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This paper explores the application of Newton-Cartan geometry to the kinetic theory of gases that
includes nonrelativistic gravitational effects and the principle of general covariance. Starting with an
introduction to the basics of Newton-Cartan geometry, we examine the motion of point particles within this
framework, leading to a detailed analysis of kinetic theory and the derivation of conservation equations.
The equilibrium distribution function is explored, and the example of a rotating gas in a gravitational field
is discussed. Further, we develop covariant hydrodynamic equations and extend our analysis through a
gradient expansion approach to assess first-order constitutive relations for rotating gases. Finally, we
address the frame-dependence paradox, presenting a novel resolution that addresses apparent discrepan-
cies. Our construction resolves a 50-year-old debate about the frame-indifferent formulation of kinetic
theory. The resolution is presented in a modern, symmetry-based approach.
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I. INTRODUCTION

Kinetic theory is an indispensable tool from the stat-
istical physics toolbox that sheds light on a broad range of
phenomena including classical gasses, active matter, ultra-
pure metals, quantum topological materials, light-matter
interactions and cosmological evolution, to name a few
examples [1-5]. Despite its fundamental role and long
history there are aspects of kinetic theory that are only
partially understood and crucial to clarify the interplay
between transport, topology and geometry. Two such
aspects are how to formulate Galilean-invariant kinetic
theory on curved backgrounds and noninertial frames. In
other words, one would like to construct equations that are
in accord with the principle of covariance under general
coordinate transformations.

This seemingly simple task has created various con-
fusions and debates throughout the development of kinetic
theory. In 1972, Miiller [6] presented calculations that
seemed to prove that stress and heat fluxes in a gas
computed from kinetic theory do not take consistent
frame-covariant expressions. A lively debate followed with
various erroneous arguments proposed both for and against
the frame invariance principle [7-14]. Eventually, the
authors of Refs. [15-17] independently proposed that the
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solution lies in calculating constitutive relations in the
frame corotating with the fluid. Simultaneously,
Refs. [18,19] recognized that the paradox can be avoided
in a relativisticlike four-dimensional treatment. Despite
partial successes in formulating the kinetic theory in a
covariant way, the fundamental reasons behind the prob-
lems have remained obscure and the debate continues up to
the present date [20-37]. For a more comprehensive
summary of the debate, see Ref. [35].

In contrast, developments in hydrodynamics have suc-
cessfully implemented a fully covariant framework using
the Newton-Cartan (NC) formalism [38,39]. The NC
theory, originally introduced to geometrically formalize
nonrelativistic Newtonian gravity [40,41], can be seen as a
1/c? expansion of general relativity [42,43]. Its covariant
nature not only upholds the principle of Galilean invariance
but also facilitates the study of nonrelativistic motion on
curved spacetimes. However, despite the potential appli-
cations of NC geometry in kinetic theory, there has been no
significant attempt to integrate it, even though it is a natural
framework to address issues related to frame invariance.
Previous studies of kinetic theories on manifolds have
generally failed to preserve the symmetries inherent to NC
geometries [44].

The development of kinetic theory for rotating fluids on
curved surfaces, particularly through the derivation of odd
viscosity from microscopic dynamics, opens new avenues
in the study of fluid behavior under rotation. Odd viscosity
is a nondissipative term that emerges in the equations
governing rotating fluids, reflecting their inherent lack of
time-reversal symmetry—a characteristic not accounted for
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in classical fluid dynamics. By applying these insights to
macroscopic fluid models, such as rotating shallow water
systems, researchers can incorporate odd viscosity to
regularize otherwise pathological behaviors in the spectral
properties of fluid waves at high wavenumbers [45-47].
Our computation generalizes previous noncovariant com-
putations of odd transport based on rotating reference
frames [48,49].

