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CMB limits on cold-dark-matter isocurvature are often interpreted as excluding the simultaneous realization
of high-scale inflation and large QCD axion decay constants in preinflationary Peccei-Quinn (PQ) scenarios.
This conclusion can be evaded by exploiting field-space geometry. For a minimal complex PQ scalar with a
Uð1Þ-symmetric potential and a nonlinear sigma-model kinetic term dσ2 ¼ dR2 þ f2ðRÞdθ2, the observable
axion fluctuation is δθ ∼Hinf=fðRÞ, so an enhanced effective decay constant fðRÞ suppresses isocurvature
without explicit PQ breaking, extreme radial displacements, or additional couplings. We specialize to a
hyperbolic metric fðRÞ ∝ sinhðR=LÞ with curvature scale L. The same geometry also induces a time-
dependentOðHinfÞ effective mass for the canonical axial mode during radial slow-roll, and fixing the tilt and
running of isocurvature. Thus, CMB-scale isocurvature is suppressed while a characteristic blue-tilted
spectrum is generated. As a result, inflationary Hubble scales as large asHinf ∼ 1013 GeV can be compatible
with fa ∼ 1014–1016 GeV, reopening parameter space usually regarded as excluded. We present observable
benchmarks and a semianalytic template that relates the scale-dependence of isocurvature to the geometric
lever arm R=L, providing a direct phenomenological probe on PQ field-space geometry.
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I. INTRODUCTION

The QCD axion provides a dynamical solution to the
strong-CP problem and is a well-motivated dark matter
(DM) candidate [1–10]. In the preinflationary Peccei-
Quinn (PQ)-breaking scenario, inflation homogenizes the
axion field over our observable patch, leaving a coherent
background misalignment angle θi. However, quantum
fluctuations generated during inflation persist as cold-
dark-matter isocurvature perturbations, while the axion
density also carries the usual adiabatic mode inherited
from the primordial curvature perturbation. Current CMB
limits on the isocurvature fraction in [11–13] therefore
translate into a stringent constraint on high-scale inflation
as a function of ðfa; θiÞ, sharply disfavoring a vast regime
of large axion decay constant fa (e.g. near the grand unified
theory (GUT) scale) together with Hinf ∼ 1013 GeV [14].
The axion isocurvature bound has motivated three main

classes of proposals. (i) Heavy axion during inflation:
suppress fluctuations by making the angular mode heavy,
ma ≳Hinf , so that superhorizon perturbations are exponen-
tially damped. This can come from a temporarily modified
axion potential (enhanced QCD during inflation [15–18],

curvature/higher-dimensional terms [19], monodromy/BF-
type1masses [20]) or SUSY/multifield transitions that leave a
light QCD axion only later [21]. Such mechanisms often
require explicit PQ-breaking during inflation and satisfying
axion-quality/strong-CP alignment at late times [22,23].
(ii) Large effective decay constant (nondynamical): suppress
fluctuations by displacing the radial field (R) associated with
the PQ complex scalar, such that R ≫ fa during inflation,
and hence the spectrum is suppressed by ðfa=RÞ2 [21,24–
32]. In minimal quartic PQmodels, the radial field is usually
assumed to be frozen during inflation with a large displace-
ment and hence the resulting suppressed axion isocurvature
spectrum is nearly scale-invariant. This mechanism tends to
force tiny quartic coefficient λ, large excursions [Effective
Field Theory (EFT) sensitivity], and complicated postinfla-
tionary dynamics (resonance/fragmentation), with the high-
est-Hinf regime especially delicate [33]. (iii) Blue-tilted
isocurvature (dynamical): use out-of-equilibrium PQ
dynamics with a dynamical radial background field, so that
the rolling (or rotating) radial background induces a large
time-dependent mass for angular fluctuations, suppressing
CMB modes while enhancing smaller scales [34,35].
Because the radial field evolves from a large vacuum
expectation value (VEV) toward fa, the suppression weak-
ens over time, producing a blue-tilted isocurvature spectrum.
Achieving large blue-tilted spectra over a long range of scales
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1where B is the background tensor field (a ðd − 2Þ-form) and F
is the field strength/curvature 2-form (F ¼ dAþ A ∧ A).
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are easiest with effective quadratic radial potential (e.g.
Hubble masses in [34]). However, pure quartic potential
typically yield only a short range unless additional dynamics
(e.g. sustained rotation) is present [36]. Since the radial field
is already driven close to fa by the end of inflation, this
dynamical mechanism can avoid the severe postinflationary
complications associated with a nondynamical large-
displacement scenario.
In this work we present a Uð1Þ conserving alternative

model based on field-space geometry. Curved internal
field-space metrics are well known to generate effective
masses and characteristic scale-dependence for entropic/
isocurvature modes in covariant sigma-model systems [37–
44]. In this work, we apply this mechanism to the QCD
axion, modeled by a spectator PQ complex scalar field with a
quartic potential and a spontaneously broken Uð1ÞPQ. A
hyperbolic field-space metric then exponentially suppresses
the observable angular fluctuation without explicit PQ
breaking, while the evolving axion mass produces a distinc-
tive blue-tilted isocurvature spectrum on smaller scales. The
effective radial mass and the geometric lever arm control the
detectability of these isocurvatures. As a result, the mecha-
nism reopens viable parameter space for large axion
decay constants, e.g. fa ≲ 1016 GeV, across inflationary
scales up toHinf ∼ 1013 GeV, without requiring the extreme
displacements Rinf=fa ∼ 104–105 or tiny quartic couplings
≲Oð10−16Þ characteristic of nondynamical large-
displacement scenarios. The upper end of this range,
Hinf ∼ 1013 GeV, is especially interesting because it is the
regime most relevant for potentially observable primordial
gravitational waves. We further provide a compact phenom-
enological template relating the isocurvature spectral index
and running to the field-space curvature scale, thereby
promoting measurements of isocurvature scale-dependence
to a direct probe of PQ field-space geometry.
The paper is organized as follows. Section II reviews the

axion isocurvature constraint, Sec. III introduces the hyper-
bolic PQ field-space framework, and Sec. IV presents
benchmarks and resulting spectra. In Sec. V we briefly
discuss postinflationary dynamics of the radial field and
possible effects on axion isocurvature. We conclude in
Sec. VI. Appendix A discusses conservation of super-
horizon isocurvature modes from the end of inflation until
QCD epoch, while Appendix B gives theoretical derivation
for the radial and angular field in a generic metric-space.
Appendices C and D give a UV-motivated example for the
hyperbolic metric, and details of a semianalytic data-facing
template, respectively.

