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We explore toponium, the smallest known quantum bound state of a top quark and its antiparticle, bound
by the strong force. With a Bohr radius of 8 × 10−18 m and a lifetime of 2.5 × 10−25 s, toponium uniquely
probes microphysics. Unlike all other hadrons, it is governed by ultraviolet freedom. This distinction offers
novel insights into quantum chromodynamics. Our analysis reveals a toponium signal exceeding 5σ in the
distribution of the cross section ratio between eþe− → bb̄ and eþe− → qq̄ (q ¼ b, c, s, d, u), based on
400 fb−1 of data collected at

ffiffiffi
s

p
≈ 341 GeV. This discovery enables a top quark mass measurement with

an uncertainty reduced by a factor of ten compared to current precision levels. Moreover, this method
improves the systematic uncertainty by at least a factor of 2.7 compared to any other possible methods.

DOI: 10.1103/fqc9-k315

I. INTRODUCTION

The top quark (t), the heaviest known element particle,
plays a pivotal role in Standard Model (SM) of particle
physics [1,2]. Its unique properties, particularly its mass,
have far-reaching implications for our understanding of
fundamental forces and the stability of the Universe.
Toponium, a bound state of a top quark and an antitop
quark (t̄), represents the smallest quantum mechanical
bound state known to date. With the smallest Bohr radius
of 8 × 10−18 m and an extremely short lifetime of
2.5 × 10−25 s, the study of toponium offers a unique
opportunity to explore fundamental aspects of quantum
mechanics [3–6], quantum gravity [7], and extra
dimensions [8] at scales of 10−18 m and 10−25 s.
The top quark mass (mt) is a crucial fundamental

parameter in SM, as mt significantly influences our under-
standing of SM, particularly its vacuum stability, and

provides a window into potential new physics beyond
SM [9–14]. Furthermore, these precise mt determinations
have far-reaching implications for cosmology [15], and the
source of inflation in the universe [16].
The most precise measurement to date [2] yields an on-

shell mass of mOS
t ¼ ð172.52� 0.14stat � 0.30systÞ GeV ¼

ð172.52� 0.33Þ GeV. While the statistical uncertainty
(stat.) can be reduced with longer data acquisition time,
the systematic uncertainty (syst.) defines the ultimate pre-
cision of the measurement. The most precise method for
determining mt involves the near-threshold production of tt̄
at future electron positron (eþe−) colliders, such as the
Circular Electron Positron Collider (CEPC) [17,18] and the
Future Circular Lepton Collider (FCC-ee) [19]. Projections
suggest that mt could be measured to a precision of
25–59 MeV at CEPC [20] and 40–75 MeV at FCC-ee
[21], with statistical uncertainties as low as 9 MeV at
integrated luminosities of 100–200 fb−1 around 343 GeV,
although systematic uncertainties will dominate. These
uncertainties arise from multiple sources, such as beam
energy calibration, theoretical modeling, and detector
performance [20,22]. Therefore, the accurate determination
ofmt relies heavily on the development of novel method and
advanced systematic control.
In addition to the on-shell mass mOS

t and other defi-
nitions, the 1S mass of top quark, defined as m1S

t ¼ mJt=2
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(where Jt denotes the spin-triplet ground state of
toponium) [23], constitutes the sole scheme- and model-
independent measure of the top quark mass mt [24–26].
Furthermore, toponium distinguishes itself among hadrons
because its behavior is governed by ultraviolet freedom,
rather than infrared slavery of quantum chromodynamics
(QCD) [27,28]. This unique characteristic enables topo-
nium to be theoretically described by perturbative QCD
(PQCD), thereby offering new insights into confinement
within QCD [27,29–31].
In this article, we propose a method to discover Jt and

accurately determine m1S
t by measuring the cross section

ratio

Rb ¼
σBornðeþe− → bb̄ÞP

q¼u;d;s;c;bσBornðeþe− → qq̄Þ ð1Þ

at eþe− colliders near 2m1S
t , where b is the bottom quark

and q is a quark for u, d, s, c, or b. Future measurements of
Rb at the Z pole are expected to achieve precision levels of
4 × 10−5 at CEPC [17] and less than 6 × 10−5 at FCC-
ee [32]. The relative precision of Rb at 365 GeV with
1.5 ab−1 data will be 9.6 × 10−4 at FCC-ee [33], which
results an absolute precision level of 1.4 × 10−4. The other
possible methods to identifying toponium can be found in
Refs. [34–36] and related papers.

