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We present a first-principles lattice-QCD determination of Mellin moments of the unpolarized pion and
kaon parton distribution functions using matrix elements of boosted mesons coupled to nonlocal operators
containing a straight Wilson line. The calculation is performed on a single Nf ¼ 2þ 1þ 1 ensemble of
maximally twisted-mass fermions with a clover term, with lattice volume 323 × 64, lattice spacing
a ¼ 0.0934 fm, and pion mass mπ ¼ 260 MeV. Matrix elements are computed for hadron momenta
P3 ¼ 0, 0.41, 0.83, 1.25, 1.66, and 2.07 GeVand analyzed within the short-distance factorization framework.
We investigate how the extracted moments depend on the truncation of the operator-product expansion, the
coordinate-space fit window, and the perturbative accuracy of the Wilson coefficients, comparing next-to-
leading-order and next-to-next-to-leading-order results. We also perform an RG-improved analysis as a
consistency check of the perturbative treatment. Our final results are obtained from combined fits in ðP3; zÞ
space at next-to-next-to-leading order and are quoted at μ ¼ 2 GeV. We also study the SU(3) symmetry-
breaking effect and reconstruct the valence parton distribution functions from the moments.
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I. INTRODUCTION

Understanding the internal structure of hadrons in terms
of quarks and gluons is a central goal of quantum
chromodynamics (QCD). Among hadronic systems, the
pion and kaon play a particularly important role. As the
pseudo–Nambu-Goldstone bosons associated with the
spontaneous breaking of chiral symmetry, these mesons
provide a unique opportunity to study the interplay between
quark masses, chiral dynamics, and the emergence of
hadron structure from QCD. In addition, comparing the
partonic structure of the pion and kaon provides insight into
SU(3) flavor symmetry breaking and the role of the strange
quark in shaping the structure of the kaon, with respect to
the effect of the up quark.
The collinear partonic structure of hadrons is encoded in

parton distribution functions (PDFs), which describe the
probability of finding a quark or gluon carrying a fraction x
of the hadron’s longitudinal momentum. PDFs are essential

inputs for theoretical predictions of high-energy scattering
processes and provide a fundamental description of hadron
structure. While the PDFs of the nucleon are now well
constrained by extensive experimental programs, the PDFs
of light mesons remain comparatively less well known due
to the scarcity of direct experimental data. Existing exper-
imental information on the pion PDF primarily comes from
pion-induced Drell-Yan experiments [1,2], while con-
straints on the kaon structure are even more limited.
Consequently, first-principles calculations from lattice
QCD play an essential role in improving our knowledge
of meson structure.
Lattice QCD provides a first-principles framework for

investigating hadron structure, in which correlation func-
tions are computed numerically in Euclidean spacetime,
enabling direct access to many nonperturbative observ-
ables. However, PDFs are defined in terms of light-cone
correlations of quark and gluon fields and therefore cannot
be computed directly in Euclidean lattice QCD. For many
years, lattice studies of partonic structure were conse-
quently restricted to Mellin moments of distribution func-
tions, which correspond to matrix elements of local
operators and can be evaluated in Euclidean space [3,4].
These moments are important observables in their own
right, encoding fundamental properties of hadrons such
as the fraction of the hadron momentum carried by
quarks. Although such calculations have provided valuable
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information about hadron structure, the determination of
higher moments becomes increasingly challenging because
of operator mixing, power-divergent renormalization, and
rapidly deteriorating signal-to-noise ratios [5,6]. Due to
these limitations, early attempts to reconstruct PDFs from a
finite set of Mellin moments were largely inconclusive
regarding the feasibility of reliably determining the x
dependence (see, e.g., [7,8]). More recent calculation,
however, which benefits from significantly improved stat-
istical and analytical techniques, indicates that it is possible
to capture the main features of the PDF using moments up
to hx3i [9,10]. Lattice calculations of pion and kaon Mellin
moments from local operators are progressing from explor-
atory determinations of low moments and tensor observ-
ables to modern calculations with improved control over
quark masses, lattice spacings, and renormalization [9–37].
A more recent approach utilizes gradient flow for the
determination of Mellin moments of any order [38], and has
been implemented for the pion, demonstrating feasibility
up to hx5i [39,40].
Over the past decade, new theoretical developments have

significantly expanded the range of partonic observables
accessible in lattice QCD. In particular, large-momentum
effective theory (LaMET) [41,42] makes it possible to
extract the x-dependence of PDFs from Euclidean corre-
lation functions by computing matrix elements of nonlocal
quark bilinear operators between hadron states boosted to
large momentum. These matrix elements can be related to
light-cone PDFs through perturbative matching and large-
momentum expansions. A closely related approach is the
short-distance factorization [43,44] and techniques, which
provide complementary ways of accessing partonic distri-
butions from coordinate-space correlation functions. These
methods have enabled a growing number of lattice calcu-
lations of the PDFs, including the pion [45–55], and limited
studies of the kaon [50,55]. Such calculations have dem-
onstrated that nonlocal lattice matrix elements can be used
to reconstruct the Bjorken-x dependence of meson PDFs,
and in some cases, with increasing control over systematic
uncertainties. Matrix elements of nonlocal operators also
offer an alternative method for determining Mellin
moments through the short-distance behavior of the
Ioffe-time distribution, as discussed in Ref. [56]. This
offers a complementary perspective to x-space reconstruc-
tions and serves as a valuable benchmark for validating
PDF reconstructions obtained from nonlocal lattice matrix
elements. In this approach, the short-distance behavior of
the coordinate-space matrix element of a Wilson-line
operator is expanded in powers of the quark separation.
The coefficients of this expansion are directly related to the
Mellin moments of the PDF. Because the moments are
obtained from the same nonlocal matrix elements used in
quasi- and pseudodistribution analyses, this strategy allows
one to extract multiple moments without explicitly con-
structing the corresponding higher-dimensional local

operators, thereby alleviating issues such as operator
mixing and power-divergent renormalization. This method
has been successfully implemented in lattice QCD for both
PDFs [51,52,56–61] and GPDs [54,62–67]. In a recent
work [55], we presented a lattice QCD determination of the
pion and kaon unpolarized PDFs using both the large-
momentum effective theory and short-distance factoriza-
tion frameworks. The present work extends that analysis by
focusing on the Mellin moments of the pion and kaon PDFs
obtained from the same set of lattice matrix elements.
This paper is organized as follows. In Sec. II, we review

the theoretical framework and define the Mellin moments
of the pion and kaon PDFs relevant to our analysis.
Section III describes the lattice setup and the extraction
of the matrix elements entering the calculation. In Sec. IV,
we present our results for the Mellin moments with
different analysis strategies. We also summarize our final
results, accounting for systematic uncertainties, and recon-
struct the x dependence of the pion and kaon PDFs. In
Sec. V we provide a comparison with other lattice-QCD
studies for the Mellin moments, as well as a comparison
with phenomenological estimates for the PDFs. In Sec. VI,
we investigate SU(3) flavor-symmetry breaking effects by
comparing the moments of the pion and kaon PDFs.
Finally, in Sec. VII we summarize our conclusions and
outline prospects for future studies.

II. THEORETICAL SETUP

The necessary input for this work is the pion and kaon
matrix elements of the nonlocal vector current in the
forward limit, which are defined as

F f
Mðz;pÞ≡hMðpÞjΨ̄ð0ÞγμWð0;zÞΨðzÞjMðpÞi; ð1Þ

where M denotes the meson state under consideration.
Here, we are interested in the individual quark, f, con-
tribution for the pion (up quark) and kaon (up and strange
quark). The four-vector momentum of the initial and final
states is the same, and such that p⃗≡ ð0; 0; P3Þ, which is the
required kinematic configuration for accessing the pion and
kaon parton distribution functions from nonlocal operators.
The operator entering the matrix element consists of quark
fields separated along the spatial direction ẑ and connected
by a straight Wilson line Wð0; zÞ to ensure gauge invari-
ance. We employ the Dirac structure γ0, while the quark
separation is taken along the boost direction. This choice is
motivated by the structure of the light-cone correlation
function, where the operator γþ appears naturally. The γ3

component of γþ is not ideal as it mixes with the scalar
operator under renormalization [68,69], due to chiral
symmetry breaking. This mixing is a lattice artifact and
disappears in the continuum limit. In the case of the
twisted-mass formulation, which is used in this work,
the mixing occurs between γ3 and γ5 in the twisted basis.
Since the forward matrix element of the γ5 operator
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vanishes, the resulting effect manifests only as additional
gauge noise, as demonstrated explicitly for the nucleon in
Ref. [70]. To avoid such complications and the increased
noise, we restrict ourselves to the γ0 operator, which is
multiplicatively renormalizable, a particularly important
property when using ratios of these matrix elements
[Eq. (2)].
For a given quark flavor f, the resulting ground-state

matrix element Ff
M is related to the corresponding unpo-

larized light-cone PDF qfM. In this work, we focus on the
Mellin moments of the PDFs, which we extract using the
procedure described here.
First, following the reduced-Ioffe-time-distribution con-

struction introduced in the pseudodistribution approach
[71], we remove the Wilson-line divergence and normalize
the matrix element by forming the double ratio

