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We introduce classical, relativistic Lagrangians for point-particle analogs to the field theory description
of the standard-model extension (SME) for Lorentz violation. Lagrangians of a form alternative to those
derived and studied in previous works are in the spotlight. Interestingly, they have well-defined massless
limits, which makes them suitable for describing classical-particle analogs of photons subject to Lorentz
violation. We first deal with different types of Dirac fermion coefficients, followed by various
configurations of the SME photon sector. The Lagrangians are accompanied by constraints that we treat
properly using the techniques due to Dirac. The results encountered may find application in photon
propagation through gravitational fields in the presence of spacetime symmetry violation. Connections to
Finsler geometry are likely to exist.
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I. INTRODUCTION

Violations of the fundamental spacetime symmetries
may be a signal for physics at the Planck scale, where
quantum effects and the gravitational interaction are
expected to be equally significant. In fact, theoretical
evidence for such violations has emerged in strings
[1–8], loop quantum gravity [9–13], spacetime foam
models [14–19], approaches to a noncommutative space-
time structure [20,21], chiral field theories on topologically
nontrivial spacetime manifolds [22–25], and alternative
ultraviolet completions of general relativity such as
Hořava-Lifshitz gravity [26].
The standard-model extension (SME) [27–29] was

conceived as an effective field theory framework for
experimental tests of Lorentz violation. As a classical field
theory, it is capable of describing propagating plane waves
and wave packets through superposition. After all, field
theory was originally introduced to model continuous
mechanical systems with an infinite number of degrees

of freedom. What the SME cannot do is parametrize
Lorentz violation for a classical, relativistic, pointlike
particle. The closest a field theory comes to describing
the latter is by constructing a wave packet of ever
decreasing width, whose limit is the Dirac delta function
in position space. However, doing so comes with several
impasses. First, a Dirac function in position space involves
an infinite number of plane waves with different frequen-
cies. Second, for dispersion relations that are nonlinear in
the wave number, the width of a wave packet increases
over time.
There are several reasons why a parametrization of

Lorentz violation for classical, pointlike particles can be
valuable. The first is to be found in phenomenology. Some
experimental tests of the gravitational laws, especially tests
of the universality of free fall [30–34], are carried out with
macroscopic test masses; see also Refs. [35,36]. A field
theory approach is far from suitable for handling the
physical behavior of such a system, but only classical
mechanics allows for doing so. The second reason is a
mathematical one. Classical point-particle Lagrangians are,
in principle, path length functionals, whereupon they
establish a direct connection to pseudo-Riemannian geom-
etry. Modified path length functionals give rise to Finsler
structures, which describe extensions of Riemannian geom-
etry [37–43]. The latter can have appealing properties that
are interesting within pure mathematics as well as in
applications [44–46]. In fact, Finsler geometry and
modified-gravity models resting upon it experienced a
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renaissance some years ago. The reader may consult the
extensive reviews [47–49] providing detailed information
on the history, development, mathematical properties, and
applications to gravity.
To construct modified point-particle settings in the

presence of Lorentz violation, one could introduce new
background fields at the level of the Lagrangian for a
pointlike particle. However, these background fields would
have no obvious relationship to those of the SME, whose
physics has been investigated since the construction of the
minimal SME in 1998 [27–29]. A more suitable approach
is to start from the SME and to develop a mapping
procedure to classical Lagrangians that now involve the
same background fields already used in the SME. Such a
procedure was successfully introduced for the minimal
SME in 2010 [50]. Afterwards, it found application in
multiple coefficient sets of the SME fermion sector
[51–54], and the relation to Finsler geometry was estab-
lished, too [55–57]. Moreover, the technique also turned
out to be fruitful in the nonminimal SME [58–60]. Finally,
a perturbative approach to construct this map emerged in
Ref. [61], initially used within a modified scalar field
theory and later extended to Dirac fermions [62,63].
Some of the SME classical Lagrangians encountered

before are known to occur in certain problems or have been
subject to additional studies. For example, the aμ- and bμ-
type structures play a crucial role in problems of classical
mechanics and electrodynamics [64,65]. The authors of
Refs. [66,67] focus on particle kinematics based on yet
another class of SME point-particle Lagrangians. Different
field theories for scalar, vector, and Dirac fields based on
Randers spacetime are defined and examined in Ref. [68].
In the latter paper, it is also shown how these settings
reproduce several terms contained in the SME action.
Most of the investigations carried out in the previously

mentioned papers are based on modifications of the
relativistic Lagrangian L0 ¼ −m

ffiffiffiffiffi
ẋ2

p
[69,70]. The latter

is valid for a pointlike particle of massm propagating along
the trajectory xμ ¼ xμðλÞ with four-velocity ẋμ in terms of
the parameter λ. Lagrangians of this form have been used in
the SME to describe point-particle propagation in the
presence of SME background fields. Despite the interesting
features of these Lagrangians, they also have several
disadvantages. These are already evident from the standard
Lagrangian L0 and are inherited by their Lorentz-violating
counterparts. First, L0 does not possess a useful massless
limit, i.e., it is unsuitable for pointlike particles without
mass. Second, L0 is nondifferentiable on the nullcone
ẋ2 ¼ 0 in position space, which again reveals serious issues
in the massless regime. Third, the canonical momentum
associated with L0 cannot be inverted for the particle
velocity, disclosing the presence of primary constraints
related to the dynamical variables.
Interestingly, a point-particle Lagrangian alternative to

L0 was proposed decades ago [71–75] and motivated the

form of the action for certain string field theories. This
Lagrangian does not exhibit the problematic features of L0

mentioned before, but it has not found broad application
within the SME. The objective of this paper is to present
this Lagrangian, outline its properties, and apply it to
various sectors of the minimal SME. Some of the latter
have not yet been treated satisfactorily to this point.
Different definitions of point-particle Lagrangians and

pseudo-Finsler structures have been introduced over the
years. Initial treatments of Finsler structures with
Lorentzian signature date back to Asanov [76] and
Beem [77]. Asanov defines the Lagrangian as the square
of a nonnegative Finsler structure, which is positively
homogeneous of degree 1 in the velocity. He then reduces
the tangent bundle of the Finsler manifold to those vectors
that he calls admissible. This approach is only capable of
describing timelike geodesics. In contrast, Beem defines
the Lagrangian independently of any Finsler structure as a
real and sufficiently smooth function that is positively
homogeneous of degree 2 in the velocity. The latter
approach allows for timelike, lightlike, and spacelike geo-
desics, making it also adequate for describing the propa-
gation of light rays.
More recent treatments by Lämmerzahl and collabora-

tors [78,79] are based on Beem’s definition, but they relax
the smoothness requirement from the original paper.
Finslerian extensions of the Klein-Gordon, Maxwell, and
Dirac equations are proposed in Refs. [80,81]. The authors
of Refs. [82–84] demonstrate how the propagation of light
rays in scenarios involving material media and modified
vacua can be described in a pseudo-Finsler setting.
Pfeifer and Wohlfarth extend Beem’s original definition

by permitting Lagrangians that are homogeneous in the
velocity of degree ≥ 2 [85,86]. Moreover, they require the
Lagrangian to satisfy a kind of reversibility condition.
Based on the latter definition, Ref. [87] defines a scalar
Finslerian field theory, and Finslerian extensions of
Einstein’s gravity theory are examined in Refs. [86,88].
Last but not least, Sánchez and collaborators use their own
definition of a pseudo-Finsler structure [89], which they
compare to many of the existing approaches in the
contemporary literature. They can look back on a signifi-
cant amount of research on questions of causality in Finsler
spacetimes and applications in special and general relativity
[90–94]. The latter outcomes are also a driving force behind
research in black-hole physics [95,96] based on techniques
of Finsler geometry.
Our approach to constructing point-particle Lagrangians

with modified kinematics differs from the other procedures
outlined previously. Our Lagrangians involve an auxiliary
quantity known as the einbein, which gives rise to a
different constraint structure and has not been considered
in any of the previous techniques. The Lagrangians to be
found are not positively homogeneous in the velocity, but
they are positively homogeneous at first degree when
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taking the einbein into account. As shall become clear
below, this construction works for massive particles and is
more than suitable for describing massless-particle kin-
ematics, too.
The paper is organized as follows. Section II reviews the

properties of the two classical Lagrangians that are known
for a Lorentz-invariant setting. Section III is dedicated to
developing extensions of the alternative Lagrangian for
complementary coefficient sets of the SME fermion sector.
In particular, we treat the aμ, eμ, bμ, andHμν coefficients. In
Sec. IV, we delve into a detailed analysis of the constraints
that accompany the previous Lagrangians. Section V shows
how to construct classical analogs to photons based on the
Lagrangians focused on to this point. Finally, we conclude
in Sec. VI and provide an outlook on intriguing problems
that could be tackled within the approach presented.
Appendixes A, B, and C present worthwhile calculational
details and additional results. Natural units with ℏ ¼ c ¼ 1
are used unless otherwise stated. The Minkowski metric
has signature ðþ;−;−;−Þ. Lorentz and spatial indices are
denoted by Greek and Latin letters, respectively.

II. LORENTZ-INVARIANT CASE

Our starting point is the point-particle descriptions
governed by each of the following classical Lagrangians
[70–75]:

L0 ¼ L0ðx; ẋÞ ¼ −m
ffiffiffiffiffi
ẋ2

p
¼ −m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμνðxÞẋμẋν

q
; ð1aÞ

L̃0 ¼ L̃0ðx; ẋÞ ¼ −
1

2

�
ẋ2

e
þ em2

�

¼ −
1

2

�
1

e
gϱσðxÞẋϱẋσ þ em2

�
; ð1bÞ

where gμνðxÞ is a generic spacetime metric and e is a scalar
density given on the particle trajectory and interpreted as an
einbein. Note that Eq. (1a) is positively homogeneous of
degree 1 in the velocity, i.e., L0ðx; ζẋÞ ¼ ζL0ðx; ẋÞ for
ζ > 0. The crucial implication of this property is that the
action

S0 ¼
Z

dλL0ðx; ẋÞ ð2Þ

remains invariant under reparametrizations of the particle
trajectory. On the contrary, at first glance, Eq. (1b) does not
share this property with L0. However, one must take into
account the presence of the einbein. The latter transforms
under reparametrizations in a suitable manner such that the
action remains invariant, apart from a surface term; see
Refs. [72,74] and Appendix A. Consequently, L̃0 is
homogeneous of degree 1 as well. We will encounter
further consequences of this important characteristic at a
later point.

