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QCD at nonzero isospin chemical potentials has phenomenological relevance for a series of physical
systems and provides an ideal test ground for the modeling of dense, strongly interacting matter. The two-
flavor quark-meson model is known to effectively describe the condensation of charged pions in QCD that
occurs in this setting. In this paper, we derive a renormalization group invariant mean-field formulation of the
model and demonstrate that the resulting phase diagram and equation of state are in quantitative agreement
with data from latticeQCDsimulations at small and intermediate isospin chemical potentials. In particular, the
speed of sound from the model shows an excess over the conformal bound, as previously seen in lattice
computations, in agreementwith chiral perturbation theory.We then consider the speed of sound in the limit of
large isospin chemical potentials and see that it approaches the conformal limit from above, in qualitative
agreementwith recent lattice results and in quantitative agreementwith perturbation theory in the presence of a
Bardeen-Cooper-Schrieffer gap. Finally, we consider the phase diagram in the approach to the chiral limit.We
find that within themodel, the chiral phase transition connects to the pion condensation phase boundary in the
chiral limit and we discuss the implications for the properties of the chiral transition point.
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I. INTRODUCTION

The thermodynamics of strongly interacting matter is an
important input for the phenomenological description of
physical systems like the early Universe, compact stars and
their mergers, as well as heavy-ion collisions, which are
used to study this kind of matter in the laboratory. Apart
from the phase diagram, the equation of state (EoS) is the
main input for the phenomenological modeling of such
systems. While the common scenario for the evolution of
the early Universe does not include large quark densities, or
chemical potentials in the grand canonical setting, except in
the presence of large lepton flavor asymmetries during its
early evolution [1–3], they are a key feature of compact
stars and heavy-ion collisions, so that first principles

knowledge about the EoS in the full parameter
space of temperature T and quark chemical potentials μf
is needed. The dominant factor is typically a nonzero
baryon density, but all of the systems mentioned above also
include large charge, or, equivalently, isospin density
components.
The main tool to obtain nonperturbative first principles

results for the phase diagram and the EoS are numerical
simulations of lattice QCD. However, these suffer from the
complex action problem at nonzero baryon chemical
potential, prohibiting a direct calculation of the EoS at
the parameters relevant for the above physical systems. In
contrast, QCD at pure isospin chemical potential μI , i.e., at
vanishing baryon and strangeness chemical potentials, has
a real action and can be simulated directly [4–6]. The
associated phase diagram with physical quark masses has
been mapped out a few years ago [7], including the phase of
a Bose-Einstein condensate (BEC) of charged pions, and
the EoS has been computed from direct simulations in the
grand canonical setting [8,9], as well as in a canonical setup
at zero temperature [10–12].
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Due to the complex action problemof lattice simulations at
nonzero baryon chemical potential,model descriptions of the
thermodynamics of strongly interacting matter have a long
history. In particular, the phase diagram and the equation of
state at nonzero isospin chemical potential have been studied
within a multitude of models, including the Nambu-Jona-
Lasinio (NJL) model [13–30] and the linear sigma or quark-
meson model [31–46]. We also refer the reader to Ref. [47]
for a review. Here, wewill focus on the quark-meson model.
While themodel cannot capture the physics of nuclearmatter
in QCD at finite baryon density, it provides an accurate
description of the competing dynamics of chiral versus
charged pion condensation at μI ≠ 0 and can accurately
reproduce the associated phase diagram, e.g., [34,38,39].
The model also shows a crossover from the BEC phase with
tightly bound pions to a Bardeen-Cooper-Schrieffer (BCS)
superconducting phase, where pions become weakly bound
and take the form of pseudoscalar Cooper pairs [4], which is
still actively searched for in lattice studies [48,49]. This
transition is analogous to the BEC/BCS crossover in ultra-
cold fermionic quantum gases [50] and happens in themodel
when the dynamically generated Dirac mass of the quarks
rotates into a Majorana mass as μI increases. A similarly
good agreement between the quark-meson model and the
lattice data has been observed for a number of quantities
related to the EoS [41,44].
In this article, we perform a comprehensive comparison

between the predictions of a renormalization group (RG)
invariant mean-field (MF) formulation [51,52] of the quark-
meson model and recent lattice data for the phase diagram
and the equation of state. The formulation should be
equivalent to the one used in [37,38], although in different
regularization and renormalization schemes. Especially the
latter seems to make a difference that is significant enough
to briefly sketch the derivation of our RG-invariant MF
formulation here, for convenience. We then fix the RG-
invariant scale parameter of the model by using the lattice
data for the isospin density at T ¼ 0 within the BEC phase
close to the phase boundary. Adjusting the mass parameter
of the scalar σ meson to the chiral crossover transition
temperature TpcðμI ¼ 0Þ at zero isospin density, we then
compare a range of other thermodynamic quantities. In
particular, for the resulting speed of sound we find good
agreement with lattice data and chiral perturbation theory
[53] from the onset of pion condensation, surprisingly, all
the way up to the perturbative regime, where the asymptotic
conformal limit c2s ¼ 1=3 [54] is approached from above,
and well within recent QCD predictions [55,56]. With the
model parameters fixed, we furthermore compare the
resulting finite temperature phase diagram to the one
obtained on the lattice, and once more find very good
qualitative and also good quantitative agreement for most
of the phase boundaries. Finally, we scrutinize the behavior
of the BEC phase boundary in the approach to the chiral
limit, where the model can serve as an effective theory to

describe the competition between chiral symmetry break-
ing and pion condensation. In this regime, lattice data are
only available at half the physical pion mass, where the
model shows good qualitative agreement for the change of
the phase boundary with the results from lattice QCD. The
model indicates that the pion condensation phase boundary
connects to the chiral phase transition, showing that the
chiral phase transition marks a multicritical point in the
QCD phase diagram.

II. RENORMALIZATION GROUP INVARIANT
MEAN-FIELD POTENTIAL

Here, we use the two-flavor quark-meson (QM) model as
an effective theory to describe chiral symmetry breaking
and charged pion condensation. The Lagrangian of the
model with finite chemical potentials μq ¼ ðμu þ μdÞ=2
and μI ¼ ðμu − μdÞ=2 for average quark number and
isospin imbalance reads

LQM ¼ ψ̄ð=∂þ gðσ þ iγ5π⃗ τ⃗Þ − ðμq þ μIτ3Þγ0Þψ

þ 1

2
ð∂α þ 2μIδ

0
αÞπþð∂α − 2μIδ

0
αÞπ−

þ 1

2
ð∂ασÞ2 þ

1

2
ð∂απ0Þ2 þUðρ2; π2Þ − cσ:; ð1Þ

where π0 ≡ π3, π� ≡ π1 � iπ2, π2 ≡ πþπ− ¼ π21 þ π22, and
ρ2 ¼ σ2 þ π20. Note that with these definitions, the isospin
charges of up and down quarks are �1, while those of the
charged pions are �2, corresponding to the conserved
isospin current

j3α ¼ ψ̄τ3γαψ þ π−∂απþ − πþ∂απ−: ð2Þ

At mean-field level, the quark contribution to the Landau
free-energy density at temperature T is given by [34]