II. THE STANDARDQCD AXION ISOCURVATURE
PROBLEM

In evaluating the late-time QCD axion isocurvature
spectrum, we assume that after the spectator PQ radial
mode has relaxed to its vacuum value fa, the superhorizon

angular perturbation is conserved until the QCD potential
turns on. In Sec. V, we show that over much of the
relevant parameter space in this model, the radial-field
evolution between the end of inflation and relaxation to fa
does not modify the conserved far-superhorizon angular
fluctuations.
In the preinflationary PQ scenario where the PQ

complex scalar is a spectator field, if the axion field
[aðxÞ ¼ feffθðxÞ] is light during inflation, its superhorizon
fluctuations are set by the de Sitter result [45]

δa ≃
Hinf

2π
; δθ ≃

δa
feffðt�Þ

; ð1Þ

where feffðt�Þ is the effective decay constant at CMB
horizon exit (typically feff ¼ fa in minimal models), and θi
is the misalignment angle. See Ref. [5] for a review of the
discussion in this section.
In the harmonic regime jθij ≲ 1, the axion density scales

as ρa ∝ θ2i , so the late-time axion isocurvature mode is

Sa ≃
δρa
ρa

≃ 2
δθ

θi
; ð2Þ

where δθ is taken to be the conserved superhorizon angular
fluctuations generated during inflation. If axions constitute
a fraction ra ≡Ωa=ΩDM of the total DM and contribute
dominantly to the isocurvature signal, then the DM iso-
curvature power is

Δ2
S;DMðkÞ ≃ 4r2a

Δ2
θðkÞ
θ2i

≃ 4r2a
H2

inf

ð2πÞ2f2effðt�Þθ2i
; ð3Þ

which is approximately scale invariant in the light-axion
limit. CMB data constrain the isocurvature fraction at the
percent level near the pivot k� ¼ 0.002 Mpc−1, implying
(for ra ≃ 1 and feff ¼ fa)

Hinf

faθi
≲ 2.8 × 10−5: ð4Þ

For QCD axions making all of DM via misalignment in a
standard thermal history, θi is fixed by fa through the relic
abundance. Using the usual scaling Ωa ∝ f7=6a θ2i (up to
Oð1Þ uncertainties), Ωa ¼ ΩDM gives ([6,46])

θi ≡ θi;QCD ≃
�
7.4 × 1011 GeV

fa

�
7=12

: ð5Þ

This well-known relation assumes the PQ radial field
has relaxed to its late-time vacuum well before the QCD
epoch, so the decay constant at the onset of oscillations
is fa.
Figure 1 displays the resulting tension in the ðHinf ; faÞ

plane for the usual QCD axion. If the inflationary effective
decay constant is enhanced to feff ¼ κfa, the bound is
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relaxed accordingly; combining Eqs. (4) and (5) yields the
schematic scaling

fa
2.04 × 1018 GeV

>

�
Hinf

1010 GeV
1

κ

�
12=5

: ð6Þ

T inst: RH is the instantaneous reheating temperature and the
orange solid line marks the upper boundary of the region
for PQ restoration postinflation. In flat-metric PQ models,
realizing simultaneously Hinf ≃ 1013 GeV and fa ∼
1016 GeV typically forces κ ≳ 104, often into a regime
where the spectator/EFT description is difficult to control.

III. HYPERBOLIC PQ FIELD-SPACE AND
GEOMETRIC SUPPRESSION

During inflation we take a quasi–de Sitter background
with spatially flat Friedmann-Robertson-Walker (FRW)
metric

ds2 ¼ −dt2 þ aðtÞ2dx2; aðtÞ ≃ eHt; ð7Þ

where H ≃Hinf is approximately constant. We consider a
spectator PQ complex scalar Φ with a Uð1Þ-symmetric
potential and allow a nontrivial internal field-space metric.
Adopting a diagonal sigma-model form in radial and
angular fields

dσ2 ¼ dR2 þ f2ðRÞdθ2; ð8Þ

so that the action can be written as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
ð∂RÞ2 − 1

2
f2ðRÞð∂θÞ2 − VðRÞ

�
; ð9Þ

with f2ðRÞ > 0 and no explicit θ-dependence in V. The
usual flat metric is readily obtained by taking fðRÞ ¼ R.
Details and derivations in this section are standard and

thus deferred to Appendix B. We work in the standard
nonrotating preinflationary PQ background relevant for
axion misalignment. This choice isolates the effect of radial
evolution and field-space curvature on axion isocurvature,
without introducing the additional dynamics of a rotating
PQ condensate. Thus for a vanishing-charge background
θ̇0 ¼ 0, the homogeneous evolution is purely radial and
given as

R̈0 þ 3HṘ0 þ V;RðR0Þ ¼ 0; ð10Þ

and is independent of fðRÞ. The effect of the curved metric
appears in the fluctuations. The radial perturbation obeys

δ̈Rþ 3H ˙δR −
∇2

a2
δRþ V;RRðR0ÞδR ¼ 0: ð11Þ

Defining the canonically normalized angular fluctuation
δψ ≡ fðR0Þδθ, one finds

δ̈ψ þ 3H ˙δψ −
∇2

a2
δψ þm2

ψðtÞδψ ¼ 0; ð12Þ

with the time-dependent effective mass

m2
ψ ðtÞ ¼

f;R
f

V;RðR0Þ −
f;RR
f

Ṙ2
0: ð13Þ

In flat field-space (fðRÞ ¼ R) one recovers m2
ψ ¼ V;R=R0,

so the axial fluctuation has a mass of the same order as the
radial mode, and the two evolve with comparable effective
masses.
Hyperbolic metric.We now consider a constant negative-

curvature field-space,

dσ2 ¼ dR2 þ L2 sinh2
�
R
L

�
dθ2; where ð14Þ

fðRÞ ¼ L sinh

�
R
L

�
; ð15Þ

with curvature scale L > 0. See Appendix C for a UV-
motivated example that realizes this metric. A canonical
example (familiar from α-attractor models [47,48]) is
obtained in N ¼ 1 SUGRA from a “disk” Kähler potential.
The axial mass-squared quantity is then given as

m2
ψ ðtÞ ¼

1

L
coth

�
R0

L

�
V;RðR0Þ −

1

L2
Ṙ2
0: ð16Þ

FIG. 1. Illustrative constraints in the ðHinf ; faÞ plane for
preinflationary QCD axion DM from misalignment. For the
standard flat-metric case feff ¼ fa, the isocurvature bound
restricts QCD axion to the blue shaded region. Gray bands
indicate additional excluded regions. We focus on how the white
region can be reopened using geometric suppression. Our bench-
mark cases studied in Sec. IV are specifically chosen near the
most promising value of Hinf ∼ 1013 GeV. (Redrawn with
inspiration from [33]).
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For R0 ≳ L and slow-roll background radial evolution, it is
useful to write

m2
ψðtÞ ≈H2

inf

�
δ −

δ2

9

�
; ð17Þ

where

δ≡ ξ
m2

R

H2
inf

; ξ≡ R0

L
; m2

R ≡ V;RðR0Þ
R0

: ð18Þ

The leading geometric contribution is enhanced by the
curvature lever arm ξ ¼ R0=L, while the subleading neg-
ative term encodes the reduction of transverse masses from
negative curvature when Ṙ0 ≠ 0. Unlike for a flat metric,
the axial mode can becomeOðHÞ-heavy even during radial
slow-roll. The time dependence generically produces blue-
tilted isocurvature: modes exiting earlier (larger scales) are
most suppressed, while later-exiting modes (smaller scales)
are less suppressed. From Eq. (16), we also note that large
radial velocities (underdamped motion) tend to destabilize
the angular mode.

