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In this paper, we present a new approximation for efficiently and effectively including heavy-lepton
neutrino pair-production processes in neutrino transport simulations of core-collapse supernovae. In the
neutrino-driven explosion mechanism, the electron neutrinos and antineutrinos are the main players in
transporting the energy of the cooling PNS to the matter behind the shock. While heavy-lepton neutrinos,
v,, play a smaller role in the heating of the gain region, they dominate the cooling of the proto-neutron star
(PNS) and therefore still play a crucial role in the explosion mechanism. In this study, we explore the
impacts of modifications in the transport and formalisms of pair (v,7,) emission and absorption processes.
We quantify the impact in terms of the emergent neutrino signal and the nature of the PNS convection and
early cooling. For this, we perform a set of simulations, spherically symmetric and axisymmetric, of a
20M 4 progenitor using two different state-of-the-art equations of state (EOS). First and foremost, we show
that our new efficient approximation for neutrino pair production matches the results of a full treatment
very well. Furthermore, for this progenitor, we show that the impact of the modifications is dependent on
the EOS used, as the EOS drives the PNS evolution. The variations we explore, including variations due to
the nucleon-nucleon bremsstrahlung formalism, have a comparatively smaller impact than the EOS has

as a whole.
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I. INTRODUCTION

As one of the ultimate deaths of massive stars, core-
collapse supernovae (CCSNe) are important astrophysical
phenomena. They also have a large impact on elemental
nucleosynthesis [1,2]. As birthplaces of compact objects
such as neutron stars and black holes, they are cornerstones
in our understanding of compact objects and compact
object mergers. CCSNe are commonly observed through
electromagnetic emission but are also sources of neutrinos
[3-5], and due to the inherent multidimensionality of these
highly energetic events, are also sources of gravitational
waves (GWs) [6]. To understand current and future
observations, theoretical predictions of the different signals
emitted by CCSNe are critical. These predictions rely
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heavily on simulations, as the CCSNe evolution is inher-
ently nonlinear.

Understanding the explosion mechanism behind CCSNe
is still an active field of research, even if some theories are
becoming more robust, such as the neutrino-driven explo-
sion mechanism or the magnetohydrodynamic (MHD)
driven explosion mechanism [7]. To explore these mech-
anisms, we must perform simulations from the onset of the
collapse of the star to the explosion itself. As simulations
are computationally expensive, they often rely on approx-
imations to reduce the computational cost. Approximations
are made in all the different aspects of physics, but here we
focus on the ones concerning neutrinos. These approx-
imations are made on the neutrino transport method [8],
neutrino interactions with the matter, and neutrino oscil-
lations [9,10] and can have an impact on the final explosion
and the nucleosynthesis [11,12].

As our knowledge of particle physics advances, it is
essential to look back at previously accepted approxima-
tions and test again their validity and potential impact on
our simulations. As an example, while neutrino flavor
oscillations in the matter were not included until recently
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due to their extreme computational cost, new studies have
shown that these phenomena can have a significant impact
on the final explosion [13,14]. Likewise, the constant
improvement in the understanding of the interaction of
neutrinos with the matter has led to new formalisms for
p-processes through the years [15-18].

In this paper, we test three different sets of changes for
our simulations, part of these changes are extensions of the
work done in [19], hereafter referred as Paper I. First, we
explore the impact of different formalisms for the nucleon-
nucleon bremsstrahlung pair emission process, one being
the one-pion-exchange (OPE) formalism from [20] and the
other the T-matrix formalism from [21] in multidimensional
simulations. Second, we test the calculation of the neutrino-
matter interactions for the v, species within our neutrino
transport formalism. The main processes for heavy-lepton
neutrino creation are the pair processes, namely electron-
positron annihilation and nucleon-nucleon bremsstrahlung.
The source terms for these interactions can be calculated
through a full integration over the neutrino energy, angle,
and interaction probabilities or through an effective opac-
ity-emissivity calculation. These two methods are
explained and explored in Paper I. In this paper, we show
that the source term calculation using the effective opacity-
emissivity method can be significantly improved by con-
sidering the population density of the partner neutrino of
the pair. This leads to a third method of transport which we
test here. Third, we will test the impact of using two
different equations of state (EOS), namely the SFHo EOS
from [22] and the baseline SRO EOS [23] as used in [24].
In the hot CCSN environment, using the SFHo EOS results
in a more compact proto-neutron star (PNS) for the same
mass [25,26] due to thermal effects. The PNS compactness
impacts its cooling, and thus the hydrodynamic quantities
at neutrinospheres. These differences arising from the EOS
can be used to further quantify the impact of heavy-lepton
neutrino cooling. The differences brought by using a
different heavy-lepton pair processes formalism will be
compared to the impact of using a different EOS.

Our paper is organized as follows, in Sec. II, we will
describe the improved approximation for the inclusion of
neutrino pair processes in the collision integral. We will
also briefly present the numerical codes and EOS used in
this paper for simulating the collapse and early postbounce
phase of core-collapse supernovae. In Sec. III A we will test
our improved approximation against the full neutrino pair
process implementation in 1D simulations with GR1D. We
will also test our implementation in 1D simulations with
FLASH [24,27]. In Sec. III B, we present the results of
using the improved approximation and a different formal-
ism for the nucleon-nucleon bremsstrahlung in two-dimen-
sional simulations using FLASH. We will separate the
results into two subsections depending on the EOS, where
Sec. III B 1 focuses on simulations using the SFHo EOS,
with an early explosion, and Sec. IIIB2 focuses on

simulations using the SRO EOS, with relatively late
explosions. We will then conclude and discuss in Sec. IV.

II. METHOD

In this section, we will first present our current approxi-
mation used in the neutrino transport for neutrino pair
processes, its caveats, and an improvement allowing for a
better treatment. We will additionally present different
formalisms used for the calculation of the nucleon-nucleon
bremsstrahlung interaction from [20,28]. We will then
present the two simulation codes used in this paper,
GRI1D and FLASH, and will follow with a presentation
of the two different EOS used, the SFHo EOS from [22,29]
and the SRO EOS from [23,30] which we used to perform
simulations of a 20M, progenitor from [31].

A. Approximation of neutrino pair processes
in the neutrino transport

To compute the neutrino distribution evolution, we need
the source terms coming from interactions of neutrinos with
the matter. We utilize a standard set of neutrino interactions
(see Paper I for a complete list). For this paper we are
interested in the transport of heavy-lepton neutrinos, and
therefore we discuss them in some detail. For these
neutrinos, the most relevant interactions are the so-called
neutral current interactions. This includes scattering on
nucleons, inelastic scattering on electrons, but also, and
most important, pair production processes. This latter
process is the main channel for the production and
annihilation of heavy-lepton neutrinos. The two neu-
trino-pair-production processes included in our code are
nucleon-nucleon bremsstrahlung (see Sec. II B) and elec-
tron-positron annihilation (see Ref. [32]). The difference
between these processes arises in their specific interaction
probabilities (or kernels). However, the structure of the
collision integral, S;j’pair, and the numerical inclusion in the
transport, are the same. In this work, the neutrino pair
processes are only considered for the v, species of neutrino.

