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In higher-dimensional theories, we often assume that the extra dimensions form an orientable space,
perhaps with singularities. However, many physical theories are well defined on nonorientable spaces, and
many spaces are not orientable, so it is reasonable to explore what happens if the assumption of orientability
is relaxed. Here we consider the simplest example of free 6D theories compactified on a flat Klein bottle.
We focus on a Dirac fermion in 6D, with boundary conditions that define pinþ and pin− structures.
Translation invariance is broken by the boundary conditions, which leads to sharp features localized near
the parity walls (fixed points of the reflection used to construct the Klein bottle). For a scalar field, there is a
position-dependent energy density, peaked near the parity walls. A Dirac fermion can lead to breaking of
parity, charge conjugation, and CP in 3þ 1 dimensions. Order parameters for this breaking are provided by
the vacuum expectation values of certain fermion bilinears, again peaked near the parity walls. As one
potential application, these results suggest mechanisms for CP violation and baryogenesis, enabled by
compactification on a Klein bottle.
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I. INTRODUCTION

For more than a century, physicists have developed
theories involving extra dimensions. In the vast literature
on the subject, a dominant assumption is that the extra
dimensions form an oriented manifold [1]. This assumption
may be more a matter of history and convenience than
necessity. As we will review, to be defined on a

nonorientable space, a higher-dimensional theory must
have a parity symmetry, and such theories did not appear
to provide promising starting points for phenomenology.
Instead, the general consensus was that the existence of
chiral fermions in 4D indicated that the higher-dimensional
theory must also be chiral [6]. However, with the modern
understanding that chiral fermions can be localized on
branes, or on singularities of the compactification, the case
for starting with a chiral theory in higher dimensions
becomes less compelling. There is also the matter of
mathematical expediency. Most physicists are more famil-
iar with orientable manifolds and so have grown accus-
tomed to using the analytical tools these manifolds support.
Although more challenging to study, nonorientable mani-
folds substantially broaden the arena of compactified
theories, potentially offering new insights and features,
so it would appear a possibility worth exploring.
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In the present work, we begin with some background
regarding spinors on nonorientable manifolds. We then
explore a simple, prototypical example: a 6D theory
compactified to R3;1 on a Klein bottle. The Klein bottle
is the simplest compact nonorientable space, made by
identifying opposite sides of a rectangle, but with one of
the identifications involving a reflection. The geometry is
illustrated in Fig. 1.
A theory needs to be parity-symmetric to be defined on a

Klein bottle, and for this reason we focus on a free Dirac
fermion in 6D. We explore possible boundary conditions
and examine the fate of various symmetries. A curious and
somewhat nonintuitive fact is that the symmetries of parity
and charge conjugation in 3þ 1 dimensions can be broken
by the compactification. We discuss this in Sec. III, where
we show that P, C, and CP breaking can be detected by the
vevs of certain fermion bilinears. In addition, although the
Klein bottle geometry is locally flat and homogeneous,
translation invariance is broken globally by the boundary
conditions. This leads to a position-dependent Casimir
energy density which we evaluate in Sec. IV. For com-
pleteness, we give the Kaluza-Klein spectrum in
Appendix A, and for reference, we work out the two-point
correlators for spinor and scalar fields in Appendix B. In
Appendix C we explore a generalization in which an
arbitrary phase is introduced in the boundary conditions,
and in Appendix D we touch on the possibility of building a
Klein bottle in which the boundary conditions are twisted by
parity combined with charge conjugation.

A. Math background

We begin with a little math background. For an oriented
d-dimensional manifold with a Euclidean metric, different
coordinate patches are glued together using SOðdÞ tran-
sition functions. We will be particularly interested in
working with spinors. To do this, we need to lift the
transition functions from SOðdÞ to SpinðdÞ, the double
cover of SOðdÞ.[7] There may be more than one way to do
this, in which case the manifold is said to admit more than
one spin structure.
For an unoriented manifold we begin from the group

OðdÞ, the extension of SOðdÞ by an orientation-reversing
transformation R, and we allow coordinate patches to be
glued together by OðdÞ transformations. Lifting this struc-
ture to spinors is a well understood but nontrivial task,
described for example in [8]. The main task is deciding how
R acts on spinors. One possibility is that R2 ¼ 1, in which
case the manifold is said to carry a pinþ structure. Another
possibility is that R2 ¼ ð−1ÞF, so that R2 changes the sign
of all spinor fields, in which case the manifold is said to
carry a pin− structure. It is interesting to ask whether a given
unoriented manifold admits pinþ structures, pin− structures,
both, or neither. This is discussed, for example, in [9,10]. A
further possibility is to introduce an arbitrary phase in the
definition of R, which leads to what is known as a pinC
structure [8].
Since mathematically there is no insurmountable

obstruction that prevents defining spinors on at least
some unoriented manifolds, we turn now to physical

FIG. 1. Left: a Klein bottle of size ð2πr4; 2πr5Þ built from a single fundamental tile in the ðx4; x5Þ plane. The sides are identified as
shown. The flip axis at x4 ¼ 0 is indicated by a vertical dashed line. The identified left and right sides, at x4 ¼ �πr4, form a second flip
axis. Right: the Klein bottle can be lifted to tile the entire plane. A fundamental tile, shaded in the lower left corner, and some of its
images are shown. We have put symbols L, R on the Klein bottle to help keep track of orientation. Note that, as an intermediate step, the
Klein bottle can be lifted to a covering torus of size ð2πr4; 4πr5Þ.
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considerations. Here we encounter a restriction: for the
underlying theory to be well defined, it must be parity
symmetric. That is, it must be invariant under an orientation-
reversing transformation R. This would appear to be a
serious obstacle, since extensive work on extra-dimensional
models in the 1980s [6] indicated that the most promising
approach to obtaining chiral fermions in 4D was to begin
with a chiral theory in higher dimensions. Because such
theories are not well defined on nonorientable spaces,
historically such choices for the compactified dimensions
have received far less attention. There is, however, a simple
way around this obstacle. We can imagine that the standard
model is localized on a brane, or perhaps on a singularity of
the compactification, while the bulk theory has a parity
symmetry.

B. Results

As a simple prototype, in what follows we focus on a free
Dirac fermion in 6D, compactified to R3;1 on a flat Klein
bottleK2. As a byproduct, we obtain a few results for a bulk
massive scalar. We introduce boundary conditions built
from a reflection that we call Rþ

4 and R−
4 , as well as

boundary conditions CRþ
4 in which orientation reversal is

accompanied by charge conjugation. These boundary
conditions define pinþ, pin−, pinþ structures, respectively.
We also consider boundary conditions that define a pinC
structure, denoted Rθ

4, in which reflection is accompanied
by an arbitrary phase. We examine some physical conse-
quences, finding that a key role is played by the “parity
walls,” that is, by the two fixed points (located at x4 ¼ 0

and x4 ¼ πr4) of the reflection x4 → −x4 which is used to
construct the Klein bottle.

(i) In general, translation invariance is broken by the
Klein bottle boundary conditions. For a bulk scalar
this leads to a finite, calculable energy density,
sharply peaked near the parity walls, which we
compute in Sec. IV.

(ii) With Rþ
4 boundary conditions, theUð1Þ global chiral

symmetry of a massless fermion Ψ → eiαΓ̄Ψ is
broken, where Γ̄ is the 6D chirality operator defined
in (4). The fermion develops a position-dependent
expectation value, hΨ̄ Γ̄ Ψi, with sharp peaks near the
parity walls. The expectation value breaks parity P,
defined as a reflection of the spatial coordinates in
R3;1, and also breaks charge conjugation C, while
leaving the combination CP unbroken. However, by
mixing in transformations that act on the Klein bottle,
a rather intricate list of broken and unbroken
symmetries becomes available. We discuss this in
Sec. III A.

(iii) With R−
4 boundary conditions, in addition to break-

ing chiral symmetry Ψ → eiαΓ̄Ψ, the boundary con-
ditions break CP. Again a position-dependent
expectation value develops, peaked at the parity

walls, which we denote hΨ̄Γ̄ð4ÞΨi. Here Γ̄ð4Þ is the
combination of Dirac matrices defined in (11). The
expectation value preserves 4D (but not 6D) Lorentz
invariance and serves as an order parameter for CP
breaking. We explore this in Sec. III B.

(iv) Rθ
4 boundary conditions interpolate between Rþ

4 at
θ ¼ 0 and R−

4 at θ ¼ π. For generic values of θ
almost all symmetries, includingCP, are broken. We
explore this generalization in Appendix C.

(v) With CRþ
4 boundary conditions, translation invari-

ance is broken but chiral symmetry is preserved.
Depending on possible phases in the transforma-
tions, parity and/or charge conjugation may be
broken. We explore this briefly in Appendix D.

These results have antecedents in the literature. In particu-
lar, working on R1;1 × K2, the stress tensors for confor-
mally coupled scalars and massless spin-1=2 fields were
obtained in [11], and fermion bilinears were evaluated in
[12]. Early work on pin structures is reviewed in [9]. Our
purpose here is to examine the Klein bottle from a
contemporary perspective, viewing it as a prototype for
nonorientable compactification of a higher-dimensional
space, and as a potential source for CP violation in 4D.