IV. BENCHMARK MODELS AND
ISOCURVATURE SPECTRUM

We adopt a quartic PQ potential

VðRÞ ¼ λ

4
ðR2 − f2PQÞ2; fPQ ≃ fa; ð19Þ

with hyperbolic metric Eq. (15) and work in the vanishing
charge sector θ̇0 ¼ 0. The quartic potential is a standard
minimal renormalizable potential used in PQ models [5].
Our purpose is precisely to ask how the familiar preinfla-
tionary PQ scenario is modified when the PQ field space
has nontrivial curvature. In this sense, the quartic model
with a zero charge should be viewed as a minimal
deformation of the conventional quartic PQ setup, rather
than as a specialized construction.
We evolve the background spectator radial and axial

fields during inflation using N ≡ ln a. For each comoving
mode k, we solve the full linearized fluctuation equations
numerically, starting from Bunch-Davies initial conditions
deep inside the horizon, k=ðaHÞ ≫ 1, and continuing the
evolution through horizon crossing and into the super-
horizon regime. The late-time angular power spectrum at
the end of inflation is

Δ2
θðkÞ≡ k3

2π2
jδθkj2; δθk ¼

δψk

fðR0Þ
����
late−time

: ð20Þ

Based on the assumptions detailed at the beginning of
Sec. II, in the harmonic regime the total DM isocurvature
spectrum is given by Eq. (3). For QCD axion DM from
misalignment, we eliminate θi using Eq. (5).

A. Detectability of isocurvature signal

Equation (20) shows that in the large-curvature regime,
R=L ≫ 1, the hyperbolic metric gives

Δ2
θ ∼ ðHinf=LÞ2e−2R0=L:

Thus, once R=L ≫ 10, the angular fluctuations are expo-
nentially suppressed and the resulting isocurvature signal is
phenomenologically negligible. For representative values
Hinf ≲ L, near-term observability of the isocurvature there-
fore requires the relevant field range to satisfy R≲Oð10ÞL.
Within this potentially detectable window, the shape of

the isocurvature spectrum is controlled primarily by the
time evolution of the radial background. There are two
qualitatively different regimes.
First, if the radial mode is strongly overdamped,

m2
R ≡ V;R

R
≲Oð0.01ÞH2

inf ;

then the radial background changes very little over the
observable range of inflationary e-folds. In this limit, the
effective normalization of the angular fluctuation is nearly
time independent. Combining Eqs. (17) and (18), for
R=L≲Oð10Þ, the geometry-induced angular mass remains
small,

m2
ψ ≲Oð0.1ÞH2

inf ;

and the resulting isocurvature spectrum is approximately
scale invariant, with negligible running. Such a signal can
still be visible on CMB scales in future experiments, but
because the spectrum is suppressed compared to adiabatic
fluctuations and has little scale dependence, it does not
produce a distinctive enhancement on smaller scales.
Second, if the radial field undergoes a mild slow-roll

evolution,

m2
R ≲Oð0.1ÞH2

inf ;

the radial background can change by an order-one amount
over the observable e-folds. The angular sector then
experiences a time-dependent geometry-induced mass,
typically of order m2

ψ ∼H2
inf. This time dependence sup-

presses the modes that exit earliest, corresponding to CMB
scales, while allowing larger power in modes that exit later.
The resulting axion isocurvature spectrum is therefore
significantly blue tilted: it can evade CMB-scale bounds
while becoming enhanced on smaller scales. Because the
radial background evolves continuously during horizon
exit, the tilt itself is also scale dependent, leading to a
measurable running. This running provides a characteristic
signature of the geometric mechanism, distinguishing it
from a simple scale-invariant suppression of axion
fluctuations.
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This is qualitatively different from mechanisms that
simply suppress axion fluctuations by a nearly scale-
independent factor. The hyperbolic mechanism does not
merely evade isocurvature constraints by hiding the signal; it
opens a viablewindow inwhich theCMB-scale isocurvature
is geometrically suppressed, while the smaller-scale spec-
trum remains large enough to be potentially observable. This
correlated CMB-scale suppression and growth toward
smaller scales is the central phenomenological signature
of the model. Moreover, the characteristic running predicted
by the geometric template provides an additional discrimi-
nator from other blue-tilted isocurvature scenarios.
Therefore, we choose the benchmark points to lie near

R=L ∼ 10. In this regime the exponential suppression from
the hyperbolic metric is strong enough that Δ2

S on CMB
scales remains safely below current bounds, while the
subsequent radial evolution can still generate an enhance-
ment on smaller scales, with the power scaling as k∼1.
We consider three benchmark points B1–B3 (Table I),

chosen such that the initial curvature lever arm ξi ≡ Ri=L is
∼Oð10Þ. For definiteness, and to illustrate the most
observationally interesting and most constrained regime,
we evaluate the benchmarks at a high inflationary scale,
Hinf ∼ 1013 GeV, relevant for potentially detectable pri-
mordial gravitational waves. The mechanism is not
restricted to this value of Hinf ; lower inflationary scales
are also viable and generally face weaker CMB isocurva-
ture constraints, thus typically requiring a smaller curvature
lever arm R=L.
Furthermore, the benchmark points are selected not

only to demonstrate viable spectra at high Hinf , but also
to highlight two useful structural features of the param-
eter space. The near-degeneracy of B1 and B3 is inten-
tional. When expressed in units of Hinf , the spectator
axial isocurvature power has an approximate rescaling
symmetry,

R→
R
x
; L→

L
x
; fa →

fa
x24=14

; λ→ λx2; ð21Þ

which leaves the dimensionless geometry parameter
(R=L) and the radial mass in Hubble units approximately
invariant, yielding nearly identical spectra for B1 and B3
despite different values of fa. Benchmark B2, by con-
trast, is chosen to illustrate that viable spectra are not
confined to this nearly degenerate scaling trajectory. At
fixed fa=Hinf ¼ 10, it varies the combination (λ; L=Hinf ),

thereby showing the broader range of parameter choices
capable of producing suppressed CMB-scale isocurva-
ture together with enhanced small-scale power.