Within the truncated moment formalism, the source term
in the lab frame (where we solve the transport equations)
describing the emission and absorption of neutrinos via pair
processes is given by [33]

o _ .3 pair /o a
Su,pair_’/ /Bv (u + 1 )dQ., (1)

where

B — / V2V dQ[(1-1,) (1= F, )R = f,f,R*™]. (2)

In Eq. (1), ¢

7 pair depends on the energy of the neutrino v,

the fluid four-velocity u“ a unit vector [* perpendicular to
u?, and the collision term BY™". The full collision term BY™"
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is shown Eq. (2), where v/ represents the energy of the other
neutrino in the pair, f, and f, the neutrino and other
neutrino distributions respectively, and RP™/2™ represents
the interaction kernel for production and annihilation,
respectively and depends on the energy of both neutrinos
as well as the angle between them. The use of the full
source term derived from Egs. (1) and (2) in terms of the
radiation moments (see the Appendix) in our simulation is
computationally expensive. When used in this paper, we
refer to it as the “Full” method. Due to the computational
expense, simplified and less expensive versions of the
collision integral have been created. A useful approxima-
tion is to model these interactions as an effective absorp-
tion/emission process using a source term as follows:

zgf,pair = (’71/ - Ku,an)ua - Ku,aHz(}‘ (3)
In this expression, J, and HY are the evolved zeroth and
first radiation moments, the energy density and momentum
density, respectively. #, is an emissivity and k,, is an
absorption opacity. As we show in the Appendix, we can
derive effective emission and absorption coefficients for
neutrino pair-production processes using a few reasonable
assumptions. Assuming no final-state blocking of the
emitted neutrinos allows 7, to be calculated a priori and
tabulated [see Eq. (A6)]. In principle, «, , depends on the
details of the partner neutrino distribution, [see Eq. (A7)].
In this work, we take two approaches to calculating this
effective opacity.

Method No. 1: Detailed balance ensures that if the
radiation fields are in equilibrium with the matter, then
any emission must be balanced by an equal absorption.
Therefore, our first approximation assumes x, , = #,/J, ¢q
where J, ., is the equilibrium distribution, this forces
Eq. (3) to zero in this regime. This is akin to
Kirchhoff’s law for single neutrino processes. Like the
emissivity, this opacity can be calculated a priori and
tabulated. This method has been used and tested in [19,34],
we refer to this as our “Reference” method.

While the reference method above gives a «x,, that is
correct when the neutrino fields are the equilibrium fields,
this is not true when the fields are out of equilibrium (unlike
for Kirchhoff’s law for single neutrino interactions where
the absorption opacity is valid regardless of the neutrino
distribution). This is because the reference method above is
equivalent to assuming an equilibrium distribution for the
partner neutrino when calculating the absorption opacity
[see Eq. (A7)].

While this approximation is valid in the core of the PNS,
the assumption of the equilibrium field for the other
neutrino breaks when the neutrino begins to decouple.
We show this in Fig. 1 (modified Fig. 2 of Paper I), where
we see the deviation in the radial profiles of the luminosities
(left panels; red lines) between simulations using the full
method (Full, dotted) and simulations using method no. 1
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FIG. 1. Radial neutrino and hydrodynamic properties at early
(top) and late (bottom) times for the 20M ;, progenitor. We show
results for the kernel treatment of pair processes with dotted lines,
the simplified pair processes treatment with solid lines, and our
modified absorption opacity «j, with dashed lines. In red, we
show the radial evolution of the total outgoing neutrino lumi-
nosity, normalized to the value of the kernel treatment at 500 km.
In blue, we show the relative difference between the actual and
equilibrium neutrino distribution function, while in green we
show the flux factor for neutrinos in the energy bin centered at
15 MeV. The hydrodynamic properties are shown in the right
panel of the figure, namely the radial evolution of the density and
the temperature for the different simulations at early and late
times.

(Reference, solid lines) for the computation of neutrino pair
processes begins where the neutrino distribution deviation
from the equilibrium distribution (blue lines; 1 —J,/J, ¢q)
is ~50%. Here, method no. 1 overestimates the absorption
opacity because the radiation field of the partner neutrino is
no longer the equilibrium field, but rather only a fraction of
it. This has the effect of overestimating the opacity «, , and
leads to an excess absorption and a lower emergent neutrino
luminosity. The deviation in luminosity has a direct impact
on the temperature at the surface of the PNS in the early
cooling phase, as seen in the right panel of Fig. 1. This can
influence the production of electron neutrinos and anti-
neutrinos and lead to changes in the neutrino heating.

Method No. 2: To improve the reference version (method
no. 1 above) of the neutrino pair process calculation while
not sacrificing computational cost by using the full colli-
sion integral, we modified the implementation of the heavy-
lepton neutrino absorption opacity by a multiplication
factor designed to reduce the absorption when the partner
neutrino field is not equal to the equilibrium distribution.
This simple, energy-independent, factor is defined as
follows:
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FIG. 2. Hydrodynamic quantities for the different 1D simu-
lations. The top row shows the shock radius evolution, and the
bottom represents the PNS radius evolution. The left column
shows results for simulations using GR1D, while the right
column represents the simulations performed using FLASH.
Different colors correspond to different EOS and nucleon-
nucleon bremsstrahlung formalisms. The blue and green curves
are simulations using the SRO EOS, while the orange and red
curves are simulations using the SFHo EOS. The red and blue
curves are simulations using the OPE formalism for the nucleon-
nucleon bremsstrahlung process. In contrast, the orange and
green curves use the T-matrix formalism for this interaction.
Different line styles correspond to different transport methods.
Solid lines indicate the reference transport for the neutrino pair
processes, the dashed line represents the simulations using the
modified absorption opacity «}, for the transport, and the dotted
lines represent simulations using the full transport method for pair
processes. Simulations using FLASH do not have the latter, as
this transport method is not included within FLASH. All these
colors and line styles are summarized in Table 1.

K;,a = FKIJ,(Z’ (4)
E.Ae:

F = min I,M , (5)
Zi Ji.quei

with «,, the neutrino opacity determined by method #1
above, E; the spectral neutrino energy density of the partner
neutrino and J ieq the neutrino equilibrium spectral energy
density of the partner neutrino. The minimum factor shown
in Eq. (5) is for numerical stability but is rarely used as the
neutrino fields should never exceed the equilibrium dis-

tribution deep in the PNS. Therefore, this factor, F, is

always equal to or smaller than 1, effectively reducing the
opacity. Integrating over all the energy bins is necessary to
reproduce the ability of a neutrino of specific energy to
interact with antineutrinos of all other energies. When the
neutrino energy density is in equilibrium, F =1, we
recover detailed balance. This is an empirical improvement
to our effective opacity, and one that, as we shall see below,
does a significantly better job capturing not only the
emergent neutrino spectrum but also the radial profiles
of the neutrino luminosity and the resulting hydrodynamic
properties. We refer to this method throughout the paper as
the “x};”” method. For simplicity, from here on we omit the v
subscript, although these emissivities and opacities are still
energy dependent.

