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Recent evidence suggests that, at small Bjorken x, QCD evolution drives the proton into a state of
maximal entanglement. If the evolution kernel is assumed to be conformally invariant—as is the case for
the Balitsky-Fadin-Kuraev-Lipatov equation—we can describe it by a conformal field theory. Moreover,
the central charge c of the corresponding conformal field theory emerges as the key parameter governing
the x dependence of both the entanglement entropy and the structure function. Here we apply the exact
Bethe ansatz methods to the quantum spin chain dual to Lipatov’s high energy effective action to extract the
central charge of the theory, and find that c ¼ 1. This implies the ∼x−1=3 small x behavior for the structure
function—the prediction that can be tested at the forthcoming Electron-Ion Collider.
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I. INTRODUCTION

Deep inelastic scattering (DIS) experiments at small
Bjorken x have revealed fascinating aspects of the strong
force (see, e.g., [1–17] and references therein). Under-
standing the gluon structure function at low x is crucial to
accurately describe DIS processes and to make predictions
for physics experiments at the upcoming Electron-Ion
Collider (EIC) at Brookhaven National Lab [18–21]. The
key challenge lies in the resummation of so-called gluon
ladders, ðαs logðsÞÞn, where s is the squared center of mass
energy and αs the strong coupling constant, which spoil the
convergence of the perturbative expansion even when the
coupling αs is small.
In a series of seminal papers Balitsky, Fadin, Kuraev, and

Lipatov (BFKL) developed an evolution equation that
describes the high-energy behavior (s → ∞) of QCD
amplitudes by addressing the problem of the gluon ladder

resummation [22–24]. Their approach, now known as
BFKL theory, describes the scattering through reggeized
gluon exchanges in the t channel. The resulting evolution
equations predict that gluon densities should grow as x−λ at
small x, where the positive number λ is the BFKL intercept
computed in perturbation theory. Unfortunately, the inclu-
sion of next-to-leading order corrections makes its value
somewhat uncertain. Moreover, at high gluon density, the
effects of gluon saturation are expected to set in, and
modify the small x behavior of the structure functions. In
terms of BFKL theory, these effects correspond to multi-
Pomeron interactions that are notoriously difficult to resum.
In this paper, we propose to evaluate the small x behavior

of the gluon structure functions based on the hypothesis of
maximal entanglement put forward in [25]. If maximal
entanglement is indeed reached at small x, the key quantity
that determines the behavior of parton distributions is the
entanglement entropy. If the effective QCD theory at small
x is conformally invariant, then the entanglement entropy
depends solely on the central charge and Bjorken x [25,26].
In the present work, we focus on the conformally

invariant integrable sector of small-x QCD in the lead-
ing-logarithmic approximation, as described by Lipatov’s
spin chain. This framework captures multireggeon dynam-
ics within the one-cylinder topology, but does not incor-
porate multi-Pomeron exchanges, multicylinder topologies,
running-coupling effects, or next-to-leading corrections.
Accordingly, our goal is not a complete phenomenological
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description of small-x QCD, but the determination of the
central charge of the associated integrable conformal sector.
Let us briefly review the framework of Refs. [25,27] that

establishes this connection. The proton in its rest frame is
described by a pure quantum state jψi with density matrix
ρ̂ ¼ jψihψ j and vanishing von Neumann entropy
S ¼ −tr½ρ̂ ln ρ̂� ¼ 0. Deep inelastic scattering at Bjorken
x and virtuality Q2 probes only a localized spatial region A
of the proton’s wave function—a tube of transverse size
∼1=Q and longitudinal extent L ∼ 1=ðmxÞ, where m is the
proton mass. The inclusive DIS cross section traces over the
unobserved complementary region B, so the measurement
accesses only the reduced density matrix ρ̂A ¼ trBρ̂.
Consequently, DIS is characterized by an entanglement
entropy

SA ¼ −tr½ρ̂A ln ρ̂A�; ð1:1Þ

quantifying the entanglement between the probed region A
and the rest of the proton B.
At small x, the probed region contains a large number of

gluons, and the system is expected to approach a maximally
entangled state [28]. Physically, this corresponds to the
regime of parton saturation, where gluon occupation
numbers become large and the system explores all available
microstates with equal probability—an equipartitioned
state. For N equally probable microstates, the von
Neumann entropy takes its maximal value S ¼ lnN.
Following Ref. [25], one further assumes that the effective
number of accessible partonic microstates is proportional to
the gluon distribution, N ∼ xGðxÞ, which leads to

