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The recently observed Kð1690Þ has been identified as a supernumerary pseudoscalar resonance signal in
the strange-meson spectrum predicted by quark model calculations. It is the best candidate of a strange
cryptoexotic state. In this work, we systematically study the hadron masses of udd̄ s̄ tetraquark states with
JP ¼ 0− in the method of QCD sum rules. For ten interpolating currents, we calculate the correlation
functions up to dimension-8 nonperturbative condensates. To calculate the trigluon condensate, we
comprehensively consider the contributions from different operators with and without covariant
derivatives. The infrared safety can be guaranteed for the completely calculated trigluon condensate by
properly addressing the IR divergences in Feynman diagrams. It is demonstrated that the trigluon
condensate provides significant contributions to the sum-rule analyses in these light tetraquark systems.
Our results support the interpretation of Kð1690Þ resonance to be a pseudoscalar udd̄ s̄ tetraquark state.
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I. INTRODUCTION

Since the establishment of the quark model [1,2], the
search for multiquark states outside of the quark model has
always been a research hot spot in both experimental and
theoretical aspects. To date, there have beenmany candidates
of multiquark states, such as the hidden-charm pentaquarks,
the charged Zc states, the doubly charged Tcs̄0ð2900Þþþ

state, the doubly charmed Tþ
cc state, etc. [3–12]. While most

of these confirmed multiquark candidates contain heavy
quarks, there also have been some notable advancements in
the light hadron sector.
Recently, the COMPASS Collaboration observed three

resonance structures in the P-wave ρð770ÞK decay channel
with quantum numbers JP ¼ 0−, which lie around 1.4, 1.6,
and 1.8 GeV, respectively [13–15]. However, there exist
only two excited pseudoscalar strange mesons based on the
quark model predictions in the mass region below 2.5 GeV
[16–20]. The lightest and heaviest structures of COMPASS
are consistent with the established Kð1460Þ and Kð1830Þ
states in PDG [21], respectively, and roughly match the two
states predicted by quark model calculations.

The mass and decay width of the middle structure
in COMPASS’s observation are 1687� 10þ2

−67 and
140�20þ50

−50 MeV, respectively, and thus dubbed Kð1690Þ.
This structure is not considered as the known Kð1630Þ in
PDG, since the decay width is much smaller for the latter
state. Moreover, the spin parity of Kð1630Þ is still unde-
termined to date. Therefore, Kð1690Þ is a supernumerary
signal in the strange-meson spectrum, which can be consid-
ered as the clear candidate for a cryptoexotic state
with JP ¼ 0−.
In this work, we explore the possibility of Kð1690Þ as a

compact tetraquark state by systematically calculating the
mass spectra of qqq̄ s̄ tetraquarks (q ¼ u=d) with JP ¼ 0−.
In Refs. [22,23], the masses of fully light hadron molecules
and tetraquark states with JPC ¼ 0−− were predicted to
be around 1.36 and 2.1 GeV, respectively, in the QCD
Coulomb gauge approach. Using the Cornell potential-
based phenomenology, the mass spectra of the S-wave and
P-wave sqq̄ q̄ tetraquark states were calculated in Ref. [24],
giving quite different results for the 3̄c ⊗ 3c and 6c ⊗ 6̄c
states. In Refs. [25,26], the qqq̄ q̄ light tetraquark states
with JPC ¼ 0−− have been studied in QCD sum rules
(QCDSR). However, the calculations of trigluon conden-
sate hg3fG3i were incomplete and the IR divergence
problem was not properly addressed in these studies. As
discussed later, the contribution of trigluon condensate
hg3fG3i is very important for the light tetraquark QCDSR
analyses. In this work, we shall conduct a detailed study of
the hg3fG3i term by including all involved operators and
addressing the IR divergence in the calculations.
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The paper is organized as follows. In Sec. II, we briefly
introduce the method of QCDSR and construct the pseudo-
scalar interpolating currents for the udd̄ s̄ tetraquark states.
We calculate the correlation functions and collect the results
in Appendix B. The details for handling the IR divergence of
hg3fG3i condensate are shown inAppendixA. In Sec. III, we
perform numerical analyses and extract hadron masses of
udd̄ s̄ tetraquark states. The last section is a brief summary.

II. QCD SUM RULES FOR LIGHT TETRAQUARK

In QCDSR [27,28], we consider the two-point correla-
tion function

Πðq2Þ ¼ i
Z

ddxeiqxh0jT½JðxÞJ†ð0Þj0i; ð1Þ

where JðxÞ is the interpolating current with the same
quantum numbers to the interested physical state.
Following Ref. [25], we construct the pseudoscalar tetra-
quark currents with JP ¼ 0− and quark component udd̄ s̄:

6F ⊗ 6̄FðSÞ

8>><
>>:

S6 ¼ uTaCdb½d̄aγ5Cs̄Tb þ ða ↔ bÞ�;
V6 ¼ uTaCγ5db½d̄aCs̄Tb þ ða ↔ bÞ�;
T3 ¼ uTaCσμνdb½d̄aσμνγ5Cs̄Tb − ða ↔ bÞ�;

3̄F ⊗ 3FðAÞ

8>><
>>:

