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In higher-dimensional theories, we often assume that the extra dimensions form an orientable space,
perhaps with singularities. However, many physical theories are well defined on nonorientable spaces, and

many spaces are not orientable, so it is reasonable to explore what happens if the assumption of orientability
is relaxed. Here we consider the simplest example of free 6D theories compactified on a flat Klein bottle.
We focus on a Dirac fermion in 6D, with boundary conditions that define pin™ and pin~ structures.
Translation invariance is broken by the boundary conditions, which leads to sharp features localized near
the parity walls (fixed points of the reflection used to construct the Klein bottle). For a scalar field, there is a
position-dependent energy density, peaked near the parity walls. A Dirac fermion can lead to breaking of
parity, charge conjugation, and CP in 3 + 1 dimensions. Order parameters for this breaking are provided by
the vacuum expectation values of certain fermion bilinears, again peaked near the parity walls. As one
potential application, these results suggest mechanisms for CP violation and baryogenesis, enabled by

compactification on a Klein bottle.
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I. INTRODUCTION

For more than a century, physicists have developed
theories involving extra dimensions. In the vast literature
on the subject, a dominant assumption is that the extra
dimensions form an oriented manifold [1]. This assumption
may be more a matter of history and convenience than
necessity. As we will review, to be defined on a
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nonorientable space, a higher-dimensional theory must
have a parity symmetry, and such theories did not appear
to provide promising starting points for phenomenology.
Instead, the general consensus was that the existence of
chiral fermions in 4D indicated that the higher-dimensional
theory must also be chiral [6]. However, with the modern
understanding that chiral fermions can be localized on
branes, or on singularities of the compactification, the case
for starting with a chiral theory in higher dimensions
becomes less compelling. There is also the matter of
mathematical expediency. Most physicists are more famil-
iar with orientable manifolds and so have grown accus-
tomed to using the analytical tools these manifolds support.
Although more challenging to study, nonorientable mani-
folds substantially broaden the arena of compactified
theories, potentially offering new insights and features,
so it would appear a possibility worth exploring.

Published by the American Physical Society
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FIG. 1.

Left: a Klein bottle of size (2774, 27rs) built from a single fundamental tile in the (x*, x>) plane. The sides are identified as

shown. The flip axis at x* = 0 is indicated by a vertical dashed line. The identified left and right sides, at x* = +zr,, form a second flip
axis. Right: the Klein bottle can be lifted to tile the entire plane. A fundamental tile, shaded in the lower left corner, and some of its
images are shown. We have put symbols L, R on the Klein bottle to help keep track of orientation. Note that, as an intermediate step, the

Klein bottle can be lifted to a covering torus of size (2zry, 4nrs).

In the present work, we begin with some background
regarding spinors on nonorientable manifolds. We then
explore a simple, prototypical example: a 6D theory
compactified to R*»! on a Klein bottle. The Klein bottle
is the simplest compact nonorientable space, made by
identifying opposite sides of a rectangle, but with one of
the identifications involving a reflection. The geometry is
illustrated in Fig. 1.

A theory needs to be parity-symmetric to be defined on a
Klein bottle, and for this reason we focus on a free Dirac
fermion in 6D. We explore possible boundary conditions
and examine the fate of various symmetries. A curious and
somewhat nonintuitive fact is that the symmetries of parity
and charge conjugation in 3 + 1 dimensions can be broken
by the compactification. We discuss this in Sec. III, where
we show that P, C, and CP breaking can be detected by the
vevs of certain fermion bilinears. In addition, although the
Klein bottle geometry is locally flat and homogeneous,
translation invariance is broken globally by the boundary
conditions. This leads to a position-dependent Casimir
energy density which we evaluate in Sec. IV. For com-
pleteness, we give the Kaluza-Klein spectrum in
Appendix A, and for reference, we work out the two-point
correlators for spinor and scalar fields in Appendix B. In
Appendix C we explore a generalization in which an
arbitrary phase is introduced in the boundary conditions,
and in Appendix D we touch on the possibility of building a
Klein bottle in which the boundary conditions are twisted by
parity combined with charge conjugation.

A. Math background

We begin with a little math background. For an oriented
d-dimensional manifold with a Euclidean metric, different
coordinate patches are glued together using SO(d) tran-
sition functions. We will be particularly interested in
working with spinors. To do this, we need to lift the
transition functions from SO(d) to Spin(d), the double
cover of SO(d).[7] There may be more than one way to do
this, in which case the manifold is said to admit more than
one spin structure.

For an unoriented manifold we begin from the group
0O(d), the extension of SO(d) by an orientation-reversing
transformation R, and we allow coordinate patches to be
glued together by O(d) transformations. Lifting this struc-
ture to spinors is a well understood but nontrivial task,
described for example in [8]. The main task is deciding how
R acts on spinors. One possibility is that R? = 1, in which
case the manifold is said to carry a pin™ structure. Another
possibility is that R? = (—1), so that R? changes the sign
of all spinor fields, in which case the manifold is said to
carry a pin~ structure. It is interesting to ask whether a given
unoriented manifold admits pin™ structures, pin~ structures,
both, or neither. This is discussed, for example, in [9,10]. A
further possibility is to introduce an arbitrary phase in the
definition of R, which leads to what is known as a ping
structure [8].

Since mathematically there is no insurmountable
obstruction that prevents defining spinors on at least
some unoriented manifolds, we turn now to physical
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considerations. Here we encounter a restriction: for the
underlying theory to be well defined, it must be parity
symmetric. That is, it must be invariant under an orientation-
reversing transformation R. This would appear to be a
serious obstacle, since extensive work on extra-dimensional
models in the 1980s [6] indicated that the most promising
approach to obtaining chiral fermions in 4D was to begin
with a chiral theory in higher dimensions. Because such
theories are not well defined on nonorientable spaces,
historically such choices for the compactified dimensions
have received far less attention. There is, however, a simple
way around this obstacle. We can imagine that the standard
model is localized on a brane, or perhaps on a singularity of
the compactification, while the bulk theory has a parity
symmetry.

B. Results

As a simple prototype, in what follows we focus on a free
Dirac fermion in 6D, compactified to R*! on a flat Klein
bottle K,. As a byproduct, we obtain a few results for a bulk
massive scalar. We introduce boundary conditions built
from a reflection that we call R} and Rj, as well as
boundary conditions CR; in which orientation reversal is
accompanied by charge conjugation. These boundary
conditions define pin™, pin~, pin™ structures, respectively.
We also consider boundary conditions that define a ping
structure, denoted Rﬁ, in which reflection is accompanied
by an arbitrary phase. We examine some physical conse-
quences, finding that a key role is played by the “parity
walls,” that is, by the two fixed points (located at x* = 0
and x* = zr,) of the reflection x* — —x* which is used to
construct the Klein bottle.

(1) In general, translation invariance is broken by the
Klein bottle boundary conditions. For a bulk scalar
this leads to a finite, calculable energy density,
sharply peaked near the parity walls, which we
compute in Sec. IV.

(ii) With R boundary conditions, the U(1) global chiral
symmetry of a massless fermion ¥ — e'¥ is
broken, where T is the 6D chirality operator defined
in (4). The fermion develops a position-dependent
expectation value, (‘¥ T"¥), with sharp peaks near the
parity walls. The expectation value breaks parity P,
defined as a reflection of the spatial coordinates in
R>*!, and also breaks charge conjugation C, while
leaving the combination CP unbroken. However, by
mixing in transformations that act on the Klein bottle,
a rather intricate list of broken and unbroken
symmetries becomes available. We discuss this in
Sec. Il A.

(iii) With R; boundary conditions, in addition to break-
ing chiral symmetry ¥ — ¥, the boundary con-
ditions break CP. Again a position-dependent
expectation value develops, peaked at the parity

walls, which we denote (PT(“'¥). Here I'¥ is the
combination of Dirac matrices defined in (11). The
expectation value preserves 4D (but not 6D) Lorentz
invariance and serves as an order parameter for CP
breaking. We explore this in Sec. III B.

(iv) R boundary conditions interpolate between R at
0 =0 and R; at 6 = z. For generic values of 0
almost all symmetries, including CP, are broken. We
explore this generalization in Appendix C.