SðxÞ ¼ ln½xGðxÞ�: ð1:2Þ

In the present work, we do not derive this relation from first
principles in QCD; rather, we adopt it as the maximal-
entanglement hypothesis proposed in Ref. [25]. This
relation provides the essential link between the entangle-
ment entropy and the gluon distribution. As detailed in
[25], Eq. (1.2) follows from Eq. (1.1) after tracing over
unobservable phases which is equivalent to tracing over
light cone time. This was shown using Mueller’s dipole
equation [29–31]. Note that the underlying assumption in
equating the two expressions is the maximal-entanglement
picture introduced in [25] (see [28] for further discussions).
It would be very interesting to establish this identification
more rigorously starting from the reduced density matrix ρ̂A
in deep inelastic scattering.
If the effective theory governing small x dynamics is

conformally invariant, universal results from conformal
field theory (CFT) constrain the entanglement entropy. For
a (1þ 1)-dimensional CFT, the entanglement entropy of an
interval of length L with UV cutoff ϵ is given by the
Calabrese-Cardy formula [32–34]:

SE ¼ c
3
ln
L
ϵ
; ð1:3Þ

where c is the central charge. In the DIS context, the
longitudinal extent of the probed region provides the IR
scale L ∼ 1=ðmxÞ ∼ 1=x (in units of the proton mass), while
the UV cutoff ϵ is set by the proton’s Compton wavelength
∼1=m. Note that the UV cutoff is given by the Compton
wavelength of the proton (and not by the frequency of the
incoming photon) since we are in the rest frame of the
proton. Substituting into Eq. (1.3),

SðxÞ ¼ c
3
ln
1

x
: ð1:4Þ

Combining this with Eq. (1.2), we obtain

ln½xGðxÞ� ¼ c
3
ln
1

x
; ð1:5Þ

which yields the small x behavior of the gluon distribution:

xGðxÞ ∼ x−c=3: ð1:6Þ

Thus, the BFKL intercept λ in the relation xGðxÞ ∼ x−λ is
directly determined by the central charge: λ ¼ c=3. Note
that equating the entropy in Eq. (1.2) with the CFT
entanglement entropy is based on the assumption of
maximal entanglement at small x.
Hence, determining the central charge of the effective

small x theory is of direct phenomenological importance: it
predicts the power-law growth of gluon structure functions.
The assumption of maximally entangled state, combined
with conformal invariance, reduces the problem of com-
puting structure functions at small x to identifying the CFT
that governs the dynamics of reggeized gluons (in Lipatov’s
spin chain which is introduced in the following paragraph).
To carry out this program, we need an effective small x

QCD theory that allows one to treat the exchange of an
arbitrary number of reggeized gluons. Such an effective
theory was constructed by Lipatov, who found that the
equations governing reggeized gluon interactions in multi-
color QCD can be reformulated as a quantum spin chain
problem [35]. Specifically, the relevant Hamiltonian turned
out to be equivalent to the integrable XXX model with zero
spin. However, the multipomeron interactions cannot be
treated in this approach and are beyond the scope of our
current manuscript.
This is not only satisfying fromamathematical standpoint,

butmeans thatwe can apply the powerfulmethods developed
for exactly solvable models to high-energy QCD. The spin
chain picture becomes even richer when viewed through the
lens of CFT. In condensed matter physics, the connection
between integrable chains and CFT has been a cornerstone
for understanding critical phenomena.

GRIENINGER, HAO, KHARZEEV, and KOREPIN PHYS. REV. D 113, 094030 (2026)

094030-2



Recent work has begun exploiting the spin chain picture
to connect DIS with quantum information theory. Based on
the proposal of [25], the authors of [36,37] studied the
scattering process as a local quench in Lipatov’s spin chain.
They found that the entanglement entropy in DIS grows
logarithmically with time after the quench as

SðtÞ ¼ 1

3
lnðt=τÞ:

In their work, the authors implicitly assumed that the spin
chain can be described by a CFTwith central charge c ¼ 1.
In this work, we will provide support for this assumption
within the corresponding integrable model by computing
its central charge via finite-size corrections. This leads to
the behavior

xGðxÞ ∼ x−1=3

at small x [25,26,38–41].
The central charge c is a fundamental invariant that

characterizes conformal field theories and appears in many
physical observables. In the specific context of integrable
quantum systems studied via Bethe ansatz methods, finite-
size corrections provide the most direct path to extract the
central charge.
The key advantage of the finite-size approach for

integrable models is computational tractability. While the
central charge appears in various CFT observables such as
correlation functions, operator product expansion coeffi-
cients, and anomaly terms, calculating these directly from
the microscopic Hamiltonian of an interacting many-body
system is typically intractable. In contrast, the Bethe ansatz
provides exact expressions for energy eigenvalues at
finite size.
From the Virasoro algebra’s representation theory, the

finite-size energy of any CFT on a cylinder of circum-
ference L contains a universal 1=L correction:

Efinite ¼ Ebulk −
πcvF
6L

þOð1=L2Þ; ð1:7Þ

where the coefficient is completely determined by the
central charge. For integrable models where we can
compute Efinite exactly via Bethe ansatz, this formula
provides a direct bridge between the microscopic quantum
many-body problem and the universal properties of the
emergent CFT.
Our work establishes that BFKL theory in the leading

logarithmic approximation corresponds to c ¼ 1 CFT. We
reach this conclusion by employing the quantum inverse
scattering method [42] developed for integrable models.
First, we exploit Faddeev and Korchemsky’s mapping of the
spin 0 chain to a spin −1 chain model, which proves more
tractable for Bethe ansatz calculations. By computing finite-
size corrections to the ground state energy, we determine the

central charge unambiguously. Notably, our framework
matches experimental data: the predicted Boltzmann-like
relation between the gluon distribution and the entropy
inferred from hadron multiplicity distributions has been
tested at HERA at x ∼ 10−3 − 10−4 and found to be in
good agreement with data (see [28] for a recent review).
These findings place BFKL theory within a broader

theoretical framework connecting high-energy QCD, inte-
grable systems, and quantum information. The identifica-
tion of c ¼ 1 constrains how structure functions behave at
small x and supports recent proposals about entanglement
in parton distributions. Perhaps most intriguingly, our
results suggest that quantum simulators designed for spin
chains could provide new computational tools for studying
high-energy scattering—a possibility that seemed remote
just a few years ago.
This paper is structured as follows. In Sec. II, we explain

the connection between BFKL and the lattice nonlinear
Schrödinger (NLS) equation. Then, in Sec. III, we compute
the finite size corrections and extract the central charge.
Finally, in Sec. IV, we summarize our results and discuss
future applications.

II. MAPPING BFKL TO SPIN CHAINS

The BFKL equation describing high-energy QCD scat-
tering in the Regge limit is equivalent to an integrable
quantum spin chain. The reggeized gluon Hamiltonian
HL ¼PL

k¼1Hk;kþ1 with holomorphic coordinates exhibits
SUð2Þ symmetry and maps to the XXX Heisenberg model
[35,43]. This establishes integrability through the Yang-
Baxter equation, allowing exact solutions via Bethe ansatz
methods for computing high-energy QCD amplitudes. For
more details see Appendixes A and B as well as [36,44,45]
and references therein. The XXX model with negative spin
s ¼ −1 is equivalent to the quantum NLS equation,
providing an alternative framework for studying the same
physics.

III. FINITE SIZE CORRECTIONS

The energy of the ground state for the BFKL model is
(see for example Appendix A)

E ¼
X
j

ε0ðλjÞ; ε0ðλjÞ ¼
2

λ2j þ 1
− h; ð3:1Þ

where h represents the chemical potential that controls the
particle density in the grand canonical formulation. The
ground state configuration corresponds to filling all single-
particle states with negative energy ε0ðλjÞ < 0, which occurs

for momenta satisfying jλjj >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=h − 1

p
when 0 < h < 2.

In the thermodynamic limit L → ∞, the discrete Bethe
roots become continuously distributed, and the ground state
energy density is determined by the solution εðλÞ to the
nonlinear integral equation
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εðλÞ − 1

2π

�Z
−q

−∞
þ
Z

∞

q

�
Kðλ; μÞεðμÞdμ ¼ 2

λ2 þ 1
− h;

ð3:2Þ

subject to the conditions εð�qÞ ¼ 0. These conditions
determine the Fermi surfaces (boundaries) �q as functions
of the chemical potential h, thereby establishing the
relationship between the particle density and the thermo-
dynamic parameters of the system. The ground state
configuration in the thermodynamic limit is characterized
by a continuous distribution of Bethe roots. To describe this
systematically, we introduce quantum numbers nj that label
the allowed states. For a system withN particles, the energy
functional is minimized when these quantum numbers
follow the pattern

nj ¼ −
�
N − 1

2

�
þ j − 1; j ¼ 1;…; N; ð3:3Þ

corresponding to a filled Fermi sea configuration.
We define a smooth function λðxÞ that interpolates

between the discrete Bethe roots fλjg by establishing
the relationship

LθðλðxÞÞ þ
XN
j¼1

θðλðxÞ − λjÞ ¼ 2πxL≡ 2πnk: ð3:4Þ

Here, x serves as a continuous parameter, and λðnj=LÞ ¼ λj
connects the discrete roots to the continuous description. In
the case of NLS, the corresponding momentum function is
given by

θðλÞ ¼ p0ðλÞ ¼ i log

�
iþ λ

i − λ

�
: ð3:5Þ

The thermodynamic limit N;L → ∞ with fixed density
D ¼ N=L transforms the discrete distribution of Bethe
roots into a continuous density. In this regime, we can think
of the momentum space as being populated by “particles”
(occupied states) and “holes” (unoccupied states), with the
totality of both constituting “vacancies.” The density of
vacancies in momentum space is defined as