II. MODELING Jt INTERACTION

We introduce the Lagrangian density LJt of the field Jt
into that of SM, LSM [34] as follows:

LJt ¼
X
f¼b;e

f̄ ðgVJtffγμ þ gAJtffγμγ
5ÞfJtμ þ…; ð2Þ

where the coupling factors gVJtff and gAJtff are determined
by nonrelativistic QCD (NRQCD) [37], f represents the
field of either the b quark or the electron, and Jtμ is the field
of Jt.
The Jt bound state results from the Schrödinger equation

with a potential between t and t̄, which is simplified to a
Coulomb plus linear potential based on lattice QCD
results [38,39]

VðrÞ ¼ −
λ

r
þ σr; ð3Þ

where r is the distance between t and t̄, the Coulombic
coefficient is λ ¼ 0.285� 0.011 at an infinite quark mass,
and the string tension is σ ¼ 0.206 GeV2 [38,39]. The
Bohr radius of toponium is given by rB ¼ 2=ðmOS

t λÞ, which
evaluates to 1=24.584 GeV−1. The σr term in the potential
can be neglected, as its contribution to the binding energy
of Jt is −hσri ¼ −3σrB=2 ¼ −0.013 GeV. For the finite
top quark mass, we will get a larger λ.

Additionally, the result from the SU(3) lattice gauge
theory suggests a slightly higher value of λ ∼ 0.293 [40].
On the other hand, the production of ηt (spin-singlet
S-wave toponium) at 13 TeV reported by CMS is 7.1�
0.8 pb in Ref. [41]. Assuming identical masses and wave
functions for the ηtð1SÞ and Jtð1SÞ, we find the production
of ηtð1SÞ at 13 TeVat LHC is 6.24 pb with λ ¼ 0.285. This
estimate agrees with the value of 6.43 pb reported in
Refs. [34,35]. And summing higher ηtðnSÞ states results in
a total production of ηtðnSÞ at 13 TeV at LHC is
6.24 pb ×

P
1=n3 ¼ 7.49 pb. Recent experiments indicate

that the coefficient λ ¼ 0.309� 0.010 [42] is obtained
from the larger ηt cross-section measurement of
8.8þ1.2

−1.4 pb at
ffiffiffi
s

p ¼ 13 TeV measured by CMS [43]. In
this work, we calculate the systematic uncertainties
of m1S

t from λ using the conservative parameter range
λ∈ ½0.285 − 0.011; 0.309þ 0.010� ¼ ½0.274; 0.319�.
We derive the binding energy BJt, mass mJt ¼

2mOS
t − BJt ¼ 2m1S

t , and the square of the wave function
at the origin jψJtð0Þj2

BJt ¼
λ2mOS

t

4
¼ ð3.503� 0.270Þ GeV;

mJt ¼ ð341.537� 0.653mOS
t
� 0.270λÞ GeV

¼ ð341.537� 0.707Þ GeV;

jψJtð0Þj2 ¼
ðλmOS

t Þ3
8π

: ð4Þ

The uncertainty in mJt is mainly due to mOS
t . The Bohr

radius of toponium is calculated to be 8 × 10−18 m.
The BJt can also be calculated in PQCD, yielding