The Lagrangians L0 and L̃0 are known to describe the
same classical kinematics, as recapitulated in the following.
The Euler-Lagrange equations for L̃0 require

pμ ≔ −
∂L̃0

∂ẋμ
¼ 1

e
gμνðxÞẋν; ð3aÞ

∂L̃0

∂xμ
¼ −

1

2e
∂μgϱσẋϱẋσ; ð3bÞ

with the canonical momentum pμ. Note the minus sign in
the definition of the latter, which is introduced to make
the four-velocity and canonical momentum collinear in
Minkowski spacetime for gμν ¼ ημν. The Euler-Lagrange
equations are then cast into the form

−
dpμ

dτ
¼ −ṗμ ¼

∂L̃0

∂x
; ð4aÞ

ṗμ ¼
1

2e
∂μgϱσ ẋϱẋσ: ð4bÞ

The einbein is treated as an additional nondynamical degree
of freedom. In particular,

∂L̃0

∂ė
¼ 0; ð5aÞ

∂L̃0

∂e
¼ 1

2

�
ẋ2

e2
−m2

�
; ð5bÞ

which implies the constraint relation

0 ≈ ẋ2 − ðmeÞ2; e2 ≈
ẋ2

m2
; e ≈

ffiffiffiffiffi
ẋ2

p

m
; ð6Þ

where “≈” denotes “weak equality” in the sense of
constraints [70]. The latter allows us to eliminate the
einbein from the Euler-Lagrange equations (4), which
provides the same results as for L0. This procedure can
also be applied directly to Eq. (1b). In that case, the
Lagrangian L̃0 subject to the constraint of Eq. (6) is
reformulated as

L̃0jcon ¼ −
1

2

�
ẋ2

e
þ em2

�
¼ −

1

2e
ẋ2 −

1

2
em2

¼ −
1

2

mffiffiffiffiffi
x2

p ẋ2 −
1

2

ffiffiffiffiffi
ẋ2

p

m
m2

¼ −
m
2

ffiffiffiffiffi
ẋ2

p
−
m
2

ffiffiffiffiffi
ẋ2

p
¼ −m

ffiffiffiffiffi
ẋ2

p
¼ L0; ð7Þ

which leads us to the point-particle Lagrangian of the first
form, given by Eq. (1a).
To develop the Hamiltonian formulation of the point-

particle based on L̃0, the constraint relation in Eq. (6) is, at
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first, ignored. Then, we can invert the canonical momentum
of Eq. (3a) for the particle velocity without problems:

ẋν ¼ egνϱpϱ: ð8Þ

A Legendre transformation implies the canonical
Hamiltonian:

H̃0 ¼ −p · ẋ − L̃0

¼ −
1

e
gμνẋνẋμ þ

1

2

�
1

e
gϱσẋϱẋσ þ em2

�

¼ 1

2

�
−
1

e
gμνẋμẋν þ em2

�

¼ 1

2
ð−egμνgμϱpϱgνσpσ þ em2Þ ¼ −

e
2
DðpÞ; ð9aÞ

with the left-hand side of the relativistic particle dispersion
equation

DðpÞ ¼ p2 −m2: ð9bÞ

Interestingly, the Hamiltonian based on the Lagrangian of
the second form, Eq. (1b), is proportional toDðpÞ, which is
known to represent a primary constraint for the standard
case of Lagrangian L0 [73]. In the present context, the
equation DðpÞ ≈ 0 is, in fact, a secondary constraint for L̃0

which follows naturally from the canonical treatment à la
Dirac, representing Eq. (6) in phase space through the
momentum relation of Eq. (3a). We will return to this
point later.
The Hamilton equations based on the canonical

Hamiltonian (9) are obtained as follows:

ẋμ ¼ −
∂H̃0

∂pμ
¼ epμ; ð10aÞ

ṗμ ¼
∂H̃0

∂xμ
¼ e

2
∂μgϱσpϱpσ: ð10bÞ

Inserting the first set into the second set of equations
results in

ṗμ ¼
e
2
∂μgϱσ

ẋϱ

e
ẋσ

e
¼ 1

2e
∂μgϱσẋϱẋσ; ð11Þ

which corresponds to the equations of motion (4), com-
puted in the Lagrangian formulation. In the remainder of
this article, we will refer to Eq. (1a) and modifications
thereof as type-1 Lagrangians. Analogously, Eq. (1b) and
its appropriate Lorentz-violating versions will be denoted
as type-2 Lagrangians.

A. Constraints

As we have already explained briefly above, constraints
play a pivotal role for relativistic classical-particle
Lagrangians. Let us first recall the constraint properties
for L0 of Eq. (1a). The latter has a single primary first-class
constraint given by the relativistic dispersion equation
DðpÞ ≈ 0, cf. Eq. (9b). In fact, reparametrization invariance
of the point-particle action is a gauge symmetry, which the
presence of first-class constraints hints at [70].
Note that the canonical Hamiltonian associated with L0

is identically equal to 0. The reason is that the canonical
momentum is positively homogeneous of degree 0 in the
velocity. Then, L≡ −p · ẋ holds as an identity, which is a
critical equation for the mapping procedure between
field theory wave packets and classical point-particle
Lagrangians in the SME; see Ref. [50].
An important benefit from a consistent constraint analy-

sis following Dirac and Bergmann [97,98] is the determi-
nation of the number of physical degrees of freedom
of a system. The latter is computed from the generic
formula [70]

Ndof ¼
1

2
ðNph − 2 × N1 − N2Þ; ð12Þ

where Nph is the number of phase space variables and N1;2

are the numbers of first- and second-class constraints,
respectively. Since there are eight phase space variables
xμ and pμ and a single first-class constraint, Ndof ¼ 3. This
is the number of translational degrees of freedom of a
classical, pointlike particle, as expected.
Now, gauge invariance of L0 is broken when choosing a

particular parametrization, e.g., via proper time. The
dispersion equation then becomes a second-class constraint
and the gauge-fixing condition is second class, too [70].
Hence, the previous first-class constraint is replaced by two
second-class constraints, which does not change the num-
ber of physical degrees of freedom according to Eq. (12).
Let us now turn to L̃0 in Eq. (1b), which also possesses a

singular Hessian characterizing a constrained system
according to Dirac and Bergmann. It is worthwhile to
mention that the introduction of the einbein e as an
auxiliary time-evolving variable for the type-2
Lagrangian leads to additional constraints in phase space,
which should be carefully dealt with. In terms of Dirac’s
nomenclature, associated with Eq. (1b), we have two first-
class constraints in phase space given by

ϕ1 ≔ p ≈ 0; ð13aÞ

ϕ2 ≔
DðpÞ
2

≈ 0; ð13bÞ

where p denotes the canonical momentum conjugated to
the einbein. The first one, ϕ1, is a primary constraint
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signaling the lack of a fully independent dynamics for the
einbein whose derivative does not occur in Eq. (1b). On
the other hand, ϕ2 is a secondary constraint resulting from
the Poisson bracket structure, namely,

fϕ1; H̃0g ¼ ϕ2; ð14Þ

with the canonical Hamiltonian of Eq. (9). The curly
brackets denote the binary operation for the Poisson algebra
in the extended phase space ðxμ; e; pμ; pÞ. As long as we do
not resort to Eq. (6) or, equivalently, Eq. (13a), the
associated Hamiltonian H̃0 of Eq. (9) is nontrivial. After
all, L̃0 is positively homogeneous of degree 2 in the
velocity. This makes the canonical momentum positively
homogeneous of degree 1, whereupon the identity L≡
−p · ẋ that holds for L0 loses its validity.
Since we introduced the einbein as an auxiliary field into

L̃0 of Eq. (1b) and worked on an extended phase space
including the momenta, one may wonder if the type-2
Lagrangian exhibits the correct number of degrees of
freedom. We have found two first-class constraints (13)
and an absence of second-class constraints. In that respect,
considering a total of ten coordinates in phase space, the
number of physical degrees of freedom, according to
Eq. (12), amounts to

Ndof ¼
1

2
ð10 − 2 × 2 − 0Þ ¼ 3; ð15Þ

as we found for L0. Therefore, Eq. (1a) is expected to
describe the same dynamics as does Eq. (1b).
The presence of such constraints in phase space alters the

canonical structure of the model, whose proper dynamical
evolution requires the knowledge and appropriate use of
Dirac brackets. We shall discuss this aspect in more detail
within the Lorentz-violating regime, our main point of
interest, in the forthcoming sections.

III. LORENTZ-VIOLATING REGIME

In what follows, we will propose suitable extensions of
the Lagrangian (1b), whose equivalence to the known
Lagrangians of type 1 will be established. Initially, we
keep the particle mass m to be able to consult the massive
Lagrangians known for fermion sector coefficients of the
minimal SME. In the second part of this section, the mass
will be dropped, allowing for a description of classical
point-particle analogs for Weyl fermions as well as pho-
tons later.