S3 ¼ uTaCdb½d̄aγ5Cs̄Tb − ða ↔ bÞ�;
V3 ¼ uTaCγ5db½d̄aCs̄Tb − ða ↔ bÞ�;
T6 ¼ uTaCσμνdb½d̄aσμνγ5Cs̄Tb þ ða ↔ bÞ�;

3̄F ⊗ 6̄FðMÞ
�
A6 ¼ uTaCγμdb½d̄aγμγ5Cs̄Tb þ ða ↔ bÞ�;
P3 ¼ uTaCγμγ5db½d̄aγμCs̄Tb − ða ↔ bÞ�;

6F ⊗ 3FðMÞ
�
P6 ¼ uTaCγμγ5db½d̄aγμCs̄Tb þ ða ↔ bÞ�;
A3 ¼ uTaCγμdb½d̄aγμγ5Cs̄Tb − ða ↔ bÞ�;

ð2Þ

in which a and b are color indices and C ¼ iγ2γ0 is the
charge conjugation operator. The flavor structures of the
diquark and antidiquark operators are 6F ⊗ 6̄FðSÞ for the
currents S6, V6, and T3, 3̄F ⊗ 3FðAÞ for the currents S3, V3,
and T6, 3̄F ⊗ 6̄FðMÞ for the currents A6 and P3, and 6F ⊗
3FðMÞ for the currents P6 and A3. The subscripts 6 and 3 of
the currents denote the color structures 6 ⊗ 6̄ and 3̄ ⊗ 3,
respectively. According to the flavor structures, the isospin
for currents S6, V6, T3, P6, and A3 can be I ¼ 3=2 or 1=2,
while the isospin for currents S3, V3, T6, A6, and P3

is I ¼ 1=2.
At the hadron level, the correlation function can be

described by the dispersion relation [29]

Πðq2Þ ¼ ðq2Þn
π

Z
∞

0

ImΠðsÞ
snðs − q2Þ dsþ

Xn−1
k¼0

anðq2Þk; ð3Þ

where the an is the subtraction constant. The spectral
function is usually defined as the imaginary part of
correlation function

ρðsÞ ¼ 1

π
ImΠðsÞ ¼ f2δðs −m2

XÞ þ � � � ; ð4Þ

where the “narrow resonance” assumption is adopted
in the last step and “� � �” contains contributions from the
higher states and continuum. f and mX are the coupling
constant and mass of the lowest-lying hadron state,
respectively.
At the quark-gluon level, the correlation function can be

computed via the method of operator product expansion
(OPE). In our calculation, we use the d-dimensional full
quark propagator, taking into account various quark and
gluon condensates [30–32]:

SijðxÞ ¼ iΓðd
2
Þ=x

2πd=2ð−x2Þd=2 δ
ij þ mΓðd

2
− 1Þ

4πd=2ð−x2Þd=2−1 δ
ij −

δij

12
hψ̄ψi þ imδij

12d
hψ̄ψi=x − δij

48d
hgψ̄σGψix2

−
iδijx2=x

2434ðdþ 2Þ g
2hψ̄ψi2 þ iδijmx2=x

243dðdþ 2Þ hgψ̄σGψi −
δijx4hψ̄ψihg2G2i
2632dðdþ 2Þ −

δijx4

2434dðdþ 2Þ g
2mhψ̄ψi2

−
iδijΓðd

2
− 1Þ=xhg3fG3i

2833dðdþ 2Þπd=2ð−x2Þd=2−3 þ
Γðd

2
− 1Þγμ=xγν

16πd=2ð−x2Þd=2−1 gG
a
μνTa

ij

þ
�
Γðd

2
− 2Þðγμρν þ γρμν − 4gμργνÞ
96πd=2ð−x2Þd=2−2 þ Γðd

2
− 1Þðxμγρ=xγν þ xργμ=xγνÞ
48πd=2ð−x2Þd=2−1

�
gGa

μν;ρTa
ij
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þ
�
−Γðd

2
− 2Þð2gfμρxσg þ gfμργσg=xÞ
28 × 3πd=2ð−x2Þd=2−2 þ Γðd

2
− 1Þxfμxργσg=x

192πd=2ð−x2Þd=2−1
�
γνgGa

μν;ρσTa
ij

þ g2Ga
μνGb

ρσðTaTbÞij
�
−iΓðd

2
− 1Þxνxσγμ=xγρ

96πd=2ð−x2Þd=2−1 þ −iΓðd
2
− 2Þgνσγμ=xγρ

192πd=2ð−x2Þd=2−2

þ iΓðd
2
− 2Þ

28 × 3πd=2ð−x2Þd=2−2 ð−6g
νσ =xγμρ − 4xσγμνρ þ 6xμγνρσ − 4xνγμσρþ3γμ=xγνρσÞ

�
; ð5Þ

where m is the light quark mass, i, j ¼ 1, 2, 3 are color indices, and Ta (a ¼ 1;…; 8) is the Gell-Mann matrix. We also use
the following abbreviations:

γμνρ ≔ γμγνγρ; gfμρxσg ≔ gμρxσ þ gμσxρ þ gρσxμ; gfμργσg ≔ gμργσ þ gμσγρ þ gρσγμ;

xfμxργσg ≔ xμxργσ þ xμxσγρ þ xρxσγμ; Ga
μν;ρ ≔ D̃ab

ρ Gb
μν; Ga

μν;ρσ ≔ D̃ab
σ D̃bc

ρ Gc
μν; ð6Þ

in which Gμν is the gluon field strength, D̃ab
μ ¼ δab∂μ −

gfabcAc
μ is the covariant derivative operator in the adjoint

representation, and Ac
μ is the external gauge field. The

origin of the full quark propagator in Eq. (5) includes both
the background field and quantum field. In our calculation,
we keep track of terms in the fifth order of the background
quark field expansion xμxνxρxσ

4!
hψ iDμDνDρDσψ̄

ji. For the
part of quantum fields, we include terms up to dimension 6
to fully compute the result of hg3fG3i.
In QCDSR studies for multiquark systems, the contri-

bution of trigluon condensate hg3fG3i is usually neglected
due to the computational complexity and infrared diver-
gence (IR) in fully calculations. However, such contribu-
tions may be significant in fully calculations at leading
order (LO) by considering hðDGÞðDGÞi and hGðDDGÞi
terms as the following [30,33]:

hGa
μν;ρGb

αβ;σi ¼ δab2Zgρσðgμαgβν − gανgβμÞ
þ δabZ½gνσgμαgβρ þ gμσgνβgαρ − ðμ↔ νÞ�
þ δabY½ðgνρgμαgβσ þ gμρgνβgασÞ− ðμ↔ νÞ�;

Z ¼ −
DðD− 2Þg2hψ̄ψi2 þ 9ðD− 1ÞhgfG3i

72ðD− 2ÞðD− 1ÞDðDþ 2Þ ;

Y ¼ −DðD− 2Þg2hψ̄ψi2 þ 27hgfG3i
72ðD− 2ÞðD− 1ÞDðDþ 2Þ ; ð7Þ

hGa
μν;ρGb

αβ;σi ¼ −hGa
μν;ρσGb

αβi ¼ −hGa
μνGb

αβ;σρi; ð8Þ

in which we adopt the D-dimensional condensates to
distinguish the dimension d of the full quark propagator
in Eq. (5). D and d are identical, but such symbols are
useful for addressing IR divergences, as shown in
Appendix A. In Ref. [34], the authors also address the
IR divergence of hg3fG3i; they just did not summarize
the corresponding cancellation tricks. One should note
that the IR safety for the trigluon condensate hg3fG3i
cannot be guaranteed for calculating the hðDGÞðDGÞi
terms by using propagators up to dimension 6, as adopted
in Ref. [30].
For the full quark propagator in Eq. (5), the IR

divergences appear for the terms involving Γðd=2 − 2Þ
when d ¼ 4. Fortunately, the operator mixing is unneces-
sary for hg3fG3i to address the IR divergence if we neglect
the g2hψ̄ψi2 parts in the expressions of hðDGÞðDGÞi and
hGðDDGÞi [35], which are actually of high order in αs and,
thus, numerically negligible. Therefore, its contribution can
be neglected. We summarize the handling of the IR
divergence for hg3fG3i as follows.

(i) As shown in Fig. 1, both the hGðDDGÞi and
hGðGGÞi condensates formed by two different
quark propagators are divergent. However, the

FIG. 1. Cancellation of hðGGÞGi and hGðDDGÞi condensates formed by two different quark propagators.
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divergences from these two diagrams cancel each
other out exactly.

(ii) Although the propagator including DG is divergent,
the hðDGÞðDGÞi condensate in any diagram has no
IR divergence, as shown in Fig. 2.

(iii) As shown in Fig. 3, both the hGðDDGÞi and hGGGi
condensates formed by the single quark propagator
are divergent. However, the divergences from these
two diagrams cancel each other out exactly.

The corresponding propagators are as follows:

SijhðDGÞðDGÞiðxÞ ¼
−iδijhg3fG3iΓðd

2
− 1Þ=x

1728dðdþ 2Þπd=2ð−x2Þd=2−3 ; ð9Þ

SijhGGGiðxÞ ¼
−iδijhg3fG3iΓðd

2
− 2Þ=x

9216dπd=2ð−x2Þd=2−3 ; ð10Þ

SijhGðDDGÞiðxÞ ¼
iδijðd − 2Þhg3fG3iΓðd

2
− 2Þ=x

3072dðdþ 2Þπd=2ð−x2Þd=2−3 ; ð11Þ

in which the last two are divergent while the sum of them
are finite. The detailed discussions can be found in
Appendix A. After considering all the above points, we
can completely calculate the contribution of trigluon
condensate hg3fG3i at the LO of αs.
We calculate the correlation functions up to dimension 8

by considering the Feynman diagrams depicted in Fig. 4,
including the complete contribution of hg3fG3i at LO. For
simplicity, we use a quark line with dots to represent the
terms with the color factor δij in the quark propagator
SijðxÞ in Eq. (5), as they can be calculated collectively.
Gluon lines labeled DG and DDG correspond to terms

involving Gμν;ρ and Gμν;ρσ in Eq. (5), respectively. The IR
divergences in the diagrams Figs. 4(d)–4(f) contributing to
hg3fG3i can be systematically addressed by applying the
cancellation tricks presented in Figs. 1–3. The diagram
Fig. 4(h) incorporates contributions from two types of
condensates: hq̄GμνDρqi and hq̄D⃖ρGμνqi. The diagram
Fig. 4(i) contains contribution from condensate
hq̄Gμν;ρqi. The results of the correlation functions are
listed in Appendix B.
The correlation function obtained at the quark-gluon

level is expected to be equivalent to the one at the hadron
level due to the principle of quark-hadron duality. In
QCDSR, one can pick out the lowest-lying resonance by
performing the Borel transform to the correlation functions
at both levels, in order to suppress the contributions from
high excited states in Eq. (4) and eliminate the unknown
subtraction terms in Eq. (3). Subsequently, the QCD sum
rules are obtained as

