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We present a complementary approach to the standard Vasiliev framework for nonlinear higher-
spin interactions in four dimensions, aimed at identifying their minimally nonlocal form. Our
proposal introduces a generating system for higher-spin vertices at the level of classical equations,
which we refer to as irregular, in contrast to the regular case described by Vasiliev. This system
extends the recently proposed equations for (anti)holomorphic interactions by incorporating the
mixed sector. Its perturbative series encompasses the entire (anti)holomorphic sector in the leading
order, with vertices related to powers of the complex parity-breaking parameter 5 or 7. The
subsequent corrections facilitate the mixing of the two sectors, with vertices carrying mixed powers
of n and #. Consistency relies on the nonlinear algebraic constraint, which is shown to be satisfied,
at least, in the quadratic and cubic approximations. As a result, the previously discussed (anti)
holomorphic interactions in the literature can be systematically extended to generate vertices of the
form #Vi* and their conjugate, at least for k <2 and any N. As a byproduct of our analysis, we

also identify the new higher-spin structure dualities.
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I. INTRODUCTION

Vasiliev’s higher-spin (HS) theory1 in four dimen-
sions [4,5], which includes gauge fields of all spins,
is considered a promising toy model for quantum-
consistent gravity. Although the conventional action
for this theory has been unknown for some time (see
[6] for a nonstandard version), there are compelling
reasons to believe it might exhibit good quantum
behavior. Firstly, apart from a single parameter related
to spatial parity, along with a few reductions and
supersymmetry generalizations, HS theory lacks ambi-
guity, even at the classical level. This makes it a
unique theory defined by the symmetry principles.
Additionally, the holography conjecture [7-11] sug-
gests a duality between interacting HS fields and
well-defined quantum theories at the three-dimensional
(3D) anti-de Sitter (AdS) boundary, such as O(N)
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models.” This further supports the idea that Vasiliev’s
HS theory may lead to consistent quantum behavior.

However, even at the classical level, there are unresolved
problems. In recent years, the longstanding problem of the
locality of HS interactions [26] has become a pressing issue
[12,27] for the concrete predictions that HS theory should
offer. This is particularly relevant for testing holography
beyond cubic order, where nonlocalities are likely to arise.
In [28], where the validity of the Klebanov-Polyakov
conjecture [9] was assumed, the reconstruction of the
HS quartic vertex from the 3D boundary 4-point correlator
has been attempted by inverting the Witten diagrams.
However, this process encounters significant nonlocality,
which leads to a breakdown of the standard field-theory

*The duality has been tested at the tree level for 3-point
correlation functions by Giombi and Yin [12,13] using the
Vasiliev equations and also in [14], where the problematic parity
broken structures were identified. A general argument supporting
the duality at the 3-point level is provided by Maldacena and
Zhiboedov [15,16]. For calculations of all free O(N) correlators
derived from the undeformed higher-spin symmetry, refer to
[17-19]; see also [20-23] for earlier related ideas. More recent
studies on this topic can be found in [24]. The reconstruction of
the cubic HS action from boundary 3-point correlators is detailed
in [25], where the matching of conformal structures and cubic
vertices was confirmed.
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methods [29], leaving the quartic HS vertex somewhat
beyond reach from the boundary.

The challenges associated with quartic holographic
reconstruction could lead to different interpretations. One
possibility is that there are loopholes within the
reconstruction process itself; for more on this, see
Refs. [30,31] that discuss related subtleties. Another con-
sideration is that the Klebanov-Polyakov conjecture might
not apply beyond cubic order, meaning that reconstruction
from a free boundary scalar may not be a viable option; for
a detailed discussion of this point, refer to [32—-34]. Lastly,
the significant nonlocality present in HS theory might
suggest that it behaves more like a theory of extended
objects, such as strings, rather than a conventional field
theory (see [35,36] for related ideas).

Understanding the (non)locality of HS theory is crucial,
particularly in relation to its quartic vertex. This vertex is
key to clarifying the duality proposed by Klebanov and
Polyakov. However, elucidating the local structure of
Vasiliev’s equations has proven to be notoriously complex.
For an overview of this issue, we refer to a substantial list of
papers that address it [37-48].

Globally, this paper aims to establish a local or mini-
mally nonlocal framework for HS vertices in four dimen-
sions, including the complete quartic vertex. To address this
problem, we begin with the two sectors of HS theory where
locality is well established at all orders: the holomorphic
and antiholomorphic, also referred to as (anti)self-dual or
(anti)chiral. Nonlinear interaction within these two sectors
was developed using the so-called generating equations in
[49]. This approach, which is similar in spirit to Vasiliev’s
standard framework, implies that the interaction vertices
arise from solving auxiliary partial differential equations
with respect to two-component spinorial variables z or Z.
The proposed solution to this system provides vertices with
the minimal number of derivatives; see [45], where the
criterion for the minimal vertex is put forward. The
remaining vertices, referred to as mixed, emerge from
the interaction between the two sectors. The mixed inter-
actions were not captured by the generating equations from
[49]. In this paper, we fill in this gap by presenting a
generating system that allows us to extract mixed vertices
from any given order of (anti)holomorphic vertices.
Specifically, our findings can be summarized as follows:

(i) The HS generating system proposed in [49] is

designed to accommodate only (anti)holomor-
phic dynamics. However, we note that its central
component—the projector identity, which ensures
consistency—can be generalized to include mixed
interactions (see also the discussion in [50]). This is
reflected in the generating equations, which take the
form of a Vasiliev-type system that we refer to as
irregular. The term originates from a specific large
algebra utilized in our approach, which cannot be
routinely applied within the standard Vasiliev’s
framework.

(i) The consistency of the proposed equations is tightly
constrained by a nonlinear algebraic condition. This
condition stems from the functional classes of the
holomorphic and antiholomorphic sectors, which
determine the locality of the (anti)holomorphic
interactions. Importantly, in the mixed sector, this
condition also enforces the master field (0-form)
controlling the HS vertices to have a purely chiral
and antichiral form with respect to the auxiliary
spinor variables z and Z.

(iii) We introduce a perturbation theory that we refer to
as chiral for the underlying generating connection. It
develops in terms of degree k > 0 that measures
entanglement between the holomorphic and anti-
holomorphic sectors. Specifically, for the leading
order (LO) case, where k =0, we generate the
complete (anti)holomorphic dynamics. In contrast,
subleading mixed vertices appear for k > 1 as next-
to-leading corrections N¥LO. We have demonstrated
that our equations have solutions for at least k = 0,
1, 2.

(iv) The constraints imposed by chiral perturbation
theory lead to a series of dual representations for
the HS vertices. The lower-order relations also apply
to the Vasiliev equations, while the higher-order
relations are expected to align our approach with
Vasiliev’s framework and facilitate the evaluation of
the HS vertices.

The main focus of our investigation is to develop a
comprehensive approach to tackling the HS locality prob-
lem. Our method generates HS vertices that are maximally
local in the (anti)holomorphic sector, which imposes a
strong constraint in the mixed sector, where locality issues
arise. Specifically, this constraint [as will be detailed in
(5.27)] is not supported by arbitrary field redefinitions;
instead, it allows for only limited flexibility in how the
interaction vertices are evaluated. We will address the
explicit form of these vertices and analyze their locality
properties in future work.

Our choice to use the holomorphic system from [49] as a
starting point, rather than the full Vasiliev equations, is
based on the fact that the locality of (anti)holomorphic
sectors has not yet been established for all orders in the
latter. Additionally, the concise representation of all-order
vertices in [51] shows great promise for completing the
mixed sector. A subtle point here is the following. Initially,
there is no guaranty that the holomorphic system presented
in [49] allows for a mixed-vertex completion. Indeed,
unlike the Vasiliev case, these equations do not arise as
a reduction of some full-fledged interactions, which means
they may differ’ from Vasiliev’s holomorphic limit. If this is

At the lowest order of interaction, the equivalence between
the two systems was established (see [51]). Additionally, argu-
ments supporting their equivalence at the next order can be found
in [46,50].
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indeed the case, it would suggest that mixed vertices based
on [49] do not exist, as it would otherwise imply the
existence of two distinct theories based on the same HS
algebra. The fact that chiral perturbation theory generates,
at least, the first few mixed subleading terms at any
holomorphic order provides additional evidence that the
HS generating equations of [49] should follow from the
Vasiliev equations.

The paper is organized as follows: Sec. II revisits the
standard unfolded approach to the problem of HS vertices.
Section III addresses and classifies the generating equa-
tions. Section IV examines the irregular form of these
generating equations. Section V applies the generating
equations to describe mixed interactions. Section VI intro-
duces and develops chiral perturbation theory in several
orders. Section VII proposes structure dualities. Finally, we
conclude in Sec. VIII. Additionally, the paper includes four
technical Appendixes for further reference.

A. Conventions

1. Two-component spinors

Our approach extensively exploits the two-component
s1(2, C) formalism. Any spinor Z, = (&,, &) splits into the
two-component holomorphic £, and antiholomorphic &,
parts, where a, @ = 1, 2 with the following sp(2) index
convention:

A=Ay A=A = =g

6(1[)’ — _6/311’ eaﬂeyﬁ — 5(17’ (lla)
A% = €‘i/3zz\/3, Ay = Aﬁeﬁav Cap = "Cpa

et = —chi P = 6,7, (1.1b)

where €,4 and ¢, are the canonical sp(2) forms

Gaﬁ:<_ol (1)) eaﬂ:<_01 (1)> (1.2)

To simplify the exposition, we will frequently use the
following short-hand notation for two-component spinor
contractions:

éana = 577 = _’757 5(1’_7& = 57_7 = _’_75 (13)

2. Integrals

We have two types of integrations in the paper. There are
integrals over compact domains, which we manifestly
indicate, e.g.,

3
/ pf(p1.p2.p3), API{ZPI:LO Spisl}’

" i—1

(1.4)

and noncompact integrals over spinor variables. The upper-
case integration variables, such as U, introduce integrals
over R*, whereas the lowercase variables u, are integrated
over R2. Generally, these integration variables will come in
pairs, each associated with a specific measure that depends
on the number of integrals involved:

f(U,V) = AS a*Ud*vf(U,V), (1.5a)

(27)*

Avf(”v v) = (Z_:r)z/R4 dPud*vf (u,v). (1.5b)

II. HIGHER-SPIN VERTICES

The unfolded approach [52] (see also [53-56] for further
development and applications) is known to be efficient for
the HS nonlinear dynamics. To describe field evolution in
four dimensions, one introduces the 1-form w =
w,(y, y|x)dx* and the O-form C = C(y,y|x). Apart from
space-time dependence, the introduced fields depend on the
auxiliary spinor generating variables
Yi=0wda) A=1,...4, a=1,2, (2.1)
These encode an infinite set of fields contained in w and C
via the Taylor expansion,

=1

W = Z Wwal...am,al...an(x)ya‘-‘-ya'")_’a‘-u)_’a”» (2.2a)

m,n=0

i C(ll QA ('x)yal . 'yam)—,a, .. ‘)—]('1,1 . (22b)

Additionally, the commuting variables Y serve to generate
the associative Moyal algebra with respect to the star
product identified with the HS algebra,

f(.5) % g(y, )

= fO+uy+a)gly+v.y+ v)etaFilad,
uyv

(2.3)

where the integration is performed along U, =
(g, ity) ER* and V4 = (v,, U;) € R* with the sp(2) index
convention from (1.1). The measure in (2.3) is defined in
such a way that 1«1 = 1. These give us the standard
oscillator commutators
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[yavyﬂ}*ZZiea& [)_’m)_’/;]*:z"%/i’ [yw)_)/}']*zo' (24)

One frequently uses the sp(4) form of the Moyal
product (2.3),

FY+U)g(Y + V)eltaV",
U, v

f(Y)*g(Y) = (2.5)

with a similar to (1.1) index convention for the sp(4)

canonical form
€aﬂ O
€rp = .
AB 0 €

The unfolded equations describing HS dynamics acquire
the following form:

(2.6)

do =Y > 0iVi@w.C), (27
n=0 i+j=n

dC =" > AT @.C*), (2.7b)
n=0 i+j=n

where V; ;(w, ®,C") =V, j(w,®,C, ..., C) are understood
: .

n
as a polylinear 2-form functionals of n + 2 arguments.
Similarly, Y, ;(w, C"*') =T, j(», C, ..., C) are polylinear
n+1
1-forms. The right-hand sides of (2.7) are referred to as HS
vertices. There is an arbitrary complex parameter 7 = e,
i1 = e~ that breaks parity unless 7 = 1 or 5 = i. The form
of the HS vertices is ambiguously fixed by the integrability
condition d2 = 0. The ambiguity is fully described by an
arbitrary field redefinition,
w->w+F,(0,C...C), C-C+Fc(C...C). (2.8)
This makes the problem of identifying vertices ¥ and YT
cohomological and particularly complex when the locality
requirement is additionally imposed. To set up the coho-
mological reconstruction, one has to specify the initial
solution corresponding to the lowest vertices with n = 0.
These vertices should align with the linearized HS dynam-
ics. Their form appears to be defined by the global HS
algebra (2.3) and its automorphism4 z or 7 (see, e.g., [1]),

Voo = —0 x o, (2.9a)

“Let us note that the choice of the initial vertex, for example, in
the form Yy, = [C,w)], is perfectly consistent with d2 = 0.
However, this choice describes a collection of Killing tensors
packed in C rather than a dynamical system.

Yoo =-0+*C+ Cxrn(w), (2.9b)

where

The system (2.7) is supplemented by the reality conditions

o' = —w, C" = z(0C), (2.11)
where the involution is defined as follows:
Ya=Fa n =0 (frg)f=g"xf (212

In order to be consistent with the reality conditions (2.11)
beyond the free level, the system (2.7) has to be bosonic,5
which implies
0(-y.3) = w(y.=3).  C(=y.5) = Cln.—y). (213)
Since supersymmetry does not play a significant role in our
analysis, we will focus on the purely bosonic version of HS
interactions in what follows.

Reconstructing the vertices V and T in Eq. (2.7) is
technically challenging. This task essentially boils down to
analyzing the integrability conditions derived from d? = 0
with the initial data (2.9). The resulting consistency
conditions take the form of integral equations, which
complicate the problem significantly. In [5], Vasiliev
introduced a generating system that reformulates the
problem using partial differential equations in an auxiliary
space. Solving this system provides the desired vertices,
while the inherent freedom in the solution space reflects
gauge ambiguity and field redefinitions. In the following,
we will provide the generating approaches inspired by the
Vasiliev system, as discussed in [49], and propose further
development, particularly concerning the issue of locality.
For the original form of the Vasiliev system, we refer to [5].