ΩqðT; μq; μIÞ ¼ −2TNc

Z
d3p
ð2πÞ3

X
�

�
ln cosh

E� − μq
2T

þ ln cosh
E� þ μq

2T

�
; ð3Þ

where E2
� ¼ g2π2 þ ðϵp � μIÞ2 and ϵ2p ¼ p2 þ g2ρ2, and

Nc ¼ 3 is used for the number of colors throughout. The
complete mean-field expression includes the mesonic
effective potential Uðρ2; π2Þ together with explicit sym-
metry breaking and charged-pion seagull terms, and reads

ΩðT; μq; μIÞ ¼ Uðρ2; π2Þ − cσ − 2μ2Iπ
2 þ ΩqðT; μq; μIÞ:

ð4Þ

Here, we use the simplest Oð4Þ-symmetric potential for the
scalar and pseudoscalar meson fields with quartic self-
interactions,
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Uðρ2; π2Þ ¼ m2

2
ðρ2 þ π2Þ þ λ

4
ðρ2 þ π2Þ2: ð5Þ

As usual, the zero-temperature contribution from the
quarks contains ultraviolet (UV) divergent vacuum terms.
Unlike the case of a pure baryon or symmetric quark
chemical potential μq, inside the pion condensation phase
(for π2 ≠ 0) there are UV divergent vacuum terms propor-
tional to π2μ2I [37]. To see this explicitly, we define

Ω0
qðμ2I Þ≡ΩqðT ¼ 0; μq ¼ 0; μIÞ; ð6Þ

and, with E� ≡ E�ðp2; g2ρ2; g2π2; μIÞ, write

Ω0
qðμ2I Þ ¼ −

Nc

π2
X
�

Z
p2dpE�ðp2; g2ρ2; g2π2; μIÞ; ð7Þ

which is even in μI because E−ðμIÞ ¼ Eþð−μIÞ. Taylor
expanding around μI ¼ 0, one observes that the first two
terms are ultraviolet divergent,

Ω0
qðμ2I Þ ¼ −

Nc

π2

Z
p2dp

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ðρ2 þ π2Þ

q

þ g2π2μ2Iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ðρ2 þ π2Þ

p
3

�
þUV finiteOðμ4I Þ:

ð8Þ

When we subtract the logarithmic divergence from the
second term, proportional to π2μ2I , we must be careful not to
change the Silver-Blaze behavior by the subtraction. Note
that the unsubtracted original Ω0

qðμ2I Þ is actually indepen-
dent of μI as long as g2π2 ¼ 0, i.e., in the vacuum,
μI < μc ¼ mπ=2.

1 Because the subtracted Landau free-
energy density must vanish together with all its μI deriv-
atives as long as μI < μc, it is of course not analytic at this
point, which is the bifurcation point in the zero-temperature
gap equation for the pion condensate.
In order to make the Oð4Þ symmetry for μI ¼ 0 explicit,

we first introduce the following new field variables, which
furthermore turn out to be the renormalization group
invariant and hence physical variables in our RG-invariant
mean-field formulation,

M2 ≡ g2ðρ2 þ π2Þ; and Δ2 ≡ g2π2: ð9Þ

Because of the two independent logarithmic UV divergen-
ces in Eq. (8), proportional M4 and to μ2IΔ2, respectively,
we need two independent renormalization constants. One is
the usual mean-field renormalization constant of the quartic

meson self-interactions, defined by λR ¼ Z−1
λ λ, and the

other renormalizes the quark-meson Yukawa coupling, via
g2R ¼ Z−1

g g2, where the subscript R denotes the
multiplicatively renormalized (and hence renormalization
scale ν dependent but UV finite) quantities. The latter in
particular also implies that one needs meson field ϕ ¼
ðσ; π⃗Þ and mass renormalization, introducing ϕR ¼ Z−1=2

ϕ ϕ

and m2
R ¼ Z−1

m m2. These are not independent, however, but
determined from ZgZϕ ¼ 1 and ZmZϕ ¼ 1, so that the
meson field variables M and Δ are renormalization group
invariant, and so is the ratio of the mass parameter
in the meson Lagrangian and the Yukawa coupling,
m2

R=g
2
R ¼ m2=g2.

Regularization and renormalization follow standard pro-
cedures [37,39,41,57], as summarized for convenience in
the Appendix. Since all quantities below are renormalized
and finite, or RG invariant, we drop their subscript R again,
from now on. For our renormalization group invariant
formulation it is convenient to introduce two new couplings
u≡ g4=λ and v ¼ g2, with Zu ¼ Z2

g=Zλ and Zv ¼ Zg, and
corresponding β functions obtained from their RG scale ν
dependences, which at the mean-field level are given by

βuðuÞ≡ ν
duðνÞ
dν

¼ u
dZ−1

u

d ln ν
¼ Nc

π2
u2; ð10Þ

βvðvÞ≡ ν
dvðνÞ
dν

¼ v
dZ−1

v

d ln ν
¼ Nc

2π2
v2: ð11Þ

The first equation is used to define the RG-invariant scale
parameter M0 of the mean-field model [51] in terms of
general ν and u≡ uðνÞ (but independent of v),

M0 ¼ ν exp

�
−
Z

u

u0

dl
βuðlÞ

�
; with u0 ¼ uðν0Þ: ð12Þ

As our first renormalization condition, we use the initial
condition ν0 ¼ M0 here such that the reference scale ν0 is
fixed to the RG-invariant constituent quark mass in the
vacuum,

M0 ≡ g0σ0; where g0 ¼ gðν0Þ and σ0 ¼ σðν0Þ ¼ fπ;

where fπ ≈ 93 MeV is the usual PCAC pion decay con-
stant. The second renormalization condition that we need to
introduce is to fix the residue of the pole in the (RG
scale ν dependent) meson propagator in the vacuum to be
unity at the reference scale ν0, which for the charged pion

two-point function Γð2Þ
π� ðp; μIÞ at vanishing four-momen-

tum, p ¼ ðp0; p⃗Þ ¼ 0, for T ¼ μq ¼ 0 and μI → mπ=2
from below, implies that

Γð2Þ
π� ð0; μIÞ ¼

g2ðνÞ
g20

ðm2
π − ð2μIÞ2Þ: ð13Þ

1Note that the onset of pion condensation is at half the pion
mass with the convention for isospin chemical potential used
here. In Fig. 4, however, we compare to results obtained in a
different convention, which results in a scaled μI axis.
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The reason why a wave function renormalization appears
for the charged pions despite having no momentum-
dependent divergence is because the chemical potential
essentially enters as a shift to the frequency at zero
temperature. For a general discussion based on a scalar
model, see [58].
Our full effective potential is then explicitly verified to

be renormalization group invariant, satisfying the simple
renormalization group equation�

ν
∂

∂ν
þ βuðuÞ

∂

∂u
þ βvðvÞ

∂

∂v

�
ΩðT; μq; μIÞ ¼ 0: ð14Þ

It is therefore possible to eliminate the explicit RG scale
dependence of the renormalized vacuum contributions
together with the scale-dependent couplings u and v in
favor of the single scale parameterM0 and the couplings u0
and v0 defined at this reference scale. The latter are then
implicitly determined by our two renormalization condi-
tions, which allow them to be eliminated as well. Therefore,
the full effective potential, as a function of the RG-invariant
field variablesM, Δ, and Σ≡ gσ, can be expressed in terms
of physical parameters and our single free scale parameter
M0—the analog of ΛQCD in the model. The result is

