https://doi.org/10.1086/341065
https://doi.org/10.1103/PhysRevD.70.063526
https://doi.org/10.1103/PhysRevD.70.063526
https://doi.org/10.1007/s11214-015-0177-4
https://doi.org/10.1007/s11214-015-0203-6
https://doi.org/10.1007/s11214-015-0203-6
https://doi.org/10.1007/s11214-015-0213-4
https://doi.org/10.1016/j.physrep.2014.11.001
https://doi.org/10.21105/astro.2309.08605
https://doi.org/10.21105/astro.2309.08605
https://doi.org/10.1103/PhysRevD.86.083513
https://doi.org/10.1088/1475-7516/2013/12/029
https://doi.org/10.1088/1475-7516/2013/12/029
https://doi.org/10.1088/1475-7516/2015/10/032
https://doi.org/10.1088/1475-7516/2015/10/032
https://doi.org/10.3847/2041-8213/ab7934
https://doi.org/10.1086/338838
https://doi.org/10.1086/338838
https://doi.org/10.1103/PhysRevD.89.083507
https://doi.org/10.1103/PhysRevD.89.083507
https://doi.org/10.1088/1475-7516/2020/07/005
https://doi.org/10.1088/1475-7516/2020/07/005


[45] K. Akitsu, Y. Li, and T. Okumura, Gravitational wave
fossils in nonlinear regime: Halo tidal bias and intrinsic
alignments from gravitational wave separate universe
simulations, Phys. Rev. D 107, 063531 (2023).

[46] O. H. E. Philcox, M. J. König, S. Alexander, and D. N.
Spergel, What can galaxy shapes tell us about physics
beyond the standard model?, Phys. Rev. D 109, 063541
(2024).

[47] T. Okumura and M. Sasaki, Extracting parity-violating
gravitational waves from projected tidal force tensor in
three dimensions, J. Cosmol. Astropart. Phys. 10 (2024)
060.

[48] Y. Mikura, T. Okumura, and M. Sasaki, Imprints of
gravitational-wave polarizations on projected tidal tensor
in three dimensions, arXiv:2507.23302.

[49] S. Dodelson, E. Rozo, and A. Stebbins, Primordial gravity
waves and weak lensing, Phys. Rev. Lett. 91, 021301
(2003).

[50] K.W. Masui and U.-L. Pen, Primordial gravity wave
fossils and their use in testing inflation, Phys. Rev. Lett.
105, 161302 (2010).

[51] D. Jeong and M. Kamionkowski, Clustering fossils from
the early universe, Phys. Rev. Lett. 108, 251301 (2012).

[52] K.W. Masui, U.-L. Pen, and N. Turok, Two- and three-
dimensional probes of parity in primordial gravity waves,
Phys. Rev. Lett. 118, 221301 (2017).

[53] H.-R. Yu, P. Motloch, U.-L. Pen, Y. Yu, H. Wang, H. Mo,
X. Yang, and Y. Jing, Probing primordial chirality with
galaxy spins, Phys. Rev. Lett. 124, 101302 (2020).

[54] W. R. Coulton, O. H. E. Philcox, and F. Villaescusa-
Navarro, Signatures of a parity-violating universe, Phys.
Rev. D 109, 023531 (2024).

[55] J. Shim, U.-L. Pen, H.-R. Yu, and T. Okumura, Probing
vector chirality in the early universe, Phys. Rev. Lett. 135,
141002 (2025).

[56] P. Motloch, H.-R. Yu, U.-L. Pen, and Y. Xie, An observed
correlation between galaxy spins and initial conditions,
Nat. Astron. 5, 283 (2021).

[57] P. Motloch, U.-L. Pen, and H.-R. Yu, Correlating galaxy
shapes and initial conditions: An observational study,
Phys. Rev. D 105, 083504 (2022).

[58] P. Motloch, U.-L. Pen, and H.-R. Yu, Observational search
for primordial chirality violations using galaxy angular
momenta, Phys. Rev. D 105, 083512 (2022).

[59] W.W. Yin, L. Dai, J. Huang, L. Ji, and S. Ferraro, New
probe of cosmic birefringence using galaxy polarization
and shapes, Phys. Rev. Lett. 134, 161001 (2025).

[60] D. Blas, J. Lesgourgues, and T. Tram, The Cosmic Linear
Anisotropy Solving System (CLASS). Part II: Approxima-
tion schemes, J. Cosmol. Astropart. Phys. 07 (2011) 034.

[61] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. VI. Cosmological parameters, Astron. Astrophys.
641, A6 (2020).