ð1.57LO þ 0.65NLO þ 0.49NNLO þ 0.25NNNLOÞ GeV ¼
2.96 GeV at next-to-next-to-next-to-leading order
(NNNLO) with a renormalization scale of μ ¼ 32.6 GeV
for mJt and μ ¼ 30 GeV for mOS

t [44]. With mOS
t ¼

172.52 GeV [2], the QQbar_threshold package [45–47] yields

BPQCD
Jt

¼ ð1.680LO þ 0.657NLO þ 0.504NNLO

þ 0.243NNNLOÞ GeV ¼ 3.084 GeV ð5Þ

at NNNLO with μ ¼ 1=rB ¼ 24.584 GeV, where rB is the
Bohr radius. However, the convergence of the perturbative
series up to NNNLO is still unsatisfactory, necessitating
consideration of higher order corrections. Including the
Higgs and γ contributions [48], the BPQCD

Jt
is 3.194 GeV,

which is comparable to the BJt in Eq. (4).
The running parameters are chosen at the energy scale of

mJt for both theoretical calculations and experimental
simulations [2,49–51]
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mb ¼ 2.568ð10Þ GeV; mc ¼ 0.575ð3Þ GeV;
mH ¼ 125.20ð11Þ GeV; αs ¼ 0.09844ð62Þ;
mZ ¼ 91.1880ð20Þ GeV; α ¼ 1=126.04ð1Þ;
mW ¼ 80.3692ð133Þ GeV; cos θW ¼ mW=mZ: ð6Þ

The width ΓJt of Jt is dominated by twice the width of
the top quark Γt [52,53]

ΓJt ¼ 2Γt

�
1 −

λ2

8

�
þ ΓAnni ¼ ð2.603� 0.019Þ GeV; ð7Þ

where the coefficient ð1 − λ2=8Þ comes from corrections
for the fact that bound top quarks are different from free top
quarks [54]. The annihilation decay width of Jt,
ΓAnni ¼ 0.0093 GeV, is calculated using NRQCD [37].
With the Breit-Wigner formula [55], the Feynman

amplitude of the Jt medium particle is

MðJtÞ ∝
λ3

s −m2
Jt
þ iΓJtmJt

; ð8Þ

where
ffiffiffi
s

p
is the center of mass energy. The real part of the

denominator s −m2
Jt
goes from negative to 0 to positive asffiffiffi

s
p

goes over mJt. In the amplitudes MðγÞ and MðZÞ of
the photon and the Z boson in SM respectively, the sign of
the term s −m2 remains unaltered. This results in a
characteristic dip-bump structure in the Rb distribution,
as shown in Fig. 1, while the Rb distribution of SM without
Jt is very close to a horizontal straight line [49,56–60]

RSM
b ¼

�
151; 550:2LO − 50:6NLO þ 0.8NNLO þ 0.0NNNLO

− 27.4

ffiffiffi
s

p
−mJt

GeV
þ 0.1

� ffiffiffi
s

p
−mJt

GeV

�
2

þ � � �
�
× 10−6:

ð9Þ

By observing the deviation of Rb distribution from the
straight line, we can identify Jt, and a precise measurement
of this deviation allows us to determine m1S

t .
We choose the central values of mJt and λ as input, and

our results will demonstrate the validity of this method
within the corresponding ranges. Since ΓJt can be predicted
within a certain range in SM without affecting our con-
clusions, we fix ΓJt to its central value. The experimental
cross section σ is given by the following expression [46,55]

σð ffiffiffi
s

p
;δ ffiffi

s
p Þ¼

Z
d

ffiffiffiffi
s0

p 1ffiffiffiffiffiffi
2π

p
δ ffiffi

s
p e

−ð ffiffisp
−
ffiffi
s0

p
Þ2

2δ2 ffiffi
s

p

×
Z

dxFðx;
ffiffiffiffi
s0

p
Þσ̄ð

ffiffiffiffiffiffi
xs0

p
Þ¼ fISRσBorn: ð10Þ

In this formula, δ ffiffi
s

p is the center of mass energy spread, and

the initial state radiation (ISR) factor Fðx; ffiffiffiffi
s0

p Þ is given in
Refs. [46,61,62]. Then, we can obtain fISR, the factor that
includes the effects of energy spread and ISR.