ΩðT;μq;μIÞ¼
1

2

�ð3m2
π−m2

σÞf2π
2M2

0

−
Nc

2π2
M2

0

�
M2þ1

4

�ðm2
σ−m2

πÞf2π
2M4

0

þ3Nc

4π2

�
M4−

m2
πf2π
M0

Σ

−
2f2π
M2

0

μ2IΔ2−
Nc

4π2
M4 lnðM=M0Þþ

Nc

π2
μ2IΔ2ðlnðM=M0Þ−F0

qðmπ=ð2M0ÞÞÞþR0
qðM2;Δ2;μ2I Þ

−2TNc

Z
d3p
ð2πÞ3

X
�
ðlnð1þe−

jE�−μq j
T Þþ lnð1þe−

jE�þμq j
T ÞÞ−2Nc

Z
d3p
ð2πÞ3

X
�
θðjμqj−E�Þðjμqj−E�Þ; ð15Þ

as derived in the Appendix. We have been a bit sloppy not
distinguishing the effective potential from the thermody-
namic grand potential here, where the latter is of course
obtained upon minimizing the former with respect to the
two independent field variablesM (or Σ) and Δ, dependent
on temperature and chemical potentials.
We have furthermore introduced the subtracted and UV

finite residual of the field-dependent vacuum terms,

R0
qðM2;Δ2; μ2I Þ≡Ω0

qðμ2I Þ − Ω0
qð0Þ − μ2I

∂

∂μ2I
Ω0

qðμ2I Þ
����
μ2I¼0

:

ð16Þ

Importantly, for Δ ¼ 0, this residual vacuum contribution
still contains the degeneracy pressure of a Fermi gas at
finite isospin chemical potential, when μ2I > M2 ¼ g2ρ2.
This ground-state pressure G0

qðM; μIÞ is not affected by the
subtraction in (16) and can be isolated,

R0
qðM2;Δ2 ¼ 0; μ2I Þ≡ −G0

qðM; μIÞ; ð17Þ

where

G0
qðM; μIÞ ¼ 4Nc

Z
d3p
ð2πÞ3 θðjμIj − ϵpÞðjμIj − ϵpÞ;

with ϵp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

p
. Since G0

qðM; μIÞ≡ 0 for μ2I < M2,
in this regime, we can then use the expansion

R0
qðM2;Δ2; μ2I Þ ¼

Nc

π2
Δ2μ2I ðF0

qðμI=MÞ þOðΔ2=M2ÞÞ;

with a transcendental function F0
qðxÞ given explicitly in the

Appendix.
Moreover, the value of the leading contribution ofOðΔ2Þ

to R0
qðM2;Δ2; μ2I Þ at μI ¼ mπ=2 is also subtracted, in the

second line of Eq. (15), due to our second renormalization
condition for the charged pion two-point function in
Eq. (13). Compared to minimal subtraction (or MS), this
amounts to subtracting an additional small but finite
contribution, of relative size Cϕ ¼ −F0

qðmπ=ð2M0ÞÞ ≈
0.013 for mπ ¼ 139 MeV and M0 ¼ 350 MeV, for exam-
ple, in the meson field renormalization constant, see the
Appendix. Otherwise, the RG-scale-dependent prefactor
ZðνÞ ¼ g2ðνÞ=g20 of the vacuum pion propagator (13) for
μI → mπ=2 from below would not be unity at the reference
scale but some Z0 ≡ Zðν0Þ, given by

Z0 ¼ 1 −
Ncg20
2π2

ðF0
qðmπ=ð2ν0ÞÞ þ CϕÞ:

One would then need to rescale the physical pion mass by
m2

π → Z0m2
π , accordingly, to compensate this finite multi-

plicative renormalization factor in its definition. This would
automatically readjust the onset of pion condensation from
μI ¼ Z−1=2

0 mπ=2 back to half the physicalmπ=2 at the same
time, precisely as one expects from the meson field
renormalization constant Zϕ ¼ Z−1

g with Zg ¼ Zv given
in Eq. (A4) of the Appendix.
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The RG-invariant gap equations forM andΔ, here at T ¼ μq ¼ 0 for simplicity, are then obtained straightforwardly from
Eq. (15) as follows:

0 ¼
�ð3m2

π −m2
σÞf2π

2M2
0

−
Nc

2π2
M2

0

�
M þ

�
m2

πf2π
M4

0

−
ð3m2

π −m2
σÞf2π

2M4
0

þ 3Nc

4π2

�
M3 −

m2
πf2π
M0

Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − Δ2

p

−
Nc

π2
M3

�
lnðM=M0Þ þ

1

4

�
þ Nc

π2
μ2IΔ2

M
þ 2M

∂

∂M2
R0
qðM2;Δ2; μ2I Þ; ð18Þ

0 ¼ m2
πf2π
M0

Δffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − Δ2

p −
4f2π
M2

0

μ2IΔþ 2Nc

π2
μ2IΔðlnðM=M0Þ þ CϕÞ þ 2Δ

∂

∂Δ2
R0
qðM2;Δ2; μ2I Þ: ð19Þ

The solution for Δ ¼ 0, i.e., the trivial solution to Eq. (19),
reduces to M ¼ M0 from Eq. (18), as it must.
For the bifurcation analysis of the Δ gap equation, we

linearize the nontrivial solution to Eq. (19) as

0 ¼ m2
πf2π

M0M
ð1þOðΔ2=M2ÞÞ − f2π

M2
0

ð2μIÞ2

þ 2Nc

π2
μ2I lnðM=M0Þ þ

2Nc

π2
μ2I ðF0

qðμI=MÞ
−F0

qðmπ=ð2M0ÞÞ þOðΔ2=M2ÞÞ; ð20Þ

which confirms that for Δ ¼ 0 in the vacuum, where
M ¼ M0, the bifurcation point, i.e., the nontrivial root of
the gap equation, occurs at 2μI ¼ mπ , as it must. The
effective potential is of course nonanalytic at this point, in
fact, one has R0

q ≡ 0 in the vacuum (for the trivial solution
Δ ¼ 0 below the bifurcation point). In our renormalization
scheme, we explicitly see that for μI → mπ=2 from below,
only the first line in Eq. (20) remains, which thus agrees
with Eq. (13), up to the factor of g2 from the derivatives of
Δ with respect to π and with g20 ¼ v0 ¼ M2

0=f
2
π at the

reference scale.
As a final remark on our RG-invariant mean-field

formula for the two-flavor quark-meson model in Eq. (15),
we note that it is consistent with QCD inequalities [59] for
the Landau free-energy densities

ΩBðT; μqÞ≡ΩðT; μq; μI ¼ 0Þ; ð21Þ

ΩIðT; μIÞ≡ΩðT; μq ¼ 0; μIÞ; ð22Þ

with chemical potentials either only for baryon density
(where μB ¼ 3μq) or only for isospin density (with μI for
isospin charges �1 of up and down quarks here), respec-
tively. For these, one then readily verifies from Eq. (15) that

ΩBðT; μÞ ≥ ΩIðT; μÞ: ð23Þ

To show this, one first notes that outside the pion
condensation phase, this inequality in (23) is in fact

saturated in our mean-field model, with

ΩBðT; μÞ ¼ ΩIðT; μÞ; for Δ ¼ 0: ð24Þ

The inequality in the general case then follows from
observing that a nonvanishing pion condensate produces
additional contributions to ΩIðT; μÞ that are negative
definite and absent from ΩBðT; μÞ.