II. SPINOR CONVENTIONS

It is convenient to introduce an explicit set of Dirac
matrices in 6D as follows. We begin with a standard chiral
basis for the 4D Dirac matrices,

γ0 ¼
�
0 1

1 0

�
; γi ¼

�
0 σi

−σi 0

�
: ð1Þ

These satisfy

fγμ; γνg ¼ 2ημν1; ημν ¼ diagðþ;−;−;−Þ;

4Dchirality operator γ̄ ¼ iγ0γ1γ2γ3 ¼
�−1 0

0 1

�
: ð2Þ

We can build 6D Dirac matrices ΓM as tensor products,

Γμ ¼ γμ ⊗ σ3 ¼
�
γμ 0

0 −γμ

�
; μ ¼ 0; 1; 2; 3; 4;

Γ4 ¼ 1 ⊗ iσ1 ¼
�

0 i1

i1 0

�
;

Γ5 ¼ 1 ⊗ iσ2 ¼
�

0 1

−1 0

�
: ð3Þ

These satisfy
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fΓM;ΓNg ¼ 2ηMN; ηMN ¼ diagðþ;−;−;−;−;−Þ;

6Dchiralityoperator Γ̄¼ Γ0Γ1Γ2Γ3Γ4Γ5 ¼
�−γ̄ 0

0 γ̄

�
: ð4Þ

Note that
(i) Γ0 is Hermitian, while all others are anti-Hermitian.
(ii) Γ2 and Γ4 are imaginary, while all others are real.
(iii) Γ0, Γ2, Γ4 are symmetric, while Γ1, Γ3, Γ5 are

antisymmetric.
With this basis in hand, we can make a few further

definitions. We define the Dirac adjoint by Ψ̄ ¼ Ψ†Γ0.
[The relevant property here is that Γ0ΓMΓ0 ¼ ðΓMÞ†.] We
define a reflection of the Ith spatial coordinate via
x → x − 2eIðeI · xÞ, where eI is a unit vector, and a
corresponding action on spinors, RI, defined by

RI∶ ΨðxÞ → ΓIΓ̄Ψðx − 2eIðeI · xÞÞ: ð5Þ

Finally, charge conjugation acts by

C∶ ΨðxÞ → Γ2Γ4Γ̄Ψ�ðxÞ: ð6Þ

Both RI and C have been defined so that they are
symmetries of the massive Dirac Lagrangian in 6D,
L ¼ Ψ̄ðiΓM

∂M −mÞΨ. A possible phase in (5) has been
fixed so that ðRIÞ2 ¼ 1. We will later make use of a
modified parity transformation iRI with the property that
ðiRIÞ2 ¼ −1. A possible phase in (6) has been fixed as a
matter of convention, convenient because the combination
Γ2Γ4Γ̄ is real. Independent of the phase convention used to
define C, note that applying C twice to a spinor yields
C2Ψ ¼ −Ψ [13].
Going forward we will sometimes be cavalier with our

notation, so that RI and C denote the transformations (5),
(6) as well as the matrices standing in front of the spinor. In
other words, in addition to (5) and (6), we will use RI and C
to denote

RI ¼ ΓIΓ̄; C ¼ Γ2Γ4Γ̄: ð7Þ

A. Fermion bilinears

For later use, we record the behavior of certain fermion
bilinears. The reason for focusing on these particular
bilinears is that, as we will see, they detect the symmetries
that are broken by the Klein bottle boundary conditions. We
will be interested in behavior under reflection RI and
charge conjugation C. We will also be interested in a parity
transformation P that changes the sign of the first three
spatial coordinates. We define this by

P∶ ΨðxÞ → iR1R2R3ΨðxÞ

¼
�
γ0 0

0 γ0

�
Ψðt;−x1;−x2;−x3; x4; x5Þ ð8Þ

(the phase has been chosen so that P2 ¼ 1). For future use,
we also consider the behavior under CP. Our reason for
focusing on these particular transformations is that, as we
will see, they provide a convenient set of building blocks
for all of the transformations we wish to consider.
As we mentioned above, the Dirac mass term is invariant

under all these transformations, meaning that Ψ̄Ψ is
invariant. The bilinear

iΨ̄ Γ̄ Ψ; ð9Þ

however, changes sign according to the following
table [14,16]:

C RI P CP

Ψ̄Ψ þ þ þ þ
iΨ̄ Γ̄ Ψ − − − þ

It is interesting to contrast this with the behavior of a 4D
spinor ψ, where we follow the standard definitions for
charge conjugation c and parity p in 3þ 1 dimensions [15],

c∶ ψðxÞ → −iγ2ψ�ðxÞ;
p∶ ψðxÞ → γ0ψðt;−x1;−x2;−x3Þ: ð10Þ

In 4D, the scalar and pseudoscalar bilinears transform as

c p cp

ψ̄ψ þ þ þ
iψ̄ γ̄ ψ þ − −

Note that in 4D, iψ̄ γ̄ ψ is odd under cp, while in 6D, iΨ̄ Γ̄ Ψ
is CP even.

There is one additional bilinear that will be important
later, when we explore the CP breaking associated with R−

4

boundary conditions. Define

Γ̄ð4Þ ¼ iΓ0Γ1Γ2Γ3 ¼
�
γ̄ 0

0 γ̄

�
ð11Þ

and consider the bilinear

iΨ̄Γ̄ð4ÞΨ: ð12Þ

This is not a Lorentz scalar in 6D, but it is invariant under
4D Lorentz transformations of the coordinates xμ. It has the
same properties under C and P as a pseudoscalar bilinear in
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4D, and it is even under reflections of the coordinates
x4, x5,

C R1;2;3 R4;5 P CP

iΨ̄Γ̄ð4ÞΨ þ − þ − −

III. KLEIN BOTTLE BOUNDARY CONDITIONS
AND SYMMETRIES

We are interested in a Dirac fermion in 6D, propagating
on R3;1 × K2 where K2 denotes a Klein bottle. Starting in
R5;1 with coordinates xμ; x4; x5 we make a Klein bottle of
size 2πr4 × 2πr5 by identifying

ðxμ; x4; x5Þ ≈ ðxμ; x4 þ 2πr4; x5Þ;
ðxμ; x4; x5Þ ≈ ðxμ;−x4; x5 þ 2πr5Þ: ð13Þ

Alternatively we can start by making a covering torus of
size 2πr4 × 4πr5, identifying

ðx4; x5Þ ≈ ðx4 þ 2πr4; x5Þ;
ðx4; x5Þ ≈ ðx4; x5 þ 4πr5Þ; ð14Þ

and then further identify

ðx4; x5Þ ≈ ð−x4; x5 þ 2πr5Þ ð15Þ

to get a Klein bottle. To save on writing, we will often
denote

x̃ ¼ ðxμ;−x4; x5 þ 2πr5Þ: ð16Þ

To describe a Dirac fermion on K2, we need to specify
boundary conditions. In what follows, we impose trivial
periodicity in x4,

Ψðxμ; x4; x5Þ ¼ Ψðxμ; x4 þ 2πr4; x5Þ; ð17Þ

and consider the options [here R4 and C are the matrices
defined in (7)]

Rþ
4 ∶ ΨðxÞ ¼ R4Ψðx̃Þ ¼ Γ4Γ̄Ψðx̃Þ;

R−
4 ∶ ΨðxÞ ¼ iR4Ψðx̃Þ ¼ iΓ4Γ̄Ψðx̃Þ;

CRþ
4 ∶ ΨðxÞ ¼ −iCR4Ψ�ðx̃Þ ¼ −iΓ2Ψ�ðx̃Þ: ð18Þ

In the last option, a reflection combined with charge
conjugation, we introduced −i as a convenient but some-
what arbitrary choice of phase, selected to make −iΓ2 real.
Since

ðR4Þ2 ¼ 1; ðiR4Þ2 ¼ −1; ð−iCR4Þ2 ¼ 1; ð19Þ

these boundary conditions define pinþ, pin−, pinþ struc-
tures, respectively.

Note that the boundary conditions we have introduced
are not the most general ones compatible with the Klein
bottle geometry. Suppose the fermion is charged under a
Uð1Þ gauge symmetry, with covariant derivative
DM ¼ ∂M − iqAM. We are free to introduce a flat con-
nection on the Klein bottle, namely a constant gauge field
in the x5 direction,

ðAμ; A4; A5Þ ¼ ð0; 0; aÞ: ð20Þ

The gauge field can be eliminated by setting Ψ ¼ eiqax
5Ψ0.

Suppose Ψ satisfies Rþ
4 boundary conditions. When

expressed in terms of Ψ0, the boundary conditions acquire
a phase eiqa2πr5 on the right-hand side. We denote this phase
by eiθ=2, and call the corresponding boundary conditions Rθ

4,

Rθ
4∶ ΨðxÞ ¼ eiθ=2R4Ψðx̃Þ ¼ eiθ=2Γ4Γ̄Ψðx̃Þ: ð21Þ

This interpolates from Rþ
4 when θ ¼ 0 to R−

4 when θ ¼ π.
This generalization, which is not available for CRþ

4 , defines
what is known as a pinC structure [8]. We explore the
consequences in Appendix C.
In the rest of this section we examine the fate of various

symmetries under Rþ
4 and R−

4 boundary conditions. A
discussion of Rθ

4 boundary conditions may be found in
Appendix C, and a discussion of CRþ

4 boundary conditions
may be found in Appendix D. As a preview of coming
attractions, the results are summarized in Table I.
A curious fact about the Klein bottle is that parity

symmetry in R3;1 can be broken. This happens for both
Rþ
4 and R−

4 boundary conditions, as can be seen in Table I.
Before proceeding, the claim that boundary conditions on a
Klein bottle can break parity in 3þ 1 dimensions might
seem a little surprising: one might expect parity in 3þ 1
dimensions to be a geometric transformation of Minkowski
space, independent of the compactification. This intuition is
correct for bosons, but fails for fermions for elementary but
perhaps unfamiliar reasons that we pause to explain.
In two spatial dimensions consider a reflection of the

x axis,

Rx ¼
�−1 0

0 1

�
: ð22Þ

Also consider a reflection Rθ of an axis that has been
rotated through an angle θ. We can build this as

Rθ ¼ DðθÞRxDð−θÞ ð23Þ

where D is a rotation matrix. The product of two reflections
is in the connected component of the rotation group, and as
can be seen in Fig. 2; we have
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RxRθ ¼ Dð−2θÞ;
RθRx ¼ Dð2θÞ: ð24Þ

Reflections in different directions in general do not
commute, and as θ → π=2 we find

RxRy ¼ Dð−πÞ; ð25Þ

RyRx ¼ DðπÞ: ð26Þ

Acting on an integer spin field, the rotations (25) and (26)
cannot be distinguished, which leads to the intuition that
reflections in orthogonal directions commute. But acting on
a spinor field, they differ by a 2π rotation, which means that
reflections in orthogonal directions anticommute. In par-
ticular, the reflection on the internal manifold used to build
a Klein bottle does not commute with parity in the non-
compact dimensions. In this way, compactification on a
nonorientable manifold can break parity in 3þ 1.