Mðν; z2Þ ¼ Ff
Mðν; z2Þ=Ff

Mðν; 0Þ
Ff
Mð0; z2Þ=Ff

Mð0; 0Þ
; ð2Þ

where ν≡ zP3 is the Ioffe time. By construction, this ratio
cancels the leading ultraviolet divergence of the Wilson line
and normalizes the matrix element such thatMð0; z2Þ ¼ 1.
The use of the reduced Ioffe time distribution (ITD) is
particularly convenient for a short-distance analysis. At
sufficiently small z2, the reduced ITD can be analyzed
using the operator product expansion (OPE). In this regime,
the nonlocal operator is expanded in a tower of local twist-
two operators, and the reduced ITD can be written as

Mðν; z2Þ ¼
X∞

n¼0

ðiνÞn
n!

cnðz2μ2; αsÞhxni; ð3Þ

where hxni are the Mellin moments of the corresponding
light-cone PDF and cn are perturbatively calculable Wilson
coefficients. Thus, the short-distance behavior of the non-
local matrix element is fully determined by the Mellin
moments, up to higher-twist corrections and truncation
effects in the expansion. At next-to-leading order (NLO),
the Wilson coefficients can be computed from the matching
kernel of the pseudodistribution formalism (see
Appendix A), leading to the explicit expression

Mðν; z2Þ ¼
X∞

n¼0

ðiνÞn
n!

hxni
�
1þ αsCF

2π

�
ln

�
z2μ2

e2γEþ1

4

�

×

�
Hn þHnþ2 −

3

2

�
þ 2

�
1

nþ 1
−

1

nþ 2

−H2
n −Hð2Þ

n

�
− 1

��
; ð4Þ

where Hn ¼
P

n
k¼1

1
k and Hð2Þ

n ¼ P
n
k¼1

1
k2 are harmonic

numbers. In this work, we employ Wilson coefficients

computed at both NLO and next-to-next-to-leading-order
(NNLO) accuracy (see, e.g., Refs. [72,73]), which allows
us to assess the impact of higher-order perturbative cor-
rections on the extracted moments.
It is useful to clarify how the even and odd Mellin

moments are accessed from the reduced Ioffe-time distri-
bution. We use the standard convention in which the PDF is
defined on the interval x∈ ½−1; 1�, with the negative-x
region related to the antiquark distribution by
qð−xÞ ¼ −q̄ðxÞ. The light-cone Ioffe-time distribution
may be written as

Qðν; μÞ ¼
Z

1

−1
dx eiνxqðx; μÞ ¼

Z
1

0

dx cosðνxÞ½qðx; μÞ

− q̄ðx; μÞ� þ i
Z

1

0

dx sinðνxÞ½qðx; μÞ þ q̄ðx; μÞ�:

ð5Þ

Thus, the real part is sensitive to the q − q̄ combination,
while the imaginary part is sensitive to the qþ q̄ combi-
nation. Equivalently, the Mellin moments of the distribu-
tion defined on ½−1; 1�,

hxni≡
Z

1

−1
dx xnqðx; μÞ; ð6Þ

can be written as

hxni ¼
Z

1

0

dx xn½qðx; μÞ þ ð−1Þnþ1q̄ðx; μÞ�: ð7Þ

Therefore, even moments correspond to the valence com-
bination,

hx2mi ¼
Z

1

0

dx x2m½qðx; μÞ − q̄ðx; μÞ�; ð8Þ

whereas odd moments correspond to the qþ q̄ combina-
tion,

hx2mþ1i ¼
Z

1

0

dx x2mþ1½qðx; μÞ þ q̄ðx; μÞ�: ð9Þ

In the analysis below, we use the notation hxni throughout,
with the understanding that the even moments are obtained
from the real part of the reduced Ioffe-time distribution and
the odd moments from the imaginary part.
The expansion of Eq. (4) makes explicit that the

dependence of the reduced Ioffe-time distribution on ν is
governed by the order, n, of Mellin moments hxni, while
the z2 dependence enters through perturbatively calculable
logarithmic and finite terms. This expression forms the
basis for extracting moments from the lattice data. In
practice, the infinite series in Eq. (4) is truncated at a
finite order nmax, and the Mellin moments are determined
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from fits to the lattice data for Mðν; z2Þ. In this work, we
consider nmax ¼ 2;…; 6, implemented within two comple-
mentary fitting strategies: input data on a single z value
(Sec. IVA 1), or span over a range of z values (Sec. IVA 2).
Systematic uncertainties may be estimated by varying nmax
and the fit in z. More details on these fits are presented in
Secs. IVA 1 and IVA 2.
Another element of the calculation regards the renorm-

alization scale, and here we use two approaches. In the first
one, the perturbative matching is performed directly at a
fixed renormalization scale, such that the moments are
obtained at the target scale without an explicit evolution
step (Sec. IVA). In the second approach, matching is
carried out at an intermediate scale, and the resulting
moments are then evolved to the reference scale via
perturbative renormalization-group evolution (Sec. IV B).
These two procedures provide a useful check on the
stability of the extraction and allow us to disentangle
effects associated with the short-distance expansion from
those associated with perturbative evolution.

III. COMPUTATIONAL SETUP

The results presented in this work are obtained from the
calculation of Ref. [55], which uses gauge configurations
generated by Extended Twisted Mass Collaboration
(ETMC) [74,75]. The simulations employ twisted-mass
fermions with a clover term and the Iwasaki-improved
gauge action. The ensemble (cA211.30.32) includes
two degenerate light quarks and dynamical strange and
charm quarks in the sea (Nf ¼ 2þ 1þ 1). The pion mass
is approximately 260 MeVon a lattice of size 323 × 64with
spacing a ≃ 0.093 fm. Further details regarding the ensem-
ble generation and quark-mass tuning can be found in
Refs. [74,75]. The main parameters of the ensemble are
summarized in Table I. Here, we briefly summarize the
important elements of the setup, which follows Ref. [55].
The pion and kaon matrix elements are obtained from

correlation functions constructed with boosted meson
states. For a meson M carrying spatial momentum p⃗, the
two-point function is

C2pt
M ðp⃗; tÞ ¼

X

x⃗

e−ip⃗·x⃗hJMðt; x⃗ÞJ†Mð0; 0Þi: ð10Þ

To access the nonlocal matrix elements entering Eq. (1), we
compute the corresponding three-point functions

CfMðp⃗;z; ts; tÞ ¼
X

x⃗s;x⃗

e−ip⃗·x⃗shJMðts; x⃗sÞOf
γ0ðt; x⃗; zÞJ†Mð0;0Þi;

ð11Þ

where t and ts denote the insertion and sink Euclidean
times, respectively. We consider the forward kinematics in
which the initial and final meson states carry the same
momentum. Focusing on the connected diagram, the three-
point functions are evaluated via sequential inversion
through the sink, enabling us to compute matrix elements
of several operators with minimal computational overhead.
The matrix elements of Eq. (1) are obtained from the ratio

Rf
Mðz; p; ts; tÞ ¼

CfMðz; p; ts; tÞ
C2pt
M ðp; tsÞ

⟶
ts−t≫a

t≫a
Ff
Mðz; pÞ; ð12Þ

and the ground-state matrix element is identified from the
plateau region of the ratio to suppress excited-state effects.We
utilize a fit range of t∈ ½3a − 9a� when ts ¼ 12a and
t∈ ½3a − 7a� when ts ¼ 10a on both the real and imaginary
parts of Fu

π; Fu
K , and Fs

K. More details about the lattice
calculation can be found in Ref. [55]. The extraction of
partonic observables requires boosting the meson along
the z direction as seen in Eq. (11). Here, we calculated the
matrix elements at six values of the momentum boost, that is,

P3 ¼ 0;�0.41;�0.83;�1.25;�1.66;�2.07 GeV: ð13Þ

As the boost increases, the signal-to-noise ratio deteriorates
rapidly. To enhance the overlap with the boosted ground state,
we apply momentum smearing [76] to the quark fields. The
gauge links in the nonlocal operators are stout-smeared with
five iterations and a parameter ρ ¼ 0.15 to reduce gauge
noise. To maintain statistical precision, we adjust the source-
sink separation and the number of source positions per
configuration, Nsrc. For the pion, momenta below 1 GeV
are computed at ts ¼ 12a, while larger boosts use ts ¼ 10a.
For the kaon, we evaluate boosts up to P3 ¼ 1.25 GeV at
ts ¼ 12a. Nsrc was increased incrementally as given in
Table II. Intermediate analyses using subsets of source
positions showed that increasing Nsrc continues to improve
the statistical precision, with approximate 1=

ffiffiffiffiffiffiffiffi
Nsrc

p
scaling.

Deviations from ideal scaling are expected because measure-
ments from different source positions on the same gauge
configuration are correlated. This leads to statistics of up to
400 (300) sources per configuration for the pion (kaon) at the
largest boost.

TABLE I. Parameters of the ensemble used in this work.

Parameters

Ensemble β a (fm) Volume L3 × T Nf mπ (MeV) Lmπ L (fm)

cA211.30.32 1.726 0.0934 323 × 64 2þ 1þ 1 260 4 3.0
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IV. LATTICE RESULTS

The first step of the analysis is the extraction of the
ground-state matrix elements defined in Eq. (1), from
which one forms the double ratio of Eq. (2). These have
been presented and discussed in Ref. [55], but we also show
the matrix elements in Figs. 1–3, and the double ratios in
Figs. 4–6, for completeness and ease of reference. In the
aforementioned plots, we have explicitly imposed the
symmetry relation Ff

Mð−z · PÞ ¼ Ff�
M ðz · PÞ to improve

statistical precision. From the plots, it can be seen that
as the boost increases, the statistical noise increases, despite

the significant increase in the statistics for P3 ≥ 1.25 GeV
for the pion, and for P3 ≥ 1.66 GeV for the kaon. Even at
the current statistics, we find that P3 ¼ 1.65 and 2.07 GeV
have lower signal-to-noise ratios than smaller values of the
momentum boost.