III. COMPARISON WITH LATTICE DATA

Apart from the physical parametersmπ , fπ , andmσ, there
is only the single parameter M0 in the RG-invariant mean-
field theory that sets the overall scale of all dimensionful
quantities. As the results, in units of M0, will only depend
on mπ=M0, fπ=M0, and mσ=M0, in principle, we could
choose it to be anything we like.
In physical units, however, the lattice data for the isospin

density at zero temperature from Ref. [9] can be used to
constrain M0. To do this, we first fix mπ ¼ 135 MeV,
which is the pion mass used in the simulations of Ref. [9]
for two different lattices of sizes 243 × 32 and 323 × 48 and
lattice spacings of a ¼ 0.22 fm and a ¼ 0.15 fm. This
leaves us with fπ and mσ as adjustable parameters. The
value of mσ is particularly poorly constrained. In fact, one
might argue that it is not a very well-defined physical
parameter in the first place, remembering that the σ meson
is best described as a broad two-pion resonance corre-
sponding to a pole at mσ ≃ ð450 − i275Þ MeV on the
unphysical Riemann sheet [60]. Luckily, the RG-invariant
mean-field results for the isospin density at zero temper-
ature turn out to be practically insensitive to the σ-meson
mass parameter mσ, with no noticeable differences at all,
when choosing any value of mσ somewhere in a range
between about 300 and 700 MeV, so the results should also
remain unchanged when averaging over a correspondingly
broad σ spectral function. For different values ofM0, we are
then left with adjusting the pion decay constant fπ to match
the lattice data. Using a simple reduced χ-squared criterion
for the goodness of the fits, we obtain the best overall
description of the lattice data for values ofM0 between 340
and 360 MeV. This nicely concurs with the typical scale
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used in many previous quark-meson model studies and its
interpretation as the constituent quark mass in the vacuum.
Thus, using M0 ¼ 350 MeV (and, for completeness,
mσ ¼ 470 MeV, here), the result for fπ ¼ 90 MeV, shown
as the solid blue line in Fig. 1, describes the data fairly well.
It can in fact be seen as providing a global fit to both
datasets. Moreover, the narrow light-blue band shows the
effect of varying fπ between 88 MeV (lower edge) and
92 MeV (upper edge). The somewhat wider light-yellow
band in Fig. 1, on the other hand, is obtained from varying
the RG-invariant scale parameterM0 of the model between
300 MeV and 400 MeV, i.e., by �50 MeV around its
central value, while keeping fπ ¼ 89 MeV fixed. This
wider band covers the fπ variations above, and it intersects
with the error bars of all data points. In the figures below,
we will therefore use this more conservative wider band as
an indication of the present uncertainty in fixing the model
parameters to the available data, in the range between the
onset of pion condensation and μI ≲mπ , as shown in Fig. 1.
Using the central values of M0 ¼ 350 MeV and

fπ ¼ 90 MeV, together with the same band of �50 MeV
variations in the scale parameterM0, the isospin density and
the energy density in units of their respective appropriate
powers of mπ are shown in Fig. 2 for isospin chemical
potentials from the onset of pion condensation at μI ¼ mπ=2
up to μI ¼ 2mπ together with the interpolating bands for the
two lattice datasets from Ref. [9].2 The resulting speed of

sound is compared in Fig. 3 to the corresponding interpo-
lation bands for the lattice data from Ref. [9] and chiral
perturbation theory (χPT), as here represented by the light-
green band between the leading-order curve (LO, upper
edge) and the next-to-leading-order result (NLO, lower
edge) from Ref. [53]. In this range, the RG-invariant
quark-meson model calculation is consistent with χPT
and both are in good qualitative agreement with the lattice
data. The effective theories show less small-scale features
than the interpolating bands of the lattice data, which also
shows in the fact that the speed of sound develops a peak at
larger isospin chemical potentials, as we discuss next.

FIG. 1. Zero-temperature isospin density in physical units
compared to the data from lattices of size 243 × 32 (red) and
323 × 48 (gray), with spacings a ¼ 0.22 fm and a ¼ 0.15 fm and
mπ ≃ 135 MeV [9], usingM0 ¼ 350 MeV and fπ ¼ 90 MeV for
the best overall description (solid blue line). The light blue band
shows the effect of varying fπ between 88 MeVand 92 MeV, and
the light yellow band that of varying the scale parameter M0

between 300 MeV and 400 MeV at fixed fπ .

FIG. 2. Isospin (upper curves) and energy densities (lower
curves) in units of the pion mass, as obtained from the quark-
meson model (solid blue and yellow lines with bands indicating
the effects of varying the RG-invariant scale parameter M0 by
�50 MeV, see the text) and in lattice QCD [9]. The color code
for the latter is the same as in Fig. 1.

FIG. 3. Results for the speed of sound, as obtained in the quark-
meson model and on the lattice [9]. The color code for these
results is the same as in Fig. 1. In addition, we also show the result
from chiral perturbation theory from Ref. [53] as the light-green
band, as described in the text.

2These units are convenient to plot isospin nI and energy
density ϵI on the same scale, which is not possible when plotting,
e.g., nIðμIÞ in units of fm−3 and ϵIðμIÞ in units of MeV fm−3.
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This feature of a speed of sound peak at larger chemical
potentials is shown in Fig. 4, where its position (beyond the
range of applicability of χPT) agrees with the lattice results
obtained in the canonical setting of Ref. [12]. For the
comparison with this data (red line with light-red error
band), we have slightly adapted the pion mass and decay
constant in our RG-invariant mean-field calculation (blue
line) to concur with the ones used for the simulations of
Ref. [12], changing from mπ ¼ 135 MeV and fπ ¼
90 MeV to mπ ¼ 139.57 MeV and fπ ¼ 92 MeV, while
keeping the scale parameter fixed at M0 ¼ 350 MeV
together with the same �50 MeV (light blue) variation
band, as used to describe the lattice data of Ref. [9] in the
figures above. Additionally shown in Fig. 4 are the recent
perturbative estimates, including the superconducting pair-
ing gap from Ref. [56] (light-yellow band) and the chiral
perturbation theory result from Ref. [53], as already
included in Fig. 3 as well.
For another comparison, we have also included in Fig. 4

a family of analytic results from the linear sigma model
(gray line and band), where one readily works out from the
mean-field equations of state [34,61,62] that

c2s
c2

¼ 1 − y2 þ x4ðy2 − 3Þ þ 2x6

3ðy2 − 1Þ þ x4ðy2 − 3Þ þ 6x6
; ð25Þ

for x ¼ 2μI=mπ ≥ 1, and with y ¼ mσ=mπ . Of course, this
expression reduces to the corresponding nonlinear sigma