A. R+
4 boundary conditions

We implement the Klein bottle identifications (13) by
imposing boundary conditions

Ψðxμ; x4; x5Þ ¼ Ψðxμ; x4 þ 2πr4; x5Þ;
Ψðxμ; x4; x5Þ ¼ R4Ψðxμ;−x4; x5 þ 2πr5Þ: ð27Þ

Here

R4 ¼ Γ4Γ̄ ¼
�

0 iγ̄

−iγ̄ 0

�
ð28Þ

is the matrix that implements a parity transformation in the
x4 direction. Since ðR4Þ2 ¼ 1, this defines a pinþ structure
on the Klein bottle. Going twice around the Klein bottle,
the boundary conditions imply

Ψðxμ; x4; x5Þ ¼ R4Ψðxμ;−x4; x5 þ 2πr5Þ
¼ ðR4Þ2Ψðxμ; x4; x5 þ 4πr5Þ: ð29Þ

Since ðR4Þ2 ¼ 1, the field is periodic on the covering torus.

1. R+
4 symmetries

In general, the Klein bottle breaks translation invariance
in the x4 direction. This is simply the statement that if ΨðxÞ
satisfies the Klein bottle boundary conditions, then

Ψ0ðxÞ ¼ Ψðxμ; x4 þ a; x5Þ ð30Þ

generically violates them. Note that there are two unbroken
translations, a ¼ 0 and a ¼ πr4, so it is more accurate to
say that translations in x4 are broken to Z2.
The Rþ

4 boundary conditions also generically break
the chiral symmetry of a massless fermion. SettingΨ0ðxÞ ¼
eiαΓ̄ΨðxÞ, and assuming that Ψ satisfies the boundary
conditions, we have

Ψ0ðxÞ ¼ eiαΓ̄ΨðxÞ ¼ eiαΓ̄Γ4Γ̄e−iαΓ̄Ψ0ðx̃Þ ¼ e2iαΓ̄Γ4Γ̄Ψ0ðx̃Þ:
ð31Þ

It is more accurate to say that the chiralUð1Þ symmetry of a
massless Dirac field is broken toZ2, since α ¼ 0 and α ¼ π
preserve the boundary conditions.
Finally, we consider the discrete symmetries P, R4, R5,C

defined in Sec. II. Suppose ΨðxÞ satisfies the Klein bottle
boundary conditions, and consider the parity-transformed
field

Ψ0ðxÞ ¼
�
γ0 0

0 γ0

�
Ψðt;−x; x4; x5Þ: ð32Þ

Since Ψ satisfies the Klein bottle boundary conditions, this
implies

Ψ0ðxÞ ¼
�
γ0 0

0 γ0

�
Γ4Γ̄Ψðt;−x;−x4; x5 þ 2πr5Þ: ð33Þ

By inverting the parity transformation we can rewrite this in
terms of Ψ0,

Ψ0ðxÞ¼
�
γ0 0

0 γ0

�
Γ4Γ̄
�
γ0 0

0 γ0

�
Ψ0ðt;x;−x4;x5þ2πr5Þ:

ð34Þ

With a bit of Dirac algebra, this simplifies to

Ψ0ðxÞ ¼ −Γ4Γ̄Ψ0ðx̃Þ: ð35Þ

Because of the sign, if ΨðxÞ satisfies the Klein bottle
boundary conditions, then Ψ0ðxÞ violates them.

FIG. 2. Top: the operations that perform RxRθ ¼
RxDðθÞRxDð−θÞ are equivalent to a rotation Dð−2θÞ. Bottom:
the operations that perform RθRx ¼ DðθÞRxDð−θÞRx are equiv-
alent to a rotation Dð2θÞ.
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Another instructive example is C. SupposeΨðxÞ satisfies
the Klein bottle boundary conditions, and consider the
charge conjugate field,

Ψ0ðxÞ ¼ Γ2Γ4Γ̄Ψ�ðxÞ: ð36Þ

Since Ψ satisfies the Klein bottle boundary conditions, this
implies

Ψ0ðxÞ ¼ Γ2Γ4Γ̄ðΓ4Γ̄Þ�Ψ�ðx̃Þ: ð37Þ

By inverting charge conjugation we can rewrite this in
terms of Ψ0,

Ψ0ðxÞ ¼ Γ2Γ4Γ̄ðΓ4Γ̄Þ�Γ̄Γ4Γ2ðΨ0Þ�ðx̃Þ: ð38Þ

With a bit of Dirac algebra, this simplifies to

Ψ0ðxÞ ¼ −Γ4Γ̄Ψ0ðx̃Þ: ð39Þ

Again, if ΨðxÞ satisfies the Klein bottle boundary con-
ditions, then Ψ0ðxÞ violates them.
Various other discrete symmetries can be checked

following the same steps, such as

R4∶ Ψ0ðxÞ ¼ Γ4Γ̄Ψðxμ;−x4; x5Þ;
R5∶ Ψ0ðxÞ ¼ Γ5Γ̄Ψðxμ; x4;−x5Þ: ð40Þ

The results are summarized in Table I [17]. Note that one
can build combinations that preserve the Klein bottle
boundary conditions. In particular PR5, CR5, and CP all
preserve the boundary conditions, as do PR4R5, CR4R5,
and CPR4. These transformations provide two sets of
unbroken symmetries that a 4D observer could interpret
as parity, charge conjugation, and CP. On the other hand,
some symmetries are broken by the Rþ

4 boundary con-
ditions. In particular P, C, and CPR5 are broken, as are
PR4, CR4, and CPR4R5. This pattern of broken sym-
metries, including symmetries that a 4D observer could
interpret as CP, plays a role in the scenario for baryo-
genesis mentioned in Sec. III A 3.

2. R+
4 fermion bilinear

As we have seen, Rþ
4 boundary conditions break both P

and C, while preserving the combination CP. An order
parameter for detecting the P and C breaking is the
expectation value of the fermion bilinear introduced in
(9), namely,

hiΨ̄ Γ̄ Ψi: ð41Þ

To evaluate this we write it as (with a minus sign from
anticommuting the fermions)

−iTrðhΨΨ̄iΓ̄Þ: ð42Þ

The Klein bottle correlator with Rþ
4 boundary conditions,

denoted

SþK2
ðyjxÞ ¼ h0jΨðyÞΨ̄ðxÞj0i; ð43Þ

is evaluated in Appendix B. There we show that SþK2
can be

obtained from the correlator on a torus by summing over
the orbit of the Z2 action used to construct the Klein bottle.
This results in an extra term which we refer to as the Klein
image charge. Using the correlator given in (B3) and (B11)
to evaluate (42), the Dirac trace kills most of the terms,
since

TrðΓ̄Þ ¼ TrðΓMΓ̄Þ ¼ TrðΓ4Γ̄ Γ̄Þ ¼ 0: ð44Þ

The only term that survives comes from the Klein image
charge combined with the Γ4 term in the torus correlator,
which leads to

TrðΓ4Γ̄Γ4Γ̄Þ ¼ 8: ð45Þ

Setting ϵ ¼ 0 since there is no UV divergence, the surviv-
ing term is

hiΨ̄ Γ̄ Ψi ¼ 8

Z
∞

0

ds
16π2s2

e−sm
2 ∂

∂y4

����
y4¼−x4

×
1

2πr4
θ3

�
y4 − x4

2r4
; e−s=r

2
4

�

×
1

4πr5
θ3

�
y5 − x5

4r5
; e−s=ð2r5Þ2

�����
y5¼x5þ2πr5

ð46Þ

where θ3 is a Jacobi theta function. Some useful properties
of theta functions are recorded in Appendix B 2. Noting
that θ3ðz; qÞ is even in z and denoting θ03ðz; qÞ ¼ ∂

∂z θ3ðz; qÞ,
the result can be presented in the form

TABLE I. Compatibility of various discrete symmetries with
Rþ
4 , R

−
4 , R

θ
4, and CRþ

4 boundary conditions. Transformations that
preserve the boundary conditions are indicated with a þ, trans-
formations that flip the sign of the boundary conditions are
indicated with a −. For Rθ

4 the boundary conditions are violated
by a θ-dependent phase. The results for CRþ

4 are from Appen-
dix D, with an arbitrary phase eiϕ=2 inserted in the would-be
symmetry transformations (D5)–(D8).

P R4 R5 C

Rþ
4

− þ − −
R−
4 − þ þ þ

Rθ
4

− þ −e−iθ −e−iθ
CRþ

4 −eiϕ −eiϕ eiϕ eiϕ
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hiΨ̄ Γ̄ Ψi ¼ 8Wþðx4Þ ð47Þ

where

Wþðx4Þ ¼ −
1

2r4

Z
∞

0

ds
16π2s2

e−sm
2 1

2πr4
θ03

�
x4

r4
; e−s=r

2
4

�

×
1

4πr5
θ3

�
π

2
; e−s=ð2r5Þ2

�
: ð48Þ

This is an odd function of x4, and is periodic with period
πr4. It vanishes at the location of the parity walls, i.e. at
x4 ¼ 0 and x4 ¼ πr4, and as can be seen in Fig. 3, it has
opposite-sign bumps on either side of the walls. We will
refer to Wþ as the Rþ

4 wall function.
The theta function identities (B13), (B15) let us write the

result in terms of an image charge (or winding number)
sum, rather than a momentum sum. The expression

simplifies for a massless field, since the proper-time
integral becomes elementary. This leads to

Wþðx4Þ ¼ 1

32π3
X∞

w4¼−∞

X∞
w5¼−∞

×
x4 þ πr4w4

½ðx4 þ πr4w4Þ2 þ ðπr5ð2w5 þ 1ÞÞ2�3 : ð49Þ

The winding sum is illustrated in Fig. 4. Note that Wþðx4Þ
is periodic in x4 with period πr4, since shifting x4 →
x4 þ πr4 can be absorbed by shifting w4 → w4 − 1. It
vanishes at x4 ¼ 0 because the sum is odd in w4. The
periodicity then implies that it vanishes at any multiple
of πr4.

3. A glance at phenomenology

With Rþ
4 boundary conditions, the Klein bottle breaks

translation invariance as well as parity and charge con-
jugation, while preserving the combination CP. These
properties are captured in the expectation value of the
bilinear (47).
Note that (47) vanishes when averaged over the Klein

bottle, so it can be neglected in the traditional limit of
small-volume extra dimensions. However, the vev provides
an interesting background for a braneworld scenario, in
which one imagines a braneworld moving and eventually
stabilizing its position on the Klein bottle. As we show in
subsequent work, coupling a brane fermion to the bulk
bilinear can lead to particle production on the brane. With a
few extra ingredients the Sakharov conditions (including
violation of CP symmetry in 4D) can be satisfied, provid-
ing a scenario for baryogenesis.

