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The recently observed K(1690) has been identified as a supernumerary pseudoscalar resonance signal in
the strange-meson spectrum predicted by quark model calculations. It is the best candidate of a strange

cryptoexotic state. In this work, we systematically study the hadron masses of udd § tetraquark states with
JP =07 in the method of QCD sum rules. For ten interpolating currents, we calculate the correlation
functions up to dimension-8 nonperturbative condensates. To calculate the trigluon condensate, we
comprehensively consider the contributions from different operators with and without covariant
derivatives. The infrared safety can be guaranteed for the completely calculated trigluon condensate by
properly addressing the IR divergences in Feynman diagrams. It is demonstrated that the trigluon
condensate provides significant contributions to the sum-rule analyses in these light tetraquark systems.
Our results support the interpretation of K(1690) resonance to be a pseudoscalar udd § tetraquark state.

DOI: 10.1103/tv87-6bcr

I. INTRODUCTION

Since the establishment of the quark model [1,2], the
search for multiquark states outside of the quark model has
always been a research hot spot in both experimental and
theoretical aspects. To date, there have been many candidates
of multiquark states, such as the hidden-charm pentaquarks,
the charged Z,. states, the doubly charged T .5 (2900)"+
state, the doubly charmed T, state, etc. [3—12]. While most
of these confirmed multiquark candidates contain heavy
quarks, there also have been some notable advancements in
the light hadron sector.

Recently, the COMPASS Collaboration observed three
resonance structures in the P-wave p(770)K decay channel
with quantum numbers J© = 0~, which lie around 1.4, 1.6,
and 1.8 GeV, respectively [13—15]. However, there exist
only two excited pseudoscalar strange mesons based on the
quark model predictions in the mass region below 2.5 GeV
[16-20]. The lightest and heaviest structures of COMPASS
are consistent with the established K(1460) and K(1830)
states in PDG [21], respectively, and roughly match the two
states predicted by quark model calculations.
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The mass and decay width of the middle structure
in COMPASS’s observation are 1687 + 1072 and

140£2073) MeV, respectively, and thus dubbed K (1690).
This structure is not considered as the known K(1630) in
PDG, since the decay width is much smaller for the latter
state. Moreover, the spin parity of K(1630) is still unde-
termined to date. Therefore, K(1690) is a supernumerary
signal in the strange-meson spectrum, which can be consid-
ered as the clear candidate for a cryptoexotic state
with J¥ = 0~.

In this work, we explore the possibility of K(1690) as a
compact tetraquark state by systematically calculating the
mass spectra of gqq § tetraquarks (¢ = u/d) with J* = 0.
In Refs. [22,23], the masses of fully light hadron molecules
and tetraquark states with J°¢ = 0=~ were predicted to
be around 1.36 and 2.1 GeV, respectively, in the QCD
Coulomb gauge approach. Using the Cornell potential-
based phenomenology, the mass spectra of the S-wave and
P-wave sqq g tetraquark states were calculated in Ref. [24],
giving quite different results for the 3, ® 3, and 6, ® 6,
states. In Refs. [25,26], the gqg g light tetraquark states
with JP€ =07~ have been studied in QCD sum rules
(QCDSR). However, the calculations of trigluon conden-
sate (¢°fG>) were incomplete and the IR divergence
problem was not properly addressed in these studies. As
discussed later, the contribution of trigluon condensate
(¢*fG?) is very important for the light tetraquark QCDSR
analyses. In this work, we shall conduct a detailed study of
the (¢>fG?) term by including all involved operators and
addressing the IR divergence in the calculations.

Published by the American Physical Society
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The paper is organized as follows. In Sec. II, we briefly
introduce the method of QCDSR and construct the pseudo-
scalar interpolating currents for the udd § tetraquark states.
We calculate the correlation functions and collect the results
in Appendix B. The details for handling the IR divergence of
(¢° fG?) condensate are shown in Appendix A. In Sec. I1I, we
perform numerical analyses and extract hadron masses of
udd § tetraquark states. The last section is a brief summary.