A. Fixed-order Mellin moments

We first present the results for the Mellin moments
obtained by setting the scale in the matching expressions
[e.g., Eq. (4)] equal to the desired scale, which, in this
work, is chosen to be μ ¼ 2 GeV. In this setup, the Wilson

TABLE II. Statistics for the pion and kaon matrix elements at different values of momentum P3. Nconfs, Nπ
src, NK

src,
Nπ

total, and NK
total denote the number of configurations, source positions per configuration, and total statistics,

respectively. ⋆: pion; †: kaon.

P3 (GeV) 0 �0.41 �0.83 �1.25 �1.66 �2.07

ts=a 12 12 12 10⋆, 12† 10 10
Nconfs 1,198 1,198 1,198 1,198 1,198 1,198
Nπ

src 1 8 8 56 84 400
NK

src 1 8 8 8 48 300
Nπ

tot 1,198 9,584 9,584 67,088 100,632 479,200
NK

tot 1,198 9,584 9,584 9,584 57,504 359,400

FIG. 1. Bare matrix element Fu
π for momentum boost jP3j ¼ 0, 0.41, 0.83, 1.25, 1.66, 2.07 GeV.

FIG. 2. Bare matrix elements Fu
K . The notation is the same as Fig. 1.
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coefficients entering the short-distance expansion are
evaluated at the above scale and are used to connect the
lattice matrix elements to the Mellin moments without
introducing an additional evolution step. This procedure
allows us to examine the dependence of the extracted
moments on the expansion truncation and the choice of fit
range in coordinate space. In particular, one may assess

how well the lattice data constrain the lowest moments
before incorporating perturbative scale evolution.

1. Moments at fixed z value

A possible method for extracting the Mellin moments,
originally introduced in Ref. [56] and later implemented in
several lattice calculations, is to perform fits at fixed z

FIG. 3. Bare matrix elements Fs
K . The notation is the same as Fig. 1.

FIG. 4. Double ratio Mu
π for jP3j∈ f0.41; 0.83; 1.25; 1.66; 2.07g GeV for the real (left) and imaginary (right) parts.

FIG. 5. Double ratio Mu
K . The notation is the same as Fig. 4.
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following the procedure of Refs. [52,64,65,77]. In this
approach, the reduced Ioffe-time distribution Mðν; z2Þ is
analyzed independently at each value of z by fitting its ν-
dependence using the truncated expansion of Eq. (4). For a
given value of z, the Mellin moments are obtained by
minimizing a χ2 function constructed over the available
momenta P3, that is,

χ2 ¼
X

P3

ðRe= Im½MSDFðν; z2Þ� − Re= Im½Mdataðν; z2Þ�Þ2
σ2Re= Im

;

ð14Þ

where the real and imaginary parts are fitted separately for
each z. In contrast to the combined ðP3; zÞ fit examined in
Sec. IVA 2 below, this procedure does not correlate data
across different z values, and therefore yields a set of Mellin
moments that depend on such a choice. As a result, one
may identify the residual z-dependence.
While Eq. (4) is an infinite sum, we must truncate at

some nmax. Even (odd) moments are linked to the real
(imaginary) part of the fitted ratio. Here, we tested
nmax ¼ 2, 4, 6 for the real part and nmax ¼ 3, 5 for the
imaginary part. In Fig. 7, we show the extracted moments
for both the pion and the kaon at z ¼ 4a. These data include

FIG. 6. Double ratio Ms
K . The notation is the same as Fig. 4.

FIG. 7. Top: even-order Mellin moments obtained at nmax ¼ 2, 4, 6 at fixed z ¼ 4a. Bottom: odd-order Mellin moments obtained at
nmax ¼ 3, 5 at fixed z ¼ 4a. NLO accuracy has been used for the Wilson coefficients.
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NLO accuracy for the Wilson coefficients. By construction,
the choice of nmax determines the highest Mellin moment
that can be extracted from the truncated expansion. For
example, selecting nmax ¼ 2 allows access to moments up
to hx2i, while nmax ¼ 4 enables the determination of both
hx2i and hx4i. An analogous procedure applies to extracting
the odd moments. It is interesting to note that for all
truncations of nmax, the first two moments listed maintain
stability for both the pion and kaon. Also, hx3i and hx4i are
not sensitive to nmax for the up-quark contribution to the
pion and kaon. However, for the kaon strange component,
hx3isK and hx4isK are influenced by systematic uncertainties.
Finally, the cases of hx5i and hx6i have a nonvanishing
signal only for the strange quark contribution to the kaon.
Based on the overall behavior, we use nmax ¼ 5 and nmax ¼
6 for the odd and even moments, respectively.
To assess the z dependence in the Mellin moments, we

show hxi–hx6i in Fig. 8 as a function of the z value used in
the fit. We use nmax ¼ 6 for the even moments and nmax ¼
5 for the odd ones. The results show that the extracted
Mellin moments depend on the choice of z in both the pion
and kaon cases, and this dependence becomes more
pronounced for higher moments. For the leading moments,

hxi and hx2i, the extracted values have a relatively mild
variation with z, particularly for the pion and the up-quark
contribution to the kaon. In contrast, the higher moments
show substantially larger fluctuations and statistical uncer-
tainties, indicating greater sensitivity to truncation effects in
the OPE and to higher-twist contributions. The moments
hx5i and hx6i are generally poorly constrained, with
uncertainties growing rapidly at small values of z, where
the sensitivity to higher-order terms in the expansion is
reduced due to the limited range in Ioffe time. The observed
z dependence may also indicate competing systematic
effects between discretization effects, residual nonpertur-
bative contributions, and higher-twist corrections. The
absence of a clear plateau in the moments suggests that
a fit based on a single value of z is insufficient to fully
isolate these effects. Another feature visible in Fig. 8 is that
the strange-quark moments of the kaon are systematically
larger than the corresponding up-quark moments. This is
consistent with the physical expectation that the heavier
strange quark carries, on average, a larger contribution, as
well as observations in other studies [9,30,55].
Another interesting investigation concerns the perturba-

tive expansion of the Wilson coefficients. Thus, we

FIG. 8. Mellin moments extracted at fixed z [Eq. (14)] for the pion (left), kaon up quark (middle), and kaon strange quark (right) at
NLO (open) and NNLO (filled) accuracy. The top row shows even moments hx2i, hx4i, while the bottom row corresponds to the odd
moments hxi, hx3i, and hx5i. Results are shown in the MS at 2 GeV.
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compare the moments obtained with the coefficients at
NLO and NNLO accuracy, both of which are available in
the literature (see, e.g., Refs. [72,73]). This comparison
allows us to examine whether the perturbative expansion is
sufficiently convergent within the range of Wilson-line
separations used in the analysis presented in this section. In
Fig. 8 we show the moments extracted using NLO and
NNLO Wilson coefficients. We emphasize that the deter-
minations of hxiiNLO and hxiiNNLO are performed inde-
pendently within the multimoment fit with nmax ¼ 6.
Specifically, Eq. (3) is fitted separately using either the
NLO or NNLO Wilson coefficients, cNLOi and cNNLOi . The
impact of the NNLO coefficients is most visible in the two
lowest moments, especially at z ¼ 2a. Moments with n ¼
3–5 exhibit negligible dependence within statistical uncer-
tainties. In the comparison of Fig. 8, we exclude hx6i, as it
is zero within uncertainties for most of the cases.
Overall, the fixed-z analysis provides valuable insight

into the systematic effects arising from extracting Mellin
moments from the short-distance expansion. As seen in
Fig. 8, the lowest moments exhibit a systematic downward
trend with increasing z, and the higher moments an upward
trend and carry significantly larger uncertainties. The
absence of a clear plateau as a function of z indicates that
residual higher-twist effects, discretization artifacts, and
limitations of the truncated OPE all play a non-negligible
role in the extraction. This motivates the combined ðP3; zÞ
analysis presented below, which incorporates information
from multiple separations simultaneously.