[62] J. M. Bardeen, Gauge-invariant cosmological perturba-
tions, Phys. Rev. D 22, 1882 (1980).

[63] D. Jamieson, A. Caravano, J. Hou, Z. Slepian, and E.
Komatsu, Parity-odd power spectra: Concise statistics for
cosmological parity violation, Mon. Not. R. Astron. Soc.
533, 2582 (2024).

[64] J. Hou, Z. Slepian, and D. Jamieson, Can baryon acoustic
oscillations illuminate the parity-violating galaxy 4PCF?,
Phys. Rev. D 112, 123502 (2025).

[65] Z. Vlah, N. E. Chisari, and F. Schmidt, An EFT description
of galaxy intrinsic alignments, J. Cosmol. Astropart. Phys.
01 (2020) 025.

[66] M. Mirbabayi, F. Schmidt, and M. Zaldarriaga, Biased
tracers and time evolution, J. Cosmol. Astropart. Phys. 07
(2015) 030.

[67] V. Desjacques, D. Jeong, and F. Schmidt, Large-scale
galaxy bias, Phys. Rep. 733, 1 (2018).

[68] F. Bernardeau, S. Colombi, E. Gaztañaga, and R.
Scoccimarro, Large-scale structure of the universe and
cosmological perturbation theory, Phys. Rep. 367, 1
(2002).

[69] T. Matsubara, Stochasticity of bias and nonlocality of
galaxy formation: Linear scales, Astrophys. J. 525, 543
(1999).

[70] P. Coles and P. Erdogdu, Scale dependent galaxy bias,
J. Cosmol. Astropart. Phys. 10 (2007) 007.

[71] D. Baumann, A. Nicolis, L. Senatore, and M. Zaldarriaga,
Cosmological non-linearities as an effective fluid, J. Cos-
mol. Astropart. Phys. 07 (2012) 051.

[72] T. Bakx, T. Kurita, N. Elisa Chisari, Z. Vlah, and F.
Schmidt, Effective field theory of intrinsic alignments at
one loop order: A comparison to dark matter simulations,
J. Cosmol. Astropart. Phys. 10 (2023) 005.

[73] S.-F. Chen and N. Kokron, A Lagrangian theory for galaxy
shape statistics, J. Cosmol. Astropart. Phys. 01 (2024) 027.

[74] D. Tseliakhovich, C. Hirata, and A. Slosar, Non-
Gaussianity and large-scale structure in a two-field infla-
tionary model, Phys. Rev. D 82, 043531 (2010).

[75] K. M. Smith and M. LoVerde, Local stochastic non-
Gaussianity and N-body simulations, J. Cosmol. Astropart.
Phys. 11 (2011) 009.

[76] D. Baumann, S. Ferraro, D. Green, and K.M. Smith,
Stochastic bias from non-Gaussian initial conditions,
J. Cosmol. Astropart. Phys. 05 (2013) 001.

[77] V. Assassi, D. Baumann, and F. Schmidt, Galaxy bias
and primordial non-Gaussianity, J. Cosmol. Astropart.
Phys. 12 (2015) 043.

[78] K. M. Smith, L. Senatore, and M. Zaldarriaga, Optimal
analysis of the CMB trispectrum, arXiv:1502.00635.

[79] K. S. Thorne, Multipole expansions of gravitational radi-
ation, Rev. Mod. Phys. 52, 299 (1980).

[80] M. Michaux, O. Hahn, C. Rampf, and R. E. Angulo,
Accurate initial conditions for cosmological N-body sim-
ulations: Minimizing truncation and discreteness errors,
Mon. Not. R. Astron. Soc. 500, 663 (2021).

[81] O. Hahn, C. Rampf, and C. Uhlemann, Higher order initial
conditions for mixed baryon-CDM simulations, Mon. Not.
R. Astron. Soc. 503, 426 (2021).

[82] M. Crocce, S. Pueblas, and R. Scoccimarro, Transients
from initial conditions in cosmological simulations, Mon.
Not. R. Astron. Soc. 373, 369 (2006).

[83] R. Scoccimarro, L. Hui, M. Manera, and K. C. Chan,
Large-scale bias and efficient generation of initial con-
ditions for nonlocal primordial non-Gaussianity, Phys.
Rev. D 85, 083002 (2012).