(v) With CRI boundary conditions, translation invari-
ance is broken but chiral symmetry is preserved.
Depending on possible phases in the transforma-
tions, parity and/or charge conjugation may be
broken. We explore this briefly in Appendix D.

These results have antecedents in the literature. In particu-
lar, working on R"! x K,, the stress tensors for confor-
mally coupled scalars and massless spin-1/2 fields were
obtained in [11], and fermion bilinears were evaluated in
[12]. Early work on pin structures is reviewed in [9]. Our
purpose here is to examine the Klein bottle from a
contemporary perspective, viewing it as a prototype for
nonorientable compactification of a higher-dimensional
space, and as a potential source for CP violation in 4D.

II. SPINOR CONVENTIONS

It is convenient to introduce an explicit set of Dirac
matrices in 6D as follows. We begin with a standard chiral
basis for the 4D Dirac matrices,

These satisfy

{r.r'y =291,

-1 0
4D chirality operator 7 = iy%y!y?y? = ( 0 1])' (2)

7]”” - dlag("—? ) _)1

We can build 6D Dirac matrices I'™ as tensor products,

#o 0
Fﬂ:},u®63:<7 #>, u=0,1,23,4,
0 -y
0 T
ﬁ_ﬂ®i1_< )
7=\ o
0 1
F5:1]®i0'2:<_ﬂ O)' (3)

These satisfy
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Note that

(i) T is Hermitian, while all others are anti-Hermitian.

(i) I'? and I'* are imaginary, while all others are real.

(iii) I'°, %2, T* are symmetric, while T'!, I3, T are

antisymmetric.

With this basis in hand, we can make a few further
definitions. We define the Dirac adjoint by ¥ = ¥iT?,
[The relevant property here is that T'TYT? = (T'M)".] We
define a reflection of the [/th spatial coordinate via
x - x—2¢;(e;-x), where e; is a unit vector, and a
corresponding action on spinors, R;, defined by

R;: ¥(x) = T'TW(x — 2¢;(e; - x)). (5)
Finally, charge conjugation acts by
C: ¥(x) » TP (x). (6)

Both R; and C have been defined so that they are
symmetries of the massive Dirac Lagrangian in 6D,
L =Y(iT9,, — m)¥. A possible phase in (5) has been
fixed so that (R;)> = 1. We will later make use of a
modified parity transformation iR; with the property that
(iR;)* = —1. A possible phase in (6) has been fixed as a
matter of convention, convenient because the combination
I'°I™*T is real. Independent of the phase convention used to
define C, note that applying C twice to a spinor yields
C?¥ = -¥ [13].

Going forward we will sometimes be cavalier with our
notation, so that R; and C denote the transformations (5),
(6) as well as the matrices standing in front of the spinor. In
other words, in addition to (5) and (6), we will use R; and C
to denote

R, =TT, C =T2TT. (7)

A. Fermion bilinears

For later use, we record the behavior of certain fermion
bilinears. The reason for focusing on these particular
bilinears is that, as we will see, they detect the symmetries
that are broken by the Klein bottle boundary conditions. We
will be interested in behavior under reflection R; and
charge conjugation C. We will also be interested in a parity
transformation P that changes the sign of the first three
spatial coordinates. We define this by

P: ‘P(X) - iR1R2R3T(X)

00
:(i) y0>‘l’(t,—x1,—x2,—x3,x4,x5) (8)

(the phase has been chosen so that P> = 1). For future use,
we also consider the behavior under CP. Our reason for
focusing on these particular transformations is that, as we
will see, they provide a convenient set of building blocks
for all of the transformations we wish to consider.

As we mentioned above, the Dirac mass term is invariant
under all these transformations, meaning that PY s
invariant. The bilinear

T, 9)

however, changes
table [14,16]:

sign according to the following

C R, P CP
Py + + + +
vy - - - +

It is interesting to contrast this with the behavior of a 4D
spinor y, where we follow the standard definitions for
charge conjugation c and parity p in 3 + 1 dimensions [15],
¢t y(x) = —iyy*(x),
prw(x) = Py (r —x' —x?, —x%). (10)

In 4D, the scalar and pseudoscalar bilinears transform as

c p cp
Py + - -
wyy + - -

Note that in 4D, iy 7 y is odd under ¢ p, while in 6D, i¥ T'¥
is CP even.

There is one additional bilinear that will be important
later, when we explore the CP breaking associated with R}
boundary conditions. Define

7 —roppeps — (71 (11)
0 5
7

and consider the bilinear
Py, (12)
This is not a Lorentz scalar in 6D, but it is invariant under

4D Lorentz transformations of the coordinates x*. It has the
same properties under C and P as a pseudoscalar bilinear in
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4D, and it is even under reflections of the coordinates

x4, X,

C Ri3 Rys P cp
+ - + - -

YTy

III. KLEIN BOTTLE BOUNDARY CONDITIONS
AND SYMMETRIES

We are interested in a Dirac fermion in 6D, propagating

on R*! x K, where K, denotes a Klein bottle. Starting in

R>! with coordinates x*, x*, x> we make a Klein bottle of

size 2zry X 2zrs by identifying
(x#, x4, xX%) = (x#, x* + 277y, X5),
(x#, x4, xX%) = (x#, =x*, X0 + 27rs). (13)

Alternatively we can start by making a covering torus of
size 2zry x 4xrs, identifying

(x*, %) & (x* + 277y, X°),
(x4, %) = (x*, X7 + dars), (14)

and then further identify
(x*, X)) & (=x*, x° + 27rs) (15)

to get a Klein bottle. To save on writing, we will often
denote

¥ = (2, —x* x> + 27rs). (16)

To describe a Dirac fermion on K,, we need to specify
boundary conditions. In what follows, we impose trivial

periodicity in x*,

W, 0%) = W 4 2mr,0), (1)

and consider the options [here R4 and C are the matrices
defined in (7)]

R ¥(x) = RY(¥) =T*T¥(%),
R;: ¥(x) = iR¥(X) = il* TP (%),
CR}: ¥(x) = —iCR,¥*(X) = —iI?P*(x). (18)
In the last option, a reflection combined with charge
conjugation, we introduced —i as a convenient but some-

what arbitrary choice of phase, selected to make —il"? real.
Since

(Ry)* =1, (iRy)* = -1, (iCR)* =1, (19)
these boundary conditions define pin*t, pin~, pin™ struc-

tures, respectively.

Note that the boundary conditions we have introduced
are not the most general ones compatible with the Klein
bottle geometry. Suppose the fermion is charged under a
U(l) gauge symmetry, with covariant derivative
Dy = 0y — iqAy,. We are free to introduce a flat con-
nection on the Klein bottle, namely a constant gauge field
in the x° direction,

(A, Ay As) = (0,0, a). (20)

The gauge field can be eliminated by setting ¥ = i1y
Suppose ¥ satisfies R; boundary conditions. When
expressed in terms of ¥, the boundary conditions acquire
a phase ¢'7%?"’s on the right-hand side. We denote this phase
by €%/2, and call the corresponding boundary conditions R?,

R{: W(x) = e2R,W(¥) = PTTP(X).  (21)

This interpolates from R} when 6 = 0 to R; when 0 = x.
This generalization, which is not available for CRI, defines
what is known as a ping structure [8]. We explore the
consequences in Appendix C.

In the rest of this section we examine the fate of various
symmetries under R; and R; boundary conditions. A
discussion of R{ boundary conditions may be found in
Appendix C, and a discussion of CR; boundary conditions
may be found in Appendix D. As a preview of coming
attractions, the results are summarized in Table 1.

A curious fact about the Klein bottle is that parity
symmetry in R*! can be broken. This happens for both
R, and R; boundary conditions, as can be seen in Table I.
Before proceeding, the claim that boundary conditions on a
Klein bottle can break parity in 3 4+ 1 dimensions might
seem a little surprising: one might expect parity in 3 41
dimensions to be a geometric transformation of Minkowski
space, independent of the compactification. This intuition is
correct for bosons, but fails for fermions for elementary but
perhaps unfamiliar reasons that we pause to explain.