III. EXPERIMENTAL SIMULATION

In this article, Monte Carlo (MC) simulations of eþe−
collisions have been performed. The physics events are
generated using Whizard [63], where the effects of ISR
and energy spread have been taken into account.
Subsequently, Pythia6 [64] is applied for parton showering,
hadronization, and the decay processes of the short-life
hadrons. Finally, Delphes [65], configured with the CEPC
detector conditions [17], is used to simulate the detector
response. To measure Rb, samples with 2 fermions
(uū; dd̄; ss̄; cc̄; bb̄) are generated. Moreover, due to limi-
tations in detector performance, some jets with low energy
or those produced at extreme angles relative to the
detector’s central axis [17,19] may go undetected. To
address this, several multijet backgrounds from WW,
ZZ, and ZH decays to four-quark final states are simulated.
In order to enhance the sensitivity for Jt signal, the event
selection criteria are optimized as discussed below.
Jets from qq̄ are clustered from all the well reconstructed

tracks with an anti-kt algorithm [66]. To select high-quality
jets, we require jet transverse momentum (pt) greater than
15 GeV. To include the case of gluon final state radiation in
qq̄ final state, the selected events are supposed to have 2 or
3 jets. As the detector does not cover all directions, the ISR
photons and jets close to the beam direction may escape
detection. Thus, the effective invariant mass of the final

FIG. 1. The blue dashed line represents Rb distribution in SM
without Jt, the red solid line represents Rb distribution in SM
with Jt, and the statistical significance of the three energy points
is indicated. The upper left insert shows Rb values for m

Input
t and

mInput
t � 30 MeV near the second energy point. The lower right

insert shows the LO Feynman diagram for eþe− → qq̄, where the
propagator can be a photon, a Z, or a Jt.
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states
ffiffiffiffi
s0

p
needs to be considered. We require

ffiffiffiffi
s0

p
>

ffiffiffi
s

p
−

10 GeV here [46,67,68]. For the measurement of Rb, only
events with at least two b-tagged jets [69] are categorized as
bb̄ events, while the remaining events are considered as
light quark pair processes. For the selected signal events,
we require the invariant mass of jet pairs Mbb or Mj1j2
greater than 150 GeV to suppress the backgrounds from
W=Z hadronic decays, where j1j2 denote the two jets with
the highest and the second-highest energies. Events passing
all of the criteria are recognized as signal events, and the
detection efficiencies of different processes in the three
energy points are shown in Table I.

IV. MEASURING Rb

The Rb, an observable which can be precisely measured
in a pseudoexperiment with the CEPC scenario, is obtained
by [68]

Rb ¼
NtagFudsc

hadron−NhadronFudsc
tag

NtagðFudsc
hadron−Fb

hadronÞþNhadronðFb
tag−Fudsc

tag Þ : ð11Þ

Here, F ¼ εfISR, the detection efficiency for b quarks after
event selection criteria is denoted by εbhadron (for hadronic
events) and εbtag (for double b-tagged events). Similarly, the
averaged detection efficiency for light quarks (q ¼ u, d, s,
c) is denoted by εudschadron (for hadronic events) and εudsctag

(for double b-tagged events), weighted by the cross
section of eþe− → qq̄. The values are εudschadron ¼ 52.48%,
εbhadron ¼ 52.70%, εbtag ¼ 46.42%, and εudsctag ¼ 0.04%. The
correction factors fudscISR and fbISR are used to model the
effects of ISR and energy spread. Meanwhile, Ntag

ðNhadronÞ is the number of selected double b-tagged
hadronic events (the number of hadronic events) from
the experiment datasets, and can be obtained with infor-
mation of the cross section, integrated luminosity, and
detection efficiency at an energy point

ffiffiffiffi
si

p

Nhadronð
ffiffiffiffi
si

p Þ ¼ Li

X
q¼udscb

εqhadronσðeþe− → qq̄Þ;

Ntagð
ffiffiffiffi
si

p Þ ¼ Li

X
q¼udscb

εqtagσðeþe− → qq̄Þ: ð12Þ

In pseudoexperiments, we perform an analysis on data-
sets generated by SM with Jt model to extract Rb value