2. Combined P3 and z fits

An alternative strategy for extracting the Mellin
moments is to perform a global fit to the reduced Ioffe-
time distribution using the truncated expansion of Eq. (4).
In practice, this requires determining the set of moments
fhxnig that best describe the data within a chosen range of z
and P3 values, where the OPE is expected to be valid,
balancing discretization effects at small z and higher-twist
contributions at larger z. To this end, we construct a global

χ2 function that incorporates data points for both the real
and imaginary parts of the reduced Ioffe-time distribution,
which are described by the same set of Mellin moments.
The χ2 function is defined as

χ2 ¼
X

P3

Xzmax

z¼zmin

�ðRe½MSDFðν; z2Þ� − Re½Mdataðν; z2Þ�Þ2
σ2Re

þ ðIm½MSDFðν; z2Þ� − Im½Mdataðν; z2Þ�Þ2
σ2Im

�
; ð15Þ

where MSDF denotes the truncated OPE expression of
Eq. (4), and Mdata corresponds to the lattice data obtained
from the double ratio of Eq. (2). The uncertainties σRe and
σIm are taken from the statistical errors of the lattice data.
The sums in Eq. (15) define a global fit over the range of
ðP3; zÞ. This increases the number of degrees of freedom
relative to the fixed-z fits discussed above and allows the
Mellin moments to be constrained simultaneously across
multiple boosts and separations z. Furthermore, fitting the
real and imaginary parts simultaneously enhances sensi-
tivity to both even and odd moments, as these components
are governed by different powers in the expansion of
Eq. (4). We note that, although Ioffe time is the natural
variable appearing in the expansion, lattice data exhibit a
residual dependence on P3 and z separately (see, e.g.,
Figs. 4–6). That is, data points corresponding to identical
values of ν but different combinations of ðP3; zÞ are not
statistically equivalent, which is why we keep the variables
z and P3 separately. For completeness, we also examine the
dependence of the extracted moments on the truncation
order nmax in the combined ðP3; zÞ analysis. As discussed in
Sec. IVA, increasing nmax gives access to higher moments,
and, consequently, increases the number of fit parameters
entering the analysis. The results are shown in Fig. 9, where
we observe that the extracted moments become stable for
sufficiently large truncation order, and throughout this
work we adopt nmax ¼ 6, which provides stability in the
fit and sensitivity to higher-order moments.

FIG. 9. Mellin moments hxniuπ (left), hxniuK (middle), and hxnisK (right) for nmax ¼ 4, 5, 6 in Eq. (3). Results are obtained at NLO
accuracy, and the fit includes data for z∈ ½3a − 4a�.
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One source of systematic uncertainty arises from the
choice of the fit range in z. The short-distance expansion
underlying Eq. (4) is expected to be valid within a window
where discretization effects at small z and higher-twist
contributions at larger z are both under control. To inves-
tigate this, we perform fits over multiple ranges with
zmin ∈ ½2a; 4a� and zmax ∈ ½3a; 6a� with the constraint
zmax > zmin, as zmax ¼ zmin corresponds to the analysis
of Sec. IVA 1. In this test, we use nmax ¼ 6 and NLO
accuracy. We exclude zmin ¼ 1a from the analysis due to
expected significant discretization effects at such short
separations, and we include data up to z ¼ 6a. While the
latter formally extends beyond the expected region of
validity of the short-distance expansion, we nevertheless
consider these separations in order to investigate their
impact on the extracted moments within the statistical
precision of the present calculation. Figures 10–12 show
the dependence of the extracted moments on the coordi-
nate-space fit window at NLO accuracy. The three panels in
each figure correspond to different choices of zmin, while
the horizontal axis shows the variation with zmax. In the
lowest moments, the results are relatively stable across the
considered fit windows. In particular, changes in zmax at
fixed zmin lead only to small variations, while the depend-
ence on zmin remains small but visible. The sensitivity to the
fit window increases for higher moments. This is expected,
since higher moments enter the OPE through higher powers
of the Ioffe time and are therefore less strongly constrained

by the available range of ðP3; zÞ values. As a result, the
moments with n ≥ 4 exhibit larger statistical uncertainties
and more noticeable fluctuations under changes of both
zmin and zmax. In Table III we report the Mellin moments
from the NLO analysis along with a systematic uncertainty
obtained from the variation of the ½zmin; zmax� range. We
note that these are not considered final results, as one can
also obtain the moments at NNLO accuracy for the Wilson
coefficients; final results can be found in Sec. IV C.
We repeat the same analysis using NNLO Wilson

coefficients, with the corresponding results shown with
filled symbols in Figs. 10–12. The qualitative behavior is
similar to that of the NLO results. For all three distributions,
the lowest moments remain comparatively stable under
changes of the fit window, while the higher moments show
increased sensitivity to the choice of zmin and zmax. As in the
NLO case, the dependence on zmax at fixed zmin is generally
mild, whereas changing zmin produces a more visible shift
in the extracted moments.
To summarize the dependence on the perturbative order,

we construct weighted averages of the moments obtained
from the combined ðP3; zÞ fits over a selected set of fit
windows. In particular, the averages include the fit win-
dows with zmin ∈ ½3a; 4a� and zmax ∈ ½zmin þ a; 6a�, and use
the statistical uncertainties of the individual extractions as
weights. The averaging is performed separately at NLO and
NNLO accuracy, and the resulting values are shown in
Fig. 13 for both the pion and kaon. As can be seen, the

FIG. 10. Mellin moments hxniuπ for n ¼ 1, 2, 3, 4, 5, 6 at NLO (open symbols) and NNLO (filled symbols) accuracy using zmin ¼ 2a
(left panel), zmin ¼ 3a (middle panel), and zmin ¼ 4a (right panel). In each case zmax in the range zmin þ 1 to 6a.
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FIG. 11. Mellin moments hxniuK from the combined-fit analysis. The notation is the same as Fig. 10.

FIG. 12. Mellin moments hxnisK from the combined-fit analysis. The notation is the same as Fig. 10.
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inclusion of NNLO Wilson coefficients leads to a very
small shift relative to NLO, with the effect slightly visible
for the lower moments. Figure 13 also exhibits the expected
hierarchy among Mellin moments. The extracted values
decrease with increasing moment order. This follows from
the definition of the moments, since higher powers of x
suppress the small- and intermediate-x regions and make
the moments increasingly sensitive to the large-x behavior
of the PDF, which approaches zero. Consequently, the
higher moments are more difficult to constrain and have
larger relative uncertainties.

B. Renormalization-group evolution for
Mellin moments

The fixed-order analysis presented above evaluates the
Wilson coefficients at the reference scale μ ¼ 2 GeV. This
provides an extraction of the Mellin moments directly at the
desired scale. However, the perturbative coefficients con-
tain logarithms of the form lnðz2μ2e2γE=4Þ. When the scale
μ is not close to the natural scale set by z, these logarithms
may become numerically important. It is therefore useful to
examine an alternative implementation in which the match-
ing is performed at an initial scale μ0 associated with the
short-distance separation, followed by perturbative evolu-
tion of the moments to μ ¼ 2 GeV. The evolution relations
are summarized in Appendix B.
We define the initial scale as

μ0 ¼
2κ

zeγE
; ð16Þ

where the dimensionless parameter κ controls the relation
between the z and the matching scale μ0. Note that the
choice κ ¼ 1 removes the logarithm lnðz2μ20e2γE=4Þ from
the Wilson coefficient. However, this choice does not
necessarily minimize the residual scale dependence of
the extracted moments, as one needs very fine lattices to
access multiple values of z within the perturbative regime.
Thus, varying κ provides a practical way to assess the
sensitivity of the extraction to the perturbative scale enter-
ing the matching and evolution.
Following the strategy of Ref. [52], we construct the

leading-order moments extracted from the lattice data, in
which the Wilson coefficients are set to one, and compare
their z dependence with the behavior predicted by the
Wilson coefficients upon evolution (RG-improved). This
comparison is shown in Fig. 14. We demonstrate the
strategy on hx2if;LOM , which has a cleaner signal and better
stability at small values of z. This is the region most
relevant for the RG-improved analysis, since the initial
scale μ0 ∝ 1=z must remain sufficiently perturbative. The
curves are normalized to the lattice result at z ¼ 2a, which
serves as a reference separation; they are not fits to the data.
Their purpose is to test whether the residual z dependence
of the fixed-z extractions can be accounted for by pertur-
bative evolution from an initial coordinate-space scale μ0 ∝
κ=z to μ ¼ 2 GeV. The variation with κ provides an
estimate of the residual perturbative-scale dependence.
We show data for z∈ ½a; 3a�; however, the point at z ¼
a may be affected by sizable discretization effects, and our
assessment focuses on z ¼ 2a and z ¼ 3a. The results in

TABLE III. Mellin moments at μ ¼ 2 GeV with NLO accuracy for nmax ¼ 6 using a weighted average of the
results with zmin ∈ ½3a; 4a� and zmax ∈ ½4a; 6a� constrained to zmax − zmin ≥ 1a, with systematic errors corresponding
to different fit ranges.

NLO hxi hx2i hx3i hx4i hx5i hx6i
πu 0.255(2)(1) 0.136(3)(3) 0.064(4)(9) 0.040(7)(15) 0.016(3)(17) 0.006(7)(40)
Ku 0.245(1)(2) 0.122(2)(2) 0.057(2)(6) 0.027(4)(16) 0.013(1)(8) 0.003(3)(21)
Ks 0.313(1)(3) 0.170(2)(4) 0.096(2)(10) 0.073(4)(7) 0.030(1)(12) 0.029(3)(9)

FIG. 13. NLO (blue) vs NNLO (red) comparison for hxniuπ (left), hxniuK (middle), and hxnisK (right) at for nmax ¼ 6 using a weighted
average of the results with zmin ∈ ½3a; 4a� and zmax ∈ ½4a; 6a� constrained to zmax − zmin ≥ 1a.
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Fig. 14 show that the choice κ ¼ 1 does not describe the
observed z dependence well for either the NLO (NLOevo)
or NNLO (NNLOevo) Wilson coefficients. Better agree-
ment is obtained for larger values of κ. The dependence on

κ is slightly reduced from NLOevo to NNLOevo, indicating
improved perturbative stability at NNLO.
Based on this behavior, we take κ ¼ 2 as the central

value in the evolved analysis and vary κ in the range

FIG. 14. Leading-order Mellin moment hx2iLO for the pion (left), kaon up (middle), and kaon strange (right) components compared to
the predictions from the NLO evolution (top) and NNLO evolution (bottom) Wilson coefficients for various κ.