ΠðM2
B; s0Þ ¼ f2e−m

2
X=M

2
B ¼

Z
s0

0

ρðsÞe−s=M2
Bds; ð12Þ

in which s0 is the continuum threshold parameter andMB is
the Borel parameter. Then the hadron mass mX of the
lowest-lying resonance can be extracted to be

mX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L1ðs0;M2

BÞ
L0ðs0;M2

BÞ

s
; ð13Þ

where

Lkðs0;M2
BÞ ¼

Z
s0

0

ρðsÞske−s=M2
Bds: ð14Þ

FIG. 3. Cancellation of hGGGi and hGðDDGÞi condensates formed by the single quark propagator.

(a) (b)

FIG. 2. IR safety for hðDGÞðDGÞi condensate: (a) cancellation of hðDGÞðDGÞi by any two quark propagators; (b) the propagator
containing hðDGÞðDGÞi has no IR divergence.
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III. NUMERICAL ANALYSIS

To perform the QCD sum-rule numerical analyses, we
use the following values of the quark masses, strong
coupling, and various QCD condensates [21,36–42]:

mu ¼md¼ 0; ms ¼ 93.5�0.8MeV;

hq̄qi¼−ð0.24�0.01Þ3 GeV3;

hs̄si¼ ð0.8�0.1Þhq̄qi;
hgq̄σGqi¼ ð0.8�0.2Þhq̄qiGeV2;

hgs̄σGsi¼ ð0.8�0.2Þhgq̄σGqi;
hαsG2i¼ ð6.39�0.35Þ×10−2 GeV4;

hg3fG3i¼ 1.2hαsG2iGeV2;

msðμÞ¼msð2GeVÞ
�

αsðμÞ
αsð2GeVÞ

� 12
33−2nf ;

αs¼
1

b0t

�
1−

b1
b20

log t
t

þb21ðlog2t− log t−1Þþb0b2
b40t

2

�
;

ð15Þ
where t ¼ log μ2

Λ2, b0 ¼ 33−2nf
12π , b1 ¼ 153−19nf

24π2
, b2 ¼

2857−5033
9
nfþ325

27
n2f

128π3
, and Λ ¼ 332 MeV for the flavors

nf ¼ 3. The s-quark mass ms is taken as the MS mass
at the scale μ ¼ 2 GeV. Given that the condensate values
are evaluated at the renormalization scale μ ¼ 1 GeV, we
accordingly adopt ms at the same scale. To date, there is no

reliable method to determine the value of hg3fG3i from
experimental data. In our analyses, we adopt the value from
the early review papers of QCDSR [27,28,40], which was
taken from estimations of instanton models [40] and lattice
calculation [39].
We first study the behaviors of correlation function to

show the importance of the trigluon condensate hg3fG3i,
by taking the interpolating current P3 as an example in
Fig. 5(a). The gluon condensates hg2G2i and hg3fG3i are
shown to be the most important nonperturbative terms,
while the quark condensates mshq̄qi and mshq̄Gqi are
much smaller due to the light quark mass. However, the
four-quark condensate hq̄qi2 also gives a significant con-
tribution to the correlation function [25,27]. Similar sit-
uations occur for other tetraquark currents in Eq. (2). In
other words, the well-calculated trigluon condensate
hg3fG3i may be important to the fully light tetraquark
sum-rule analyses and, thus, cannot be neglected. This is
very different from the heavy tetraquark systems, in which
the quark condensates are usually much larger than gluon
condensates due to the existence of heavy quarks [3,43].
The contributions of trigluon condensates have been proven
to be negligible for the conventional heavy quarkonium
[44,45] and fully heavy baryons [46].
In QCDSR, the study of OPE convergence leads to the

lower limitM2
Bmin of the Borel parameter. To ensure a good

OPE convergence, we require that the D ¼ 6 and D ¼ 8
condensates give small contributions to the correlation
functions

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 4. The Feynman diagrams involved in our calculations for the udd̄ s̄ tetraquark systems. A quark line with dots contains terms
with the color factor δij in SijðxÞ.
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����ΠD¼6ðM2
BÞ

ΠpertðM2
BÞ

���� ≤ 25%;

����ΠD¼8ðM2
BÞ

ΠpertðM2
BÞ

���� ≤ 10%: ð16Þ

Meanwhile, the guarantee of pole contribution (PC) will
provide an upper limit for M2

B:

PC ¼ L0ðs0;M2
BÞ

L0ð∞;M2
BÞ

≥ 10%: ð17Þ

According to Eq. (16), the behavior of OPE series in
Fig. 5(a) exhibits very good convergence for M2

B ≥
1.28 GeV2. As shown in Fig. 5(b), we further study the
dependence of the hadron mass on the continuum threshold
parameter s0 with different values of M2