B. Bremsstrahlung formalism

In this paper, we use two different formalisms for the
nucleon-nucleon bremsstrahlung neutrino pair process. The
formalisms are the same as the ones used in Paper [, e.g.,
the one-pion-exchange (OPE) formalism from [20], and the
T-matrix formalism from [28]. We follow the procedure
outlined in Sec. Il A for determining «, and x, for use in
our approximate scheme.

C. Setup

To verify the implementation of our modified absorption
opacity kj, we must compare it to the full transport results
for the heavy-lepton neutrino luminosity and mean energy.
This leads us to test our implementation in GR1D, where all
the different transport methods are implemented, and then
use it in FLASH to perform multidimensional simulations.

1. GRID

GRI1D is a fully general relativistic (GR) hydrodynamic
code in spherical symmetry [34,35]. In GR1D, we use the
same parameters as the ones used in Paper 1. The size of the
simulation is fixed at 800 zones logarithmically spaced,
with the maximum radius being fixed at the radius for
which p = 10?> gcm™3. The inner 20 km has a constant grid
spacing of 300 m. GRI1D uses an M1 scheme with an
analytic closure from [36] for the neutrino transport. The
neutrino energy dimension has been discretized into
18 bins.

2. FLASH

FLASH is a hydrodynamic simulation code [27,37,38]
using a modified GR effective potential in Newtonian
hydrodynamics [39]. While some GR effects are included
in the neutrino transport, this is not the case in the
hydrodynamics other than the use of the effective potential.
FLASH uses a uniform grid combined with an adaptive
mesh refinement scheme. For our 1D simulations, the
maximum radius has been fixed to 10° cm and the
maximum refinement level to 10. This gives a resolution
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of ~203 m in the center of the PNS. We allow the grid to
refine if desired based on the pressure and density gra-
dients. Outside of ~90 km we limit the refinement if
Ar/r <0.0087, a limit which implies an effective angular
resolution in multidimensional simulations of ~0.5°.

For our 2D simulations, the maximum radius is fixed at
10° cm in the x-direction while it spans from —10° cm to
10° cm in the y-direction. For simulations using the SFHo
EOS, the minimal size of a cell is 407 m in the center of the
PNS. For simulations using the SFHo EOS, the minimal
size of a cell is 465 m in the center of the PNS. We have the
same limit on the refinement at larger radii as in our 1D
simulations so as to maintain an effective angular resolution
of ~0.5°. FLASH also uses an M1 scheme for neutrino
transport, using 18 energy bins for the 1D simulations and
12 energy bins for the 2D simulations. The neutrino physics
is the same as the one used in GR1D, with a pre-computed
opacity table generated with NuLib.

3. EOS

We use two different EOS in this study. First, the SFHo
EOS from [22], to compare the results to Paper I, and
second, the SRO EOS from [23] to test the EOS depend-
ence. The SFHo EOS, having a more compact core for the
same mass [25,26], due in part to the thermal part of the
EOS, impacts the cooling of the PNS and the hydro-
dynamic quantities at neutrinospheres. These two EOS can
be used to further test the impact of heavy-lepton neutrino
cooling versus the impact of using a different EOS.

III. RESULTS

In this section, we present the results of our simulations
using different transport methods and nucleon-nucleon
bremsstrahlung interaction formalisms. We will first begin
by presenting the results of our 1D simulations, using
GR1D and FLASH, to test the implementation and effec-
tiveness of our modified absorption opacity «},. We will then
present the results of our 2D simulations using FLASH. As
the explosion time varies greatly between the simulations
using SFHo and the one using the SRO EOS, we choose to
present these results separately.

A. 1D

We use GRID to compute simulations showing the
difference between a kernel-based treatment of v, pair
production (labeled Full), an effective opacity-based treat-
ment (labeled Reference), and our improved effective
opacity-based treatment with «}, (labeled «}). We also
implement this new algorithm into FLASH. In these
spherically symmetric simulations, we do not use any
artificial explosion mechanism. In Fig. 2, we show the
shock radius evolution (top panels) and PNS radius
evolution (bottom panel). On the left, we can see simu-
lations performed using GRI1D; on the right, simulations

TABLE I. Line style and colors for the different simulations in
this work. Simulations using the SRO EOS are represented by
green and blue lines, while simulations using the SFHo EOS are
represented by red and orange lines. Simulations using the OPE
formalism for the nucleon-nucleon bremsstrahlung are repre-
sented by blue and red lines, while the ones using the T-matrix
formalism are represented by green and orange lines. The line
style shows the type of transport used for pair processes, with
solid line representing the reference transport, dashed lines
representing the improved «, transport method, and dotted lines
representing the full transportation for pair processes.

SFHo SRO

Full Reference «& Full

a

Reference  «,

OPE - - - . - - -
T-matrix - - - .. - - -

performed using FLASH. The red and orange lines re-
present simulations performed using the SFHo EOS, and
the blue and green lines represent simulations performed
using the SRO EOS. Dotted lines represent simulations
using the full transport method for the neutrino pair
processes presented Eq. (2), solid lines represent the
effective opacity-based transport shown Eq. (3), and dashed
lines represent simulations using our improved effective
opacity «j, presented Eq. (5). Table I summarizes the
different line styles and colors used throughout the paper.

Starting with the shock radius evolution for simulations
using GRID (top left panel), we observe a difference
starting at around ~50 ms postbounce when the peak shock
radius occurs. For simulations using the SRO EOS, the
shock reaches a maximal radius of ~142 km, showing little
to no differences based on the transport method or the
nucleon-nucleon bremsstrahlung formalism. The largest
difference arises from using the T-matrix formalism for
nucleon-nucleon bremsstrahlung, as seen in Paper L
Simulations using the T-matrix formalism always have a
slightly larger shock radius. For simulations using the
SFHo EOS and the reference transport method, the peak
radius is the same as the SRO EOS at ~142 km, indepen-
dent of the nucleon-nucleon bremsstrahlung formalism.
Simulations using the modified absorption opacity «}, and
the full transport method with the SFHo EOS show a peak
shock radius of ~139 km. This represents a difference of a
few percent, which is not so relevant at peak, but this
difference increases with time, up to ~10% at the end of our
simulations. The nucleon-nucleon bremsstrahlung formal-
ism shows little impact, with a trend for the simulations
using the T-matrix formalism having a slightly larger shock
radius than their equivalents using the OPE formalism, the
same trend observed with the SRO EOS.