In two spatial dimensions consider a reflection of the

X axis,
-1 0
R, = . 22
5 V) (22)

Also consider a reflection R, of an axis that has been
rotated through an angle 6. We can build this as

Ry = D(6)R,D(~6) (23)

where D is a rotation matrix. The product of two reflections
is in the connected component of the rotation group, and as
can be seen in Fig. 2; we have
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FIG. 2. Top: the operations that perform R R, =
R.D(0)R.D(—0) are equivalent to a rotation D(—26). Bottom:
the operations that perform RyR, = D(6)R,D(—0)R, are equiv-
alent to a rotation D(20).

R.R, = D(=20),
RyR, = D(20). (24)

Reflections in different directions in general do not
commute, and as 0 — z/2 we find

R.R, = D(~), (25)

R,R, = D(x). (26)

Acting on an integer spin field, the rotations (25) and (26)
cannot be distinguished, which leads to the intuition that
reflections in orthogonal directions commute. But acting on
a spinor field, they differ by a 2z rotation, which means that
reflections in orthogonal directions anticommute. In par-
ticular, the reflection on the internal manifold used to build
a Klein bottle does not commute with parity in the non-
compact dimensions. In this way, compactification on a
nonorientable manifold can break parity in 3 4 1.

A. R; boundary conditions

We implement the Klein bottle identifications (13) by
imposing boundary conditions

W, x*, x0) = WP (x#, x* + 27y, X°),

Wk, x*, x0) = Ry (x#, —x*, x° + 27r5).  (27)

Here

R4:r4f:< 0 W) (28)
—iy 0

is the matrix that implements a parity transformation in the
x* direction. Since (R4)? = 1, this defines a pin* structure
on the Klein bottle. Going twice around the Klein bottle,
the boundary conditions imply

W, x*, x0) = RyW(x*, —x*, x° + 27rs)
= (Ry)*P(x*, x*, x> + drrs).  (29)

Since (R,)? = 1, the field is periodic on the covering torus.

1. R; symmetries

In general, the Klein bottle breaks translation invariance
in the x* direction. This is simply the statement that if ¥(x)
satisfies the Klein bottle boundary conditions, then

W(x) =P x* +a,x°) (30)

generically violates them. Note that there are two unbroken
translations, a = 0 and a = zr,, so it is more accurate to
say that translations in x* are broken to Z,.

The R; boundary conditions also generically break
the chiral symmetry of a massless fermion. Setting ¥/ (x) =
e“'P(x), and assuming that ¥ satisfies the boundary
conditions, we have

W (x) = eTW(x) = e T*Te~ W (%) = 20T 4T (%).

(31)

It is more accurate to say that the chiral U(1) symmetry of a
massless Dirac field is broken to Z,, sincea = 0anda = 7
preserve the boundary conditions.

Finally, we consider the discrete symmetries P, Ry, R5, C
defined in Sec. II. Suppose ¥(x) satisfies the Klein bottle
boundary conditions, and consider the parity-transformed
field

¥ (x) = (yg yoo)lp(z, —x, 2%, x%). (32)

Since W satisfies the Klein bottle boundary conditions, this

implies

00 _
V(x) = (};) y0>l"4l"‘l’(t, —x, —x*, x> +27r5).  (33)

By inverting the parity transformation we can rewrite this in
terms of ¥/,

00 /70
¥ (x)= (}/ )F“F(y )‘I”(t,x,—x4,x5+2ﬂr5).
0 ¢° 0 ¢°
(34)

With a bit of Dirac algebra, this simplifies to
¥(x) = -T*TW (%). (35)

Because of the sign, if W(x) satisfies the Klein bottle
boundary conditions, then ¥ (x) violates them.
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Another instructive example is C. Suppose ¥(x) satisfies
the Klein bottle boundary conditions, and consider the
charge conjugate field,

¥ (x) = LT (x). (36)

Since W satisfies the Klein bottle boundary conditions, this
implies

W(x) = D2 (0D) W (3). (37)

By inverting charge conjugation we can rewrite this in
terms of ¥/,

W (x) = P24 (T4T) T2 (W) * (%) (38)
With a bit of Dirac algebra, this simplifies to
¥ (x) = —-T*TW (%). (39)

Again, if ¥(x) satisfies the Klein bottle boundary con-
ditions, then W' (x) violates them.

Various other discrete symmetries can be checked
following the same steps, such as

Ry: W'(x) = TP (x#, —x*, x9),
Rs: W' (x) = TP (x#, x*, —x3). (40)

The results are summarized in Table I [17]. Note that one
can build combinations that preserve the Klein bottle
boundary conditions. In particular PRs, CRs, and CP all
preserve the boundary conditions, as do PR4;R5, CR4R5,
and CPR,. These transformations provide two sets of
unbroken symmetries that a 4D observer could interpret
as parity, charge conjugation, and CP. On the other hand,
some symmetries are broken by the R} boundary con-
ditions. In particular P, C, and CPR5 are broken, as are
PR,, CR4, and CPR4Rs. This pattern of broken sym-
metries, including symmetries that a 4D observer could
interpret as CP, plays a role in the scenario for baryo-
genesis mentioned in Sec. IIT A 3.

2. R; fermion bilinear

As we have seen, R boundary conditions break both P
and C, while preserving the combination CP. An order
parameter for detecting the P and C breaking is the
expectation value of the fermion bilinear introduced in
(9), namely,

((PTW). (41)

To evaluate this we write it as (with a minus sign from
anticommuting the fermions)

TABLE 1. Compatibility of various discrete symmetries with
R}, Ry, RY, and CR} boundary conditions. Transformations that
preserve the boundary conditions are indicated with a +, trans-
formations that flip the sign of the boundary conditions are
indicated with a —. For R the boundary conditions are violated
by a 0-dependent phase. The results for CR; are from Appen-
dix D, with an arbitrary phase ¢*#/? inserted in the would-be
symmetry transformations (D5)—(DS).

P R, R; c
R} - + - -
Ry - + + +
Rﬁ - + —ei0 —et0
CR} —e'? —e'? et e’
—iTr((PP)T). (42)

The Klein bottle correlator with R; boundary conditions,
denoted

Sk, (v[x) = (O]¥(y)¥(x)[0). (43)

is evaluated in Appendix B. There we show that S}Z can be

obtained from the correlator on a torus by summing over
the orbit of the Z, action used to construct the Klein bottle.
This results in an extra term which we refer to as the Klein
image charge. Using the correlator given in (B3) and (B11)
to evaluate (42), the Dirac trace kills most of the terms,
since

Te(D) = Te(TMD) = Te(TFT) = 0. (44)

The only term that survives comes from the Klein image
charge combined with the I'* term in the torus correlator,
which leads to

Tr(T*FT*F) = 8. (45)

Setting ¢ = 0 since there is no UV divergence, the surviv-
ing term is

- _ © dS ) 0
PIY) =8 | ——5e
<l > A 167[232 ¢ ay4 y4:—x4

4 _ 4
X ! 93 Y al y e_s/ri
271y 2ry
5 5
X 1 93 y—X , e_s/(ZFS)z
4rrs 4rs

where 65 is a Jacobi theta function. Some useful properties
of theta functions are recorded in Appendix B 2. Noting
that 05(z. ¢) is even in z and denoting 04 (z. ¢) = £65(z. q),
the result can be presented in the form

(46)

Y =x>+27rs
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The wall function W+ in (48) for a massless field, shown as a function of x*/r,. Left: 7, = 4 and rs = 1. Right: r, = 10 and

rs = 1. When r, > rs, the peaks near the origin are well separated from those near the x* = 47, edges, and W™ is small in the region

between the peaks.

((PTW) = 8W+(x*) (47)

1 © ds > 1 x* 2
W+ 4y —sm 0. -, —s/r
(x ) 2}’4 0 167[25'26 27[}’4 3(}’4 ¢ )

1
X —— 0 (f e/ <2rs>2>. (48)

4rrs 2

This is an odd function of x*, and is periodic with period
zry. It vanishes at the location of the parity walls, i.e. at
x* =0 and x* = 714, and as can be seen in Fig. 3, it has
opposite-sign bumps on either side of the walls. We will
refer to W' as the R; wall function.