In addition to the direct applications of our formalism to
the microscopic computations of transport phenomena in
rotating classical fluids, there are complex systems such as
rotating quantum fluids that necessitate a more generalized
approach to kinetic theory. Our methods provide a founda-
tional framework for exploring these systems. Examples of
such systems include multi-Weyl semimetals, where the
chiral vortical effect becomes prominent in a system
breaking Lorentz symmetries [50], rotating superfluids at
finite temperatures [51,52], characterized by a blend of a
normal fluid component and a quantum condensate (for the
kinetic theory description see [53]). These cases highlight
the necessity and potential of our methods to facilitate
deeper insights into the microscopic properties of quantum
materials under rotation [54].

This manuscript is organized as follows. In Sec. II we
review basic facts about the NC geometry. In Sec. III we
study the single-particle Lagrangian and the single-particle
motion. In Sec. IV we formulate the Boltzmann equation
and introduce the collision operator, and proceed to derive
conservation equations for the particle number, momentum
and energy, as well as the general expression for an
equilibrium distribution function. In Sec. V we put the
formalism introduced up to this point to a practical use by
calculating the equilibrium distribution of a rotating gas in
three dimensions. In Sec. VI we take a step toward
nonequilibrium physics by formulating covariant equations
of hydrodynamics and calculating transport coefficients in
two- and three-dimensional gases under the action of
magnetic field and/or the Coriolis force. Finally, in
Sec. VII we come back to the issue of the frame-invariance
controversy, explaining how the problem can be understood
and resolved using the NC kinetic theory. We also discuss
briefly two especially interesting former approaches to the
issue [20,24,35].

II. BASICS OF NEWTON-CARTAN GEOMETRY

Newton-Cartan spacetimes can be constructed from a
nonrelativistic limit of pseudo-Riemannian geometries.
Usually, this limit is taken either by an explicit expansion
in 1/c? [42,43] or by a so-called light-cone reduction
[55-57]. However, in this paper, we will follow a more
axiomatic perspective in the spirit of [38,58].

A NC spacetime is a (d + 1)-manifold with coordinates
x* with 4y = 0,1, ...d and

(i) a 1-form 7, usually called the clock form or time

"
metric, such that 7z, (x5 — x') measures the passage

of time between two infinitesimally close points x/
and x%;

(i1) a degenerate symmetric tensor 4, with signature
(0,1,....1), that satisfies 7,h* = 0, interpreted as
inverse spatial metric;

(ii1) a covariant derivative Vﬂ that acts on a tensor 7,/ as

VT =09,/ +T, T -TLT/ (1)

As in general relativity, we require it to be compat-
ible with the geometric data, V,7, = V,h** = 0.

Throughout the paper, we raise indices using the inverse
spatial metric, e.g. 7% = hT,’. Note that since h* is
degenerate, raising an index is not invertible; therefore, the
distinction between upper-index and lower-index compo-
nents of tensors is more significant than in relativistic
physics. We assume that the coordinates, the time metric,
and the spatial metric have units [x*] = length,
[z,] = time/length, and [A**] = 1, respectively.

Now let us introduce a family of observers labeled by y
with an associated velocity field (v,,)#, normalized such
that 7, (v, ) = 1. Any such velocity field can be expressed
as a Milne boost of a chosen reference velocity

(Ul//)# = v+ "y, (2)

with »* an arbitrary reference velocity satisfying 7,0 = 1.
The reference velocity v* makes it possible to define a
metric h,, satisfying

h,,v* =0, h*h,, + v't, = &). (3)
Milne boosts express a gauge freedom in the choice of
geometric data in NC geometry. Specifically, they reflect
the freedom to redefine the reference velocity without
altering the underlying physical structure. This gauge
freedom is implemented via transformations given by
Eq. (2), and leads to a corresponding transformation of
the spatial metric. As a result, the spatial metric Ay,

becomes observer dependent, transforming under a
Milne boost as

(hl//);w = h/w - (T”Pff + TuPz)l//a + 1/127'-/471/7 (4)

where P =68, —v#7, is the spatial projector and
w? = h*yps. This structure captures the fact that
Newton-Cartan geometry is not fixed by a unique choice
of v*, but instead allows for an entire gauge orbit of related
geometric data connected by Milne boosts. Requesting
Milne boost invariance of the theory can be interpreted as
the independence of physical phenomena from the observer
describing them.