B. Spectator condition and stochastic drift

The validity of the spectator approximation relies on the
PQ sector remaining subdominant to the inflaton-driven
expansion. We verify this by calculating the energy density
ratio

ρR
ρinf

≃
λR4

i

12H2
infM

2
p
≪ 1: ð22Þ

For the upper bound of the inflationary scale,
Hinf ≃ 1013 GeV, our benchmarks B1, B2, and B3 yield
ρR=ρinf ∼ 10−7 − 10−3. Because ρR remains a subdominant
fraction of the total energy budget, its contribution to the
background geometry and consequently the generation of
metric perturbations is negligible. Furthermore, as we have
checked and also show in Sec. IV C, the linear perturbation
δθk remains within the perturbative regime, P1=2

δθ ≪ 1, for
all relevant scales. The backreaction of these fluctuations
on the background geometry is proportional to ðδθÞ2, which
is significantly smaller than the background energy density.
Thus, the PQ sector remains a passive spectator, and the
coupling to curvature perturbations through metric back-
reaction remains below the threshold of phenomenological
importance.
We further confirm the validity of our classical trajectory

treatment that deterministic drift dominates over quantum
diffusion. For a field evolving in a de Sitter background,
the classical displacement over one Hubble time,
ΔRcl ≃ jV;Rj=ð3H2Þ, exceeds the quantum diffusion step,
ΔRstoch ≃H=ð2πÞ, provided jV;Rj=H3 ≳Oð1Þ. Given our
benchmark parametersm2

R=H
2≳0.01 and R≳ 10 − 100fa

with fa ≥ 10Hinf , the classical slope V;R ¼ m2
RR satisfies

jV;Rj=H3∼ ðm2
R=H

2ÞðR=HÞ≳Oð1Þ. Consequently, the
classical drift velocity significantly exceeds the stochastic
diffusion rate, rendering the field trajectory essentially
deterministic. Furthermore, the relative diffusion ΔRstoch=
R≲Oð10−2Þ is a subpercent effect, ensuring that the
field’s evolution is not smeared by random fluctuations
and that our classical benchmark trajectories provide a
robust description of the predicted isocurvature spectrum
and its scale-dependent tilt.

C. Results

Figure 2 shows the mass history for B1. As the radial
field slow-rolls toward its vacuum, while the hyperbolic
metric induces a much larger geometric axial mass. Initially
m2

R ∼Oð0.1ÞH2
inf while m2

ψ ∼OðH2
infÞ, so axial modes

exiting early are damped. As R0 decreases and Ṙ0 redshifts,
m2

ψ=H2
inf falls and the damping weakens for later-exiting

modes. In the regime δ ¼ ξðmR=HinfÞ2 ≲ 1, the dominant

TABLE I. Benchmark parameter choices.

λ fa=Hinf Ri=Hinf Ninf L=Hinf

B1 3.85 × 10−8 101 3.3 × 103 55 2.35 × 102

B2 7.70 × 10−7 101 7.7 × 102 55 4.70 × 101

B3 3.85 × 10−10 103 3.3 × 104 55 2.35 × 103
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behavior is m2
ψ ≃ ξm2

R, i.e. the angular mode is enhanced
relative to the flat case by the curvature lever arm ξ ¼ R=L.
Figure 3 shows the resulting conserved superhorizon total

DM isocurvtaure spectrum Δ2
SðkÞ for the three benchmarks

cases. We take k=ðaiHinfÞ ¼ 10 to correspond to the CMB
pivot scale k� ≃ 0.001;Mpc−1. Power is strongly suppressed
on the largest CMB scales because those modes exit while
fðRÞ is exponentially enhanced, so that the observable
fluctuation δθ ¼ δψ=fðRÞ is strongly suppressed at horizon
exit [42]. As R slow-rolls during the radial evolution,
fðRðtkÞÞ decreases and smaller scales are progressively less
suppressed. The outcome is a blue-tilted isocurvature spec-
trumwith a scale-dependent running over the range ofmodes
that probe the evolution of R0, approaching a quasiplateau
once the angular mode becomes light. Equivalently and
rather more accurately, this behavior can be described in
terms of the time-dependent effective mass m2

ψ ðtÞ during
radial slow-roll,which governs evolution of δψ while leaving
the ratio δψ=fðRÞ ¼ δθ nearly conserved in the slow-roll
regime outside the horizon. For comparison, we also show
the current observational bounds on the total DM isocurva-
ture spectrum for a running spectrum from [49], which is
based on combined CMB and UV luminosity function
datasets. In particular, the benchmarks studied here yield
an isocurvature-to-adiabatic ratio of order unity near
k ∼ 0.5 Mpc−1, consistent with recent CDM-isocurvature
constraints in [49]. For more strongly blue-tilted spectra
within our framework, an order-unity ratio can be achieved
already near k ∼ 0.1 Mpc−1, while remaining consistentwith
current observational bounds.
The above results highlight that hyperbolic geometry can

reopen parameter space that is excluded in the flat-metric case.
In our benchmarks, we focussed on Hinf ¼ 1013 GeV and
fa ∼ 1014–1016 GeV, as it lies near current upper limits and is
themost constrained regime for isocurvature. For smallerHinf
at a fixed fa, the axion fluctuation amplitude is relatively
lower, so CMB isocurvature constraints are relatively weaker
and thus viable parameter space generally opens up with a

smaller required curvature lever arm R=L. In contrast, for
fðRÞ ¼ R, satisfying the CMB bound at Hinf ¼ 1013 GeV
typically requires extreme radial excursion (Ri=fa ∼
104–105), implying super-Planckian displacements.

D. Running power spectrum template

Figure 4 shows the isocurvature tilt and its running
inferred from numerical spectra shown in Fig. 3. For a

FIG. 2. Time-dependent mass-squared of the angular fluc-
tuation (m2

ψ ) and background radial mass-scale (m2
R) for B1.

FIG. 3. Total DM isocurvature spectra for the benchmarks,
assuming QCD axions constitute all DM via misalignment
(ra ¼ 1). We take Hinf ¼ 1013 GeV. Adiabatic spectrum plotted
for As ¼ 2.1 × 10−9 and ns ¼ 0.967 [12]. For comparison, we
also show the current observational bounds from [49] on scales
k ≤ 10 Mpc−1. Bounds on even smaller-scales are generally
much weaker than at k ¼ 10 Mpc−1.

