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We present results on the Mellin moments of the unpolarized parton distribution function (PDF) of the
pion and kaon up to the fourth order. The computation is done using one Nf ¼ 2þ 1þ 1 gauge ensemble
of twisted mass fermions with quark masses tuned to approximately their physical values. We reconstruct
the valence pion and kaon PDFs using the connected contributions to the three Mellin moments. We
compare our results on the Mellin moments and the reconstructed PDFs with other lattice QCD and
phenomenological determinations.
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I. INTRODUCTION

Quantum chromodynamics is the theory of the strong
interaction, one of the three forces unified in the standard
model of particle physics. QCD gives rise to the spectrum
of hadrons, which represent the physically observable
states at low energies, confining quarks and gluons.
Examples for hadrons are protons and neutrons, which
dominantly form the matter surrounding us.
A special role in the zoo of hadronic states is taken by

pions and kaons: as part of the lightest pseudoscalar octet,
they are the lowest mass composite objects to be described
by QCD because they are pseudo-Goldstone bosons of
spontaneously broken chiral symmetry. The key difference
between pions and kaons is the fact that kaons include
valence light and strange quarks, while pions consist of
light valence quarks only. Thus, by comparing them, we
have a direct way to study the SU(3) flavor symmetry
breaking in QCD. Beyond the masses of pions and kaons,

such a comparison can be performed by studying their
partonic structure, information that is encoded in the so-
called parton distribution functions (PDFs). PDFs describe
how quarks and gluons (i.e., partons) are distributed in a
particular hadronic state depending on Björken’s x. For
instance, the lowest Mellin moment hxi of the unpolarized
PDF is interpreted as the average momentum fraction of a
parton in a hadron. Beyond such a comparison and the
direct interest in PDFs, they are also important ingredients
for experimental analyses.
Experimentally, the structure of the pion and especially

the kaon is much less well known than the one of the
nucleon. Since pions and kaons are unstable in the standard
model, they cannot be used as fixed targets in the same way
as protons, and their PDFs can only be extracted indirectly.
Existing data for the pion come mainly from Drell-Yan
measurements, with additional information from leading-
neutron productions analyses [1–3]. For the kaon the
situation is worse, with experimental data obtained some
40 years ago [4]. However, pion and kaon PDFs will be
measured by the upcoming Apparatus for Meson and
Baryon Experimental Research (AMBER) experiment at
CERN [5] and at the future Electron-Ion Collider (EIC) [6].
With these experiments in the future, new analyses of the
available experimental data are being pursued, in which
theoretical results are included. An example is recent work
by Jefferson Lab Angular Momentum (JAM) [7], which

*Contact author: alexand@ucy.ac.cy

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 074513 (2026)

2470-0010=2026=114(7)=074513(19) 074513-1 Published by the American Physical Society

https://orcid.org/0000-0001-9136-3621
https://orcid.org/0009-0002-1363-040X
https://orcid.org/0009-0001-4854-1485
https://orcid.org/0000-0001-7020-2570
https://orcid.org/0000-0003-1875-9288
https://orcid.org/0000-0003-1412-7582
https://orcid.org/0000-0002-7754-9590
https://ror.org/02qjrjx09
https://ror.org/01q8k8p90
https://ror.org/041nas322
https://ror.org/041nas322
https://ror.org/041zkgm14
https://ror.org/005ta0471
https://ror.org/02k7v4d05
https://crossmark.crossref.org/dialog/?doi=10.1103/fp1g-tvtv&domain=pdf&date_stamp=2026-10-21
https://doi.org/10.1103/fp1g-tvtv
https://doi.org/10.1103/fp1g-tvtv
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


used lattice-QCD input in their latest global analysis,
showing that the information provided is crucial and timely
for the determination of parton distribution functions.
Therefore, determining the Mellin moments and the

PDFs theoretically will provide significant input for the
design of these experiments as well as the interpretation of
existing and future results.
On the theoretical side, a variety of model calculations

are available, including global QCD fits, Dyson-Schwinger
studies, light-front approaches, and related frameworks
[8–13]. While such studies have provided important insight
into the valence structure of the pion and kaon, the spread
among such model calculations shows that further first-
principles input is still needed, in particular so because
often these models are not systematically improvable.
Lattice QCD, on the other hand, provides a systemati-

cally improvable, first-principle approach for determining
hadron structure. Substantial progress has been made in
lattice-QCD studies of meson structure, using different
methods such as local operators for Mellin moments [14],
approaches aiming at the determination of the x-depend-
ence of the PDFs using large-momentum effective theory
through quasidistributions [15], and other related
approaches [16,17]. Recently, novel methods based on
the gradient flow [18] have been proposed to enable the
computation of Mellin moments beyond the fourth order,
with first studies providing promising results [19]. In a
previous work by the Extended Twisted Mass
Collaboration (ETMC), the first full decomposition of
the momentum fractions for the quarks and gluons in
the continuum limit was performed for the pion and kaon
including disconnected contributions and directly at the
physical pion mass [20].
In this work, we extend our previous work and calculate

the third and fourth Mellin moments, hx2i and hx3i,
respectively, of the pion and kaon valence quark unpolarized
PDFs using local operators. The calculation is performed
using one Nf ¼ 2þ 1þ 1 gauge ensemble of twisted mass
clover-improved fermions with all quark masses tuned to
approximately their physical value. We discuss the SU(3)
symmetry breaking by comparing ratios of moments of light
and strange quarks in the kaon. Furthermore, with the three
moments available, we reconstruct the x-dependence of the
PDFs by fitting to the standard functional form, which
allows us to compare with other determinations of PDFs
from phenomenology and lattice QCD.
This paper is organized as follows: in Sec. II, we describe

the theoretical framework and the decompositions to
extract the moments. In Sec. III, we describe the lattice
setup and the analysis of lattice correlators to extract each
moment for the pion and the kaon as well as their
renormalization. In Sec. IV, we present our results for
the moments and discuss SU(3) symmetry breaking. In
Sec. V, we present a reconstruction of the PDFs using the
calculated moments. Section VI includes comparison of our

moments to other lattice QCD, experimental data analysis
and other model calculations and compares our recon-
structed PDF to experimental data analysis determinations.
In Sec. VII, we present conclusions and perspectives for
future work.

II. MATRIX ELEMENTS DECOMPOSITION

The momentum fraction hxiMf is extracted from the
matrix element of the traceless energy-momentum tensor
(EMT),

hMðpÞjT̄f;μνjMðpÞi ¼ 2hxiMf
�
pμpν − δμν

p2

4

�
; ð1Þ

where M denotes the pion or the kaon meson and f the
quark flavor. The EMT in Euclidean spacetime is given by

T̄f;μν ¼ −
ðiÞκμν
2

q̄f

�
γμD

↔

ν þ γνD
↔

μ − δμν
1

2
γρD

↔

ρ

�
qf; ð2Þ

with κμν ¼ δμ;4δν;4, and the symmetrized covariant deriva-

tive Dμ

↔ ¼ 1
2
ðD⃗μ − D⃖μÞ. The momentum fraction hxiMf was

computed for the same ensemble as used here in Ref. [20]
and will be used in this work.
In general, the even unpolarized moments of the quark

PDFs are purely valence, while the odd moments have also
contributions from sea quarks and antiquarks, according to

hxniq ¼
Z

1

0

dx xn½qðx; μÞ þ ð−1Þnþ1qðx; μÞ�; ð3Þ

with μ the renormalization scale, and the valence distribu-
tions is defined as qvðx; μÞ≡ qðx; μÞ − q̄ðx; μÞ. Thus, while
the hx2imoment is given solely by the valence distribution,
the odd moments are not. In these cases, we make the
assumption that the valence distributions are dominated by
the connected parts, and we do not include the disconnected
insertions in the computation of both the hxi and hx3i
moments.
For the computation of higher moments, we need to

compute the matrix elements of operators of higher deriv-
atives. The operator product expansion relates the nth
moment hxn−1i to the matrix element of the operator
hOμ1μ2;…μni, where μj; j ¼ 1;…; n are Lorentz indices.
Thus, in order to compute the third and the fourth moments
wewill need to compute the matrix elements of the operators