As shown in [38], the affine connection F’; must
transform accordingly to preserve Milne invariance. With
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these ingredients we find that the connection F’;ﬂ has the
general form [38]1

1
Ll =" 0pta+ 5 (uhpo+ Ophag = Ohap) +W*°T(aF gy,
(5)

with  F,, ~an antisymmetric tensor with units

[F,,] = time™!. A straightforward but tedious computation
reveals that the geodesic acceleration o), = v*V, v# and
vorticity o}’ = 2V¥¢* are given by

ay = —FF1°, ol = Fm, (6)
where the indices are raised with #*¥. The connection
defined in Eq. (5) is in general observer dependent, but if
we introduce a frame-dependent gauge field m,, such that

F,, = d,m, —d,m, and postulate the transformation

2

W
(mx//)y =my, + P;Wu - 77;4 + aﬂA’ (7)

with A the gauge parameter, the connection transforms as

1
(Fw)ﬁ/} = FZ/} ) h”G(WaHa/} + 2V/pP/(JaHﬁ)a - WZT(aHﬁ)a)v
(8)

where
H, = (dr)lw = 0,7, — 0,7,. 9)

Thus, the connection I" ’;ﬁ becomes observer invariant if

dr = 0, which is always the case when there exists a
globally defined time function such that 7 = dt, and which
is furthermore equivalent to setting the torsion F’[’aﬂ] to zero.

Finally, a volume form satisfying the Milne- and gauge-
invariance requirement can be defined after introducing the
nondegenerate tensor G,, = czrﬂrl, + h,, that allows us

to define the volume form’

1

Wa+1 = me”omuddxﬂo'””" =VGd*x,

(10)

with G the determinant of G,,,

tensor satisfying ¢y; 4 = VG.

and the fully antisymmetric

'We will use round brackets to denote symmetrization
AyBy) = % (A,B, + A,B,), and square brackets for antisymmet-
rlzezltlon ApBy = % (A”BD —A,B,) respectively.

To construct G, itis necessary to have a velocity scale c. This
parameter a priori does not have to be the speed of light.
However, as we will see below, observables will not depend on
such a constant; therefore, we can fix it to be the speed of light.

A. Flat NC geometry, Milne boosts and Galilean
transformations

From the perspective of the Galilean group, the presence
of the gauge field m, is natural since mass is a conserved
charge for nonrelativistic matter, and therefore we can
expect the presence of a gauge field that couples to the mass
current. However, the Milne transformations are less
intuitive and they do not have a counterpart for relativistic
systems. As we will discuss below, Milne boosts are a
necessary ingredient to obtain the Galilean group as the
isometry group of the flat NC geometry.

Let us first define the set of infinitesimal coordinate
reparametrization, Milne boost and gauge transformation as
x = (8"9,,w,dx", \). The variation 6, of the NC data reads

0,1, = £:7,, (11)
5, h = £ h, (12)
5,0 = £.00 + W'y, (13)
8,m, = £:m, + Py, + 0,A, (14)

where £; denotes the Lie derivative along &. These

transformations form an algebra as [5,,.6,,] = 3, , where

= E i A) and y, = (&, w2 A,y) are two sets of
symmetric parameters, and o) = (f’[‘lz], 1//,[,12], Apiy)) with

12)°

éﬁz] = £§]§27 (15)

(12]

Wi = LW — £y, (16)

Apg = £6 Ay — £ Ay (17)