FIG. 4. In red, the no-winding term w4 ¼ w5 ¼ 0 in the sum
(49) for Wþðx4Þ. Compare to the blue line, which sums over
w4 ¼ −1, 0, 1 with w5 ¼ 0. (The plot is for r4 ¼ 10, r5 ¼ 1.) A
second double-bumped wall has appeared around the identified
axes x4 ¼ �πr4.

0

FIG. 3. The wall function Wþ in (48) for a massless field, shown as a function of x4=r4. Left: r4 ¼ 4 and r5 ¼ 1. Right: r4 ¼ 10 and
r5 ¼ 1. When r4 ≫ r5, the peaks near the origin are well separated from those near the x4 ¼ �πr4 edges, andWþ is small in the region
between the peaks.
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B. R−
4 boundary conditions

Next we consider R−
4 boundary conditions

Ψðxμ; x4; x5Þ ¼ Ψðxμ; x4 þ 2πr4; x5Þ;
Ψðxμ; x4; x5Þ ¼ iR4Ψðxμ;−x4; x5 þ 2πr5Þ; ð50Þ

with

iR4 ¼ iΓ4Γ̄ ¼
�
0 −γ̄
γ̄ 0

�
: ð51Þ

Compared to (27), the only difference is the factor of i in
the second line. This change is more consequential than one
might guess, since as we will see, it leads to some crucial
minus signs. The analysis very much parallels Sec. III A, so
we will be brief and only point out where things change.
Since ðiR4Þ2 ¼ −1, these boundary conditions define a

pin− structure on the Klein bottle. Going twice around the
Klein bottle, in place of (29), we have

Ψðxμ; x4; x5Þ ¼ iR4Ψðxμ;−x4; x5 þ 2πr5Þ
¼ ðiR4Þ2Ψðxμ; x4; x5 þ 4πr5Þ: ð52Þ

This means the field is antiperiodic on the covering torus.

1. R−
4 symmetries

Just as in Sec. III A, the R−
4 boundary conditions break

both translation invariance and the chiral symmetry of a
massless fermion. More accurately translations in the x4

direction

Ψ0ðxÞ ¼ Ψðxμ; x4 þ a; x5Þ ð53Þ

are broken to the Z2 subgroup a∈ f0; πr4g, and chiral
rotations

Ψ0ðxÞ ¼ eiαΓ̄ΨðxÞ ð54Þ

are broken to the Z2 subgroup α∈ f0; πg.
The fate of the discrete symmetries P, R4, R5, C is a little

more interesting. P is still broken, just as in Sec. III A, but
let us see what happens to C. Suppose ΨðxÞ satisfies the
Klein bottle boundary conditions, and consider the charge
conjugate field

Ψ0ðxÞ ¼ Γ2Γ4Γ̄Ψ�ðxÞ: ð55Þ

Since Ψ satisfies the Klein bottle boundary conditions, this
implies (note where the i appears)

Ψ0ðxÞ ¼ Γ2Γ4Γ̄ðiΓ4Γ̄Þ�Ψ�ðxμ;−x4; x5 þ 2πr5Þ: ð56Þ

By inverting charge conjugation we can rewrite this in
terms of Ψ0,

Ψ0ðxÞ ¼ Γ2Γ4Γ̄ðiΓ4Γ̄Þ�Γ̄Γ4Γ2ðΨ0Þ�ðx̃Þ: ð57Þ

With a bit of Dirac algebra, this simplifies to

Ψ0ðxÞ ¼ þiΓ4Γ̄Ψ0ðx̃Þ: ð58Þ

The i makes a crucial difference: if ΨðxÞ satisfies the Klein
bottle boundary conditions, so does Ψ0ðxÞ. So C survives as
an unbroken symmetry. Various other discrete symmetries
can be checked in the same way. It turns out that R5 is also
unbroken, since the spinor is antiperiodic on the covering
torus. The results are summarized in Table I. Note that with
R−
4 boundary conditions, the options for unbroken sym-

metries in 4D become more limited. P is broken, but R4, R5,
and C all survive. This means that any transformation
involving P is broken and cannot be restored, while any
transformation that does not involve P survives as an
unbroken symmetry. In particular CP, along with CPR4,
CPR5, and CPR4R5, are all broken by the Klein bottle
boundary conditions.

2. R−
4 fermion bilinear

As we have seen, R−
4 boundary conditions break P and

CP. An order parameter for detecting this breaking can be
built as a fermion bilinear. A suitable bilinear was intro-
duced in (12), namely

hiΨ̄Γ̄ð4ÞΨi: ð59Þ

Recall that Γ̄ð4Þ ¼ iΓ0Γ1Γ2Γ3, so this expectation value is
odd under P and CP and preserves 4D (but not 6D) Lorentz
invariance. We can evaluate (59) by rewriting it as

−iTrðhΨΨ̄iΓ̄ð4ÞÞ ð60Þ

and using the correlator S−K2
given in Appendix B, Eqs. (B4)

and (B11). The Dirac trace kills most of the terms, since

TrΓ̄ð4Þ ¼ TrðΓMΓ̄ð4ÞÞ ¼ TrðΓ̄Γ̄ð4ÞÞ ¼ 0: ð61Þ

The only term that survives comes from the Klein image
charge combined with the Γ5 term in the torus propagator.
This leads to

hiΨ̄Γ̄ð4ÞΨi¼TrðiΓ4Γ̄Γ5Γ̄ð4ÞÞ
Z

∞

ϵ2

ds
16π2s2

e−sm
2 ∂

∂y5

����
y5¼x5þ2πr5

×
1

2πr4
θ3

�
−2x4

2r4
;e−s=r

2
4

�

×
1

4πr5
θ2

�
y5−x5

4r5
;e−s=ð2r5Þ2

�
: ð62Þ

There is no UV divergence so we can set ϵ ¼ 0. Evaluating
the Dirac trace, the result can be presented as
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hiΨ̄Γ̄ð4ÞΨi ¼ 8W−ðx4Þ ð63Þ

where the R−
4 wall function is [note that θ3ðz; qÞ is even

in z]

W−ðx4Þ ¼ 1

4r5

Z
∞

0

ds
16π2s2

e−sm
2 1

2πr4
θ3

�
x4

r4
; e−s=r

2
4

�

×
1

4πr5

∂

∂z

����
z¼π

2

θ2ðz; e−s=ð2r5Þ2Þ: ð64Þ

As can be seen in Fig. 5, W−ðx4Þ is an even periodic
function of x4 with period πr4. On the Klein bottle it has
two peaks, located at x4 ¼ 0 and at x4 ¼ πr4, correspond-
ing to the two fixed points of the transformation x4 → −x4.
The wall function can be put in the form of an image sum
using the identities (B13) and (B16). This is particularly
convenient for a massless field, in which case the result
simplifies to

W−ðx4Þ ¼ −
1

32π3
X

w4;w5 ∈Z

ð−1Þw5

×
πr5ð2w5 þ 1Þ

½ðx4 þ πr4w4Þ2 þ ðπr5ð2w5 þ 1ÞÞ2�3 : ð65Þ

3. A small-volume scenario for CP violation

With R−
4 boundary conditions, the Klein bottle breaks

CP. We could communicate this breaking to the standard
model, or at least to a fermion propagating in R3;1, in a
variety of ways, for example, by introducing a coupling to
the order parameter (63). To get an order parameter in 3þ 1
dimensions, a simple possibility is to extract the zero mode
by averaging (63) over the Klein bottle. We denote the
average over the Klein bottle by

hiΨ̄Γ̄ð4ÞΨi0 ¼
Z

2πr4

0

dx4

2πr4
hiΨ̄Γ̄ð4ÞΨi: ð66Þ

Note that, thanks to (B12), extracting the zero mode in this
way captures the leading behavior as r4 → 0. So this
approach fits with the traditional Kaluza-Klein scenario,
in which we imagine compactifying on a very small Klein
bottle.
With the help of

Z
2πr4

0

dx4

2πr4
θ3

�
x4

r4
; e−s=r

2
4

�
¼ 1 ð67Þ

and

∂

∂z

����
z¼π

2

θ2ðz; e−s=ð2r5Þ2Þ

¼ −
�
4πr5ffiffiffiffiffiffiffiffi
4πs

p
�

3

2
X∞
j¼0

ð−1Þjð2jþ 1Þe−ð4πr5Þ2
�
jþ1

2

�
2
=4s ð68Þ

the average can be presented more explicitly as

hiΨ̄Γ̄ð4ÞΨi0 ¼ −
32πr5
r4

Z
∞

0

ds

ð4πsÞ7=2

×
X∞
j¼0

ð−1Þjð2jþ 1Þe−ð4πr5Þ2
�
jþ1

2

�
2
=4se−sm

2

:

ð69Þ

For a massless field the proper-time integral is elementary
and the average simplifies to

hiΨ̄Γ̄ð4ÞΨi0 ¼ −
3

16π7r4ðr5Þ4
X∞
j¼0

ð−1Þj
ð2jþ 1Þ4

≈ −
6.14 × 10−5

r4ðr5Þ4
: ð70Þ

As a prototype for communicating this breaking to the
standard model, we consider a fermion ψ in 4D whose
origin we do not specify, and we introduce a coupling

Z
d4xgψ̄ γ̄ ψhΨ̄Γ̄ð4ÞΨi0: ð71Þ

This coupling preserves 4D Lorentz invariance. As men-
tioned in Sec. II, the bilinear iψ̄ γ̄ ψ is odd under a cp
transformation in 4D. So the interaction (71) is invariant
under a simultaneous cp transformation on ψ and CP
transformation on Ψ. When Ψ̄Γ̄ð4ÞΨ acquires a vev, it
induces a cp-violating mass term for ψ in 4D.