B, from which one
immediately realizes an optimal value of s0 ¼ 3.8�
0.2 GeV2. Within this choice, the hadron mass is almost
independent of the unphysical parameter M2

B. The uncer-
tainty of the threshold value s0 is estimated to be
�0.2 GeV2, within which the stability of mass sum rules
can be guaranteed. In Fig. 6(a), we show the pole

contribution to set the upper limit as M2
Bmax ¼ 1.5 GeV2

by requiring PC ≥ 20% for this current. Within these
parameter working region, the mass curves can be plotted
in Fig. 6(b). The hadron mass is reading as

mX ¼ 1.72� 0.10 GeV; ð18Þ

1.0 1.5 2.0 2.5 3.0
0.0

0.1

0.2

0.3

0.4

PC

1.30 1.35 1.40 1.45 1.50
1.4

1.6

1.8

2.0

2.2

(a) (b)

FIG. 6. The pole contribution (a) and variation of hadron mass with M2
B (b) for the interpolating current P3.

TABLE I. Numerical results for the udd̄ s̄ tetraquark states.

Currents s0ð�0.2 GeV2Þ M2
B (GeV2) mX (GeV) PC (%)

P6 3.3 1.14–1.35 1.62� 0.10 >15
P3 3.8 1.28–1.50 1.72� 0.10 >20
S6 6.7 1.40–1.80 2.34� 0.11 >25
S3 � � � � � � � � � � � �
A6 1.0 0.54–0.62 0.90� 0.50 >10
A3 2.8 0.95–1.20 1.48� 0.20 >10
V6 8.8 1.34–1.94 2.60� 0.20 >40
V3 3.3 1.42–1.62 1.60� 0.16 >10
T6 2.4 0.75–1.10 1.36� 0.05 >15
T3 4.7 0.90–1.35 1.92� 0.04 >25

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

1

2

3

4

(a)

0 2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

2.5

3.0

(b)

FIG. 5. The OPE convergence (a) and variation of hadron mass with s0 (b) for the interpolating current P3.
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in which the error is from the uncertainties of s0, the strange
quark mass ms, and various QCD condensates. After
performing numerical analyses for all interpolating currents
in Eq. (2), we present the numerical results for these udd̄ s̄
tetraquarks in Table I. To show the importance of trigluon
condensate hg3fG3i, we reanalyze the mass sum rules
without considering the contributions from this term for the
currents P6 and P3. As shown in Table II, the predicted
masses are about 20% lower than those in Table I.
There have been some other discussions regarding the

value of hg3fG3i. For example, QCDSR provided a quite
different estimation from the studies of heavy quarkonium
systems [41,42]:

hg3fG3i ¼ ð8.2� 1.0Þ GeV2 × hαsG2i; ð19Þ

which is much larger than that in Eq. (15). Since the
trigluon condensate will contribute significantly to our
sum-rule analyses, we further investigate the dependence
of extracted hadron mass to the coefficient k ¼
hg3fG3i=hαsG2i in Fig. 7, by using the interpolating
current P6 as an example. It is clear that the hadron mass
is very sensitive to the change of the trigluon condensate.
In these results, the hadron masses extracted from the

currents P6, P3, and V3 are consistent with the mass of
Kð1690Þ observed by the COMPASS Collaboration
[13–15], suggesting that Kð1690Þ could be a udd̄ s̄ tetra-
quark state. For the currents S6 and V6, the dominant
nonperturbative contributions are negative, leading to poor
positivity behavior of the spectral functions, and, thus, the
mass predictions for these two currents are actually

unreliable. The analysis for current S3 fails to produce
stable mass sum rules. Moreover, the hadron masses
extracted from the currents A3 and T3 are close to the
masses of Kð1460Þ and Kð1830Þ, respectively, implying
possible tetraquark components in these two strange
mesons. More properties of the udd̄ s̄ tetraquarks should
be investigated to further study the inner structures of these
resonance states.

IV. SUMMARY

To study the inner structure of the recent observed
strange meson Kð1690Þ, we investigate the mass spectrum
of the light tetraquark udd̄ s̄ states with quantum numbers
JP ¼ 0− in the method of QCDSR. We calculate the two-
point correlation functions up to dimension-8 nonpertur-
bative condensates at the leading order of αs. We utilize the
quark propagators incorporating DG, DDG, and hg3fG3i
terms to comprehensively account for the contributions of
trigluon condensate hg3fG3i. After properly addressing the
IR divergences in OPE, our calculations demonstrate that
the trigluon condensate hg3fG3i provides a significant
contribution to the mass sum-rule analyses for light
tetraquark systems, potentially surpassing the contributions
of four-quark condensate hq̄qi2. In the case of P6 and P3,
the inclusion of hg3fG3i can increase about 20% of mass
predictions.
Using the interpolating currents ðP6; P3; V3Þ, we predict

the hadron mass of pseudoscalar udd̄ s̄ tetraquark state to be
1.6–1.7 GeV. This result is consistent with the mass of
Kð1690Þ observed by COMPASS, supporting the compact
tetraquark interpretation of the structure. However, one
should note that other possibilities cannot be excluded, such
as a strange hybrid meson or a structure of kinematic effect
[47,48]. The decay properties of udd̄ s̄ tetraquark state
should be studied to further investigate the inner structure
of Kð1690Þ, such as the decay processes udd̄ s̄ → a0K;
f0K;K�

0π; K
�ρ; Kρ; K�π, etc. Especially in the isospin

quartet (I ¼ 3=2), the doubly charged uud̄ s̄ tetraquark
can be considered as a characteristic signal in the future.
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APPENDIX A: IR SAFETY FOR hg3fG3i
In this calculation, the IR divergences can appear in the

Feynman diagrams Figs. 4(d)–4(f), in which the involved
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FIG. 7. The sensitivity of extracted hadron mass to coefficient
k ¼ hg3fG3i=hαsG2i for the interpolating current P6.