In particular, the flat NC geometry is given by
T,=c'8), vt=c8y, :5’;655’7, m, =0, (18)

and its isometry group is the set of transformations &,

leaving the fields invariant. In particular, the set of Killing
generators is

H = (=cdy,0,0), M =(0,0,1), (19)
Pi = (—di,(),()), Ki = (—C_l.xodi, —dxi,xi), (20)
Ri; = (=x'd; + x19;,0,0), (21)

satisfying the commutation relations of the so-called
Bargmann algebra’

3This is an extension of the Galilean algebra with a central
element M, associated with mass.
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[Rij. Riy] = 6yRj — 6yRjy + 8, Rix — 81 Ryy.,
[Rij, Pr] = 6uPj — 8P, [Rij, Ki] = 0K — 6K,
[K[,H] = Pi’ [KHPJ] = 5UM (22)

The generators correspond to time translations (H), spatial
translations (P;), rotations (R;;), Galilean boosts (K;) and
the central charge (M). We note that the index on the
generators serves as a label and does not correspond to a
spatial component. Such a construction allows one to have
the proper field content that couples to the energy,
momentum and mass currents. Moreover, we emphasize
that without the Milne boosts the algebra in Eq. (22) would
not close.

B. Thermal NC spacetime

In [58] NC spacetimes were generalized by adding to the
manifold an extra timelike vector field u#, normalized as
u”r# = 1. As we will see later, at finite density such a field
can always be defined, in which case u” describes the
velocity of the gas. For such systems we could argue that the
“Milne symmetry” is spontaneously broken since u* intro-
duces a distinguished Milne frame with velocity v, = u*.
Notice that this frame is connected to an arbitrary one via a
Milne boost v# — v}, = W*y,. The presence of u* allows us
to define the spatial metric g,, and U(1) gauge field A,

G = Py — w7, — w7, + 0P7,7,, (23)

u2

Aﬂ:mﬂ—l—uﬂ——r

2 H (24)

where u, = h,, u” and u* = h,,,u*u". The objects g, and A,
are precisely equal to 4, and m, evaluated in the distin-
guished frame /. A straightforward calculation shows that
even though the definitions (23) and (24) involve h,,, and m,,,
gy and A, do not transform under Milne boosts as described
by Egs. (4) and (7) and are therefore defined unambiguously.
We furthermore introduce the distinguished spatial projector
and an affine connection corresponding to v as, respec-
tively [58],

Pét = 65 —u't, = h/mgyav (25)
_ 1
[y =uldyt, +§h” ?(029p6 + 9p9ac = 05Gap) + 1T (0] p)os
(26)
with
£ =dA. (27)

A comparison with Eq. (8) reveals that_ I_“’;ﬁ =17, in the
torsionless case. Using the connection F’;/,, which is both

gauge and Milne invariant, the covariant derivative of the
velocity field can be decomposed as

= 1 1-
V¥ =1,a" + Eg,ma)”” + Gua®™ + C—iP,”ﬂ, (28)

with the acceleration, vorticity, shear tensor and compres-
sion defined as

a' = V' = —f* u, (29)
o = Vi =NV ul = fr, (30)
o = Vi), (31)

0= Vyu”, (32)

where the angle brackets denote the traceless symmetric part
of a tensor, e.g.,

1
Alep) — Alah) _ Ehaﬂgﬂ;AV‘s. (33)

The new structure added to the NC manifold may seem
unnecessary. However, in what follows we will prove that
the existence of the notion of thermal equilibrium is only
possible on this class of NC spaces. Therefore, we will call
them thermal Newton-Cartan (TNC) manifolds.