model result c2s=c2 ¼ ðx4 − 1Þ=ðx4 þ 3Þ in the limit
y → ∞, i.e., for ms ≫ mπ. This then yields the upper
(LO χPT) edge of the green χPT band, which always
approaches c2s=c2 → 1 for asymptotically large chemical
potentials. Although the qualitative effect of the finite mσ,
to restore the conformal limit c2s=c2 → 1=3, is thus quite
significant, in stark contrast to our RG-invariant quark-
meson model calculation, the linear sigma model result is
very sensitive to this σ-meson mass parameter. To dem-
onstrate this we have plotted the linear sigma model speed
of sound [Eq. (25)] in Fig. 4 with the same mπ and
mσ ¼ 470 MeV (solid gray line). The light-gray band has
then been obtained from varying mσ ∈ ½235; 940� MeV,
i.e., up and down by a factor of two relative to the central
value, indicating the dependence of this result on variations
of the σ-meson mass in a range where the RG-invariant
quark-meson model result remains practically independent
of this parameter, as explained above.
These plots highlight how surprisingly well the RG-

invariant quark-meson model calculation is able to describe
the presently available QCD knowledge, including lattice
data, chiral perturbation theory, and perturbative estimates,
over a remarkably wide range of almost 2 orders of
magnitude in the isospin chemical potential, from the onset
of pion condensation up to the perturbative regime and its
approach to the conformal limit.

IV. FINITE TEMPERATURE PHASE DIAGRAM
AND CHIRAL LIMIT

After this comprehensive comparison of the zero-tem-
perature results, we finally turn to the phase diagram in the
plane of isospin chemical potential μI and temperature T in
Fig. 5. The input parameters here are all fixed to the lattice
data in Fig. 1, as discussed above, with mπ ¼ 135 MeV,
fπ ¼ 90 MeV, M0 ¼ 350 MeV, and mσ ¼ 470 MeV. As
also mentioned above already, mσ is thereby not con-
strained by the zero-temperature data but adjusted, so that
the pseudocritical temperature of the chiral transition at
μI ¼ 0 (in both cases here defined by the inflection point in
the order parameter) agrees with that determined on the
lattice in Ref. [7]. As a first consistency check, the
curvature of the chiral transition (dashed red) then also
agrees with the lattice determination (light-orange band) for
all μI up to the phase boundary of pion condensation. The
chiral condensate develops a kink at the phase boundary to
the pion condensation phase, so that there is no such
inflection point inside the pion condensation phase. We
have therefore also included the half-value line of the chiral
order parameter Σ (solid red), which can serve as a rough
estimate of the BEC-BCS crossover inside the pion con-
densation phase, as explained below.
The RG-invariant pion condensate Δ in units of the scale

parameter M0 is represented as a contour plot with color
shading in Fig. 5. A value of Δ=M0 ¼ 1 (black) means that
its value has reached that of the chiral order parameter in

FIG. 4. The speed of sound (solid blue) compared to the lattice
data from Ref. [12] (red line with light-red error band), here using
physical values for pion mass and decay constant
(mπ ¼ 139.57 MeV for the onset of pion condensation, and
fπ ¼ 92 MeV, other parameters unchanged). Also shown are the
χPT result from Ref. [53] (light-green band between LO and
NLO results as upper and lower edges), and the most recent
perturbative estimate with contributions from the superconduct-
ing pairing gap included from [56] (yellow line with light-yellow
error band). The gray line and light-gray band show a family of
analytic results from Eq. (25) for the linear sigma model for
comparison (see text).
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the vacuum, where Σ ¼ M0. At leading order, and approx-
imately also in our RG-invariant MF calculation, M2 ¼
Σ2 þ Δ2 stays constant as the ground state rotates from
Σ ¼ M0, Δ ¼ 0 in the vacuum to Σ → 0, Δ ∼M0 with
increasing x ¼ 2μI=mπ at vanishing temperature. The
BEC-BCS crossover roughly occurs where Σ ∼ Δ. In the
quark-meson model, this is the point where the dynamically
generated quark mass rotates from the original Dirac mass
(when Σ ≫ Δ) to being predominantly of Majorana type
(for Δ ≫ Σ).
Moreover, the boundary of the pion condensation phase

at finite temperature in the RG-invariant MF calculation
(solid green line) also compares remarkably well with that
obtained on the lattice (light-green band) in Refs. [7,63].
Once more, the plot highlights how well the quark-meson
model is able to describe the lattice results in our RG-
invariant MF approach. The only region in parameter space
where slight quantitative discrepancies can be seen is the
corner of the pion condensation phase in the transition
region between the μI-independent vertical phase boundary
and the only weakly temperature-dependent horizontal
phase boundary.
Although the remarkably rectangular shape of the pion

condensation phase boundary is thus not completely
captured by our quark-meson model description, it is
worthwhile to note that the RG-invariant MF calculation
here describes the lattice data considerably better than
comparable previous model results in this regard.
Compared to the functional renormalization group
(FRG) study in Ref. [34], for example, the RG-invariant

mean-field calculation is conceptually closest to the
extended mean-field (eMF) calculation where one integra-
tes the fermionic FRG flow for the effective potential at
fixed meson field variables from a fixed UV cutoff Λ down
to the infrared. However, the eMF calculation of Ref. [34]
yielded a tricritical point around μI ∼ 200 MeV where the
finite temperature phase boundary turned into a first-order
transition, as had previously been observed in an NJL
model calculation [64] and originally predicted from NLO
χ-PT for the analogous case in two-color QCD [65]. The
most likely cause of this qualitative discrepancy in the eMF
calculation is the finite UV cutoff Λ, whose effect for larger
T and μI might not be negligible but could in principle be
eliminated in an RG-consistent extension along the lines of
Refs. [66,67] to remedy this.
On the other hand,while therewas no such tricritical point

in the full FRG solution of Ref. [34], including the fluctua-
tions from collective mesonic excitations to the effective
potential at leading order in the derivative expansion, the
resulting pion condensation phase boundary was not nearly
as rectangular as in Fig. 5. The same overall effects of
fluctuations from the FRG were observed in the analogous
phase diagram of two-color QCD [68], where the similarly
horizontal phase boundary of diquark condensation [69]was
later attributed to confinement effects, as modeled by
effective Polyakov-loop variables [70]. While analogous
FRG studies for QCD at finite isospin density will be
important and interesting for the future, here we conclude
that the main qualitative features of the corresponding phase
diagram are very well captured by the simple quark-meson
model in our RG-invariant MF calculation, which is thus
ready to serve as an effective description of the underlying
dynamics and the competing order of chiral symmetry
breaking versus pion condensation.
For the phase diagram at nonzero isospin chemical

potential, this competing order becomes particularly inter-
esting as one approaches the chiral limit. For early
discussions within the NJL model, see Ref. [31], and the
functional renormalization group, see Ref. [71]. The
problem is analogous to that in two-color QCD, where
diquark condensation at finite baryon chemical potential
competes with chiral symmetry breaking in the chiral limit,
as discussed in Refs. [68,72].
Since pion condensation at T ¼ 0 sets in at μI ¼ mπ=2,

in the chiral limit, where the pion mass vanishes, pion
condensation occurs already for infinitesimal isospin
chemical potentials μI > 0, spontaneously breaking the
Oð2Þ subgroup of the isospin symmetry corresponding to
rotations in the charged pion plane. The limits μI → 0 at
mq ¼ 0 and mq → 0 at μI ¼ 0 do not commute. More

precisely, introducing a pion source λ̂ as the external
symmetry breaking field for the Oð2Þ isospin rotations,
this can be understood as follows:
At μI ¼ 0, the difference between mq → 0 at λ̂ ¼ 0 and