TABLE II. Numerical results for P6 and P3 currents without
contribution of hg3fG3i. The value R in the last column
represents the mass correction comparing to the results in Table I.

Currents s0 ð�0.2 GeV2Þ M2
B (GeV2) mX (GeV) PC (%) R ð%Þ

P6 2.1 0.88–0.97 1.29� 0.12 >15 25.6
P3 2.7 1.25–1.33 1.45� 0.11 >15 18.6
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condensates hðGGÞGi, hGðDDGÞi, and hðDGÞðDGÞi
come from any two propagators. This can be expressed as

ð…Þ � Sij � ð…Þ � Smn � ð…Þ; ðA1Þ

where the ellipsis ð…Þ represents irrelevant part to divergen-
ces. For convenience, we define the following propagators:

Sij2 ðxÞ ≔ XμνðxÞgGa
μνTa

ij ¼
Γðd

2
− 1Þγμ=xγν

16πd=2ð−x2Þd=2−1 gG
a
μνTa

ij;

ðA2Þ

Sij4bðxÞ ≔ ZμνρσðxÞgGa
μν;ρσTa

ij

¼ −Γðd
2
− 2Þð2gfμρxσg þ gfμργσg=xÞγν
28 × 3πd=2ð−x2Þd=2−2 gGa

μν;ρσTa
ij;

ðA3Þ

Sij4aðxÞ ≔ g2Ga
μνGb

ρσðTaTbÞijYμνρσðxÞ

¼ g2Ga
μνGb

ρσðTaTbÞij
�
−iΓðd

2
− 2Þgνσγμ=xγρ

192πd=2ð−x2Þd=2−2

þ iΓðd
2
− 2Þð−6gνσ =xγμρ − 4xσγμνρÞ
28 × 3πd=2ð−x2Þd=2−2

þ iΓðd
2
− 2Þð6xμγνρσ − 4xνγμσρþ3γμ=xγνρσÞ

28 × 3πd=2ð−x2Þd=2−2
�
;

ðA4Þ

in which the subscript 2=4 represents the dimension of
SijðxÞ. It is very clear that Sij4aðxÞ and Sij4bðxÞ are divergent
with the factor Γðd=2 − 2Þ when d ¼ 4, which will appear
in the Feynman diagrams Figs. 4(d) and 4(f), respectively.
The sum of these two diagrams is shown in Fig. 1 with the
expression

ð…Þ � Sij4aðxÞ � ð…ÞSmn
2 � ð…Þ þ ð…Þ � Sij4bðxÞ � ð…ÞSmn

2 � ð…Þ
¼ ð…Þ � ½ðTbTcÞijg2Gb

μ1ν1G
c
ρ1σ1Y

μ1ν1ρ1σ1ðxÞ þ Ta
ijgG

a
μ2ν2;ρ2σ2Z

μ2ν2ρ2σ2ðxÞ� � ð…Þ � Td
mngGd

μνXμν � ð…Þ: ðA5Þ

We define the following structures for the dimension-6
condensates:

hGa
μνGb

αβG
c
ρσi ≔ fabcWμν;αβ;ρσ;

hGa
μν;ρσGb

αβi ≔ δabUμναβ;ρσ; ðA6Þ
where

g3Wμν;αβ;ρσ

¼ −hg3fG3i
24ðD − 2ÞðD − 1ÞD
× ½gβνðgαρgμσ − gασgμρÞ þ gανðgβσgμρ − gβρgμσÞ
þ gβμðgασgνρ − gαρgνσÞ þ gαμðgβρgνσ − gβσgνρÞ�: ðA7Þ

The specific expression of Uμναβ;ρσ is given by Eqs. (7) and
(8). Then we have

ðTbTcÞijTd
mnhGb

μ1ν1G
c
ρ1σ1G

d
μνi

¼ ðTbTcÞijTd
mnfbcdWμ1ν1;ρ1σ1;μν; ðA8Þ

Ta
ijT

d
mnhGa

μ2ν2;ρ2σ2G
d
μνi ¼ Ta

ijT
a
mnUμ2ν2ρ2σ2;μν; ðA9Þ

and

ðTbTcÞijTd
mnfbcd ¼

3i
2
Td
mnTd

ij; ðA10Þ

where fbce and dbce are antisymmetric structure and
symmetric constants of the SU(3) group, respectively.
Substituting Eqs. (A8)–(A10) into Eq. (A5),