FIG. 4. Isocurvature spectral index nisoðkÞ inferred from the
numerical spectra. The red dashed curve shows the semianalytic
estimate in Eq. (24) for B2. The gray curve indicates the
corresponding flat-metric expectation.
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standard running spectrum, we write the power-law para-
metrization as

Δ2
S ¼ Aiso

�
k
kp

�
nisoðkÞ−1

; ð23Þ

where kp is the pivot scale usually set at 0.05 Mpc−1. When
m2

ψ=H2
inf varies slowly around horizon exit, the tilt is well

approximated by the massive-mode estimate

nisoðkÞ ≃ 4 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
− μðtðkÞÞ

r
; ð24Þ

where we introduce

μðtÞ ¼ m2
ψðtÞ=H2

inf

with tðkÞ fixed by k ¼ aðtÞHinf. Evaluating m2
ψ ðtÞ by

numerically solving the background radial field and sub-
stituting into Eq. (24) reproduces the approximate nisoðkÞ as
shown by the red dashed curve in Fig. 4 for B2. For clarity,
we only show the result for B2.
In the slow-roll geometric domain, the hyperbolic metric

ties the axial mass to the radial background through
ξ≡ R=L. For quartic PQ slow-roll, we give the following
scale-dependent mass template (see Appendix D for com-
plete derivation)

μðkÞ ≃ μp

�
1þ 2

3

�
μp
ξp

�
ln

�
k
kp

��
−3=2

ð25Þ

μp ¼ μðkpÞ and ξp ¼ ξðkpÞ. From the running spectrum
defined in Eq. (23), we infer that

nisoðkpÞ ¼ 4 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 − 4μp

p
; ð26Þ

αisoðkpÞ ¼
dnisoðkÞ
d ln k

����
kp

¼ −
4μ2p

ξp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 − 4μp

p : ð27Þ

Since the tilt nisoðkpÞ is uniquely determined by μp, the
running αisoðkpÞ is dictated by ξp. For μp ≲ 1 and ξp ≫ 1,
the running parameter is approximately constant. Hence
αðkÞ ≈ αðkpÞ for k≲ kp expðξp=μpÞ. Thus, while μp con-
trols the spectral tilt at kp, ξp ≡ Rp=L controls the overall
shape over a broad range of scales.
The salient point is the functional form. In the hyperbolic

regime one has m2
ψ ∝ ξm2

R ∝ Rm2
R. The hyperbolic lever

arm contributes an additional factor of R to the canonical
axial mass. For a monomial-like slow-roll potential,
VðRÞ ∝ Rq with (q > 2), the radial field follows a tracking
solution with RðNÞ ∝ ðN − NpÞ−1=ðq−2Þ. In the flat-metric
case, the axial mass-squared quantity is thus independent of
the monomial shape and given by the relation
m2

ψ ðNÞ ∝ ðN − NpÞ−1. But in the hyperbolic case,

m2
ψ ðNÞ ∝ ðN − NpÞ−ðq−1Þ=ðq−2Þ. Using the relation

ln k ∼ N, we obtain for quartic potentials

m2
ψðNÞ ∝ ðN − NpÞ−3=2 ð28Þ

m2
ψðkÞ ∝

�
ln

�
k
kp

��
−3=2

: ð29Þ

This is steeper than the familiar ðN − NpÞ−1 scaling that
arises for a broad class of slow-roll backgrounds (e.g.
monomial potentials) [50]. The extra half-power is the
geometric fingerprint.
Fitting the numerical spectral index nisoðkÞ in Fig. 4 with

our template in Eqs. (24) and (25) using least chi-square
fitting method gives ξp ≃ 9.26� 0.17 for B1, B3 and ξp ≃
10.88� 0.28 for B2, and explains the apparent similarity of
the isocurvature spectral shapes in Fig. 3. Thus, the scale-
dependence is well captured by Eqs. (24) and (25) which
define a predictive template in which the running directly
measures the field-space curvature through ξp.

V. POSTINFLATIONARY DYNAMICS

Following inflation, as the Hubble parameter drops, the
radial field becomes dynamical (underdamped) again and
must relax toward its global, zero-temperature minimum
at fa.
A primary theoretical concern in such dynamical decay

constant models is that rapid postinflationary oscillations of
the radial field can induce explosive parametric resonance
(PR) in the axion angular field, θ. If this resonance is
sufficiently strong, the energy transferred to the axion
fluctuations, δθk, can backreact on the zero-mode con-
densate. This leads to complete fragmentation of the field, a
nonthermal restoration of the PQ symmetry, and the
subsequent erasure of the precise isocurvature conditions
established during inflation.
However, as recently demonstrated in [33], this cata-

strophic fragmentation is robustly avoided provided the
initial radial displacement is moderate. Specifically, our
benchmarks focus on the parameter space where the radial
displacement at the end of inflation (tend) is bounded by
RðtendÞ=fa ≲ 10–100. As previously highlighted, this con-
stitutes a distinct advantage of the geometric mechanism.
Unlike flat-metric PQ fields where RðtendÞ=fa ≳ 104 to
suppress isocurvature for high-scale inflation and large
axion decay-constant, the exponential suppression induced
by the hyperbolic geometry ensures that phenomenologi-
cally safe isocurvature bounds can be achieved without
requiring an exceptionally large radial displacement.
The postinflationary field theory in our framework

governing the radial oscillations in the standard sym-
metry-breaking potential, VðRÞ ¼ λ

4
ðR2 − f2aÞ2, is identical

to that in [33]. Therefore, the detailed numerical and
analytical results in [33] regarding PR are transferable to
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our scenario. As highlighted in their work, the safety of the
RðtendÞ=fa ≲ 100 regime is rooted in the dynamics of the
radial field’s relaxation (see Secs. 4.1 and 4.2 of [33]).
For R ≫ fa, the radial field’s envelope redshifts rapidly

with the cosmological scale factor, R ∝ a−1. For an initial
amplitude RðtendÞ ∼ 100fa, the field reaches the minimum
in roughly ΔN ≈ lnð100Þ ∼ 4.6 e-folds of expansion.
Significant backreaction requires the radial/axial fluctua-
tions to undergo massive exponential amplification (requir-
ing a large Floquet exponent integrated over many
oscillations). Because the radial field redshifts to fa so
efficiently, the duration of the high-amplitude quartic
regime is insufficient for subhorizon modes to grow to
the nonlinear regime. Once the radial envelope drops to fa,
the field transitions to oscillating around the quadratic
minimum. As detailed in Appendix A.1 of [33], this places
the system strictly in the narrow-band resonance regime.
Hubble expansion rapidly sweeps the comoving scales out
of the narrow instability bands and permanently quenches
the resonance.
Consequently, for RðtendÞ=fa ≲ 10 − 100, parametric

resonance is weak and transient. The zero-mode condensate
is undisturbed by backreaction, precluding both field
fragmentation and nonthermal PQ restoration. The super-
horizon zero-mode remains coherent throughout the post-
inflationary epoch, strictly conserving the inflationary
isocurvature predictions. Furthermore, the highly relativ-
istic axions generated by this weak PR represent a
negligible fraction of the total energy density, smoothly
redshifting as dark radiation without disrupting the stan-
dard axion cold dark matter relic abundance. A detailed
numerical analysis will be addressed in future work.