II. QCD SUM RULES FOR LIGHT TETRAQUARK

In QCDSR [27,28], we consider the two-point correla-
tion function

(g?) = i/ddxeiq"<0|T[f(X)ﬁ(0)|0>, (1)

where J(x) is the interpolating current with the same
quantum numbers to the interested physical state.
Following Ref. [25], we construct the pseudoscalar tetra-
quark currents with J* = 0~ and quark component udd 5:

Se = ul Cdy[d,ysC5) + (a < b)],
Vo = ulCysdy|d,Cs} + (a < b)),
Ty =ulCo,,d,d,0,,rsC5 — (a < b)),

6r ® 6£(S)

S3 = ul Cdy[d,ysC5] — (a < b)),

in which a and b are color indices and C = iy,y, is the
charge conjugation operator. The flavor structures of the
diquark and antidiquark operators are 6, ® 6,(S) for the
currents Sq, Ve, and T, 3; ® 35(A) for the currents S5, Vs,
and Tg, 35 ® 6_F(M) for the currents Ag and P5, and 65 ®
37 (M) for the currents Pg and Az. The subscripts 6 and 3 of
the currents denote the color structures 6 ® 6 and 3 ® 3,
respectively. According to the flavor structures, the isospin
for currents S, Vi, T3, Pg, and A3 canbe I = 3/2 or 1/2,
while the isospin for currents S3, V3, T4, Ag, and Pj
isI=1/2.

At the hadron level, the correlation function can be
described by the dispersion relation [29]

ImII(s)
s"(s = q*)

T

2\n 00
n(g?) = 4 /)

where the a, is the subtraction constant. The spectral
function is usually defined as the imaginary part of
correlation function

pls) = SImTI(s) = fPols = mi) o, (4)

3F @ 3p(A)] Vi =ulCysd,[d,C5! — (a < b)), where the “narrow resonance” assumption is adopted
To = ul Co,,dy| d, 6,,75C51 + (a < b)), ir} the last step and : - contains contributions from j[he
B higher states and continuum. f and my are the coupling
- _ Ag = ul Cy,dyld,y,ysCs), + (a < b)), constant and mass of the lowest-lying hadron state,
3r ® 6F(M){ y < respectively.

Py = ugCyMySdb[dayﬂcsl{ - ((l < b)]’ p Y . .
, _ o At the que.lrk—gluon level, the correlation function can'be
6 ® 3p(M) Ps = ug Cy,rsdylday, C3, + (a < b)), computed via the method of operator product expansion
P As = Ul Cy,dy|d,y,ysCST — (a < b)), (OPE). In our calculation, we use the d-dimensional full
‘ quark propagator, taking into account various quark and

(2) gluon condensates [30-32]:
|
; irGx . mb($—-1) . &V _ imé' s
S0 = Sy qgan oy T ) g PvIX g laweGu) e
6V, ismx*x | 8 x* iy ) (7 G?) Sx* oy
a2’ (yw) +243d(d+2) (qpoGyr) Fdd+2)  P3dd 1)’ m ()

i8T(§ - Dx{g*fG’)

L(§—y'xy

~2833d(d + 2)a "2 (—x2) 423
L(E=2) (" +y™ - 49"y")

16ﬂ'd/2(—x2)d/2_l

(= 1) (x*y" X3 + xPytxy")

9Gu T}

96ﬂ.d/2(_x2)d/2—2

48772 (—x2)d/21

9Gy,

a
T i)
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th

~T(§-2)(2gx7) + giyhx)
28 x 3n92(=x2)d/22

L4 - Dxtxrysix
1927972 (— /21 "y
—il(§ = 1)x*x"y"xy”

a
wpol i ¥

—il(§ - 2)g r"xy”

+ ngZuG/Z;U(TaTb)ij |:

ir(d-2)
28 x 32¥2(—x2)d22

967972 (—x2) 421

l92ﬂd/2(—x2>d/2_2

(=6g" X — AxTyMP 4 Oxy*P? — Ax yHP 43y ) |, (5)

where m is the light quark mass, 7, j = 1, 2, 3 are color indices, and 7% (a = 1, ..., 8) is the Gell-Mann matrix. We also use

the following abbreviations:

Y= pryty?,

x{”x/)yg} = xﬂxﬂ}/a + xﬂx”}/ﬂ + xpxayﬂ’ a

in which G,, is the gluon field strength, D% = 59, —
gf“bCAf, is the covariant derivative operator in the adjoint
representation, and Aj is the external gauge field. The
origin of the full quark propagator in Eq. (5) includes both
the background field and quantum field. In our calculation,
we keep track of terms in the fifth order of the background
quark field expansion *** (y'D,D,D,Dy’). For the
part of quantum fields, we include terms up to dimension 6
to fully compute the result of (g* fG>).