Ofμνρg
f ¼ q̄fγfμDν

↔
Dρg
↔

qf;

Ofμνρσg
f ¼ q̄fγfμDν

↔
Dρ
↔

Dσg
↔

qf; ð4Þ

where the curly brackets denote symmetrization over the
indices and subtraction of the trace. In order to avoid mixing,
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we take all indices to be different, which means that we need
a boosted frame. The decomposition of the matrix elements
in the forward limit is given by [21,22]

hMðpÞjOfμνρg
f jMðpÞi ¼ 2iKpfμpνpρghx2iMf

hMðpÞjOfμνρσg
f jMðpÞi ¼ −2Kpfμpνpρpσghx3iMf ; ð5Þ

where K ¼ 1=2EðpÞ is a kinematic factor. We take
one index to be in the temporal direction and the rest in
different spatial directions. Such a choice avoids mixing
with lower dimensional operators but requires boosted
meson states. For hx2iMf , we use a boosted frame
where p has nonzero values in at least two spatial
directions, p ¼ ð2π=L; 2π=L; 0Þ and permutations and for
hx3iMf p ¼ ð2π=L; 2π=L; 2π=LÞ.
We extract the moments from the ratio of three- to two-

point functions. The three-point function in the forward
direction is given by

CO
Mðts; tins;; t0;pÞ ¼

X
xs;xins

h0jJMðts;xsÞOfðtins;xinsÞ

× J̄Mðt0;x0Þj0ie−ip·ðxs−x0Þ; ð6Þ

where ðt0;x0Þ, ðtins;xinsÞ and ðts;xsÞ denote the source,
insertion and sink coordinates, respectively, and Of are the
derivative operators of Eq. (4). Without loss of generality,
we take ðt0;x0Þ ¼ ð0; 0Þ.
The two-point functions in the boosted frame are

given by

CMðts;pÞ ¼
X
x

h0jJMðts;xÞJ̄Mð0; 0Þj0ie−ip·x; ð7Þ

and the ratio used to cancel overlaps and exponential
factors is

RO
Mðts; tins;pÞ ¼ ωTðts;pÞ

CO
Mðts; tins;;pÞ
CMðts;pÞ

: ð8Þ

The factor

ωTðts;qÞ ¼ 1þ exp½−EðqÞðT − 2tsÞ�

takes into account the periodicity of the lattice. If ts − t0
and tins − t0 are large enough, the ratio in Eq. (8) becomes
independent of the time

RO
Mðts; tins;pÞ⟶

ts→∞

ts−tins→∞
ΠO

MðpÞ: ð9Þ

The relations to the moments then become

hx2iMf ¼−
Πij

MðpÞ
pipj ; hx3iMf ¼ iΠ1234

M ðpÞ
p1p2p3

: ð10Þ

The three-point functions in Eq. (6) generate connected and
disconnected contributions. For the higher moments these
are expected to be small and they are neglected here.

III. LATTICE SETUP AND ANALYSIS

We use a gauge ensemble generated by the ETMC with
Nf ¼ 2þ 1þ 1 twisted mass clover-improved fermions
with quark masses tuned to approximately their physical
values. In Table I we give the parameters of the ensemble
labeled as cB211.072.64 [23]. The statistics used for this
work are shown in Table II.
We compute statistical errors using a jackknife analysis.

Systematic errors due to the fitting procedure are calculated
using model averaging with weights based on the Akaike
Information Criterion (AIC) [24], ωi given by

lnðωiÞ ¼ −
1

2
χ2i þ Ndof;i; ð11Þ

where Ndof ¼ Ndata − Nparams with Ndata the number of
measurements and Nparams the number of fit parameters.
The probability for each fit is defined as

pi ¼
ωiP
iωi

: ð12Þ

The model-averaged mean and error for an observable O is
then given by

hOi ¼
X
i

Oipi;

σ2O ¼
X
i

σ2Oi
pi þ

X
i

O2
i pi − hOi2; ð13Þ

TABLE I. Parameters of the ETMC gauge ensemble used in
this work, where a is the lattice spacing, L the spatial and T the
temporal lattice size, and Mπ� and MK� the pion and kaon
masses, respectively.

Name a [fm] L3 × T Mπ [MeV] MK [MeV]

cB211.072.64 0.0796(1) 643 × 128 140.40(22) 498.41(11)

TABLE II. Statistics used in the calculation of hx2i and hx3i.
We give the number of configurations ðnconfÞ, the source sink-
separations in the case of the three-point correlators ðts=aÞ, the
number of stochastic sources per configuration ðnstsÞ and
the number of momentum boosts ðnboostÞ. Last column shows
the total statistics.

Statistics

hxni ts=a nconf nsts nboost Total statistics

Three-point correlators

hx2i 16, 20, 24 786 8 12 75,456
hx3i 16, 20, 24 736 8 8 47,104
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where Oi and σOi
are the mean and error, respectively, for

each fit.

A. Determination of ground-state energies

The spectral decomposition of a two-point meson
correlation function is given by

C2ptðts;pÞ ¼
X∞
n¼0

cnðpÞðe−EnðpÞts þ e−EnðpÞðT−tsÞÞ; ð14Þ

taking into account the periodicity of meson two-point
functions. With CM, we define the effective energy Eeff as
follows:

Eeffðts;pÞ¼ cosh−1
�
CMðts−1;pÞþCMðtsþ1;pÞ

2CMðts;pÞ
�
: ð15Þ

Eeff converges to the ground-state energy once excited
states have decayed. Thus, to determine the ground-state
energy level E0 from two-point function data, we perform a
one- and two-state analysis of the effective energy EeffðtsÞ.
For one-state fits we have one fitting parameter, while for
two-state fits we have three fitting parameters, namely the
ratio c1ðpÞ=c0ðpÞ, the ground-state energy E0ðpÞ and the
first excited state energy E1ðpÞ. In Fig. 1 we show as an
example the effective energy for the kaon with
p2 ¼ 8π2=L2, and the ground-state energy extracted from
the fits. As can be seen, the results from the plateau
(one-state) fit are compatible with the two-state fit. We take
the ground-state energy E0ðpÞ as determined from the two-
state fit with the highest probability according to the AIC,

which is then used as an input parameter with uncertainties
in the following.

B. Determination of the moments

We extract the moments from the ratios given in Eq. (8)
as explained in this section. The spectral decomposition of
the three-point function keeping terms up to the first excited
state is given by

C3ptðp; ts; tinsÞ ¼ A00ðpÞe−E0ðpÞts

þ A01ðpÞe−E0ðpÞðts−tinsÞ−E1ðpÞtins

þ A10ðpÞe−E1ðpÞðts−tinsÞ−E0ðpÞtins

þ A11ðpÞe−E1ðpÞts : ð16Þ

In the case of zero momentum transfer, as is the case
considered here, the factors A01ðpÞ ¼ A10ðpÞ [22]. We fit
simultaneously the effective energy and the ratios between
three- and two-point functions for several combinations of
ts and tins using the expressions (14) and (16) up to the first
excited state. The ground-state energy E0ðpÞ is fixed to the
highest probability values extracted from the two-state
analysis of the pion and kaon effective energies, and
is therefore not included among the fit parameters. The
fitting parameters are the amplitudes in Eq. (16), the first
excited-state energy E1ðpÞ, and the overlap-factor ratio
c1ðpÞ=c0ðpÞ, with the latter two shared by the effective-
energy and ratio. From Eqs. (9), (16) and (14), it can be
deduced that the ratio, in the large-time limit, is related to
the fitted parameters

ΠO
M ¼ A00

c0
: ð17Þ

We show in Fig. 2 the bare ratios of the three-point function

involving the operator Ofμνρg
f used for the extraction of

hx2iB, where the B subindex refers to the bare quantity. We
also show the resulting values of hx2i that converges for the
different fit ranges used.
We show in Fig. 3 the bare ratios used in the extraction of

hx3i. They show fast convergence with no clear signal of
excited states contamination, within the current errors.
Given the lack of detectable excited states, we perform a
simultaneous one-state fit using the three source-sink time
separations to extract the moments.