VI. CONCLUSION

We have demonstrated that the intrinsic geometry of the
PQ field manifold provides a symmetry-preserving solution
for the axion isocurvature problem. The curved (hyper-
bolic) field-space enhances the effective decay constant and
can suppress CMB-scale isocurvature. The angular fluc-
tuation acquires a geometric, time-dependent effective
mass during inflation, without any explicit PQ breaking
in the axion potential.
The phenomenology is governed by the geometric lever

arm R=L and radial dynamics. For moderate R=L≲Oð10Þ,
the geometric mechanism not just evades the axion iso-
curvature bound but can also yield potentially observable
signal on smaller scales. Thus, the signal can remain
detectable and CMB-compatible while radial slow-roll
enhances small-scale power and induces measurable run-
ning. If the radial mode is strongly overdamped, the
spectrum is nearly scale-invariant with negligible running,
whereas very large R=L suppresses the signal below
measurable limits. In our benchmark realizations with
Hinf ¼ 1013 GeV, this mechanism reopens parameter space
at large fa that is typically excluded in flat field-space.

Beyond enlarging the viable QCD-axion window at high
inflationary scales, our results highlight that isocurvature
scale-dependence can directly probe field-space curvature.
We provided a compact template linking the running of the
isocurvature tilt αiso to a curvature-controlled parameter ξp,
enabling model-agnostic tests of the mechanism and
straightforward incorporation into future analyses.
Several broad directions are motivated by this perspec-

tive. On the theory side, constructing controlled UV
realizations of hyperbolic metrics in PQ models, and
extending the framework to more general target spaces
(e.g. nonconstant curvature or nondiagonal metrics) are
important. On the dynamics side, nontrivial background
motion such as θ̇ ≠ 0 or postinflationary evolution may
introduce additional observational constraints, or signatures
beyond the power spectrum [51,52]. Within rotating-field
mechanisms such as Affleck-Dine dynamics in baryo-
genesis ([53]), axiogenesis [54] and kinetic-misalignment
in [55], hyperbolic geometry can support large angular
velocities. Finally, the predicted enhancement of sub-CMB
power motivates systematic confrontation with small-scale
probes, including Lyman-α [56], UV luminosity functions
[57], 21-cm measurements [58], and strong-lensing sub-
structure [59,60], offering a direct observational window
onto PQ field-space geometry.
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APPENDIX A: CONSERVATION OF THE FAR-
SUPERHORIZON ANGULAR PERTURBATION

In this appendix, we show that within the zero-charge
and unbroken-PQ regime, homogeneous postinflationary
radial evolution does not modify the far-superhorizon
angular perturbation. This justifies using the inflationary
phase fluctuation as the precise initial condition for the late-
time QCD axion misalignment calculation.
We consider the general PQ action given in Eq. (9) and

assume VðRÞ isUð1ÞPQ-symmetric and contains no explicit
θ-dependence. The exact angular equation of motion is the
conservation equation for the Noether current associated
with the shift symmetry θ → θ þ const,

∇μJμ ¼ 0; Jμ ¼ f2ðRÞ∇μθ:

On a spatially flat FRW background, this yields
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d
dt

ða3f2ðRÞθ̇Þ − af2ðRÞ∇2θ ¼ 0:

For a homogeneous background, the conserved charge is
therefore Qθ ≡ a3f2ðR0Þθ̇0. The preinflationary axion
misalignment setup used in this work assumes zero initial
rotation, meaning Qθ ¼ 0, or equivalently θ̇0 ¼ 0. In this
sector, the background evolution is purely radial, while the
angular perturbation obeys, to linear order

δθ̈k þ
�
3H þ 2

ḟ
f

�
δθ̇k þ

k2

a2
δθk ¼ 0;

where f ≡ fðR0ðtÞÞ. Notice that no assumption of slow-roll
is required here. The radial field may slow-roll or oscillate
rapidly; this simply modifies the time-dependent friction
coefficient 3H þ 2ḟ=f.
For a far-superhorizon mode, k=ðaHÞ ≪ 1, the gradient

term is negligible, yielding

d
dt

ða3f2ðR0Þδθ̇kÞ ≃ 0 ⇒ a3f2ðR0Þδθ̇k ¼ Ck;

with Ck constant. By the end of inflation, superhorizon
modes δθk have a velocity δθ̇k ∝ ðk=ðaHÞÞ2δθk which is
exponentially suppressed for CMB-scale modes. Hence,
the integration constant Ck is negligible. The phase
perturbation relevant for CMB-scale isocurvature is per-
fectly conserved on far-superhorizon scales

δθk ≃ constant ðk ≪ aH;Qθ ¼ 0Þ:
It is conceptually useful to contrast this conserved phase

with the canonically normalized angular fluctuation,
δψk ¼ fðR0Þδθk. Because the decay constant fðR0Þ is
dynamically evolving, the canonical field δψk is not
trivially conserved. However, the late-time axion misalign-
ment angle is determined by the phase variable θ, not the
instantaneous canonical variable ψ . Once the radial field
relaxes to the vacuum (R0 → fa), the physical axion
fluctuation becomes δak ¼ faδθk. Thus, for modes that
remain superhorizon until after the radial field has settled,
the conserved δθk computed during inflation exactly
corresponds to the fluctuation entering the late-time
QCD axion abundance.
By the separate-universe argument, a CMB-scale mode

remains far outside the horizon during the postinflationary
relaxation of the PQ radial field. Each local patch evolves as
an independent, homogeneous universe with phase θ0 þ δθ.
Because there is no θ-dependent force before the QCD
potential turns on, the radial evolution is identical across all
patches, preserving the relative phase displacement.
Finally, we briefly comment on the severe postinfla-

tionary disruptions that plague models with ultralarge
initial displacements. If PR were sufficiently explosive,
the radial condensate would fully fragment, leading to
a nonthermal restoration of the Peccei-Quinn symmetry.