ρtðλðxÞÞ ¼
dxðλÞ
dλ

; ð3:6Þ

which quantifies how the continuous parameter x varies
with respect to the momentum λ. This density satisfies the
integral equation

2πρtðλÞ ¼
1

L

XN
j¼1

KðλðxÞ; λjÞ þ KðλðxÞÞ; ð3:7Þ

where Kðλ; μÞ ¼ 2κ
κ2þðλ−μÞ2 is the interaction kernel and

KðλÞ ¼ Kðλ; 0Þ represents the boundary contribution. We
focus on the caseΔ ¼ 2 and κ ¼ 1, for which the spin takes
the value s ¼ −1 ¼ − 2

κΔ. HereΔ is the lattice spacing and κ
is the coupling constant of the lattice nonlinear Schrödinger
equation (see Appendix B). With these parameters, one
immediately finds that θ0ðλÞ ¼ p0

0ðλÞ ¼ KðλÞ, where θðλÞ
is the scattering phase and p0ðλÞ the bare momentum (3.5).
In the ground state, all single-particle states with negative

energy are occupied, forming what is analogous to a Fermi
sphere in momentum space. In the energy representation
(3.2), the occupied region consists of the intervals
ð−∞;−q� ∪ ½q;∞Þ, where q is the Fermi surface (rapidity)
determined by the chemical potential. The quantity
LρðλÞdλ gives the number of particles (occupied states)
in the momentum interval ½λ; λþ dλ�, providing a direct
connection between the Bethe ansatz description and the
macroscopic thermodynamic properties.
The Fermi surface q ¼ limN→∞ λN marks the edge of the

filled region, and in the thermodynamic limit, the discrete
sums over Bethe roots can be replaced by continuous
integrals

P
j → LðR −q−∞ þ R∞q ÞρðλÞdλ, since the spacing

between adjacent roots becomes infinitesimal.
However, for finite system sizes, systematic deviations

from this continuum approximation arise, leading to finite-
size corrections that are essential for understanding the
conformal properties of the underlying field theory.
To capture these finite-size effects systematically, we

employ the Euler-Maclaurin formula, which provides a
precise expansion for approximating sums by integrals. The
leading finite-size correction to the density equation trans-
forms our discrete sum into [46]

ρLðλÞ −
1

2π

�Z
−q

−∞
þ
Z

∞

q

�
Kðλ; μÞρLðμÞdμ

¼ 1

2π

�
p0
0ðλÞ þ

1

24L2ρðqÞ ½K
0ðλ;−qÞ − K0ðλ; qÞ�

�
;

ð3:8Þ

where ρLðλÞ denotes the finite-size density that differs from
the thermodynamic limit density ρðλÞ. The right-hand side
now contains the finite-size correction term proportional to
1=L2, which arises from the discrete nature of the Bethe
roots and the boundary effects at the Fermi surface �q.
The derivation involves a change of variables from the

discrete index j to the continuous momentum λ. Since the
density relates these variables through dμ ¼ dy=ρtðμÞ,
where y is the continuous coordinate parameter,1 the
transformation of derivatives follows ∂y· ¼ ð1=ρtÞ∂μ·.

1Here, we used that fðλðyÞÞdy ¼ fðμÞ, with μ ¼ λðyÞ ↔
dμ ¼ ðdλ=dyðλÞÞdyðλÞ ↔ dμ ¼ dy=ρ.
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Applying the same Euler-Maclaurin expansion to the
total energy yields

E ¼ L

�Z
−q

−∞
þ
Z

∞

q

�
ε0ðλÞρLðλÞdλ −

π

6L
ε0ðqÞ
2πρðqÞ ; ð3:9Þ

where the finite-size correction exploits the antisymmetry
ε0ðqÞ ¼ −ε0ð−qÞ of the derivative of the single-particle
energy about the origin.
A subtle but important point concerns the integration

limits. While the natural upper limit is q ¼ λðx ¼ N=ð2LÞÞ,
the actual uppermost Bethe root corresponds to
λN ¼ λðx ¼ ðN − 1Þ=ð2LÞÞ. This discrepancy introduces
an additional correction Δλ ¼ λðx ¼ N=ð2LÞÞ − λN ¼
ðdλ=dxÞ · ð1=ð2LÞÞ ¼ 1=ð2LρtÞ, which contributes to the
finite-size scaling and must be accounted for. In this
equation we used that Δx ¼ 1=ð2LÞ.
Hence, the precise relationship between the Fermi

momentum and the uppermost Bethe root is

q≡ λN þ 1

2Lρ
: ð3:10Þ

The finite-size density equation (3.8) can be solved
formally using the resolvent method. Treating the integral
operator ð1 − 1

2πKÞ−1 as an inverse, we obtain

ρL ¼ 1

2π

�Z
−q

−∞
þ
Z

∞

q

�
dμ
�
1 −

1

2π
K
�

−1
ðλ; μÞ

×

�
p0
0ðμÞ þ

1

24L2ρðqÞ ðK
0ðμ;−qÞ − K0ðμ; qÞÞ

�
:

ð3:11Þ

Similarly, we can solve the defining equation for εðμÞ
(3.2) formally and establish�Z

−q

−∞
þ
Z

∞

q

�
dλε0ðλÞ

�
1 −

1

2π
K

�
−1
ðλ; μÞ ¼ εðμÞ:

ð3:12Þ

Substituting the formal solution (3.11) into the energy
expression (3.9) and applying the identity (3.12), we obtain
(keeping the integration limits in mind)

E ¼ L
2π

Z
dμεðμÞp0

0ðμÞ −
π

6L
ε00ðqÞ
2πρðqÞ þ

1

48πLρ

×
Z

dμ
Z

dλε0ðλÞ
�
1 −

1

2π
K

�
−1
ðK0ðq;−μÞ

− K0ðq; μÞÞ: ð3:13Þ

This expression can be simplified further by differ-
entiating the integral equation for εðqÞ (3.2) with respect
to the Fermi surface (boundary) parameter q. Since

εð�qÞ ¼ 0 by definition, the boundary terms vanish upon
differentiation, yielding

ε0ðqÞ ¼ ε00ðqÞ þ
1

2π

�Z
−q

−∞
þ
Z

∞

q

�
K0ðq; μÞεðμÞdμ

¼ ε00ðqÞ þ
1

4π

�Z
−q

−∞
þ
Z

∞

q

�
ðK0ðq;−μÞ

− K0ðq; μÞÞεðμÞdμ; ð3:14Þ
where the second equality exploits the antisymmetry of the
integrand under μ → −μ.
Rearranging Eq. (3.14) to isolate ε00ðqÞ and substituting

back into (3.13), the terms proportional to the kernel cancel,
leaving us with

E ¼ L
2π

�Z
−q

−∞
þ
Z

∞

q

�
dμεðμÞp0

0ðμÞ −
π

6L
vF; ð3:15Þ

where vF ¼ ε0ðqÞ
2πρðqÞ is the Fermi velocity, representing the

group velocity of excitations at the Fermi boundary.
This energy expression has the characteristic form

predicted by conformal field theory for a critical system
on a finite-size torus. According to the Virasoro algebra’s
representation theory, the finite-size energy of a conformal
field theory takes the universal form:

ECFT ¼ Ebulk − c
πvF
6L

; ð3:16Þ

where c is the central charge of the corresponding Virasoro
algebra, which characterizes the conformal anomaly and
determines the finite-size scaling behavior.
Comparing our exact result with the CFT prediction, we

immediately extract

c ¼ 1:

This result establishes that the quantum lattice nonlinear
Schrödinger model, and hence the underlying BFKL
equation through the established correspondence, belongs
to the universality class of conformal field theories with
central charge c ¼ 1. This places the high-energy QCD
dynamics described by BFKL in the same conformal class
as free fermions and compactified bosons, revealing deep
connections between gauge theory physics and exactly
solvable statistical mechanical models.

IV. CONCLUSIONS AND OUTLOOK

In this work, we described small x QCD as a conformal
field theory, building on Lipatov’s spin chain duality. Using
exact Bethe ansatz methods, we extracted the central charge
of the corresponding CFT and found c ¼ 1. This result
provides a solid theoretical foundation for earlier proposals
linking parton distributions to quantum entanglement, and
implies the universal small x behavior
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xGðxÞ ∼ x−1=3: ð4:1Þ

The identification of c ¼ 1 places the BFKL dynamics
within a well-understood universality class and opens the
door to applying powerful CFT techniques to high-energy
QCD, where conventional methods are notoriously difficult.
The conformal field theory framework allows for sys-

tematic generalizations. In particular, corrections to the
gluon structure function at small Bjorken x can be
computed using perturbed CFT techniques. We anticipate
an expansion of the form

xGðxÞ ¼
X∞
n¼−1

anxn=3; ð4:2Þ

where the leading n ¼ −1 term was obtained in [37], while
the higher-order coefficients an remain to be determined.
Their calculation will require extending the methods
developed here to incorporate perturbations of the c ¼ 1
theory.
It will be interesting to confront the predicted x−1=3

scaling at small x with future EIC data. Precise measure-
ments of structure functions in the low-x regime may help
assess the validity of the entanglement-based framework
considered here. Note, however, that our framework does
not include any effects of the running coupling since this
would break conformal invariance. Hence, we cannot
address the Q2 dependence of the intercept which is of
phenomenological importance, and our analysis is
restricted to a representative fixed large value of Q2.
Finally, the extraction of deviations from the leading
x−1=3 behavior at the EIC may provide experimental access
to the higher-order coefficients an, thereby offering a direct
probe of perturbed conformal dynamics in QCD.
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APPENDIX A: LIPATOV’S SPIN CHAIN