C. Renormalization

The matrix elements of Ofμνρg
f and Ofμνρσg

f are renor-
malized nonperturbatively in the Regularization-
Independent Momentum-Subtraction (RI0-MOM) scheme
[25], followed by a perturbative conversion to the MS
scheme at the scale μ ¼ 2 GeV. In general, operators with
two or more covariant derivatives exhibit a nontrivial
renormalization pattern on the lattice including mixing

FIG. 1. Upper panel: Results on the effective energy extracted
using Eq. (15) for the kaon, with p2 ¼ 8π2=L2 as a function of
the time separation ts=a in lattice units. Lower panel: Conver-
gence as one varies the lower fit range tmin=a. The values
extracted are shown when using one-state fit (blue triangles)
and the two-state fit (green triangles), respectively. The open
symbol indicates the highest probability according to the AIC and
the gray band is the model-averaged value for the ground-state
energy.
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with operators of equal or lower dimension as allowed by
hypercubic symmetry [26]. For the cases of two- and three-
derivative operators considered in this work, such mixing is
absent when their Lorentz indices ðμ; ν; ρÞ and ðμ; ν; ρ; σÞ
are all different. This choice greatly simplifies the renorm-
alization procedure, as it avoids the potential need for
delicate subtractions associated with power-divergent mix-
ing. Restricting ourselves to this choice of indices, we
determine the multiplicative renormalization functions of
the two operators, denoted by ZVDD and ZVDDD. These are
computed nonperturbatively following the procedure out-
lined in, e.g., Refs. [20,27,28]. Note that flavor-singlet
three-derivative operators can, in principle, mix with gluon
two-derivative operators in both continuum and lattice
regularizations. However, this mixing is expected to be
much weaker than that of the flavor-singlet one-derivative
operator studied by us in Ref. [20]. Since disconnected
matrix elements are not considered in this work for the two-
and three-derivative operators, we restrict the analysis to
multiplicative nonsinglet renormalization functions.

The RI0-MOM scheme is defined on amputated vertex
functions of the operators under study with external off-
shell quark states in Landau gauge, as follows:

ΛOðpÞ ¼
a12

V

X
x;y;z

e−ipðx−yÞhqðxÞOðzÞq̄ðyÞiamp; ð18Þ

where O∈ ðOfμνρg;OfμνρσgÞ. In the continuum limit,
ΛOðpÞ is decomposed into two independent structures
allowed by Lorentz symmetry [29], as follows:

ΛOfμνρg ðpÞ ¼ −γfμpνpρgΣVDD
1 ðp2Þ

−
=p
p2

pfμpνpρgΣVDD
2 ðp2Þ; ð19Þ

ΛOfμνρσg ðpÞ ¼ −iγfμpνpρpσgΣVDDD
1 ðp2Þ

− i
=p
p2

pfμpνpρpσgΣVDDD
2 ðp2Þ; ð20Þ

where ΣX
1 ðp2Þ ¼ 1þOðαsÞ, and ΣX

2 ðp2Þ ¼ OðαsÞ, for
X ¼ VDD, VDDD. In continuum regularizations, the
renormalization conditions are typically defined in terms
of the first form factor, ΣX

1 ðp2Þ [29], which can be isolated

FIG. 2. Left column: Results on the bare ratios of three- to two-
point functions from which hx2i are extracted for three source-
sink time separations ts=a ¼ 16, 20, 24. The bands are fits using
two-state analysis. From top to bottom, we show hx2iπu, hx2iKu and
hx2iKs . Right column: Results from one-state fit to each source-
sink time separation (blue, green and yellow points). The gray
band is the resulting curve when one uses the highest probability
parameters determined from the two-state fit analysis. The purple
horizontal band across both columns shows the final value
determined using model averaging of two-state fits.

FIG. 3. Left column: Results on the bare ratios of three- to
two-point functions from which hx3i are extracted. Right
column: Results from one-state fits to the ratios at each time
separation. The purple band is the model average of the result at
the three time separations. The rest of the notation is the same as
that in Fig. 2.

HIGHER MELLIN MOMENTS OF THE UNPOLARIZED PDF OF … PHYS. REV. D 114, 074513 (2026)

074513-5



by applying suitable projectors to the vertex functions. On
the lattice, however, the available projectors should be
restricted to operators whose Lorentz indices are all differ-
ent. This constraint complicates the construction of pro-
jectors that cleanly isolate ΣX

1 . In particular, for the three-
derivative operator, the two tensor structures become nearly
indistinguishable for momenta close to the body-diagonal
direction. In this case, one may instead retain a single
structure, namely the first one appearing in Eq. (20) that is
present at tree level, and use its inverse as a projector. Based
on these considerations, we impose the following con-
ditions at p2 ¼ μ20 to extract ZVDD and ZVDDD

1:

ðZRI0
q Þ−1ZRI0

VDD
1

12

X
μ<ν<ρ

Tr½ΛOfμνρgPμνρ� ¼ 1; ð21Þ

ðZRI0
q Þ−1ZRI0

VDDD
1

12

X
μ<ν<ρ<σ

Tr½ΛOfμνρσgPμνρσ� ¼ 1; ð22Þ

where

Pμνρ ¼ 3=̃p − 4ð=̃pμ þ =̃pν þ =̃pρÞ
4p̃μp̃νp̃ρ ; ð23Þ

Pμνρσ ¼ 4i
P

τγ
τ=p̃τ

p̃μp̃νp̃ρp̃σ
P

τ1=ðp̃τÞ2 ; ð24Þ

and p̃μ ≡ sinðapμÞ, =̃pμ ≡ γμp̃μ (no sum), =̃p≡P
μ =̃p

μ. p̃μ,
p̃ν, p̃ρ, and p̃σ are all strictly nonzero. μ0 represents the
RI0-MOM scale. ZRI0

q is the renormalization factor of the
quark field defined by [30]

ZRI0
q ¼ 1

12

X
μ

Tr

�
S−1ðpÞ · −iγ

μ

4p̃μ

�����
p2¼μ2

0

; ð25Þ

where SðpÞ is the quark propagator in the momen-
tum space.
The vertex functions ΛOðpÞ and quark propagators SðpÞ

are calculated using Landau gauge fixed momentum
sources [31], which leads to high statistical accuracy using
only 30 configurations. We employ four ensembles
specifically simulated for our renormalization program
(see Ref. [27]), which features four mass-degenerate quarks
(Nf ¼ 4) at the same β value as the physical-point
ensemble used in our analysis of the matrix elements.
The ensembles correspond to different twisted-mass param-
eters μsea, or equivalently pion masses, and are used in order
to take the chiral limit. The dependence on μsea is found to

be mild, consistent with previous studies of our group at a
coarser lattice spacing [21,22]. We remove this dependence
by performing a linear fit in μsea.
We consider 25–30 momenta in the range 0.8 ≤

ðapÞ2 ≤ 7. The momenta have the following form:

ðapÞ≡ 2π

�
nt þ 1=2
T=a

;
nx
L=a

;
ny
L=a

;
nz
L=a

�
; ð26Þ

where ni ∈Z and LðTÞ denotes the spatial (temporal)
extent of the lattice. To minimize rotational Oð4Þ breaking
lattice artifacts, we choose momenta close to the body-
diagonal direction by imposing

P
μ p

4
μ=ð

P
μ p

2
μÞ2 < 0.3.

Additionally, we improve our nonperturbative estimates by
subtracting one-loop lattice artifacts from both Zq and ΛO.
The artifacts are computed in lattice perturbation theory to
all orders in the lattice spacing by extending the improve-
ment program of our group (see Ref. [32]) to the two- and
three-derivative operators. More details are given in
Appendix A. The reduction of lattice artifacts and Oð4Þ
breaking effects lead to a milder and smoother dependence
of the renormalization functions on a2μ20 (see Fig. 4).

FIG. 4. ZMS
VDD and ZMS

VDDD as a function of a2μ20 at the reference
scale of 2 GeV. The data are given with (Sub.) and without
(Unsub.) subtracting one-loop artifacts. A linear fit c0 þ c1a2μ20
is employed in the subtracted data in the ranges a2μ20 ∈ ½2; 5� and
a2μ20 ∈ ½2; 6� for ZVDD and ZVDDD, respectively. The extrapolated
values c0 are given at a2μ20 ¼ 0.