FIG. 15. Evolution of the moments hxi and hx2i at z ¼ 2a (blue and green, respectively) and z ¼ 3a (red and orange, respectively) at
NLOevo (top) and NNLOevo (bottom) accuracy for the pion (left), kaon up quark (middle), and kaon strange quark (right). The fixed-
scale determinations at μ ¼ 2 GeV from Sec. IVA are shown as bands for comparison.
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κ∈ ½ ffiffiffi
2

p
; 2

ffiffiffi
2

p � to estimate the residual uncertainty related to
the perturbative scale. In Fig. 15, we also show the results
for the two lowest moments, hxi and hx2i, obtained at z ¼
2a and z ¼ 3a for both NLOevo and NNLOevo accuracy
levels. The fixed-scale determinations at μ ¼ 2 GeV pre-
sented in Sec. IVA (see Fig. 8) are shown as bands for
comparison. At NLOevo, the results show a dependence on
κ for κ < 2 for both z ¼ 2a and z ¼ 3a and for all three
flavor/meson combinations. The effect is more pronounced
for hx2i, which may indicate different κ dependence in the
real and imaginary parts of the double ratio. In contrast, the
NNLOevo results show a much weaker dependence on κ,
and, in addition, they are generally compatible with the
fixed-order results within uncertainties.
In Table. IV we collect the results for NLOevo and

NNLOevo combining the z ¼ 2a and z ¼ 3a cases. We
report a systematic error arising from the κ dependence,
which, as shown, is larger in the NLOevo case. While the
results discussed here support the stability of the RG
evolution, extending this procedure to all moments con-
sidered in this work is challenging, as it requires small
Wilson-line separations in physical units, so that the initial
scale remains in the perturbative regime. In the present
calculation, this limits the renormalization-group evolution
analysis to the shortest separations, z ¼ 2a and z ¼ 3a.
These separations provide useful constraints on hxi and
hx2i, for which the fixed-z analysis shows relatively mild z
dependence. By contrast, the higher moments require
information from a larger Ioffe-time range and are therefore
not reliably constrained from the short-distance data alone.
For example, the NNLO-evolved analysis of hx3iuπ shows
large variations between the short-distance separations and
a strong dependence on the κ parameter. This behavior is
consistent with the pronounced z dependence observed for
hx3i in the fixed-order analysis. We also tested a larger
separation, where the fixed-order extraction is more stable,
but the evolved result remains strongly dependent on the
evolution parameters. We therefore use the RG-improved
analysis only as a perturbative consistency check for the
lowest moments, rather than as the basis for the full set of
moments quoted in our final results. A more complete
implementation of the scale-evolution analysis for higher
moments would require finer lattice spacings, providing
more short-distance points in physical units within the

perturbative regime. The higher moments are better con-
strained by fit windows that include larger values of z, as
seen in Figs. 10–12.

C. Final results

The analyses of the previous sections provide several
complementary checks on the extraction of Mellin
moments from the reduced Ioffe-time distributions. The
fixed-z fits illustrate the residual dependence on the
Wilson-line separation, the combined ðP3; zÞ fits improve
the constraints by using multiple boosts and separations
simultaneously, and the comparison between NLO and
NNLO Wilson coefficients provides a measure of pertur-
bative stability in the coefficients. In addition, the RG-
improved analysis of Sec. IV B offers a useful consistency
check for the lowest moments. Based on these studies, we
adopt the moments obtained from the simultaneous ðP3; zÞ
fits at NNLO accuracy as our final results. We use the OPE
truncation nmax ¼ 6 and construct weighted averages over
the fit windows with zmin ∈ ½3a; 4a� and zmax ∈ ½4a; 6a�,
subject to the condition zmax − zmin ≥ a. The weights are
determined from the statistical uncertainties of the indi-
vidual fits. The use of this window avoids the shortest
separation, z ¼ a, where discretization effects are expected
to be largest, while still retaining enough coordinate-space
information to constrain the higher moments.
The final values are quoted at μ ¼ 2 GeV in the MS

scheme and are summarized in Table V. The reported
uncertainties are separated into three contributions. The
first uncertainty is statistical. The second reflects depend-
ence on the coordinate-space fit window and is obtained
from the variation across the fit ranges that enter the
weighted average. The third uncertainty estimates the
residual perturbative-order dependence and is taken as
the absolute difference between the NLO and NNLO
central values. The latter is a conservative estimate, as
the difference between NNLO and NNNLO is expected to
be smaller than the difference reported. This separation
allows us to identify the dominant source of uncertainty for
each moment. For the lowest moments, the statistical
uncertainties are small, and the systematic effects from
the fit window and perturbative order become important.
For higher moments, the uncertainty is dominated by the
increasing sensitivity to the fit range. We emphasize that the
present calculation is performed on a single ensemble, and
therefore, systematic effects such as discretization effects
are not quantified.
The final results show a clear hierarchy among the three

distributions. The pion and kaon up-quark moments are
close to each other for all moment orders considered, with a
tendency for hxniuK to be lower, while the kaon strange-
quark moments are systematically larger. Overall, the final
results show that nonlocal matrix elements, analyzed
through the short-distance expansion, provide access to
multiple Mellin moments of the pion and kaon PDFs within

TABLE IV. Mellin moments hxi and hx2i evolved from μ0 ¼
4

zeγE to μ ¼ 2 GeV at NLOevo and NNLOevo accuracy with
nmax ¼ 6 and a fit range over z∈ ½2a; 3a�, with systematic errors
corresponding to varying κ∈ ½1.4; 2; 2.8�.
Evolution hxiNLOevo hxiNNLOevo hx2iNLOevo hx2iNNLOevo

πu 0.263(2)(4) 0.261(2)(1) 0.150(4)(7) 0.145(4)(2)
Ku 0.254(1)(3) 0.252(1)(1) 0.134(3)(7) 0.130(2)(2)
Ks 0.324(1)(4) 0.322(1)(1) 0.187(6)(9) 0.180(3)(3)
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a unified framework. The lowest moments are well con-
strained, while the higher moments remain more sensitive
to the choice of fit window and should be interpreted
with greater caution. Nevertheless, the extraction of
moments up to hx6i illustrates the potential of the non-
local-operator approach for accessing higher moments that
are difficult to obtain from local operators using traditional
methods. Recently, the gradient-flow method proposed in
Ref. [38] has provided a new approach to accessing higher
Mellin moments from local operators. Numerical studies
for the pion have demonstrated the feasibility of this
method up to hx5i [39,40].

D. PDF reconstruction

The Mellin moments provide integral constraints on the
underlying parton distributions. Although a finite number
of moments does not uniquely determine a PDF, it can
be used to reconstruct its features within a functional
form. Here, we examine the extent to which the moments
extracted from the nonlocal matrix elements constrain the
pion and kaon distributions. With the convention adopted
in Sec. II, the even moments probe the valence combination
q − q̄, whereas the odd moments probe qþ q̄ ¼ qv þ 2qs.
The present calculation includes connected diagrams
only. We therefore combine all moments into a single
reconstruction that yields the valence combination, assum-
ing the omitted disconnected contribution is small. We
parametrize the valence distribution of quark flavor f in
meson M using the normalized two-parameter form

qfMðxÞ ¼
xαð1 − xÞβ

Bðαþ 1; β þ 1Þ ; ð17Þ

where B is the Euler beta function. The normalization is
chosen such that

Z
1

0

dx qfMðxÞ ¼ 1: ð18Þ

The Mellin moments generated by this parametrization are

hxni ¼
Z

1

0

dx xnqfMðxÞ ¼
Bðαþ nþ 1; β þ 1Þ
Bðαþ 1; β þ 1Þ : ð19Þ

To assess the sensitivity of the reconstruction to the
number of included moments, we fit the moments up to
nmax ¼ 4 and 6. The corresponding distributions are shown
in Fig. 16, and the fitted α and β are given in Table VI. The
comparison between the nmax ¼ 4 and nmax ¼ 6 reveals
some differences, even though hx5i and hx6i are poorly
constrained. This is because the two-parameter ansatz leads
to a correlation among the small-, intermediate-, and large-
x regions. As a result, even weakly constrained higher
moments can shift the fitted values of α and β, especially
through their influence on the large-x falloff. We also note
that the uncertainty bands in Fig. 16 are due to the statistical
errors.
Figure 17 shows a comparison of the reconstructed

valence distribution for the two particles. For all three

TABLE V. Final results for the Mellin moments hxni at NNLO accuracy for nmax ¼ 6 for the pion, kaon up, and kaon strange
components using a weighted average of the results with zmin ∈ ½3a; 4a� and zmax ∈ ½4a; 6a� constrained to zmax − zmin ≥ 1a. Results are
presented at a scale of μ ¼ 2 GeV. The error reported in the first parenthesis is statistical, the second is the systematic uncertainty due to
different fit ranges, and the third is the difference between NLO and NNLO.