In the top right corner of Fig. 2, we show the shock
radius evolution for simulations using FLASH. As the
full transport method for neutrino pair processes is not
implemented in FLASH, only the simulations using the
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modified absorption opacity «}, and the reference transport
method are shown. The effects of the different transports
and nucleon-nucleon bremsstrahlung formalisms are sim-
ilar and consistent with the ones observed in simulations
using GRID. The shock radius in simulations using
FLASH has a maximal radius slightly higher than in
simulations using GR1D. This can be linked to the different
gravity treatment, GR for GR1D [35] and a modified
Newtonian potential for FLASH [27,38,39]. For simula-
tions using the SRO EOS, the shock radius is larger than for
simulations using the SFHo EOS, up to ~11% when
comparing the same neutrino treatments. The differences
linked to the transport method are comparable for both
EOS, with the simulations using the reference transport
method having a larger shock radius by up to ~10%
compared to simulations using the modified opacity «.
The differences linked to the nucleon-nucleon bremsstrah-
lung formalism are lower, with simulations using the
T-matrix formalism having a shock radius larger than
simulations using the OPE formalism by a maximum
of ~5%.

With FLASH, the differences arising from the EOS,
neutrino pair processes transport method, and bremsstrah-
lung formalism are generally larger than the ones observed
using GR1D. This could be linked to the different gravi-
tational potential, leading to different PNS evolution. As
observed in Paper I and [40], a difference in the PNS
evolution can impact the shock evolution, especially in one-
dimensional simulations.

The bottom row of Fig. 2 shows the PNS radius
evolution for simulations using GR1D (left) and FLASH
(right). All the simulations show a similar PNS radius at
peak, but the contraction of the PNS radius for simulations
using FLASH is slower than for simulations using GR1D.
Simulations using GR1D reach a PNS radius of ~30 km at
~300-400 ms postbounce, but simulations using FLASH
reach the same value at ~400-500 ms postbounce.
Depending on the EOS, the PNS radius evolution shows
a similar trend independently of the code. The simulations
using the SRO EOS systematically reach a 30 km radius
~100 ms after the ones using the SFHo EOS. The
differences in the PNS radius evolution linked to the
transport method are smaller, but simulations using
the reference transport method have a slightly larger
PNS radius at equal time. The differences linked to the
nucleon-nucleon bremsstrahlung formalism are negligible,
especially in simulations using GR1D, with a trend of
simulations using the T-matrix formalism always having a
larger PNS radius.

All these variations are consistent with and can be further
understood by looking at the variation in the emergent
neutrino signal, Fig. 3. Here we show the heavy-lepton (v,)
neutrino luminosities (top row) and mean energies (bottom
row). The placement and color code is the same as the
one used in Fig. 2. We begin our discussion with the v,
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FIG. 3. Heavy-lepton neutrino quantities for the different 1D

simulations. The top row shows the v, luminosities, while the
bottom row shows the v, mean energy. The placement, color
code, and line style are otherwise the same as the ones used in
Fig. 2. The relatively small glitches in the mean energy for the
FLASH simulations arise when the shock crosses a mesh
refinement boundary and are due to the velocity dependent
effects in the transport.

luminosity in simulations using GR1D (top left panel). The
v, luminosities show the largest differences when varying
the EOS. Simulations using the SRO EOS have a higher
neutrino luminosity by ~10%-20% at neutrino burst
compared to simulations using the SFHo EOS. This can
be linked to the PNS radius, which is larger for simulations
using the SRO EOS at this time. The neutrino transport
method in simulations using the SRO EOS shows little
impact (<1%), but the nucleon-nucleon bremsstrahlung
formalism causes changes in the v, luminosity between
~30 ms postbounce and ~170 ms postbounce. During this
time, simulations using the OPE formalism have a higher
luminosity, up to ~5%, than simulations using the T-matrix
formalism. For simulations using the SFHo EOS,
differences are larger, with simulations using the reference
transport method having a lower luminosity by ~10% when
compared to simulations using the modified absorption
opacity «}; or the full transport method. These differences
stay through the first ~170 ms postbounce. Simulations
using the full transport method and those using the
modified absorption opacity «}, show similar results.
This is a key result and supports the use of our modified
effective opacity in place of the full treatment. Simulations
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using the T-matrix formalism for nucleon-nucleon brems-
strahlung have a lower luminosity by ~5% compared to
those using the OPE formalism for this interaction.
Generally, higher v, luminosities give more PNS cooling
and therefore lower shock radii (see Fig. 2). For simulations
using FLASH, the v, luminosity (top right panel) shows a
higher luminosity at peak by ~10% for simulations using
the modified absorption opacity «j, independently of the
EOS used. Similarly, using an OPE formalism raises the
luminosity by ~5% at peak. The differences arising from
using a different EOS are stronger when using FLASH than
when using GR1D. Simulations using the SRO EOS have a
peak luminosity lower by ~20% when compared to the
peak luminosity of simulations using the SFHo EOS. Once
again, a higher v, luminosity gives a lower shock radii.

On the bottom row of Fig. 3, we show the v, mean
energies for simulations using GR1D (left) and FLASH
(right). Beginning with GRI1D, we note first that all
variations caused differences of at most 2 MeV in the
mean energies. We separate the impact of the EOS,
bremsstrahlung formalism, and transport method.
Simulations using the SFHo EOS have a higher v, mean
energy by ~7% compared to simulations using the SRO
EOS. The v, mean energy peak is later for the simulations
using the SFHo EOS, with a peak at ~150 ms postbounce,
while simulations using the SRO EOS show a v, mean
energy peak at ~130 ms postbounce. The impact of a
different formalism for the nucleon-nucleon bremsstrah-
lung is similar for both EOS, with simulations using the
T-matrix formalism having a higher mean energy by ~3%
throughout the simulations. The transport method produces
larger differences for simulations using the SFHo EOS,
with a v, mean energy ~2% higher than the reference
method when using the full transport or the modified
opacity k. This difference is only present for the first
~250 ms postbounce. When using GR1D, the v, mean
energy for simulations using the modified absorption
opacity «j, is close or identical to the v, mean energy of
simulations using the full transport method. Simulations
using the SRO EOS show little impact from the use of
different formalisms for the nucleon-nucleon bremsstrah-
lung or the use of different transport methods for the pair
processes. When using FLASH, the differences linked to
using different EOS and formalism are similar to the ones
appearing when using GR1D. The differences linked to the
transport method are otherwise larger for the simulations
using the SRO EOS when using FLASH. This is consistent
with the larger deviation in the PNS evolution seen in Fig. 2
and, as discussed above, is likely linked to a difference in
the gravity (effective vs GR) treatment between the
two codes.