III. GENERATING EQUATIONS

Our starting point is to rewrite Eq. (2.7) as a zero-
curvature condition in a larger space (Z,Y) extended by
variables Z, = (24 Z4)»

d,W + WxW = 0. (3.1)

Here,

W =w(Y|x)+ W,[w,C|(Z;Y) + W,[w,C,C|(Z;Y) + ...,
(3.2)

>To include interaction with fermions, supersymmetry is
needed, which leads to the doubling of all fields; see [1].
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where W; are yet unknown Z and Y dependent functionals
of w and C, and the star product x is an extension of the
Moyal product (2.3) on the space of Z and Y variables. At
this stage, we need the extended star product * to be
associative, and it should reduce to the Moyal product (2.3)
for Z-independent functions. Substituting W into (3.1), we
arrive at

dxw—l—a)*a):—deW,-—ZW,-*Wj, Wo=w. (3.3)
i>0 i+j>0

Equation (3.3) is clearly consistent because Eq. (3.1) is, and
it properly reproduces the initial vertex (2.9a). However,
while its left-hand side is manifestly Z independent, the
right side is generally not. This means that Z dependence
on (3.1) should be of a specific form to provide Z
independent Eq. (3.3).° 1t is not difficult to figure out
the proper evolution of the field W to guaranty that the
right-hand side of (3.3) depends on Y only. To this end, let
us introduce the covariant differential

D=d,+[W,,, D? = 0. (3.4)
Imposing the following evolution:
d;,W =—-DA = d,W+ {W,A}, +d,A=0, (3.5)

where d, = dZA -2

7 while the 1-form

A=dZAN, = dZA (A4 [C)(Z:Y) + Aou[C.CY(Z:Y) +...)
(3.6)

is not yet specified. It is not hard to verify that the right-
hand side of (3.3) is now Z independent. This can be seen
by hitting d, on the left-hand side of Eq. (3.1), and using
(3.5), the result boils down to

dz(d,W 4+ WxW) = —=[A,d,W + WxW],. (3.7)
Notice that A is, at least, linear in C by its definition
(3.6). This implies that at a particular order C", the vertex
V(w, @, C"), which is expressed from (d,W + W * W)|cn,
depends on Z at least as C"*!, as follows from (3.7). This
means it is Z independent. For example, consider a linear in
C vertex. Starting with some HS vacuum wy(Y|x),

d,wy + wy * wy = 0 (3.8)

and discarding O(C?) terms, we have

®The simplest option is to take W independent of Z. This
option, however, corresponds to a field redefinition of w, thereby
resulting in the absence of dynamics.

sz(woa W, C) = dz(—de1 - {(00, Wl})

= —[A,dywy + @y * wy], =0.  (3.9)
Let us note that if A satisfying (3.5) exists, then no
further constraints follow from inspecting d2 =0, as
Egs. (3.1) and (3.5) become consistent. The role of the
auxiliary connection A is twofold. First, it guaranties Z
independence of vertices V via (3.5). Second, it implic-
itly contains information on vertices Y from (2.7b)
because

(3.10)

meaning that A depends on x only through the field
C, the differential of which is expressed as (2.7b).
For example, in order to reproduce the initial vertex
(2.9b), the field A should satisfy the following
condition:

d,A = inCxy + iiiCxy + O(C?), (3.11)

where y and 7 are the dZ two-forms
1 I I
y= Edza ANdz%(z,y), 7= Edzd A dzZ°%(Z, ) (3.12)

with the functions x and x (if they exist) that should,
in particular, realize the automorphisms z and 7 from
(2.10) as’

kxf(Z,5) = f(=Z,—y) k.
(3.13)

kxf(z,y) = f(=z,—y)*x,

Now, to ensure that (3.11) does lead to the vertex
specified in (2.9b), we first need to check that this
choice is consistent with d2 = 0 to the order O(C). To
that end, we apply d, to (3.5) with W =w + O(C) to
obtain

[0,nCkyl, +nd,Ckxy =0,  [0,7C*7], +7d,Cx7=0.

(3.14)
Taking into account the bosonic condition (2.13), along

with the assumption that the kernel of « and k is empty
(fxk =0 = f =0), we arrive at (2.9b):

d,C+w*C—Cxr(w)+ 0(C?) =0, (3.15)

"The action of the automorphism 7z on the variable Z is not
known a priori. The definition provided here rests on the
particular realization of the large (Z, Y) star-product algebra that
will be discussed below.
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where we also used that star product % acts as defined
in (2.3) in the last equation. Notice that the Z
dependence in (3.14) is resolved and, therefore, the
choice of A in (3.11) is consistent, provided Eq. (3.15) is
consistent, which is automatically the case because the
generating Eq. (3.5) is consistent with respect to d2 = 0.
Further details depend on the particular realization of the
large star product and the corresponding properties of
elements «, k¥ defined in (3.13).

S(Z.Y)xpg(2.Y) =

= [+ U Y OGZ = (1= PV =V V4 (1= PV

A. Star products

As we previously stressed, the extended star product
must be associative and reduce to (2.3) for products of
Z-independent functions. A one-parameter class of such
star products was proposed in [41,49] (see also [57] for the
earlier inspiring discussion of the related problem) in the
analysis of the HS locality issue. This family looks as
follows:

(3.16)

where f is an arbitrary real number. So-defined product is (i) associative and (ii) acts exactly as in (2.3) on Z-independent
functions. It provides us with the following defining relations for the generating variables Y and Z:

P P
Yoky =Yy +i——i(l = f)—
axp=Yatigz—il=p75
P P
Zaky = Zn— i 4 i(1— ) -2
axp=2Za=iogtill=f)os

0

d
* = —— 1 — —_— .
ﬁYA YA laYA l(l ﬂ) aZA y (3 173)
pZy = Zy+ it i(1— )2 (3.17b)
pLA = LA laZA l aYA .

Notice that Y and Z star-commute with each other for any f. The elements x and k that extend the Moyal algebra
automorphisms z and 7 to the large algebra of Z and Y make these automorphisms inner. They can be straightforwardly
found using the definition (3.13). The final result is (see [49])

1 i
K:u—ﬂf“pQ—ﬁ%y>

These, also known as Klein operators [5], satisfy

KXk gk = Kk gk = 1,

= 1 L
e ()

(3.18)

B# 1. (3.19)

The parameter f can be thought of as a parameter that interpolates between various orderings of the operators associated
with the symbols Y and Z. In particular, it distinguishes several important cases:

(i) Vasiliev ordering: f =0

This case corresponds to the original large star product introduced by Vasiliev in [5], which we denote here as

1= */;:0.

(3.20)

For # = 0, a part of the integration in Eq. (3.16) can be completed, as the final result reads

ﬂZYHﬁZY%=UV

fZ+U.Y+U)g(Z—-V.Y 4 V)elUsV",

(3.21)

The Vasiliev case introduces the normal ordering of Y 4 Z operators. It also admits the supertrace operation

strf(Z,Y) =

which satisfies

str(fxg) = str(gxmif) = str(nwgkf),

f(UV)em iV, (3.22)

uyv

rRf(Z.Y) = f(~Z.-Y), (3.23)
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(i)

(iif)

where

nf(2.2;y.5) = f(=2.2:-).9).

ﬁf(Z,Z;y,)_’):f(Z’_ZQ)’,_)_’)- (324)
Weyl ordering: f =1

This case disentangles the operators Y and Z and
provides symmetric orderings for Y’s and Z’s
separately. A peculiar feature of this ordering is
that Klein operators specified in Eq. (3.18) no longer
exist as analytic functions; rather, they appear as
distributions,

k~8()8(2),  R~o()8(E).  (3.25)
Anti-Vasiliev ordering: f = 2

This case is similar to the standard Vasiliev star
product (3.21), the difference being the interchange
of the normal-ordered operators Y + Z.

The map between various orderings is realized in
terms of the reordering operator. For example, the
p-ordered product (3.16) can be obtained from the
Vasiliev one (3.21) as

fxpg = Oﬂ(OEIf*Oglg), (3.26)
where Oy is the reordering operator that maps
symbols from the Vasiliev ordering (3.21) into
(3.16). Its manifest form found in [41] reads

0,f(2,Y) = F(Z+ V.Y 4 pU)eUsV",
U.v

0;1 = 0_y. (3.27)
The choice of ordering is important in the context of
the relevant functional class, one operates with, in a
given star-product algebra. For example, the original
choice of =0, [5] deals with regular Klein
operators (3.18), unlike the case with = 1; see
also [57].

An important remark is the Klein two-forms
(3.12) defined using Eq. (3.18) stay invariant
under reordering, supplemented by a rescaling
Z-(1-p)Z,

(3.28)

where

Op =0y
Z—(1-p)z

(3.29)

The invariance (3.28) holds, including the limit
p — oo, which plays a significant role in the analysis

of HS locality; see [41]. The reordering with a
rescaling allows us to define the contraction f — o
at the level of the star product (3.16).

1. Limiting star product: f§ —

Star products in (3.16) are shown to be equivalent up to a
reordering for finite . Interestingly, there is an infinite
point at # = oo, where the associative product still exists
and results in the local holomorphic HS interaction [41,49].
Specifically, the rescaling Z — (1 — f)Z followed by the
limit # — oo in (3.17) results in the following star action:

.0 .0 .0 .0
Var=YatiGua=igzn: a=Vamigu=im
(3.30a)

d d
ZA*:ZA+i— *ZA:ZA+Z—A

s g (3.30b)

At the level of the definition (3.16), this limit can be
formally defined as

fgi= lim(fkpg) (3.31)

Z—(1-p)Z

The result respecting associativity takes the form

(f*g)(Z,Y)—/f(Z—l—U’,Y—I—U)g(Z—V,Y—l—V+V’)

x exp(iU,VA + iU/ V™). (3.32)

Notice that the variables Z commute with each other in the
limiting case, unlike (3.16). Similar to the Vasiliev case, the
limiting star product admits the supertrace operation (3.22)
satisfying (3.23) with = in place of . Specifically, we will
need

strf(Z,Y) = Avf(U; V)e UV, (3.33)

and we also extend (2.10) for z-dependent functions

)
)

As we already mentioned, the 2-forms y and 7 exist in the
limiting case and have the standard form

f(z.2-y,5),
f(Z,Z;yﬂ _.)_])

f (
zf(

<

Z’ ;y7
2,7, (3.34)

I
<

1 1 .
Y zidza Adz%expizy, ¥ :Edz{, Adz%expizZy. (3.35)
However, unlike the Vasiliev case,
€' x e = eV x 17V = 0. (3.36)
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The important property of (3.35) is

7Py, y) = 2h(y.3) * 7.
(3.37)

vxd(y.y) = 7p(y.5) * 7,

Just as in the case of finite f#, some products with Eq. (3.32)
cannot be distinguished from those evaluated with
Vasiliev’s star product (3.21). Specifically,

fY)xg(Z.Y) = f(Y)*g(Z.Y),

9(Z.Y) x f(Y) = g(Z. Y)x f(Y). (3.38)

The further construction of the HS generating systems
significantly depends on the type of large algebra and its
product. We distinguish between the two cases: regular or
Vasiliev-like, and irregular. An example of the latter is the
generating system for the holomorphic HS sector from [49]
and the off-shell HS equations in arbitrary dimensions [58].

B. Regular case

The generating system that should produce the HS
vertices (2.7) includes the zero-curvature equation (3.1)
and its Z-independence condition (3.5) written using one or
another large star products. The form of these equations
assumes that the following star products generally exist:

(Wx W, WA, AxW) # 0. (3.39)
If, in addition to (3.39),
Ax A # o0, (3.40)

in general, then we call the case regular. This is the
situation with the Vasiliev generating equations. Assuming
regularity, we can derive Vasiliev’s system in a few steps
following [49]. We begin with Egs. (3.1) and (3.5), where
the star product is chosen to be from (3.21),

d.W + W*W =0, (3.41a)

d,W+{W,A}, +d,A=0. (3.41Db)
These are the d,-consistent equations, provided A, which
resolves the Z dependence, exists. Field A is constrained by
dZ = 0. Applying d; to (3.41b) and using it again, we find

D(dzA + AxA) =0, D=d,+[W,,. (3.42)
Under a few mild assumptions, including Lorentz sym-
metry, reality conditions, and the lower order constraint
(3.11), Eq. (3.42) is resolved by

dyA + AxA = inBxy + iiiBx7, (3.43)

where
B(Z,Y|x) =C+ B,[C,C|(Z,Y)+ ... (3.44)
is a new field for which we have, from Eq. (3.42),
d,B+ WxB — Bxw(W) =0, (3.45)

where we recall 7 is defined in (3.24). To the lowest order,
one recovers (3.15). Equation (3.45) is supposed to recover
the vertices (2.7b) provided it is Z independent. To ensure
its Z independence, one uses the same strategy as with
Eq. (3.1). Applying d; to the left-hand side of (3.45) and
using (3.41b), one arrives at

d;(d,B + WxB — Bxzt(W))

— —D(dB + AxB - Bxn(A)),  (3.46)

which should be equal to zero. This requirement can be
resolved by imposing
dzB + AxB — Bxmt(A) = 0. (3.47)

A set of equations (3.41), (3.43), (3.45), and (3.47) is fully
consistent, generating the HS vertices (2.7) via

do+ oxo = —deWi - Z WixW.,

i>0 i+j>0

(3.48a)

d,C+ oxC — Ckr(w)
== dB;i— Y (WkBj, — By xm(W;)), (3.48b)

i>1 i+j>0

where the Z-evolution of the fields W; and B, is determined
from Egs. (3.41b) and (3.47), also using (3.43) with the
initial data

Wy = w, B, =C. (3.49)
A set of five equations (3.41), (3.43), (3.45), and (3.47) is

called the Vasiliev system® for bosonic HS interactions:

d,W+ WxW =0, (3.50a)

d,B + WkB — Bxn(W) =0, (3.50b)
d;A + AxA = inBxy + iijBx¥, (3.50¢)

dzB + AxB — Bxm(A) = 0, (3.50d)

The original form of Vasiliev’s equations differs from the one
presented here by the following field redefinition:
A=S+5dZZ,.
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d,W+{W,A}, +d,A=0. (3.50e)

The great advantage of this system is that it has no

obstruction and allows for a reconstruction of the HS

vertices order-by-order modulo field redefinition. The latter

freedom emerges as an ambiguity in solving for the fields

W and B of (3.41b) and (3.47). However, it comes with

certain issues in practical use, which include:

(1) Locality issue
While system (3.50) can reproduce HS vertices to
any order, the locality constraint complicates the
process of defining a clear method for fixing field
freedom when solving equations (3.50b), (3.50c),
and (3.50d). This makes it challenging to derive
either local or minimally nonlocal HS vertices. At
few orders, the local HS vertices have been obtained
in papers [37,40,41,44], but the full solution is not
yet available; see [47] for recent progress.
(ii) Regularity issue
Although we refer to the Vasiliev approach as

regular, there are instances where this regularity
breaks down. In particular, while the product AxA is
expected to exist, it may not hold true for certain
HS data represented by the function C(Y). For
example, if

C(Y) = exp goay*y".

where ¢,;¢" = 6,/ 9.39™ = 63, (3.51)
then the product A%xA becomes ill-defined’ at
second order. This, in turn, implies that the field
B is also ill-defined to this order, as follows from
(3.50c). The choice of (3.51) is special in that C
forms a projector C* C ~ C. The respective first
order correction in A,

1 .
A = indz“za/ drrC(—1z,y)e"™
0

1 : agsa_y g "
= indz“za/ drre e Y Himy (3.52)
0

develops divergencies in interactions via AN %A,
However, the divergences that arise are artificial and
do not manifest in the final vertices. For instance, in
[59], a second-order analysis using data of the form
(3.51) has been carried out at the level of HS
vertices. Nevertheless, the issue of regularity may
complicate the analysis of the exact solutions ob-
tained from the specified initial data. For example, it

%It is important to note that the issue of regularity may be
addressed within the differential homotopy approach of [47] for
Vasiliev’s system, where the generating equations are treated
modulo the so-called weak terms.

remains unclear how to verify that the recently found
exact solution of the self-dual theory, presented in
[60], satisfies Vasiliev’s equations.