1In principle, one can construct a projector that isolates
ΣVDDD
1 , namely Pμνρσ ¼ 4iðp̃2

P
τ γτ=p̃τ−4=̃pÞ½p̃μp̃νp̃ρp̃σðPτ p̃

2

=p̃2
τ −16Þ�−1. However, this projector becomes impractical for

momenta close to the body-diagonal direction, where its denom-
inator approaches zero.
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After chiral extrapolation and artifact subtraction, the
resulting renormalization functions are converted to the MS
scheme and evolved at the reference scale 2 GeV, using an
intermediate renormalization group invariant (RGI) scheme
[33] defined in continuum perturbation theory, as follows:

ZMS
X ð2 GeVÞ ¼ ΔZRGI;RI0

X ðμ0Þ
ΔZRGI;MS

X ð2 GeVÞ
ZRI0
X ðμ0Þ; ð27Þ

for X ¼ VDD;VDDD. The quantity ΔZRGI;S
X ðμÞ is

expressed in terms of the β-function and the anomalous
dimension of the operators Ofμνρg and Ofμνρσg in the
scheme S, which can be derived to four loops in per-
turbation theory by using the results of Refs. [29,34,35].
In Appendix B, we provide the explicit perturbative
expressions.
Next, we apply a linear fit in a2μ20 to eliminate any

residual dependence on the RI0-MOM scale resulting from
discretization effects. Figure 4 displays the momentum fits
of ZVDD and ZVDDD at a selected fit range. The plots contain
data with and without subtracting one-loop artifacts in
order to illustrate the benefit of our subtraction method. We
found that the subtraction procedure improves the data
significantly, leading to a smaller slope and thus to smaller
dependence on the initial scale.
We employ several fit ranges within 2 ≤ ðaμ0Þ2 ≤ 7. The

extrapolated values at μ0 ¼ 0 from all fits are combined
using model averaging with AIC weights. Momenta with
ðaμ0Þ2 < 2 are excluded from the analysis, as they may
suffer from significant hadronic contamination and the
perturbative conversion is not reliable in this low-momentum
region. In Fig. 5, we show the results from all fits together

with the AIC-averaged value. The final estimates for ZVDD
and ZVDDD are

ZMS
VDDð2 GeVÞ ¼ 1.4639ð11Þð03Þ; ð28Þ

ZMS
VDDDð2 GeVÞ ¼ 1.8831ð19Þð10Þ: ð29Þ

The number in the first (second) parenthesis corresponds to
the statistical (systematic) uncertainty. The systematic uncer-
tainty is determined from the AIC procedure.

IV. RESULTS AND DISCUSSION

After multiplicatively renormalizing the bare results,
we show in Table III the extracted moments renormalized
in the MS scheme at μ ¼ 2 GeV.
Using the results for the individual moments, we

compute various ratios of moments. The ratios in
Table IV suggest that the pion moments tend to decrease
less with the order of the moment, as compared to the kaon
moments. However, the uncertainties of the pion ratios
involving hx3i are large to make a definite conclusion.
Given this suggested tendency of the ratios, one may expect
the pion PDF to fall more slowly at somewhat higher
x-values than the light and strange in the kaon.
In Table V, the first column compares the ratios of

moments of the light quarks in the pion and kaon. The three
mean values are larger than unity. This behavior is con-
sistent with the observation in Table IV suggesting that the
PDF of the pion falls more slowly for higher x values than
the u-quark PDF of the kaon. The second column gives the
ratios of the pion u-quark to those of the kaon s-quark.
These ratios point to larger overall moments for the s-quark
in the kaon, indicating that it carries a larger fraction of its
momentum due to the large mass of the strange quark.

FIG. 5. Extrapolated values of ZMS
VDD and ZMS

VDDD at a2μ20 ¼ 0
from momentum fits over multiple fit ranges together with
the AIC-averaged values (bands). The reduced χ2 of each fit is

given by the label above the corresponding data point. ZMS
VDDD

is shifted by −0.4. The open symbols denote the fits with the
highest AIC weights.

TABLE III. Mellin moments at μ ¼ 2 GeV in MS scheme
using only connected contributions. hxi is the connected part
from Ref. [20].

hxi hx2i hx3i
uπ 0.2194(22) 0.1021(34) 0.079(25)
uK 0.2151(12) 0.0925(11) 0.0557(54)
sK 0.30081(67) 0.14312(86) 0.0881(41)

TABLE IV. Ratios of the higher Mellin moments, using the
jackknife data leading to the values of Table III.

uπ uK sK

hx2i
hxi

0.466(16) 0.430(5) 0.475(3)

hx3i
hxi

0.36(11) 0.259(25) 0.293(14)

hx3i
hx2i

0.77(24) 0.602(58) 0.616(30)
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Finally, the third column shows the ratios of moments for
the u-quark and the s-quark in the kaon. In the exact SU(3)
symmetric limit, these ratios should be equal to 1. We
therefore estimate the SU(3) symmetry breaking from the
deviation from 1. We see a clear SU(3) symmetry breaking
of all moments of about 30%–40% for the second and third
moments with the breaking being larger for the third
moment. Whether this increasing SU(3) breaking trend
applies also for the fourth moment is unclear given the
present uncertainties.

V. PDF RECONSTRUCTION

Since we compute only the connected contributions, and
assuming all sea quark effects are small, one can use the
four lower Mellin moments to estimate the valence PDFs
using the moments of Table III. We employ the commonly
used parametrization of PDFs given by

qMf ðxÞ ¼ Nxαð1 − xÞβð1þ γxÞ; ð30Þ

where α, β and γ are adjustable parameters and N is a
normalization constant determined from the first moment.
Integrating qMf ðxÞ using the parametrization of Eq. (30), we
obtain

N ¼ 1

Bðαþ 1; β þ 1Þ þ γBð2þ α; β þ 1Þ ; ð31Þ

where Bðx; yÞ is the β function. The nth moment of the PDF
determined by integrating over x is given by

hxn−1i ¼ N
Z

1

0

xn−1xαð1 − xÞβð1þ γxÞdx; ð32Þ

which yields

hxn−1i ¼ ðQn−1
i¼1 ðαþ iÞÞð1þ nþ αþ β þ ðnþ αÞγÞ

ðQn−1
i¼1 ð2þ αþ β þ iÞÞð2þ αþ β þ ð1þ αÞγÞ :

ð33Þ
Since experimental data analysis suggest that the inclu-

sion of γ does not improve the description of the data [7],
we consider two fitting scenarios: the first a two-parameter
form with γ set to zero, the second a three-parameter form
in which γ is left as a free parameter. For each quark flavor,
the three Mellin moments given in Table III are fitted using
Eq. (33). Correlations are taken into account using the
covariance matrix for the fits. The resulting values of the
parameters α, β and γ are reported in Table VI.
Using the extracted parameters α and β, we reconstruct

the valence PDFs. The results are shown in Fig. 6. As can
be seen, the valence pion PDF is broader than the
corresponding kaon PDF consistent with what the higher
moment ratios indicated. Allowing for γ ≠ 0, we redeter-
mine the parameters, the values of which are included in
Table VI. While the α values obtained are in agreement, the
values of β change considerably and the magnitude of γ is
large and negative. Since both β and γ parameters affect
mostly the large-x dependence, their values are correlated.
Comparing the extracted PDFs in Fig. 6, we indeed see
that the biggest deviation is seen for x > 0.4. To further
investigate this behavior, we compute the effective β
parameter, defined as

βeff ≡ ∂ log jqðxÞj
∂ logð1 − xÞ ¼ β − α

1 − x
x

− γ
1 − x
1þ γx

; ð34Þ

which describes the effective power of the 1 − x falloff in
the large x region.

TABLE V. Ratios of the Mellin moments between pion and
kaon, using the jackknife data leading to the values of Table III.

hxniπu=hxniKu hxniπu=hxniKs hxniKu =hxniKs
n ¼ 1 1.020(12) 0.7292(76) 0.7151(46)
n ¼ 2 1.104(34) 0.714(23) 0.6466(79)
n ¼ 3 1.41(41) 0.89(27) 0.632(67)

TABLE VI. Results for the fit parameters of the parametrization
given in Eq. (30).