A. Massive classical-particle analogs

The following field-theory action describes the minimal-
SME fermion sector [27–29]:

SD ¼
Z

d4xLD; ð16aÞ

LD ¼ 1

2
ψ̄ðΓ̂νi∂ν − M̂Þψ þ H:c:; ð16bÞ

Γ̂ν ¼ γν þ cμνγμ þ dμνγ5γμ

þ eν1þ ifνγ5 þ
1

2
gκλνσκλ; ð16cÞ

M̂ ¼ mþ aμγμ þ bμγ5γμ þ
1

2
Hμνσμν; ð16dÞ

where ψ is a Dirac spinor field and ψ̄ ≔ ψ†γ0 its Dirac
conjugate for a spin-1=2 fermion of mass m. All fields are
defined in Minkowski spacetime with metric tensor ημν of
signature ðþ;−;−;−Þ. The Dirac matrices satisfy the
Clifford algebra fγμ; γνg ¼ 2ημν1, where 1 is the identity
matrix in spinor space. Moreover, we employ the chiral
Dirac matrix γ5 ≔ iγ0γ1γ2γ3 as well as the commutator
σμν ≔ i

2
½γμ; γν�. The background fields aμ, bμ, and Hμν

parametrize Lorentz violation without the presence of
derivatives, whereas cμν, dμν, eν, fν, and gκλν each comes
with a derivative acting on the fields.
The cases to be studied first are the vector-valued SME

coefficients aμ, eμ, and bμ as well as the tensor-valued ones
Hμν. These sectors are sufficiently different such that the
analysis is not repetitive. We will propose modified
classical Lagrangians of type 2 and show how they are
related to the type-1 Lagrangians found in the contempo-
rary literature [50–63]. Furthermore, the canonical
Hamiltonians are computed, which reveals the relationship
to the dispersion equations of the sectors considered.

1. Coefficients aμ
Let us start with the minimal aμ coefficients. At the level

of effective field theory, the single-particle aμ coefficients
are unphysical, since they can be absorbed into the Dirac
field by a suitable coordinate transformation [27].
Nevertheless, they are still interesting for the following
reasons. First, for either multiple particle species that
couple to different background fields aμ or in the presence
of gravity, a subset of these coefficients is physical. Second,
they pose the simplest extension of the Dirac sector that
violates Lorentz invariance, making them a worthwhile
starting point for studying Lorentz violation in fermions.
Third, the classical type-1 Lagrangian derived for the aμ
coefficients is related to Randers space [99], which is the
simplest extension of Riemannian geometry in a Finslerian
setting.
We propose the following ansatz for the type-2

Lagrangian of Eq. (1b):
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L̃a ¼ −
1

2

�
1

e
ðẋþ eaÞ2 þ eðm2 − a2Þ

�

¼ −
1

2

�
ẋ2

e
þ 2a · ẋþ em2

�
: ð17Þ

The four-velocity is suitably shifted by the dimensionless
four-vector eaμ and the mass is redefined. Rewriting this
form as done in the second line gives rise to a contribution
linear in the velocity. Now, the relationship between the
canonical momentum and the velocity reads

pμ ¼ −
∂L̃a

∂ẋμ
¼ ẋμ

e
þ aμ: ð18Þ

From

∂L̃a

∂e
¼ 1

2

�
ẋ2

e2
−m2

�
; ð19Þ

we obtain the constraint relation

0 ≈ ẋ2 − e2m2; e ≈
ffiffiffiffiffi
ẋ2

p

m
: ð20Þ

Inserting the latter into the Lagrangian of Eq. (17) provides

L̃ajcon ¼ −
1

2

�
ẋ2

mffiffiffiffiffi
ẋ2

p þ 2a · ẋþm
ffiffiffiffiffi
ẋ2

p �

¼ −m
ffiffiffiffiffi
ẋ2

p
− a · ẋ ¼ La; ð21Þ

which corresponds to the Randers-type Lagrangian estab-
lished in the literature [50]. Inverting Eq. (18) for the
velocity,

ẋμ ¼ epμ − aμ; ð22Þ

leads to the canonical Hamiltonian:

H̃a ¼ −p · ẋ − L̃a

¼ −ep2 þ ea · pþ 1

2

�
e

�
ẋ
e
þ a

�
2

þ eðm2 − a2Þ
�

¼ −ep2 þ ea · pþ 1

2
ep2 þ e

2
m2 −

e
2
a2

¼ −
e
2
DaðpÞ; ð23aÞ

with the left-hand side of the SME dispersion equation for
the aμ coefficients [27,29],

DaðpÞ ¼ ðp − aÞ2 −m2: ð23bÞ

The latter canonical Hamiltonian is an appropriate exten-
sion of the standard result found in Eq. (9). Therefore, we

conclude that L̃a and La, the latter of which was originally
obtained from the modified dispersion equation, describe
the same dynamics. Note that the standard mass shell is
shifted by −aμ, which is inverse to the shift in position
space performed in Eq. (17). This property indicates that
the single-particle aμ coefficients are, indeed, unphysical,
since they can be removed from the dispersion equation by
a suitable redefinition of the canonical momentum.

2. Coefficients eμ
The minimal eμ coefficients are vectorlike and cannot be

removed by a field redefinition. In the context of extensions
of the standard model, though, they are incompatible with
the gauge structures SUð2ÞL and SUð3Þc. Nevertheless,
they are interesting to consider in an extended quantum
electrodynamics. The known type-1 Lagrangian for eμ [50]
is of Randers type; cf. Eq. (21). However, it involves an
additional effective metric Ωμν that is different from the
Minkowski metric and depends on eμ. Therefore, we
propose the following type-2 Lagrangian:

L̃e ¼ −
1

2

�
Ωμνẋμẋν

e
− 2

me · ẋ
1 − e2

þ e
m2

1 − e2

�

¼ −
1

2

�
1

e

�
ẋ − e

me
1 − e2

�
2

þ 1

e
ðe · ẋÞ2
1 − e2

þ e
ð1 − 2e2Þm2

ð1 − e2Þ2
�
; ð24aÞ

with

Ωμν ¼ ημν þ
eμeν
1 − e2

: ð24bÞ

The canonical momentum associated with xμ is of the form

pμ ¼ −
∂L̃e

∂ẋμ
¼ Ωμν

ẋν

e
−

meμ
1 − e2

; ð25Þ

and we also obtain that

∂L̃e

∂e
¼ 1

2

�
Ωμν

ẋμẋν

e2
−

m2

1 − e2

�
: ð26Þ

As before, the latter implies a constraint relation, which can
be solved for the einbein:

0 ≈Ωμνẋμẋν −
e2m2

1 − e2
; ð27aÞ

e ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p
: ð27bÞ

Eliminating the einbein from Eq. (24) provides
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L̃ejcon ¼ −
1

2

�
Ωμνẋμẋν

mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p − 2
me · ẋ
1 − e2

þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p

m
m2

1 − e2

�

¼ −
1

2

�
mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p
− 2

me · ẋ
1 − e2

þ mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p �

¼ −
mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωμνẋμẋν

p þ me · ẋ
1 − e2

; ð28Þ

which reproduces the known type-1 Lagrangian for the eμ
coefficients [50].
To compute the canonical Hamiltonian, the effective

metric Ωμν must be inverted. Interestingly, the inverse is
quite simple:

Ωμν ¼
�
ημν þ

eμeν
1 − e2

�
−1

¼ ημν − eμeν; ð29Þ

which satisfies ΩμνΩνϱ ¼ δμ
ϱ, as can be checked quickly.

Thus, inverting Eq. (25) for the four-velocity leads to

ẋν ¼ eΩμν

�
pμ þ

meμ
1 − e2

�
: ð30Þ

To compute the canonical Hamiltonian, it is instructive to
employ the type-2 Lagrangian stated in the first line of
Eq. (24). Expressing the velocity in terms of the momentum
results in

H̃e ¼ −p · ẋ − L̃e ¼ −eΩμν

�
pμ þ

meμ
1 − e2

�
pν

þ e
2

�
Ωμν

�
pμpν −

m2

ð1 − e2Þ2 eμeν
�
þ m2

1 − e2

�

¼ −
e
2

�
Ωμν

�
pþ me

1 − e2

�
μ

�
pþ me

1 − e2

�
ν

−
m2

1 − e2

�

¼ −
e
2
½p2 þ 2me · p − ðe · pÞ2 −m2�

¼ −
e
2
DeðpÞ; ð31aÞ

with

DeðpÞ ¼ p2 − ðm − e · pÞ2: ð31bÞ

As before, the result involves the left-hand side of the
modified dispersion equation, but now for the eμ coeffi-
cients [29]. What they do is tilt and deform the mass shell.

3. Coefficients bμ
The vector-like bμ coefficients exhibit properties beyond

those of the aμ and eμ coefficients studied previously. They
lift the spin degeneracy in the dispersion relation for Dirac
fermions such that there are two distinct dispersion rela-
tions depending on the spin projection. The dispersion
equation itself is quartic in the momentum components and,
in general, it does not factor into quadratic dispersion
equations, as in the Lorentz-invariant regime or for the aμ
and eμ coefficients. Nevertheless, there is a trick to
factorizing the dispersion equation at least partially, which
we will revisit below.
The bμ coefficients have two distinct classical type-1

Lagrangians that are determined in Ref. [50]. Therefore, we
must also propose two type-2 Lagrangians, and we make
the following ansatz:

L̃ð�Þ
b ¼ −

1

2

�
ẋ2

e
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb · ẋÞ2 − b2ẋ2

q
þ em2

�
: ð32Þ

The latter is motivated by the fact that the type-1
Lagrangians decompose into sums of two contributions:
the standard Lagrangian L0 and modifications governed by
the characteristic Gramian expression ðb · ẋÞ2 − b2ẋ2 con-
tained in a square root.
Note that these Lagrangians bear some similarity to those

considered in Ref. [100], which also involve the einbein as
a Lagrange multiplier. However, the first terms of the
Lagrangians in the latter paper manifestly depend on the
particle mass, which is not the case here. Furthermore, the
dispersion equation is directly added to the Lagrangians as
a constraint. Thus, their procedure differs significantly
from ours.
Due to the form of the proposed type-2 Lagrangians, the

constraint relation for the einbein remains unmodified:

∂L̃ð�Þ
b

∂e
¼ 1

2

�
ẋ2

e2
−m2

�
; e ≈

ffiffiffiffiffi
ẋ2

p

m
: ð33Þ

Eliminating the einbein from Eq. (32) leads us to the known
type-1 Lagrangians obtained in Ref. [50]:

L̃ð�Þ
b jcon ¼ −

1

2

 
ẋ2

mffiffiffiffiffi
ẋ2

p � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb · ẋÞ2 − b2ẋ2

q
þ

ffiffiffiffiffi
ẋ2

p

m
m2

!