Whether the generating equations admit the regular form
depends on the large star product. In addition to the original
Vasiliev case, which uses the star product (3.21), regularity
is also possible for the one-parameter star products (3.16)
when f # 1 and f# # o0. This means that we can replace the
Vasiliev product *x with %4 in all equations (3.50) and
substitute the exponentials in (3.35) with those in (3.18).
This leads to a consistent system that generates (2.7).

The case where f = oo, corresponding to the large
algebra (3.32), is especially interesting. As shown in
[41], the locality of HS vertices in the Vasiliev approach
can be effectively reached by contracting the large algebra
(3.16) down to (3.32), at least for the first few orders.
However, the equations in (3.50) are not applicable to the
star product defined in (3.32); see [49] for more details. In
particular, neither B x y, B x 7, nor A x A is defined in this
case in perturbations for any initial data in C. Despite this
limitation, there is a way to define the generating equations
for large star products that do not meet the regularity
condition (3.40). In [49], such a system was proposed to
describe the holomorphic sector of HS theory. Its advantage
lies in the clear selection of field variables that accurately
reproduce all-order local HS vertices.

IV. IRREGULAR GENERATING SYSTEMS

We refer to the large star product as irregular if (3.39)

holds, but

A * A — ill-defined (4.1)
for general C(Y). The corresponding irregular generating
system is built upon this irregular star product. This
situation contrasts with the regular case, where AxA
generally exists, provided that the initial data, represented
by C(Y), are consistent with regularity (see the regularity
issue above).

Let us illustrate how the irregularity (4.1) appears in
practice. Choosing the large star product in the form (3.32),
to the lowest order in C, we have (3.11), where the Klein
2-forms are defined in (3.35). The solution for A can be
chosen in the standard form,

A = dz*A, + dz¥A,, (4.2)
where
1 )
A, = inza/ drrC(—1z,y)e"™,
0
_ 1 -
Ay = iiyza/ drrC(y, —17)e'™7. (4.3)
0

A straightforward calculation using (3.32) results in, e.g.,
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Ay Ng = —;72/ dr,dr,
[0.12

xexpi([o(zy,72) + 6(12,71)]2y)

x C(=0(1),7,)z,9)%C(~0(5,71)2,7),  (4.4)
where
1 —
o(11.12) = % €0.1, 0<r,<1, (45)

while the product * stands for the Moyal product of the
variables y in (2.3). The integral (4.4) diverges at
7; = 7, = 1. In particular, the way this product arises in
expressions like (3.50c) is via
Ag*A*=0"- 00, (4.6)
where 0 appears as z,z* = 0. Notice that the divergence in
(4.4) occurs for any analytic function C(y, ), leaving no
option to consider the irregular case as regular for the
specified data C. Another comment is, while A, * Ay is ill-
defined and similarly A, * /_\/,, the cross products, e.g.,

A * A4, are perfectly fine. This will have important
implications for the analysis of the mixed sector of HS
interactions.

With the introduction of the irregular star product, we
face the challenge of generating (2.7) using it. To address
this, we embed the HS interaction within the large
O-curvature condition and require it to be independent of
Z. This brings us back to the system defined by (3.1) and
(3.5). Both equations are consistent with the conditions
d2 =0 and {d,,d;} = 0. Consequently, we only need to
specify the field A[C], which must also satisfy the condition
d% = 0 derived from (3.5):

d{W,A}, —d,d;A =0. (4.7)

In the regular case, applying the Leibniz rule along with
(3.5) leads to the condition (3.42). However, in the irregular
case, we cannot verify Eq. (3.42) because A * A is not well
defined. This limitation does not imply that (3.5) becomes
inconsistent; rather, we simply lack access to its consis-
tency consequence in the form of (3.42). This situation
prevents us from following the regular path and excludes
the crucial equation (3.50c), which defines how the field A
depends on Z.

To move forward, we need a A that solves (4.7). For
instance, if there exists an explicit A[C] that resolves the Z
dependence in (4.7) for any W in its evolution class, then
there would be no additional constraints on W beyond the
original condition (3.5). This possibility is indeed feasible
for the star product defined in (3.32); see [49]. However,
demonstrating this requires a careful definition of the

appropriate functional classes to which the fields W and
A belong.

A. Classes of functions

Equations (3.1) and (3.5) establish the evolution of
the fields W and A within a specific functional class. In
the context of four-dimensional HS theory, which can be
viewed as an interacting theory comprising two sectors—
the holomorphic and antiholomorphic—it is natural to
introduce a space of functions represented as a tensor
product:

C®C, (4.8)
where C describes functions of y and z associated with the
holomorphic sector, while C represents the conjugate part,
consisting of functions of y and 7. We will specify these two
sectors separately, starting with the class C.

The Egs. (3.1), (3.5), and (4.7) introduce a grading for
the dz-differential form with ranks r=0, 1, 2.
Consequently, we denote the class as C” to indicate the
dz rank. To remain closed under the evolution equations,
functions from C” must satisfy the following natural
properties:

C+CeC, (4.92)
d.C’eC, (4.9b)
Cx CreCntr, (4.9¢)

Additionally, we do not impose constraints on the space of
solutions for W in Eq. (3.5). At each order of perturbation,
there remains freedom in choosing z-independent func-
tions. Therefore, we further assume that all analytic
functions in Y belong10 to C, implying, in particular,
C(y)eC’,

w(Y)eCO. (4.10)

The class C’, satisfying (4.9) and (4.10), has been iden-
tified in [49]. It is represented by the following functions:""

1-7

1
C’[¢r]‘=/0 dr =
[ 000 (= ybui e e,
u,v -7
(4.11)

1OStrictly speaking, not all analytic functions in Y have well-
defined star products. At this point, we do not need to rigorously
define the dependence on Y. For the related discussion on this
topic and a proposal for the Y-classes, refer to [57].

"The representation of C” slightly differs from that in [49], but
it is equivalent.
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where

¢, (z,y;dz) ~ (dz)"¢(z, y), r=0,1,2.

(4.12)
Functions ¢(z, y) are analytic in z and y. Additionally, the
integration in (4.11) should be well defined, implying, in
particular, ¢,(0,y;dz) =0. Let us summarize the main

features of the space C’.

(1) The conditions specified in (4.11) are satisfied, with
an important clarification. The well-defined products
are

C" % C" # o0, ot <2, (4.13)
while the products C' * C', C° x C2, and C? * C°
are ill-defined, except in the case where d,C° = 0.
Consequently, this has implications for the generat-
ing system based on class (4.11); it cannot be regular
because A * A is not well defined when A€ C!.
Additionally, certain manipulations involving the
Leibniz rule become ill-defined for dz 1-forms.
For instance, the left-hand side of the expression
d,(CO%C") =d,CO+C' + C%+d,C" is well de-
fined, but the two terms on the right do not exist
separately,12 unless d,C° = 0.

(i1) Although it may not be immediately apparent,
the z-independent analytic functions satisfy the
requirement (4.10); see [49] for a proof. Further-
more, the 2-form y from (3.35) belongs to C2.

(ii1)) A notable characteristic of the functions in (4.11) is
their invariance under reordering, as described in
(3.29). Specifically, for any f € C’, we have

Of=f, VB (4.14)
This property has implications for lower-order HS
vertices. In particular, the vertices V(w, w, C) and
Y(w,C,C) in (2.7) appear to be unaffected by the
choice of star product (3.16) for any S, unlike higher-
order vertices; see also [41]. This happens because
the action of all star-products (3.16) in lower orders,
where only the products (3.38) emerge, is the same
for any g, including f = co.

(iv) The function space described in (4.11) emerged
from analyzing the locality of the holomorphic HS
sector. It is smaller than what was previously
proposed in [42] (refer also to [61], where related
studies began). However, this new class accurately
captures the maximally local holomorphic vertices

"To avoid confusion, it is important to emphasize that the
failure of the Leibniz rule is not an issue with the differential d_,
which is a standard de Rham differential. Instead, it is a
characteristic of the specific star product (3.32) and the chosen
functional class (4.11).

to all orders, as discussed in [49], and the uncon-
strained vertices in D dimensions in [58]. Moreover,
this class coincides with the evolution space of
master fields from the generating system in [49].
In other words, C° from Eq. (4.11) is constituted by
the field W evolution itself. The star product (3.32)
plays a crucial role in its definition. Despite
Eq. (4.11) being invariant under reordering as shown
in (3.28), only the star product (3.32) respects (4.9¢),
unlike any other f-products in (3.16).
Analogously, one defines the conjugate class,

X/ ¢r (T(Z—Tj)’(l—f)y+ﬁ’%d2> eiTZyHiuv.
u,v -7
(4.15)

It has the same properties as the class C” for the conjugate
variables y and Z.

B. Further properties and identities

Here, we collect additional properties of the functional
class (4.11) specific to the star product (3.32). These
include a crucial identity that allows us to move forward
with defining the field A for the irregular generating
equations. To have a better grasp of functions from
(4.11), it is convenient to introduce sources; see [40].

1. Source realization

An analytic function ¢(z,y) can be defined using its
Taylor series:

P(z,y) = BDAp( ) :

B, = id%, A, = ioy. (4.16)
We will frequently ignore the source part ¢(z/,y’) in
Eq. (4.16), aiming at the exponential operator. With this
prescription, evaluating the u, v integrals, we have for C°
and C!,

CO[eiyA+izB] = / 1dTEeirz()‘+B)+i(l—r))’A+irAB’ (4.17a)
0 T

C ! oA +i2B] = / ! dreitey+B) Hi(l=e)yA+icAB (4.17b)
0

Recall that the pole in (4.17a) is absent when functions ¢
are, at least, linear in z. The source prescription assumes
that the integral along 7 is performed after the generating
exponential acts on the source.
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2. Convolution ®

The integrand of (4.17) admits a nice representation in
terms of the following convolution [46]:

f)®g(z.y) = / fy+u)glz—v,y)e™  (4.18)

that factorizes exponentials of (4.17) as

eiTZ(y+B)+i( 1-7)yA+itAB _ eiyA @eifz(erB) . (4 19)

Importantly, at 7 = 1, the convolution & reveals a projec-
tive behavior. Indeed, from (4.18), we find

Co[eiyAH'iZB‘} * C0[6i>‘Az+isz] = / drda;
[0.1]2 o
CO[ei)'A1+izBl] * Cl[zaei_\’Az+i232] — / deUI—_O' (ei_\rAl * ei}'Az)®TZaeirz(,V+Bl,2>’
[0’1]2 (o2

Cl[ZaeiyAHrizBl] * CO[eiyA2+isz] — / drde o
[0’1]2 1

where

FG)@eUHE) = f(=B)ei0+D).  (4.20)

The introduced representation is convenient for practical
computations in terms of the following generating func-
tions:

CO[eiA+iB] = eiyA®/1 dfgeirzodrlf)’ (4.21a)
0 T

. . . 1 .
CI[Z(lelyAJrlzB] — ezyA®/ dTTZ(lem(erB). (421b)
0

In these terms, various products can be parametrized as
follows:

. . 1—-7
(1 — 6) (elyAl * elyAz)@)_TelTZ()"‘rBl.z)’ (4223_)
(4.22b)
(eiyAl * ei»"AZ)@rz(,eifz(>'+31,z>’ (4.22¢)
-0
By =0(B +A) + (1 -0)(By—Ay). (4.23)

Recall that if functions entering (4.11) are at least linear in z, i.e., ¢y (0, y) = 0, then the product C° * C is well defined, as
the poles in ¢ and 7 in (4.22) cancel out, and similarly with C° * C! and C' * C°. Analogous expressions can be written

down in the antiholomorphic sector, where one defines

which yields, for example,

CO[eiyAl-&-iZBl] " CO[eijrAz-&-iZBz} _ / dedo 1 (eiyA] " eiyAz)@l
[0.1]? o(l-o)

quz:6<B1+A2)+(1—6)(32—A1). (426)
The two conjugate convolutions naturally form the tensor
product @ = ® ® @, relevant in the mixed sector:

fN@g(Z.Y)= | fY+U)gZ-V.Y)e.

uyv

(4.27)

As a side remark, an observation from [46] that high-
lights the relevance of the operation (4.18) is that as soon as
contributions to HS vertices from the generating system are

(4.24)

—-T .., =
_eITZ(Y+31.2)’
T

(4.25)

|
considered, it takes the form of a sum of (4.18), while the
locality of the final result appears to depend on the locality
of the left multipliers on the left-hand side of (4.18).

C. Projector identities

The key observation that leads to the consistent evolution
of the irregular holomorphic equations discussed in [49] is
the unique identities associated with the irregular star
product (3.32). These identities help establish that the
integrability condition outlined in Eq. (4.7) has a solution
within a specific class of functions. Previously, these
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identities were only found for self-dual interactions. In this
work, we present a generalization that enables us to
consider mixed interactions within the framework of the
irregular system.