FIG. 5. Plot of W−ðx4Þ vs x4=r4, for a massless field with
r4 ¼ 3 and r5 ¼ 1.
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IV. CASIMIR ENERGY AND WALL TENSION

In this section we evaluate the Casimir energy for a Klein
bottle. More specifically we evaluate the energy density
hT00i for scalar and spinor fields, using the two-point
correlators obtained in Appendix B. Related calculations on
the string worldsheet, using somewhat different methods,
may be found in [18,19].
The correlators have two terms, one associated with the

covering torus and one associated with the Klein image
charge. As a result, the energy density will also have two
terms. There will be a homogeneous term that gives the
Casimir energy for the covering torus, and there will be an
inhomogeneous term associated with the parity walls at
x4 ¼ 0 and x4 ¼ πr4.

For reasons that will become clear, we begin by
evaluating the energy density for a minimally coupled
scalar field, given by

T00 ¼
1

2
ð∂0ϕÞ2 þ

1

2
j∇ϕj2 þ 1

2
m2ϕ2: ð72Þ

We evaluate hT00i using the correlators (B23) at coincident
points. One contribution comes from the first term in (B23),
which is the correlator on the covering torus. Acting on the
torus correlator (B22) with the various derivatives appear-
ing in (72) and assembling terms, we find

hT00ijtorus ¼
1

2

Z
∞

ϵ2

ds
16π2s2

�
1

s
−

∂

∂s

�
1

2πr4

X
n4 ∈Z

1

4πr5

X
n5 ∈Z

e−s½ðn4=r4Þ2þðn5=2r5Þ2þm2�: ð73Þ

This follows from writing the theta functions in the correlator (B22) in the momentum-sum form (B12) and (B14). By
switching to the winding-sum form (B13) and (B15) we obtain

hT00ijtorus ¼
1

2

Z
∞

ϵ2

ds
16π2s2

�
1

s
−

∂

∂s

�
1ffiffiffiffiffiffiffiffi
4πs

p
X
w4 ∈Z

e−ð2πr4Þ2w2
4
=4s 1ffiffiffiffiffiffiffiffi

4πs
p

X
w5 ∈Z

e−ð4πr5Þ
2w2

5
=4se−sm

2

: ð74Þ

The advantage of the winding-sum form is that the UV divergence is isolated in the term with w4 ¼ w5 ¼ 0. This term is
divergent but independent of the radii r4, r5, so it can be absorbed into a renormalization of the cosmological constant.
Suppressing this term we are left with the standard Casimir energy density on the covering torus. Setting ϵ ¼ 0 and
integrating by parts, the renormalized energy density is

hT00ijtorus ¼ −
Z

∞

0

ds
128π3s4

X0

w4;w5 ∈Z

e−ð2πr4Þ2w2
4
=4se−ð4πr5Þ

2w2
5
=4se−sm

2 ð75Þ

where
P0

means that w4 ¼ w5 ¼ 0 is excluded. For a massless field the result can be written more transparently as

hT00ijtorus ¼ −
1

64π9
X0

w4;w5 ∈Z

1

ððr4w4Þ2 þ ð2r5w5Þ2Þ3
: ð76Þ

Next we turn to the contribution to hT00i that comes from the Klein image charge, which wewill refer to as hT00iwall. This
is given by acting with the various derivatives in the stress tensor (72) on the second, Klein image charge terms in the
correlators (B23). For a scalar (upper sign) or pseudoscalar (lower sign) field we find

hT00ijwall ¼ � 1

2

Z
∞

0

ds
16π2s2

1

2πr4

X
n4 ∈Z

1

4πr5

X
n5 ∈Z

�
1

s
− 2

�
n4
r4

�
2

þ
�
n4
r4

�
2

þ
�
n5
2r5

�
2

þm2

�

× e−in42x
4=r4ð−1Þn5e−s½ðn4=r4Þ2þðn5=2r5Þ2þm2�: ð77Þ

There is no UV divergence so we have set ϵ ¼ 0. We have written the factor in parentheses in (77) in a somewhat peculiar
form, because the combination ðn4=r4Þ2 þ ðn5=2r5Þ2 þm2 can be traded for − ∂

∂s and integrated by parts. This leads to

hT00ijwall ¼∓ 1

2

Z
∞

0

ds
16π2s2

1

2πr4

X
n4 ∈Z

1

4πr5

X
n5 ∈Z

�
1

s
þ 2

�
n4
r4

�
2
�

× e−in42x
4=r4ð−1Þn5e−s½ðn4=r4Þ2þðn5=2r5Þ2þm2�: ð78Þ
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The sum over n4 can be expressed in terms of θ3, see (B12),
while the sum over n5 is most conveniently expressed in
terms of

1

4πr5
θ3

�
π

2
;e−s=ð2r5Þ2

�
¼ 1

4πr5

X
n5∈Z

ð−1Þn5e−sn25=ð2r5Þ2 : ð79Þ

This leads to

hT00ijwall¼∓ 1

2

Z
∞

0

ds
16π2s2

��
1

s
−2

∂

∂s

�
1

2πr4

×θ3

�
x4

r4
;e−s=r

2
4

�	
1

4πr5
θ3

�
π

2
;e−s=ð2r5Þ2

�
e−sm

2

:

ð80Þ

Note that the derivative ∂

∂s only acts inside the square

brackets, i.e. it only acts on θ3ðx4R4 ; e−s=r
2
4Þ.

The total energy density on a Klein bottle is given by the
sum of the torus and wall contributions, (75) plus (80). For
a scalar field, the result is shown in Fig. 6. One can clearly
see a localized energy density associated with the parity
walls at x4 ¼ 0 and x4 ¼ πr4. It is worth noting that
numerically, it is the wall that makes the dominant con-
tribution. This can be understood from the image charge
representation of the correlator discussed in Appendix B 3.
The first Klein image charge is displaced a distance 2πr5,
while the first torus image charge is displaced a distance
4πr5. Since the correlator falls off rapidly with distance, the
wall contribution dominates.
It is instructive to study the wall contribution to the

energy density in a little more detail. Let us send r4 → ∞ in
(80) to isolate the contribution of a single wall at x4 ¼ 0. To

do this, we perform a modular transformation on θ3 using
(B13). This gives

hT00ijsinglewall ¼∓ 1

2

Z
∞

0

ds
16π2s2

×

��
1

s
− 2

∂

∂s

�
1ffiffiffiffiffiffiffiffi
4πs

p e−ðx4Þ2=s
	

×
1

4πr5
θ3

�
π

2
; e−s=ð2r5Þ2

�
e−sm

2

: ð81Þ

By rescaling s → sr25 one sees that for a massless field the
energy density scales like 1=ðr5Þ6, as required on dimen-
sional grounds. It should be thought of as a modification to
the bulk Casimir energy density that is associated with the
parity walls. For a massless field, the energy density can be
written more transparently as

hT00ijsinglewall¼∓ 1

32π3ð2πr5Þ6

×
X
w5∈Z

ðw5þ1=2Þ2−2ðx4=2πr5Þ2
ððw5þ1=2Þ2þðx4=2πr5Þ2Þ4

: ð82Þ

The energy density for a single wall is plotted in Fig. 7.
Finally, we turn to the energy density for a bulk fermion,

given by

T00 ¼
i
2
Ψ̄Γ0∂0Ψ −

i
2
∂0Ψ̄Γ0Ψ: ð83Þ

We have delayed considering this case, for the following
reason: the Klein image charge does not contribute to hT00i.
In other words, a free minimally coupled bulk fermion does
not contribute to the energy density associated with the
parity walls. This can be shown directly, by examining the

FIG. 7. Energy density for a massless scalar (not pseudoscalar)
field. The plot shows hT00ijsingle wall as a function of x4, obtained
by sending r4 → ∞ in (80). r5 then sets the scale, so energy
density is measured in units of ð2πr5Þ6 and position is measured
in units of 2πr5.

FIG. 6. The energy density hT00i ¼ hT00ijtorus þ hT00ijwall as a
function of x4=r4. The plot is for a massless scalar (not
pseudoscalar) field with r4 ¼ 3 and r5 ¼ 1 in arbitrary units.
[The choice of units sets the scale for hT00i.] For these
parameters, the Casimir energy density for the covering torus
is small, hT00ijtorus ¼ −1.19 × 10−9.
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Dirac traces in hT00i that involve the Klein image charge,
and noting that they all vanish. This result is special to
minimal coupling. A nonminimal coupling to curvature,
such as RΨ̄ Γ̄ Ψ where R is the scalar curvature, would
lead to an energy density localized near the parity walls.
Although it does not contribute to the wall energy, a

fermion does contribute to the Casimir energy for the
covering torus. Using the torus correlators (B6) and (B8) to
evaluate the expectation value of the energy density for R�

4

boundary conditions, a straightforward calculation gives

hT00ijR
�
4

torus ¼
Z

∞

0

ds
16π3s4

X0

w4;w5 ∈Z

×



1

ð−1Þw5

�
e−ð2πr4Þ2w2

4
=4se−ð4πr5Þ

2w2
5
=4se−sm

2

ð84Þ

where
P0

means that w4 ¼ w5 ¼ 0 is excluded. The factor
in curly braces stands for 1 with Rþ

4 boundary conditions,
and for ð−1Þw5 with R−

4 . Note that, as expected, the torus
energy density for fermions with Rþ

4 boundary conditions is
(−8) times the scalar energy density (75).

V. CONCLUSIONS

Compactification on nonorientable spaces appears to be
an underexplored part of the string landscape. Granted, the
bulk theory needs an appropriate parity symmetry to be
defined on a nonorientable space. However, with the
understanding that chiral fermions in 4D can arise from
branes or singularities of the compactification, this under-
lying parity symmetry is not a major phenomenological
obstacle. Nonorientable compactifications of M-theory
have been shown to be theoretically consistent [2], and
there are F-theory constructions of nonorientable IIA string
compactifications [3].
With this motivation, we explored the consequences of

nonorientable compactification in the simple setting of a
free Dirac fermion on R3;1 × K2. The main surprise was
that compactification on K2 could lead to CP breaking in
3þ 1 dimensions. The breaking was entirely due to the
boundary conditions used to define the Klein bottle, which
meant the CP violating effects were finite and calculable.
The notion of symmetry breaking by boundary conditions
is familiar in settings such as the Hosotani mechanism for
breaking gauge symmetry [20] and the Sherk-Schwarz
mechanism for breaking supersymmetry [21].
As future directions, it would be interesting to explore

the phenomenology and cosmology associated with non-
orientable compactification. Can one build a realistic
model for CP violation in the standard model? Can one
develop a realistic scenario for CP violation and baryo-
genesis in cosmology? It would also be interesting to
explore more formal questions. Can one systematically

study the statistics of string vacua associated with non-
orientable compactifications?
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APPENDIX A: KALUZA-KLEIN SPECTRUM

In this section we work out the Kaluza-Klein spectrum
on R3;1 × K2 with Rþ

4 and R−
4 boundary conditions.