ð…Þ � Td
mnTd

ij

�
3i
2
Wμ1ν1;ρ1σ1;μνg

3Yμ1ν1ρ1σ1ðxÞ

þ Uμ2ν2ρ2σ2;μνg
2Zμ2ν2ρ2σ2ðxÞ

�
� ð…Þ � Xμν; ðA11Þ

in which the result in the square brackets can be calculated
as

hg3fG3iΓðd
2
− 2Þðd − 4Þðγμ=xγν − γν=xγμÞ

3072ðd − 2Þðd − 1Þdπd=2ð−x2Þd=2−2

¼ hg3fG3iΓðd
2
− 1Þðγμ=xγν − γν=xγμÞ

1536ðd − 2Þðd − 1Þdπd=2ð−x2Þd=2−2 : ðA12Þ

It is fantastic that this result is finite, showing that the
divergences in Figs. 4(d) and 4(f) exactly cancel out for
each other.
To ensure such a cancellation for the calculation in

Fig. 4(e), it is important to use the d-dimensional propa-
gator andD-dimensional condensates but not any one in the
four-dimensional. The propagator containing Ga

μν;ρ can be
written as

Sij3 ðxÞ ¼ Sij3aðxÞ þ Sij3bðxÞ ≔ Jμνρ0 gGa
μν;ρTa

ij; ðA13Þ

Sij3aðxÞ ≔ Jμνρ1 gGa
μν;ρTa

ij

¼ Γðd
2
− 1ÞgGa

μν;ρTa
ij

48πd=2ð−x2Þd=2−1 ðxμγρ
=xγν þ xργμ=xγνÞ; ðA14Þ
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Sij3bðxÞ ≔ Jμνρ2 gGa
μν;ρTa

ijðxÞ

¼ Γðd
2
− 2ÞgGa

μν;ρTa
ij

96πd=2ð−x2Þd=2−2 ðγμρν þ γρμν − 4gμργνÞ; ðA15Þ

where Jμνρ0 , Jμνρ1 , and Jμνρ2 are corresponding tensor
structures and Jμνρ0 ¼ Jμνρ1 þ Jμνρ2 . It is clear that only
Sij3b is divergent while Sij3a remains finite. The most
divergent part of Fig. 4(e) can be written as

ð…Þ � Sij3b � ð…ÞSmn
3b � ð…Þ ¼ ð…Þ � Jμ1ν1ρ12 Ta

ijgG
a
μ1ν1;ρ1 � ð…Þ � Jμνρ2 Tb

mngGb
μν;ρ � ð…Þ

¼ ð…Þ � Jμ1ν1ρ12 Ta
ijT

b
mng2hGa

μ1ν1;ρ1G
b
μν;ρi � ð…Þ � Jμνρ2 � ð…Þ; ðA16Þ

in which both Jμ1ν1ρ12 and Jμνρ2 contain the divergent factor Γðd
2
− 2Þ. However, such a divergence is trivial since the other part

in the calculation is zero:

Jμ1ν1ρ12 Ta
ijT

b
mng2hGa

μ1ν1;ρ1G
b
μν;ρi ¼ Ta

ijT
b
mn

hg3fG3iΓðd
2
− 2ÞðD − dÞðgρμγν − gρνγμÞ

128ðD − 1ÞDðD2 − 4Þπd=2ð−x2Þd=2−2
¼ 0; ðA17Þ

where we use D ¼ d in the last step.

APPENDIX B: TWO-POINT CORRELATION FUNCTIONS FOR ALL INTERPOLATING CURRENTS

In this appendix, we present the correlation functions after Borel transformation up to dimension 8 for the interpolating
currents in Eq. (2):

ΠT6
¼ 3M10

B

160π6
þ
�
11hg2G2i
384π6

þmhs̄si
4π4

�
M6

B þ
�
7mhgs̄σGsi

32π4
−
hg3fG3i
16π6

þ 7g2hq̄qi2
36π4

þ 7g2hs̄si2
108π4

�
M4

B þ
11mhg2G2ihs̄si

192π4
M2

B;

ΠT3
¼ 3M10

B

320π6
þ
�hg2G2i
384π6

þmhs̄si
8π4

�
M6

B −
�hg3fG3i

64π6
þmhgs̄σGsi

32π4
þ g2hq̄qi2

36π4
þ g2hs̄si2

108π4

�
M4

B þ
mhg2G2ihs̄si

192π4
M2

B;

ΠS6 ¼
M10

B

1280π6
þ
�
mhs̄si
96π4

−
mhq̄qi
48π4

−
hg2G2i
3072π6

�
M6

B

þ
�
mhgq̄Gσqi

64π4
−
5hg3fG3i
13824π6

−
hq̄qi2
12π2

þ hq̄qihs̄si
12π2

−
7mhgs̄σGsi

768π4
−
7g2hq̄qi2
864π4

−
7g2hs̄si2
2592π4

�
M4

B

þ
�hq̄qihgq̄σGqi

12π2
−
mhg2G2ihq̄qi

2304π4
−
hgs̄σGsihq̄qi

24π2
−
mhg2G2ihs̄si

1536π4
−
hgq̄σGqihs̄si

24π2

�
M2

B;