Consider functions from C!,

C! [(]5] =dz* Al dq;/u’v ¢a(T(Z - 1})’ (] — T)y + u)eifzy-‘rim;'
(4.28)

Among these, there are functions generated by
o = 7¢(2,y). The class C! generated by these functions
will play an important role in the following analysis. We
denote this class as C' € C!:

1
1 = dz® d
C'[¢] ZA T

X /M(z —0),p(t(z = v), (1 =7)y + u)e™+inr,
(4.29)

Its Taylor form (4.16) provides the following simple
representation in terms of (4.18):

1 . )
Cl = dz“/ drre™ @z,e' ™0 *B), (4.30)
0

Let us now enlist the important properties of functions
Al¢] €C'. First of all, C! is closed under product with C°,
C'«Cel!, C'xClecC. (4.31)
Now, recall that the limiting star product (3.32) possesses
the supertrace operation (3.33). Using it, define the
following projector on z-independent functions:

h,f(zy) = sttf(z + a, y) = / Flat v,u)em, (432)

where supertrace satisfies (3.23) with the star product
(3.32), while a could be any spinor parameter, including
y. It is straightforward to show using (A1) that
dAlg] =hyp(-z.y) 7. (4.33)
where y is a two-form defined in (3.35). In proving (4.33), it
is crucially important that the functions ¢, defining the
class C! contain the factor of z,. Notice that, while ¢(z, y)
manifestly depends on z in an arbitrary analytic fashion, the
dependence on z in (4.33) emerges via y only.
There is a nontrivial generalization of the identity (4.33)

that involves the class C°. Specifically, it can be shown that
the following identities hold for an arbitrary function

f(z.y)eC:

d.(f(z,y) * Alp]) = hi[f (=2 y) * hyd(=z,y + )] * 7,
(4.34a)

d (A[p] * f(z,y)) = hi[hd(=z,y + V') * f(=2',=y)] * 7,
(4.34b)

where h’ acts on the variables 7’ and y’, as previously
defined, i.e.,

W) = [ flatvwen  (439)

while h acts on z and y. The relations (4.34) are crucial for
formulating the irregular generating system for HS fields.
We refer to these as projector identities, with the proof
provided in Appendix B. Regardless of how f(z,y) € C®
and ¢(z,y) depend on z, these identities project it into the
Klein exponential ¢’®, which explains their name. Notice
that when f = 1, Eqgs. (4.34) simplify to (4.33). Also note
that the product * on the right-hand sides of (4.34) acts as
the Moyal product (2.3) with respect to the variable y, as
opposed to its action on the left-hand sides, where it acts as
prescribed by (3.32). Equations (4.34) generalize"
the projector identity previously found in [49] for
¢(z,y) = C(-z), where C is a function of a single spinor
variable. In this case, (4.33) simplifies to

d,A = C(y) x7y, (4.36)
while Eq. (4.34) take the form [49]
d.(f(z.y) * AlC)) = [f (=2 y) x CO)]| ~ *y.  (4.37a)
d:(A[C)* f(z.3)) = [Cy) * f(=2" . =)]| = *7. (4.37b)

Explicitly, the identities (4.34) can be written down as

d (CO(z.y) * Alg])
= <AL CO(=7 —v,y) * p(=y — v, u)ei"”)

* Y,
7=y

(4.38a)

B3See also [50], where an extension of the projector identities
(4.37) specialized to the so-called shifted homotopies [39] was
proposed.
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d.(Alg] * C°(z,y))

— ( d(=y —v,u) * CO(=7' — v, —y)e”’”) * 7.

/

7=y
(4.38b)
D. (Anti)holomorphic HS sector

The irregular generating approach has been successfully
implemented for HS dynamics of the (anti)holomorphic
sector'* [49]. The corresponding generating systems
require either z, or Z4 but not both. The two sectors are
essentially complex, being conjugates of one another. The
complete unitary HS interaction requires both, while its
consistency leads to a nonlinear mixing of the two sectors,
forming the so-called mixed sector. To generate the latter,
one needs the full set Z, = (z,,Z,) of auxiliary variables.
Here, we briefly reproduce the result of [49], where the
holomorphic sector was described. To this end, we need the
(Y,z)-part of the star product (3.32), which has the
following form:

(f*9)(z.Y)

:/f(z+u’,y+u)4?g(z—U,y—}—v—}—v’)ei“”J’i“'”/, (4.39)

where we left the variable y implicit, and we denoted by %
the Moyal part (2.3) acting on y. We now introduce the
master fields W = W(z,Y) and A[C] and impose the
generating equations (3.1) and (3.5):

AW+ W W =0, (4.40a)

AW+ {W.A}, +d,A =0. (4.40b)

In order to be well defined and closed under the generating
system operation, we requirc W€ C? and A€ C'. The
system has been established to be consistent with the
conditions d? =0 and {d,,d.} =0. Now, we need to
define the field A[C] in Eq. (4.40b). An arbitrary choice
for A imposes additional constraints on the field W,
expressed by the equation

d{W.A}, -d,d.A =0. (4.41)

“Studies of holomorphic (chiral) or self-dual interactions date
back to the works of Metsaev [62,63], in which it was demon-
strated, using the light-cone approach, that these interactions
form a closed sector that terminates at the cubic order in
Minkowski space. These ideas were later extended to AdS in
[64] and revisited in flat space in, e.g., [65,66]; see also a peculiar
generalization to higher dimensions [67]. In the covariant
framework, these interactions form a closed sector of the Vasiliev
theory [5]. Their local behavior on any HS background has been
perturbatively established order-by-order in [40,41,43,44,49]; see
also [68], where the so-called chiral vertices were proposed,
which were claimed to be consistent in [69].

This equation must hold for any value of z, which could
limit the dependence of W on z and potentially lead to
inconsistencies. Therefore, it is essential to choose a A that
resolves the z-dependence of (4.41) without imposing
constraints on the evolution of W with respect to the
variable z. This option is viable for A € C'. Indeed, taking

1
A :dz”‘/ drt
0

x/ '(z—v)aqﬁ(r(z—v);(l—1)y+u)eiTZY+i”” (4.42)

with an arbitrary ¢(z;y,y), and using Egs. (4.34) and
(4.33), we see that the dependence on z factors out from
(4.41) in the form of the Klein operator e’ for any W € C°.
Consequently, we conclude that any choice of ¢(z;Y) in
(4.42) leads to a consistent system (4.40a). The simplest
option used in [49] is to take ¢ independent of y; see (4.32)
and (4.33),

P(z:.5) = inC(-z.y), (4.43)

where we recall that the fields also depend on y. The choice
of the minus sign is conventional. This gives us

1 .
A= indz“za/ drtC(-7z,5)e'™, d.A=inC(y,y)*y.
0

(4.44)
Substituting into (4.41), one arrives at
d;C+ (W(=2.y.5)* C = Cx W(=2'.-y.3))| =0,
=y
(4.45)

which, together with (4.40a), generates holomorphic ver-
tices. The fact that A[C] is linear in C drastically simplifies
the analysis of the holomorphic vertices entering (2.7). The
explicit all-order local result was obtained in [51] using the
above irregular holomorphic generating equations.

The antiholomorphic sector is generated in the same
fashion. It can be reproduced from the holomorphic sector
by conjugation. Specifically, one introduces

. 1 - _
A= iﬁdZaZa/ drtC(y,—17)e'™,  d:A=inC(y,y)*7y
0

(4.46)

and replaces d, with d; in (4.40b), as well as the Moyal
product * with * in (4.39).
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V. MIXED SECTOR

It has already been noted that the complete HS inter-
action in four dimensions emerges from the consistent
combination of two closed conjugate sectors: the holomor-
phic sector and the antiholomorphic sector. The holomor-
phic sector contributes HS vertices that involve powers of
the phase parameter #, while the antiholomorphic sector
introduces powers of 7. The consistency implies that when
both sectors are present, there should be cross terms that
result from their mixing. These cross terms typically
contain arbitrary powers of the form »”#", parametrized
by the degree

k = min(m, n). (5.1)
The generating equations require two types of auxiliary
variables, denoted as Z, = (z4,Z4). The corresponding
large star-product algebra represents the tensor product
of the large holomorphic algebra [as defined in Eq. (4.39)]
and its conjugate, resulting in (3.32).

It is important to note that the projector identities (4.34)
fundamentally rely on the fact that z, is a two-component
variable. Therefore, simply replacing z, with Z, in these
identities will not work. This implies that a straightforward
generalization of the holomorphic sector generating equa-
tion (4.45) by extending the variable z will lead to
inconsistencies. Nonetheless, our initial approach remains
valid, as we must still impose the conditions (3.1) and (3.5),
which can be expressed as

d,W+WsW =0, (5.2a)
d.W+{W,A}, +d,A =0, (5.2b)
d; W+ {W,A}, +d,A =0, (5.2¢)

where

A[C] = dz%A,[C)(Z,Y), A[C] = dz%A,4[C)(Z,Y).

(5.3)

To identify the integrability conditions of Egs. (5.2b) and
(5.2¢), one must specify the space of functions for the fields
W, A, and A.

A. Functional class

The space of functions describing the mixed sector
should contain functions from the holomorphic sector C”
and the antiholomorphic sector C”. Naturally, the class of
functions for the mixed sector takes the form of the
following tensor product:

Cri:=CPl® qu

p.g=0,1,2, (5.4)

where CP is given in (4.11), while its conjugate C? is
defined in (4.15). Explicitly, the functions from C?-¢ are of
the following form:

1—71-7

CPJ[[¢] = / drdt / eirzy+ir’2)_’ +iUV
/
[0,1]? T T uv

Xyl = 007 = 0 (1= )

/

dz,—dZ), (5.5)

1-7

I
3\

where

$yq(2,Y:dZ) ~(d2)P(dZ)4¢(Z.Y), 0<p, ¢<2. (5.6)
The HS master fields belong to the class (5.5) in accordance
with their dZ rank. Specifically,

We o9, AeC'?, AeC%.  (57)
A consequence of the above splitting is that some products
are well defined, while others are not. So, the well defined
are

W WeC, (WA, AxW)eC'0,
(WA, AxW)eC™!, (5.8a)
(Ax A, AxA)eCl, (5.8b)
while the ill-defined include
A*xA and AxA. (5.9)

Consequently, the regular Vasiliev-type generating equa-
tions (3.50) make no sense with the star product (3.32)
because Eq. (3.50c) is ill-defined. The irregular generating
systems rely on the projector identities (4.34). To make use
of them, we restrict

Rec =C"®0",

AeC'0:=C' @ C°, (5.10)

where C! is defined in (4.29). The manifest form of such A’
reads

1
A= dz"‘/ drt
0

X / ‘(Z - 11)0((]5(1(2 - 1}), zZ (1 — T)y + u7)—/)eifzy+iuv’
(5.11)

where ¢ is an arbitrary analytic function of z and y, and a
function from C° of z and ¥, i.e.,

066001-15



V.E. DIDENKO

PHYS. REV. D 114, 066001 (2026)

1 1=7 P
$(z.2:y.5) :/ dt'—— | oz 72— )iy, (1 = 2)5 + )eTHT, (5.12)
0 i,v
where ¢(z,0;y,¥) = 0 and otherwise is an arbitrary analytic function. Similarly, A is of the following form:
_ 1 _ o
A= dZ"/ dn/ (Z2=0)yp(z,7(z=0);y, (1 = 1)y + @)e' ™=y TP (5.13)
0 7

with ¢ from C? in the variables z and y. Equations (5.11)
and (5.13) imply [see (4.34)] that

d.A = inB(zY) *y, d:A = iiB(z;Y) 7, (5.14)

where B, B € C%0 are the O-forms expressed as follows; see
(4.33):

9. 5). (5.15)

Notice that the right-hand sides of (5.14) have a chiral form
with respect to the dependence on z and z, with 3 being
independent of zZ and B—independent of z:

d.B =0, d:B=0. (5.16)

The chiral form guaranties that the right-hand sides of
(5.14) are well defined (we recall that y € C?, while
C? % C? is generally sick unless d,C° = 0).

B. Generating equations and consistency

Equations (5.2) are consistent with respect to
d2 = {d,,d;} =0. Now we need to collect conditions
that guaranty consistency with d? =d? = {d.,d:} =0.
The last condition {d,,d:} = 0 is satisfied if we impose

d:A+d A+ {A A}, =0. (5.17)
Indeed, applying d. to (5.2b) and d, to (5.2c), and then
substituting the equations using the Leibniz rule, one
arrives at the identity, provided Eq. (5.17) is satisfied.
Notice that each contribution to (5.17) is well defined and
belongs to C!!, provided A€C'? and A €C!.

Equation (5.17) induces further constraints. In particular,
the consistency with d2 = 0 and d? = 0 amounts to the
following equations that specify the z and Z dependence of
the fields B and B, respectively:

d. B+ hj[A(z, =2 Y) * By — By x aA(z,=Z;Y)] = 0,

(5.18a)
d:B+h}[A(-Z,2,Y) x By — By x nA(—2, % Y)] = 0,

» (5.18b)

|
where, in deriving (5.18), we made use of the projector
identities (4.34) and introduced the notation

iiBy (23 Y) = hyp(z,~Zy, 5 +7),  (5.19)

inBy’(Z; Y) = hy¢<_z, Z;)"H/’y), (519b)

and 7z, 7 act as defined in (3.34),

aNZ;y,5) = NZ;y,-y).
(5.19¢)

Typically of the projector identities (4.34), the star products
(3.32) act on unprimed variables in (5.18), while the
projectors h’ and h’ act on the primed ones in accordance
with (4.35). Additional constraints emerge from the inte-
grability conditions d2> = 0 and d? = 0 for the Eq. (5.18).
By applying d, to (5.18a) and utilizing A € C'?, By € C°°,
and the commutation of [d,, h’] = 0, we can leverage the
projector identities (4.34) to arrive at

hi b [By (=25 Y) * 2By (=2 Y)

- By(=7Y) xaBy(-7;Y)] =0.  (5.20)
Applying d; to (5.18b) leads to exactly the same condition
(5.20). Notice that Eq. (5.20) is by definition of the
projectors h and h’ is Z independent. Consequently, it
does not introduce additional consistency constraints.

Let us now investigate the consistency of Egs. (5.2b) and
(5.2c). We need to check whether d2 =0 and d? =0
introduce any further constraints. Applying d: to (5.2¢)
and using (4.34) along with the definitions (5.14) and
(5.19), we find

- By xaW(z,-7;Y)] = 0.

d, B+ hi[W(z, -7 Y) * By — B,
(5.21)

Analogously, applying d, to (5.2b), we arrive at the
conjugate equation

d,B+h[W(-Z.z,Y)« B, — By« aW(-2, % Y)] = 0.
(5.22)
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The obtained Eqgs. (5.21) and (5.22) are z and Z indepen-
dent, respectively. To see this, one can differentiate the left-
hand sides of these equations using d: and d, to observe
that the result is zero on shell, provided Eq. (5.18) hold.