Although the results are not necessary for the remainder
of the paper, obtaining the spectrum and modes makes the
physical content clear and gives insight into the behavior
under discrete symmetries.
There is one novel feature we will flag in advance. For

fermions, the usual Kaluza-Klein ansatz is a tensor product
Ψ ¼ ψðxÞ ⊗ χðyÞ of a spinor ψðxÞ in 4D with a spinor χðyÞ
on the internal manifold. This ansatz can be used to
describe modes on the covering torus, as in (A13) and
(A14). However, the Klein bottle boundary conditions
require a particular linear combination of torus modes,
defined in (A17). The linear combination is not a tensor
product, and in this way the usual Kaluza-Klein ansatz fails
on the Klein bottle. This is true even for the zero mode
(A12). In this way, the Klein bottle requires that the internal
fermionic modes χ are intrinsically entangled with the
spacetime fermions ψ .

1. R+
4 spectrum

We begin by summarizing the results. With the boundary
conditions (27) the Kaluza-Klein tower is labeled by
momenta

k4 ¼
n4
r4

; k5 ¼
n5
2r5

; n4; n5 ∈Z: ðA1Þ

For each Kaluza-Klein momentum there is a Dirac fermion
ψðxÞ in 4D, with mass

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k24 þ k25

q
: ðA2Þ

We define a phase α by k5 þ ik4 ¼ me−iα. Then the 4D
field lifts to a solution to the 6D Dirac equation
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Ψðx; x4; x5Þ ¼

8>>>><
>>>>:

�
ψðxÞ

−iγ̄ψðxÞ

�
for n4 ¼ n5 ¼ 0

�
ψðxÞ

eiαψðxÞ

�
eik4x

4

eik5x
5 þ ð−1Þn5

�
eiαiγ̄ψðxÞ
−iγ̄ψðxÞ

�
e−ik4x

4

eik5x
5

for ðn4; n5Þ ≠ ð0; 0Þ:
ðA3Þ

We now show how these results are obtained. The field is
periodic on the covering torus, so we can expand in
momentum modes

Ψðx; x4; x5Þ ¼
�
χ1ðxÞ
χ2ðxÞ

�
eik4x

4

eik5x
5 ðA4Þ

with

k4 ¼
n4
r4

; k5 ¼
n5
2r5

; n4; n5 ∈Z: ðA5Þ

With the definition k5 þ ik4 ¼ me−iα the massless Dirac
equation in 6D, iΓμ

∂μΨ ¼ 0, becomes

 
iγμ∂μ −me−iα

meiα −iγμ∂μ

! 
χ1ðxÞ
χ2ðxÞ

!
¼ 0: ðA6Þ

A special case is k4 ¼ k5 ¼ 0, for which m ¼ 0 and α is
ambiguous. In this case χ1 and χ2 separately obey the
massless Dirac equation in 4D. So on the covering torus we
have a pair of Kaluza-Klein zero modes, which can be
assembled into a 6D field

Ψðx; x4; x5Þ ¼
�
χ1ðxÞ
χ2ðxÞ

�
with iγμ∂μχ1ðxÞ ¼ 0;

iγμ∂μχ2ðxÞ ¼ 0: ðA7Þ

We still have to impose the Klein bottle boundary con-
ditions (27), which require

�
χ1ðxÞ
χ2ðxÞ

�
¼
�

0 iγ̄

−iγ̄ 0

��
χ1ðxÞ
χ2ðxÞ

�
: ðA8Þ

This just sets χ2 ¼ −iγ̄χ1. So on the Klein bottle there is a
single Kaluza-Klein zero mode,

Ψðx;x4;x5Þ¼
�

ψðxÞ
−iγ̄ψðxÞ

�
with iγμ∂μψðxÞ¼ 0: ðA9Þ

We can reproduce this result using a different approach that
will be useful below. Start from a solution on the covering
torus

Ψ1ðx; x4; x5Þ ¼
�
ψ1ðxÞ
0

�
: ðA10Þ

Define the Klein-transformed field

ΨK
1 ðx;x4;x5Þ¼Γ4Γ̄Ψ1ðx;−x4;x5þ2πr5Þ¼

�
0

−iγ̄ψ1ðxÞ

�
:

ðA11Þ
Then the combination

Ψ̂1 ¼ Ψ1 þ ΨK
1 ¼

�
ψ1ðxÞ

−iγ̄ψ1ðxÞ

�
ðA12Þ

satisfies the Klein bottle boundary conditions [22]. Starting
from the other mode on the covering torus Ψ2 ¼ ð 0

ψ2ðxÞÞ
leads to Ψ2 þ ΨK

2 ¼ ðiγ̄ψ2

ψ2
Þ; however, this solution is redun-

dant. To see this, note that ψ2 → −iγ̄ψ2 is a symmetry of
the massless Dirac equation, and upon making this replace-
ment, one reproduces (A12).
To obtain the nonzero modes, we start from a solution to

the massive Dirac equation in 4D, iγμ∂μψ1ðxÞ ¼ mψ1ðxÞ.
We can build a solution to the 6D Dirac equation on the
covering torus as

Ψ1ðx; x4; x5Þ ¼
�

ψ1ðxÞ
eiαψ1ðxÞ

�
eik4x

4

eik5x
5

: ðA13Þ

Starting from another solution to the massive Dirac
equation in 4D, iγμ∂μψ2ðxÞ ¼ mψ2ðxÞ, we can build a
linearly independent solution to the Dirac equation on the
covering torus as [23]

Ψ2ðx; x4; x5Þ ¼
�

γ̄ψ2ðxÞ
−eiαγ̄ψ2ðxÞ

�
eik4x

4

eik5x
5

: ðA14Þ

On the covering torus, for every nonzero Kaluza-Klein
momentum ðk4; k5Þ, we obtain a pair ψ1, ψ2 of massive
Dirac fields in 4D.
Next we impose the Klein bottle boundary conditions

(27), which we write in the form

ΨðxÞ ¼ ΨKðxÞ ðA15Þ

where the Klein-transformed field is
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ΨKðx; x4; x5Þ ¼ Γ4Γ̄Ψðx;−x4; x5 þ 2πr5Þ: ðA16Þ

It is easy to write down linear combinations of the modes (A13) and (A14) which satisfy the Klein bottle boundary
conditions,

Ψ̂ðx; x4; x5Þ ¼ Ψðx; x4; x5Þ þ ΨKðx; x4; x5Þ: ðA17Þ

Starting from Ψ1 we obtain the Klein-invariant combination

Ψ̂1 ¼
�

ψ1ðxÞ
eiαψ1ðxÞ

�
eik4x

4

eik5x
5 þ ð−1Þn5

�
eiαiγ̄ψ1ðxÞ
−iγ̄ψ1ðxÞ

�
e−ik4x

4

eik5x
5

: ðA18Þ

Starting from Ψ2 we obtain what looks like a second Klein-invariant combination,

Ψ̂2 ¼
�

γ̄ψ2ðxÞ
−eiαγ̄ψ2ðxÞ

�
eik4x

4

eik5x
5 þ ð−1Þn5

�
−ieiαiψ2ðxÞ
−iψ2ðxÞ

�
e−ik4x

4

eik5x
5

: ðA19Þ

However, this second set of solutions is redundant, since [24]

ie−iαð−1Þn5Ψ̂2jn4;n5 ¼ Ψ̂1j−n4;n5 : ðA20Þ

That is, the two sets of modes are related by n4 → −n4. Overall, we end up with the complete set of linearly independent
modes given in (A3).
The breaking of P and C can be seen in the vev of the fermion bilinear (47). It can also be seen directly in the modes.

Acting on the modes (A3) with the parity transformation P defined in (8), it is straightforward to see that

PΨðx; x4; x5Þ ¼

8>>>><
>>>>:

�
pψðxÞ

þiγ̄pψðxÞ

�
for n4 ¼ n5 ¼ 0

�
pψðxÞ

eiαpψðxÞ

�
eik4x

4

eik5x
5 − ð−1Þn5

�
eiαiγ̄pψðxÞ
−iγ̄pψðxÞ

�
e−ik4x

4

eik5x
5

for ðn4; n5Þ ≠ ð0; 0Þ: ðA21Þ

Here p is the 4D parity transformation defined in (10).
Comparing (A21) to (A3), some crucial signs changed, so
that instead of satisfying the Klein bottle boundary con-
ditions, the parity-transformed modes obey PΨðxÞ ¼
−ðPΨÞKðxÞ. Note that, although the Klein bottle breaks
parity in 4D, we do not get chiral fermions in 4D as a result.
In this respect the Klein bottle cannot provide an origin for
the fermions of the standard model, even though it may be a
source for P violation.
For Rþ

4 boundary conditions, a similar result holds for C:
acting on the modes (A3) with charge conjugation C
defined in (6), it is straightforward to check that
CΨðxÞ ¼ −ðCΨÞKðxÞ. In this way parity as well as charge
conjugation are broken by Rþ

4 boundary conditions, but the
combination CP is preserved.