λ̂ → 0 at mq ¼ 0 is simply the alignment on the vacuum

FIG. 5. Phase diagram in the ðμI ; TÞ-plane from the RG-invariant
quark-meson model calculation (with M0 ¼ 350 MeV, mπ ¼
135 MeV, fπ ¼ 90 MeV, and mσ ¼ 470 MeV): chiral crossover
(dashed red), half-value of the chiral order parameter Σ (solid red),
and contour plot of the normalized pion condensate Δ=M0 with
second-order phase boundary (solid green), compared to the chiral
crossover (light-orange band) and pion condensation phase boun-
dary (light-green band), as determined on the lattice in Ref. [7].
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(coset) manifold of chiral symmetry breaking, with no
effect on the universality class.
Atmq ¼ 0, on the other hand, any small but finite μI > 0

will lead to pion condensation in the limit λ̂ → 0. Since
changing the sign of λ̂ changes that of the pion condensate
Δ, this leads to a first-order phase transition line at λ̂ ¼ 0
along the temperature axis, which ends in a critical point of
the three-dimensional Oð2Þ universality class at the corre-
sponding Curie temperature TΔðμIÞ. In the limit μI → 0,
the latter may or may not coincide with the critical
temperature Tc of the two-flavor chiral phase transition.3

At mq ¼ 0 there are thus essentially three conceivable
scenarios depending on the behavior of TΔðμIÞ for μI → 0:

(i) If TΔð0Þ ¼ 0, the pion condensate would have to
vanish in this limit. This will certainly not happen if
we approach this limit with finite λ̂ and send λ̂ → 0
afterwards, which will produce chiral symmetry
breaking in the twisted-mass direction of λ̂, as
explained above.

(ii) If 0 < TΔð0Þ < Tc, then there would be two distinct
transitions when reducing the temperature from
T > Tc down to T < TΔ (at mq ¼ μI ¼ 0), the
spontaneous breaking of chiral symmetry with the
unbroken isospin subgroup at Tc, followed by the
subsequent breaking of the isospin symmetry at
some lower temperature TΔ.

(iii) If TΔð0Þ ¼ Tc, on the other hand, then this marks a
multicritical point.

At least in our RG-invariant MF calculation we can
answer this question. For μI ¼ 0 and mq → 0, the chiral
phase transition of the two-flavor quark-meson model is of
Oð4Þ universality. For mq > 0, on the other hand, pion
condensation starts at μI ¼ mπ=2 and the transition is in the
Oð2Þ universality class, as predicted for QCD [4]. In the
limit mq → 0, the two transitions meet in the point marked
by the red dot in Fig. 6. This corresponds to scenario
(iii) where TΔð0Þ ¼ Tc, so that the red dot marks a
multicritical point in the extended phase diagram including
mq and μI.
To approach the chiral limit in our RG-invariant quark-

meson model calculation, in principle, we simply need to
reduce the pion mass in Eq. (15) at fixed scale parameter
M0, eventually sending mπ → 0. From the formulae in the
Appendix, assuming that the bare parameters of the
symmetric mesonic potential in Eq. (5) remain unchanged,
one can then in principle recompute the corresponding σ-
mass parameter mσ. Here, we follow a slightly different
strategy starting from the grand potential in Eq. (15) and
readjusting the σ-meson mass parameter to describe a
dropping pseudocritical temperature Tpc of the chiral
transition. To illustrate the general trend, in Fig. 6 we do

this in two different ways, assuming Oð4Þ scaling of Tpc

with the pion mass (solid lines) and mean-field scaling
(dashed lines), with Tpc → Tc ¼ 142 MeV in either case.4

The boundary of the pion condensation phase in Fig. 6,
for mπ ¼ 135 MeV (green), is the same as in Fig. 5 and
includes the same (light green) band from the lattice
determination. The result at half of the physical quark
mass, corresponding to mπ ¼ 135=

ffiffiffi
2

p
(blue), is compared

to recent lattice data [73,74], shown as the blue data points
in Fig. 6. The plot shows that both for the model and the
lattice data, the main effect of lowering the quark mass is to
shift the phase boundary closer to the μI ¼ 0 axis, main-
taining its straight vertical section parallel to this axis.
Further lowering the pion mass to mπ ¼ 60 MeV (yellow),
mπ ¼ 20 MeV (purple), and, in particular, down to mπ ¼
1 MeV (gray) in the RG-invariant quark-meson model
calculation, the pion condensation phase boundary
becomes more and more rectangular, also in the quark-
meson model, and eventually runs parallel to the μI-axis up
to the sharp corner that builds up precisely at the point of
the chiral phase transition (red dot), thus numerically
confirming scenario (iii) with TΔð0Þ ¼ Tc, here.
Moreover, the results in Fig. 6 can be combined into the
exact same three-dimensional phase diagram in mq, μI , and

FIG. 6. Pion condensation phase boundary toward the chiral
limit, using our standard parameters M0 ¼ 350 MeV, fπ ¼
90 MeV, and mσ ¼ 470 MeV. The red dot marks the two-flavor
Oð4Þ chiral phase transition, here at Tc ¼ 142 MeV. Also shown
are the lattice determination of the phase boundary of pion
condensation at mπ ¼ 135 MeV from Ref. [7] (green band) and
recent data for half the physical light-quark masses, correspond-
ing to mπ ¼ 135=

ffiffiffi
2

p
MeV (blue points) [73,74].

3TΔð0Þ can strictly speaking not be larger than Tc because pion
condensation brings chiral symmetry breaking along with it.

4We have chosen the value of Tc for the two-flavor quark-
meson model slightly higher than the (2þ 1)-flavor lattice
estimate of Ref. [75], because the pseudocritical temperature
Tpc, when defined via the peak of the susceptibility of the chiral
condensate, in our model calculation at physical pion mass is also
somewhat higher than current lattice estimates.
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T as that sketched in Fig. 1 of Ref. [68] for two-color QCD
at finite diquark-baryon density. The qualitative agreement
with the available lattice data provides reassuring evidence
in favor of this scenario (iii) being realized in the chiral
limit of full QCD as well.