(RPEX
b ) at a chosen energy point (

ffiffiffiffi
si

p
). The chi-square

statistic χ2 is then defined as follows:

χ2Model ¼
X
i

�
RPEX
b ðLi;

ffiffiffiffi
si

p Þ − RModel
b ðLi;

ffiffiffiffi
si

p Þ
ΔRPEX

b ðLi;
ffiffiffiffi
si

p Þ
�

2

: ð13Þ

The Li is the integrated luminosity at
ffiffiffiffi
si

p
, and

ΔRPEX
b ðLi;

ffiffiffiffi
si

p Þ is the uncertainty of RPEX
b ðLi;

ffiffiffiffi
si

p Þ. The
fitting function RModel

b ðLi;
ffiffiffiffi
si

p Þ gives a theoretical Rb value
at an energy point, where free parameters mJt and λ can be
varied to minimize χ2Model.
Three sets of energy points are selected as

ffiffiffi
s

p ¼
ð340.076; 341.598; 342.771Þ GeV, and the corresponding
luminosities are determined as L ¼ ð80; 300; 20Þ fb−1, to
make the significance of the Jt signal exceeding 5σ
discussed below. With this statistical strategy, we can
obtain the maximum values of χ2i =Li (or ∂Rb=∂

ffiffiffi
s

p ¼ 0)
for the first and third energy points, and a χ2i =Li value close
to zero (but ∂Rb=∂mt is maximum) for the second point,
used to measure them1S

t . The significance of the Jt signal is
calculated by Δχ2=dof ¼ ðχ2SM without Jt

− χ2SM with Jt
Þ=dof,

TABLE I. The experimental cross sections σð ffiffiffi
s

p Þ (in fb), along with the detection efficiencies εtag (in %, for double b-tagged events)
and εhadron (in %, for hadronic events), are provided for various processes in the Rb measurements. Here, jj denotes uū, dd̄, ss̄, cc̄, or gg.

Process σð340.076Þ (fb) σð341.598Þ (fb) σð342.771Þ (fb) εtagð%Þ εhadronð%Þ
bb̄ 866.99 880.50 896.87 46.42 52.70
jj 4,977.58 4,945.68 4,927.87 0.04 52.48
ZZ=ZH → bb̄bb̄ 16.17=12.14 16.01=11.88 15.86=11.70 0.31 0.31
ZZ=ZH → bb̄jj 116.42=46.06 115.11=45.11 114.19=44.42 1.64 2.21
ZZ=ZH=WW → jjjj 209.21=8.60=5; 263.55 207.11=8.42=5; 202.29 205.38=8.29=5; 157.25 0.00 5.19

FIG. 2. Significance of the Jt signal varies with mJt within the
1σ range and λ within the [0.274, 0.319] range.
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where dof is the number of degrees of freedom. The values
of RPEX

b along with their respective statistical uncertainties
are shown in Fig. 1. Considering only the statistical
uncertainty, the significance of the Jt signal amounts
to 6.26σ.
The main sources of systematic uncertainties in the Rb

measurements are the energy scale of
ffiffiffi
s

p
, energy spread,

detection efficiency, and backgrounds, and see the
Appendix for details. Which lead to a Jt signal significance
of exceeding 5σ even when the total systematic uncertain-
ties are taken into account.
When the true value of mJt varies within 1σ and λ varies

within the [0.274, 0.319] range, we determine the corre-
sponding significance of the Jt signal. This significance
consistently exceeds the 5σ threshold and is shown
in Fig. 2.