PARITY VIOLATION IN GALAXY SHAPES: PRIMORDIAL … PHYS. REV. D 113, 063557 (2026)

063557-51

https://doi.org/10.1103/PhysRevD.107.063531
https://doi.org/10.1103/PhysRevD.109.063541
https://doi.org/10.1103/PhysRevD.109.063541
https://doi.org/10.1088/1475-7516/2024/10/060
https://doi.org/10.1088/1475-7516/2024/10/060
https://arXiv.org/abs/2507.23302
https://doi.org/10.1103/PhysRevLett.91.021301
https://doi.org/10.1103/PhysRevLett.91.021301
https://doi.org/10.1103/PhysRevLett.105.161302
https://doi.org/10.1103/PhysRevLett.105.161302
https://doi.org/10.1103/PhysRevLett.108.251301
https://doi.org/10.1103/PhysRevLett.118.221301
https://doi.org/10.1103/PhysRevLett.124.101302
https://doi.org/10.1103/PhysRevD.109.023531
https://doi.org/10.1103/PhysRevD.109.023531
https://doi.org/10.1103/ym2n-lzts
https://doi.org/10.1103/ym2n-lzts
https://doi.org/10.1038/s41550-020-01262-3
https://doi.org/10.1103/PhysRevD.105.083504
https://doi.org/10.1103/PhysRevD.105.083512
https://doi.org/10.1103/PhysRevLett.134.161001
https://doi.org/10.1088/1475-7516/2011/07/034
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1103/PhysRevD.22.1882
https://doi.org/10.1093/mnras/stae1924
https://doi.org/10.1093/mnras/stae1924
https://doi.org/10.1103/zpmc-pqzk
https://doi.org/10.1088/1475-7516/2020/01/025
https://doi.org/10.1088/1475-7516/2020/01/025
https://doi.org/10.1088/1475-7516/2015/07/030
https://doi.org/10.1088/1475-7516/2015/07/030
https://doi.org/10.1016/j.physrep.2017.12.002
https://doi.org/10.1016/S0370-1573(02)00135-7
https://doi.org/10.1016/S0370-1573(02)00135-7
https://doi.org/10.1086/307931
https://doi.org/10.1086/307931
https://doi.org/10.1088/1475-7516/2007/10/007
https://doi.org/10.1088/1475-7516/2012/07/051
https://doi.org/10.1088/1475-7516/2012/07/051
https://doi.org/10.1088/1475-7516/2023/10/005
https://doi.org/10.1088/1475-7516/2024/01/027
https://doi.org/10.1103/PhysRevD.82.043531
https://doi.org/10.1088/1475-7516/2011/11/009
https://doi.org/10.1088/1475-7516/2011/11/009
https://doi.org/10.1088/1475-7516/2013/05/001
https://doi.org/10.1088/1475-7516/2015/12/043
https://doi.org/10.1088/1475-7516/2015/12/043
https://arXiv.org/abs/1502.00635
https://doi.org/10.1103/RevModPhys.52.299
https://doi.org/10.1093/mnras/staa3149
https://doi.org/10.1093/mnras/staa3773
https://doi.org/10.1093/mnras/staa3773
https://doi.org/10.1111/j.1365-2966.2006.11040.x
https://doi.org/10.1111/j.1365-2966.2006.11040.x
https://doi.org/10.1103/PhysRevD.85.083002
https://doi.org/10.1103/PhysRevD.85.083002


[84] H.-M. Zhu and U.-L. Pen, Systematic analysis of parity-
violating modes, Phys. Rev. Lett. 135, 111003 (2025).

[85] V. Springel, R. Pakmor, O. Zier, and M. Reinecke,
Simulating cosmic structure formation with the GADGET-4
code, Mon. Not. R. Astron. Soc. 506, 2871 (2021).

[86] P. Bett, Halo shapes from weak lensing: The impact of
galaxy-halo misalignment, Mon. Not. R. Astron. Soc. 420,
3303 (2012).

[87] A. Tenneti, S. Singh, R. Mandelbaum, T. di Matteo, Y.
Feng, and N. Khandai, Intrinsic alignments of galaxies in
the MassiveBlack-II simulation: Analysis of two-point
statistics, Mon. Not. R. Astron. Soc. 448, 3522 (2015).

[88] K. Osato, T. Nishimichi, M. Oguri, M. Takada, and T.
Okumura, Strong orientation dependence of surface mass
density profiles of dark haloes at large scales, Mon. Not. R.
Astron. Soc. 477, 2141 (2018).

[89] T. Kurita, M. Takada, T. Nishimichi, R. Takahashi, K.
Osato, and Y. Kobayashi, Power spectrum of halo intrinsic
alignments in simulations, Mon. Not. R. Astron. Soc. 501,
833 (2020).

[90] E. Sefusatti, M. Crocce, R. Scoccimarro, and H.M. P.
Couchman, Accurate estimators of correlation functions
in Fourier space, Mon. Not. R. Astron. Soc. 460, 3624
(2016).
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