Summarizing the results obtained at this point, we have
arrived at the following generating system:

®

(ii)

(iii)

Generating equations

dW+WsxW=0, WweC® (5.23a)
d,W+{W,A}, +d,A=0, Alp]eC'®  (5.23b)
d:W+{W,A}, +d,A=0, A[pleC™', (5.23¢)
d:A+d. A+ {A,A}, =0. (5.23d)

Equations (5.23b)—(5.23d) restore the dependence of

the fields W and A, A on Z in terms of the
unspecified functions ¢ and ¢.
Consistency constraints

d.A = inB(zY) *7y, (5.24a)

d.B+h;[A(z, =2 Y) % By — By * 7A(z,—7;Y)] =0,
(5.24b)

d B+0}[W(z,—2Y) By — By aW(z,-7;Y)] =0.
(5.24¢)

The above three equations are supplemented by the
three conjugates

d:A = i7B(z;Y) * 7, (5.25a)
dZB—i_hfv [/_\(_Z/v Z’ Y) *B}J _By’ *ﬂ[_\(—zl,z, Y)] = 0’

(5.25b)

d B+, [W(=zZ.2;Y)« B, =B, «aW(-z'z;Y)] =0,
(5.25¢)

and the condition (5.20) which, if not satisfied, leads
to an obstruction of the generating system (5.23).
Equivalently, if (5.23d) admits a solution, then
Egs. (5.24b) and (5.20) hold true.
b-constraint

The consistency of Eq. (5.23d) constrains the
fields BB and B with Eq. (5.20), which has a form of
twisted-projective commutativity,

H} By (-2 Y) * 2B, (-7Y)

- By(-73Y) x2By(-7;Y)] =0,  (5.26)

@iv)

)
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where the projector H acts in both spinor sectors as
follows:

H,f(Z;Y) =h,h,f(z.2:y.5)
:/ f(A+ U, V)ell,
u,v

A = (ay, ay)- (5.27)
Recall that the prime notation in H' indicates that
the projector operates on Z’ and Y’, rather than on Z
and Y.

The condition (5.26) is automatically satisfied at
the free level and in the (anti)self-dual case, where
either B =0 or B = 0. However, it becomes im-
portant at quadratic and higher orders in the unitary
case. In particular, from B = C+5O(C?) and
B = C+70(C?), it follows from (5.26) that

C*xa(C)—Cx*n(C)=0, (5.28)
which is satisfied in the bosonic case, where
C(y,—y) = C(-y,y). The higher-order extension
(5.26) is referred to as b-constraint.

Let us point out in this regard that the interacting
(anti)self-dual sector, for which, e.g., B =0, is not
necessarily bosonic. The constraint (5.28) implies,
however, that there is no consistent completion of
self-dual interactions in the presence of fermions in
our approach, when each field in the HS spectrum
becomes single. This observation perfectly fits the
fact that the fields should appear in at least two
copies if fermions are included [5].

Reality conditions

In order to describe the real dynamics, the system

is supplemented by the following reality conditions:

Vo =Fe  te=-Zm 0l =1 (5.29a)

Wi=—w, A'=-A, Bf=zB, Bf=zB.
(5.29b)

Z independence

Recall that Eq. (5.23a) is independent of the
variable Z, even though W clearly depends on it.
This independence arises from the evolution equa-
tions (5.23b) and (5.23c¢), which enable us to access
the vertices in Eq. (2.7a). Similarly, Eq. (5.24c¢) also
appears to be independent of Z and provides access
to the vertices from (2.7b). Indeed, it is clearly
independent of Z since both B and the component
involving the projector h’ do not depend on Z.
Demonstrating that Eq. (5.24c) is also independent
of z is a bit more complex. Instead of directly
proving that this equation, which we will refer to as
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E, lacks z dependence, we can show that the product
E « % does not depend on z. This implies that the
equation E itself does not involve z. Multiplying
Eq. (5.24c) by 7 and using the projector identity
(4.34), along with the definition (5.14), we have

Exy=dA{W, /_\}* — dxdzl_\. (5.30)
It is not hard to show that
d,(Ex7) =—d:[A,d:W +{W,A}, +d,A], (5.31)

where, in deriving this expression, we used
Egs. (5.23d) and (5.23b), and

d:([W,d:A] = [d:W,A]) = —=d2{W,A} =0. (5.32)
The condition in (5.31) relates to the equation of
motion (5.23b), which means that (5.24c) is inde-
pendent of z. It is important to highlight that
throughout this process, we did not encounter any
ill-defined star products of the form CP4 s CP¢
with p+p' ' >1lorg+4q > 1.

VI. CHIRAL PERTURBATION THEORY

Generating equations (5.23) and (5.24) can be processed
perturbatively,

=]

B=B[C]+B,[C,C]+..., B=B[C|+B,[C,C]+...,

(6.1a)

A=A[C]+A[C,Cl+..., A=A[C]+A)C.C]+....

(6.1b)

This data defines the perturbation of W via the solution of
Egs. (5.23b) and (5.23c), which exists provided A exists. A
remarkable feature of the decomposition (6.1) is that its first
order in C approximation restores the all-order (anti)hol-
omorphic sector of the theory, rather than just the linearized
equations. The higher order (anti)holomorphic corrections
arise through the nonlinear corrections in W, while the (anti)
holomorphic part of B and A is linearly exact:

B = C(Y|x), B = C(Y|x) (6.2)
and
1 .
A= indz"za/ drtC(—1z,y)e"™,
0
— . 1 .
A= iide”’Z(-,/ drrC(y, —17)e'™7. (6.3)
0

Indeed, to reach out to the holomorphic sector, we set 77 = 0,
implying

B=0, B =B, (6.4a)
A=A, A=0. (6.4b)

As a result, we obtain that
d,A = inB xy, (6.5)

and Eq. (5.24a) is satisfied. Equations (5.23d) and (5.23c¢)
are also satisfied for W independent of Z. Importantly, the
constraint (5.26) is automatically fulfilled for B = 0.
Eventually, to arrive at the holomorphic vertices at a given
order C", it is sufficient to solve for W from Eq. (5.23b)
using the standard contracting homotopy,

Wn = _A({Wn—lv A}*)’

x), (6.6)

WO = w(yn)_]

where

AL f oY) o= 2 / Ldeef (izy). (67)

0

In connection with the (anti)holomorphic sector, let us
highlight the difference between the regular and irregular
approaches. In the former case, neither A nor B terminates at
the linearized order. This happens because the two are
related to each other through the nonlinear equations (3.50c)
and (3.50d). In the latter case, the projector identities from
(4.34) allow us to avoid the nonlinear map at the cost of
having a different large (Z, Y)-algebra.

We have demonstrated that the C-linear terms in (6.1) are
responsible for the all-order (anti)self-dual sector of the HS
theory. A natural question arises regarding the significance
of the higher-order C-corrections in B, and A,. These
corrections contribute to the nonlinear mixing of the
holomorphic and antiholomorphic sectors. One might have
hoped to extend the self-dual conditions in (6.4) by setting
B=B and A = A, thereby accounting for the full HS
interactions without introducing higher-order corrections.
However, this choice is inconsistent with Eq. (5.23d).
Consequently, we expect that B, and A,, will be nonzero
for n > 2. Their dependence on # and # can be understood
from (5.23d); for example, A, ~ 5.

Having A, and A,, one can access W that solves (5.23d)
and (5.23c) up to the following orders:

W= "W, 1(Z.Y]x) +he. + ... (6.8)

n>0

where the missing terms, denoted as ..., require A3 and
higher, while h.c. stands for the Hermitian conjugation.
Consequently, having the connection A only up to order
C? gives us access to all-order vertices, such as V,1 and
Y,,, from (2.7). Similarly, A; opens access to V,,
and Y,, for any n, and so forth. In general, the
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decomposition of A’ in terms of the phase parameter
acquires the following form:

A= Z ni'A,

i>1,j20

A = nAl.O? A = 77]/_\0'1 N (69)
where A;; and /_\i.j are independent of »# and 7. From
the definition (5.24a), where A is proportional to 7, and
similarly, A is at least linear in #, it follows that

AO,i - /_\i’() - 0 (610)

Additionally,

Ai.O:/_\O,i:O for i > 1, (611)
manifesting that the (anti)holomorphic sector is linearly
exact for the connection A. Similarly, from (5.24a) we
have that

B= Z’?iﬁjlgi,j’ B= Zﬂiﬁjéi,/’,

i,j20 i.j=0

By = Byg = C(Y|x). (6.12)
The phase components of the fields B’s are related to
the underlying connections A’s through the following
identification:

d. Ay, = iByj 7, d:Apjp = iBjx7. (6.13)
Consequently, Eq. (6.11) entails that
By; =Big=0 fori>D0. (6.14)

The chiral splitting in terms of variables z and Zz of the
fields B(z;Y), B(Z; Y), (5.14), and the initial data (6.2) and
(6.3) that establish the perturbation series (6.1) from the
self-dual sector singled out by (6.11) [equivalently by
(6.14)] leads us to refer to our approach as chiral pertur-
bation theory. Its leading order is the (anti)self-dual

|

i+j=N

N
Vyi = -n"7 (Z dWi, + Z {Wio. Wj.l}*> ; Viy ==V
=1 7Z=0

Note that although W,((0;Y) =0, as follows from
(6.15), this may not hold true for W; ;(0;Y). The solution
for W, is not necessarily provided by the standard
contracting homotopy. This explains the presence of
d,W;; in (6.17).

The degree k = 1 vertices T for O-forms from (2.7b) can
be extracted from (5.24c) or its conjugate. Specifically,

vertices, while the subleading perturbations correspond
to the degree two sectors penetrating each other.

A. Vertices from chiral perturbations

The vertex reconstruction procedure relies on the order-
by-order reconstruction of the connections A and A in
terms of the Weyl O-form C(Y|x). The order O(Ck!)
solution generates a jet of HS vertices Vy ;, Vv in (2.7a)
and Yy, YTy in (2.7b) for all N as follows:

(1) Degree k=0

At this stage, the solution for A’s is given in (6.3)
and, consequently, B = C. It allow us to restore the
components W,, and W, via the recurrence
equation (6.6),

Wn,O(Z; Y) = _A({VVH—I,OvAO.I}*)7

WO,n(Z; Y) = _A({Wo,n—lv AO.I}*)’ (615)

using the initial data W, = w(Y|x). Having these
components, one recovers the corresponding verti-
ces via' (5.23a) and (5.24c),

N

Vno=-1"Y (WioxWy_io)| . Von==Vio:
i=0 Zz=0

(6.16a)

Tyo==n"(Wyo(z:Y)xC=CxaWyo(Z:Y))

)

==y

(6.16b)

T _ =
TOYN—ﬂ'TN’O.

This way, the minimal-derivative (anti)holomorphic
vertices were found in [51] for all N.
(1) Degree k =1
The quadratic corrections to the connection A
emerge as solutions of (5.23d). These are contained
in Ay and /_\1’1. Through (5.23b) and (5.23c), one
determines the associated 1-forms W, ; and Wy,
which, along with the already available W, , and
Wo.n» evaluate

(6.17)

from d,A,; =B, xy, we read off field By, which
contributes the following vertices:

PSetting Z = 0 is convenient because this choice eliminates
the contribution from d,W;,, which is proportional to z due
to (6.6).
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Tyi=-n"7 <deo,1 + Wy, 5Y)xC=CxaWy,(Z.%Y))

+ h/y[WN,O(_Z/; Y) * (By’)o,l

The higher-order degree k > 2 case applies analogously.

It is important to stress that while the existence of any-
order vertices is guaranteed in the regular case, based on
Eq. (3.50), this is not necessarily true in the irregular case.
For the latter, the (in)existence of a vertex depends on
whether (5.26) has a solution. In other words, the large star
product (3.32) imposes constraints on the space of func-
tions for our master fields, resulting in a chiral form of the
connection A, represented by (5.14). This form may not be
supported by Eq. (5.23d). If the b-constraint (5.26)
encounters an obstruction at a certain order, then the
holomorphic vertices studied in [49] cannot be lifted to
a complete 4D theory. Although we do not know if (5.26)
leads to an obstruction at any point, we will demonstrate
that this is not the case for A, and Aj. This means that the
self-dual HS theory proposed in [49] admits a unitary
completion at least up to the vertices Vy 4, Ty, from (2.7)
and their conjugates with N and k interchanged, where N is
arbitrary and k = 1, 2. These vertices include the important
quartic vertex, represented by Y,;;, which exhibits a
locality issue.

B. Quadratic order

In this section, we show that the expansion (6.1) is well
defined to the second order in C, corresponding to the
degree k = 1. In addition, we explicitly find A, and A, that
solve (5.23d). To this end, we start with the leading order
fields (6.2) and (6.3). Equation (5.23d) admits a solution,
provided the b-constraint (5.26) is satisfied. In this order,
this constraint reduces to (5.28). Consequently, A, and A,
exist. In the quadratic approximation, Eq. (5.23d) reduces
to

d: Ay +d Ay + {A A}, =0, (6.19)

where, in accordance with (6.9),

Ay =niilyg, No=niiAry, Ay :_AI,I' (6.20)

Let us highlight once again the difference with Vasiliev’s
perturbation expansion. In our case, the chiral decompo-
sition implies Ay = Ags = 0.

We proceed using a convenient source prescription for

the 0-form C(Y|x); see [40]. Specifically, let us introduce
the Taylor expansion,

!

Z=-y
— (By)oy * mWo(—2" Y>]). (6.18)
|
CO3lx) = ooy 3|
y'=y'=0
0 _ .0
Pa = —ZW’ Pa = _lﬁ (6~21)

We will omit, for brevity, the C(Y’) part by writing

C(Y) — e PP, (6.22)
The bosonic condition (2.13) implies the following impor-
tant equivalence relation under simultaneous sign flipping
p— —pand p - —p:

e~ IP=iyP  piypHIVD (623)

At higher orders, where several C’ emerge, we will label p;
with the index i that counts each appearance of C from the
left. For example,

C(y.5)C(y,y) = "Pr=0PiS=in C(y), 51 ) C (v, 35)
Y’I_Z:(J

(6.24)

—> e~ IYP1=iyP2=i¥P1—=i¥P2
With this prescription, Eq. (6.3) reads

1 . .
A= indzaz{,A drre@0FPI=TD = A o, (6.25a)

. 1 . _
A = ifdziz, /) drre=0P)-P = A, . (6.25b)

Recalling now the convolution (4.18), we rewrite (6.25) as

. 1 .
A = indz%e= P @/ drrz,e™0P)
0

— . 1 P
A = ifdz%e P @ / dr17,e70D), (6.26)
0

Although the convolution @ in the above formulas is
merely a point-wise product, we introduce it because it will
facilitate the subsequent star-product calculations. So,
performing a simple integration with (3.32), we have
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A x A = —pijdz® A dz¥e PP
@ deT/TT/ZaZdeiTZ(yJ"pI_p2)+if,z(y+]51+|32) s
0,17
(6.27a)

A x A = —5ijdz® A dz@ePi=iP
@ deT/TT/ZaZdeiTZ(erpl +P2)+iT’Z(y+}T)1 _132) .
.17

(6.27Db)
Notice that the integrands in (6.27) may appear different at
first glance. However, they are actually equivalent when we
apply the bosonic equivalence (6.23). Specifically, by
changing p, — —p, and p, = —p, in (6.27b), we find that
the integrands coincide and

{A,[_\}* — _;/Iﬁdza A dza(e_inZ_i)_)l_)] —_ e—i)’P1+i)_’f’2>

@ deT/TT/ZaZaeiTZ(y+pI _p2)+i7/2(}_)+pl +p2) .
[0.1]?