This section presented the hydrodynamic and v, quan-
tities for our different simulations depending on the code,
EOS, pair processes treatment, and nucleon-nucleon
bremsstrahlung formalism used. We show the close

agreement between the full and approximate transport
using the modified absorption opacity «}, for pair processes
in Fig. 1, as well as in simulations using GRID.
Simulations using the modified absorption opacity «}; for
the pair processes do not only reproduce the v, luminosity
and mean energy of simulations using the full transport,
they also show a great agreement in the radial neutrino
distribution and luminosity, density, and temperature, for a
considerably smaller computational cost. Using the modi-
fied absorption opacity «} in FLASH shows results in
agreement with the ones found in simulations using GR1D,
confirming the validity of our new approximation.
However, the differences arising from a different transport
or nucleon-nucleon bremsstrahlung formalism are small
compared to differences arising from using a different EOS.
We performed a set of two-dimensional simulations, which
all lead to an explosion, to further study the impact of using
a different EOS or v, transport and interactions.

B. Neutrino effects in two-dimensional simulations

In this section, we will focus on the effect of the use of a
different nucleon-nucleon bremsstrahlung formalism, OPE
vs T-matrix, and the effects linked to the transport method
for the treatment of pair process interactions, the reference
emissivity vs the modified absorption opacity «}; in our
two-dimensional simulations. We consider these effects
assuming two different nuclear EOS. In order to compare
each effect, we performed a set of two-dimensional
simulations, each of which ran until the time of the
explosion. In Fig. 4, we show the shock radius evolution
for our 2D simulations. The bounce time is different for the
simulations using SRO and SFHo (319 ms and 300 ms,
respectively); therefore, the time is considered time post-
bounce using the respective bounce time. Looking at the
shock radius evolution, after the first ~200 ms, two
families appear depending on the EOS used. The simu-
lations using the SFHo EOS (red and orange lines) do
explode near (or soon after) the time when the Si/O shell
interface accretes through the shock, between ~350 ms and
~500 ms postbounce. The simulations using the SRO EOS
show a short shock revival after the first plateau as the Si/O
shell is accreted, but it is insufficient to trigger the
explosion, which will occur from ~700 ms postbounce.
The different evolutions of the simulations can be linked to
the compactness of the PNS, with simulations using the
SFHo EOS having a faster contraction, a denser core and a
lower density in the gain region.

As the evolution of the explosion shows strong
differences linked to the EOS, it is important to separate
the simulations by EOS to observe the impact of neutrino
transport and nucleon-nucleon bremsstrahlung formalism
[41,42]. The different explosion times could lead to differ-
ent quantitative conclusions on the impact of the neutrino
effect in these simulations with different EOS, from the
early explosion in simulations based on the SFHo EOS to
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FIG. 4. Shock evolution for all 2D simulations. The shock
evolution and explosion time are extremely dependent on the
EOS, with a difference of up to ~500 ms between explosion
times.

the late explosions for simulations based on the SRO EOS.
We, therefore, begin with a study of the impact of the
neutrino effects in the simulations based on the SFHo EOS
and then study the impact of these effects in simulations
based on the SRO EOS. While, here, we mainly consider
the EOS as being the driving factor for the hydrodynamic
evolution differences, it is important to point out that these
kinds of differences can also be linked to stochastic effects,
as pointed out in [37,43].

1. SFHo

In this subsection, we present the results of our 2D
simulations based on the SFHo EOS. We begin by
presenting the hydrodynamic results in Fig. 5. In this
figure, we show the shock radius evolution with time in
the top panel and the PNS radius evolution in the bottom
panel. Early on, all trends are consistent with the obser-
vations from our 1D simulations. The red curves represent
simulations using the OPE formalism for the nucleon-
nucleon bremsstrahlung, and the orange curves represent
simulations using the T-matrix formalism. The solid lines
are simulations using the reference absorption opacity,
and the dashed lines represent simulations using our
modified absorption opacity «j for the neutrino pair
processes transport. Focusing first on the shock radius

400 L . A L
— Reference

*

-— K

300+

2001

100 1

Shock radius [km]

.. — OPE
T-matrix [

O
o

(0]
o
e

PNS radius [km]
(0] (o)) ~
2.2..°

B
o

[OY)
o

001 02 03 04 05
tob [S]

o
o

FIG. 5. Shock radius (top) and PNS radius (bottom) evolution
for the 2D simulations using the SFHo EOS. In red are the
simulations using the OPE formalism for the nucleon-nucleon
bremsstrahlung; in orange are the simulations using the T-matrix
formalism. The solid lines represent the simulations using the old
approximation for the pair processes, and the dashed lines
represent the new approximation using a modified opacity .

evolution, all the simulations show a monotonic shock
expansion, reaching a plateau of ~150 km around 60 ms
postbounce. This plateau lasts for ~100 ms before show-
ing a small recession followed by a rapid expansion
around the time of Si/O shell interface accretion. These
2D simulations show that the modified absorption opacity
K, which captures the v, transport more faithfully than the
reference method, is systematically impacting the simu-
lated nonlinear evolution of the postbounce core-collapse
phase, including the time of the explosion. Due to this
complex nonlinearity, it is difficult to pin point the precise
cause; nevertheless we present a thorough analysis of
various aspects of these simulations in search for other
systematic differences that might be cause by the v,
transport approximations.

We show the PNS radius evolution on the bottom panel
of Fig. 5. Around 20 ms postbounce, the PNS radius
reaches a peak of ~80 km for all simulations. When the PNS
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FIG. 6. Heavy-lepton neutrino luminosity (top) and mean
energy (bottom) evolution for the 2D simulations using the
SFHo EOS. The line type and colors are the same as for Fig. 5.

begins to contract (at ~50 ms postbounce), simulations using
the modified absorption opacity «j, show a PNS radius
consistently lower by a few percent. While the difference
does not exceed ~2 km, it is consistent with a faster cooling
of the PNS brought by a higher v, luminosity.

In Fig. 6, we present the heavy-lepton neutrino lumi-
nosities (top) and mean energies (bottom) for our 2D
simulations using the SFHo EOS. The luminosities show
a peak at ~100 ms postbounce, reaching a maximum value
of ~35-40 x 10°! ergs~!. This peak is followed by a linear
decrease up until the time of the explosion. The use of the
modified absorption opacity k), increases the peak lumi-
nosity peak by ~10%, but this difference decreases after
~200 ms and becomes negligible. The impact of a different
formalism for the nucleon-nucleon bremsstrahlung inter-
action is lower (~2%) but stays constant throughout the
simulation. These results are similar to the ones observed in

Sec. III A. The difference in luminosity is consistent with
the previously observed PNS radius difference.