Fit type αuπ βuπ γuπ χ2= d.o.f.

2-parameter −0.528ð49Þ 0.68(16) 0 0.52
3-parameter −0.496ð48Þ 0.14(17) −0.816ð15Þ � � �
Fit type αuK βuK γuK χ2= d.o.f.
2-parameter −0.434ð23Þ 1.065(76) 0 0.67
3-parameter −0.406ð23Þ 0.528(77) −0.7853ð50Þ � � �
Fit type αsK βsK γsK χ2= d.o.f.
2-parameter −0.107ð21Þ 1.076(47) 0 1.31
3-parameter −0.058ð21Þ 0.549(48) −0.8013ð28Þ � � �

FIG. 6. x-dependence of the reconstructed PDFs at 2 GeV for
xqπuðxÞ (top panel), xqKu ðxÞ (bottom left panel) and xqKs ðxÞ
(bottom right panel). Our curves using a two-parameter approach
are shown in blue and the three-parameter one in red.
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The results for the βeff are shown in Fig. 7. As can be
seen, βeff shows for the three-parameter fits a strong x
dependence in the interval 0.85 < x < 1, whereas for the
two-parameter fit remains close to unity within errors. This
may indicate that with the available moments, the three-
parameter form is not sufficiently constrained, and a strong
x dependence is induced in βeff by the last term in Eq. (34).
In what follows, we will determine the PDFs using the
two-parameter fit and take as a systematic error the
difference between the mean value from the two- and
three-parameter fits. The total error is obtained by
adding the statistical and systematic in quadrature,

σtot ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ22 param þ jq2mean − q3meanj2

q
, where σ2 param is

the error of the two-parameter reconstruction and q2mean
and q3mean the mean value using the two- and three-
parameter reconstructions, respectively.
In Fig. 8, we show a comparison of valence pion and

kaon PDFs. Comparing the PDFs for the u-quark in the
pion and kaon, we observe that the pion PDF is broader as
predicted by the ratios of moments. This is also reflected in
the βeff of each PDF, which for the pion remains below
unity in the large-x range, whereas for u-quark contribution
in the kaon it is larger and above unity. For the kaon s-quark
PDF, the distribution peaks at a larger x value than the u-
quark PDF in both pion and kaon. This can be quantified by
computing the peak of the distributions from

xpeak ¼
αþ 1

αþ β þ 1
: ð35Þ

Using our fitted parameters, we find xπpeak;u ¼ 0.410ð34Þ
for the pion PDF, xkpeak;u ¼ 0.3469ð70Þ for kaon u-quark
PDF, and xKpeak;s ¼ 0.4535ð49Þ for kaon s-quark PDF.
These values confirm that the s-quark distribution has
larger support at larger x values as compared with u-quark
in the kaon. The s-quark PDF shows a faster falloff for
small values of x, consistent with the smaller value of the
corresponding α parameter.

VI. COMPARISON WITH OTHER RESULTS

In this section, we compare our results with other recent
lattice-QCD calculations as well as with phenomenology
analyses and model calculations. To allow a meaningful
comparison, results are quoted at the renormalization scale
μ ¼ 2 GeV in the MS scheme, except for Figs. 13 and 14,
where the moments are evolved to μ ¼ 5.2 GeV for the
PDF reconstructions.

FIG. 7. βeff computed using the parameters in Table VI. From
top to bottom, we show the βeff for the u-quark in the pion, the
u-quark in the kaon and s-quark in the kaon for each recon-
structed PDF. The blue band corresponds to the two-parameter
reconstruction and the green band to the three-parameter
reconstruction. The dashed line at 1 is for reference.

FIG. 8. Comparison of the reconstructed PDFs and qðxÞπu (blue
band), qðxÞKu (green band) and qðxÞKs (red band) at 2 GeV. The
upper panel shows the PDFs qðxÞMf while the lower panel shows
the corresponding densities xqðxÞMf . All the bands use the values
given in Table VI for the two-parameter reconstruction. The outer
lighter bands represents the total error from the two- and three-
parameter reconstructions, computed by adding in quadrature the
uncertainty of the two-parameter result and the difference
between mean values of the two- and three-parametrization fits.
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A. Pion moments

In Fig. 9 we compile results for the second, third, and
fourth Mellin moments of the pion. We separated the results
in Fig. 9 into four groups: (i) lattice QCD results deter-
mined from matrix elements of local operators as in this
study; (ii) moments determined in lattice QCD within the
quasi/pseudo PDFs and large momentum effective theory
(LaMET) [36]; (iii) moments determined from experimen-
tal data; and (iv) model calculations. Note that for hxiπu, we
quote instead of the hxi-value from this work the result
from Ref. [20], which includes disconnected contributions
and is extrapolated to the continuum limit at physical
pion mass.
In general, we observe reasonable agreement for all three

pion moments among the various computations, keeping in
mind that most lattice QCD computations for the third and
fourth moments only have statistical errors. This is the case
for example with the earlier ETMC 2021 result, where we
found a smaller value by 1 s.d. for hx3i than our present
calculation. In the following, we compile more details on
the individual calculations. Lattice QCD calculations based
on local operators there are: (i) the MIT group [37] obtained
using an Nf ¼ 2þ 1 clover-improved fermion ensemble
with mπ ≈ 170 MeV and lattice spacing a ¼ 0.091 fm.
The value shown includes disconnected contributions;
(ii) the Regensburg QCD group using 26 Nf ¼ 2þ 1

clover-improved ensembles with five different lattice spac-
ings ranging from 0.1 fm to 0.05 fm, and pion masses from
214 MeV to 420 MeV. They compute both connected and
disconnected contributions, take the continuum limit and
extrapolate to the physical pion mass [38]; (iii) earlier
ETMC work [39] using 13 Nf ¼ 2þ 1þ 1 twisted mass
fermion ensembles with three lattice spacings and heavier
than physical pion masses. Their result is obtained after
chiral and continuum extrapolations. No disconnected
contributions were included. While all of the above
estimate hxiπu, only ETMC provides results of hx2iπu and
hx3iπu using local operators [21,22]. An alternative lattice
approach uses nonlocal operators: (i) Ref. [40], where three
ensembles generated by the MILC Collaboration with two
different lattice spacings and heavier than physical pion
mass were used. After performing a chiral and continuum
extrapolation of the PDFs the moments are extracted by
integrating the fitted PDFs. (ii) In Ref. [41] a similar
analysis was performed using two ensembles of highly
improved staggered sea quarks by MILC and clover-
improved valence quarks with hypercubic smearing with
lattice spacings a ¼ 0.06 fm and 0.04 fm and pion mass of
300 MeV. Besides using the quasi-PDF approach, they also
used short-distance factorization or the pseudo-PDF
approach [17] to extract the moments based on two
ensembles with two different lattice spacings, and a pion
mass of 300 MeV. They estimated continuum extrapolated
values using their results at two lattice spacings.
(iii) Recently, results on these moments were obtained
using one Nf ¼ 2þ 1þ 1 ensemble of maximally twisted-
mass clover fermions with mπ ≃ 260 MeV and a ¼
0.0934 fm [46]. There are several phenomenological analy-
ses of experimental data available shown, which yielded
results for all three pion valence moments. The most recent
one is the one by the JAM Collaboration, where lattice-
QCD input for all three moments was used. In addition,
there are model calculations based on the Dyson-
Schwinger equations [8–11], light-front quantization
[12], and chiral constituent quark models [13].