¼ −m
ffiffiffiffiffi
ẋ2

p
∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb · ẋÞ2 − b2ẋ2

q
¼ Lð∓Þ

b : ð34Þ

Note the sign switch of the square-root expression when
going from the type-1 to the type-2 Lagrangians. In the
following, we will observe the great advantage of using
Eq. (32) instead of Eq. (34). After all, the canonical
momenta of the latter cannot be inverted for the velocity.
Interestingly, it is possible to do so for the canonical
momenta
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pμ ¼ −
∂L̃ð�Þ

b

∂ẋμ
¼ ẋμ

e
� ðb · ẋÞbμ − b2ẋμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðb · ẋÞ2 − b2ẋ2
p ; ð35Þ

associated with Eq. (32). The velocity in terms of the
momentum is then given by

ẋμ ¼ e

 
pμ ∓ ðb · pÞbμ − b2pμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðb · pÞ2 − b2p2
p

!
: ð36Þ

Each of the two Lagrangians L̃ð�Þ
b has their own canonical

Hamiltonian:

H̃ð�Þ
b ¼ −p · ẋ − L̃ð�Þ

b

¼ −
ẋ2

e
∓ ðb · ẋÞ2 − b2ẋ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðb · ẋÞ2 − b2ẋ2
p þ 1

2

ẋ2

e

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb · ẋÞ2 − b2ẋ2

q
þ e
2
m2

¼ −
1

2

ẋ2

e
þ e
2
m2

¼ e
2

�
−p2 � 2

ðb · pÞ2 − b2p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb · pÞ2 − b2p2

p
−
b4p2 − 2b2ðb · pÞ2 þ ðb · pÞ2b2

ðb · pÞ2 − b2p2
þm2

�

¼ −
e
2
Dð∓Þ

b ðpÞ; ð37aÞ

with

Dð�Þ
b ðpÞ¼p2−b2−m2�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb ·pÞ2−b2p2

q
: ð37bÞ

The latter expressions, when multiplied with each other,
provide the left-hand side of the complete dispersion
equation for the bμ coefficients [27,29]:

DðþÞ
b ðpÞDð−Þ

b ðpÞ ¼ ðp2 − b2 −m2Þ2 − 4ðb · pÞ2 þ 4b2p2;

ð38Þ

which is quartic.

4. Coefficients Hμν

The Hμν coefficients are components of an antisymmet-
ric ð4 × 4Þ matrix, i.e., there are six independent coeffi-
cients. It is reasonable to decompose them into two groups
characterized by the following Lorentz scalars:

X ≔
1

4
H2; Y ≔

1

4
H̃ ·H; ð39Þ

with the dual H̃μν ≔ 1
2
εμνϱσHϱσ, expressed via the four-

dimensional Levi-Civita symbol εμνϱσ . For configurations
with Y ¼ 0, the classical Lagrangians of type-1 were

obtained in the literature. Similarly to the Lagrangians
for the bμ coefficients, the latter decompose into sums of
the standard term and Gramian modifications [50]. Thus,
we propose the following ansatz for type-2 Lagrangians of
the Hμν coefficients with Y ¼ 0:

L̃ð�Þ
H ¼ −

1

2

�
x2

e
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ ·H ·H · ẋþ 2Xẋ2

p
þ em2

�
: ð40Þ

The canonical momenta are

pμ ¼ −
∂L̃ð�Þ

H

∂ẋμ
¼ ẋμ

e
� ðẋ ·H ·HÞμ þ 2Xẋμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ẋ ·H ·H · ẋþ 2Xẋ2
p : ð41Þ

Similarly as for bμ, the einbein remains unmodified, and we
employ the standard constraint relation of Eq. (6) to
eliminate it:

L̃ð�Þ
H jcon¼−

1

2

 
ẋ2

mffiffiffiffiffi
ẋ2

p �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ ·H ·H · ẋþ2Xẋ2

p
þ

ffiffiffiffiffi
ẋ2

p

m
m2

!

¼−m
ffiffiffiffiffi
ẋ2

p
∓

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ ·H ·H · ẋþ2Xẋ2

p
¼Lð∓Þ

H ; ð42Þ

with the type-1 Lagrangians Lð�Þ
H found in Ref. [50]. Again,

it is possible to invert the momentum for the velocity:

ẋμ ¼ e

 
pμ ∓ ðp ·H ·HÞμ þ 2Xpμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p ·H ·H · pþ 2Xp2
p

!
: ð43Þ

The Legendre transformation of the modified type-2
Lagrangians provides

H̃ð�Þ
H ¼ −p · ẋ − L̃ð�Þ

H

¼ −
ẋ2

e
∓ ẋ ·H ·H · ẋþ 2Xẋ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ẋ ·H ·H · ẋþ 2Xẋ2
p þ 1

2

ẋ2

e

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ ·H ·H · ẋþ 2Xẋ2

p
þ e
2
m2

¼ −
1

2

ẋ2

e
þ e
2
m2

¼ e
2

�
−p2 � 2

p ·H ·H · pþ 2Xp2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p ·H ·H · pþ 2Xp2

p þm2

−
−2Xp ·H ·H · pþ 4Xp ·H ·H · pþ 4X2p2

p ·H ·H · pþ 2Xp2

�

¼ −
e
2
Dð�Þ

H ðpÞ; ð44aÞ

with the factors of the quartic dispersion equation

Dð�Þ
H ðpÞ ¼ p2 þ 2X −m2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p ·H ·H · pþ 2Xp2

q
:

ð44bÞ
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Here, we used that ðp ·H ·HÞ2 ¼ −2Xðp ·H ·H · pÞ, as
long as Y ¼ 0. The product of the latter two branches
provides the left-hand side of the dispersion equation for
the Hμν coefficients with Y ¼ 0:

DðþÞ
H ðpÞDð−Þ

H ðpÞ ¼ ðp2 −m2 þ 2XÞ2 − 8Xp2

− 4p ·H ·H · p: ð45Þ

A derivation of both type-1 and type-2 Lagrangians for
Y ≠ 0 has turned out to be challenging.

B. Additional remarks

With the findings for aμ, eμ, bμ, and Hμν at hand, it has
been shown that it is, in principle, possible to propose type-
2 Lagrangians for modified Dirac fermions in the SME.
Further cases can be studied, but they do not substantially
differ from those already considered. Hence, they are
relegated to Appendix B. Here, we would like to make
further comments on our results that may be of interest for
the reader.
The procedure to compute classical-particle Lagrangians

that was introduced in Ref. [50] does not work to derive
modified type-2 Lagrangians based on the SME. This can
be understood as follows. Since the canonical momentum
for type-1 Lagrangians is positively homogeneous of
degree 0 in the velocity, the dispersion equation arises as
a primary constraint that the canonical momentum satisfies:
DLVðpÞ ≈ 0. Thus,DLVðpÞ ¼ 0 is one of the five equations
that must be solved to obtain the modified classical type-1
Lagrangian for a particular configuration of SME coeffi-
cients; see Ref. [50].
On the contrary, the canonical momentum of type-2

Lagrangians is not positively homogeneous of degree 0 in
the velocity. Thus, DLVðpÞ ≈ 0 does not arise as a primary
constraint, but only as a secondary one because of the
presence of the einbein. Therefore, as we have seen, the
canonical Hamiltonians for each of the cases studied are
different from 0. In fact, we observed that

L̃LV ¼ −p · ẋ −
e
2
DLVðpÞ; ð46Þ

for spin-degenerate configurations and

L̃ð�Þ
LV ¼ −p · ẋ −

e
2
Dð∓Þ

LV ðpÞ; ð47Þ

for spin-nondegenerate ones with the quartic dispersion

equation DLVðpÞ ¼ DðþÞ
LV ðpÞDð−Þ

LV ðpÞ ¼ 0. Thus, since the
method of Ref. [50] relies on the dispersion equation being
satisfied by the canonical momentum, it cannot give rise to
the type-2 Lagrangians derived to this point.
Interestingly, as can be seen, the type-2 Lagrangians of

Eqs. (17), (24), (32), and (40) possess well-defined mass-
less limits. Therefore, m → 0 implies classical-particle

analogs to Weyl fermions modified by aμ, eμ, bμ and
Hμν-type background fields, respectively. Further examples
of classical Lagrangians for massless particles subject to
Lorentz violation will be discussed below.

IV. DIRAC-BERGMANN CONSTRAINT ANALYSIS

In this section, we analyze the constraints by following
Dirac and Bergmann for the proposed type-2 Lagrangians
with coefficients aμ and bμ. The corresponding computa-
tions for the Dirac brackets (DBs) are included. Since we
are proposing a set of brand new parametrized relativistic
particle Lagrangians consistent with Lorentz symmetry
violation according to the SME classification, it is essential
to understand their constrained dynamical evolution in
phase space in full detail. This investigation also provides
the symplectic structure of the DBs as a deformation of the
usual Poisson bracket algebra.
The extended phase space enjoys a natural Poisson

bracket algebra given by

fxμ; pνg ¼ δμν; ð48aÞ

fe; pg ¼ 1; ð48bÞ

with the Poisson brackets of two quantities A and B
defined as

fA;Bg ≔
XNph=2

i¼1

�
∂A
∂Qi

∂B
∂Pi −

∂A
∂Pi

∂B
∂Qi

�
; ð49Þ

where Qi and Pi represent the Nph canonical position and
momentum variables, respectively. Here, fQig ¼ fxμ; eg,
fPig ¼ fpμ; pg, and Nph ¼ 10.
The latter algebra governs the Hamiltonian evolution of

the system and guides the canonical quantization process in
the case of unconstrained systems. For constrained sys-
tems, as in the current case, consistency demands the
replacement of the above Poisson brackets by the corre-
sponding DBs. They can be obtained from the constraint
structure as follows.