In such a scenario, the angular variable is no longer cleanly
inherited from its inflationary value; topological defects
(cosmic strings and, subsequently, domain walls) would
form, and the system would be driven into the standard
postinflationary axion scenario, irrevocably erasing the
precise isocurvature initial conditions.
However, as established in Sec. V, these pathological

outcomes are not bound to occur in our model. If the final
radial displacement before postinflationary oscillations is
confined to RðtendÞ=fa ≲ 10 − 100, PR is strictly weak and
transient ([33]). The condensate remains robustly intact, and
PQ symmetry is not restored. While a full lattice analysis
of the highly nonlinear catastrophic fragmentation regime is
an interesting subject for futurework, it ismostly bypassed in
our parameter space.Consequently, local subhorizon dynam-
icswould not disrupt the long-wavelength angularmode, and
the inflationary far-superhorizon phase perturbation remains
conserved through the postinflationary epoch.

APPENDIX B: THEORETICAL SETUP

We start from a canonically normalized complex scalar
field Φ with a Uð1Þ-symmetric potential VðjΦjÞ and no
explicit Uð1Þ-breaking terms,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½−gμν∂μΦ�
∂νΦ − VðjΦjÞ�; ðB1Þ

where gμν is the spacetime metric and g≡ det gμν. It is
convenient to parametrize the complex field in polar
coordinates, ðR; θÞ, and the kinetic term becomes

−gμν∂μΦ�
∂νΦ ¼ −

1

2
gμνð∂μR∂νRþ R2

∂μθ∂νθÞ; ðB2Þ

such that the action can be written in sigma-model form,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
GIJðϕÞgμν∂μϕI

∂νϕ
J − VðRÞ

�
; ðB3Þ

where ϕI ¼ ðR; θÞ and the internal metric defines the field-
space line element

dσ2 ¼ GIJðϕÞdϕIdϕJ

¼ GRRdR2 þ Gθθdθ2 þ ðGRθ þ GθRÞdRdθ: ðB4Þ

For the canonical complex scalar, the nonvanishing com-
ponents are

GRR ¼ 1; Gθθ ¼ R2; GRθ ¼ GθR ¼ 0: ðB5Þ

1. Nontrivial internal field-space metric

We now generalize to a complex scalar whose
kinetic term defines a nontrivial (in general curved and
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non-Euclidean) field-space metric, while keeping a Uð1Þ-
symmetric potential VðRÞ with no explicit θ dependence.
As in Eq. (B4), we parametrize the internal line element as

dσ2 ¼ GIJðϕÞdϕIdϕJ ¼ dR2 þ f2ðRÞdθ2; ðB6Þ

where fðRÞ is an arbitrary function of the radial field. For
simplicity we restrict to diagonal metrics (GRθ ¼ GθR ¼ 0).
More general nondiagonal metrics can introduce kinetic
mixing between R and θ and lead to richer phenomenology.
Absence of ghost instabilities requires a positive-definite
metric, in particular f2ðRÞ > 0. The action becomes

S¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
gμνð∂μR∂νRþ f2ðRÞ∂μθ∂νθÞ−VðRÞ

�
;

ðB7Þ

which reduces to the canonical flat-metric case
when fðRÞ ¼ R.

2. Background equations of motion

We consider homogeneous background fields,

R ¼ RðtÞ; θ ¼ θðtÞ; ðB8Þ

on an FRW background with H ≡ ȧ=a. The reduced
action is

Sbg ¼
Z

dta3ðtÞ
�
1

2
Ṙ2 þ 1

2
f2ðRÞθ̇2 − VðRÞ

�
: ðB9Þ

The background equations can be written covariantly as

Dtϕ̇
I þ 3Hϕ̇I þ GIJV;J ¼ 0; ðB10Þ

where ϕI ¼ ðR; θÞ, V;J ¼ ∂V=∂ϕJ, and Dt is the covariant
time derivative associated withGIJ. For the metric (B6), the
nonvanishing Christoffel symbols are

ΓR
θθ ¼ −fðRÞf0ðRÞ; Γθ

Rθ ¼ Γθ
θR ¼ f0ðRÞ

fðRÞ ; ðB11Þ

with f0ðRÞ ¼ df=dR. The R equation becomes

R̈þ 3HṘ − fðRÞf0ðRÞθ̇2 þ V;RðRÞ ¼ 0; ðB12Þ

and the θ equation is

θ̈þ 2
f0ðRÞ
fðRÞ Ṙ θ̇þ3Hθ̇ ¼ 0: ðB13Þ

For a Uð1Þ-symmetric potential, Eq. (B13) implies a
conserved charge,

a3ðtÞf2ðRÞθ̇ ¼ const: ðB14Þ

In this work we focus on the vanishing-charge sector,

θ̇0 ¼ 0; θ0 ¼ const; ðB15Þ

for which the angular equation is automatically satisfied
and the background evolution is purely radial,

R̈0 þ 3HṘ0 þ V;RðR0Þ ¼ 0: ðB16Þ

Thus, in the zero-charge sector the homogeneous back-
ground does not depend explicitly on the choice of fðRÞ.

3. Fluctuations: Radial δR and canonical axial δψ

We now consider linear fluctuations about the homo-
geneous background,

Rðt;xÞ¼R0ðtÞþδRðt;xÞ; θðt;xÞ¼ θ0þδθðt;xÞ; ðB17Þ

and work in a fixed FRW/de Sitter background (spatially
flat gauge), neglecting metric perturbations. Expanding
Eq. (B7) to quadratic order, one finds that δR and δθ
decouple at linear order when θ̇0 ¼ 0, with quadratic action

Sð2Þ ¼
Z

d4xa3ðtÞ
�
1

2

�
˙δR2 −

ð∇δRÞ2
a2

− V;RRðR0ÞδR2

�

þ 1

2
f2ðR0Þ

�
δ̇θ2 −

ð∇δθÞ2
a2

��
; ðB18Þ

where derivatives of V are evaluated on R0ðtÞ. Varying with
respect to δR gives

δ̈Rþ 3H ˙δR −
∇2

a2
δRþ V;RRðR0ÞδR ¼ 0: ðB19Þ

The angular fluctuation is not canonically normalized.
Defining the canonical axial fluctuation

δψðt; xÞ≡ fðR0ðtÞÞδθðt; xÞ; ðB20Þ

the δθ equation can be rewritten in Klein-Gordon form,

δ̈ψ þ 3H ˙δψ −
∇2

a2
δψ þm2

ψðtÞδψ ¼ 0; ðB21Þ

with time-dependent effective mass

m2
ψðtÞ ¼

f0ðR0Þ
fðR0Þ

V;RðR0Þ −
f00ðR0Þ
fðR0Þ

Ṙ2
0: ðB22Þ

Thus, in the vanishing-charge background, the internal
geometry affects the linear dynamics through the axial
perturbations, while the radial perturbation δR is governed
by the usual potential curvature V;RRðR0Þ.
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APPENDIX C: AN EXAMPLE OF HYPERBOLIC
PQ FIELD SPACE