B. Kaon moments

Compared to the pion, the kaon PDFs are considerably
less studied. Experimental data on kaon PDFs is more than
40 years old and limited. Recent phenomenological analy-
ses have begun to revisit kaon PDFs [42,47] including
studies that incorporate lattice QCD input [7]. Several
model approaches have provided predictions for the kaon
valence distributions and their moments [8,10,12,13], yet
the number of available determinations remains smaller
than in the pion case.
In Figs. 10 and 11, we show the comparison of our

results for hxniKu and hxniKs in the kaon, respectively. In the
case of hxiKu , our result is compatible with the JAM
analysis, which includes lattice QCD input. Results from
other experimental analyses tend to find smaller values as

FIG. 9. Results on the pion Mellin moments hxiπu (left panel),
hx2iπu (middle panel) and hx3iπu (right panel). We group results in
four categories: (i) Lattice QCD using matrix elements of local
operators (red square and band) [20] and from Refs. [21,22,37–
39] (blue symbols); (ii) from moments of lattice QCD-determined
PDFs [40,41] (purple symbols); (iii) extracted from the analysis
of experimental results [42–45] (open green symbols) and filled
green triangle when lattice QCD input is included [7]; and
(iv) from other theory approaches [8–13] (orange symbols). The
references are given in the order the symbols appear from top to
bottom.
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do other theoretical calculations. For hx2iKu , our result is
compatible with JAM and the results of Han et al. [42] as
well with three of the other theoretical approaches. For
hx3iKu , most of the results are compatible with ours, with the
exception of the ETMC 2021, which was carried out using
one ensemble at mπ ¼ 260 MeV [22].
Similarly, for the s-quark, our results for the three

moments are in agreement with the JAM analysis, which
includes lattice QCD input. Results from other experimen-
tal analyses tend to find smaller values as do other
theoretical calculations. Given the spread of values in both
phenomenological and other theoretical studies, lattice
QCD determinations provide valuable input on the kaon
moments. More experimental data on these moments are
expected in the next few years from experiments at CERN
(AMBER) and the EIC at Brookhaven National Laboratory.

C. Reconstructed PDFs

In what follows, we compare our reconstructed PDFs
with other studies, particularly xqMf ðxÞ and the ratio

qðxÞKu =qðxÞπu with the phenomenological ones available
in the literature. Starting with the pion in Fig. 12, the
phenomenological results shown are from JAM [7,48],
FANTO10 [49] and xFitter [50]. The two JAM determi-
nations overlap with each other over the full x-range and
show a faster falloff than our result for large-x values. For
x < 0.5, our results agree with the JAM curves within a
standard deviation. The FANTO10 results have signifi-
cantly larger uncertainties, especially for low-x values,
while xFitter seems to have a more pronounced peak
around the x ≈ 0.4 region. In general, our PDF decreases
more slowly for x > 0.5.
In Fig. 13, we compare our reconstructed kaon PDFs

with JAM [7] and an older analysis from Ref. [42], at the
scale of 5.2 GeV. To facilitate this comparison, we first
evolve our moments from 2 GeV to 5.2 GeV using the
following evolution formula:

hxniMSð5.2;GeVÞ ¼ ΔZRGI;MS
VDn ð2;GeVÞ

ΔZRGI;MS
VDn ð5.2;GeVÞ

hxniMSð2;GeVÞ;

ð36Þ

and then repeat the PDF reconstruction at the evolved scale.

Here,ΔZRGI;MS
VDn ðμÞ is defined in Appendix B in terms of the

anomalous dimension γVDn . For n ¼ 2 (VDD) and n ¼ 3
(VDDD), all perturbative ingredients required for the
evolution are provided in this Appendix, while for n ¼ 1
(VD) we refer the reader to Ref. [51]. JAM relies on ETMC
input [20] to constrain the kaon PDFs, which would
otherwise be impossible to determine from experimental
data only. There is an overall agreement within errors

FIG. 10. Results on the kaon u-quark Mellin moments hxiKu
(left panel), hx2iKu (middle panel) and hx3iKu (right panel). We use
the same notation as in Fig. 9. The results of the analysis of
experimental data are from Ref. [7,47] from other theory
approaches from Refs. [8,10,12,13].

FIG. 11. Results on the kaon s-quark Mellin moments hxiKs (left
panel), hx2iKs (middle panel) and hx3iKs (right panel). We use the
same notation as in Fig. 9.

FIG. 12. Comparison of the pion PDF xqπuðxÞ with the
phenomenological extraction at a scale of 2 GeV in the MS
scheme. The deep orange band corresponds to our result obtained
from the two-parameter fits using the moments up to hx3i, with
the lighter outer band including the systematic uncertainty. The
red, blue, green, and magenta bands correspond to the phenom-
enological determinations by JAMwith lattice-QCD input [7] and
JAM without lattice-QCD input [48], FANTO [49], and xFitter
[50], respectively.
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between our PDF for xqKu ðxÞ and the phenomenological
results. In the case of xqðxÞKs , there is complete agreement
between our and JAM’s results, while the older extraction
from Ref. [42] shows a visibly different shape. The errors in
the JAM PDFs are larger than ours because besides using
the earlier result of Ref. [20], they have inflated the errors
by a factor of 2 to capture possible unaccounted systematic
uncertainties. In Fig. 14, we show the ratio of PDFs,
qðxÞKu =qðxÞπu along with results from Ref. [40] computed
within lattice QCD using the quasidistribution approach.
We also show available experimental data from the NA3
experiment at CERN [4]. Our results show a good agree-
ment with the experimental data over the whole x region,
while showing some tension with those of Ref [40] in the
moderate to low x region.

VII. CONCLUSIONS AND OUTLOOK

In this work, we present the computation of the Mellin
moments hx2i and hx3i for the pion and the kaon. We
employ one ensemble of Nf ¼ 2þ 1þ 1 twisted mass
fermions, with their masses tuned to reproduce the physical
pion mass. The calculation was performed by using local
operators choosing indices for our operators to avoid
mixing for both moments. We only include connected
contributions for all moments. Renormalization is carried
out nonperturbatively within the RI0-MOM scheme. Our
results for the moments are summarized in Table III at a
scale of 2 GeV in the MS scheme. The ratios between these
three moments indicate SU(3) breaking on the level of
30%–40% with the mean values suggesting a possible
increasing trend of breaking for higher moments. Reducing
current uncertainties will allow for this trend to be
established conclusively.
The pion and the kaon valence PDFs are reconstructed

using the first four Mellin moments. Such reconstructions
are performed using a parametric form with two and three
parameters for the valence PDFs. The overall shape of the
reconstructed PDF are visually consistent with each other
even if the numerical values of some of the parameters are
notably different. The u-quark PDF of the pion and kaon
show similarities, while the kaon s-quark PDF has a more
pronounced peak and falls faster both for low and large x
values.
Although the reconstructed PDFs with two and three

parameters are visually compatible, their falloff in the large-
x region are different. In particular, we study in Fig. 7 the
effective power βeff that dictates how the PDFs approach
zero as x → 1. From our fitted parameters, we conclude that
the effective β-parameter is around 10%–30% below unity
for the pion PDFs, while slightly above unity for the kaon
u- and s-quark PDFs. For comparison, JAM computes βeff

FIG. 13. Comparison of our reconstructed PDFs with phenom-
enological determinations at a scale of 5.2 GeV in the MS
scheme. In the upper panel, we show xqðxÞKu and in the lower
panel xqðxÞKs . The deep orange band corresponds to the resulting
PDF from the two-parameter fits, using the results in Table VI
with the lighter outer band including the systematic uncertainty.
The green and red bands correspond to the phenomenological
extraction from Ref. [42], and by JAM with lattice-QCD input
[7], respectively.