The theta function identities (B13), (B15) let us write the
result in terms of an image charge (or winding number)
sum, rather than a momentum sum. The expression

-6
1.0x 10 W4(-x4)
50x10"7]
X /r4
-t _3m n r  3n
4 4 2 4
FIG. 4. In red, the no-winding term w, = ws = 0 in the sum

(49) for W*(x*). Compare to the blue line, which sums over
wy = —1, 0, 1 with ws = 0. (The plot is for ry, =10, rs = 1.) A
second double-bumped wall has appeared around the identified
axes x, = +ary.

simplifies for a massless field, since the proper-time
integral becomes elementary. This leads to

1 (e (e
w+ x4 —
( ) 327[3 w4:2—00 wgzz—oo
x* F rawy

x [(x* + zrawy)? + (mrs(2ws + 1)) (49)

The winding sum is illustrated in Fig. 4. Note that W (x*)
is periodic in x* with period zr4, since shifting x* —
x* 4+ zr, can be absorbed by shifting wy — wy — 1. It
vanishes at x, = 0 because the sum is odd in wy. The
periodicity then implies that it vanishes at any multiple
of nr 4

3. A glance at phenomenology

With RI boundary conditions, the Klein bottle breaks
translation invariance as well as parity and charge con-
jugation, while preserving the combination CP. These
properties are captured in the expectation value of the
bilinear (47).

Note that (47) vanishes when averaged over the Klein
bottle, so it can be neglected in the traditional limit of
small-volume extra dimensions. However, the vev provides
an interesting background for a braneworld scenario, in
which one imagines a braneworld moving and eventually
stabilizing its position on the Klein bottle. As we show in
subsequent work, coupling a brane fermion to the bulk
bilinear can lead to particle production on the brane. With a
few extra ingredients the Sakharov conditions (including
violation of CP symmetry in 4D) can be satisfied, provid-
ing a scenario for baryogenesis.
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B. R; boundary conditions

Next we consider R; boundary conditions

W, x4 x0) = P, x* + 27ry, X°),

lP(xﬂ, x47x5) = l.R4lP(_XM’ —.X4,X5 + 2ﬂr5)’ (50)
with

iR, — iTT = <O 7). (51)
y 0
Compared to (27), the only difference is the factor of i in
the second line. This change is more consequential than one
might guess, since as we will see, it leads to some crucial
minus signs. The analysis very much parallels Sec. IIT A, so
we will be brief and only point out where things change.
Since (iR4)? = —1, these boundary conditions define a
pin~ structure on the Klein bottle. Going twice around the
Klein bottle, in place of (29), we have

Wt x*, 1) = iRW (¥, —x*, x° + 27rs)

= (iR4)*Y(x*, x*, x° + 4xrs).  (52)
This means the field is antiperiodic on the covering torus.

1. R; symmetries

Just as in Sec. III A, the R} boundary conditions break
both translation invariance and the chiral symmetry of a
massless fermion. More accurately translations in the x*
direction

¥ (x) = P(x*, x* + a,x°) (53)

are broken to the Z, subgroup a €{0,zr,}, and chiral
rotations

¥(x) = e (x) (54)

are broken to the Z, subgroup a € {0, z}.

The fate of the discrete symmetries P, Ry, Rs, C is a little
more interesting. P is still broken, just as in Sec. III A, but
let us see what happens to C. Suppose W(x) satisfies the
Klein bottle boundary conditions, and consider the charge
conjugate field

W(x) = D24TW (). (55)

Since ¥ satisfies the Klein bottle boundary conditions, this
implies (note where the i appears)

W(x) = 2T (D) W (0, —x*, 0 + 27r5). (56)

By inverting charge conjugation we can rewrite this in
terms of ¥/,

W (x) = T2 (iT4T) T2 (W) * (%) (57)
With a bit of Dirac algebra, this simplifies to
¥ (x) = +il*TY(%). (58)

The i makes a crucial difference: if W(x) satisfies the Klein
bottle boundary conditions, so does ¥ (x). So C survives as
an unbroken symmetry. Various other discrete symmetries
can be checked in the same way. It turns out that R5 is also
unbroken, since the spinor is antiperiodic on the covering
torus. The results are summarized in Table I. Note that with
R; boundary conditions, the options for unbroken sym-
metries in 4D become more limited. P is broken, but R,, R5,
and C all survive. This means that any transformation
involving P is broken and cannot be restored, while any
transformation that does not involve P survives as an
unbroken symmetry. In particular CP, along with CPRy,,
CPRs, and CPR4Rs, are all broken by the Klein bottle
boundary conditions.

2. R; fermion bilinear

As we have seen, R; boundary conditions break P and
CP. An order parameter for detecting this breaking can be
built as a fermion bilinear. A suitable bilinear was intro-
duced in (12), namely

((PTW). (59)

Recall that T = {T°T''T2I3, so this expectation value is
odd under P and CP and preserves 4D (but not 6D) Lorentz
invariance. We can evaluate (59) by rewriting it as

—iTr((PP)T ™) (60)

and using the correlator Sk given in Appendix B, Egs. (B4)
and (B11). The Dirac trace kills most of the terms, since

TrT® = Tr(TYTW) = Tr(IT®) = 0. (61)

The only term that survives comes from the Klein image

charge combined with the I term in the torus propagator.
This leads to

— _ _ 0 d a
((PTP) = Tr(iM*ITST) / s e 9
&2 16m-s dy

i,
><—1 05 2 e/ i
271y 2ry
1 V> —x° )
— 9 e~/ 2rs)" ) 62
x 47[7"5 2 ( 47"5 ¢ ( )

There is no UV divergence so we can set ¢ = (. Evaluating
the Dirac trace, the result can be presented as

V=x>+2zrs

065020-9
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N|a
o
N|a
a
|

FIG. 5. Plot of W~ (x*) vs x*/ry, for a massless field with
ry=3and rs = 1.

(IPTOW) = 8W~(x*) (63)

where the R; wall function is [note that 65(z, g) is even
in z]

1 © ds > 1 x4
w- 4y —sm 0 -, —s/ri
() 4r5A 167r2s26 27ry 3<r4 ¢
NI R EonY (64)
4rrs 0z, _x S

As can be seen in Fig. 5, W=(x*) is an even periodic
function of x* with period 7zr,. On the Klein bottle it has
two peaks, located at x* = 0 and at x* = zr,, correspond-
ing to the two fixed points of the transformation x* — —x*.
The wall function can be put in the form of an image sum
using the identities (B13) and (B16). This is particularly
convenient for a massless field, in which case the result
simplifies to

W™ (x)

Z(IWS

w4 ws €Z
y zrs(2ws + 1)
[(x* + rgwy)? + (rs(2ws + 1))

(65)

3. A small-volume scenario for CP violation

With R; boundary conditions, the Klein bottle breaks
CP. We could communicate this breaking to the standard
model, or at least to a fermion propagating in R*!, in a
variety of ways, for example, by introducing a coupling to
the order parameter (63). To get an order parameterin 3 + 1
dimensions, a simple possibility is to extract the zero mode
by averaging (63) over the Klein bottle. We denote the
average over the Klein bottle by

27ry 4 —
A Grewy. (66)

(PPTOP), — /

0o 2nry

Note that, thanks to (B12), extracting the zero mode in this
way captures the leading behavior as r, — 0. So this
approach fits with the traditional Kaluza-Klein scenario,
in which we imagine compactifying on a very small Klein
bottle.

With the help of

2zry (. 4 4 5
/ s 93<x—,e—s/f2) =1 (67)
0 271y Ty

and
a 2
—| Oy(z, e/ rs)
oz s H(z, e )
4 - 2(01)? 4
< 7rr5> 22 Yi(2j + 1)e ) (1) /4s (68)
Jj=0

the average can be presented more explicitly as

__ 2 ©
(T, — 3 ﬂrs/ : ds
0

ry drs)7/?
&) 2
x D (=12 + 1o 08) Vs oo
=0

(69)

For a massless field the proper-time integral is elementary
and the average simplifies to

PT*)
(i Jo 1671' ry(rs)t = 2] —|—
6.14 x 1073
R————g (70)
ry(rs)

As a prototype for communicating this breaking to the
standard model, we consider a fermion y in 4D whose
origin we do not specify, and we introduce a coupling

[ dsaprpiare), (71)

This coupling preserves 4D Lorentz invariance. As men-
tioned in Sec. II, the bilinear iy 7y is odd under a cp
transformation in 4D. So the interaction (71) is invariant
under a simultaneous cp transformation on y and CP
transformation on ¥. When YTI'W acquires a vev, it
induces a cp-violating mass term for y in 4D.
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IV. CASIMIR ENERGY AND WALL TENSION

In this section we evaluate the Casimir energy for a Klein

For reasons that will become clear, we begin by
evaluating the energy density for a minimally coupled

bottle. More specifically we evaluate the energy density scalar field, given by

(Tqo) for scalar and spinor fields, using the two-point
correlators obtained in Appendix B. Related calculations on
the string worldsheet, using somewhat different methods,
may be found in [18,19].