III. MOTION OF A POINT PARTICLE

In order to covariantly formulate kinetic theory on NC
spacetimes it is necessary to be able to describe the
dynamics of pointlike particles propagating on such space-
time. To do so, we first notice that for a given curve y(1),
where A is the curve’s parameter, and tangent vectors
q = 7(4), the clock form 7 = 7,dx* naturally defines a
proper time

((y) = / : (34)

which implies that # = 7,i# (1), where dot means derivative
with respect to the parameter 1. Therefore, we define affine
parameters as the ones for which

t = const. = 7,i"(1) = const. (35)

Thus, any affine parameter is related to the proper time as
A = at + f. We then define the reparametrization-, diffeo-
morphism- and Milne-invariant action [59]
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_ / diL.
Y

h
17217 ES XMV + mm, 3, (36)

where m is the mass of the particle. Notice that under gauge
transformations, the Lagrangian £ transforms as a total
derivative. The affinely parametrized (7,4 = 1) trajecto-
ries satisfy the (nongeodesic) equations of motion

pﬂ

jCM — Z, (37)

2
. . p .
P+ Dhpps? = =2 i, (38)

where p? = h,,p*p*, and p* is the kinematic momentum
satisfying the constraint 7, p* = m. Notice that the right-
hand side of Eq. (38) resembles a Lorentz force on the
particle after interpreting —p?/2m as the corresponding
charge. The canonical momentum reads [60-62]

2
14
- 2— T,l . (39)

T, = hﬂyp” + mm .

U
However, not all components of =, are independent.4 In
fact, in a (d + 1)-dimensional spacetime, z, has only d
independent components due to the phase space constraint

1

(m, — mm,)v" + o (r, —mm,)(7# —mm*) =0, (40)
m

as can be verified from Eq. (39). In addition, the action is

invariant under gauge transformations modulo a total

derivative, which implies that the canonical momentum

transforms as a gauge field
n, = @, = m, +mo,A. (41)

Therefore, we find it more convenient to invert Eq. (39)
(making use of z,p = m) as

pF = — mm* + mot, (42)
and use the noncanonical pair (x#, p#) as phase space
coordinates, with p* obeying the constraint 7, p" = m.

Thus, the time evolution of any phase space function
F(x, p) is computed as

F =X, [F). (43)

“This can be traced to the reparametrization invariance of the
action, which implies that the theory has a Hamiltonian con-
straint.

where X; is the Liouville operator defined as

0 1 0
mXy = p* i (Fﬁﬂp”p”’ +2mP2Hﬂf;P”> o (44)

Notice that X; is tangent to the physical phase space,
since X, [z,p"] = 0.

For generic geometries, the system will not have any
Noether charge; however, our ultimate goal is to construct a
kinetic theory, where a gas of interacting NC particles can
equilibrate. In that case, it is mandatory to restrict the
problem to geometries with at least one timelike Killing
transformation. Therefore, we assume the existence of a set
of parameters yx = (&x0,.whdx", Ag) such that the NC
data is invariant under the action of 5“, i.e

0

)(Kﬂ

=6, =65, 1"=5,m,=0. (45)
Since the NC data are invariant under the transformation
X k- then it is clear that the action in Eq. (36) is also invariant
under this variation, up to a possible boundary term, and
there will exist a corresponding Noether charge [63].

Let us consider an arbitrary path deformation
x*() = x*(1) + &(x(2)). The on-shell variation of the
Lagrangian (see, e.g., [63]) is expressed as

(6]

In the last equality, we have used the Euler-Lagrange
equations. On the other hand, the symmetry variation of the
Lagrangian £ given in Eq. (36) under a Killing trans-
formation & reads

Oon = 5"

Syl = =——Xx"iP£; h hopk®iP x4 €, T,

m
P2 (z,0)?

=-m—Ag. (47)

The details of this procedure are discussed in [64—67]; for a
detailed calculation, see Appendix B 1. Now, if we replace
& by & in the on-shell variation in Eq. (46), then the left-
hand sides of both variations are equal [63]. Comparing
Egs. (46) and (47), we obtain the conserved charge as

Ok = &m, + mAg. (48)

Note that Qg is a scalar that is both Milne and gauge
invariant.