FIG. 14. Ratio qKu ðxÞ=qπuðxÞ as a function of x compared
with the lattice result from Lin et al. [40] and the CERN-
NA3 experimental data [4] at a scale of 5.2 GeV in the MS
scheme. The systematic error is shown but it is too small to
be visible.
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for each distribution, obtaining βπeff;u ¼ 1.16ð4Þ, βKeff;u ¼
1.6ð2Þ and βKeff;s ¼ 1.2ð4Þ for the range x ¼ 0.7–0.95.
In future studies, various improvements can be made,

which include the calculation of the higher moments for
more ensembles so the continuum limit can be taken.
Another interesting expansion of our work is to compute
disconnected contributions for the higher moments, which
are expected to be smaller, but would allow us to have a
better understanding of the complete quark valence and sea
contributions, allowing also a reconstruction for such
PDFs. Novel approaches may also allow extraction of even
higher Mellin moments leading to a better determination of
PDFs such as using gradient flow [18,19,52] or within the
heavy-quark operator product expansion [53–55]. In paral-
lel improvements in the direct determination of PDFs, using
nonlocal operators allows us to compute higher Mellin
moments.
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APPENDIX A: ONE-LOOP LATTICE ARTIFACTS
IN THE RENORMALIZATION FACTORS

The nonperturbative estimates of the renormalization
factors ZVDD and ZVDDD are improved by subtracting one-
loop lattice artifacts stemming from the renormalization
factor of the quark field ZqðapÞ and the “projected” vertex
functions VVDDðapÞ and VVDDDðapÞ, defined as
[cf. Eqs. (21)–(22)]

VVDDðapÞ ¼
1

12

X
μ<ν<ρ

Tr½ΛOfμνρgPμνρ�; ðA1Þ

VVDDDðapÞ¼
1

12

X
μ<ν<ρ<σ

Tr½ΛOfμνρσgPμνρσ�: ðA2Þ

We summarize below the calculation procedure.
We first compute Zq, VVDD, and VVDDD to one loop in

the Landau gauge by considering the Feynman diagrams of
Fig. 15. The calculation is split into two parts. The first part
considers the one-loop computation of the three functions

at fixed values of ðapÞ, denoted by Zð1Þ
q ðapÞ, Vð1Þ

VDDðapÞ,
and Vð1Þ

VDDDðapÞ. These cannot be expressed in a closed
analytic form but can be only determined numerically for
each value of ðapÞ employed in our nonperturbative
calculation. In the second part, the one-loop functions
are expanded over ðapÞ, as follows2:

Zð1Þ
q ðapÞ¼ g20

16π2

�
zð1Þq;0þ γq;0 lnðapÞ

þO
�
a2p2;a2

P
μp

4
μ

p2
;a2

P
μp

6
μ

ðp2Þ2 ; � � �
��

; ðA3Þ

Vð1Þ
VDDðapÞ¼

g20
16π2

�
νð1ÞVDD;0þ γVDD;0 lnðapÞ

þO
�
a2p2;a2

P
μp

4
μ

p2
;a2

P
μp

6
μ

ðp2Þ2 ; � � �
��

; ðA4Þ

2Since the projector used for the three-derivative operator
does not annihilate the second structure in Eq. (20), νð1ÞVDDD;0
receives an additional contribution proportional to
16=ðPμ p

2=p2
μÞ. This contribution approaches unity for mo-

menta close to the body-diagonal direction.
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Vð1Þ
VDDDðapÞ¼

g20
16π2

�
νð1ÞVDDD;0þγVDDD;0 lnðapÞ

þO
�
a2p2;a2

P
μp

4
μ

p2
;a2

P
μp

6
μ

ðp2Þ2 ;���
��

; ðA5Þ

where γq;0 ¼ 0, and γVDD;0, γVDDD;0 are given in Eqs. (B14)
and (B21), respectively. We calculate the leading-order
terms Oða0p0Þ andOðlnðapÞÞ. The difference between the
results from the two parts gives the one-loop artifacts for
each function:

ΔZð1Þ
q ðapÞ≡ Zð1Þ

q ðapÞ − g20
16π2

½zð1Þq;0 þ γq;0 lnðapÞ�; ðA6Þ

ΔVð1Þ
VDDðapÞ≡ Vð1Þ

VDDðapÞ −
g20

16π2
½νð1ÞVDD;0 þ γVDD;0 lnðapÞ�;

ðA7Þ

ΔVð1Þ
VDDDðapÞ≡Vð1Þ

VDDDðapÞ

−
g20

16π2
½νð1ÞVDDD;0 þ γVDDD;0 lnðapÞ�: ðA8Þ

The subtraction of artifacts can be done in many ways,
e.g., at the level of the projected vertex functions, or at the
level of the renormalization factors. Different subtraction
methods differ by Oðg40Þ terms. Below, we provide our
selected subtraction method, applied at the level of the
renormalization factors, which results in milder depend-
ence on ða2p2Þ, as follows:

Zimpr
VDD ¼ ZVDD − ΔZð1Þ

VDD; ðA9Þ

Zimpr
VDDD ¼ ZVDDD − ΔZð1Þ

VDDD; ðA10Þ

where ΔZð1Þ
VDD and ΔZð1Þ

VDDD are determined by expanding
the ratio ZX ¼ Zq=VX, withX ¼VDD or VDDD, toOðg20Þ,
as follows:

ZX¼
1þZð1Þ

q þOðg40Þ
1þVð1Þ

X þOðg40Þ
¼1þðZð1Þ

q −Vð1Þ
X ÞþOðg40Þ; ðA11Þ

so that Zð1Þ
X ¼ Zð1Þ

q − Vð1Þ
X and

ΔZð1Þ
X ðapÞ ¼ ΔZð1Þ

q ðapÞ − ΔVð1Þ
X ðapÞ: ðA12Þ

Figure 16 shows numerical results for ΔZð1Þ
VDD and ΔZð1Þ

VDDD
as a function of a2p2. We set g20 ¼ 6=β with β ¼ 1.778
corresponding to the ensemble used in our calculation.
Also, the clover coefficient is set to its tree-level
value, cSW ¼ 1.

APPENDIX B: PERTURBATIVE
CONVERSION FUNCTIONS

We provide the four-loop perturbative expressions for
the conversion functions ΔZRGI;S

X ðμÞ appearing in Eq. (27)
for the operators Ofμνρg (X ¼ VDD) and Ofμνρσg

(X ¼ VDDD) in both RI0-MOM (S ¼ RI0) and MS
(S ¼ MS) schemes. They are written in terms of the
β-function and the anomalous dimensions γSX.
Using standard notation, we define (in terms of the

renormalization scale μ) the Callan-Symanzik equations
satisfied by the renormalized gauge coupling gS and the

FIG. 15. One-loop diagrams contributing to Zq (top two)
and VVDD, VVDDD (bottom four). Wavy (solid) lines represent
gluons (fermions). A cross denotes an insertion of the operator
Ofμνρg or Ofμνρσg.

FIG. 16. One-loop lattice artifacts ΔZð1Þ
VDD and ΔZð1Þ

VDDD as a
function of a2p2.
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renormalized operators in an arbitrary renormalization
scheme, denoted by S, as follows:

μ
d
dμ

gSðμÞ ¼ βSðgSðμÞÞ; ðB1Þ

μ
d
dμ

ðOfμνρgÞS ¼ −γSVDDðgSðμÞÞðOfμνρgÞS; ðB2Þ

μ
d
dμ

ðOfμνρσgÞS ¼ −γSVDDDðgSðμÞÞðOfμνρσgÞS: ðB3Þ

The perturbative expansions of the β function and the
anomalous dimensions γX are defined below in terms of
aðμÞ≡ ðgðμÞÞ2=ð16π2Þ, as follows:

βSðgÞ ¼ −ga½β0 þ β1aþ βS2a
2 þ βS3a

3 þOða4Þ�; ðB4Þ

γSXðgÞ¼ a½γX;0þ γSX;1aþ γSX;2a
2þ γSX;3a

3þOða4Þ�: ðB5Þ

The coefficients βSk and γSX;k are extracted in the
RI0-MOM and MS schemes by combining results from
Refs. [29,34,35]. The following scheme-conversion for-
mulas derived from Eqs. (B1)–(B3) are used:

βRI
0 ðgRI0 ðμÞÞ ¼ βMSðgMSðμÞÞ ∂g

RI0 ðμÞ
∂gMSðμÞ

; ðB6Þ

γRI
0

X ðgRI0 ðμÞÞ ¼ γMS
X ðgMSðμÞÞ

þ βMSðgMSðμÞÞ ∂ lnC
MS;RI0
X ðμÞ

∂gMSðμÞ
; ðB7Þ

where CMS;RI0
X ¼ ZMS

X =ZRI0
X . For the specific RI0 conditions

defined in Eqs. (21)–(22), CMS;RI0
X takes the following form,

CMS;RI0
VDD ¼ CMS;RI0

q ðΣVDD
1 ÞMS; ðB8Þ

CMS;RI0
VDDD ¼ CMS;RI0

q

�
ðΣVDDD

1 ÞMS þ 16P
μp

2=p2
μ
ðΣVDDD

2 ÞMS

�
;