In QCDSR studies for multiquark systems, the contri-
bution of trigluon condensate (g fG?) is usually neglected
due to the computational complexity and infrared diver-
gence (IR) in fully calculations. However, such contribu-
tions may be significant in fully calculations at leading
order (LO) by considering ((DG)(DG)) and (G(DDG))
terms as the following [30,33]:

(G

;u/;/)GZﬁ;g> = 5ab22.gpa(gyagﬂu - gavgﬂﬂ)
+ 5abz[gvo'gﬂagﬂ/) + gﬂﬂgyﬁgap - (/’4 <~ 1/)]
+ 5abY[(gy/)g;mg/3(; + gﬂpguﬁg{zn) - (,“ <~ V)]v

D(D -2)g*(w)* +9(D - 1)(9fG*)

7 =— s
72(D—-2)(D-1)D(D+2)
T2D-2)(D-1)D(D+2)
infinite
FIG. 1.

g{ﬂ/)xﬁ} = gﬂ/)xﬁ + gyrrx/) 4 g/)o’xﬂ’

— pab b
prp " Dﬂ G

gyt = gy + gy + gy,

G = D3PD) Gy, (6)

<qu;pGZﬁ;g> = _<GZp;paGZﬁ> = _<GZng/};o-p>’ (8)

in which we adopt the D-dimensional condensates to
distinguish the dimension d of the full quark propagator
in Eq. (5). D and d are identical, but such symbols are
useful for addressing IR divergences, as shown in
Appendix A. In Ref. [34], the authors also address the
IR divergence of (g’fG?); they just did not summarize
the corresponding cancellation tricks. One should note
that the IR safety for the trigluon condensate (g°fG?)
cannot be guaranteed for calculating the ((DG)(DG))
terms by using propagators up to dimension 6, as adopted
in Ref. [30].

For the full quark propagator in Eq. (5), the IR
divergences appear for the terms involving I'(d/2 —2)
when d = 4. Fortunately, the operator mixing is unneces-
sary for (g fG?) to address the IR divergence if we neglect
the ¢*(yy)? parts in the expressions of ((DG)(DG)) and
(G(DDG)) [35], which are actually of high order in  and,
thus, numerically negligible. Therefore, its contribution can
be neglected. We summarize the handling of the IR
divergence for (¢°fG>) as follows.

(i) As shown in Fig. 1, both the (G(DDG)) and

(G(GG)) condensates formed by two different
quark propagators are divergent. However, the

> finite

infinite

Cancellation of ((GG)G) and (G(DDG)) condensates formed by two different quark propagators.
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DG

infinite

Z> finite

infinite

(@)

FIG. 2.
containing ((DG)(DG)) has no IR divergence.

divergences from these two diagrams cancel each
other out exactly.

(ii) Although the propagator including DG is divergent,
the ((DG)(DG)) condensate in any diagram has no
IR divergence, as shown in Fig. 2.

(iii) Asshown in Fig. 3, both the (G(DDG)) and (GGG)
condensates formed by the single quark propagator
are divergent. However, the divergences from these
two diagrams cancel each other out exactly.

The corresponding propagators are as follows:

ij _ —i6"/ <93fG3>F(% - ¥ 9
S(ipawe)(¥) = 1728d(d + 2)74/? (—x?)4/>3" ©)

6P G (§ - 2)x

ij

S(GGG)(x) = 9216dx72 (=242 (10)
i39(d - 2) (4 G*)T (4 - 2)x
Sicwpey () = a2 22 o=t
(G(DDG)) 3072d(d + 2)n¥?(=x?)4/

in which the last two are divergent while the sum of them
are finite. The detailed discussions can be found in
Appendix A. After considering all the above points, we
can completely calculate the contribution of trigluon
condensate (g’ fG?) at the LO of a.