In this appendix, we illustrate an example of a hyperbolic
manifold from a representative UV theory. While α-
attractors are traditionally used for inflaton potentials,
we are repurposing this well-motivated geometry for a
decoupled spectator sector [47,48]). In our setup the PQ
sector is described by a single complex scalar Φ. At the
level of a low-energy effective theory, the most general
two-derivative kinetic term takes the form of a nonlinear
sigma model,

Lkin ¼
1

2
gabðϕÞ∂μϕa

∂
μϕb; ðC1Þ

where ϕa are the two real components of Φ. The PQ
symmetry is realized as a Uð1Þ isometry of the target space
(shifts of the angular coordinate). We now give a concrete
example showing how a hyperbolic geometry can arise.
In N ¼ 1 supergravity, scalar fields parametrize a

Kähler manifold with metric ([61])

Kij̄ ¼
∂
2K

∂ϕi
∂ϕ̄j̄

; ðC2Þ

and kinetic term

Lkin ¼ Kij̄∂μϕ
i
∂
μϕ̄j̄: ðC3Þ

Appropriate choices of the Kähler potential K generate
hyperbolic metrics already for a single complex field. A
canonical example (familiar from α-attractor models
[47,48]) is the “disk” Kähler potential

KðZ; Z̄Þ ¼ −3αM2
P ln

�
1 −

jZj2
3M2

P

�
; ðC4Þ

which yields the SUð1; 1Þ=Uð1Þ-invariant Kähler
geometry.
For (C4) one finds

KZZ̄ ¼ α

ð1 − jZj2=ð3M2
PÞÞ2

: ðC5Þ

Parametrizing the complex field as Z ¼ ρeiθ, the kinetic
term is

Lkin ¼
α

ð1 − ρ2=ð3M2
PÞÞ2

½ð∂ρÞ2 þ ρ2ð∂θÞ2�: ðC6Þ

Matching to the sigma-model normalization Lkin ¼ 1
2
dσ2

gives gρρ ¼ 2KZZ̄ and gθθ ¼ 2KZZ̄ρ
2. Defining the canoni-

cally normalized radial field R by

dR
dρ

¼
ffiffiffiffiffiffiffiffiffiffiffi
2KZZ̄

p
¼

ffiffiffiffiffiffi
2α

p

1 − ρ2=ð3M2
PÞ

; ðC7Þ

one obtains

R ¼
ffiffiffiffiffiffi
6α

p
MP tanh−1

�
ρffiffiffi
3

p
MP

�
: ðC8Þ

Substituting back into (C6) yields the hyperbolic line
element

dσ2 ¼ dR2 þ L2sinh2
�
R
L

�
dθ2; L ¼

ffiffiffiffiffiffi
3α

2

r
MP: ðC9Þ

Note that R is unbounded, R∈ ½0;∞Þ, so the regime R ≫ L
is readily accessible. The coordinate bound ρ <

ffiffiffi
3

p
MP

corresponds to the disk boundary lying at infinite geodesic
distance in field-space, i.e. it is a coordinate artifact rather
than a physical restriction.
We do not assume a complete supersymmetric comple-

tion in our analysis. However, this example serves as a
proof-of-principle and illustrates that a PQ-like complex
scalar with hyperbolic field space arises naturally inN ¼ 1
supergravity, with the target-space metric directly given by
a well-motivated Kähler potential (and close cousins
appearing widely in inflationary model building). While
this illustrative geometry captures the essential physics of
isocurvature suppression, we acknowledge that a compre-
hensive UV completion-addressing the axion quality prob-
lem and higher-dimensional operator stabilization remains
a distinct, significant task for future research.

APPENDIX D: SEMIANALYTIC TEMPLATE FOR
THE TILT AND ITS RUNNING

Here we sketch the derivation of the scale-space template
used in the main text. We work in the slow-roll geometric
regime δ≡ ξðmR=HÞ2 ≲ 1 (where H ≃Hinf is approxi-
mately constant) and take the potential to be quartic over
the relevant field range.
a. Geometric regime. From Eq. (17) (or Eq. (16) in the

R≳ L limit), the dominant contribution to the canonically
normalized angular mass is

m2
ψ ≃ ξm2

R; ξ≡ R
L
; m2

R ≡ V;R

R
; ðD1Þ

where we neglect the subleading negative-curvature term
∝ −Ṙ2 in the slow-roll limit.
b. Slow-roll background and N-scaling. For quartic

slow-roll, V;R ≃ λR3 and

3HṘ ≃ −V;R ≃ −λR3: ðD2Þ

In terms of e-folds N ≡ ln a (so dN ¼ Hdt), this gives
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dR
dN

≃ −
λ

3H2
R3 ⇒

1

R2ðNÞ ¼
1

R2
p
þ 2λ

3H2
ðN − NpÞ; ðD3Þ

where Np is a reference e-fold at which we match onto the
geometric regime and Rp ≡ RðNpÞ. Using m2

R ¼ λR2 and
ξ ¼ R=L, Eq. (D1) implies

m2
ψ ðNÞ ≃ λ

L
R3ðNÞ: ðD4Þ

Combining with Eq. (D3) yields the characteristic falloff

m2
ψðNÞ≃m2

ψ ;p

�
1þ2

3

�
m2

ψ ;p

H2ξp

�
ðN−NpÞ

�−3=2
; ðD5Þ

where m2
ψ ;p ≡m2

ψðNpÞ and ξp ≡ Rp=L. (The identity used
above is m2

ψ ;p=H2 ¼ ξpm2
R;p=H

2.)
c. k-space template. For nearly constant H, horizon exit

implies k ¼ aH and hence

ln

�
k
kp

�
≃ N − Np; ðD6Þ

with kp ≡ aðNpÞH. Substituting Eq. (D6) into Eq. (D5)
gives Eq. (25) in the main text,

m2
ψ ðkÞ ≃m2

ψ ðkpÞ
�
1þ 2

3

�
m2

ψ ðkpÞ
H2ξp

�
ln

�
k
kp

��−3=2
: ðD7Þ

Together with the massive-mode estimate (24), this yields a
unique analytic template for the tilt and its running for
modes exiting after matching, k≳ kp.
In the geometric slow-roll regime one obtains for k≳ kp,

m2
ψ ðNÞ ∝ ðN − NpÞ−3=2 ↔ m2

ψ ðkÞ ∝
�
ln

�
k
kp

��
−3=2

; ðD8Þ

which is the origin of the characteristic nonpower-law
running emphasized in the main text.
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