In addition, we find it convenient to fix units such that
Planck’s, Boltzmann’s and the gravitational constants take
values h = kg = Gy = 1. In these units, the relevant
physical quantities of the problem can be expressed in
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powers of length only and read [mass] = length™!/3,
[momentum| = length~!, and [energy| = [temperature] =
[time] ™! = length™>/3,

IV. KINETIC THEORY AND CONSERVATION
EQUATIONS

Kinetic theory models the statistical behavior of large
systems of particles, typically in gases, by studying their
microscopic motion. The central object in kinetic theory is
the phase space distribution function f(x, p), which gives
the number of particles dN contained in a spacelike volume
at point x and having momenta within a small range around
p- Since the number of particles is an observable, the phase
space volume needs to be invariant under all the coordinate
and frame ambiguities of NC spaces. In other words,
dN = fQ,, for some invariant volume 2d-form ,,, which
we will now construct. To begin with, notice that the
bilinear form G,, induces a volume form on the phase
space

Qg1 = Wiy A 6q416(T,p" —m), (49)

where

Oai1 = VGdp?- (50)
is a volume element on the tangent space to the point x
and w,,, is the spacetime volume formed introduced
in Eq. (10). This is analogous to the relativistic case
[68—70]. Another important ingredient in kinetic theory is
Liouville’s theorem, which guarantees the conservation of
the flux of trajectories crossing bounded spacelike domains
of the manifold. Therefore, it is necessary that Q,; satisfies
£x,8, =0 and dQ,; = 0. In fact, the following form
satisfies such properties [71]:

Q= X1 - Qg (51)

Explicitly, €,, is

pﬂ
Q= ;Eﬂ A Ggd(t,p! —m) + Q) (52)

where X, 1, €., x4 is the d-dimensional surface
element and 9’2 4 is a form proportional to @, . Thus, €,
vanishes when acting on spacelike vector fields, and as a
consequence £, , will not play a role in the kinetic theory
integrals we will consider, as we shall see later.

A key ingredient of kinetic theory is the Boltzmann
equation, which describes how the distribution function
f(x, p) evolves under the dynamics. More precisely, the
Boltzmann equation is

Xc[f] = Clfl, (53)

where the left-hand side accounts for the noninteracting
dynamics of the particles and is determined by the single-
particle equations of motion, while C[-] is called the
collision operator and it contains information about the
interactions between the microscopic constituents. We
require C[-] to obey the following properties:
(1) It is invariant under the NC transformations.
(i) Only scattering processes involving two particles
contribute to the collision integral.
(iii) The number of particles before and after a collision
does not change.
(iv) Interactions are instantaneous and local.
(v) The total energy and momentum in a collision are
conserved.’

A. Currents and conservation laws

The total mass in a spacelike volume V of the spacetime
is

M= m/ £, = m/ TZ.  (54)
VxTy v
where the particle current is defined as
p/"
— [ P fosadtept-m. (59)
T, m

with T, the tangent space at the point x. Associated to the
observer with velocity v*, we can define the amount
of kinematic momentum P, and energy contained in a
volume V

P[l :/ pnyZd:/(,Pﬂvy"’_Tﬂahav)ZvE/ Tﬂy<x)2u
VxTy v v
(56)

1
E=_— P2fQy = / E(x
VxTy

oo e _;M>m o

where the corresponding currents are defined as

H oV
700 = [ P2 fopadeup = m), (58)

" 1 p'p'p®
&g (X) :%gpy/T

When writing Egs. (57) and (59), we exploited the fact that
for matter at nonzero density there always exists a velocity

foand(z,p' —m).  (59)

>We assume that the geometry fields vary slowly compared to
the distances and time intervals at which the interactions happen.
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field u# associated to the rest frame, so that the spacetime
has the structure of a TNC manifold described in Sec. II B.
Consequently, the energy current £ has been defined so
that the observer-ambiguous contribution has been sub-
tracted. The energy current £ is Milne invariant and can be
interpreted as the energy flux in the fluid’s comoving
frame. Moreover, we have decomposed the invariant
“thermal” stress-energy tensor 7#¥ into the frame-
dependent momentum density P, and the stress tensor
T, The invariant and frame-dependent currents are related
as follows:

TH = RRPT o+ Por? + Pyt + m(7,J7) 0" v,
(60)

& =14 THa (ua - % u21a>. (61)

As we show below, in the hydrodynamic regime, all the
microscopic information of the system is encoded in
constitutive relations for the invariant currents. Also notice
that the particle current and momentum density obey the
Milne-Ward identity

P, =mh,J". (62)

Typically, in kinetic theory it is useful to introduce the
higher moments of the distribution function, which in our
NC description can be defined as

Ialaz T —/fpal pa2 .o .panad+15< p/" — )7 (63)

which satisfy the equations (see Appendix B3 for a
detailed derivation)

(vﬂ + Hﬂvul/>z—/‘a2"'an

1
S / P p X, [flo g8z, pt — m)

m
n—

1
H(angﬁyzﬂml%ma")- (64)

If f is a solution of the Boltzmann equation X, [f] =
Eq. (64) becomes

(vﬂ +H”Uuy)z-”a2..~a” — ]Caz...an _nT_lH(azl)g/}yIﬁyp‘a‘%ma") ,
(65)

where

JCoa — _/ a .. anc gd+15<rﬂp" - m) (66)

We can identify

= ﬂgﬂvz—m/a' (67)

U — TH
j b 2

TH = mIM, &
The requirement that collisions conserve particle number,
momentum and energy imply the following properties of
the collision operator:

K =0, K+t =0, Gu KM = 0. (68)
Thus, the equations of motion for the mass, momentum and
energy currents reduce to the set of conservation equations
(with the derivation of the equation for & relegated to
Appendix B 5):

(V,+H,,u")J" =0, (69)
(V, +H,,u")TW = —H" ¢, (70)

(V + Hyu’ )& = —H, ,u&" —THgq,, \Y . (71)
We see that (69) and (70) are not independent since the
former is obtained after contracting the latter with the clock
form z,,. In addition, the momentum and energy conserva-
tion equations (70), (71), show energy-related ‘“Lorentz
force” and “Joule heating,” respectively, consistent with the
single-particle equations of motion (38). Most importantly,
Egs. (69)—(71) agree with the Ward identities derived in
Refs. [38,58] using a field-theoretical approach, showing
the reliability of our kinetic theory. We emphasize
Egs. (69)—(71) contain the same information as the set
of equations that we could have obtained if we had worked
with the frame-dependent currents.

B. Detailed balance and thermal equilibrium

Before introducing the notion of equilibration, we find it
convenient to define the entropy

S=- flog fQy4, (72)

VxTy

where V is a spacelike volume of the spacetime and 7'y is
the tangent space to V. The entropy satisfies

S=X.[S]>0. (73)

We define a local equilibrium state by a distribution
function f( that saturates the inequality in Eq. (73), i.e.,
S = 0. This happens if log f, is a collisional invariant, so
that £, obeys the detailed balance condition C[f] = 0. We
will call f;, a hydrodynamic distribution function.
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According to the above discussion,

Jolx, p) = Nexp [Qo(x, p)], (74)

with V' a normalization constant and Qy(x, p) the colli-
sional invariant

Qo = a(x) + &(x)h,p* = r(x)p*, (75)

where a(x), y(x) and &“(x) are arbitrary functions con-
strained by the requirement that Q, must be a scalar. By
completing the square, O, can be expressed as

1

Qo = —5——(p - mu)* +

2mT ’ (76)

NI=

where 2mT = y~!, u* = T& and u = Ta + mu?/2. The
invariance of Q, under Milne boost fixes w7, = 1,6 which
implies the useful relations

w = TE. (77)

Finally, the collisional invariant can be expressed in the
form of Eq. (48),

Qo = &'m, + mA, (78)
with the gauge parameter A satisfying the relation

Mo e

T = A, + A (79)
We interpret the parameters 7, u”,u as hydrodynamic
temperature, fluid velocity and chemical potential,
respectively.