V. SUMMARY AND CONCLUSIONS

In this paper, we have presented an RG-invariant
formulation for the MF thermodynamics of the quark-
meson model expressed entirely in terms of physical
quantities, such as mπ , fπ , and mσ , together with one
RG-invariant scale parameter M0 acting as the ΛQCD of the
model. This scale parameter is determined from the zero-
temperature EoS in the low-energy region between the
onset of pion condensation at isospin chemical potential
μI ¼ mπ=2 up to twice that, i.e., up to μI ∼mπ matching
lattice data. This zero-temperature EoS turns out to be
completely insensitive to the σ-meson mass parameter of
the effective model in this RG-invariant MF formulation,
for all practical purposes. We can therefore independently
adjust mσ to match the pseudocritical temperature of the
chiral transition at μI ¼ 0 to the lattice data, which then
completely fixes the model input.
Using the matched parameters, we have compared the

results obtained from the model to the lattice data for the
equation of state and the speed of sound at T ¼ 0 available
in the literature [9,12], together with NLO chiral perturba-
tion theory [53] and perturbation theory including contri-
butions from the superconducting pairing gap [56]. We
found good qualitative agreement with the lattice data for
the speed of sound of Ref. [9]. The model shows a tendency
toward a peak at larger μI for the speed of sound, which is
in agreement with the results from Ref. [12], as shown in
Fig. 4. The plot shows that the RG-invariant quark-meson
model with physical parameters is able to describe the
presently available knowledge about the speed of sound in
QCD surprisingly well over a wide range of chemical
potentials, varying over almost 2 orders of magnitude.
In the next step we compared the phase diagram in the

plane of nonzero temperature and isospin chemical poten-
tial of our RG-invariant quark-meson model to the one
obtained in lattice QCD in Ref. [7]. For this comparison,
mσ has been tuned so that the model matches the pseu-
docritical temperature at μI ¼ 0. The resulting phase
diagram is in remarkable agreement with the lattice
QCD result, as shown in Fig. 5. This is also true for the
almost rectangular boundary of the pion condensation
phase, where comparable previous models often had
problems to describe the findings of lattice QCD, e.g.,
Ref. [34]. In this context, future FRG studies for QCD at
finite isospin density will be important and interesting.
Finally, we have investigated the behavior of the pion

condensation phase boundary in the approach to the chiral
limit. Three possible scenarios have been discussed in
the previous section. In our RG-invariant mean-field

calculation, the Curie temperature TΔ, the temperature
where the pion condensate vanishes, becomes equivalent
to the chiral transition temperature Tc in the chiral limit for
μI → 0. The chiral phase transition point in the chiral limit
at T ¼ Tc and μI ¼ 0 therefore becomes a multicritical
point. The behavior of the pion condensation phase
boundary approaching the chiral limit is in qualitative
agreement with recent lattice data [73,74], indicating that a
similar scenario might be realized in the chiral limit of full
QCD as well.
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APPENDIX A: REGULARIZATION AND
RENORMALIZATION

The mean-field renormalization for vanishing isospin
density is a standard procedure [57] that requires renorm-
alizing only the quartic meson coupling λ to absorb the
logarithmic divergence proportional to M4. With pion
condensation, on the other hand, an additional logarithmic
divergence ∝ Δ2μ2I arises [37,39,41]. This independent
additional UV divergence structure requires meson field
renormalization. To regularize the corresponding terms
given in Eq. (8), it is convenient to use prescriptions
analogous to those for ζ-function regularization in studies
of Casimir forces from vacuum fluctuations, based on
integrals of the form

Z
p2dpðp2 þM2Þð1−sÞ=2 ¼

M4−s ffiffiffi
π

p
Γ
�
s−4
2

	
4Γ

�
s−1
2

	 : ðA1Þ

With these, we obtain
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Z
p2dp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þM2

q
¼−

M4

8ϵ
þM4

32
ð1−4 ln2þ4lnðM=νÞÞ

þOðϵÞ;Z
p2dp

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þM2

p
3
¼1

ϵ
þ ln2−1− lnðM=νÞþOðϵÞ;

ðA2Þ

where we have used s ¼ ϵ → 0þ in the first line and
s − 4 ¼ ϵ → 0þ in the second, and ν is the renormalization
scale. Thus, to absorb the UV divergences in Ω0

qðμ2I Þ, we
use Zu ¼ Z2

g=Zλ and Zv ¼ Zg and identify

Zu ¼ 1þ Ncg4

π2λ

�
lnðΛ=νÞ þ ln 2 −

1

4

�
; ðA3Þ

Zv ¼ 1þ Ncg2

2π2
ðlnðΛ=νÞ þ ln 2 − 1þ CϕÞ; ðA4Þ

where we have replaced 1=ϵ → lnðΛ=νÞ [which corre-
sponds to their form when using a three-dimensional

momentum cutoff Λ instead of (A1) in Eq. (A2)] in order
to emphasize the renormalization scale ν dependence of
these factors, and to readily compute the corresponding β
functions in (10) and (11). With this definition of the
renormalization constants, our effective renormalized
potential, expressed in terms of the couplings u and v, reads

ΩðT; μq; μIÞ ¼
m2

2
ðρ2 þ d2Þ þ 1

4u
g4ðρ2 þ d2Þ2 − cσ

− 2μ2I
g2d2

v
þ Rvac

q ðμ2I Þ þΩR
q ðT; μq; μIÞ

−
Nc

8π2
g4ðd2 þ ρ2Þ2 ln

�
g2ðd2 þ ρ2Þ

ν2

�

þ Nc

2π2
μ2I g

2d2
�
ln

�
g2ðd2 þ ρ2Þ

ν2

�
þ 2Cϕ

�
;

ðA5Þ

where the UV finite quark contributions can explicitly be
written as

ΩqðT; μq; μIÞ≡ΩqðT; μq; μIÞ −Ω0
qð0Þ − μ2I

∂

∂μ2I
Ω0

qðμ2I Þjμ2I¼0

¼ −2TNc

Z
d3p
ð2πÞ3

X
�
ðlnð1þ e−

jE�−μq j
T Þ þ lnð1þ e−

jE�þμq j
T ÞÞ

þ 2Nc

Z
d3p
ð2πÞ3

X
�
θðjμqj − E�ÞðE� − jμqjÞ þ

Z
μ2I

0

dx

�
d
dx

Ω0
qðxÞ þ

Nc

π2

Z
p2dp

g2d2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ g2ðd2 þ ρ2Þ

p
3

�
:

ðA6Þ

It is then manifestly renormalization group invariant,
satisfying the renormalization group equation

�
ν
∂

∂ν
þ βuðuÞ

∂

∂u
þ βvðvÞ

∂

∂v

�
ΩðT; μq; μIÞ ¼ 0; ðA7Þ

with the β functions from Eqs. (10) and (11). An explicitly
RG-invariant form of the effective potential is obtained by
introducing RG-invariant variables c̃≡ c=g, σ̃ ¼ gσ, and
m̃2 ¼ m2=g2. For the field invariants, we again use M and
Δ. Then, the effective potential still depends on u and v,
albeit in the RG-invariant combination 2=v − 1=u. We can
eliminate this dependence, noting that

lnðν=ν0Þ ¼
Z

u

u0

dl
βuðlÞ

¼ −
π2

Nc

�
1

u
−

1

u0

�

¼
Z

v

v0

dl
βvðlÞ

¼ −
2π2

Nc

�
1

v
−

1

v0

�
; ðA8Þ

where u0 ¼ uðν0Þ and v0 ¼ vðν0Þ are the values of the
couplings u ¼ g4=λ and v ¼ g2 at the reference scale
ν0 ¼ M0. Therefore,