We calculate the correlation functions up to dimension 8
by considering the Feynman diagrams depicted in Fig. 4,
including the complete contribution of (¢* fG>) at LO. For
simplicity, we use a quark line with dots to represent the
terms with the color factor §;; in the quark propagator
S;j(x) in Eq. (5), as they can be calculated collectively.
Gluon lines labeled DG and DDG correspond to terms

EEN

:

S
Q
o
Q

Z> finite

(b)

IR safety for ((DG)(DG)) condensate: (a) cancellation of ((DG)(DG)) by any two quark propagators; (b) the propagator

involving G,., and G ,,.,, in Eq. (5), respectively. The IR
divergences in the diagrams Figs. 4(d)—4(f) contributing to
(¢’fG?) can be systematically addressed by applying the
cancellation tricks presented in Figs. 1-3. The diagram

Fig. 4(h) incorporates contributions from two types of

condensates: (§G,,D,q) and (qlS/,GW(p. The diagram
Fig. 4(i) contains contribution from condensate
(@G pq). The results of the correlation functions are
listed in Appendix B.

The correlation function obtained at the quark-gluon
level is expected to be equivalent to the one at the hadron
level due to the principle of quark-hadron duality. In
QCDSR, one can pick out the lowest-lying resonance by
performing the Borel transform to the correlation functions
at both levels, in order to suppress the contributions from
high excited states in Eq. (4) and eliminate the unknown
subtraction terms in Eq. (3). Subsequently, the QCD sum
rules are obtained as

T(M3. 50) = f2e~"3/ M5 = / Y pls)eMids, (12)
0

in which s, is the continuum threshold parameter and M is
the Borel parameter. Then the hadron mass my of the
lowest-lying resonance can be extracted to be

Ly(so, M5
my = 71 (SO 123), (13)
Lo(so. M)
where
Ly(s0, M3) = /SO/’@)S]C‘?_S/M%dS- (14)
0

Z:> finite

infinite

FIG. 3.

infinite

Cancellation of (GGG) and (G(DDG)) condensates formed by the single quark propagator.
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FIG. 4. The Feynman diagrams involved in our calculations for the udd § tetraquark systems. A quark line with dots contains terms

with the color factor 67 in S¥(x).

III. NUMERICAL ANALYSIS

To perform the QCD sum-rule numerical analyses, we
use the following values of the quark masses, strong
coupling, and various QCD condensates [21,36-42]:

m,=my=0, m;=93.5+0.8MeV,

(Gq) =—(0.24+0.01)3 GeV?,
(55) = (0.8 £0.1)(3q)
(9G0Gq) = (0.8+0.2)(gq) GeV?,
(956Gs) = (0.8+0.2)(ggoGq),
(asG2> =(6.39+0.35) x 1072 GeV*,
(PfG?) =1.2(a,G*) GeV?,
ay(u) |75
my() = m, (2 GeV) {m} ,
o _i[1—blk’gu"?(l"g%—logt—l)+bob2
Y bot| B}t bir :
(15)
2857303, 35,2
— 2 L 27 and A=332MeV for the flavors

12873
ny = 3. The s-quark mass m, is taken as the MS mass
at the scale 4 = 2 GeV. Given that the condensate values
are evaluated at the renormalization scale ¢ = 1 GeV, we
accordingly adopt m; at the same scale. To date, there is no

reliable method to determine the value of (¢°fG?) from
experimental data. In our analyses, we adopt the value from
the early review papers of QCDSR [27,28,40], which was
taken from estimations of instanton models [40] and lattice
calculation [39].

We first study the behaviors of correlation function to
show the importance of the trigluon condensate (g’ fG3),
by taking the interpolating current P; as an example in
Fig. 5(a). The gluon condensates (¢?G?) and (¢’ fG>) are
shown to be the most important nonperturbative terms,
while the quark condensates m(Gq) and my(GGq) are
much smaller due to the light quark mass. However, the
four-quark condensate (Gq)? also gives a significant con-
tribution to the correlation function [25,27]. Similar sit-
uations occur for other tetraquark currents in Eq. (2). In
other words, the well-calculated trigluon condensate
(¢’fG?) may be important to the fully light tetraquark
sum-rule analyses and, thus, cannot be neglected. This is
very different from the heavy tetraquark systems, in which
the quark condensates are usually much larger than gluon
condensates due to the existence of heavy quarks [3,43].
The contributions of trigluon condensates have been proven
to be negligible for the conventional heavy quarkonium
[44,45] and fully heavy baryons [46].