The remarkable connection between high-energy QCD
and integrable quantum systems was established through
Lipatov’s mapping of the BFKL equation to an exactly
solvable spin chain model [35,43]. The multicolor QCD
Hamiltonian for L reggeized gluons with nearest-neighbor
interactions is expressed as

HL ¼
XL
k¼1

Hk;kþ1; ðA1Þ

subject to periodic boundary conditions HL;Lþ1 ¼ HL;1.
The local interaction Hamiltonian takes the form

Hj;k ¼ P−1
j lnðzjkÞPj þ P−1

k lnðzjkÞPk þ lnðPjPkÞ þ 2γE

¼ 2 lnðzjkÞ þ ðzjkÞ lnðPjPkÞðzjkÞ−1 þ 2γE; ðA2Þ

where zjk ¼ zj − zk and γE denotes the Euler constant.
Here zj is the holomorphic transverse coordinate, and Pj ¼
i∂=∂zj ≡ i∂j is the corresponding momentum operator
(with i the imaginary unit).
The system exhibits SUð2Þ symmetry through the

generators

Sþk ¼ z2k∂k−2szk; S−k ¼−∂k; Szk ¼ zk∂k− s; ðA3Þ

for k ¼ 1;…; L. This construction establishes a correspon-
dence between deep inelastic scattering processes and
specific configurations of the quantum spin chain. The
integrability of the resulting model allows for exact
solutions using Bethe ansatz methods, thereby providing
analytical access to the eigenvalue problem. The integra-
bility of Lipatov’s spin chain is established through the

existence of the fundamental R matrix Rðs;sÞ
jk ðλÞ which

satisfies the Yang-Baxter equation

Rðs;sÞ
jk ðλÞ ¼ fðs; λÞ Γðiλ − 2sÞΓðiλþ 2sþ 1Þ

Γðiλ − JjkÞΓðiλþ Jjk þ 1Þ ; ðA4Þ

where the complex-valued function fðs; λÞ normalizes the
R matrix. Furthermore, λ is the spectral parameter. The
superscript ðs; sÞ indicates that both the auxiliary and
quantum spaces carry spin-s representations. The operator
Jjk acting on the tensor product space V ⊗ V, is defined
through the operator identity

JjkðJjk þ 1Þ ¼ 2S⃗j ⊗ S⃗k þ 2sðsþ 1Þ: ðA5Þ
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Since all elements in this equation mutually commute,
Vieta’s formula can be consistently applied to solve it. For
the model with spin s ¼ 0, which describes the nearest-
neighbor interactions of reggeized gluons, the local
Hamiltonian can be obtained from the fundamental R
matrix

Hjk ¼ −
1

i
d
dλ

lnRðs¼0Þ
jk ðλÞjλ¼0; ðA6Þ

which yields the explicit form that recovers the BFKL local
Hamiltonian (A2),

Hjk ¼ ψð−JjkÞ þ ψðJjk þ 1Þ − 2ψð1Þ; ðA7Þ

where ψðzÞ is the digamma function ψðzÞ ¼ Γ0ðzÞ=ΓðzÞ,
and ψð1Þ ¼ −γE. We adopt the shorthand notation
Hjk ≡Hj;k. The parameter sðsþ 1Þ in Eq. (A5) represents
the Casimir eigenvalue of the SUð2Þ representation, which
vanishes for spin s ¼ 0 and s ¼ −1.
The operator Jjk is a solution of the equation (A5) when

s ¼ 0 and s ¼ −1, say JjkðJjk þ 1Þ ¼ −ðzj − zkÞ2∂j∂k,
where the right-hand side can be expressed in terms of
the differential operators acting on the holomorphic coor-
dinates. This is a description of DIS in QCD (A2) by a spin
chain with s ¼ 0.
However, the spin s ¼ 0 model does not admit a non-

trivial highest weight (vacuum) state, which obstructs the
direct application of the Bethe ansatz. By performing an
appropriate similarity transformation to the standard quan-
tum mechanical representation, the spin s ¼ 0 model can
be mapped to the spin s ¼ −1 XXX Heisenberg chain,
which can be solved exactly using the algebraic Bethe
ansatz method [45]. The Bethe equations for the eigenval-
ues take the standard form, and the resulting energy
eigenvalues are real and symmetric. This establishes a
precise correspondence between high-energy QCD and the
integrable spin system.
The fundamental monodromy matrix is constructed

as the ordered product of fundamental Lax operators

Lðs;sÞ
f;k ðλÞ ¼ Rðs;sÞ

f;k ðλÞ along the lattice [42,45],

TfðλÞ ¼ Lðs;sÞ
f;L ðλÞLðs;sÞ

f;L−1ðλÞ � � �Lðs;sÞ
f;1 ðλÞ; ðA8Þ

where each fundamental Lax operator acts simultaneously
on the auxiliary and the quantum spin-s spaces. The
associated fundamental transfer matrix is then defined as
the trace of the monodromy matrix over the auxiliary space,