A. Coefficients aμ
The Lagrangian given by Eq. (17) leads to two first-class

constraints in phase space, namely,

ϕ1
a ≔ p ð50aÞ

and

ϕ2
a ≔

DaðpÞ
2

; ð50bÞ

with DaðpÞ given by Eq. (23b). To compute the DBs, we
consider the two additional gauge-fixing conditions
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ϕ3
a ≔ x0 ð51aÞ

and

ϕ4
a ≔ eðp0 − a0Þ; ð51bÞ

which imply an invertible matrix of Poisson brackets
among the constraints and gauge-fixing conditions:

Δij
a ¼ fϕi

a;ϕ
j
ag; i; j ¼ 1…4: ð52Þ

The entries for Δij
a can be read off explicitly from Table I,

allowing the computation of the DBs. In fact, the DBs
between two given phase space functions F and G are
defined as

fF;GgDB ≔ fF;Gg − fF;ϕi
agΔ−1

a ijfϕj
a; Gg: ð53Þ

Here, Δ−1
a ij denotes the inverse of Eq. (52), which can be

written as

Δ−1
a ¼ ðdetΔaÞ−1=2

0
BBBB@

0 −e
e 0

M

−MT
0 0

0 0

1
CCCCA; ð54aÞ

in terms of the submatrix

M ≔

 
0 p0 − a0

p0 − a0 0

!
: ð54bÞ

Note further that

detΔa ¼ ðp0 − a0Þ4: ð55Þ

Using Eq. (53), the nonzero fundamental DBs in phase
space are readily obtained as

fxμ; pνgDB ¼ δμν −
pμ − aμ

p0 − a0
δ0ν; ð56aÞ

fxμ; egDB ¼ eðpμ − aμÞ
ðp0 − a0Þ2 −

eδμ0
p0 − a0

: ð56bÞ

The above DBs describe a dynamical evolution consistent
with the constraint structure of the system. In particular, it
can be immediately seen from Eq. (56) that we have
fx0; pμgDB ≡ 0≡ fx0; egDB, in accordance with the gauge
choice (51a). Similarly, all remaining constraints ϕi

a can
now safely be taken as strongly equal to zero throughout all
phase space.

B. Coefficients bμ
For the coefficients bμ, concerning the phase space

evolution associated with the Hamiltonians (37), we have

ϕ1
b ≔ p ð57aÞ

as a primary constraint and

ϕ2
b� ≔

Dð∓ÞðpÞ
2

; ð57bÞ

with Dð�ÞðpÞ of Eq. (37b) as secondary ones. The stability
condition applied to Eq. (57b) does not lead to further
constraints, and we have the relations

fϕ1
b; H̃

ð�Þ
b g ¼ ϕ2

b�; ð58aÞ

fϕ2
b�; H̃

ð�Þ
b g ¼ 0; ð58bÞ

fϕ1
b;ϕ

2
b�g ¼ 0; ð58cÞ

which ensure the first-class nature of the constraints (57).
The fact that we have managed to find all natural con-
straints hidden in Eq. (32) can be confirmed by writing the
primary Hamiltonian,

H̃Pð�Þ
b ¼ H̃ð�Þ

b þ ξϕ1
b; ð59Þ

in terms of a Lagrange multiplier ξ. Then, due to Eq. (58),
the stability condition for ϕ2

b� leads to an identity, and ξ
remains undetermined.
Hence, to proceed with the calculation of the DBs, as in

the previous case, we need to fix the gauge. A feasible
gauge condition is given by

ϕ3
b ≔ x0; ð60aÞ

and

ϕ4
b� ≔ eN0

�ðb; pÞ; ð60bÞ

with

Nμ
�ðb; pÞ ≔ pμ ∓ ðb · pÞbμ − b2pμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðb · pÞ2 − b2p2
p : ð61Þ

TABLE I. Dirac constraint algebra for aμ.

ϕ1
a ϕ2

a ϕ3
a ϕ4

a

ϕ1
a 0 0 0 −p0 þ a0

ϕ2
a 0 0 −p0 þ a0 0

ϕ3
a 0 p0 − a0 0 e

ϕ4
a p0 − a0 0 −e 0
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The latter furnish the nonzero Poisson brackets of the
constraint algebra:

fϕ1
b;ϕ

4
b�g ¼ −N0

�ðb; pÞ; ð62aÞ

fϕ2
b�;ϕ

3
bg ¼ −N0

�ðb; pÞ; ð62bÞ

fϕ3
b;ϕ

4
b�g ¼ eM0

�0ðb; pÞ; ð62cÞ

in terms of

Mμ
�ν ≔ δμν ∓ ½ðb · pÞ2 − b2p2�½bμbν − b2δμν�

½ðb · pÞ2 − b2p2�3=2

� ½ðb · pÞbν − b2pν�½ðb · pÞbμ − b2pμ�
½ðb · pÞ2 − b2p2�3=2 : ð63Þ

The entries of the matrices Δb� containing the Poisson
brackets among the constraints are stated in Table II, from
which their inverses can be written as

Δ−1
b� ¼ ðN0

�Þ−2

0
BBBBB@

0 −eM0
�0 0 N0

�
eM0

�0 0 N0
� 0

0 −N0
� 0 0

−N0
� 0 0 0

1
CCCCCA: ð64Þ

By plugging the above inverses into Eq. (53) evaluated for
the current bμ case, we obtain the nonzero fundamental DB
relations

fxμ; pνgDB ¼ δμν −
Nμ

�
N0

�
δ0ν; ð65aÞ

fxμ; egDB ¼ e
ðNμ

�M
0
�0 − N0

�M
μ
�0Þ

ðN0
�Þ2

; ð65bÞ

which fully characterize the constrained dynamical evolu-
tion of the system in the chosen gauge. Here, we can see a
similar structure, as compared to Eq. (56) for the aμ case.
The einbein has a nontrivial DB with the spatial part
of the particle coordinates, and it can be checked that each
constraint function or gauge-fixing condition in Eqs. (57)

and (60) has vanishing DBs with any phase-space function,
as it should.
Finally, the number of physical degrees of freedom for a

relativistic pointlike particle subject to Lorentz violation
follows from the general formula of Eq. (12). According to
the results of the previous constraint analysis, Ndof ¼ 3 is
established. The conclusion is that Lorentz-violating back-
ground fields in Minkowski spacetime do not alter the
number of physical degrees of freedom of the particle. The
situation is expected to change for particle propagation in
curved spacetime manifolds. Such a study may provide
additional insightful results, but shall be postponed to a
future time.
The constraint analyses for eμ and Hμν parallel the

previous ones, although they are technically more involved.
Therefore, we refrain from going through them explic-
itly here.

V. MASSLESS CLASSICAL-PARTICLE ANALOGS

The massless limits of the classical type-2 Lagrangians
established previously demonstrate the major advantage of
these Lagrangians in comparison to those of the SME
literature [50–63], which are based on the Lagrangian of
Eq. (1a). Unsurprisingly, modifications resting upon
Eq. (1b) are even more valuable for pointlike particles that
are massless from the start, such as classical photon
analogs. In what follows, we will discuss how to construct
such Lagrangians for specific coefficient subsets of the
minimal-SME photon sector. The latter is described by the
action [28,101,102]:

Sγ ¼
Z

d4xLγ; ð66aÞ

Lγ ¼ −
1

4
FμνFμν −

1

4
ðkFÞμνϱσFμνFϱσ

þ 1

2
ðkAFÞμεμνϱσAνFϱσ; ð66bÞ

in terms of the electromagnetic field strength tensor Fμν ¼
∂μAν − ∂νAμ with theUð1Þ gauge field Aμ. Here, ðkFÞμνϱσ is
a tensorial background field of rank 4 that governs a CPT-
even modification. The vector-valued background ðkAFÞμ
gives rise to a CPT-odd alteration.
In contrast to the Dirac fermion sector, classical point-

particle descriptions for massless particles based on the
SME were considered in a single article only, see
Ref. [103]. The latter paper adopts the eikonal formulation
of classical electromagnetism to the modified electromag-
netic sector of the SME. Here, we will extend these results
based on Eq. (1b) without resorting to the eikonal
approach.
In general, massless particles move along null cones in

position space, which may be modified by the SME. Since
the first term of Eq. (1b) contains the left-hand side of the

TABLE II. Dirac constraint algebra for bμ in terms of the
quantities defined in Eqs. (61) and (63).

ϕ1
b ϕ2

b� ϕ3
b ϕ4

b�

ϕ1
b 0 0 0 −N0

�
ϕ2
b� 0 0 −N0

� 0
ϕ3
b 0 N0

� 0 eM0
�0

ϕ4
b� N0

� 0 −eM0
�0

0
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standard nullcone, we shall generalize the latter Lagrangian
based on this observation.