The correlators have two terms, one associated with the
covering torus and one associated with the Klein image
charge. As a result, the energy density will also have two
terms. There will be a homogeneous term that gives the
Casimir energy for the covering torus, and there will be an
inhomogeneous term associated with the parity walls at
x* =0 and x* = 7ry.

1 1
Too = = (00)* + 3 IVo|* + §m2¢2- (72)

N[ =

We evaluate (T) using the correlators (B23) at coincident
points. One contribution comes from the first term in (B23),
which is the correlator on the covering torus. Acting on the
torus correlator (B22) with the various derivatives appear-
ing in (72) and assembling terms, we find

1 fo ds (1 9) 1 I
— _ -] — =s[(na/r4)*+
2 L 167252 (s 0s> 2774 n;Z s 2

ns€zZ

<T00>|t0rus = (ns/2rs)-+m ] (73)

This follows from writing the theta functions in the correlator (B22) in the momentum-sum form (B12) and (B14). By
switching to the winding-sum form (B13) and (B15) we obtain

1 [ ds 1 (7r,)?w?
= — | = ary)wyfds (4xrs)?
2[2 16775 <s ) Vs WZGZ \ /4717 W;Z

The advantage of the winding-sum form is that the UV divergence is isolated in the term with w, = ws = 0. This term is
divergent but independent of the radii ry4, 75, so it can be absorbed into a renormalization of the cosmological constant.
Suppressing this term we are left with the standard Casimir energy density on the covering torus. Setting ¢ = 0 and
integrating by parts, the renormalized energy density is

Tolhos == |~ 137
00/ ltorus — 0 1287T3S4

!/ . . .
where > means that wy = ws = 0 is excluded. For a massless field the result can be written more transparently as

5 2

W4, Ws EZ

5/4.&“ e—smz

<T00> |t0rus (74)

Z e (27r4)? w4/4s —(4zrs)*w 5/4& —sm? (75)

Wy Ws €EZ

<T00> |t0rus - (76)

’”4W4 (2”5W5)2)3 .

Next we turn to the contribution to (7'y) that comes from the Klein image charge, which we will refer to as (T'gg) - This

is given by acting with the various derivatives in the stress tensor (72) on the second, Klein image charge terms in the
correlators (B23). For a scalar (upper sign) or pseudoscalar (lower sign) field we find

1 [ ds 1 1 1 ny\ 2 ny\ 2 ns \ 2
T — 4= ~-2(= - 2 ’
< 00>|Wa]l 2‘/0 167[252 271.},.4 n;ZAHTrS n;Z <S (r4> + <r4 + 2}"5 +m

X e—in42x4/r4 (_1)"5 e—S[("4/f4)2+("5/2’5)2+m2] . (77)

There is no UV divergence so we have set ¢ = 0. We have written the factor in parentheses in (77) in a somewhat peculiar
form, because the combination (ny/r4)? + (ns/2rs)* + m? can be traded for —£ and integrated by parts. This leads to

1 C) ny 2
T = — 2 T
ol =73 [ oz, 2 o s +2(0) )

X e—in42x4/r4(_l)nSe—s[(m/m) +(ns/2rs)? _,'_mz]' (78)
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4
TOO(X )
T \ / T \ T £ ! x4/r
_n n n 3n !
2 2 2
-1.0 x 10§ ®1
-2.0x10°

FIG. 6. The energy dGHSity <T00> = <T00>|l0rus + <T00>‘wall asa
function of x*/r,. The plot is for a massless scalar (not
pseudoscalar) field with r4y =3 and rs = 1 in arbitrary units.
[The choice of units sets the scale for (T(y).] For these
parameters, the Casimir energy density for the covering torus
is small, (Tg)|iorus = —1.19 x 107°.

The sum over n, can be expressed in terms of 05, see (B12),
while the sum over ns is most conveniently expressed in
terms of

1 T 1
L gy (Z emster ) =50
Azrs 3(2 ¢ G 2|

ns€Z

_1)n5 e—sn?/(2r5)2. (79)

This leads to

Note that the derivative a% only acts inside the square
brackets, i.e. it only acts on 6; (;‘2—1,6”/ 7).

The total energy density on a Klein bottle is given by the
sum of the torus and wall contributions, (75) plus (80). For
a scalar field, the result is shown in Fig. 6. One can clearly
see a localized energy density associated with the parity
walls at x* =0 and x* = zr,. It is worth noting that
numerically, it is the wall that makes the dominant con-
tribution. This can be understood from the image charge
representation of the correlator discussed in Appendix B 3.
The first Klein image charge is displaced a distance 2zrs,
while the first torus image charge is displaced a distance
4zrs. Since the correlator falls off rapidly with distance, the
wall contribution dominates.

It is instructive to study the wall contribution to the
energy density in a little more detail. Let us send r, — o0 in
(80) to isolate the contribution of a single wall at x* = 0. To

FIG. 7. Energy density for a massless scalar (not pseudoscalar)
field. The plot shows (Tg) |gingte wan @s @ function of x*, obtained
by sending r, — oo in (80). rs5 then sets the scale, so energy
density is measured in units of (2zr5)° and position is measured
in units of 2zrs.

do this, we perform a modular transformation on 65 using
(B13). This gives

1 [ ds
<T00>|singlewall =+ /

2 0 ]671'2S2
1 d 1 a2
W [(Lop2) L e /s}
Ks OS> Vars
1 T 2 2
o[ =, —s/(2rs) —sm* 81
x iy 3(2 ¢ ¢ (81)

By rescaling s — srg one sees that for a massless field the

energy density scales like 1/(r5)®, as required on dimen-
sional grounds. It should be thought of as a modification to
the bulk Casimir energy density that is associated with the
parity walls. For a massless field, the energy density can be
written more transparently as

(T00) singtewart ::F;

singlewa 327 (27rs)®
(ws+1/2)2=2(x*/27r5)?
((ws+1/2)%+ (x*/2r5)*)*

(82)

ws€Z

The energy density for a single wall is plotted in Fig. 7.
Finally, we turn to the energy density for a bulk fermion,
given by

TOO — %‘?FOGO‘P - %OO‘PFO‘P (83)

We have delayed considering this case, for the following
reason: the Klein image charge does not contribute to (7).
In other words, a free minimally coupled bulk fermion does
not contribute to the energy density associated with the
parity walls. This can be shown directly, by examining the
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Dirac traces in (T) that involve the Klein image charge,
and noting that they all vanish. This result is special to
minimal coupling. A nonminimal coupling to curvature,
such as R¥TY where R is the scalar curvature, would
lead to an energy density localized near the parity walls.
Although it does not contribute to the wall energy, a
fermion does contribute to the Casimir energy for the
covering torus. Using the torus correlators (B6) and (B8) to
evaluate the expectation value of the energy density for R
boundary conditions, a straightforward calculation gives

ool = [T 3
00/ [torus — ]67T3S4
0 Wy Ws €EZ

X { 1 }e—(27rr4)zwi/4se—(4ﬂr5)2w§/4se—sm2
(=1)"s
(84)

where Z/ means that w, = ws = 0 is excluded. The factor
in curly braces stands for 1 with R; boundary conditions,
and for (—1)"s with R;. Note that, as expected, the torus
energy density for fermions with R} boundary conditions is
(—8) times the scalar energy density (75).

V. CONCLUSIONS

Compactification on nonorientable spaces appears to be
an underexplored part of the string landscape. Granted, the
bulk theory needs an appropriate parity symmetry to be
defined on a nonorientable space. However, with the
understanding that chiral fermions in 4D can arise from
branes or singularities of the compactification, this under-
lying parity symmetry is not a major phenomenological
obstacle. Nonorientable compactifications of M-theory
have been shown to be theoretically consistent [2], and
there are F-theory constructions of nonorientable ITA string
compactifications [3].