V. EXTRACTION OF m1S
t AND

UNCERTAINTIES ESTIMATION

The top quark mass m1S
t (along with the coefficient λ)

is extracted by minimizing χ2SM with Jt
. The statistical

uncertainty ðΔm1S
t Þstat is found to be 32.2 MeV, primarily

determined by the second energy point
ffiffiffiffiffi
s2

p
. The systematic

uncertainties, ðΔm1S
t Þsyst, arise from several sources, listed

in Table II.
The uncertainty of

ffiffiffiffiffi
s2

p
energy scale is estimated to be

2.0 MeV at 2m1S
t [70], which directly enters into the mJt

and contributes 1.0 MeV to Δm1S
t . The center of mass

energy spread is 458.4 MeV at
ffiffiffiffiffi
s2

p
[18,20], with an

estimated uncertainty of 10% [20,70], contributing an
additional 0.2 MeV to Δm1S

t . The detection efficiency
related uncertainty in Rb is εudschadron=ε

b
tag, which is consistent

that in the Rb measurement at the Z pole. After including
uncertainties from MC statistics and energy-momentum
requirement, the uncertainty associated with the detection
efficiency in Rb is 19.1 × 10−6. This is about half of the
total uncertainty of the Rb measurement at the Z pole at
CEPC, which is 4 × 10−5 [17]. Consequently, this contrib-
utes 1.3 MeV to Δm1S

t . By comparing the background
contributions estimated in theory and observed in experi-
ment, a relative precision of ðαs=πÞ2 ∼ 10−3 can be
achieved, contributing 0.9 MeV to Δm1S

t . Additionally,
sin2 θW can attain an accuracy of 1 × 10−5 [17], thereby
contributing 0.4 MeV to Δm1S

t . The NNLO correction of
Rb yields a contribution of 0.1 MeV to Δm1S

t . Using the
conservative range λ∈ ½0.274; 0.319�, we calculate the
λ-induced systematic uncertainty of m1S

t to be 8.4 MeV,
while noting that the energy point scheme was optimized
specifically for λ ¼ 0.285. The contribution of other
sources, such as luminosity and backgrounds from two-
photon andWWZ processes, is less than 0.2MeV forΔm1S

t .
Assuming these sources are independent, we combine

them in quadrature, yielding a total systematic uncertainty
of ðΔm1S

t Þsyst ¼ 8.6 MeV, as summarized in Table II. The
systematic uncertainty of our method is greatly improved
over the predictions of previous studies [20,21] due to
simpler final states and differences in the physical quan-
tities to be measured. Then we get

Δm1S
t ¼ ð�32.2stat � 8.6systÞ MeV ¼ �33.3 MeV: ð14Þ

TABLE II. Systematic uncertainties of the mt measurement in
MeV. The “Other” category includes luminosity measurements
and backgrounds from two-photon and WWZ processes.

Δmt (MeV) FCC-ee [21] CEPC [20] This work

Energy scale 3 2 1.0
Energy spread � � � 3–5 0.2
Efficiency � � � 5–45 1.3
Background 10–20 4–18 0.9
SM parameters (θW; αs) 3.2 17 0.4
Higher order corrections 40–45 9–26 0.1
Potential scheme (λ) � � � � � � 8.4
Other � � � 10 <0.2

Total syst. 40–74 23–58 8.6

TABLE III. Detailed comparison of the top quark mass measurement methods: final states, signal and background
cross sections, and uncertainty estimation at CEPC [20], FCC-ee [21], and in this work.

Method CEPC [20] FCC-ee [21] This work

Final states bb̄ff̄ff̄ bb̄ff̄ff̄ bb̄, qq̄
Measured quantity σðtt̄Þ σðtt̄Þ Rb ¼ σðbb̄Þ=σðqq̄Þ
σsignal ∼450 fb [22] ∼450 fb [22] ∼900 fb (bb̄), ∼6,000 fb (qq̄)
Signal over background ∼2.9 [22] ∼2.9 [22] ∼89, ∼12ffiffiffi
s

p
(GeV) ∼343 GeV ∼343 GeV ∼341 GeV

Integrated luminosity 100 fb−1 200 fb−1 400 − 2; 700 fb−1

ðΔmtÞstat 9 MeV 9 MeV 11.2–32.2 MeV
ðΔmtÞsyst 23–58 MeV 40–75 MeV 8.6 MeV
ðΔmtÞtotal 25–59 MeV 40–75 MeV 14.1–33.3 MeV
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If the luminosities are chosen as L ¼ ð80; 900; 20Þ fb−1
and L ¼ ð80; 1; 600; 20Þ fb−1 for CEPC [18] and FCC-ee
[19] at (340.076, 341.598, 342.771) GeV, respectively, our
results show that, the statistical uncertainty, ðΔm1S

t Þstat, is
estimated to be 18.6 MeV for CEPC and 13.9 MeV for
FCC-ee, or 11.2 MeV when data from both colliders are
combined. A detailed comparison of the top quark mass
measurement methods at CEPC [20], FCC-ee [21], and in
this work is presented in Table III.