A. Degenerate quadratic dispersion

First of all, we consider classical photon analogs that are
spin-degenerate. Thus, each of the transverse polarization
modes propagates along a single modified null cone
described by

0 ¼ Ωμνẋμẋν; ð67Þ

where Ωμν ¼ const: is an effective metric. We then propose
a modified Lagrangian of the form

L̃γ ¼ −
1

2e
Ωμνẋμẋν: ð68Þ

The canonical momentum reads

pμ ¼ −
∂Lγ

∂ẋμ
¼ 1

e
Ωμνẋν: ð69Þ

The latter can be inverted for the velocity to give

ẋν ¼ eΩνϱpϱ; ð70Þ

where Ωμν is the inverse effective metric, i.e.,
ΩνϱΩϱσ ¼ δνσ. Moreover, the modified null cone is incor-
porated as a constraint relation:

0 ≈Ωμνẋμẋν: ð71Þ

A Legendre transformation implies the canonical
Hamiltonian:

H̃γ ¼ −p · ẋ − L̃γ ¼ −
1

2e
Ωμνẋμẋν

¼ −
e
2
ΩμνΩμϱpϱΩνσpσ ¼ −

e
2
DγðpÞ; ð72aÞ

where

DγðpÞ ¼ Ωϱσpϱpσ ð72bÞ

is the left-hand side of the modified quadratic dispersion
equation for photons. This result shows that propagation in
position space is governed by the effective metric Ωμν,
whereas the dispersion equation is based on its inverse Ωμν.
If the null cone has a smaller opening angle in position
space as compared to the Lorentz-invariant case, massless
particles propagate more slowly than the maximum attain-
able velocity of massive particles, unaffected by Lorentz
violation. Then, the associated cone in energy-momentum
space is wider, which implies that the energy at a fixed
momentum is reduced compared to a Lorentz-invariant
massless dispersion relation.

In the following, we will discuss different examples of
SME settings that can be described by Eq. (68). Since the
modified dispersion relations have been investigated in
much more detail than the corresponding modified null
cones in position space, we will be starting from the inverse
effective metric Ωμν.
First of all, let us again look at modified fermions. Since

these are now considered massless, we are, in principle,
dealing with Weyl fermions, as already noted before. For
example, if massless fermions are modified by the cμν
coefficients, the dispersion equation is spin-degenerate and
has the form DγðpÞ ¼ 0 with an inverse effective metric
given by

Ωμν ¼ ημν þ 2cðμνÞ þ cμκcκν; ð73aÞ

with the symmetric part cðμνÞ of cμν; see Ref. [29]. The latter
is, at most, quadratic in the coefficients. The effective
metric in position space at first order in the coefficients then
reads

Ωμν ¼ ημν − 2cðμνÞ þ…: ð73bÞ

The effect of the cμν-type background field is to skew the
Minkowski metric that governs massless-fermion kinemat-
ics in the standard case. Similarly, the effective metrics for a
massless fermion affected by the minimal fμ coefficients
read

Ωμν ¼ ημν − fμfν; ð74aÞ

Ωμν ¼ ημν þ fμfν þ…; ð74bÞ

in momentum and position space, respectively. Note that
the latter relationships are already of second order in fμ,
which is a peculiarity that holds for these coefficients [104].
Moreover, dispersion equations DγðpÞ ¼ 0 with DγðpÞ

of Eq. (72b) occur in the CPT-even part of the electro-
magnetic sector of the SME, which is parametrized by kF;
see Eq. (66). Vacuum birefringence is suppressed at first
order for a kF expressed as [102,105]

ðkFÞμνϱσ ¼
1

2
ðημϱκ̃νσ − ημσκ̃νϱ − ηνϱκ̃μσ þ ηνσκ̃μϱÞ; ð75Þ

with a symmetric and traceless ð4 × 4Þ matrix κ̃. There are
configurations of κ̃ whose dispersion equation is the square
of a quadratic polynomial such that Eq. (72b) comes into
fruition. Examples are the isotropic case with

ðκ̃μνÞ ¼ κ̃tr
2
diagð3; 1; 1; 1Þ; ð76Þ

and the nonbirefringent, anisotropic sector described by
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ðκ̃μνÞ ¼ κ̃3
2
diagð1;−1;−1; 3Þ; ð77Þ

with scalar coefficients κ̃tr and κ̃3 [106–108]. The inverse
effective metrics are diagonal and have the form

ðΩμνÞ ¼ diag
h
1þ κ̃tr;−ð1 − κ̃trÞ;−ð1 − κ̃trÞ;−ð1 − κ̃trÞ

i
;

ð78Þ

and

ðΩμνÞ ¼ diag
h
1þ κ̃3;−ð1þ κ̃3Þ;−ð1þ κ̃3Þ;−ð1 − κ̃3Þ

i
;

ð79Þ

respectively. The effective metrics Ωμν in position space
straightforwardly follow from the latter.

B. Nondegenerate quadratic dispersions

Birefringence is an effect in photons that is analogous to
spin nondegeneracy for fermions. There are SME back-
ground field configurations that imply two distinct photon
dispersion relations, i.e., two distinct effective metrics in
energy-momentum space. As a consequence, there are two
effective metrics Ωð1;2Þ

μν in position space, too. In principle,
such a setting can be called bimetric. The two null cones in
position space are written as

0 ¼ Ωð1;2Þ
μν ẋμẋν: ð80Þ

Thus, each polarization degree of freedom at the classical
point-particle level is described by a Lagrangian of the form

L̃ð1;2Þ
γ ¼ −

1

2e
Ωð1;2Þ

μν ẋμẋν: ð81Þ

Each Lagrangian has its own canonical Hamiltonian, as
expected:

H̃ð1;2Þ
γ ¼ −

e
2
Dð1;2Þ

γ ðpÞ; ð82aÞ

with

Dð1;2Þ
γ ðpÞ ¼ ðΩð1;2ÞÞϱσpϱpσ: ð82bÞ

This setting covers various sets of coefficients. Birefringent
dispersion equations are quartic in p0. For some configu-
rations, the quartic factorizes into two quadratic dispersion

equations, i.e., Dð1Þ
γ ðpÞDð2Þ

γ ðpÞ ¼ 0 according to Eq. (82b).
Let us again look at Weyl fermions first. For example,

the quartic dispersion equation subject to dμν then factor-
izes into two distinct quadratic dispersion equations as
follows [29]:

0 ¼ ðp2 þ 2dðμνÞpμpν þ dμϱdνϱpμpνÞ
× ðp2 − 2dðμνÞpμpν þ dμϱdνϱpμpνÞ; ð83Þ

with the totally symmetric part dðμνÞ of dμν. Hence, there are
two modified Weyl cones in momentum space, which are
governed by the following effective metrics:

ðΩð1;2ÞÞμν ¼ ημν � 2dðμνÞ þ dμϱdνϱ: ð84Þ

They differ at first order in Lorentz violation, but corre-
spond to each other at second order. The effective metrics
describing the modified null cones in position space at first
order in dμν can then be put on paper as follows:

ðΩð1;2ÞÞμν ¼ ημν ∓ 2dðμνÞ þ…: ð85Þ

Note that for a nonzero fermion mass, the treatment of the
dμν coefficients is highly challenging in general.
There are also birefringent kF configurations whose

quartic dispersion equation factorizes. Note that Eq. (75)
parametrizes nonbirefringent sectors at first order in the
controlling coefficients, but birefringence is possible at
second order. The following parametrization for κ̃ in terms
of two four-vectors vμ and wμ covers a wide range of such
cases:

κ̃μν ¼ 1

2
ðvμwν þ vνwμÞ − 1

4
ðv · wÞημν: ð86Þ

The two effective metrics are then [109]

ðΩð1ÞÞμν ¼
�
1 −

v · w
2

�
ημν þ 1

2
ðvμwν þ wμvνÞ; ð87aÞ

ðΩð2ÞÞμν ¼
�
1 −

v2w2

4

�
ημν þ 1

2
ðvμwν þ wμvνÞ

þ 1

4
ðv2wμwν þ w2vμvνÞ: ð87bÞ

The ansatz (86) includes the polarization-degenerate cases
of Sec. VA by appropriate choices of vμ and wμ. In these
cases, ðΩð1ÞÞμν ¼ ωðΩð2ÞÞμν with a constant ω. However,
there are also sectors where ðΩð1ÞÞμν differs from ðΩð2ÞÞμν at
second order in the SME coefficients. One example, known
as the parity-odd sector, is given by [110]

ðvμÞ ¼

0
BBBB@

1

0

0

0

1
CCCCA; ðwμÞ ¼

0
BBBB@

0

κ̃01

κ̃02

κ̃03

1
CCCCA: ð88Þ

To obtain the Lagrangians of Eq. (81), the effective metrics
in position space must be computed from Eq. (87). This is a
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straightforward task once the corresponding ð4 × 4Þ matrix
representations are available after inserting the explicit
forms of uμ and vμ into Eq. (87).
Note that the authors of Ref. [85] study a similar problem

in their Sec. V B. They propose a pseudo-Finsler structure
that is, in principle, the product of the two quadratic
Lagrangians of Eq. (81), modulo the prefactor. The
proposed form is permissible according to their definition
of a Lagrangian, which includes positive homogeneity of
an arbitrary degree ≥ 2. In contrast, we introduce two
independent Lagrangians, where each is positively homo-
geneous of first degree when taking the einbein into
consideration. Which approach is better suited remains
to be seen.