With this motivation, we explored the consequences of
nonorientable compactification in the simple setting of a
free Dirac fermion on R*! x K,. The main surprise was
that compactification on K, could lead to CP breaking in
3 4+ 1 dimensions. The breaking was entirely due to the
boundary conditions used to define the Klein bottle, which
meant the CP violating effects were finite and calculable.
The notion of symmetry breaking by boundary conditions
is familiar in settings such as the Hosotani mechanism for
breaking gauge symmetry [20] and the Sherk-Schwarz
mechanism for breaking supersymmetry [21].

As future directions, it would be interesting to explore
the phenomenology and cosmology associated with non-
orientable compactification. Can one build a realistic
model for CP violation in the standard model? Can one
develop a realistic scenario for CP violation and baryo-
genesis in cosmology? It would also be interesting to
explore more formal questions. Can one systematically

study the statistics of string vacua associated with non-
orientable compactifications?
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APPENDIX A: KALUZA-KLEIN SPECTRUM

In this section we work out the Kaluza-Klein spectrum
on R*' x K, with R} and R; boundary conditions.
Although the results are not necessary for the remainder
of the paper, obtaining the spectrum and modes makes the
physical content clear and gives insight into the behavior
under discrete symmetries.

There is one novel feature we will flag in advance. For
fermions, the usual Kaluza-Klein ansatz is a tensor product
¥ = y(x) ® y(v) of aspinor y(x) in 4D with a spinor y(y)
on the internal manifold. This ansatz can be used to
describe modes on the covering torus, as in (Al3) and
(A14). However, the Klein bottle boundary conditions
require a particular linear combination of torus modes,
defined in (A17). The linear combination is not a tensor
product, and in this way the usual Kaluza-Klein ansatz fails
on the Klein bottle. This is true even for the zero mode
(A12). In this way, the Klein bottle requires that the internal
fermionic modes y are intrinsically entangled with the
spacetime fermions .

1. R} spectrum

We begin by summarizing the results. With the boundary
conditions (27) the Kaluza-Klein tower is labeled by
momenta

ns

ky=—=.  ks=

- Al
Iy 27'5 ( )

Ny, N5 e’Z.

For each Kaluza-Klein momentum there is a Dirac fermion
w(x) in 4D, with mass

m=\/ki + k%

We define a phase a by ks + ik, = me™® Then the 4D
field lifts to a solution to the 6D Dirac equation

(A2)
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< —:,756())6) >
)

Y(x, x4 x) =

x . iajy o
( W( )ezk4x4elk5x5 4 (_1)115 <€ l]/l//(.x) ) e—tk4x4elk5x5 for (1’14, nS) ?é (0’ 0)
e’“l//(x)

‘We now show how these results are obtained. The field is
periodic on the covering torus, so we can expand in
momentum modes

X . .
Y(x, x4, x%) = ()(1( ))e”‘«‘)‘4e”‘5x5 (A4)
22(x)
with
k4:%, kszﬁ, n4,n5€Z. (AS)
Iy 2}’5

With the definition ks + ik, = me™™* the massless Dirac
equation in 6D, iI*9,¥ = 0, becomes

iy*d, —me @ X

me'®  —iy'a, ) \ xa(x)
A special case is k; = ks = 0, for which m = 0 and a is
ambiguous. In this case y; and y, separately obey the
massless Dirac equation in 4D. So on the covering torus we

have a pair of Kaluza-Klein zero modes, which can be
assembled into a 6D field

Y(x, x4, %) = (j;;gi;) with iy#d,x(x) =0,

iy*0,x>(x) = 0. (A7)

We still have to impose the Klein bottle boundary con-
ditions (27), which require

()(l(x)> B < 0 i}7> <;(1(x))
X2(x) =iy 0/ \x2(x)
This just sets y, = —i7y;. So on the Klein bottle there is a
single Kaluza-Klein zero mode,

(A8)

X
W(x,x00) = ( V) ) with iy“dp(x)=0.  (A9)
—iyy(x)
We can reproduce this result using a different approach that
will be useful below. Start from a solution on the covering
torus

for ny =ns =0

(A3)
—ipy(x)
|
4 .5\ Wl(‘x)
¥y (x, 2t x0) = o ) (A10)
Define the Klein-transformed field
_ 0
WK (e, x4, xX°) =TT (x, —x*, x5 + 27r5) = ( ~ )
—iyy (x)
(A11)
Then the combination
A X
‘PI:‘PI—s—‘Pf:( Vi) ) (A12)
—iyy, (x)

satisfies the Klein bottle boundary conditions [22]. Starting
from the other mode on the covering torus ¥, = (Wz(zx))
leads to ¥, + WYX = ("Z/"?); however, this solution is redun-
dant. To see this, note that y, — —iyy, is a symmetry of
the massless Dirac equation, and upon making this replace-
ment, one reproduces (Al2).

To obtain the nonzero modes, we start from a solution to
the massive Dirac equation in 4D, iy*d,y (x) = myr; (x).
We can build a solution to the 6D Dirac equation on the
covering torus as

i (x)
ey (x)

¥ (x, x4 x%) = < >eik4x4eik5x5. (A13)

Starting from another solution to the massive Dirac
equation in 4D, iy*d,y,(x) = my,(x), we can build a
linearly independent solution to the Dirac equation on the
covering torus as [23]

Ywa(x)
—e"y, (x)

W, (x, x4, x%) = ( )eik4x4eik5x5. (Al14)

On the covering torus, for every nonzero Kaluza-Klein
momentum (ky, ks), we obtain a pair v, y, of massive
Dirac fields in 4D.

Next we impose the Klein bottle boundary conditions
(27), which we write in the form

Y(x) = PK(x) (A15)

where the Klein-transformed field is
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WK (x,x%, x7) = T (x, —x*, x° + 2775).

(A16)

It is easy to write down linear combinations of the modes (A13) and (A14) which satisfy the Klein bottle boundary

conditions,
Plx, x* 1) = Wlx, x*, x0) + WK (x, x4, X). (A17)
Starting from ¥; we obtain the Klein-invariant combination
N X . . iy (x . .
P, = < :g]( ) )etk4x4elk5x5 + (_1)n5 < ._J/Wl( ))e—lk4x4ezk5x5‘ (A18)
ey, (x) —ipy 1 (x)
Starting from ¥, we obtain what looks like a second Klein-invariant combination,
R o (x ‘ ‘ —ieiy, (x . .
\,Pz — < }/,Z/_Z( ) >ezk4x4ezk5x5 + (_1)115 ( ) WZ( )>e—tk4x4elk5x5. (A19)
—e' "y (x) —iy;(x)
However, this second set of solutions is redundant, since [24]
ie_ia(_1>n5li12|n4,n5 = lill|—n4,n5' (AZO)

That is, the two sets of modes are related by ny — —ny4. Overall, we end up with the complete set of linearly independent

modes given in (A3).

The breaking of P and C can be seen in the vev of the fermion bilinear (47). It can also be seen directly in the modes.
Acting on the modes (A3) with the parity transformation P defined in (8), it is straightforward to see that

( +f7y1/9$;()x) >
( py(x)

PY(x,x* x°) =

i ( ))eik4x4eik5x5 _ (_l>n5 (
e pylx

Here p is the 4D parity transformation defined in (10).
Comparing (A21) to (A3), some crucial signs changed, so
that instead of satisfying the Klein bottle boundary con-
ditions, the parity-transformed modes obey PW¥(x) =
—(P¥)X(x). Note that, although the Klein bottle breaks
parity in 4D, we do not get chiral fermions in 4D as a result.
In this respect the Klein bottle cannot provide an origin for
the fermions of the standard model, even though it may be a
source for P violation.

For RI boundary conditions, a similar result holds for C:
acting on the modes (A3) with charge conjugation C
defined in (6), it is straightforward to check that
C¥(x) = —(C¥)X(x). In this way parity as well as charge
conjugation are broken by R} boundary conditions, but the
combination CP is preserved.