2

v
−
1

u
þ 1

u0
¼ 2

v0
: ðA9Þ

u0 is determined from the requirement that ΩRð0; 0; 0Þ is
minimized for M ¼ M0, leading to

u0 ¼ ðc̃=M3
0 − m̃2=M2

0 þ Nc=ð4π2ÞÞ−1; ðA10Þ

where M0 ¼ ffiffiffiffiffi
v0

p
σ0. With σ0 ¼ fπ in our mean-field

approximation, this in turn then also fixes

v0 ¼ M2
0=f

2
π: ðA11Þ

For the pion mass, we simply obtain

m2
π ¼ v0c̃=M0 ¼ c̃M0=f2π ¼ c=σ0; ðA12Þ
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which corresponds to the Gell-Mann-Oakes-Renner rela-
tion of the model,

c̃M0 ¼ cσ0 ¼ m2
πf2π: ðA13Þ

Finally, the σ-meson mass is given by

m2
σ ¼ v0ð−2m̃2 þ 3c̃=M0 − NcM2

0=π
2Þ: ðA14Þ

Using these relations to eliminate u0 and v0 as well, the
effective potential in its final form writes

ΩRðT; μq; μIÞ ¼
1

2

�ð3m2
π −m2

σÞf2π
2M2

0

−
Nc

2π2
M2

0

�
M2 þ 1

4

�ðm2
σ −m2

πÞf2π
2M4

0

þ 3Nc

4π2

�
M4 −

m2
πf2π
M0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − Δ2

p
−

Nc

4π2
M4 lnðM=M0Þ þ

Nc

π2
μ2IΔ2ðlnðM=M0Þ þ CϕÞ þ Rvac

q ðM2;Δ2; μ2I Þ

− 2TNc

Z
d3p
ð2πÞ3

X
�
ðlnð1þ e−

jE�−μq j
T Þ þ lnð1þ e−

jE�þμq j
T ÞÞ þ 2Nc

Z
d3p
ð2πÞ3

X
�
θðjμqj − E�ÞðE� − jμqjÞ:

ðA15Þ

With Cϕ ¼ −F0
qðmπ=ð2M0ÞÞ, as explained in the main text,

determined from

F0
qðxÞ ¼

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p

x

�
arctan

�
xffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − x2
p

�

þ arctan

�
1 − xffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
�
−
π

4

�
− 1: ðA16Þ

As discussed above, the RG-invariant M0 defines the
overall scale. If we state all dimensionful quantities in
units of M0, then there is in principle no free parameter
other than this overall scale. In practice, of course, unlike
the physical pion mass mπ , the mass parameter mσ of the
very broad σ-meson resonance is only rather poorly
constrained. In the quark-meson model it is well known
to control the temperature of the chiral transition at
vanishing chemical potentials, and hence effectively acts
as a second parameter. In our case this leads to
mσ ≈ 470 MeV which, encouragingly, is of the expected
order for the broad two-pion resonance pole atmσ ≃ ð450 −
i275Þ MeV [60].

APPENDIX B: RELATION TO MS SCHEME

It is far from obvious how to compare our RG-invariant
MF potential in Eq. (15) in detail to that derived in
Refs. [37,38], cf. Eq. (26) in [38]. The most important
difference is the renormalization scheme. On the one hand,
we use an on-shell scheme where the scale parameter is
defined as the (RG-invariant) fermion mass, M0 ¼ gσ, and
the meson field renormalization is fixed such that our mass
parameters agree with the vacuum curvature masses, as
identified from the (RG-dependent) mesonic two-point
functions Γð2ÞðpÞ for vanishing momentum in the vacuum
(with μI ¼ 0) at the reference scale, i.e.,

Γð2Þ
π ð0Þ ¼ g2

g20
m2

π; Γð2Þ
σ ð0Þ ¼ g2

g20
m2

σ; ðB1Þ

see, e.g., Eq. (13). References [37,38], on the other hand,
use a modified minimal subtraction (MS) scheme based on
dimensional regularization in d ¼ 3 − 2ϵ spatial dimen-
sions. To verify that the logarithmic divergences are
identical, it is therefore necessary to replace 2ϵ in
Refs. [37,38] by ϵ b¼ lnðΛ=νÞ, here. With this identification,
the logarithmic divergences in the renormalization con-
stants of the equations in (27) of Ref. [37] are readily
verified to agree with the two independent ones in
Eqs. (A3) and (A4) above. The finite subtractions differ,
however. To relate the RG-invariant scale parameter
M0 ¼ gσ used here to the analogous Λ0 of the MS
scheme in Refs. [37,38], we can use Eq. (B18) of the
same Appendix B in either of the two references to
conclude

ln

�
M2

0

Λ2
0

�
¼ Fðm2

πÞ þm2
πF0ðm2

πÞ; ðB2Þ

where the function FðxÞ from (B8) of Appendix B
in [37,38] [noting a typo in their (B9), where r2 in the
denominator should probably be p2] is given by

Fðm2Þ ¼ 2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2

0

m2
− 1

r
arctan

�
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2

0

m2
− 1

r �
:

The meson wave function renormalization here, with

Zϕ ¼ Z−1
v ¼ 1 −

Ncg2

2π2

�
1

ϵ
þ ln 2 − 1þ Cϕ

�
; ðB3Þ
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also differs from the MS scheme of [37,38] by finite terms.
While with our second renormalization condition the
meson mass parametersm2

π andm2
σ agree with the curvature

of the effective vacuum potential at the reference scale,
cf. (B1), we can identify, e.g., most easily from Eq. (C9) in
[37], that the corresponding pion curvature mass parameter
of Refs. [37,38] is given by

Γð2Þ
π ð0Þ ¼ g2

g20
m2

π

�
1 −

g20Nc

4π2
m2

πF0ðm2
πÞ
�
; ðB4Þ

where we have insertedm2
q ¼ g20f

2
π in Eq. (C9) of [37]. This

implies that our pion curvature mass parameter at the
reference scale needs to be replaced by

m2
π → m2

π

�
1 −

g20Nc

4π2
m2

πF0ðm2
πÞ
�

when comparing our scheme with that of Refs. [37,38].
Numerically, the finite renormalization by which

the two differ, with our typical choice of parameters,
throws in a factor of ≈0.97 in the brackets here, and hence
only about 1.5% difference in the corresponding pion
masses. A relation between the respective curvature mass
parameters m2

σ for the σ-meson field can be derived
analogously.
Note however that both the pion decay constant fπ as

well as the fermion mass mq ¼ gσ are RG invariant, while
g≡ gðνÞ necessarily depends on the renormalization scale
ν, if meson field renormalization (inverse to that of the
Yukawa coupling) is required, as in the renormalized
mean-field potential of the quark-meson model with finite
isospin chemical potential. This is why we only ever
identified σ0 ¼ fπ and hence mq ¼ g0fπ at the reference
scale ν0, while mq ¼ gfπ appears to be assumed in
Refs. [37,38], which needs to be amended in the presence
of meson field renormalization. An exact equivalence
between our RG-invariant mean-field potential in
Eq. (15) and that of Ref. [38] is therefore difficult to
establish.
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