2. R−
4 spectrum

Finally, we consider the Kaluza-Klein spectrum with R−
4

boundary conditions. There are a few minor but crucial

changes compared to what we encountered in
Appendix A 1.
We can still expand the field in momentum modes on the

covering torus, with the momentum in x5 shifted by half a
unit to make the field antiperiodic,

Ψðx;x4;x5Þ¼
�
χ1ðxÞ
χ2ðxÞ

�
eik4x

4

eik5x
5

;

k4¼
n4
r4
; k5¼

n5
2r5

; n4∈Z; n5∈Zþ1

2
:

ðA22Þ

The notation ðn4; n5Þ is consistent with the rest of the paper.
In this section it is convenient to set n4 ¼ l4, n5 ¼ l5 þ 1

2

so that modes are labeled by two integers ðl4;l5Þ with

k4 ¼
l4

r4
; k5 ¼

2l5 þ 1

4r5
; l4;l5∈Z: ðA23Þ
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Note that there is no zero mode to worry about. As before,
we set k5 þ ik4 ¼ me−iα.
The Dirac equation is unchanged, so just as in (A13) and

(A14) a complete set of modes on the covering torus is
given by

Ψ1ðx; x4; x5Þ ¼
�

ψ1ðxÞ
eiαψ1ðxÞ

�
eik4x

4

eik5x
5

; ðA24Þ

Ψ2ðx; x4; x5Þ ¼
�

γ̄ψ2ðxÞ
−eiαγ̄ψ2ðxÞ

�
eik4x

4

eik5x
5

: ðA25Þ

Here ψ1 and ψ2 are massive Dirac fields in 4D, with

iγμ∂μψ1ðxÞ ¼mψ1ðxÞ; iγμ∂μψ2ðxÞ ¼mψ2ðxÞ: ðA26Þ

Next we impose the Klein bottle boundary conditions,
ΨðxÞ ¼ ΨKðxÞ where

ΨKðx; x4; x5Þ ¼ iΓ4Γ̄Ψðx;−x4; x5 þ 2πr5Þ: ðA27Þ

In building the invariant combinationΨþ ΨK , note thatΨK

picks up an explicit factor of i from the modified reflection
operation iΓ4Γ̄. It picks up another factor of i because
shifting x5 → x5 þ 2πr5 on the covering torus produces a
factor ið−1Þl5 due to antiperiodicity of the modes (A24)
and (A25). Overall, compared to what we found in
Appendix A 1, there is an additional minus sign in the
Klein-transformed field. We can build an invariant combi-
nation starting from Ψ1 or Ψ2, but as in Appendix A 1 the
second combination is redundant [25].
To summarize, with R−

4 boundary conditions the Kaluza-
Klein tower is labeled by momenta

k4 ¼
l4

r4
; k5 ¼

2l5 þ 1

4r5
; l4;l5 ∈Z: ðA28Þ

For each Kaluza-Klein momentum there is a Dirac fermion
ψðxÞ in 4D, with mass

m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k24 þ k25

q
: ðA29Þ

The 4D field lifts to a solution to the 6D Dirac equation

Ψðx; x4; x5Þ ¼
�

ψðxÞ
eiαψðxÞ

�
eik4x

4

eik5x
5 − ð−1Þl5

×

�
eiαiγ̄ψðxÞ
−iγ̄ψðxÞ

�
e−ik4x

4

eik5x
5 ðA30Þ

where the phase α is defined by k5 þ ik4 ¼ me−iα.
The R−

4 modes (A30) look almost identical to the Rþ
4

modes (A3) [26]. The difference is hidden in the shifted
quantization condition for k5. What are the consequences?

For parity there is no consequence: P is still broken, for
reasons given at the end of Appendix A 1. What about
charge conjugation? This acts on the field by

C∶ ΨðxÞ→Ψ0ðxÞ ¼ Γ2Γ4Γ̄Ψ�ðxÞ ¼
�

0 iγ2γ̄

iγ2γ̄ 0

�
Ψ�ðxÞ:

ðA31Þ

Complex conjugation takes k5 → −k5 or equivalently
n5 → −n5. For Rþ

4 , the modes have a factor ð−1Þn5 which
is invariant under this transformation. But for R−

4 , sending
k5 → −k5 means l5 → −l5 − 1. The R−

4 modes have a
factor ð−1Þl5 which changes sign under this transforma-
tion. Thus the shifted quantization condition on k5 pro-
duces an additional minus sign that leaves the set of modes
(A30) invariant. In more detail, under charge conjugation,
the R−

4 modes transform amongst themselves as

Ψ0jl4;l5;ψðxÞ ¼ ið−1Þl5Ψjl4;−l5−1;−iγ2ψ�ðxÞ: ðA32Þ

The notation indicates that k4 stays the same, k5 changes
sign, and ψðxÞ is replaced with the 4D charge-conjugate
field −iγ2ψ�ðxÞ. In this way C is preserved by R−

4 boundary
conditions but broken by Rþ

4 . We already knew this from
the interplay of C with the boundary conditions; this shows
how it happens at the level of modes.

APPENDIX B: KLEIN BOTTLE CORRELATORS

Our goal is to evaluate the two-point correlator
hΨðyÞΨ̄ðxÞi for a Dirac field on R3;1 × K2. We consider
both Rþ

4 and R−
4 boundary conditions, and for completeness

we include a mass term in 6D. As a byproduct, we obtain
correlators for massive scalar and pseudoscalar fields.
These results are used to evaluate fermion bilinears in
Secs. III A 2 and III B 2, and Casimir energies in Sec. IV.
Related calculations on R1;1 × K2 may be found in [11,12].

1. Momentum representation

A convenient starting point is the two-point correlator for
a Dirac field on the covering torus, in which we identify

x4 ≈ x4 þ 2πr4; x5 ≈ x5 þ 4πr5: ðB1Þ

We wish to consider both periodic and antiperiodic boun-
dary conditions in the x5 direction. We denote these
correlators by (þ for periodic, − for antiperiodic)

S�T2 ¼ h0jΨðyÞΨ̄ðxÞj0i: ðB2Þ

We can construct two-point correlators on a Klein bottle
with R�

4 boundary conditions, denoted S�K2 , by introducing
a single image charge on the covering torus. This leads to
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SþK2
ðyjxÞ ¼ SþT2ðyjxÞ þ Γ4Γ̄SþT2ðỹjxÞ; ðB3Þ

S−K2
ðyjxÞ ¼ S−T2ðyjxÞ þ iΓ4Γ̄S−T2ðỹjxÞ: ðB4Þ

Recall that the Klein image point is ỹ ¼ ðyμ;−y4; y5 þ 2πr5Þ.
The correlator with periodic boundary conditions in x5,

SþT2 ¼ h0jΨðyÞΨ̄ðxÞj0iperiodic; ðB5Þ

can be obtained from the standard Dirac propagator in 6D by quantizing the momenta so that n4; n5 ∈Z,

Sþ
T2ðyjxÞ ¼ i

Z
d4p
ð2πÞ4

1

2πr4

X
n4 ∈Z

1

4πr5

X
n5 ∈Z

e−ip·ðy−xÞein4ðy4−x4Þ=r4ein5ðy5−x5Þ=2r5

×
Γμpμ − Γ4 n4

r4
− Γ5 n5

2r5
þm

p2 − ðn4=r4Þ2 − ðn5=2r5Þ2 −m2 þ i0þ
: ðB6Þ

The poles are handled with a Feynman prescription, so (B6) is a time-ordered correlator. The correlator with antiperiodic
boundary conditions,

S−T2 ¼ h0jΨðyÞΨ̄ðxÞj0iantiperiodic; ðB7Þ

is given by shifting the quantization condition so that n5 ∈Zþ 1
2
,

S−T2ðyjxÞ ¼ i
Z

d4p
ð2πÞ4

1

2πr4

X
n4 ∈Z

1

4πr5

X
n5 ∈Zþ1

2

e−ip·ðy−xÞein4ðy4−x4Þ=r4ein5ðy5−x5Þ=2r5

×
Γμpμ − Γ4 n4

r4
− Γ5 n5

2r5
þm

p2 − ðn4=r4Þ2 − ðn5=2r5Þ2 −m2 þ i0þ
: ðB8Þ

In principle we are done, but for practical purposes it is convenient to put the torus correlators (B6) and (B8) in a more
useful form. For simplicity we work at equal times, y0 ¼ x0, and later restore 4D Lorentz invariance. We Wick rotate the
momentum

pμ
E ¼ ð−ip0;pÞ;

Z
d4p ¼ i

Z
d4pE ðB9Þ

and introduce a Schwinger parameter s to represent

1

p2
E þm2

¼
Z

∞

0

dse−sðp2
Eþm2Þ: ðB10Þ

Performing the Gaussian integral over 4D momentum, restoring 4D Lorentz invariance, and introducing a proper-time
cutoff ϵ → 0 as a UV regulator, the momentum sums can be expressed in terms of Jacobi theta functions,

S�T2ðyjxÞ ¼
Z

∞

ϵ2

ds
16π2s2

e−sm
2

�
iΓM ∂

∂yM
þm

�
eððy−xÞ2−i0þÞ=4s

×
1

2πr4
θ3

�
y4 − x4

2r4
; e−s=r

2
4

�
1

4πr5
θ3
2

�
y5 − x5

4r5
; e−s=ð2r5Þ2

�
: ðB11Þ

The correlator with periodic boundary conditions Sþ
T2 has a Jacobi θ3 function in the last factor, while the correlator with

antiperiodic boundary conditions S−T2 has θ2. The Feynman prescription can be thought of as giving y0 a small negative
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imaginary part if y0 > x0, and a small positive imaginary part if y0 < x0.[27] To obtain the correlator on a Klein bottle,
simply substitute (B11) into (B3) and (B4).