τðλÞ ¼ trfTfðλÞ; ½τðλÞ; τðμÞ� ¼ 0; ðA9Þ

which shows that transfer matrices commute for different
values of the spectral parameter.
The commutativity relation of the fundamental transfer

matrix for different values of the spectral parameter ensures

the existence of an infinite number of conserved quantities,
establishing the complete integrability of the model. This
infinite set of conservation laws is generated by expanding
the transfer matrix in powers of the spectral parameter, with
the Hamiltonian emerging as the first nontrivial charge in
this hierarchy.
The explicit construction of conserved quantities pro-

ceeds systematically. In particular, both the Hamiltonian of
s ¼ −1 and spin s ¼ 0 models can be obtained from the
first-order derivative of the transfer matrix:

Hðs¼−1Þ
L ¼ −

1

i
d
dλ

ln τðs¼−1ÞðλÞjλ¼0; ðA10Þ

Hðs¼0Þ
L ¼ −

1

i
d
dλ

ln τðs¼0ÞðλÞjλ¼0: ðA11Þ

The one-to-one correspondence between the XXX spin
chains with s ¼ −1 and spin s ¼ 0 may be described by a
similarity transformation which is based on the relation
between the Lax operators and the definition of the transfer
matrix (A9). Hence, the local spin s ¼ 0 Hamiltonian can
be transformed to the spin s ¼ −1 Hamiltonian

Hðs¼−1Þ
L ¼ ðz12z13 � � � z1LÞ−1Hðs¼0Þ

L z12z13 � � � z1L: ðA12Þ

This means that the two Hamiltonians have identical
eigenvalue spectra. Despite this spectral equivalence, the
two models differ in an essential way. The spin s ¼ −1
chain admits a well-defined highest-weight (vacuum) state
and can be solved exactly using the Bethe ansatz, allowing
for a transparent spectral analysis. In contrast, in the spin
s ¼ 0 case the Bethe equations become degenerate [see
Eq. (A22)], and the absence of a nontrivial vacuum state
obstructs a direct application of the Bethe ansatz. For this
reason, in what follows wewill primarily concentrate on the
spin s ¼ −1 model.
On the other hand, we define the monodromy matrix

based on the L operator with spin-1
2
auxiliary space:

L
ð1
2
;sÞ

a;k ðλÞ ¼
 
λ1þ iSzk iS−k
iSþk λ1 − iSzk

!
; ðA13Þ

where the matrix elements are expressed in terms of the
SUð2Þ generators acting on the k-th site of the quantum
space of spin s.
We further define the associated transfer matrix as

tðλÞ ¼ tra½Lð1
2
;sÞ

a;L ðλÞ � � �Lð1
2
;sÞ

a;1 ðλÞ�

¼ tra

�
AðλÞ BðλÞ
CðλÞ DðλÞ

�

¼ AðλÞ þDðλÞ; ðA14Þ
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where the trace is taken over the auxiliary space and the
monodromy matrix elements encode the scattering proper-
ties. And then we have

½tðλÞ; tðμÞ� ¼ 0: ðA15Þ

One can get a family of mutually commuting conservation
laws of the model.
Both of the two transfer matrices τðλÞ and tðλÞ act on the

full quantum space of the model, and they commute with
each other for different values of the spectral parameters.
The fundamental transfer matrix τðλÞ contains the local
integrals of motion, including the Hamiltonian of the
model. At the same time, the families tðλÞ and τðμÞ
commute [45],

½tðλÞ; τðμÞ� ¼ 0; ðA16Þ

so that the operators tðλÞ are also integrals of the motion for
the original Lipatov’s spin chain model. In addition, the
operator tðλÞ allows one to construct their eigenstates by
means of the Bethe ansatz.
In the following, we will show how to construct the

Bethe states for Lipatov’s spin chain along this line.
Recalling the spin operators given in Eq. (A3), one finds
with s ¼ −1

Sþj jωji ¼ 0; Szjjωji ¼ −jωji ðA17Þ

the solution jωji ¼ 1=z2j . Hence, the pseudovacuum is

jΩi ¼ ðz21z22 � � � z2LÞ−1: ðA18Þ

The Bethe states for spin s ¼ −1 are then generated
using the operator B from Eq. (A14):

jΨðfλgÞi ¼ Bðλ1ÞBðλ2Þ � � �BðλNÞðz21z22 � � � z2LÞ−1: ðA19Þ

These constitute the eigenvectors of Lipatov’s spin
chain. The eigenvalue of the transfer matrix tðλÞ as a
function of spectral parameter λ takes the factorized form