ΠS3 ¼
M10

B

2560π6
þ
�
mhs̄si
192π4

−
mhq̄qi
96π4

þ hg2G2i
3072π6

�
M6

B

þ
�hg3fG3i
6912π6

þmhgq̄Gσqi
128π4

þmhgs̄σGsi
768π4

−
hq̄qi2
24π2

þ hq̄qihs̄si
24π2

þ g2hq̄qi2
864π4

þ g2hs̄si2
2592π4

�
M4

B

þ
�
−
5mhg2G2ihq̄qi

2304π4
þ hq̄qihgq̄σGqi

24π2
−
hgq̄σGqihs̄si

48π2
−
hgs̄σGsihq̄qi

48π2
þmhg2G2ihs̄si

1536π4

�
M2

B;

ΠV6
¼ M10

B

1280π6
þ
�
mhs̄si
96π4

þmhq̄qi
48π4

−
hg2G2i
3072π6

�
M6

B

þ
�
−5hg3fG3i
13824π6

−
mhgq̄Gσqi

64π4
−
7mhgs̄σGsi

768π4
þ hq̄qi2

12π2
−
hq̄qihs̄si
12π2

−
7g2hq̄qi2
864π4

−
7g2hs̄si2
2592π4

�
M4

B

þ
�
mhg2G2ihq̄qi

2304π4
−
hq̄qihgq̄σGqi

12π2
þ hgs̄σGsihq̄qi

24π2
þ hgq̄σGqihs̄si

24π2
−
mhg2G2ihs̄si

1536π4

�
M2

B;
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ΠV3
¼ M10

B

2560π6
þ
�
mhs̄si
192π4

þmhq̄qi
96π4

þ hg2G2i
3072π6

�
M6

B

þ
�hg3fG3i
6912π6

−
mhgq̄Gσqi
128π4

þmhgs̄σGsi
768π4

þ hq̄qi2
24π2

−
hq̄qihs̄si
24π2

þ g2hq̄qi2
864π4

þ g2hs̄si2
2592π4

�
M4

B

þ
�
5mhg2G2ihq̄qi

2304π4
−
hq̄qihgq̄σGqi

24π2
þ hgs̄σGsihq̄qi

48π2
þ hgq̄σGqihs̄si

48π2
þmhg2G2ihs̄si

1536π4

�
M2

B;

ΠP6
¼ M10

B

320π6
þ
�
mhs̄si
24π4

−
mhq̄qi
24π4

þ 5hg2G2i
1536π6

�
M6

B

þ
�
−
113hg3fG3i
13824π6

−
mhgq̄Gσqi
128π4

þ 7mhgs̄σGsi
384π4

−
hq̄qi2
6π2

þ hq̄qihs̄si
6π2

þ 7g2hq̄qi2
432π4

þ 7g2hs̄si2
1296π4

�
M4

B

þ
�
−
7mhg2G2ihq̄qi

1152π4
−
hq̄qihgq̄σGqi

24π2
þ hgs̄σGsihq̄qi

48π2
þ hgq̄σGqihs̄si

48π2
þ 5mhg2G2ihs̄si

768π4

�
M2

B;

ΠP3
¼ M10

B

640π6
þ
�
mhs̄si
48π4

−
mhq̄qi
48π4

þ 5hg2G2i
1536π6

�
M6

B

þ
�
−
113hg3fG3i
13824π6

−
3mhgq̄Gσqi

128π4
þ 11mhgs̄σGsi

384π4
−
hq̄qi2
12π2

þ hq̄qihs̄si
12π2

þ 5g2hq̄qi2
432π4

þ 5g2hs̄si2
1296π4

�
M4

B

þ
�
−
5mhg2G2ihq̄qi

1152π4
−
hq̄qihgq̄σGqi

8π2
þ hgs̄σGsihq̄qi

16π2
þ hgq̄σGqihs̄si

16π2
þ 5mhg2G2ihs̄si

768π4

�
M2

B;

ΠA6
¼ M10

B

320π6
þ
�
mhs̄si
24π4

þmhq̄qi
24π4

þ 5hg2G2i
1536π6

�
M6

B

þ
�
−
113hg3fG3i
13824π6

þmhgq̄Gσqi
128π4

þ 7mhgs̄σGsi
384π4

þ hq̄qi2
6π2

−
hq̄qihs̄si

6π2
þ 7g2hq̄qi2

432π4
þ 7g2hs̄si2

1296π4

�
M4

B

þ
�
7mhg2G2ihq̄qi

1152π4
þ hq̄qihgq̄σGqi

24π2
−
hgs̄σGsihq̄qi

48π2
−
hgq̄σGqihs̄si

48π2
þ 5mhg2G2ihs̄si

768π4

�
M2

B;

ΠA3
¼ M10

B

640π6
þ
�
mhs̄si
48π4

þmhq̄qi
48π4

þ hg2G2i
1536π6

�
M6

B

þ
�
−
25hg3fG3i
13824π6

−
mhgq̄Gσqi
128π4

−
mhgs̄σGsi
384π4

þ hq̄qi2
12π2

−
hq̄qihs̄si
12π2

−
g2hq̄qi2
432π4

−
g2hs̄si2
1296π4

�
M4

B

þ
�
−
mhg2G2ihq̄qi

1152π4
−
hq̄qihgq̄σGqi

24π2
þ hgs̄σGsihq̄qi

48π2
þ hgq̄σGqihs̄si

48π2
þmhg2G2ihs̄si

768π4

�
M2

B:
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