In QCDSR, the study of OPE convergence leads to the
lower limit M% . of the Borel parameter. To ensure a good
OPE convergence, we require that the D =6 and D = 8§
condensates give small contributions to the correlation
functions

094047-5
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The OPE convergence (a) and variation of hadron mass with s, (b) for the interpolating current P5.

22
----- So=3.6
So=3.8
2.0 .
— == $p=4.0
3
) 1.8F 1
= e e e
16F .
14 L L L L L
1.30 1.35 1.40 1.45 1.50
M2[GeV?]
(b)

FIG. 6. The pole contribution (a) and variation of hadron mass with M% (b) for the interpolating current P5.

p_s (M)

< 25%,
Hpert(M%})

< 10%.

Mot »

Hpert (M%}>

Meanwhile, the guarantee of pole contribution (PC) will
provide an upper limit for M3%:

(17)

According to Eq. (16), the behavior of OPE series in
Fig. 5(a) exhibits very good convergence for M?% >
1.28 GeV2. As shown in Fig. 5(b), we further study the
dependence of the hadron mass on the continuum threshold
parameter s, with different values of M%, from which one
immediately realizes an optimal value of sy =3.8+
0.2 GeVZ. Within this choice, the hadron mass is almost
independent of the unphysical parameter M%. The uncer-
tainty of the threshold value s, is estimated to be
+0.2 GeV?, within which the stability of mass sum rules
can be guaranteed. In Fig. 6(a), we show the pole

contribution to set the upper limit as M3, = 1.5 GeV?
by requiring PC > 20% for this current. Within these
parameter working region, the mass curves can be plotted
in Fig. 6(b). The hadron mass is reading as

my = 1.72 £ 0.10 GeV, (18)

TABLE I. Numerical results for the udd § tetraquark states.
Currents s3(+0.2 GeV?) M% (GeV?) my (GeV) PC (%)
Pg 33 1.14-1.35 1.62+£0.10 >15
Ps 3.8 1.28-1.50 1.72+0.10 >20
Se 6.7 1.40-1.80 2.34£0.11 >25
S5 . .. . .
Ag 1.0 0.54-0.62 090£0.50 >10
A 2.8 0.95-1.20 1.48+020 >10
Ve 8.8 1.34-1.94 2.60+020 >40
Vs 33 1.42-1.62 1.60+0.16 >10
Ts 2.4 0.75-1.10 136 +£0.05 >15
T, 4.7 0.90-1.35 1.92+£0.04 >25

094047-6



UNRAVELING K(1690) AS A PSEUDOSCALAR ...

PHYS. REV. D 112, 094047 (2025)

TABLE II. Numerical results for Pg and P53 currents without
contribution of (g°fG3). The value R in the last column
represents the mass correction comparing to the results in Table 1.

Currents sy (0.2 GeV?) M% (GeV?) my (GeV) PC (%) R (%)

0.88-0.97 1.29+0.12 >15 256
1.25-133 145£0.11 >15 18.6

Ps 2.1
P, 2.7

in which the error is from the uncertainties of s, the strange
quark mass mg, and various QCD condensates. After
performing numerical analyses for all interpolating currents
in Eq. (2), we present the numerical results for these udd §
tetraquarks in Table I. To show the importance of trigluon
condensate (¢°fG?), we reanalyze the mass sum rules
without considering the contributions from this term for the
currents Py and P3;. As shown in Table II, the predicted
masses are about 20% lower than those in Table 1.

There have been some other discussions regarding the
value of (g’ fG?). For example, QCDSR provided a quite
different estimation from the studies of heavy quarkonium
systems [41,42]:

(PfG?) = (8.2 £1.0) GeV? x (a,G?),  (19)

which is much larger than that in Eq. (15). Since the
trigluon condensate will contribute significantly to our
sum-rule analyses, we further investigate the dependence
of extracted hadron mass to the coefficient k =
($fG*)/(a,G*) in Fig. 7, by using the interpolating
current Py as an example. It is clear that the hadron mass
is very sensitive to the change of the trigluon condensate.

In these results, the hadron masses extracted from the
currents Py, P3, and V5 are consistent with the mass of
K(1690) observed by the COMPASS Collaboration
[13-15], suggesting that K(1690) could be a udd s tetra-
quark state. For the currents Sg and V¢, the dominant
nonperturbative contributions are negative, leading to poor
positivity behavior of the spectral functions, and, thus, the
mass predictions for these two currents are actually

3.0

2.5F

2.0p

m[GeV]

1.5¢

1.0

0 2 4 6 8
k[GeV?]