NNLO hxi hx2i hx3i hx4i hx5i hx6i
πu 0.251(2)(3)(4) 0.132(3)(3)(4) 0.063(4)(09)(1) 0.039(7)(16)(1) 0.016(3)(16)(0) 0.007(7)(38)(1)
Ku 0.241(1)(4)(4) 0.119(2)(3)(3) 0.057(2)(06)(0) 0.026(4)(16)(1) 0.014(1)(07)(1) 0.004(3)(20)(1)
Ks 0.308(1)(5)(5) 0.165(2)(5)(5) 0.094(2)(10)(2) 0.071(4)(05)(2) 0.030(1)(12)(0) 0.028(3)(07)(1)

FIG. 16. Reconstructed distributions xqvðxÞ at μ ¼ 2 GeV using moments up to nmax ¼ 4 (blue band) and nmax ¼ 6 (red band). The
bands shown correspond to the statistical uncertainties.
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cases, including moments through hx6i modifies the shape
relative to the reconstruction based on moments through
hx4i. The peak moves toward smaller x, while the distri-
bution becomes more suppressed at large x. This reflects the
additional constraints imposed by the fifth and sixth
moments, although these moments also carry substantially
larger uncertainties and are more sensitive to the coordinate-
space fit window. The effect of increasing nmax is therefore
not negligible, demonstrating that the detailed reconstructed
shape remains sensitive to the highest moments included in
the fit. For a fixed nmax the pion and kaon up-quark
distributions have similar shapes, with the kaon up-quark
distribution shifted slightly toward smaller x. In contrast, the
kaon strange-quark distribution peaks at a larger value of x
and remains enhanced toward the large-x region. This
behavior is consistent with the hierarchy observed in the
Mellin moments, for which the strange-quark moments of
the kaon are systematically larger than the corresponding
pion and kaon up-quark moments.

V. COMPARISONS WITH OTHER STUDIES

It is useful to compare the moments extracted in this
work with previous determinations obtained on the same
lattice ensemble using local operators. Such a comparison
provides a nontrivial cross-check, since the two approaches
use different matrix elements and analysis strategies. In the
local-operator method, each Mellin moment is obtained
from the matrix element of a corresponding local operator

(which contains covariant derivatives), whereas in the
present work, the moments are extracted from the short-
distance behavior of nonlocal matrix elements via the OPE.
Using the same ensemble removes several sources of
ambiguity in the comparison, including the lattice spacing,
pion mass, and finite-volume setup. Remaining differences,
therefore, primarily reflect the operator construction,
renormalization, matching procedures, excited-state treat-
ment, and the fitting strategy used to isolate the moments.
Table VII summarizes the comparison for the first three

moments of the pion up-quark distribution, the kaon up-
quark distribution, and the kaon strange-quark distribution.
The local-operator results for hxi are taken from Ref. [30],
while those for hx2i and hx3i are taken from Ref. [78]. All
results are quoted at μ ¼ 2 GeV. It is noteworthy that for
the local-operator approach, accessing hx3i is already
extremely challenging. One complication is that it requires
higher-derivative operators whose matrix elements are
more sensitive to many systematic effects, and the renorm-
alization is a nontrivial process. In fact, to avoid power-
divergent mixing requires momentum-boosted states with
two nonzero spatial components for hx2i and three for hx3i.
Thus, the difference between the local and nonlocal
calculations for the pion hx3i is not surprising. For the
first moment, the nonlocal-operator results have central
values that are lower than the corresponding local-operator
determinations for all three cases. For the second moment,
the central values obtained in this work are larger than those
from the local-operator calculation, with the largest shifts
appearing for the pion and kaon up-quark moments. When
uncertainties are taken into account, the remaining non-
overlap is typically below the 10% level, except for the pion
hx3i, where the extraction is intrinsically more difficult. We
also note that the extraction from the local operators
contains only statistical errors. We therefore interpret this
comparison as indicating method-dependent systematics,
rather than a fundamental incompatibility between the two
approaches. Understanding the origin of these differences

TABLE VI. Fitted parameters fα; βg of the valence distribution
for different maximum moments (nmax) entering the fit. Values in
parentheses are the statistical error.

nmax 4 6

πu f−0.46ð4Þ; 0.62ð10Þg f−0.31ð5Þ; 1.05ð13Þg
Ku f−0.39ð2Þ; 0.90ð7Þg f−0.24ð3Þ; 1.39ð9Þg
Ks f−0.29ð2Þ; 0.59ð5Þg f−0.10ð3Þ; 1.02ð7Þg

FIG. 17. Comparison of the pion (blue), kaon up-quark (red), and kaon strange-quark (green) distributions with the maximummoment
entering the fit being hx4i (left) and hx6i (right) at μ ¼ 2 GeV.
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will require a dedicated comparison of the relevant sys-
tematics, including renormalization, excited-state effects,
and continuum extrapolation.
Given the larger number of lattice-QCD studies employ-

ing nonlocal operators for the pion than for the kaon, we
compare our pion moments with other determinations
obtained at the same or a nearby renormalization scale,
including scales up to 3.2 GeV. Most of these calculations
have also been performed on a single ensemble. The
comparison is summarized in Table VIII, where the first
five columns list the main parameters of each calculation,
and the last four columns show the corresponding values of
hxiuπ through hx4iuπ graphically. The vertical bands indicate
the total uncertainty of the present work, where the
statistical, fit-window systematic, and perturbative-order
uncertainties have been combined in quadrature. The
results of Ref. [54] are extracted directly from the short-
distance behavior of ratios of nonlocal matrix elements
using the appropriate Wilson coefficients (“OPE”). By
contrast, Refs. [50,51] first reconstruct the x-dependent
pion PDF and then determine its Mellin moments from the
integral definition (“PDF fit”). Reference [47] employs
both strategies on ensembles with mπ ≃ 415 MeV and
a ¼ 0.127 fm; the row marked with a star corresponds

to the PDF-fit moments obtained using two ensembles with
different volumes. The LaMET-based analysis of Ref. [50]
uses three pion masses and two lattice spacings and quotes
moments derived from the reconstructed pion PDF, while
Ref. [51] provides a PDF-fit determination from the a ¼
0.06 fm ensemble at mπ ≃ 300 MeV. For Ref. [54], we
quote the even moments at zero momentum transfer from
the fixed-order μ ¼ 2 GeV bands and include the differ-
ence from the NNLO-resummed result as an additional
systematic uncertainty. The OPE and PDF-fit rows should
therefore be viewed as complementary determinations
rather than as strictly equivalent extractions.
Overall, the comparison shows broad consistency among

the different nonlocal-operator approaches. The lowest
moment, hxiπu, is generally found in the range 0.19–0.28,
with the spread reflecting differences in pion mass, lattice
spacing, reconstruction strategy, perturbative matching, and
analysis systematics. Our value lies well within the range of
previous determinations. For hx2iπu, the various determi-
nations have a wider spread. We note, however, that
systematic uncertainties are not reported in all calculations
and, when included, may account for different sources of
uncertainty. Finally, hx3iπu and hx4iπu are compatible
between the different calculations within the reported

TABLE VII. Comparison of the Mellin moments hxi–hx3i obtained from nonlocal operators in this work
(Table V) and from local-operator calculations using the same ensemble as this work [30,78]. All results are quoted
at μ ¼ 2 GeV. For the nonlocal-operator results, the statistical, fit-range systematic, and perturbative-order
uncertainties have been combined in quadrature.

hxi hx2i hx3i
Nonlocal Local [30] Nonlocal Local [78] Nonlocal Local [78]

πu 0.251(5) 0.273(9) 0.132(6) 0.110(6) 0.063(10) 0.026(17)
Ku 0.241(6) 0.262(3) 0.119(5) 0.101(2) 0.057(6) 0.043(7)
Ks 0.308(7) 0.332(3) 0.165(7) 0.145(2) 0.094(10) 0.079(6)

TABLE VIII. Comparison of pion up-quark Mellin moments, hxniuπ , from calculations using a nonlocal operator. Filled symbols
indicate that statistical and systematic uncertainties are combined in quadrature, while open symbols only have statistical uncertainties
available. ⋆The calculation combines two ensembles at different volumes.

Method mπ (MeV) a (fm) μ (GeV)

This work OPE 260 0.0934 2
Ref. [47] OPE 415 0.127 2
Ref. [54] OPE 300 0.04 2
Ref. [47] PDF fit 415 0.127⋆ 2
Ref. [50] PDF fit 220–320 0.06–0.12 2.4
Ref. [51] PDF fit 300 0.06 3.2
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uncertainties, which are, in most cases, higher than the
lowest moments.
Having obtained the reconstructed pion and kaon PDFs,

it is interesting to compare them with phenomenological
determinations. For this comparison, all results are evolved
to μ ¼ 5.2 GeV at the MS scheme, which is customary.
Our results for the pion valence PDF are shown in Fig. 18,
with the phenomenological estimates of JAM18 [79],
xFitter [80], JAM21 [81], and FANTO10 [82], as well
as the recent JAM 2025 analysis incorporating lattice-QCD
constraints [83]. We also include data from the Fermilab
E615 experiment [1]. We find broad qualitative compati-
bility with the phenomenological estimates and the E615
data, except for the JAM25þ LQCD band, which is lower
than the other results in the x region after xqv peaks. We
note that the JAM25 results incorporate next-to-leading-
logarithmic (NLL) threshold resummation and extract the
pion and kaon distributions simultaneously. For the kaon
valence distributions, we compare our results with the
recent data of JAM25þ LQCD in Fig. 19. The strange-
quark contribution is compatible within the present

uncertainties, and in the up-quark case, there is a very
good agreement, with a minor tension in the intermediate x
region. Nevertheless, this agreement is very promising, as
the lattice data are at a pion mass of 260 MeV, and there are
systematic uncertainties to be quantified. Figure 20 shows
the ratio of the up-quark distributions in the kaon and pion
at μ ¼ 5.2 GeV, which has also been measured in the NA3
experiment. The JAM25þ LQCD is also shown for com-
parison. As can be seen, all results are in excellent
qualitative agreement. More direct comparison would
require calculations at multiple ensembles to quantify all
sources of systematic uncertainties.