(6.28)

It is convenient to further reduce (6.28) using the following
identity:

70 =) = [ o flox+(1-ap). (629)

0

which enables us to write

{A. A}, = —idz® A dZ((y + Q) — (F + @) ]

® [ drdt' 10 7,7, 0TOHTIH) - (6.30)
0.1
where
PR—— / ! doeiolpa 5B il1-0) (i +352)
0
+ (O + Qv (y. ). (6.31a)
Yy / ' doeiolpa 5 Hill=o)(~ypi 45,
0
+ G+ a7 (0. 5)) (6.31b)

with w(Y) and w(Y) being arbitrary functions that do not
contribute to the anticommutator (6.30) and

Qo = (pl - p2)(1’ Qa = (I_)l =+ pZ)(’l‘ (632)
Using the identity (A1b), we observe that (6.30) represents
a sum of d,- and d;-exact pieces. This allows us to write

down the solution to Eq. (6.19):

Ay =dz%* @ o drdr'z(1 —T')ZaZae"”(yJ’Q)*"T’Z(-H‘i)
+dz€:=’7’7lA1‘,1’ (6.33a)

Ay =dz%* @ o drdt't' (1 —1) 7,7, ™00 +T20+d)
+dze= 77’_7/_\1,,% (6.33b)

where ¢(Z, Y|x) € C*0 is an arbitrary function from the
specified class, representing the gauge ambiguity. The
obtained solution features freedom in two functions y
and . We fix this freedom by setting

w=w=0. (6.34)
We will explain later why the choice (6.34) is the proper
one from the locality perspective. We also fix the gauge
freedom as e = 0. Notice that A, €C'? [see (4.30)] and

A, €C%!, as this should be. Hence, using (Ala), we easily
obtain that

d.A, = inB, xy, d: A, = i, * 7, (6.35)
where
B, = ny? / ! deiibai5(B )i (opt(1-0)p1)
0
® A | dr(1 — 1)z, PP (6.36a)
B, = iy* /1 doeP1P21iy(p2=p1)+i§ (0P +(1-0)p2)
0
®‘/0] dr(1 — 7)Z,e T P1HP), (6.36b)

While the above result may seem to be in tension with the
reality condition (5.29), this is not the case. Indeed, the
bosonic condition (6.23) allows us to, for example, flip
P> = —p, and p, — —p, in (6.36b), thereby demonstrating
that 3, and 3, are manifestly in involution.

Let us now summarize the results of our analysis at the

quadratic order.

(i) The existence of solutions to Eq. (5.23d) at this order
was possible for C satisfying (5.24). This means that
the bosonic (anti)holomorphic vertices can be ex-
tended to include the mixed HS vertices of the form
nVi and i7Vn for any integer N that corresponds to
the degree k = 1 case. Indeed, having A and A, is
sufficient to recover W up to the order "7 by
solving Eq. (5.23b). Similarly, with A and A,, one
restores W up to the order ##V7.

(i) The obtained solution (6.33) is not unique. It has a
gauge redundancy parametrized by the parameter ¢
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and a freedom in two functions, y/(Y) and y(Y). The

gauge parameter ¢ does not affect B, and B, in

(6.36), while the functions y and w do have an

impact. This freedom may be significant at higher

orders. However, we choose to set y = = 0 based
on the following observation: the resulting solutions

(6.36) corresponding to this choice match, up to

normalization, the Vasiliev field B from [38], which

reproduces the maximally local quadratic holomor-
phic vertices. This finding may seem surpn'sing,16
considering that Vasiliev’s B, pertains to the hol-

omorphic sector, while our solutions in (6.36)

pertain to the mixed sector. This observed matching

(checked in Appendix C) suggests intriguing dual-

ities between the various sectors of the HS theory,

which we hope to explore further in the future. From

a technical standpoint, this matching could only be

possible if the chiral factorization (5.14) occurs.

Indeed, since A (6.3) is independent of Z, the action

of the projector h’ in (5.24b) can be easily found, as

the z-evolution equation (5.24b) for the field B,

becomes

d.B, + A% C—Cx A =0. (6.37)
This equation resembles the one that arises in the
second-order analysis of the holomorphic sector in
Vasiliev’s theory. It becomes identical (except for a
normalization factor) when we consider that the star
product x defined in (3.32) acts like the Vasiliev star
product x from (3.21), when one of the multipliers
(in our case C) is independent of Z.

(iii) The result (6.36) manifests a pure star-product form
with respect to the variables y in (6.36a) and y in
(6.36b). For example, in (6.36a), we have

e D1P2=i¥(P14D2) — p=iVD1 y p—i¥P2 (638)

Using the definition (4.18), we can calculate ,,

with the result being

B,= ineiz>’/ drdo(1-1)
0.1

0 o _
X ay(,(YZCP(yq))C (V]1.3) * C(¥5.5)
q

where

(I)(y) _ eiy(z—apz—(l—U)Pl), yz = ((1 —T)y —Tq)a,

(6.40)

"®Recall that within the irregular approach, the field B = C
does not receive higher-order corrections in the holomorphic
sector.

and we recall that we use the Taylor form defined
in (6.21), while q is given in (6.32), and the star
product * acts only on y variables.

C. Cubic order
In the cubic order O(C?), related to the degree k = 2,
whether Eq. (5.23) produce consistent interactions in the
mixed sector depends on whether the b-constraint (5.26) is
satisfied. In the order O(C?), it takes the following form:

(By(z;Y) % 7C — C x 2BBy(z;Y)) =0.

==y

(6.41)

In obtaining (6.41), we also used the fact that the
contribution proportional to # must be equal to zero
independently17 of the contribution proportional to 7.
The two contributions are related by conjugation.

The Eq. (6.41) is indeed valid, though its verification is
not entirely straightforward. The cancellation of the two
terms in (6.41) arises from the integration process in (6.36).
This integration can be conveniently expressed as an
integration over a simplex; see [38]. We will not perform
this check here. Instead, we will solve (5.23d), implying the
validity of Eq. (6.41).

Let us look for solutions to Eq. (5.23d) in cubic order. In
accordance with (6.9), there are two conjugate contribu-
tions, % and 7%y:

As=n* gy +0iP A2, As=mPiiAg 0P Ay, (6.42)
with the conjugation
Ayy = —A},, Aa=-Al,. (6.43)

Zooming in on, for example, the 7%/ piece, we have

d:Ag 1 +d Ay +{A1g, A1} =0, (6.44)
where the lower-order contributions to A are presented in
(6.25) and (6.33). The analysis of the equation above is
similar to the quadratic order discussed earlier. Specifically,
we need to explicitly demonstrate how the commutator
{A10, A1}, can be expressed as a combination of d_- and
d--exact pieces. These pieces will then be linked to the
desired solutions for A, and A, up to gauge ambiguity.
The necessary computation is quite straightforward, and we
will provide it in Appendix D, while presenting the final
result here:

As a matter of principle, we should not dismiss the
possibility that the constraint (5.26) may not be satisfied for
any arbitrary value of #, but could hold true for a specific value
instead. However, we will not explore this option in this
discussion.
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Ay = —idz® / drdr! / YV P(3.7) @ 71 = 1)1 22574 0V HTIHA), (6.45a)
' 0,1 A

p.o

Moy ==idet [ dnde [ (54 BVH0.5) @71 = )zzgzae ), (6.45b)
(0.1 A

p.c

where the integration goes over a square formed by the variables 7, 7/, and a compact domain represented by p; and o:
A ,=1{p+p+p3=10<06<1,0<p;<1,i=1,23}. (6.46)

The rest of the ingredients of (6.45) are

N 2 i [yP,+(5+50) Py ] +i(1=0) [y +(5+53) P,
d(.y) = el e Y i, 6.47
0.5 (p1 +p2)(p2 +p3) ( )
where
P2 P3 = _ P2 - P3
Py == ps — P, Py=-pi— Py + Ps. 6.48a
! P2+ pP3 : P2+ p3 g ! ! P2+ p3 ? P2+ p3 ’ ( )
P1 P2 = _ 1 - P2
Py=- P2 — pi.  Pj=ps— pr + P2, 6.48b
! P1+p2 ? pr+pr ? ’ pr+tp it g ( )
and
q=(p2+p3)p1 + (p1 = p3)P2 = (P1 + P2)P3, (6.49a)
q =P1 +P2+Ps (6.49D)
&= p\P1 — paba + P3Ds- (6.49c¢)

The missing contribution from A, and 1_\1’2 that we have not calculated is recovered from (6.43).
Field B in the cubic order arises from (5.14) as

d.Ay = inB3(ZY) xy,  d:As = iiBs(z;Y) * 7, (6.50)
where
By = niiBy 1 + n*Bao, Bs = niBy 1 + 1By, (6.51)
This way, we find that
d:Ayy = iByo(z:Y) %7, d. Ay = iB (%) * 7. (6.52)

Using identities (A2a) and (A3), one arrives at

- 1 .
Byo(z:Y) = - / YV h(y,~q)e @ / dr(1 = 7)z,25€™0H9), (6.53a)
A, s 0
- .. 0 . _ (1 e
BaY) = =i [ 5+ 8 (0. )e ) © [ dar(1 -2z o), (6.53b)
A 0

Substituting (6.49a) and (6.49b) into (6.53a), we find that its ¥ and p; dependence composes itself into

e_i)_}(ﬁl+|32+]33)_i(|31]52+f71153+]32]53)’ (654)
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which represents a pure star product * of the three C’s:

. 1
Byo(z;Y) = e’zy/ d3pdo'/ drzr(1 —7)
0

A/}.(x
’ ;
x 7Yq® 0, pi )
oyio] (yqu (Yqlo. pi)
x C(y},3) ¥ C(yy,3) C(y5,5)| . (6.55)
¥i=0
where
P2 - A\
D(y g,pi) = ey(ztoPy+(1 5)7?}.)’
( (p1 +p2)(p2 +p3)
yg = (1 =7)y —7q)“. (6.56)

We leave the detailed form of the cubic order field B to
Appendix D. Let us now draw a line here and provide a
short summary:

(i) The existence of the connection A to this order
(6.45) means that the system (5.23) at least repro-
duces vertices O(Vij*) and their conjugate for any
N and k=0, 1, 2. Consequently, the previously
found (anti)holomorphic vertices remain a part of
the full theory for the degree k < 2.

(ii) Similar to the quadratic analysis, when solving for
(6.44), we encountered gauge ambiguity that does
not affect the fields in (6.51). Additionally, there is a
degree of freedom in choosing a single analytic
function for each component of 5. We set these
functions to zero when we reached (6.53). Notably,
this choice of Eq. (6.53a) coincides with Vasiliev’s
field B; from the cubic analysis from [43]. While
Vasiliev’s field By was derived during the analysis of
the holomorphic sector, our result originates from the
mixed sector. This connection suggests certain struc-
tural dualities, which will be explored in the next
section. Furthermore, it is important to highlight that
the cubic b-constraint (6.41) is directly applicable in
the context of Vasiliev’s theory. This is because the
star product used in (6.41) behaves exactly like the
original Vasiliev star product (3.21) when applied to
products involving Z-independent function.

(iii) Equation (5.24b) for B, simplifies at this order
because B,  and A, ( are independent of Z, leading to'®

Bt is important to note that the z-evolution equation for B,
differs from the evolution of Vasiliev’s B; from [43]. However,
the final results coincide. This discrepancy can be explained as
follows: our result (6.55) is exact, while the result in [43] is
approximate and misses contributions that vanish at the level of
the final vertices. By neglecting these terms in the Vasiliev case,
we effectively arrive at Eq. (6.57), which, among other things,
assumes a different star product.

d.Byg+Ayg*Biog—Bigxahg=0. (6.57)

Analogously, the evolution of B, determined from
(5.24b) reads

d.By i+ (A1 (2.25Y)

xC—Cx7A(2,7;Y)) =0.

=3

(6.58)

(iv) One can assess the degree of (non)locality intro-
duced by the fields B, and B, ; in HS vertices by
focusing on the exponential contractions p,p; and
p:p; contained in ¢(y,—q’) and ¢(—g, y) as shown
in Eq. (6.53). This way, one observes that B,
contains only p,p; contractions [see (6.55)], which
means its contribution is spin-local according to the
definition provided in [39]. In contrast, 13, ; does not
exhibit spin-locality, as the relevant contractions
from (6.53b) take the following form:

3 3

i<j i<j

where from (D39) we have

ap = pP3, ajiz = P2, a3 = P1s (6.60a)
;o 9% ;. 0p3 (1-0)p,
ajp = — , ay = )
P2+ p3 pP2t+ps  prtp
1—
o, = - 1=0)p2 (6.60b)
P11+ P2

Although B, appears nonlocal, the extent of its
nonlocality is constrained by a condition introduced
by Gelfond in [70], referred to as moderate non-
locality:

lay| +lajl <1, 1<i<j<3. (6.61)
Since @}, <py, di3<p3+p, ay <p, and
p1+p2+ p3 <1, the coefficients in (6.60) satisfy
the inequality (6.61), aligning with the nonlocal
behavior observed in [70].

VII. STRUCTURE DUALITIES

An interesting finding from the analysis of the mixed
sector at quadratic and cubic orders is the emergence of the
fields By, and B,,, which align with the perturbative
B-module from the holomorphic sector of the original
Vasiliev equations corresponding to minimal-derivative
interactions. This alignment was not expected, except
perhaps for B;. In this case, the match is due to the
z-evolution equation (6.37), which is identical to that from

066001-24



IRREGULAR HIGHER-SPIN GENERATING EQUATIONS AND ...