FIG. 7. The sensitivity of extracted hadron mass to coefficient
k= {g*fG*)/(a,G?) for the interpolating current P.

unreliable. The analysis for current S5 fails to produce
stable mass sum rules. Moreover, the hadron masses
extracted from the currents A; and 73 are close to the
masses of K(1460) and K(1830), respectively, implying
possible tetraquark components in these two strange
mesons. More properties of the udd § tetraquarks should
be investigated to further study the inner structures of these
resonance states.

IV. SUMMARY

To study the inner structure of the recent observed
strange meson K (1690), we investigate the mass spectrum
of the light tetraquark udd § states with quantum numbers
JP = 07 in the method of QCDSR. We calculate the two-
point correlation functions up to dimension-8 nonpertur-
bative condensates at the leading order of a,. We utilize the
quark propagators incorporating DG, DDG, and (¢° fG*)
terms to comprehensively account for the contributions of
trigluon condensate (g fG?). After properly addressing the
IR divergences in OPE, our calculations demonstrate that
the trigluon condensate (g’ fG?) provides a significant
contribution to the mass sum-rule analyses for light
tetraquark systems, potentially surpassing the contributions
of four-quark condensate (gg)?. In the case of Pg and Ps,
the inclusion of (¢°fG?) can increase about 20% of mass
predictions.

Using the interpolating currents (Pg, P3, V3), we predict
the hadron mass of pseudoscalar udd § tetraquark state to be
1.6-1.7 GeV. This result is consistent with the mass of
K(1690) observed by COMPASS, supporting the compact
tetraquark interpretation of the structure. However, one
should note that other possibilities cannot be excluded, such
as a strange hybrid meson or a structure of kinematic effect
[47,48]. The decay properties of udd5 tetraquark state
should be studied to further investigate the inner structure
of K(1690), such as the decay processes udd s — apk,
foK,Kim,K*p, Kp, K*n, etc. Especially in the isospin
quartet (I = 3/2), the doubly charged uud § tetraquark
can be considered as a characteristic signal in the future.
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APPENDIX A: IR SAFETY FOR (g3/G?)

In this calculation, the IR divergences can appear in the
Feynman diagrams Figs. 4(d)—4(f), in which the involved
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condensates ((GG)G), (G(DDG)), and ((DG)(DG))  §Y (x):= PG Gh (TOT?), ;Y (x)
come from any two propagators. This can be expressed as v .
—il(5 - 2)g"y"xy”

ij 192”d/2(_x2)d/2—2
iD(4 = 2)(~60"x" — 4577
28 x 3742 (_x2)d/22

T = 2) (66777 — 4x"y 7+ 3y xy)

= ngZngo(TaTb)

(o) ST (L) % S™ s (L), (A1)

where the ellipsis (...) represents irrelevant part to divergen-
ces. For convenience, we define the following propagators:

e o e e TG D 2 x 3 ()2 :
§7(x) = X (1)gGL TG = 2 Ea L (=x%) "
(A2)
- in which the subscript 2/4 represents the dimension of
Siy(x) 5= 2877 (x)9Gia o T S (x). Tt is very clear that S/, (x) and S%, (x) are divergent
—F(% ~2)(2 gl xol 1 gluryol X7 ) ) yvith the factor F(d /2—2) When d = 4, which will appear
= 2 X 320 ()2 9Gwpo T in the Feynman diagrams Figs. 4(d) and 4(f), respectively.

The sum of these two diagrams is shown in Fig. 1 with the
(A3)  expression
J

(o) % ST () % ()8 () 4 () # S5 () ()8 % (L)

= (..) * [(T°T9) ;07 G}, Gl 0, Y1111 (x) + T,9Gl 1y, 29222022 (X)] 5 (o) % Tk G, X 5 (). (A5)
|
We define the following structures for the dimension-6 3i
condensates: (vor) % T3 TS, [5 W@ YH17171 (%)
(GiGlyGro) = "W uapopo + Upyvoproyyn 9° 212022 (x)] (L)X, (A1)
<GZy;paGZﬂ> = 501) U;waﬂ;/)w (A6)
where in which the result in the square brackets can be calculated
as
g3W/w'a/}'/)o'
P 3 LB\ (d
_<g3fG3> <g fG >F(§ - 2) (d - 4) (}/u)(}/zz - }/l/)(}/ﬂ)