2. Theta function identities

We pause to record a few useful properties of the Jacobi theta functions [29]. For the x4 direction we have

1

2πr4
θ3

�
y4 − x4

2r4
; e−s=r

2
4

�
¼ 1

2πr4

X
n4 ∈Z

e−sn
2
4
=r2

4ein4ðy4−x4Þ=r4 ðB12Þ

¼ 1ffiffiffiffiffiffiffiffi
4πs

p
X
w4 ∈Z

e−ðy4−x4þ2πr4w4Þ2=4s: ðB13Þ

The first line expresses θ3 as a momentum sum. The second line, obtained by a modular transformation (or equivalently by
Poisson resummation), expresses θ3 as a winding sum or equivalently as a sum over image charges.
With periodic boundary conditions in x5, the relevant theta function can be obtained from the above by replacing

r4 → 2r5,

1

4πr5
θ3

�
y5 − x5

4r5
; e−s=ð2r5Þ2

�
¼ 1

4πr5

X
n5 ∈Z

e−sn
2
5
=ð2r5Þ2ein5ðy5−x5Þ=2r5 ðB14Þ

¼ 1ffiffiffiffiffiffiffiffi
4πs

p
X
w5 ∈Z

e−ðy5−x5þ4πr5w5Þ2=4s: ðB15Þ

For antiperiodic boundary conditions in x5 the relevant theta function is

1

4πr5
θ2

�
y5 − x5

4r5
; e−s=ð2r5Þ2

�
¼ 1

4πr5

X
n5 ∈Zþ1

2

e−sn
2
5
=ð2r5Þ2ein5ðy5−x5Þ=2r5 ðB16Þ

¼ 1ffiffiffiffiffiffiffiffi
4πs

p
X
w5 ∈Z

ð−1Þw5e−ðy5−x5þ4πr5w5Þ2=4s: ðB17Þ

3. Image charge representation

The theta function identities of Appendix B 2 enable us to rewrite the torus correlator (B11) as a sum over image charges,

S�T2ðyjxÞ ¼
�
iΓM ∂

∂yM
þm

�Z
∞

ϵ2

ds
64π3s3

e−sm
2
X

w4;w5 ∈Z



1

ð−1Þw5

�
eððy−xÞ2−ðy4−x4þ2πr4w4Þ2−ðy5−x5þ4πr5w5Þ2−i0þÞ=4s: ðB18Þ

The factor in curly braces stands for 1 with Rþ
4 boundary conditions, and for ð−1Þw5 with R−

4 . In the massless limit the
proper-time integral becomes elementary and, dropping the UV regulator, the result for S�T2 simplifies to

iΓM ∂

∂yM
X

w4;w5 ∈Z



1

ð−1Þw5

�
1

4π3½ðy − xÞ2 − ðy4 − x4 þ 2πr4w4Þ2 − ðy5 − x5 þ 4πr5w5Þ2 − i0þ�2 : ðB19Þ

Incidentally, erasing iΓM ∂

∂yM produces an image-charge representation of the massless scalar propagator that we will

encounter in the next section.

4. Scalar correlator

Having obtained the correlator for a Dirac field, it is straightforward to extract the correlator for a scalar field ϕ. We
consider both scalar and pseudoscalar fields. These are characterized by periodicity in x4,
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ϕðx; x4; x5Þ ¼ ϕðx; x4 þ 2πr4; x5Þ; ðB20Þ

and periodicity twisted by parity in x5,

scalar∶ϕðx;x4;x5Þ¼ϕðx;−x4;x5þ2πr5Þ;
pseudoscalar∶ϕðx;x4;x5Þ¼−ϕðx;−x4;x5þ2πr5Þ: ðB21Þ

Note that in both cases, the scalar field is periodic on the
covering torus.
The scalar correlator on the covering torus with periodic

boundary conditions, denoted DT2ðyjxÞ, can be obtained
from the Dirac propagator (B6) by erasing a factor of
ΓMpM þm. Following this change through, we find

DT2ðyjxÞ ¼
Z

∞

ϵ2

ds
16π2s2

e−sm
2

eððy−xÞ2−i0þÞ=4s

×
1

2πr4
θ3

�
y4 − x4

2r4
; e−s=r

2
4

�

×
1

4πr5
θ3

�
y5 − x5

4r5
; e−s=ð2r5Þ2

�
: ðB22Þ

The scalar and pseudoscalar correlators on a Klein bottle,
denoted D�

K2
, are given by introducing an image charge to

enforce the boundary conditions (B21),

scalar∶ Dþ
K2ðyjxÞ ¼ DT2ðyjxÞ þDT2ðỹjxÞ;

pseudoscalar∶ D−
K2ðyjxÞ ¼ DT2ðyjxÞ −DT2ðỹjxÞ: ðB23Þ

APPENDIX C: Rθ
4 BOUNDARY CONDITIONS

AND SYMMETRIES

Here we consider Rθ
4 boundary conditions (21), in which

the Klein bottle is constructed using a reflection R4 with a
phase eiθ=2,

Ψðxμ; x4; x5Þ ¼ Ψðxμ; x4 þ 2πr4; x5Þ;
Ψðxμ; x4; x5Þ ¼ eiθ=2R4Ψðx̃Þ

¼ eiθ=2Γ4Γ̄Ψðxμ;−x4; x5 þ 2πr5Þ: ðC1Þ

This defines a pinC structure on the Klein bottle. Going
twice around the Klein bottle, we have

Ψðxμ; x4; x5Þ ¼ eiθ=2R4Ψðx̃Þ ¼ eiθΨðxμ; x4; x5 þ 4πr5Þ:
ðC2Þ

So the boundary conditions on the covering torus are
twisted by an arbitrary phase. This interpolates between Rþ

4

at θ ¼ 0 and R−
4 at θ ¼ π.

It is straightforward to determine the fate of the discrete
symmetries P, R4, R5, C given these boundary conditions.
For example, consider the internal reflection on the Klein

bottle R5, defined by

R5∶ Ψ0ðxÞ ¼ Γ5Γ̄Ψðxμ; x4;−x5Þ: ðC3Þ

Suppose Ψ satisfies the Rθ
4 boundary conditions. Does Ψ0

also satisfy the boundary conditions? We have

Ψ0ðxÞ ¼ Γ5Γ̄Ψðxμ; x4;−x5Þ
¼ Γ5Γ̄eiθ=2Γ4Γ̄Ψðxμ;−x4;−x5 þ 2πr5Þ
¼ Γ5Γ̄eiθ=2Γ4Γ̄e−iθΨðxμ;−x4;−x5 − 2πr5Þ
¼ Γ5Γ̄eiθ=2Γ4Γ̄e−iθΓ5Γ̄Ψ0ðxμ;−x4; x5 þ 2πr5Þ: ðC4Þ

In the first line we used the definition of Ψ0, in the second
we used the Rθ

4 boundary conditions, and in the third we
used the boundary conditions (C2) on the covering torus. In
the last line we used the definition of Ψ0 in reverse. After a
bit of Dirac algebra, this becomes

Ψ0ðxÞ ¼ −e−iθeiθ=2Γ4Γ̄Ψ0ðx̃Þ: ðC5Þ

Compared to (C1), there is an extra phase −e−iθ on the
right-hand side. We have recorded this under R5 in Table I.
The fates of the other symmetries can be worked out along
similar lines, and are listed in the table.
As promised, the Rθ

4 boundary conditions interpolate
from Rþ

4 at θ ¼ 0 to R−
4 at θ ¼ π. For generic values of θ,

the only unbroken symmetry is the internal reflection R4.
At θ ¼ 0 and θ ¼ π there are additional unbroken sym-
metries, listed in Secs. III A 1 and III B 1. There are two
other special points. At θ ¼ π=2 and θ ¼ 3π=2, the
combination CR5 flips the sign of the boundary conditions.
At these values of θ there is an enhanced symmetry, with
CPR5 and CPR4R5 unbroken.

APPENDIX D: CR+
4 BOUNDARY CONDITIONS

AND SYMMETRIES

Here we consider the CRþ
4 boundary condition (18), in

which the Klein bottle is constructed using a twist by parity
combined with charge conjugation,

Ψðxμ; x4; x5Þ ¼ Ψðxμ; x4 þ 2πr4; x5Þ;
Ψðxμ; x4; x5Þ ¼ −iΓ2Ψ�ðxμ;−x4; x5 þ 2πr5Þ: ðD1Þ

We are using the matrix −iCR4 ¼ −iΓ2 to produce the
twist. The factor of −i in the transformation is a convenient
but somewhat arbitrary choice of phase, which makes −iΓ2

real. Since ð−iΓ2Þ2 ¼ 1, this defines a pinþ structure on the
Klein bottle [30]. Going twice around the Klein bottle,
we have
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Ψðxμ; x4; x5Þ ¼ −iΓ2Ψ�ðxμ;−x4; x5 þ 2πr5Þ
¼ Ψðxμ; x4; x5 þ 4πr5Þ: ðD2Þ

So the field is periodic on the covering torus.
Just as in Sec. III A, the CRþ

4 boundary conditions break
translation invariance. More accurately translations in the
x4 direction,

Ψ0ðxÞ ¼ Ψðxμ; x4 þ a; x5Þ; ðD3Þ

are broken to the Z2 subgroup a∈ f0; πr4g. However,
unlike the boundary conditions studied previously, CRþ

4

preserves chiral symmetry. That is, if ΨðxÞ satisfies the
CRþ

4 boundary conditions, then so does

Ψ0ðxÞ ¼ eiαΓ̄ΨðxÞ for any eiα ∈Uð1Þ: ðD4Þ

The fate of the discrete symmetries P, R4, R5, C can be
studied just as in Secs. III A and III B. Recall that we define
these transformations as follows:

P∶ Ψ0ðxÞ ¼
�
γ0 0

0 γ0

�
Ψðt;−x; x4; x5Þ; ðD5Þ

R4∶ Ψ0ðxÞ ¼ Γ4Γ̄Ψðxμ;−x4; x5Þ; ðD6Þ

R5∶Ψ0ðxÞ ¼ Γ5Γ̄Ψðxμ; x4;−x5Þ; ðD7Þ

C∶ Ψ0ðxÞ ¼ Γ2Γ4Γ̄Ψ�ðxÞ: ðD8Þ

It is straightforward to check that P and R4 are violated by
the boundary conditions, while R5 and C are preserved. For
example, if ΨðxÞ satisfies the CRþ

4 boundary conditions,
one can show that the parity-transformed field Ψ0ðxÞ
defined in (D5) obeys

Ψ0ðxÞ ¼ þiΓ2ðΨ0Þ�ðx̃Þ ðD9Þ

with a þ sign rather than a − sign on the right-hand side.
So the parity-transformed field violates the boundary
conditions.
The transformations (D5)–(D8) can be generalized by

introducing a phase eiϕ=2 on the right-hand side. It is
straightforward to carry this phase through and show that it
appears in the boundary conditions as eiϕ. For example,
(D9) gains a factor eiϕ on the right-hand side. We have
recorded these results in Table I. Absent further restrictions,
we are free to choose the phase for C independently of the
phase used to define P. It is then possible to choose phases
so that both P and C are preserved by CRþ

4 boundary
conditions.
With CRþ

4 boundary conditions, it does not seem
possible to move away from a pinþ structure, although
as we have just seen it is meaningful to introduce a phase in
the would-be symmetry transformations. With Rþ

4 the
situation is reversed. The boundary conditions can be
generalized, to Rθ

4, but introducing a phase in the would-
be symmetry transformations has no effect on whether or
not they are broken.
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