2. R; spectrum

Finally, we consider the Kaluza-Klein spectrum with R
boundary conditions. There are a few minor but crucial

for ny =ns =0

e“iypy(x oo

._)/pl//( ))e""4"4e”‘5x5 for (ng, ns) # (0,0). (A21)
—iypy(x)

|

changes compared to what we encountered in

Appendix A 1.

We can still expand the field in momentum modes on the
covering torus, with the momentum in x> shifted by half a
unit to make the field antiperiodic,

T(X,.XA,XS) = <XI (x) ) eik4x4eik5x5 ,

22(%)
1
k4:E, kszﬁ, I’l4EZ, n5€Z+—.
g 2r5 2
(A22)

The notation (ny, ns) is consistent with the rest of the paper.

In this section it is convenient to set ny = 4, ns = s +%
so that modes are labeled by two integers (¢4, ¢s) with

‘ 205+ 1

ky = _4’ ks = 5T

, £y, 0sEZ.
Iy 47'5

(A23)
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Note that there is no zero mode to worry about. As before,
we set ks + ik, = me™“,

The Dirac equation is unchanged, so just as in (A13) and
(A14) a complete set of modes on the covering torus is

given by
x A
¥, (x, x4, %) = < WI( ) )e’k4"46’k5x5, (A24)
ey (x)
ywo(x . )
W, (x, x4, %) = ( W/_Z( ) )e’k4"4e’k5"5. (A25)
—e' Py (x)

Here y; and y, are massive Dirac fields in 4D, with

0 (x) = my (x). i Oun(x) = my(x).  (A26)
Next we impose the Klein bottle boundary conditions,
¥(x) = PX(x) where
WK (x, x*, %) = iT*TW(x, —x*, X5 + 27r5).  (A27)

In building the invariant combination ¥ 4 WX, note that ¥X
picks up an explicit factor of i from the modified reflection
operation i[™*I". It picks up another factor of i because
shifting x> — x> + 2775 on the covering torus produces a
factor i(—1)%s due to antiperiodicity of the modes (A24)
and (A25). Overall, compared to what we found in
Appendix A 1, there is an additional minus sign in the
Klein-transformed field. We can build an invariant combi-
nation starting from ¥, or ¥,, but as in Appendix A 1 the
second combination is redundant [25].

To summarize, with R; boundary conditions the Kaluza-
Klein tower is labeled by momenta

£y 205+ 1
=—, ks = s

k
4 Ty 4rs

£y, 0s€Z.  (A28)

For each Kaluza-Klein momentum there is a Dirac fermion
w(x) in 4D, with mass

m=\/kj + k.

The 4D field lifts to a solution to the 6D Dirac equation

(A29)

X , .
‘P(x, X4,X5> _ ( l/j( ) )ezk4x4ezk5x5 _ (_1)&
ey (x)
(N cnn o
—ipy (x)

where the phase a is defined by ks + iky = me™.
The R; modes (A30) look almost identical to the R,
modes (A3) [26]. The difference is hidden in the shifted
quantization condition for k5. What are the consequences?

For parity there is no consequence: P is still broken, for
reasons given at the end of Appendix A 1. What about
charge conjugation? This acts on the field by

C: W(x) = W (x) = T2I4TW (x) = (i;ly ’707> W ().

(A31)

Complex conjugation takes ks — —ks or equivalently
ns — —ns. For R}, the modes have a factor (—1)"s which
is invariant under this transformation. But for R}, sending
ks — —ks means 5 — —¢s — 1. The R; modes have a
factor (—1)?s which changes sign under this transforma-
tion. Thus the shifted quantization condition on ks pro-
duces an additional minus sign that leaves the set of modes
(A30) invariant. In more detail, under charge conjugation,
the R; modes transform amongst themselves as

lI"/|f4,f5.¢//()c) = i(_l)fﬂplﬁ,—ﬁ;—l,—iyzl//*(x)' (A32)
The notation indicates that k, stays the same, ks changes
sign, and y/(x) is replaced with the 4D charge-conjugate
field —iy?y*(x). In this way C is preserved by Ry boundary
conditions but broken by R;}. We already knew this from
the interplay of C with the boundary conditions; this shows
how it happens at the level of modes.

APPENDIX B: KLEIN BOTTLE CORRELATORS

Our goal is to evaluate the two-point correlator
(¥(y)¥(x)) for a Dirac field on R*! x K,. We consider
both R} and R} boundary conditions, and for completeness
we include a mass term in 6D. As a byproduct, we obtain
correlators for massive scalar and pseudoscalar fields.
These results are used to evaluate fermion bilinears in
Secs. I A2 and III B 2, and Casimir energies in Sec. IV.
Related calculations on R""! x K, may be found in [11,12].

1. Momentum representation
A convenient starting point is the two-point correlator for
a Dirac field on the covering torus, in which we identify

xtxxt 4 27ry, X = x>+ dnrs.

(B1)
We wish to consider both periodic and antiperiodic boun-
dary conditions in the x° direction. We denote these
correlators by (4 for periodic, — for antiperiodic)

S = (0]¥(y)¥(x)[0).

>

(B2)

We can construct two-point correlators on a Klein bottle

with R boundary conditions, denoted Sljgz, by introducing

a single image charge on the covering torus. This leads to
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Sk, (v1x) = S5 (ylx) + TS5 (51), (B3)
S, (v1x) = S (y[x) + iT*TS7 (5]x). (B4)

Recall that the Klein image point is § = (y*, —=y*,y° + 27rs).

The correlator with periodic boundary conditions in x,

S;Z = <O|T(y)li’(x)|0>periodic’ (BS)
can be obtained from the standard Dirac propagator in 6D by quantizing the momenta so that ny, ns € Z,
d4p 1 1 : A4 5.5
St (y|x) = i/ e~ i (v=x) pina(y*=x") /1y pins(y° =)/ 2rs
Tz (2r)* 27ry H;Z 4nrs H;Z
4 n 5 n
Dip, -2 —1" 3+ m (86)

X — .
p* = (ng/rg)* = (ns/2rs)* — m* + i0*

The poles are handled with a Feynman prescription, so (B6) is a time-ordered correlator. The correlator with antiperiodic
boundary conditions,

7= <O|lP<y)lP(x)|O>antiperi0dic’ (B7)
is given by shifting the quantization condition so that ns € Z + %,
d4p 1 1 ; ; 4_ 4 ; 5_5
St (ylx) =i e~ P (0=x) pina (v =x") /14 pins(y°—x7)/2rs
T (27)* 27ry n;Z 4rrs nsezz+%
4t _T50hs
Dip, -1 =175+ m (B8)

X .
p* = (ng/ry)* — (ns/2rs)* —m* 4+ i0*

In principle we are done, but for practical purposes it is convenient to put the torus correlators (B6) and (B8) in a more
useful form. For simplicity we work at equal times, y° = x°, and later restore 4D Lorentz invariance. We Wick rotate the
momentum

P = (=ip°.p). /d4p = i/d“pE (B9)
and introduce a Schwinger parameter s to represent
1 © (22
N / dse—s(piim?) (B10)
P+ m 0

Performing the Gaussian integral over 4D momentum, restoring 4D Lorentz invariance, and introducing a proper-time
cutoff € — 0 as a UV regulator, the momentum sums can be expressed in terms of Jacobi theta functions,

o s ) b )
+ — —sm - —x)=—i0")/4s
Sp(vlx) = Lz 622 (,rMay_M +m>e((y )2=i0%)/

1 4 _ 4 1 5 _ 5
x 93<y a ,e—s/’3> @(y * ,e‘s/<2’5)2). (B11)

27ry 2ry drrs 2\ 4rs

The correlator with periodic boundary conditions S}rz has a Jacobi 03 function in the last factor, while the correlator with
antiperiodic boundary conditions S7, has 6,. The Feynman prescription can be thought of as giving y° a small negative
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imaginary part if y° > x°, and a small positive imaginary part if y* < x°.[27] To obtain the correlator on a Klein bottle,
simply substitute (B11) into (B3) and (B4).

2. Theta function identities

We pause to record a few useful properties of the Jacobi theta functions [29]. For the x* direction we have

1 v —x* > 1 22 o 44
92 , e—s/rg — Z e—Sﬂ4/"1€l"4()’ —x*)/ry (B12)
2rry T\ 21y 2mry ez

1

e—(y4—x4+27zr4w4)2/45' (B13)

The first line expresses 65 as a momentum sum. The second line, obtained by a modular transformation (or equivalently by
Poisson resummation), expresses 05 as a winding sum or equivalently as a sum over image charges.