3072(d = 2)(d = 1)dn¥/?(—x?)4/>~2

_ (@fGIE = 1)(r,x7, = 7.4,)
1536(d —2)(d — 1)dn?/?(=x2)4/2-2"

~24D-2)(D-1)D
X [gﬂv(gapgya - gaagup) + gav(gﬂagﬂp - gﬂpg;m)
+ 9pu <gcwgyp - gapgva) + Yau (gﬂpgua - gﬂan/p)]' (A7)

(A12)

It is fantastic that this result is finite, showing that the

The specific expression of U divergences in Figs. 4(d) and 4(f) exactly cancel out for

wwap:po 18 given by Egs. (7) and
(8). Then we have

each other.
T Td (GP GE G To ensure such a cancellation for the calculation in
( )ijTinn(Grv, G0, Giw) Fig. 4(e), it is important to use the d-dimensional propa-
=(1° T<);; TSP W o0 (A8)  gator and D-dimensional condensates but not any one in the
four-dimensional. The propagator containing G¢,., can be
d dy _ g
Ti‘lemn<Gzzl/22/)zﬁzGlﬂ/> - T?jT?H"UﬂzUszUzZW’ (A9) written as e
and ij ij ij Y
3 SY(x) = S5, (x) + 87, (x) = J§ ngﬁy;pT?j, (A13)
(Tch)ijTrdnnbed = 5 Tng?;’ (Alo)

S;ju (x) = J’lwng/aw;pTij
r¢-1)9Gs,.,T¢
: P;yj/'z_’{ (7 X7+ X,1,27,).  (Al4)

where f?°¢ and d”¢¢ are antisymmetric structure and
symmetric constants of the SU(3) group, respectively. = T
Substituting Eqs. (A8)—(A10) into Eq. (A5), 48n/*(—x
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S5y (x) =I5 9G, T (x)

where J§7, J{’, and J5 are corresponding tensor
structures and J’“’p JY 7 +J57. Tt is clear that only

_ L(§=2)9Gu, T Vs + Vo = 49007,) (A15) Sé];7 is divergent while S3u remains finite. The most
96742 (—x2)d/2=2 M KPP oy divergent part of Fig. 4(e) can be written as
|
(...) % S3b k(L )ST s (L) = (L) * Jg‘”")‘T“ gGa o % ()« IS Th, G, (...)

= () = I TET (G Glu) # (o

) B 5 (L), (A16)

HiV13P1

in which both J5""*" and J4"” contain the divergent factor I'(§ — 2). However, such a divergence is trivial since the other part

in the calculation is zero:

Jhe T%Tﬁl 2G4 G,ZV/J)

Hiv1iP1

:0’

where we use D = d in the last step.

T, T°

(gfG (g -
1)D(D?

2)(D - d)(gﬂ}lyl/
— 42—

- gpl/yﬂ)
)d/2—2

™ 128(D —
(A17)

APPENDIX B: TWO-POINT CORRELATION FUNCTIONS FOR ALL INTERPOLATING CURRENTS

In this appendix, we present the correlation functions after Borel transformation up to dimension 8 for the interpolating

currents in Eq. (2):

(FfG*)  T9°(qq)* 11m{g*G?)(5s)