C. Quartic dispersions

The generic dispersion equation for the kF background
field is a very involved quartic. It can be expressed in the
form [111,112]

0 ¼ Gμνϱσpμpνpϱpσ; ð89aÞ

Gμνϱσ ¼ 1

4!
εαβγδεζηκλχ

αβζðμχνjγηjϱχσÞδκλ; ð89bÞ

χμνϱσ ¼ 1

2
ðημϱηνσ − ηνϱημσÞ þ ðkFÞμνϱσ: ð89cÞ

Here, Gμνϱσ is known as the Tamm-Rubilar tensor, which
involves the Levi-Civita symbol εμνϱσ in Minkowski
spacetime. Symmetrization is performed over indices
enclosed by parentheses, where excluded indices are
indicated by vertical lines.
For various reasons, it has proven challenging to derive

type-2 Lagrangians for quartic photon dispersion equations
that do not factorize. Equation (1b) insinuates that the
standard quadratic form is to be replaced by a correspond-
ing quartic in position space. A suitable type-2 Lagrangian
that is invariant under reparametrizations of the particle
trajectory (see Appendix A) could take the form

L̃γ ¼ −
1

2e3
Ξμνϱσ ẋμẋνẋϱẋσ: ð90Þ

The totally symmetric four-tensor Ξμνϱσ plays the role of an
effective “supermetric,” i.e., a generalization of the effec-
tive metrics in modified null cones in position space; see
the previous Eqs. (67), (80).
While effective metrics in position and momentum space

are inverses of each other, the relationship between the
Tamm-Rubilar tensor of the quartic dispersion equation (89)
and the effective “supermetric” of Eq. (90) is challenging to
establish. This is even true for explicit examples. To derive
Eq. (90) from the dispersion equation, as we did for the
quadratic cases, the canonical momentum must be inverted

for the four-velocity. This amounts to solving a system of
cubic equations, which is highly challenging.
Interestingly, we can follow an alternative path that

benefits from the Fresnel ray equation of materials optics.
By employing the latter and basic arguments on classical-
particle propagation in position space, we are able to derive
a classical type-2 Lagrangian in the form of Eq. (90) for a
vacuum with specific properties; see Appendix C.
Note that Skakala and Visser worked on pseudo-Finsler

structures associated with light propagation in biaxial
materials [113,114]. Optical properties of the latter are
encoded in a manifestly quartic dispersion equation accord-
ing to Eq. (89) that does not factorize into quadratic ones.
They encountered the severe problem of singular pseudo-
Finsler metrics, not only along the optical axes but for
generic lightlike four-velocities and momenta, respectively.
Their conclusion is discouraging and, in principle, states
that biaxial materials did not prove to be the testing ground
for quantum-gravity analogs that they had been hoping for.
Lagrangians of the form of Eq. (90) might turn out to be

more suitable for this endeavor. However, because of the
challenges that we described above, the development of a
generic approach to classical point-particle Lagrangians for
quartic photon dispersion equations, as well as embedding
them into a well-defined pseudo-Finslerian setting, still
presents an interesting open problem.

D. Carroll-Field-Jackiw theory

The complementary CPT-odd photon sector of the SME
is governed by a vector-valued background field kμAF; see
Eq. (66) [28,115,116]. In the literature, it is known as either
Carroll-Field-Jackiw (CFJ) theory, in homage to the phys-
icists who studied it first, or as Maxwell-Chern-Simons
theory. The latter name is due to the form of the Lagrange
density, which resembles that of Chern-Simons theory in
(2þ 1) spacetime dimensions [117]. However, contrary to
the kμAF sector of the SME, a genuine Chern-Simons term
does not violate Lorentz invariance and defines a topo-
logical field theory.
The dispersion equation is quartic in the momentum and

resembles that of the bμ coefficients stated in Eq. (38):

DCFJðpÞ ¼ 0; ð91aÞ

DCFJðpÞ ¼ p4 − ½ðkAF · pÞ2 − k2AFp
2�; ð91bÞ

where kμAF has mass dimension 1. In analogy to how we
treated the bμ coefficients, the latter dispersion equation can
be decomposed as follows:

DCFJðpÞ ¼ DðþÞ
CFJðpÞDð−Þ

CFJðpÞ; ð92aÞ

Dð�Þ
CFJðpÞ ¼ p2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkAF · pÞ2 − k2AFp

2

q
: ð92bÞ
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A comparison to Eq. (37b) reveals the correspondences

bμ ↔
kμAF
2

; m2 ↔ −
k2AF
4

; ð93Þ

between the background fields and the fermion mass. This
allows us to infer that the type-2 Lagrangians of the kμAF
sector must be of the form

L̃ð�Þ
CFJ ¼ −

1

2

�
ẋ2

e
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkAF · ẋÞ2 − k2AFẋ

2

q
−
e
4
k2AF

�
: ð94Þ

Note the presence of k2AF=4, which mimics a fermion mass,
albeit with wrong sign. The latter classical Lagrangians are
manifestly massless, though.

VI. CONCLUSIONS AND OUTLOOK

This paper has been written as an extension of contem-
porary literature on classical, relativistic, point-particle
Lagrangians based on the SME. Our results rest upon a
Lagrangian of a form not widely considered in the SME
community. The derived Lagrangians have a significant
advantage over the known ones in the literature: they
possess a well-defined massless limit. Hence, they are
suitable for studying classical-particle analogs to the SME
photon sector.
We found alternative Lagrangians for the spin-degenerate

aμ and eμ coefficients, as well as the spin-nondegenerate bμ
and Hμν coefficients. Further results for massless fermions
were presented for the cμν and dμν coefficients. These novel
Lagrangians possess a different constraint structure com-
pared to those known in the literature, which is analyzed in a
dedicated study.As expected, the number of physical degrees
of freedom of a pointlike particle amounts to 3, even in
the presence of Lorentz violation. Contrary to the type-1
Lagrangians published previously, the canonical
Hamiltonians are not identically equal to 0, but they are
directly related to the dispersion equations of the settings
studied.
A particular interest of ours was in classical-particle

analogs of photons. These have been challenging to
construct according to the procedure used over the past
15 years, which strongly relies on particles being massive.
For degenerate quadratic dispersion equations or quartic
equations factorizing into quadratic ones, the Lagrangians
are straightforward extensions of the standard one. The
latter involve the modified null cone(s) in position space,
which can be derived from the quadratic dispersion
equations in a direct manner. To obtain Lagrangians for
a quartic dispersion equation has proven to be challenging.
A generic and suitable method of treating those must still be
developed.
The Lagrangians obtained here may be applied to

classical-particle analogs of Weyl fermions and photons,
respectively, subject to spacetime symmetry violation and

propagating in gravitational fields. In particular, we refer to
problems of massless-particle propagation in black-hole
and wormhole solutions of modified-gravity theories with
spacetime symmetry violation.
Another intriguing direction worth pursuing is the

relationship between the classical-Lagrangians found and
(pseudo-)Finsler geometry. The latter is an extension of
(pseudo)-Riemannian geometry that supports path length
intervals with intrinsic vector and tensor fields. Over the
years, the relationship between type-1 Lagrangians within
the SME and Finsler geometry has been pointed out in
various papers. In fact, classical particles subject to Lorentz
violation, as described by the SME, propagate along
geodesics in pseudo-Finsler spaces [55]. Extending these
and similar analyses to the type-2 Lagrangians introduced
here presents another interesting research project.
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APPENDIX A: REPARAMETRIZATION
INVARIANCE

Here, we intend to demonstrate the reparametrization
invariance of two exemplary type-2 Lagrangians. First, let
us look at a generic modified type-2 Lagrangian that
involves an effective metric Ωμν and is of the form

L̃1 ¼
1

2

�
Ωμνẋμẋν

e
þm2e

�
: ðA1Þ

Under reparametrizations of the particle trajectory
described by a function f ¼ fðλÞ, we use the variational
properties δxμ ¼ fẋμ and δe ¼ fėþ ḟe [72,74]. Then, the
variation of the Lagrangian is given by

ALTERNATIVE CLASSICAL LAGRANGIANS FOR THE … PHYS. REV. D 114, 015038 (2026)

015038-15



δL̃1¼
1

2

�
2Ωμνẋμ

e
dðδxνÞ
dλ

−
Ωμνẋμẋν

e2
δeþm2δe

�

¼1

2

�
2Ωμνẋμ

e
dðfẋνÞ
dλ

−
Ωμνẋμẋν

e2
ðfėþ ḟeÞþm2ðfėþ ḟeÞ

�

¼f
2

�
2Ωμνẋμ

ϕ̈ν

e
−
Ωμνẋμẋν

e2
ėþm2ė

�

þ ḟ
2

�
2Ωμνẋμẋν

e
−
Ωμνẋμẋν

e
þm2e

�

¼f ˙̃L1þ ḟL̃1¼
d
dλ

ðfL̃1Þ; ðA2Þ

i.e., it is a total derivative.
Next, we investigate a type-2 Lagrangian governed by a

“supermetric” Ξμνϱσ; cf. Eq. (90):

L̃2 ¼
1

2e3
Ξμνϱσẋμẋνẋϱẋσ: ðA3Þ

Varying the latter leads to

δL̃2 ¼
1

2

�
4

e3
Ξμνϱσ ẋμẋνẋϱ

dðδxσÞ
dλ

−
3

e4
Ξμνϱσẋμẋνẋϱẋσδe

�

¼ 1

2

�
4

e3
Ξμνϱσ ẋμẋνẋϱ

dðfẋσÞ
dλ

−
3

e4
Ξμνϱσẋμẋνẋϱẋσðfėþ ḟeÞ

�

¼ f
2

�
4

e3
Ξμνϱσ ẋμẋνẋϱẍσ −

3

e4
Ξμνϱσẋμẋνẋϱẋσ ė

�

þ ḟ
2

�
4

e3
Ξμνϱσẋμẋνẋϱẋσ −

3

e3
Ξμνϱσ ẋμẋνẋϱẋσ

�

¼ f ˙̃L2 þ ḟL̃2 ¼
d
dλ

ðfL̃2Þ; ðA4Þ

which also amounts to a total derivative.

APPENDIX B: ADDITIONAL TYPE-2
LAGRANGIANS

In the forthcoming sections, we will present additional
examples of type-2 Lagrangians based on the Dirac fermion
sector of the SME. These findings support the results in the
main body of the paper. However, they do not provide
anything substantially different from what was already
considered, which is why we opted to separate them from
the main text.