ðB9Þ

where CMS;RI0
q ¼ ZMS

q =ZRI0
q is calculated in Ref. [58], and

ðΣVDD
1 ÞMS, ðΣVDDD

1 ÞMS, ðΣVDDD
2 ÞMS are extracted from

Ref. [29], to three loops. We provide below the coefficients
βSk and γSX;k in the Landau gauge and in SU(3):

β0 ¼ 11 −
2

3
Nf; ðB10Þ

β1 ¼ 102 −
38

3
Nf; ðB11Þ

βMS
2 ¼ βRI

0
2 ¼ 2857

2
−
5033

18
Nf þ

325

54
N2

f; ðB12Þ

βMS
3 ¼ βRI

0
3 ¼ 149753

6
þ 3564ζð3Þ −

�
1078361

162
þ 6508

27
ζð3Þ

�
Nf þ

�
50065

162
þ 6472

81
ζð3Þ

�
N2

f þ
1093

729
N3

f; ðB13Þ

γVDD;0 ¼
100

9
; ðB14Þ

γMS
VDD;1 ¼

34450

243
−
830

81
Nf; ðB15Þ

γMS
VDD;2 ¼

64486199

26244
þ2200

81
ζð3Þ−

�
967495

4374
þ4000

27
ζð3Þ

�
Nf−

2569

729
N2

f; ðB16Þ

γMS
VDD;3¼

69231923065

1417176
þ73641835

6561
ζð3Þ−12100

27
ζð4Þ−3669100

243
ζð5Þþ

�
−
1978909951

236196
−
19276720

2187
ζð3Þ

þ200200

81
ζð4Þþ46000

9
ζð5Þ

�
Nfþ

�
3466612

19683
þ24400

81
ζð3Þ−4000

27
ζð4Þ

�
N2

fþ
�
−
23587

13122
þ1600

243
ζð3Þ

�
N3

f; ðB17Þ

γRI
0

VDD;1 ¼
76822

243
−
562

27
Nf; ðB18Þ

γRI
0

VDD;2 ¼
1889349409

131220
−
744568

405
ζð3Þ þ

�
−
20589053

10935
−
4736

135
ζð3Þ

�
Nf þ

34330

729
N2

f; ðB19Þ
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γRI
0

VDD;3 ¼
712102401499

885735
−
6011913226

32805
ζð3Þ þ 7058540

243
ζð5Þ þ

�
−
371002768589

2361960
þ 25155454

3645
ζð3Þ þ 21920

9
ζð5Þ

�
Nf

þ
�
828425857

98415
þ 96568

405
ζð3Þ

�
N2

f −
795085

6561
N3

f; ðB20Þ

γVDDD;0 ¼
628

45
; ðB21Þ

γMS
VDDD;1 ¼

5241914

30375
−
26542

2025
Nf; ðB22Þ

γMS
VDDD;2 ¼

245787905651

82012500
þ 11512

405
ζð3Þ −

�
726591271

2733750
þ 5024

27
ζð3Þ

�
Nf −

384277

91125
N2

f; ðB23Þ

γMS
VDDD;3 ¼

1267599127484293

22143375000
þ 117362582038

4100625
ζð3Þ − 63316

135
ζð4Þ − 64357588

3645
ζð5Þ

þ
�
−
7539856966909

738112500
−
2990809136

273375
ζð3Þ þ 1254952

405
ζð4Þ þ 2579312

405
ζð5Þ

�
Nf

þ
�
13542385424

61509375
þ 17168

45
ζð3Þ − 5024

27
ζð4Þ

�
N2

f þ
�
−
17813699

8201250
þ 10048

1215
ζð3Þ

�
N3

f; ðB24Þ

γRI
0

VDDD;1 ¼
12383774

30375
−
18466

675
Nf þ

16P
μp

2=p2
μ
rVDDD;1; ðB25Þ

γRI
0

VDDD;2 ¼
1531697925821

82012500
−
897704

405
ζð3Þ þ

�
−
3391730011

1366875
−
6752

135
ζð3Þ

�
Nf þ

5838226

91125
N2

f þ
16P

μp
2=p2

μ
rVDDD;2;

ðB26Þ

γRI
0

VDDD;3 ¼
36856806095674111

35429400000
−
836461717442

4100625
ζð3Þ þ 143105822

3645
ζð5Þ

þ
�
−
6103983117441629

29524500000
þ 1678175072

273375
ζð3Þ þ 394084

135
ζð5Þ

�
Nf

þ
�
698462539903

61509375
þ 169072

405
ζð3Þ

�
N2

f −
698495693

4100625
N3

f þ
16P

μp
2=p2

μ
rVDDD;3; ðB27Þ

rVDDD;1 ¼
44

5
−

8

15
Nf; ðB28Þ

rVDDD;2 ¼
22664999

3375
þ 45632

45
ζð3Þ þ

�
−
7773983

6750
−
5152

45
ζð3Þ

�
Nf þ

3332

75
N2

f; ðB29Þ

rVDDD;3¼
12607614183851

97200000
−
1143851501

30375
ζð3Þþ576884

27
ζð5Þþ

�
−
3198925062481

145800000
þ123562982

91125
ζð3Þ−104888

81
ζð5Þ

�
Nf

þ
�
360258397

303750
þ12080

243
ζð3Þ

�
N2

f−
207836

10125
N3

f: ðB30Þ

The quantity ΔZRGI;S
X ðμÞ is defined as [33]

ΔZRGI;S
X ðμÞ ¼ ð2β0aSðμÞÞ−γX;0=ð2β0Þ exp

�Z
gSðμÞ

0

dg0
�
γSXðg0Þ
βSðg0Þ þ

γX;0
β0g0

��
: ðB31Þ

Expanding over gS, we end up with
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ΔZRGI;S
X ¼ ð2β0aSÞ−γX;0=ð2β0Þ½1þ dSX;1a

S þ dSX;2ðaSÞ2 þ dSX;3ðaSÞ3 þOððaSÞ4Þ�; ðB32Þ

where

dSX;1 ¼
β1γX;0 − β0γ

S
X;1

2β20
; ðB33Þ

dSX;2 ¼
−2β30γSX;2 þ β20½γSX;1ð2β1 þ γSX;1Þ þ 2βS2γX;0� − 2β0β1γX;0ðβ1 þ γSX;1Þ þ β21ðγX;0Þ2

8β40
; ðB34Þ

dSX;3 ¼
1

48β60

h
β31ðγX;0Þ3 − 3β0β

2
1ðγX;0Þ2ð2β1 þ γSX;1Þ þ β20β1γX;0ð8β21 þ 6βS2γX;0 þ 12β1γ

S
X;1 þ 3ðγSX;1Þ2Þ ðB35Þ

þ β40ð8βS3γX;0 þ 8βS2γ
S
X;1 þ 8β1γ

S
X;2 þ 6γSX;1γ

S
X;2Þ

− β30ð16β1βS2γX;0 þ 8β21γ
S
X;1 þ 6βS2γX;0γ

S
X;1 þ ðγSX;1Þ3 þ 6β1½ðγSX;1Þ2 þ γX;0γ

S
X;2�Þ − 8β50γ

S
X;3

i
: ðB36Þ

The coupling constant gSðμÞ is determined by solving Eq. (B1) up to four loops [59], as follows:

aSðμÞ ¼ 1

β0L

�
1 −

β1
β20

lnL
L

þ −β21 þ β0β
S
2 þ β21ðlnL − 1Þ lnL

β40L
2

þ −β31 þ β20β
S
3 þ β1 lnLð4β21 − 6β0β

S
2 þ β21ð5 − 2 lnLÞ lnLÞ

2β60L
3

�
;

ðB37Þ

where L ¼ lnðμ2=Λ2
QCDÞ and ΛQCD ¼ 295ð10Þ MeV is the value quoted by Flavour Lattice Averaging Group for Nf ¼ 4

flavors [60].
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