With periodic boundary conditions in x>, the relevant theta function can be obtained from the above by replacing
ry — 2rs,

Lo (Y= o) _ L 7 s ins (55 21 (B14)
4rrs 3 4rs ’ _47”’5,,552 ‘

1

= (P =23+ Azrsws)? /s (B15)

For antiperiodic boundary conditions in x° the relevant theta function is

5.5

B Db C S N o512/ (2152 gins (=) /215 (B16)
477.'7'5 47"5 Tr's !

ns €Z+§

=L ST (Lot amns s, (B17)

3. Image charge representation

The theta function identities of Appendix B 2 enable us to rewrite the torus correlator (B11) as a sum over image charges,

. 0 © ds —sm 1 —x )2 —(y*—x rawy )2 —(y° —x° rsws)?—i0")/4s
si0) = (055 o) [Tiie™ 30 4 fel0I st piy

Wy Ws EZ

The factor in curly braces stands for 1 with R} boundary conditions, and for (—1)"s with R;. In the massless limit the
proper-time integral becomes elementary and, dropping the UV regulator, the result for SjTE2 simplifies to

0 1 1
i 2 {<—1>ws}4n3[<y—x>2—<y4—x4+2nr4vv4>2—<y5—x5+4nr5w5>2—io+]2 (B19)

Wy ws €Z

Incidentally, erasing iI"™” ()yi,w produces an image-charge representation of the massless scalar propagator that we will
encounter in the next section.

4. Scalar correlator

Having obtained the correlator for a Dirac field, it is straightforward to extract the correlator for a scalar field ¢. We
consider both scalar and pseudoscalar fields. These are characterized by periodicity in x*

b
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d(x, x4, %) = p(x, x* + 277y, X°), (B20)

and periodicity twisted by parity in x°,

scalar: ¢(x,x*, x) = p(x,—x* x> + 27rs),

pseudoscalar: ¢ (x,x*,x%) = —p(x,—x* x> +27rs). (B21)

Note that in both cases, the scalar field is periodic on the
covering torus.

The scalar correlator on the covering torus with periodic
boundary conditions, denoted D2(y|x), can be obtained
from the Dirac propagator (B6) by erasing a factor of
'™ p,; + m. Following this change through, we find

© ds
Dp(ok) = |

= 26—‘vm26((y—x)2—i0+)/4s
TS

4 _ .4
% 1 63 y X ’e—s/rf1
27ry 2ry

5 5
« 93<y — ,e—s/<2rs>2>.
47rs 4rs

The scalar and pseudoscalar correlators on a Klein bottle,
denoted D%Z, are given by introducing an image charge to
enforce the boundary conditions (B21),

(B22)

scalar: DZZ (y|x) = Dyp2(y]x) + D2 (§]x),

pseudoscalar: D, (y|x) = Dy2(y|x) — Dy=(§|x).  (B23)

APPENDIX C: RY BOUNDARY CONDITIONS
AND SYMMETRIES

Here we consider RZ boundary conditions (21), in which
the Klein bottle is constructed using a reflection R, with a
phase /2,

W, x*, x0) =P, x* + 27y, X°),
W(x#, x4 x%) = 2R, P (%)

= PTTW (x#, —x*, x° + 2zr5). (C1)

This defines a ping structure on the Klein bottle. Going
twice around the Klein bottle, we have

Y(xt, x*, x%) = PR (%) = P (x#, x*, X° + drrs).
(C2)

So the boundary conditions on the covering torus are
twisted by an arbitrary phase. This interpolates between R}
at @ =0 and R} at 0 = 7.

It is straightforward to determine the fate of the discrete
symmetries P, R4, Rs, C given these boundary conditions.
For example, consider the internal reflection on the Klein

bottle Rs, defined by

Rs: W'(x) = ST (x*, x*, —x°). (C3)
Suppose W satisfies the RY boundary conditions. Does ¥’
also satisfy the boundary conditions? We have

¥ (x) = DT (x#, x*, —x°)
=TI5Te/ TP (e, —xt, —x + 27rs)
=TT’ T4 e W (x#, —x*, —x> — 27r5)

=TT e TS T (x#, —x*, x> + 27r5).  (C4)

In the first line we used the definition of ¥, in the second
we used the RZ boundary conditions, and in the third we
used the boundary conditions (C2) on the covering torus. In
the last line we used the definition of ¥ in reverse. After a
bit of Dirac algebra, this becomes

V(x) = —e 02T T (%). (C5)

Compared to (C1), there is an extra phase —e™" on the
right-hand side. We have recorded this under Rs in Table I.
The fates of the other symmetries can be worked out along
similar lines, and are listed in the table.

As promised, the Rf boundary conditions interpolate
from R at 6 = 0 to R; at @ = z. For generic values of 6,
the only unbroken symmetry is the internal reflection Ry.
At 0 =0 and 6 = =« there are additional unbroken sym-
metries, listed in Secs. II A1 and III B 1. There are two
other special points. At 0 =x/2 and 6 =3x/2, the
combination CRj5 flips the sign of the boundary conditions.
At these values of 6 there is an enhanced symmetry, with
CPRs and CPR4R5 unbroken.

APPENDIX D: CR; BOUNDARY CONDITIONS
AND SYMMETRIES

Here we consider the CRI boundary condition (18), in
which the Klein bottle is constructed using a twist by parity
combined with charge conjugation,

W(xt, x, x0) = W(x*, x* + 271y, X°),

W(x#, x*, 1) = =il (x#, —x*, x> + 27r5).  (DI)
We are using the matrix —iCR, = —iI"> to produce the
twist. The factor of —i in the transformation is a convenient
but somewhat arbitrary choice of phase, which makes —il"2
real. Since (—i['?)? = 1, this defines a pin™ structure on the
Klein bottle [30]. Going twice around the Klein bottle,
we have
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W(xt, x4, x0) = =P (x#, —x*, x> + 27rs)

=W(x, x*, X0 + 4nrs). (D2)
So the field is periodic on the covering torus.

Just as in Sec. III A, the CR; boundary conditions break
translation invariance. More accurately translations in the
x* direction,

Y(x) =¥(x* x* + a,x°), (D3)
are broken to the Z, subgroup a € {0,zr,}. However,
unlike the boundary conditions studied previously, CR;
preserves chiral symmetry. That is, if W(x) satisfies the
CRI boundary conditions, then so does

¥(x) = e™W(x) forany e“cU(1). (D4)

The fate of the discrete symmetries P, Ry, Rs, C can be
studied just as in Secs. III A and III B. Recall that we define
these transformations as follows:

P: W(x) = (y(;’ y00>tp(t, —x,x*x%),  (DS)
Ry: W(x) =T*TW(x*, —x*, x%), (D6)
Rs:W(x) = DP9 (x, x4, —x5), (D7)
C: W(x) = D2I40W (x). (D8)

It is straightforward to check that P and R, are violated by
the boundary conditions, while R5 and C are preserved. For
example, if W(x) satisfies the CR;} boundary conditions,
one can show that the parity-transformed field ¥ (x)
defined in (D5) obeys

¥ (x) = +il>(P')*(%) (D9)
with a 4 sign rather than a — sign on the right-hand side.
So the parity-transformed field violates the boundary
conditions.

The transformations (D5)—(DS8) can be generalized by
introducing a phase ¢/? on the right-hand side. It is
straightforward to carry this phase through and show that it
appears in the boundary conditions as . For example,
(DY) gains a factor e’? on the right-hand side. We have
recorded these results in Table I. Absent further restrictions,
we are free to choose the phase for C independently of the
phase used to define P. It is then possible to choose phases
so that both P and C are preserved by CR; boundary
conditions.

With CRI boundary conditions, it does not seem
possible to move away from a pin™ structure, although
as we have just seen it is meaningful to introduce a phase in
the would-be symmetry transformations. With R; the
situation is reversed. The boundary conditions can be
generalized, to RY, but introducing a phase in the would-
be symmetry transformations has no effect on whether or
not they are broken.
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