VI. SU(3)-FLAVOR SYMMETRY BREAKING

An important aspect of comparing the pion and kaon
results is the investigation of SU(3)-flavor symmetry
breaking arising from the presence of the heavier strange
quark in the kaon. In the exact SU(3)-flavor symmetric
limit, where the quark masses are degenerate, the pion
and kaon PDFs are related through flavor symmetry,

FIG. 18. Pion xqv from this work (blue band) compared to the phenomenological estimates of JAM18 [79] (red band), xFitter [80]
(turquoise band), JAM21 [81] (green band), FANTO10 [82] (brown band), the JAM25 with lattice-QCD constraints [83] (purple band),
and the Fermilab E615 experiment [1] (black points). Results are shown at a scale of μ ¼ 5.2 GeV.

FIG. 19. xqv for the kaon up quark (left) and strange quark (right) from this work (blue band) compared to the JAM 2025 analysis with
lattice-QCD constraints [83] (purple band) at μ ¼ 5.2 GeV.
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implying identical Mellin moments after appropriate flavor
interchange. Thus, deviations between the corresponding
moments provide direct information on the modification of
the Mellin moments (and the PDF) induced by the strange-
quark mass.
To quantify these effects, we take ratios of same-order

Mellin moments extracted for the pion and kaon within
the same analysis framework. In particular, we compare
the ratios hxniuπ=hxniuK , hxniuK=hxnisK , and hxniuπ=hxnisK ,
using both NLO and NNLOWilson coefficients, as shown
in Fig. 21. The results show that the up-quark moments of
the pion and kaon are similar. We note that the errors for
n > 3 increase significantly in the ratio, and the ratio is
inconclusive. The ratio hxiuπ=hxiuK differs from unity by
only about 4%, and by about 10% for both hx2iuπ=hx2iuK
and hx3iuπ=hx3iuK . A much stronger flavor dependence is
observed in the comparison of the kaon strange-quark
moments with those of the up quark. For the first moment,
we find hxiuK=hxisK ≈ 0.8, corresponding to an SU(3)-
breaking effect at the level of roughly 20–25%. The
deviation from unity becomes increasingly pronounced
for higher moments, reaching approximately 40–60% for
hx3i–hx5i. A similar trend is observed for the ratio

hxniuπ=hxnisK. We emphasize that the interpretation of
the ratios becomes less quantitative for the highest
moments. Although the central values show an increasing
deviation from unity as n increases, the uncertainties of
the higher moments are also significantly larger, as
discussed in Sec. IV C. Therefore, the most robust con-
clusion comes from the first few moments. Overall, the
observed pattern provides clear evidence of SU(3)-flavor
symmetry breaking in meson structure and is qualitatively
consistent with previous lattice investigations and phe-
nomenological studies of pion and kaon PDFs (see, e.g.,
Refs. [9,30,34]).

VII. CONCLUSIONS AND OUTLOOK

In this work, we presented a lattice-QCD determination
of the Mellin moments of the unpolarized pion and kaon
PDFs using matrix elements of nonlocal quark bilinear
operators. The calculation uses the same matrix elements as
in our previous determination of the pion and kaon PDFs
[55]. Here we employed the short-distance factorization
framework and the operator product expansion to extract
the Mellin moments from coordinate-space matrix

FIG. 21. Ratios of same order Mellin moments for pion to kaon up (left), kaon up to kaon strange (middle), and pion to kaon strange
(left) at NLO (blue) and NNLO (red) accuracy.

FIG. 20. Ratio of kaon up quark to pion strange reconstructed PDFs (blue band) and CERN-NA3 experimental data [84] and
JAM25þ LQCD [83] at μ ¼ 5.2 GeV.
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elements, with the meson momentum boost up to
P3 ¼ 2.07 GeV. The analysis has been carried out using
a singleNf ¼ 2þ 1þ 1 ensemble with maximally twisted-
mass fermions with a pion mass of 260 MeV.
By construction, the methodology we used provides

access to several moments within a unified fit framework
and avoids the need to construct separate local operators for
each moment. We employed and compared two fitting
strategies for extracting the moments. The first approach
analyzes the reduced Ioffe-time distribution at fixed values
of z, providing insight into how the extracted moments
depend on the individual Wilson-line separation and
enabling a direct assessment of residual higher-twist and
discretization effects. The second approach performs a
combined fit in ðP3; zÞ space, significantly increasing the
number of degrees of freedom and leading to a more stable
determination of the moments. We found that the com-
bined-fit strategy provides improved stability and better
control over systematic effects, particularly for the higher
moments.
We investigated several sources of systematic uncer-

tainty. First, we studied the dependence on the truncation
order nmax of the OPE and found that nmax ¼ 5 (for odd
moments) and nmax ¼ 6 (for even moments) provides a
suitable balance between stability and sensitivity to higher
moments. Second, we examined the dependence on the fit
window in z, using several choices of zmin and zmax. The
lowest moments are comparatively stable under these
variations, whereas the higher moments are more sensitive
to the fit range, as expected given their stronger dependence
on the large-Ioffe-time behavior of the matrix elements.
Third, we compared the results obtained with NLO and
NNLOWilson coefficients. The NNLO corrections lead to
small shifts relative to NLO, with the effect most visible for
the lowest moments.
We also explored an RG-improved analysis in which the

matching is performed at an initial scale and the resulting
moments are evolved to μ ¼ 2 GeV. This provides an
important consistency check on the perturbative treatment
of the lowest moments. The analysis that includes evolution
shows improved perturbative stability at NNLOevo com-
pared with NLOevo, and the results are broadly consistent
with the fixed-scale extraction. However, the short-distance
region required for reliable RG evolution provides limited
sensitivity to the higher moments. For this reason, we use
the RG-improved analysis as a perturbative consistency
check rather than the final analysis.
Our final results are taken from the NNLO combined

ðP3; zÞ fits with nmax ¼ 6, using weighted averages over the
fit windows with zmin ∈ ½3a; 4a� and zmax ∈ ½4a; 6a�. The
quoted uncertainties separate statistical effects, the system-
atic dependence on the coordinate-space fit window, and
the difference between the NLO and NNLO central values.
We find that the first few moments are well constrained,
whereas higher moments become increasingly sensitive to

the fit window. This behavior is expected, since higher
moments receive enhanced support from the large-x region
of the PDF and are therefore more difficult to determine
from the finite Ioffe-time range available in the lattice data.
We compare the extracted Mellin moments up to hx4i with
other lattice-QCD studies using nonlocal operators, and we
find similar features for all moments. Deviations among all
data are more pronounced in hx2i. Another comparison is
that with the local-operator calculations [30,78] on the
same ensemble, which reveals method-dependent system-
atic uncertainties, especially for the first two moments. We
note that the results from Refs. [30,78] quote only statistical
uncertainties, so further investigation is needed to under-
stand the differences of about 10%.
An additional element of the calculation is the

reconstruction of the valence PDFs using a normalized
two-parameter ansatz constrained by the extracted
moments. Comparing fits that include moments up to
nmax ¼ 4 and 6 shows that the broad features of the
distributions are similar, although the detailed shape
remains sensitive to the highest moments included.
Comparisons with phenomenological determinations and
experimental data, where available, show an overall agree-
ment for the pion and kaon, as well as for the
ratio quKðxÞ=quπðxÞ.
The ratios of same-order moments provide a direct

measure of SU(3)-flavor-symmetry breaking. The pion
and kaon up-quark moments differ only mildly, by about
4% for hxi and approximately 10% for hx2i and hx3i. In
contrast, the kaon strange-quark moments are substantially
larger than the corresponding up-quark moments. For the
first moment, the ratio hxiuK=hxisK is approximately 0.8,
corresponding to a breaking effect of about 20–25%,
with the deviation from unity increasing for higher
moments.
An important outcome of this work is that it further

demonstrates the utility of nonlocal matrix elements for
extracting several Mellin moments within a single frame-
work, without the need to construct a separate local
operator with a higher covariant derivative for each
moment. This builds on earlier developments using
OPE-based analyses of nonlocal operators, while extending
such studies to the pion and kaon with a detailed assess-
ment of the fit-window dependence, perturbative-order
effects, and moment reconstruction. In traditional lattice-
QCD approaches based on local operators, extracting
higher moments becomes increasingly challenging due
to operator mixing, power-divergent renormalization, and
rapidly deteriorating signal-to-noise ratios. The nonlocal-
operator strategy offers a complementary path, using the
same matrix elements that underlie quasi- and pseudodis-
tribution studies. Although the higher moments obtained
here remain statistically limited and susceptible to system-
atic effects, the results provide a useful benchmark for the
method and guidance for future calculations.
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APPENDIX A: NLO WISLON COEFFICIENT
DERIVATION