The v, mean energy shown in the bottom panel of Fig. 6
increases linearly throughout the simulation while the PN'S
contracts. This is due to an increase in the temperature at
the v, neutrinosphere, which leads to the production of
higher energy neutrinos. The mean energy shows a short
peak at bounce, reaching ~16.5 MeV, before dropping to a
minimum value of ~14.5 MeV at ~20 ms postbounce,
before increasing linearly up to ~18 MeV. Using a
modified absorption opacity «;, increases the mean energy
by ~5% steadily throughout the simulation. Using the
T-matrix formalism for nucleon-nucleon bremsstrahlung
shows little impact for the first 150 ms, and then increases
the luminosity by ~5% in a similar fashion to the transport
method, once again consistent with 1D results.

As the transport of v, and 7, is the main mechanism of
energy transport between the cooling PNS and the matter
behind the shock, they are the main factors influencing the
heating. The net neutrino heating is shown in Fig. 7 (top
panel), along with the ratio of the advection and heating
timescale (middle panel), and the kinetic energy in the gain
region. The ratio of the advection and heating timescale is
commonly used to represent the explosion trigger as a
heating timescale that is smaller than the advection time-
scale allows the matter to expand. 7,4,/Thear ShOWs a
difference between the simulations starting from
~200 ms postbounce based on the pair processes transport
method, with simulations using the modified opacity «;
having a lower 7,4,/7hear than simulations using the
reference transport. These differences in 7,4, /Tpeq last up
until the explosion triggers, with 7,4,/7pe reaching 1 at
~350 ms postbounce for simulations using the reference
opacity, while for simulations using the modified absorp-
tion opacity k7, T,qv/ Theat r€aches 1 at ~450 ms postbounce.
The net neutrino heating shows little to no differences
between the simulations, but the kinetic energy in the gain
layer is higher for simulations using the modified absorp-
tion opacity «j than for simulations using the reference
transport through the first ~200 ms. This inverses after
~250 ms postbounce, with simulations using the reference
transport having a higher kinetic energy in the gain layer,
following the same trend as 7,4,/ Thear-

While v, neutrino luminosities and mean energies show
differences depending on the transport method and
nucleon-nucleon bremsstrahlung formalism, this difference
is not as straight-forward for electron neutrinos and anti-
neutrinos. As we apply the pair processes only on heavy-
lepton neutrinos (due to their low impact on electron
neutrino and antineutrino quantities), the change in electron
neutrino and antineutrino energy and luminosity is stem-
ming purely from the hydrodynamic conditions at the
neutrinosphere and the gain region. If plotted, the electron
neutrino and antineutrino luminosities at 500 km and their
mean energies do not show significant differences, explain-
ing the similar net heating in all simulations. Nevertheless,
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and color are the same as the ones used in Fig. 5 and presented in
Table I.

there could be systematic differences in the radial profile of
the neutrino cooling and heating causing the observed
trends between the various simulations. This is difficult to
disentangle due to stochastic convection and turbulence
occurring within the 2D simulations.

We show in Fig. 8§ the radius, kinetic energy, and mass of
the PNS convection zone. We define this convection zone
as the entire convectively unstable layer starting in the PNS,
but not constrained by the density limit of the PNS. This
convectively unstable layer is defined as the layer in which
the averaged Brunt-Viisild frequency is consistently neg-
ative, following the Schwarzschild criterion [44.,45].
Initially, this zone is quite large due to the prompt
convection, but soon (~50 ms) after bounce the entire
convectively unstable zone is located inside the p > 1 x
10" gem™ limit, confirming it as the convection layer of
the PNS. The radius of the convection layer is similar for all
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FIG. 8. Radius (top panel), kinetic energy (middle panel), and
mass (bottom panel) of the convectively unstable zone around the
PNS manifested by a negative Brunt-Viisild frequency. The top
panel represents the radius of the bottom and top of the
convectively stable layer. The colors and line styles are the same
as the ones used in previous figures in this section and presented
in Table 1.

the simulations, with simulations using the reference trans-
port approximation having a slightly larger convection zone
for the first 200 ms postbounce. The main difference
appears in the kinetic energy, with simulations using the
modified absorption opacity «}, formalism having a kinetic
energy higher by up to ~30% from 50 ms to ~300 ms
postbounce. The simulation using the modified absorption
opacity «, transport coupled with the OPE formalism for
nucleon-nucleon bremsstrahlung shows the highest kinetic
energy while the simulation using the reference transport
method and the T-matrix formalism for nucleon-nucleon
bremsstrahlung shows the lowest kinetic energy. This
difference impacts the hydrodynamic quantities in the
PNS convection zone, which is around the -electron
neutrino and antineutrino neutrinospheres, and therefore
may impact the cooling, heating, and the emergent energy
and luminosity of these neutrinos [46—48]. A higher
temperature and density at the neutrinosphere explains
the fact that a faster contraction of the PNS tends to lead to
earlier explosions. While this faster contraction could be
counted as an advantage toward the explosion, in our
simulations, the kinetic energy in the gain region at the time
of explosion (~200 ms) is smaller for simulations using the
modified absorption opacity «} and the shock revival
occurs later (see Fig. 7).
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2. SRO

In this section, we will present the results from our
simulations based on the SRO EOS. As in Sec. III B 1, we
used FLASH to perform a set of 2D simulations, using
different transport methods and nucleon-nucleon brems-
strahlung formalisms. We begin by presenting the hydro-
dynamic quantities such as the shock and PNS radius,
followed by the neutrino luminosities and mean energies,
and finally a closer study of the PNS convection layer.

In Fig. 9, we show the shock radius evolution (top panel)
and the PNS radius evolution (bottom panel). As in Sec. III
A, simulations plotted in blue use an OPE formalism for the
nucleon-nucleon bremsstrahlung interaction, while the
simulations plotted in green use a T-matrix formalism
for this interaction. The simulations plotted in solid lines
use the reference opacity for the simplified transport, while
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FIG. 9. Shock radius (top) and PNS radius (bottom) evolution
for the 2D simulations using the SRO EOS. In blue, the
simulations use the OPE formalism for the nucleon-nucleon
bremsstrahlung, in green the simulations use the T-matrix
formalism. The solid lines represent the simulations using the
old approximation for the pair processes, and the dashed lines
represent the new approximation using a modified opacity .

those plotted in dashed lines use our modified opacity «;.
The shock radius expands for the first ~50 ms before
plateauing and then splitting into two families, with the
simulations using the reference opacity having a slightly
larger radius than the ones using the modified opacity «;.
The shock radius then presents a short expansion at
~250 ms postbounce when the Si/O shell is accreted.
This difference still does not trigger the explosion in any
of the cases and the shock recedes. It then stalls at ~100 km
before expanding at different times depending on the
simulation. The explosion time does not seem to depend
on the transport method, but simulations using the T-matrix
formalism seem to explode earlier than simulations using
the OPE formalism. These differences, especially since
they are occurring at late times, are of small amplitude and
would likely be unnoticeable when compared to the
addition of stochastic effect stemming from initial progen-
itor perturbations or postbounce turbulence [40,43].