VI. DISCUSSION AND OUTLOOK

In this article, we propose a method for both discovering
toponium and precisely measuring the top quark mass m1S

t

using the observable Rb near the energy threshold 2m1S
t in

eþe− collisions. The significance of the toponium signal
exceeds 5σ, including both statistical and systematic
uncertainties with the integrated luminosity of 400 fb−1

around 341 GeV. The m1S
t can be measured with a total

uncertainty of only 33.3 MeV, including a systematic
uncertainty of 8.6 MeV. This enables a top quark mass
measurement with an uncertainty reduced by a factor of 10
compared to the current precision [2]. Additionally, polar-
ized beams or the well separation of b-jet and b̄-jet in
detection can reduce the integrated luminosities by an order
of magnitude.
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APPENDIX: SYSTEMATIC UNCERTAINTIES Rb

Taking the Rb measurement at the second energy point as
an example, systematic uncertainties are discussed below.
The uncertainty in the energy scale of

ffiffiffiffiffi
s2

p
is estimated to

be 2 MeV [70], contributing 14.6 × 10−6 to ΔRb. The
energy spread at the second energy point is 458.4 MeV for
CEPC, with a 10% uncertainty [20,70] contributing an
additional 2.7 × 10−6 to ΔRb. By increasing the size of
simulated events, the statistical error can be reduced to less
than 10−4, resulting in a contribution of 15.4 × 10−6 to
ΔRb. The precisions of pt and

ffiffiffiffi
s0

p
are controlled to within

0.10 GeV and 0.34 GeV [68,72], respectively, leading to
ΔRb values of 9.1 × 10−6 and 6.7 × 10−6. The relative
uncertainty in WW, ZZ, and ZH backgrounds is less than
ðαs=πÞ2 ∼ 0.001, contributing 13.9 × 10−6 to ΔRb. The
uncertainty in sin2 θW, achievable at 1 × 10−5 at
CEPC [17,70], contributes 6.0 × 10−6 to ΔRb. The uncer-
tainty ofmb in Eq. (6) contributes 0.2 × 10−6 to ΔRb, while
the uncertainty from αs is included in higher-order correc-
tions. As shown in Eq. (9), the NNLO corrections increase
Rb by 1.2 × 10−6. The uncertainty in λ, estimated using the
conservative parameter range [0.274, 0.319], contributes
ΔRb ¼ 99.2 × 10−6. The other sources include luminosity
measurements and backgrounds from two-photon and
WWZ processes. Their contributions to ΔRb are small,
with a combined estimation of less than 3.0 × 10−6. All the
systematic uncertainties are summarized in Table IV.

TABLE IV. Uncertainties of RPEX
b are given in a unit of 10−6. The “Other” category includes luminosity

measurements and backgrounds from two-photon and WWZ processes.

Source 340.076 GeV 341.598 GeV 342.771 GeV

Energy scale 0.5 14.6 0.1
Energy spread 36.0 2.7 58.9
MC statistics 14.8 15.4 15.8
pt requirement 8.9 9.1 9.3ffiffiffiffi
s0

p
requirement 6.4 6.7 7.0

Backgrounds 13.5 13.9 14.2
SM parameters 5.0 6.0 6.8
Higher order corrections 1.2 1.2 1.2
Potential scheme (λ) 98.2 99.2 21.4
Other 3.0 3.0 3.0

Sum of syst 107.2 103.2 67.5
Stat 884.4 471.2 1,859.3
Total 890.9 482.4 1,860.5
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