PHYS. REV. D 114, 066001 (2026)

Vasiliev’s system. It is important to emphasize that our
approach does not require any higher-order corrections
to B in the (anti)holomorphic sector, where #ij = 0.
Consequently, we expect some algebraic relations at the
level of HS vertices. These relations arise from the
following structure of the perturbative expansion of B:

0, i>1,

7.1
C, i=0. 7-1)

Boi = Bio — {

Let us illustrate them with an example of O(C?) vertices.
From (5.24¢), we have that

d,C+wC-Cxrlw)=nYo(w,C,C)+iYy(w,C,C),

(7.2)
where
TI,O = _Wl,O * C + C x* 7_Z'W1‘0 - del.O — Q)B]’Q
+Bl.0*7_7:(60), (733)
TO,I = —(Wo’l(Z,;Y) * C—C*i_TWO’l) (73b)

=3

In deriving this result, we used that By; = BI,O =0 and
also evaluated the action of projectors h’ in (4.34) using
that Wy o(z;Y) is independent of z, while Wy (Z;Y) is
independent of z, as it follows from (5.23b) and (5.23c¢),
specified to the first order in C. Applying the involution
responsible for the reality conditions to (7.3a) and using
that

TI,O =Y,
W-II-.O =W,

Pz
Bl,o_”BO,l’

C' = xC, (7.4)

we arrive at the following O(C?) identity:
WO,I ES C - C % T[W()’l + deO,l + (I)B()ql - BO,I * ﬂ(a))

= (WOJ(Z/; Y) * C—C % 7_7:W0’1)

?=-5

(7.5)

A similar analysis can be carried out in the cubic order for
the purely (anti)holomorphic vertices. To proceed, we use
that

BO,l = Bo,z = BI,O = Bz,o =0,
Woo = Woa(z:Y).

Wio = Wyo(z:Y),
(7.6)

This leads us to the following final result for the conjugate
vertices:

Ty (@, CS) =—d,Bio—dBrg—Wyo*xC+ CxaW,,
- WI,O * BLO + BI,O * 7_1'W1‘0 - wBZ,O

+ By * 7(w), (7.7a)

Yoo w,C?)==(Wpa(Z:Y)xC—C*zWy5)

==y

(7.7b)

Notice that while B is quadratic in C, its contribution
from d, B, to the O(C?) vertex is nonzero and comes
from (7.2). Now, from the conjugation T;O =71y, we
obtain

dXBI,O + dx62,0 + WQ!() * C—C * ]_TW2,0
+WioxBiog—Biog*xaW, o+ wByy— By * 7(w)

= (Wz,o(ZIQ Y)xC—Cx ﬂWz,o) )

I=-y

(7.8)

where in d, B8, and d, B3, only the contribution to 7*-
vertices is taken into account.

The purely holomorphic structure relations (7.5) and
(7.8) generalize to any order, provided the b-constraint
(5.26) holds. In this case, it is straightforward to arrive at
the following order-n condition:

Z d.B;o + Z(Wi,o * Byio = Buoio * aWig)
P i=0

= (W, 0(Z;Y)x C—C*aW,) ) (7.9)

z/:—y

where, again, in d,B;, we only keep #" contributions.
Analogous relations emerge in the mixed sector, relating
two representations for the 0-form vertices O(n™#") and
O(n"7™) via involution .

The identities in Eq. (7.9) significantly simplify the
evaluation of (anti)holomorphic vertices. The right-hand
side of this equation illustrates how all the O-form
holomorphic  vertices Y, o(w,C") were explicitly
derived in [51]. In contrast, the left-hand side reflects
the typical form of a vertex used in Vasiliev’s frame-
work; see, e.g., [44]. We anticipate that Eq. (7.8) will
help establish the equivalence'® between the holomor-
phic C? vertex identified in [44] and the one presented
in [51]. More broadly, Eq. (7.9) is expected to connect
the traditional Vasiliev approach with the recent devel-
opments from [49]. This is particularly important in the
context of the locality issue. Indeed, the all-order

YAt the quadratic level O(C?), Eq. (7.3a) concisely repro-
duces the corresponding vertex in the Vasiliev approach. More-
over, Eq. (7.5) can be proven within Vasiliev’s framework using a
specific quadratic structure relation identified in [41] (see
Eq. (6.28) in this reference).
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locality of the holomorphic sector observed in [49]
may suggest that the locality is reached through the
particular large algebra (4.39) with the commuting
[z,,,z/;}* = 0. In contrast, the noncommutativity, as in
the regular Vasiliev’s framework (3.21), could be a
contributing factor to nonlocality. However, this does
not hold true for a few orders in the holomorphic sector
within the Vasiliev approach, even though establishing
a local setup for this framework remains quite challenging.

VIII. DISCUSSION AND CONCLUSIONS

The main goal of this paper was to investigate the
potential interaction between the holomorphic and anti-
holomorphic higher spin sectors recently proposed in [49].
The respective vertices that exhibit the minimal number of
derivatives were identified in [51], in line with the require-
ment from [45] for projectively-compact locality. If such a
cross interaction exists, then it would unify the two
nonunitary sectors into the full 4D HS theory. However,
there is a challenge: while the (anti)self-dual interaction
described in [49] is expected to form a closed sector within
Vasiliev’s theory, this has not yet been proven for higher
orders. As a result, it is possible that the two sectors may
not have a unitary completion and could instead demon-
strate some freedom within self-dual theories. It is impor-
tant to remind that no such freedom occurs at the quadratic
order, as the corresponding vertices at this level are

|

Regular(Vasiliev):
dA + A*A = inBky

d:A + AxA = iijBxy

d A+d:A+{AA}, =0

The only common equation between the two systems is
Eq. (8.1c), while the others differ. The system on the left is
clearly consistent, provided that the proper Z-evolution of
the field B is considered. In contrast, the irregular system is
consistent under the following conditions: (i) the star
product is defined as in (3.32), (ii) the connections A
and A belong to the appropriate functional class, which,
along with the star product x, generates the projector
identity (4.34), and (iii) the fields B and B are chiral
and satisfy the bilinear algebraic constraint (5.26).
In the holomorphic case, where 7 = 0, the irregular
system admits a simple linear in C solution,
ARl =0, B!(z; Y|x) = C(Y|x), (8.2)
which restores the whole holomorphic sector through a
linear in C connection A. It is also important to note that,

consistent with those of Vasiliev [37]. Furthermore, there
is evidence (see [46]) suggesting that the cubic vertex
evaluated in [44] should also align with the findings
of [51]. Consequently, our goal was to check whether
the holomorphic system of [49] admits well-defined mixed
interactions.

To incorporate the mixed interacting sector, we intro-
duced the so-called irregular generating equations, which
generalize the purely (anti)holomorphic system. This has
become possible due to a key generalization (4.34) of the
projector identities from [49], which opens the way to the
mixed interactions. The term irregular means that this
system does not provide access to some of the standard
consistency constraints due to the specific (irregular) star
product (3.32) used in the equations. This contrasts with the
standard (regular) star product (3.21) employed in the
Vasiliev framework. Somewhat surprisingly, the irregular
star product has effectively emerged as a contraction of the
original Vasiliev large algebra during the evaluation of
lower-order interaction vertices, which are constrained by
locality [41]. As a result, it was natural to use it in the
context of HS locality.

While our equations resemble the standard Vasiliev
form, they differ in several important ways. Below, we
present a central part of both systems that defines
the evolution of the auxiliary connections A and A, which
are responsible for HS vertices:

Irregular:

d.A=inB(z;Y) xy (8.1a)
d:A = iiiB(z;Y) * 7 (8.1b)
d,A+d:A+{A,A},=0. (8.1c)

unlike the system on the left of (8.1), which has a single
0-form module B(Z;Y), the irregular case features two
chiral modules:

(8.3)

This chirality is enforced by a very restrictive functional
class associated with the (anti)holomorphic interaction. It
imposes a strict limitation on the consistent interactions.
Due to this chiral splitting of the O-form sector, and due to
the fact that the linearized approximation of the irregular
system (8.1) embraces the complete (anti)holomorphic
sector, we refer to the perturbation theory for the proposed
irregular system as chiral. Its expansion parameter, referred
to as degree, represents the extent to which the two dual
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sectors interpenetrate. In addition, the proposed scheme
guaranties that the (anti)holomorphic vertices emerge
maximally local in all orders.

We have examined equations in (8.1) by considering
perturbations for general values of # and 7 at both leading
and next-to-leading orders. Our analysis revealed the
existence of a solution, which we have explicitly identified.
This finding indicates that there are consistent interaction
vertices of the order O(rV7*="12) and their conjugates for
all values of N and the degree k < 2. Consequently, the
necessary b-constraint (6.41) turns out to be nontrivially
satisfied. The results of our analysis include the following
observations:

(1) In the quadratic order, the consistency for the mixed
interactions implied by the b-constraint (5.26) elim-
inates fermions from the spectrum.20 This outcome
was, of course, expected. However, it is of interest
that this limitation arises from the quadratic con-
dition for the Weyl module (5.28).

(i1) In the cubic order, the consistency boils down to
(6.41). It represents a cubic star-product relation on
the Weyl module C and its minimal-derivative
C?-correction encoded in the field B. The validity
of this relation is significant and highly nontrivial.
Furthermore, it directly applies to the standard
Vasiliev case. Unfortunately, we lack insight into
why this condition is satisfied a priori, and we are
uncertain whether the higher-order b-constraints will
also hold. However, while solving for the connec-
tions A and A in a few orders, we encountered not
only gauge ambiguity but also a persistent ambiguity
in a single function each time. This allowed us to
maintain control over consistency in the subsequent
order. Let us highlight that the data obtained at this
point opens access to crucial cubic vertices O(C?)
(quartic at the level of action).

(iii) The structure of chiral perturbation theory is unique
in that its linear approximation captures all-order
(anti)self-dual interactions. From a technical per-
spective, this results in a specific configuration for
the module 5, as shown in Eq. (7.1). This configu-
ration suggests a set of dual representations for HS
vertices (7.9). These relations significantly simplify
the otherwise involved process of evaluating hol-
omorphic vertices. More importantly, we believe
they will help connect the holomorphic system
proposed in [49] with the standard framework of
Vasiliev. Indeed, in our analysis of the perturbative

*Fermions can be included in the usual way by supersymme-
trizing the HS algebra with the additional so-called extra
Klein operators k and k [5]. This makes the field spectrum
doubly degenerate, containing each field in two copies. Other
supersymmetric extensions can also be considered along the lines
of [71,72]. For clarity, we have restricted ourselves to the
nonsupersymmetric case.

equations, we found a solution for the module B,
whose components match the previously known
(modulo irrelevant terms) holomorphic 0-form mod-
ule from Vasiliev’s theory.
We anticipate that the proposed approach will not encoun-
ter any obstructions at higher orders. This expectation is
grounded in the fact that the generating system (5.23)
consistently produces cubic and quartic vertices according
to Lagrangian counting. Moreover, it generates consistent
all-order vertices for degrees k < 3.

Assuming consistency, our formalism can be effectively
applied to the issue of higher-spin locality. Our construc-
tion is benchmarked against the maximally local (anti)
holomorphic sector of the theory, which imposes strict
constraints on the mixed sector and limits the freedom in
field redefinition for potentially problematic vertices.
While we did not tackle this issue in our paper, we plan
to address it in the future. A preliminary examination of the
structure of nonlocal derivative contractions at degree
k = 2 indicates that they are not arbitrary; rather, they
are constrained by a moderate nonlocality inequality (6.61),
which aligns with the proposal from [70].

As a different but related direction for future research, it
would be interesting to see whether our approach could be
applied to the Coxeter higher-spin models proposed in [73].
In particular, it is of interest to see if there is an analog of
the holomorphic sector in these models. While the linear-
ized analysis of such models has been initiated in [74], little
is known about the interactions. We hope that the Coxeter
higher-spin theories may provide a framework for the
irregular formulation that effectively addresses the locality
issue.
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APPENDIX A: CONVOLUTION RELATIONS

There are two important identities involving total deriv-
atives that are central to our approach: the I-form and
O-form relations. These can be expressed as follows:

1 . )
d. <dz“ / drep(y) @rzae”z(w)) = p(—q)e ™ %y,
0

(Ala)
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1 . 1 .
d, (/ deg(y) ® (1 - r)zae”“””)) - "dz% de(y + g y(y) @ 72,0+ (Alb)

where ¢(y) and ¢*(y) are analytic, while ¢ is a spinor parameter that is independent of both y and z. The 2-form y is defined
in (3.35). Similar identities hold in the antiholomorphic case, where (y,z) — (7,Z) and ® — @:

1
d; (dZ“ / AT p(y) @ 7'z 0T ) (=q)e " 7, (A2a)

0

1 4 _ o
([ et 0181 =120 ) =i [t 5+ 300y & 7070 (A20)
0
Differentiating with respect to g, we obtain a generalization of Eq. (A1) for any polynomial in z prefactor, e.g.,
1 . 0 .
d, <dz"/ dzd’ (y) ®T2zazﬂe”z(”">) = —la—qﬁ(fﬁﬁ(_Q)e_lyq) *Y. (A3)
0

It is important to note that the differential operator d, acts on the function from the space C' in Eq. (Ala) and on the
function from the space C° in Eq. (A1b). Similar identities apply in the conjugate sector, where the variables (z,y) are
replaced by (z, y).