3MY 11(?G?*) m(ss) Tm(g5cGs) 79*(5s)?
- = B M6 _ M4 MZ,
Ts 16O7r°+< 38476 | 4;:4) B+< 327 1675 | 36rt 1087r4> L T B
3My  ({§°G*)  m(5s) (fG)  mlgsoGs) g*(qq)* | g°(5s) m(g°G?)(5s)
Iy =—2 M6 — M} +—"— M3,
s 32O7r6+<3847r6+ 8;;4) 5 ( 645 | 34 36rt | 1087z4> T 00 B
MlO S = ZGZ
My, = M5 m(SS4>_M<qz>_<g >6 S
¢ 1280z« 967 487 30727
m(gqGoq) 5(g°fG*) (4q)* , (4q)(5s) Tm{gseGs) T19°(4q)* T9°(55)*\, ,
+ 4 - 6 >+ 2 4 4 4 My
647 1382475 127 127 7687 8647*  2592r
L ({49){9d0oGa) _m{g°G*){aq) _ (¢50Gs)(qq) _m(¢*G*)(5s) _ (940Gq)(5s)
1277 23047 2472 15367 24n? B
My m(ss) m{qq)  (4°G*)
Iy, =2 - M;
5= 256020 | (192;;4 967+ +3072ﬂ6> B
3 G3 G 506G = \2 = S 2/=.,\2 2/5c\2
L (e 6> L mlgq ZQ> m<gw48>_<qq>2 +<C]CI><§S> L9 <61q?1 L9 <SS>4 M4
69127 1287 7687 24x 24x 8647% ' 2592n
5m{g*G*)(qq)  (34)(930Gq) (930Gq)(5s) (g50Gs)(qq)  m(g*G*)(5s)\, »
+{- 4 + 2 - 2 - 2 4 My,
23047 24r 487 487 15367
My m(ss)  m{aq) (5°G*)
I, = B _ M6
Vs 12807r6+(96n4 T8 3072n'6> B
L (B4fGCY) _mlgaGoq) TmigsoGs)  (qq)* _(d9)(Ss) T9°0a9)* T (55)%\ o
1382475 647 7687 1272 1227 864r* 25927 ) E
m(g°G*)(qq) (49)(9GoGq) , (950Gs)(dq)  (9GoGq)(ss) m{g’G*)(5s)\ ,
+ 4 2 2 + 2 - 4 My,
2304r 127 24r 24x 15367
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My m(ss)  m(aq)  (9°G°)
I = B M6
Vs = 256078 T <1927z4+ 967 +3072n6> 5
L ($8SG°) _ migqGoq)  mlgsoGs)  (3q)* _(a9)(5s)  9°(qq)®  g*(35)*\ s
69127° 1287* 7687* 2472 2472 864z  25927%) B
L (3m{e°G*)q) _ (99)(9G0Gq) | (950Gs)(qq) | (990Ga)(Ss)  m{gG?)(5s)\
23047* 247° 487° 4872 15367* B
My (m(Ss) mlGq)  5(5°G?)
H — B M6
Po = 30045 © (24;;4 24rt 1536;;6) B
L (LU3(8/GY) _mlgqGoq)  TmigsoGs) _(dq)” | (49)(5s) | T9°(dq)”  T9°(55)%) )
138247° 1287 3847 67 67 4327z 12967 )P
L (_Tm{?G*)aq) _ (a4)(990Ga) , (950Gs)(dq) | (930Gq)(Ss)  Sm{g’G*)(55)
11527* 2472 487 487 7687 B
My (m(Ss) mlGq)  5(5°G?)
o, = B M6
P = 6400 <487z4 e 1536;:6) 5
L (_U3(/GY) _3m{gqGog) | 1im(gsoGs) _ (Gq)*  (q9)(Ss)  54°(dq)’  54°(55)%),
1382475 1287 38474 1222 1222 4327% " 12962* )P
L (3meG)aq) _ (44){990Ga) | (950Gs){da) | (930Gq)(Ss)  Sm(@G)(5s)Y
11527* 87° 1622 167° 7687 B
My (m(Ss)  m(dq)  5(5°G?)
1, = B M6
Ao = 32078 T <24n4 s T s36x 6>
L (LU3(8/GY) | m{gqGoq)  Tm{gseGs)  (49)* _ (qa)(5s) , 79°(Gq)*  Tg*(Ss) M
1382475 1287 384 61> 612 4327* ' 12967
Tm(g*G*){(Gq) | (49)(9G0Gq) (g50Gs)(Gq) (9GoGq)(Ss) Sm(g*G*)(5s)\ . »
+ z 2 - 2 - 2 4 M.
1152~ 24m 487 487 7687
My | (m(Ss) m(dq)  (9°G)
H = B M6
A= 64070 <487z4 RPTEa 15367r6> 5
N _25(¢’fG°) _m{gqGoq) _m{gsoGs) | (d9)* (49)(5s) _9°(a9)* _g°(3s)"
1382475 1287 384rt | 1222 122 4327 1296x%) P
N _m(g*G*)(dq) (4q)(9qoGq) | 1950Gs)(qq) | (9G9Gq)(5s) m(gG?)(3s) | o
11527* 247° 4877 4872 7687 B
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