The PNS radius evolution is shown in the bottom panel
of Fig. 9. The PNS radius peaks at ~88 km at 25 ms
postbounce, with simulations using the reference opacity
having a larger PNS radius by ~2 km. This difference stays
throughout the simulation as the higher neutrino luminosity
allows the PNS to cool and contract faster, similarly as for
the 1D simulations presented in Sec. III B 1.

In Fig. 10, we present the v, luminosity (top panel) and
mean energy (bottom panel) evolution with time. Similar
to the simulation using the SFHo EOS presented in
Sec. IIIB 1, simulations using the modified absorption
opacity «}, show higher luminosity throughout the simu-
lation. Comparing the same nucleon-nucleon bremsstrah-
lung formalism, the use of the modified absorption opacity
K}, increases the luminosity through the simulation by
~10%. For differences linked to the bremsstrahlung for-
malism, simulations using the OPE formalism have a
systematically higher luminosity, with a difference of
up to ~5% at 50 ms postbounce. This difference is lower
than the one brought by the use of a different opacity,
but compounding the two differences makes a maximum
difference of ~15% in the luminosities.

A similar trend is shown in the mean energy (bottom
panel), with simulations using the modified absorption
opacity «}, having a higher mean energy for the heavy-lepton
neutrinos higher by ~3% in the first 300 ms postbounce when
comparing simulations using the same formalism for the
nucleon-nucleon bremsstrahlung. The difference linked to
the nucleon-nucleon bremsstrahlung formalism while using
the same opacity brings a difference of ~3% in the mean
energy, with simulations using the T-matrix formalism
showing a higher mean energy. This makes the mean energy
in the simulation using both the T-matrix formalism and the
modified absorption opacity «}, higher by ~6% when
compared to simulations using the OPE formalism and the
reference opacity for pair processes. The difference between
formalisms is more pronounced in simulations using the
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FIG. 10. Heavy-lepton neutrino luminosity (top) and mean
energy (bottom) evolution for the 2D simulations using the SRO
EOS. The line type and colors are the same as for Fig. 9 and
presented in Table I.

SRO EOS than in simulations using the SFHo EOS, but this
is largely due to the difference in PNS structure, leading to
different neutrinosphere radii.

These differences explain the different PNS radius
evolution depending on the opacity and nucleon-nucleon
bremsstrahlung formalism, but to see if it could impact the
explosion time, we show in Fig. 11 the neutrino heating
(top panel), advection and heating timescale ratio (middle
panel), and kinetic energy in the gain radius (bottom panel).
The proxy 7,qy/7hea» representing an explosion when
reaching 1, shows differences up to 400 ms between
simulations. When comparing 7,4,/Thea €VOlution to the
heating evolution, we see a clear impact of the heating in
the first ~500 ms postbounce, with simulations using the
reference opacity having a larger heating. This difference in
the neutrino heating then disappears. This shows that the

15.0
— Reference

*

L

=
N
w

=
=
o

V heating
[10°1 erg s71]
~

w

o
o

~
A

2.51 SRR A A
0.0
25 — OPE
— T-matrix
2.01

Tadv/ Theat
(=)
w

=
o

o
wn

E, Kin, gain

FIG. 11. Net neutrino heating in the gain region (top panel),
Tadv/ Thear (Middle panel), and kinetic energy in the gain region
(bottom panel) for simulations using the SRO EOS. Line style
and color are the same as the ones used in Fig. 9.

different explosion times (all after 700 ms postbounce)
cannot be solely linked to the difference in neutrino
heating. This difference is then likely linked to differences
in the turbulence and convection in the gain layer. The
bottom panel of Fig. 11 represents the kinetic energy in the
gain layer, which follows a similar trend as the heating for
the first 500 ms postbounce, with the kinetic energy only
increasing with the explosion. The lack of differences in the
kinetic energy of the gain layer and the neutrino heating
between simulations after the first ~500 ms shows that the
explosion time is driven by stochasticity. We note that the
peak heating is ~20% lower for these simulations using
the SRO EOS when compared with the SFHo simulations
in IIIB 1. This, in part, explains the lack of an earlier
explosion.

In Fig. 12, we show the radius, kinetic energy, and mass
of the convectively unstable layer starting in the PNS. As
mentioned in Sec. III B 1, this convectively unstable layer
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FIG. 12. Hydrodynamic properties for the convectively unsta-
ble layer starting in PNS, calculated as the presence of a negative
Brunt-Viisild frequency. The top panel represents the extent of
the convective layer, the middle panel represents the kinetic
energy in that layer, and the bottom panel represents the mass of
the convective layer. The colors and line styles are the same as the
one used in Fig. 9. The scheme used to isolate the PNS
convection layer is unreliable after ~750 ms postbounce, and
therefore we do not display the convection layer hydrodynamic
properties after this point.

limits are inside the PNS after the first ~50 ms, confirming
it as the convection layer of the PNS. The mass of the
convection layer shows little difference between simula-
tions using different treatments, while the kinetic energy
and radius show differences from ~75 ms postbounce. For
the radius of the PNS convection layer, the differences are
only distinguishable at ~175 ms. Simulations using the
modified opacity «}; show a higher kinetic energy in the
PNS convection layer, and a slightly smaller radius of
the convection zone. Simulations using the modified
absorption opacity «j, transport coupled with the OPE
formalism for nucleon-nucleon bremsstrahlung show the
highest kinetic energy by ~20% when compared with
simulations using the reference transport method and the
T-matrix formalism for nucleon-nucleon bremsstrahlung.
This difference impacts the density and temperature in the
PNS convection zone, which is around the -electron
neutrino and antineutrino neutrinospheres, and therefore
impacts the energy and luminosity of these neutrinos, while
not being enough to change the course of the explosion as
the net heating shows little differences.

IV. CONCLUSION

In this paper, we presented the results of various
modifications made to heavy-lepton neutrino transport
processes. We use one- and two-dimensional simulations
as well as different nuclear EOS to quantify the impacts of
these modifications. In Sec. II, we presented a new
approximation for an effective opacity used to model the
pair-production of heavy-lepton neutrinos. This allows a
better inclusion of neutrino physics without increasing the
computational time. We also extend the results of Paper I by
integrating the T-matrix formalism kernel for the nucleon-
nucleon bremsstrahlung pair process, allowing us to use it
as an effective opacity.

In Sec. IITA, we presented the results of our new
approximation in GR1D and FLASH, showing the accu-
racy of this modified absorption opacity «}; when compared
to the full transport method in GR1D. The results show that
our new approximation does a significantly better job at
reproducing the results of the computationally expensive
full treatment when compared to the our original reference
method used in [34] and Paper I without increasing the
computational cost. This shows that our modified absorp-
tion opacity «, is a good replacement for the full calculation
of the pair production processes for multidimensional
simulations, where the computational cost is high.