In the main text, the extraction of the Mellin moments
relies on the short-distance expansion of the reduced Ioffe-
time distribution, Eq. (4). The Wilson coefficients entering
that expression are obtained from the perturbative matching
between the pseudo-Ioffe time distribution and the light-
cone Ioffe time distribution. In this appendix, we outline the
derivation of the NLO coefficient used in the fixed-order
analysis of Sec. IVA 1. This derivation also fixes the
normalization and plus-prescription conventions used
throughout the manuscript.
At NLO, the relation between the pseudo-Ioffe time

distribution and the light-cone Ioffe time distribution is
given as,

Mðν; z2Þ ¼ Qðν; μ2Þ þ αsCF

2π

Z
1

0

du

�
ln

�
z2μ2

e2γEþ1

4

�

× BðuÞ þ LðuÞ
�
Qðuν; μ2Þ; ðA1Þ

where BðuÞ and LðuÞ are the evolution and matching plus-
prescription kernels respectively. They are given by

BðuÞ ¼
�
1þ u2

u − 1

�

þ
ðA2Þ

LðuÞ ¼
�
4
lnð1 − uÞ
u − 1

− 2ðu − 1Þ
�

þ
: ðA3Þ

In order to relate Mðν; z2Þ to the Mellin moments, we take
note thatQðν; μ2Þ is the Fourier transform of the light-cone
PDF. That is,

Qðν; μ2Þ ¼
Z

1

−1
dx eiνxqðxÞ ¼

X∞

n¼0

ðiνÞn
n!

hxni: ðA4Þ

Substituting Eqs. (A2)–(A4) into Eq. (A1), and also taking
note that the plus-prescription definition is given asR
1
0 du½hðuÞ�þgðuνÞ ¼

R
1
0 du hðuÞ½gðuνÞ − gðνÞ�, we get
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Mðν;z2Þ¼
X∞

n¼0

ðiνÞn
n!

hxni
�
1þαsCf

2π

Z
1

0

du

�
ln

�
z2μ2

e2γEþ1

4

�

×

�
1þu2

u−1

�
þ4

lnð1−uÞ
u−1

−2ðu−1Þ
�
ðun−1Þ

�
:

ðA5Þ

Upon solving these integrals, we end up with a closed form
of the pseudo-Ioffe time distribution,

Mðν; z2Þ ¼
X∞

n¼0

ðiνÞn
n!

hxni
�
1þ αsCF

2π

�
ln

�
z2μ2

e2γEþ1

4

�

×

�
Hn þHnþ2 −

3

2

�
þ 2

�
1

nþ 1
−

1

nþ 2

−H2
n −Hð2Þ

n

�
− 1

��
; ðA6Þ

whereHðiÞ
n are the generalized harmonic numbers, given by

HðiÞ
n ¼

Xn

j¼1

1

ji
; ðA7Þ

and Hð1Þ
n ≡Hn. In order to calculate the NNLO Wilson

coefficients, a similar process is done numerically for the
NNLO matching kernel at fixed values of n.

It is important to note that the choice of Wilson
Coefficient is similar to literature, but written differently,
such as [52,53]. In these works, the ratio of bare matrix
elements is written as an infinite sum in both the numerator
and denominator, where we will denote their Wilson
coefficients as Cn,

Mðν; z2Þ ¼
P

n¼0Cn
ðizPzÞn

n! hxni
P

n¼0Cn
ðizP0

zÞn
n! hxni

: ðA8Þ

It is given that Cn is

Cn ¼ 1þ αsCF

2π

��
3þ 2n

2þ 3nþ n2
þ 2Hn

�
ln

�
μ2z2e2γE

4

�

þ 5þ 2n
2þ 3nþ n2

þ 2ð1 −HnÞHn − 2Hð2Þ
n

�
: ðA9Þ

In the limit of P0
z → 0 equation (A8), becomes, along

with hx0i ¼ 1 in the forward limit,

Mðν; z2Þ ¼
X∞

n¼0

Cn

C0

ðiνÞn
n!

hxni: ðA10Þ

Focusing only at NLO accuracy, we note that we can
calculate C0, giving

Cn

C0

¼ 1þ αsCF
2π ½ð 3þ2n

2þ3nþn2 þ 2HnÞ lnðμ
2z2e2γE

4
Þ þ 5þ2n

2þ3nþn2 þ 2ð1 −HnÞHn − 2Hð2Þ
n �

1þ αsCF
2π ½3

2
lnðμ2z2e2γE

4
Þ þ 5

2
�

: ðA11Þ

In order to show Cn=C0 ¼ cn of Eq. (3), we Taylor expand the denominator, collecting up to OðαsÞ terms, leading to

Cn

C0

¼ 1þ αsCF

2π

��
3þ 2n

2þ 3nþ n2
þ 2Hn −

3

2

�
ln

�
μ2z2e2γE

4

�
þ 5þ 2n
2þ 3nþ n2

þ 2ð1 −HnÞHn − 2Hð2Þ
n −

5

2

�
¼ cn: ðA12Þ

APPENDIX B: EVOLUTION RELATIONS

The RG-improved analysis of Sec. IV B requires evolv-
ing the Wilson coefficients from an initial scale μ0,
associated with the coordinate-space separation z, to the
reference scale μ ¼ 2 GeV. In this appendix, we collect the
evolution relations used in that analysis. These expressions
make explicit how the scale dependence is controlled by the
QCD beta function and the nonsinglet anomalous dimen-
sions (see Table IX), and they provide the perturbative
ingredients needed for the NLOevo and NNLOevo com-
parisons presented in the main text. To find the leading
logarithmic (LL) (NLOevo) and NLL (NNLOevo) relations,
we utilize the fact that the Wilson coefficients transform by

ln

�
cnðμÞ
cnðμ0Þ

�
¼

Z
αsðμÞ

αsðμ0Þ
dðαsðμ0ÞÞ

γnðαsðμ0ÞÞ
βðαsðμ0ÞÞ

: ðB1Þ

This relation is dependent upon βðαsÞ, which is given by

βðαsÞ ¼ −αs
X∞

n¼0

�
αs
4π

�
nþ1

βn; ðB2Þ

and the nonsinglet anomalous dimension γn, which is
defined to be the negative of the Mellin moment of the
nonsinglet splitting function [87],
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γnðαsÞ ¼ −
Z

1

−1
dx xnPnsðxÞ ¼

X∞

i¼0

�
αs
4π

�
iþ1

γðiÞn : ðB3Þ

The LL relation can be derived by truncating after the first
element in Eqs. (B2) and (B3). The NLL relation is truncated
after the second term. The LL relation is found to be

ln

�
cnðμÞ
cnðμ0Þ

�
¼

Z
αsðμÞ

αsðμ0Þ
dðαsðμ0ÞÞ

αs
4π γ

ð0Þ
n

− α2s
4π β0

¼ −
γð0Þn

β0
ln

�
αsðμÞ
αsðμ0Þ

�
; ðB4Þ

and the NLL relation is found to be

ln

�
cnðμÞ
cnðμ0Þ

�
¼

Z
αsðμÞ

αsðμ0Þ
dðαsðμ0ÞÞ

αs
4π γ

ð0Þ
n þ α2s

ð4πÞ2 γ
ð1Þ
n

− α2s
4π β0 −

α3s
ð4πÞ2 β1

¼ −
γð0Þn

β0
ln

�
αsðμÞ
αsðμ0Þ

�
−
�
γð1Þn

β1
−
γð0Þn

β0

�

× ln

�
4πβ0 þ β1αsðμÞ
4πβ0 þ β1αsðμ0Þ

�
: ðB5Þ

Similar to Appendix A, it is important to note that the
choices of the final result of what is called the anomalous

dimension γn in this work is related to that of other literature
such as Ref. [52] (which we denote here as Γn). Focusing
only on the LL (NLOevo) coefficients,

CnðμÞ
C0ðμÞ

¼ Cnðμ0Þ
C0ðμ0Þ

ð αsðμÞαsðμ0ÞÞ
−Γð0Þ

n =β0

ð αsðμÞαsðμ0ÞÞ
−Γð0Þ

0
=β0

¼ Cnðμ0Þ
C0ðμ0Þ

�
αsðμÞ
αsðμ0Þ

�−Γð0Þn þΓð0Þ
0

β0 :

ðB6Þ

Having already shown the equivalence of Cnðμ0Þ
C0ðμ0Þ ¼ cnðμ0Þ

in Appendix A, we shift our focus on the anomalous
dimension. In Ref. [52], it is defined as

Γð0Þ
n ¼ 3CF

2
−
Z

1

0

dx xnPð0Þ
qq ðxÞ; ðB7Þ

where at n ¼ 0, Γð0Þ
0 ¼ 3CF

2
and at 1-loop PnsðxÞ becomes

the QCD splitting function. From this, the exponent of
Eq. (B6) becomes

−Γð0Þ
n þ Γð0Þ

0 ¼
Z

1

0

dx xnPð0Þ
qq ðxÞ ¼ −γð0Þn ; ðB8Þ

which leads to the result that CnðμÞ
C0ðμÞ ¼ cnðμÞ.
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ð0Þ
n , and γð1Þn used in this work to calculate αs and Dokshitzer–Gribov–Lipatov–
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