1. Spin-degenerate cμν
The minimal-SME coefficients cμν provide a skewed

effective metric at first order in these coefficients:

Ωμν ¼ ημν þ 2cðμνÞ; ðB1Þ

where cðμνÞ is the symmetric part of cμν. The proposed type-
2 Lagrangian is

L̃c ¼ −
1

2

�
Ωμνẋμẋν

e
þ em2

�
: ðB2Þ

The canonical momentum follows directly from differ-
entiation:

pμ ¼ −
∂L̃c

∂ẋμ
¼ Ωμνẋν

e
: ðB3Þ

The effective metric of Eq. (B1) is invertible if jcμνj ≪ 1.
Then, the velocity can be expressed in terms of the
momentum as

ẋμ ¼ eΩμνpν; ðB4Þ

where ΩμνΩνϱ ¼ δμϱ. The Legendre transformation results
in the canonical Hamiltonian

H̃c ¼ −p · ẋ − L̃c

¼ −
1

2

Ωμνẋμẋν

e
þ 1

2
em2 ¼ −

e
2
DcðpÞ; ðB5aÞ

where

DcðpÞ ¼ Ωμνpμpν −m2: ðB5bÞ

Thus, the effect of cμν in both L̃c and H̃c is to act as an
effective metric. In position space for m ¼ 0, it describes a
modified null cone along which particle propagation
occurs. The inverse effective metric in momentum space
also governs a modified null cone with complementary
properties. Multiple branches do not exist, since the c
coefficients are spin-degenerate.

2. Subset of spin-nondegenerate dμν
We propose the following type-2 Lagrangian for the dμν

coefficients:

L̃ð�Þ
d ¼ −

1

2

�
ẋ2

e
� 2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ · d2 · ẋ

p
þ em2

�
; ðB6Þ

where ðd2Þμν ≔ dμαdαν and ẋ · d2 · ẋ ≔ ẋμðd2Þμνẋν. The
canonical momentum is obtained from

pμ ¼ −
∂L̃ð�Þ

d

∂ẋμ
: ðB7Þ

The first term in Eq. (B6) yields

−
∂

∂ẋμ

�
−
1

2

ẋ2

e

�
¼ 1

e
ẋμ: ðB8Þ
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Let us define the shorthand notation S ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ · d2 · ẋ

p
for the

square-root term, whereupon

−
∂

∂ẋμ
ð∓ mSÞ ¼ �m

ðd2Þμνẋν
S

: ðB9Þ

Compiling both contributions implies the canonical
momentum

pμ ¼
ẋμ
e
�m

ðd2Þμνẋνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ · d2 · ẋ

p : ðB10Þ

This expression is invertible for ẋμ, as in the bμ and Hμν

cases. Defining the Gramian R ≔ p · d2 · p, we can invert
Eq. (B10) as we did for bμ:

ẋμ ¼ e

 
pμ ∓ m

ðd2Þμνpνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

p
!
: ðB11Þ

The latter can be checked by inserting it into Eq. (B10). The
canonical Hamiltonians then follow from the Legendre
transformation

H̃ð�Þ
d ¼ −p · ẋ − L̃ð�Þ

d : ðB12Þ

Inserting Eq. (B11) into the first term gives rise to

−p · ẋ ¼ −e

 
p2 ∓ m

p · d2 · pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

p
!

¼ −ep2 � em
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

q
: ðB13Þ

Moreover, from Eq. (B11), we arrive at

ẋ2

e
¼ ep2;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ẋ · d2 · ẋ

p
¼ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

q
; ðB14Þ

which allows us to formulate the canonical Hamiltonians:

H̃ð�Þ
d ¼ −

�
−ep2 � em

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

q �

þ 1

2

�
ep2 � 2em

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

q
þ em2

�

¼ −
e
2
Dð∓Þ

d ðpÞ; ðB15aÞ

with

Dð�Þ
d ðpÞ ¼ p2 −m2 � 2m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · d2 · p

q
: ðB15bÞ

Notably, the two Hamiltonians differ by the sign before the
square root of the Gramian. Multiplying both branches
yields the complete quartic dispersion equation:

DðþÞ
d Dð−Þ

d ¼ ðp2 −m2Þ2 − 4m2p · d2 · p; ðB16Þ

which is, in fact, equivalent to the full SME dispersion law
for the dμν coefficients.

3. Combined set Hμν + dμν
It is even possible to derive Lagrangians for certain

combinations of coefficients. For a Lorentz-violating set-
ting that involves both the antisymmetric tensorHμν and the
symmetric tensor dμν, the relevant invariant appearing in the
square-root structure is

ΔHdðẋÞ ¼ ẋ ·H ·H · ẋþ 2Xẋ2 þm2ẋ · d2 · ẋ; ðB17Þ

with X given in Eq. (39) and ðd2Þμν ≔ dμαdαν. The
corresponding type-2 Lagrangians are

L̃ð�Þ
Hd ¼ −

1

2

�
ẋ2

e
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔHdðẋÞ

p
þ em2

�
; ðB18Þ

which reduce continuously to the pure-H and pure-d
Lagrangians of Eqs. (40) and (B6), respectively, when
the complementary coefficients are discarded.
Differentiation yields the canonical momentum

pμ ¼ −
∂L̃ð�Þ

Hd

∂ẋμ

¼ ẋμ
e
� ðHHÞμνẋν þ 2Xẋμ þm2ðd2Þμνẋνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ẋ ·H ·H · ẋþ 2Xẋ2 þm2ẋ · d2 · ẋ
p

¼ ẋμ
e
� Kμνẋνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΔHdðẋÞ
p ; ðB19Þ

which we expressed in terms of the tensor

Kμν ≔ ðHHÞμν þ 2Xημν þm2ðd2Þμν: ðB20Þ

The standard SME Gramian identity allows for inverting pμ

for the particle velocity:

ẋμ ¼ e

�
pμ ∓ Kμνpνffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p · K · p
p

�
: ðB21Þ

For the Legendre transformation, the following findings are
valuable:

pμẋμ ¼ e
�
p2 ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p · K · p
p �

; ðB22aÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΔHdðẋÞ

p
¼ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · K · p

p
: ðB22bÞ

Then, the resulting canonical Hamiltonians read
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H̃ð�Þ
Hd ¼ e

2

�
−p2 þm2 � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p · K · p

p �
: ðB23Þ

These Hamiltonians exhibit two branches, interpolating
smoothly between the pure-H and pure-d cases. Their
product reproduces the appropriate minimal-sector limit of
the general SME dispersion equation given in Eq. (40) of
Ref. [118].

APPENDIX C: QUARTIC ELECTROMAGNETIC
DISPERSION

Let us consider a light ray propagating along a quartic
surface expressed as

0 ¼ fðt; x; y; zÞ; ðC1aÞ

fðt; x; y; zÞ ¼ Ξμνϱσxμxνxϱxσ: ðC1bÞ

This scenario describes a nontrivial biaxial vacuum. The
surface consists of two sheets that intersect each other along
the optical axes. Hence, it is singular along these directions,
which are excluded from the analysis.
The trajectory xμ ¼ xμðλÞ of a classical point-particle

analog runs along the surface, which is why it must satisfy
the previous equation. Since the particle moves without
external force, d

nxμ
dλn ¼ 0 for n ≥ 2 and xμ is collinear with ẋμ.

Thus, differentiating Eq. (C1) four times for λ implies that
the four-velocity ẋμ also obeys Eq. (C1):

0 ¼ fðṫ; ẋ; ẏ; żÞ; ðC2aÞ

fðṫ; ẋ; ẏ; żÞ ¼ Ξμνϱσẋμẋνẋϱẋσ: ðC2bÞ

The relationship between the quartic SME dispersion
equation and Eq. (C2) in position space is not directly
evident. However, we can borrow a result from material
optics, which is known as the Fresnel ray equation [119]:

0 ¼ x2

1=v21 − 1=v2
þ y2

1=v22 − 1=v2
þ z2

1=v23 − 1=v2
: ðC3Þ

Here, v is the norm of the velocity of a light ray at the
point x ¼ ðx; y; zÞ in the coordinate system of principal
axes. The velocity component along the ith principal axis is
denoted as vi. Substituting v ¼ jxj=t leads to the following

equivalent quartic equation in t and x:

0 ¼ v21v
2
2v

2
3t

4 − t2β̃ðxÞ þ γ̃ðxÞ; ðC4aÞ

β̃ðxÞ ¼ v21ðv22 þ v23Þx2 þ v22ðv21 þ v23Þy2
þ v23ðv21 þ v22Þz2; ðC4bÞ

γ̃ðxÞ ¼ x2ðv21x2 þ v22y
2 þ v23z

2Þ: ðC4cÞ

We consider a Lorentz-violating vacuum characterized by
the property vi ¼ 1=εi, where εi is the ith component of the
permittivity tensor in the principal coordinate system.
Expressing the velocity components in terms of the
permittivity allows us to reformulate the latter quartic
equation once more:

0 ¼ t4 − t2βðxÞ þ γðxÞ; ðC5aÞ

βðxÞ ¼ ðε2 þ ε3Þx2 þ ðε1 þ ε3Þy2 þ ðε1 þ ε2Þz2; ðC5bÞ

γðxÞ ¼ x2ðε2ε3x2 þ ε1ε3y2 þ ε1ε2z2Þ: ðC5cÞ

According to the previous arguments, the four-velocity ẋμ

of the classical-particle analog must satisfy the very same
quartic equation. Then, we can propose a classical point-
particle Lagrangian in the form of Eq. (90) with the nonzero
independent components of the totally symmetric “super-
metric”

Ξ0000 ¼ 1; Ξ0011 ¼ −
1

6
ðε2 þ ε3Þ; ðC6aÞ

Ξ0022 ¼ −
1

6
ðε1 þ ε3Þ; Ξ0033 ¼ −

1

6
ðε1 þ ε2Þ; ðC6bÞ

Ξ1111¼ ε2ε3; Ξ2222¼ ε1ε3; Ξ3333¼ ε1ε2; ðC6cÞ

Ξ1122 ¼
1

6
ðε1 þ ε2Þε3; Ξ1133 ¼

1

6
ðε1 þ ε3Þε2; ðC6dÞ

Ξ2233 ¼
1

6
ðε2 þ ε3Þε1; ðC6eÞ

where the remaining ones vanish.
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