The relation (A 1a) underlies the projector identities (4.34), while (A1b) is useful for solving for the connections A and A
from (5.23d). The proofs of both relations rely on the two-component Schouten identity and integration by parts. To
illustrate this, let us prove (Ala). We start with

9 [l , 1 4
= [ asot) @wzretrn = [asps) @ e+ ivaty +aeo
27 Jo 0

1 1 -
N / drp(y) @ (27 + 720, )0+ = / 7, (7 (y) ® €0 ))
0
=p(y)® pizyta) — d(—q)e” W0+a) = p(— g)e % ¢, (Ad)

where we made use of (4.20) in the last line. Now, the Schouten identity implies

1 0
a _ AP
d,(dz*A,) = 2dza A dz® % 5A7, (A5)
and we arrive at Eq. (Ala).
Another frequently used simple identity reads
P() ® U = e (P(y,)e™ ™), y, = (1-1)y - 1q. (A6)

APPENDIX B: PROJECTOR IDENTITIES

In this appendix, we prove the identities from (4.34). They apply either to holomorphic or antiholomorphic functional
classes. We will consider the holomorphic case generated by variables z and y, leaving the unnecessary dependence on zZ and
v implicit. With that being said, we need to demonstrate that for

1 . .
Alp = [Vdee [ @= ooz = ). (1= )y e e, (B1)

and

7(z=v), (1 = 1)y + u)e™ v € CO (B2)

o) = [ de”
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the identities in (4.34) hold. Functions ¢; o(z, y) are required to be analytic and ¢y(0, y) = 0 in order for the integration over
7 in (B2) to make sense. It is convenient to proceed using the source prescription and the convolution representation (4.21)
for classes C° and C'. Specifically,

I 1—-7 . )
flzy) = / do——eh1 @ &0+ g (2, ) : (B3)
0 T z’:y’:O
1 . )
A(z,y) _ / dreVA ® Tz(lezrz(y+32)¢l (Z”,y”) ) (B4)
0 z”:y”:O
where
. 0 .0 . 0 .0
Alalev Bla:lﬁ’ Aza:lw, B2a:lﬁ' (B5)
Using (4.22b), we find that
1- . ) )
frA= / drdo— (M1 % e82) @ 12,0 By (2, V )by (2. Y : (B6)
[0,1]2 o z’:z”:y’:y”:o
where
B, =0(B; +A;) +(1-0)(B,—A). (B7)
Now, from (Ala), we have
a. (f i A) _ /1 do l1-0 e_inl.Z_iBll(Al+A2)+iA2A1¢O(Z/, y/)¢1 (Z”, y//) xy
0 (o2 z’:z”:y’:y”:0

— /1 dfl _ Te_i}'(T(Bl+A2)+(1_T)(BZ_A1))_i<781+(1_T)BZ)(A1+A2)¢O(Z,’yl)qsl(zll’y//)lz/:Zu:y/:Vu:O * Y, (B8)
0 T i

where, in the last line, we renamed the integration variable ¢ — 7 and substituted (B7). Now, we observe that the
exponential above acquires the following representation:

e~ iV(x(B1+A2)+(1-7)(By—A;))—i(rB1 +(1-7)By) (A1 +4,)

_ (eiri(y+31)+i(1—r)yA1+irAlBl " e—iBzAz—inz)

, (B9)

I=—y+A,

where 7 emerges as a spinor parameter in the star product, which is evaluated with respect to the variable y. Using the
definition of the projector (4.32), the latter expression can be further massaged into

— (ei-ti(y+Bl)+i(1—r)yA]+irAlBl % e—iBzAz—i}‘Bz)

Z:—y+A2
—h, |:e—irZ(y+B|)+i(l—r)yA|+irA|B| <h, [e—isz+i(y+Sl)Az]} (B10)
Eventually, using (4.17a), and that
eI gy (2,37) = (2.3 +9) (B11)
Z//=y!/=0

gives us the desired identity (4.34a)
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d(f*A) = h[f(=Z.y) *hy¢) (~z.y +7)].  (BI2) ) = =2 s = =2 sy = =2
§(x) = =3 -0(0) = = 20-6(x) = = 5(x). (C7)
The proof of (4.34b) is analogous.
and by integrating by parts, we arrive at
APPENDIX C: VASILIEV’S FIELD B IN THE
SECOND ORDER By, = B;. (C8)

Here, we demonstrate that the second-order field B
presented in (6.39), up to a normalization, coincides with
the Vasiliev field B, from [38] (see Eq. (5.23) in this
reference), corresponding to the minimal-derivative holo-
morphic HS interactions.

Ignoring the y dependence that emerges via the star-
products of y, the source representation for Vasiliev’s B, in
our normalization and convention is given by

By =n [ dipl-izya(a) + 5(x)

X e~V P1P1Hp2Patp32)+ips (2=pi) (P1=P2) (C1)

where the integration goes over 0 < p; < 1, which, thanks

to the presence of the delta-function &(x) with

x =1—-p| — p, — p3, implies integration over a simplex
A/):{pl+p2+p3:170SpiS]}’ (CZ)

and &' (x) = £ 5(x) is a derivative of the delta-function. Let
us compare Eq. (C1) with B, from (6.39). Again, by
ignoring the y-part in Eq. (6.39), we have

. 0
B, = ne'® / drdo(1 —7) <2 +vg 7 5y ><I)(yq), (C3)
0.1?

where

D(y) = eP(om=(1-0p)
¥g = ((1=2)y —2(py = p2))". (C4)

Substituting this into (C3) and introducing the new inte-
gration variables,

p=(-2)1-0), (Csa)
pr=0(1=1), pi+prt+ps=1, [J|=(1-p3)~", (C5b)
p3 =71, (C5c)
Eq. (C3) takes the following form:
B, —n/dipé < lzy+Zp, >
x e—i}’(l’lpl+ﬂzP2+P31)+lﬂ3(~—P1)(Pl‘PZ). (C6)

Using now that

Consequently, we conclude that our 3, identified in the
analysis of the quadratic mixed sector coincides with
Vasiliev’s master field B, responsible for the minimal
quadratic interaction within the holomorphic sector.

APPENDIX D: CUBIC ANALYSIS
In this appendix, we solve Eq. (6.44)

d:Ag g +d Mgy + {A1g. Ap 1} =0, (D1)
with [see Egs. (6.25) and (6.33)]
. 1 .
A = idz%e™ P @/ drrz,e™0P) (D2a)
0
| =dz%yp(Y)
® drdt't (1 = 1)z,7,e™0+T9+720+3) - (D2b)
[0,1]2
and
1 . <,
#r.5) = [ doern ik, (D3a)
0
4o = (P1 = P2)er  Qa= (P1 +P2)sr (D3b)
Aa = _(GPZ + (1 _6)pl)a’
Al = (—op; +i(1-0)py),- (D3c)

Using (4.22), we find that

_ . 1 e
Ao * Ay =idz% A dZ“A dppy’(y.y + py)e P

® o drdt' U122, 757, "0 T HTIHE)
0.1
(D4)
where
@ =pp1+(1-p—p(l=0))ps—(pc+1-p)ps, (D5a)
d3 =P1 + P2+ Ps, (D5b)

or in a manifest form,
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AI,O * /_\1’1 =1idz* A dzdyﬂ/ i dpdo-peiY(—O'Ps—(1—0)P2>+i5'(—}31—0]52+(1—0)f>3)+i]51(—5}32+(1—0)f’3)

[0.1]
® oup drdt' 7' 7,2 ﬂzaeiTZ(Y+/7P1 +(1=p=p(1=0))p2=(po+1=p)p3) +i7'Z(§+P1+P2+P3) (D6)

Recall that when performing the above calculation, we need to consider how the resulting expression in (D4) acts on the

CCC. Specifically, the differential operators in A; ; will act on the first C from the left, while those in A, will act on the last

two Cs. As a result, we must make the following substitutions: set p — p; in (D2) and update p; — p, and p, — ps in (D3).
Similarly, we find the opposite product:

/_\1 Lk Ao = —idz® A dZ"‘y/”/ dpdo-peiY(—f’"Pz—(l—f’)Pl)+i.‘_’(—153—’71_31+(1—”)f’2)—if’3(—0'f’1+(1—”)132)
’ ' 0.1

® drdr' 1?77,z 574 eirz(y+(1=0p)p; +(po—14p)pr+pps) +ir'Z(3+P1 +P2—P3) (D7)
[0.112

Consider now (D6) and make the following change of integration variables that introduces the simplex A :

pr=1-p, (D8)
P2
Py = o0p = pi=1, 0<p; <1, o= , D9
2 Z i i 0 + 0 ( )
p3=p(l-o). (D10)
This results in the following form of (D6):
Ay * Ay = idz® A dz%yP /A d3pei}'7’y+i(5'+l51)755.® o dede' 1277,z ﬁzaequ)ﬂaz(wq'), (D11)
, 1
|
where and then introduce the new simplex integration variables
in (D7),
P2 P3
Py= =Ly,
P2 P3p P2 P3p Py = op, (D15)
Py =—p) ————Pp +——Ps, D12
’ Yt patps (D12)
pr=(l-c)p=Y p=1. 0<p <1,
and 01
c=——, (D16)
P1+p2
q = (p2+p3)P1 + (p1 —p3)P2 — (P1 + P2)P3.
=
4 =P + P2+ s (D13) pyi=1—p. (D17)
Now we proceed with Eq. (D7) in such a way as to make This o
the right-hand sides of the convolutions in (D6) and (D7) 15 gIves us
coincide. This turns out to be feasible in two steps. First, we
simultaneously replace21 in (D7) /-\1,1 Ay = —idz® A dztyl / oVt P
ps = —Pps, ps = —P3 (D14) ® 202,257, UHITIEIEH) (D18)
[0,1)?

2'We can do this because of the bosonic condition '
C(y,—y) = C(=y. ). with
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7)/ — _ P1 Py — P2

P11+ P2 p1+p
= _ P10 - P2
Pr=p;y— P+ P D19
y : P11+ P2 ! P11+ P2 : (D19)

P1,

It is important to note that because the fields are bosonic and we are integrating over a simplex, there is a match between the
right-hand side’s ®@-factors from (D11) and (D18). Combining now (D11) and (D18) via an additional integration over
o €10, 1], we have

Ao Apy+ Ay % A = idz* A dz?

X yﬂ /1 daieia [yP,—s—(?-s—pl)T?;] +i(1-0) [},p;+(y+p3)75§]
0 do

® TzT/ZaZﬂZaeirz(y+q)+ir’2(?+fl’) . (DZO)
(0.1

To proceed, the following identities are useful:

P2
P, —P = g, D21la
' Y (o +p2) (2 Fp3) ( )
— — p2 _ — — —
Py — P} = p1P1 — paba + p3ps — ). D21b
=P = ot )t ) 1P PP F 23R =) (D21b)
_ = _ & P2 —y _ _ _
p1Ps =3P = q'(p1P1 = pab2 + p3P3)- D2le
P T (o) 4 p2) (02 + p3) ) (b21e)
Now, differentiation gives us a prefactor
O L iy(Py = PL) + i5(Ps = L) + i(p1 Py — Py D22
%—)lﬂ v = Py) +i5(Ps = P5) +i(p1 Py — p3P5). (D22)
Using the identities (D21), we have
Ao s Apg+ Ay * A =dz* Adz?
I 1
X yﬁ/ P2 (v +q)y+ (F+d)(=F—p1P1 + p2D2 = P3P3)]
o, (P1+p2)(P2 +p3)
% eia[y’Peri(erf!])75;]+i(1—0)[yP}Jri()'/Jrf)g)f);]@ TZT/ZHZ/),Z&eirz(erq)JriT/z(,\_?JrQ/)‘ (D23)
[0.1)?

The two pieces I and /1 compose total derivatives, d, and d., respectively. Indeed, using (A1b) for any analytic function
¢ (y), one finds

d, /0 Ldrg(y) @ (1 - 7)2,25" 01 = idz” /O Ly + Q) D,/ (v) @ 2,250, (D24)
and analogously, for any ¢%(y), we have
d A AP (5) @ (1 — 72,00 = idz /0 a7 (5 + )y (5) @ P20, (D25)
Notice how from (D24) and (D25) it follows that

d)aﬂ ~ ¢(lﬁ + (y + Q)a(y + q)ﬁW(Y)’ ¢(Zt ~ ¢(l + (}_) + Q)al/_/(Y)’ (D26)
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where y and y are arbitrary functions. Having this, Eq. (D23) reduces to

Apo*Apy+ Ay x Ay =—d Ay —d:Ayy, (D27)
where
< s 1=6 P2
A :—zdz”/ Y+ (v + )%y + 9Py (Y
> AM@HWMW+m% ( A Vu()

% eiﬂ [)'Pﬁ(i*f’l)ﬁy] +i(1-0) [fo\,+(y+f)3)75§,] ® T(l _ T)T/Zazﬁzaeirz(erq)Jrir’Z(y+q’) + dZG. (D28)

Here d:e €C%!, and an otherwise arbitrary function representing gauge ambiguity, while w(Y) is an arbitrary function
encoding field redefinition. While the choice of these functions might be important at higher orders, in this paper, we choose
to set

cmv=b (D29)
The II-piece yields
A<2,1):_idza/ P2 [)‘z+pp — PP+ paPs)E + y+q""1/7Y}yﬂ
Apo (p1 +p2) (P2 + p3) ( 1P1 2P2 3D3) ( ) (Y)
xe? b GepP -0 [P 6m%] @ 22(1 - )z, 2z e D) 4 g e, (D30)

with the same gauge freedom d.e €C' and an ambiguity in one function ¥, which we also set to zero:
w=0. (D31)
Zero-form module The chiral 0-forms (6.53a) and (6.53b) result from the obtained A’s and our choice of ambiguity

freedom in Eqs. (D29) and (D31). The form (6.55) for B, straightforwardly emerges from (6.53a) using (A6) and
represents a spin-local contribution to HS vertices; see [43],

P2 Pt (1o [ :
BZO(Z; Y) — —yayﬁ/ ewyperl(l 0'>y7j_v®/ dTT(] — T)ZIZ;elTZ(yHl)
' A,, (P14 p2)(p2 + p3) 0 o«

x C(y}.¥) % C(y5.5) * C(y3.7) (D32)

¥i=0

Field Bl,l in (6.53b) is new. Let us look closer at its structure. To proceed, we rewrite it in the following form:

By, (zY) = —i/A) (y+é)f’<2+qa

.o

0 | e
2 ) #asene [ ar -z, (033)

where &,, q,. @, and ¢(y, ¥) are defined in (6.49) and (6.47). Using this, and also that

.9 3.9
R » N — P =0, D34
;plapi g ;ﬂlapi g (D34a)
3 3
0 - 0 =,
pii - = pii 5 = 0’ (D34b)
; p; ’ ; ap;

we obtain
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3
_ . P2 Y 9
B (z;Y) =— ‘12 i
n(&?) / CETSIPETSRA ( +;” ap,)

R o NB N T e =
% e—zyq—zqP,,+zn(y+p|)Py+z(l—(r)(y+p3)73;®/ d’L'/(l _T/)Zdezr/z(}urq/)‘
0

(D35)

This expression can be further reduced by integrating by parts with respect to the variables p,. To this end, we note that

3 3
J P2 P2 J
Pis— == ) Pi5—Sa = Sa- D36
; op; (p1 + p2)(p2 + p3) (p1+p2)(p2 + p3) ; p; (D36)
We also rewrite
| o= [ @ [[0000-p).  x=1=pi=ps=ps. (D37)
P i=1
where
x >0,
0(x) = { - (D38)
x <0,
and the domain A, is specified in (6.46). Using that aipl&(x) = —&'(x), after simple algebra, we arrive at the final result:
s . P2 - = | E\a
B z;Y——z/ d*pdo S(x)¥* + 8 (x)(§ + &)
(&) Ay, (P14 p2)(p2 +ﬂ3)[ ® A "]
¢ ¢~ Dra-iaPy (75 Py i(1-0) (545 P} Gy / a1 = 2)z,e ), (D39)
0

Notice that there are no contributions from differentiating the boundary 6(p;) and 6(1 — p;).
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