To test the impact of our modified opacity in different
scenarios depending on the explosion time, we used two
different EOS, namely the SFHo EOS from [22] and the SRO
EOS from [26], which was used as a baseline in [24]. In our
one-dimensional simulations, the impact of the new opacity
and the use of a T-matrix formalism for the nucleon-nucleon
bremsstrahlung is similar to the impact of using a different
EOS. Simulations using the SRO EOS show a slower
evolution of the PNS and a larger shock radius, leading to
a lower v, luminosity and mean energy. While in one-
dimensional simulations, differences stemming from the use
of different EOS or neutrino pair processes are in the same
ballpark, the difference in PNS evolution depending on the
EOS used makes for a vastly different explosion time in two-
dimensional simulations for this progenitor.

In Sec. I1I B, we showed the impacts of using our modified
opacity and a different formalism for the nucleon-nucleon
bremsstrahlung interaction in multidimensional simulations
while separating simulations depending on the EOS used.

Using our modified absorption opacity «}; in simulations
using the SFHo EOS results in a higher v, luminosity and
mean energy, in turn leading to faster cooling of the PNS,
which increases the kinetic energy in the convective layer of
the PNS for the first ~200 ms postbounce. As the neutrino-
spheres are located within the first ~25 km of the PNS,
simulations using the modified absorption opacity «J, show a
higher energy and luminosity for all the neutrino species.
However, this effect only lasts for the first ~200 ms of the
simulations and does not impact the neutrino heating in a
significant manner. This, coupled with the kinetic energy in
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the gain region being smaller for simulations using the
modified absorption opacity «;, leads to a later shock revival.
The use of a T-matrix formalism for the nucleon-nucleon
bremsstrahlung did not impact the explosion in any system-
atic manner but did decrease the kinetic energy in the PNS
convection layer when compared to the use of an OPE
formalism.

For simulations using the SRO EOS, the use of a
different formalism for the nucleon-nucleon bremsstrah-
lung interaction and the use of our modified opacity did not
make significant changes to the final explosion time. We do
note that the use of the modified opacity «J, with the SRO
EOS gave results consistent with the changes we saw for
the SFHo EOS in the first 200-300 ms (i.e., an increase in
the kinetic energy in the PNS convection zone, an increase
in the emergent neutrino quantities, and a faster receding
shock), but lower overall neutrino heating results in delayed
(after 700 ms) explosions. At this later explosion time, no
clear impact of the variations is seen.

The use of a different EOS leads to different shock
evolution, as the difference around the neutrinospheres in
both temperature and density heavily impacts neutrino
emission, and thus the heating. Simulations using the
SFHo EOS have a stronger neutrino heating, and a more
compact inner region, leading to an earlier explosion.

These different simulations show that the impact of a
modification in the treatment of pair processes in v,
can be seen in the case of an early explosion. In delayed
explosions, using a different treatment does not signifi-
cantly impact the explosion in this progenitor. It would,
however, be interesting to study the impact of these
differences on both the neutrino signal and the gravitational
waves, as the PNS convection layer is heavily impacted by
the neutrino treatment in the first 200 ms postbounce.
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APPENDIX

In this appendix we motivate and calculate, in more
detail than the main text, the derivation of our two different
effective absorption opacities. We begin by considering the
neutrino radiation moment source terms for a neutrino—
anti-neutrino production/annihilation process [33],

Sy pair = ¥ / B (u” + 1), (A1)
where v is the neutrino energy, u® is the four-velocity of the
fluid, [* is a unit vector perpendicular to u“*, and the

collision term, BY"" is given as

BT = / V2V dQ[(1 = f,)(1 = f,)RP® = fLf,R™)].
(A2)

After expanding the interaction kernels in moments and
performing the angular integrals, we arrive at a fairly
complex expression in terms of the radiation moments
of the two neutrinos involved, see Eq. (4.19) of [33],
repeated here,

dv -
St = [ 4 [0~ 4w+ ) 4 -3,

3 et

HY,
< R0 = (42 = )R )

+ IR (v, )} + (hy HUHGue + LY, HY)

X [RY°(v.V) = R{™(v. /)] = (J,u® + HY)

X JyR&M (v, 1)]. (A3)

This expression is used for the “Full” simulations in this
paper. Considering the simplification of this equation by
first, only retaining the zeroth order term in the kernel
expansion (i.e., R'™/™™ =0), and second ignoring the
final-state neutrino blocking associated with the neutrino
pair production term this results in a greatly simplified

expression,

a dv 3 a /3 pPro /
S pair = 7[(4771/ u®)4n/ Ry (v, V)

= (Jou® + HE)JyR§™ (v.0)], (A4)

which we then collect into a standard emission/absorption
form,

S(l

v.pair — (n, = K0l Ju* — K, oH3, (AS)

103049-14



NEW APPROXIMATION FOR HEAVY-LEPTON NEUTRINO PAIR ...

PHYS. REV. D 111, 103049 (2025)

where

d /!
n, = 4’ / 774771/3R8r°(1/, V), (A6)

and

!/

o= [ IR w0, (A7)
As we can see, with the approximations we have made so
far, 77, can be calculated a priori without knowing the
particular neutrino distributions; on the other hand, «,,
involves the entire energy distribution function of the other
neutrino partner via J,, term in the integral expression, as to
be expected since a neutrino of energy v can annihilate with
an antineutrino of any energy v/.

However, we know that if the neutrino fields are in
equilibrium with the matter then this absorption term «, ,
must be equal to 7,/J, ¢ via Eq. (AS). For this case of
neutrino-pair annihilation, this equality is only true when the
neutrino fields are in equilibrium. Furthermore, this is
equivalent to replacing the J,, in Eq. (A7) with J, ., the
equilibrium neutrino distribution of the partner neutrino.

In this paper, taking «,, =1,/J,¢ is our “Reference”
effective absorption opacity. In Paper I and [34] it was
shown that this approximation does a good job in capturing
the transport of the heavy-lepton neutrinos. However, assum-
ing that the partner neutrino has a distribution equal to the
equilibrium distribution overestimates the absorption opacity
(potentially up to ~50%, see Paper I and Fig. 1). In this work,
we extend this effective absorption opacity by applying a
reduction factor to the opacity given by the ratio of the
instantaneous energy density of the partner neutrino field to
the equilibrium energy density of the partner neutrino field.
This correction factor must be calculated at each time step,
but is done explicitly and is a straightforward integral. Our

modified effective absorption opacity, “x};” is given as
Y.E;A¢;
K, =—" xkK,,. A8
v,a ZlJlquAel v,a ( )

While Eq. (A5) and this expression for the effective opacity
still remains an approximation, as we show in this paper, it
does a much better job at matching the transport results of
simulations using the “Full” expression in Eq. (A3) than
simply using «, .
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