ðλ − iÞL Qðλ − iÞ
QðλÞ þ ðλþ iÞL Qðλþ iÞ

QðλÞ ; ðA20Þ

with the auxiliary function QðλÞ defined as

QðλÞ ¼
YN
k¼1

ðλ − λkÞ: ðA21Þ

The corresponding Bethe equation, determining the
parameters ðλ1;…; λNÞ, is

�
λk þ is
λk − is

�
L
¼
YN
j≠k

λk − λj þ i

λk − λj − i
; ðA22Þ

with k ¼ 1;…; N. We will use it with the substitution
s ¼ −1.
These represent periodic boundary conditions. To con-

struct elementary excitations, one must change to antiperi-
odic boundary conditions. All solutions λk of the above
Bethe equations are real numbers, ensuring that the
quantum lattice state of the system possesses real eigen-
values. The Bethe ansatz solution provides the complete
eigenvalue spectrum through the characteristic equations

�
λα − i
λα þ i

�
L
¼
YN
β≠α

λα − λβ þ i

λα − λβ − i
; ðA23Þ

where fλαg are the Bethe roots that parametrize the
eigenstates. The energy eigenvalues are expressed in terms
of these roots, where N is the number of quasiexcitations in
the system. This exact solution enables the computation of
correlation functions and provides the foundation for
understanding the analytic structure of high-energy QCD
scattering amplitudes through the correspondence with
integrable quantum field theory. The explicit expressions
for eigenvalues of integrals of motion for arbitrary spin s
have been determined using algebraic Bethe ansatz meth-
ods. For s ¼ −1, the eigenvalues of the Hamiltonian are

E ¼
XN
j¼1

−1
i

d
dλj

ln
λj þ i

λj − i
¼
XN
j¼1

2

λ2j þ 1
; ðA24Þ

where fλjg satisfy the Bethe equations (A23) for a fixed
number of Reggeized gluons L. This relation yields the
complete spectrum of the original holomorphic QCD
model with Hamiltonian HL.

APPENDIX B: QUANTUM LATTICE NONLINEAR
SCHRÖDINGER MODEL

We begin with a brief description of the quantum lattice
nonlinear Schrödinger model. The quantum lattice NLS
equation was introduced as the quantum equivalent to the
XXX spin chain with negative spin, representing a chain of
harmonic oscillators. LetΨ†

j andΨj be the canonical creation
and annihilation operators of the harmonic oscillator:

½Ψj;Ψ
†
k� ¼ δjk; ðB1Þ

and

n̂j ¼
�
1þ κ

4
Ψ†

jΨj

�1
2

; ðB2Þ
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where δjk is the Kronecker delta function, κ > 0 is the
coupling constant, and Δ > 0 is a step of the lattice. The
operators

Sxj ¼
iffiffiffiffiffiffi
κΔ

p ðΨ†
j n̂j þ n̂jΨjÞ; ðB3Þ

Syj ¼
1ffiffiffiffiffiffi
κΔ

p ðn̂jΨj −Ψ†
j n̂jÞ; ðB4Þ

Szj ¼ −
�

2

κΔ
þ Ψ†

jΨj

�
ðB5Þ

are the generators of an irreducible representation of SUð2Þ
algebra with a negative spin,

s ¼ −
2

κΔ
: ðB6Þ

Even though the SUð2Þ representation is infinite dimen-
sional in general, it can become finite dimensional for
special (negative) values of the spin s [44,45]. Let us now
elaborate the mapping between Bethe equations of the two
models. First, the Bethe roots λk of the quantum lattice NLS
model obey the Bethe equations:

�
1þ iλkΔ=2
1 − iλkΔ=2

�
L
¼
YN
j≠k

λk − λj þ iκ

λk − λj − iκ
: ðB7Þ

Comparison of the above modified Bethe equations and
Bethe Eqs. (A22) and (A23) shows that they match for
κ ¼ 1 and Δ ¼ 2.
This means that the quantum lattice NLS model

describes a more general XXX spin chain model with
negative spin s ¼ −2=ðκΔÞ. Moreover, it describes holo-
morphic QCD for s ¼ −1, with Δ ¼ 2 and coupling
constant κ ¼ 1.
We can take the logarithm of the Bethe equations (A23)

for the holomorphic NLS model (XXX spin s ¼ −1) and
define each number n (integer or half integer) as a vacancy.
Some vacancies corresponding to Bethe roots are referred
to as particles and the free vacancies as holes. The sum of
the number of particles and holes is the number of
vacancies. The density ρðλÞ of vacancies in holes corre-
sponds to

2πρðλÞ ¼
�Z

−q

−∞
þ
Z

∞

q

�
Kðλ; μÞρðμÞdμþ KðλÞ; ðB8Þ

with

Kðλ; μÞ ¼ 2

1þ ðλ − μÞ2 ; KðλÞ ¼ Kðλ; 0Þ: ðB9Þ
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