On the other hand, a generic hydrodynamic distribution
function f; will not be a solution of the full Boltzmann
equation. In addition to requiring C[f.q] = 0, the equilib-
rium distribution f., has to be a constant of motion
satisfying

XL[ eq] =0. (80)

Following an explicit calculation

Appendix B 2, we find that

of Xg[fo] in

1
mXL[ 0] = fO (x’ p) <mpﬂ6;(A/1 - 5 pap/}g(wgf)’uéj(hﬂy

1
~om haﬂp"pﬂpyém> , (81)

%Under Milne boost §Q o (p* — mu*)z,, which has to vanish
on the mass shell.

where the relation between y = (£9,,0,A) and the
thermodynamic variables (7, u*,p) is fixed by Egs. (77)
and (79). If X, [fo] = 0 is to be valid for all momenta, we
need to have

6,1, = 5)(haﬂ =06,A, =0, (82)

which is equivalent to requiring that y = yx with yx being
a Killing transformation, see Eq. (45). Thus,
feq = exp [Qk(x. p)]. In fact, the Killing conditions in
Eq. (82) can be equivalently expressed in terms of the local
thermodynamic variables (7, u*,u) as hydrostatic condi-
tions, derived in Appendix B 4:

W9, T =0,  ("+H'u")T =0, (83)

Wou=0,  To" <§) fmat =0,  (84)

6 =0, o = 0. (85)
Note that temperature, fluid velocity and chemical potential
are well-defined variables only at equilibrium where they
are entirely fixed by the isometries of the space-time, and
that on manifolds without timelike Killing symmetry
equilibration is not possible.

In the next section, we show how the formalism
introduced in this section can be used to find the equilib-
rium distribution function of a gas in a noninertial frame of
reference. Then, in Sec. VI we will start exploring out-of-
equilibrium physics by deriving the equations of Milne-
invariant hydrodynamics.

V. ROTATING GASES: REST FRAME AND
EQUILIBRIUM

The primary goal of this section is to highlight the crucial
role played by the Milne boost in shifting between the rest
frames of different observers. For simplicity, we will
consider a two-dimensional NC spacetime’ of the form
(18) deformed by a static rotationally invariant scalar
potential. In addition, we will assume a gas rotating rigidly
on such a geometry with angular velocity Q. In polar
coordinates (7, p, ¢), the fluid velocity reads

u'o, = 0, + Q0. (86)
The Milne-invariant fields for such spacetime are 7 = dt

and W0, ® 0, = 9, ® 9, + p~20,, ® d;. In the first frame
to be considered, the Milne-dependent fields read

"The discussion straightforwardly generalizes to the three-
dimensional case.
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Non-rotating frame p = const.
2n
Q L,/ A
’ / ) v , / Change Of
t ,”/ ,”/ ,/ coordinates
© 7 | fid 0'=9-Qt
' / / worldlines
0
0 [0} 2n
Milne 5 Milne
' piad dx=p’Qd
boostl \C p Qdd boostl v, dx"=p’Qd¢
Co-rotating frame
2n 0 0 2n n
Q
change of
t coordinates t
o'=¢-Qt
0
0 0
0 ¢ 2n ¢'
2n

FIG. 1.

Shifting to the reference frame corotating with the fluid, as described in Sec. V. The worldlines of the fluid elements (red

dashed lines) at a fixed p are plotted for different coordinate systems: (7, ¢) and (¢, ¢'), and different choices of the reference velocity: v*
and ™. The tilt of the 7 axis is given by the angle between 0, and 9, (left column) or d (right column) calculated using the metric

(top row) or hj,, (bottom row).

hy, dx*dx” =dp>+ p*dg?, v"0,=0,, m,dx'=—q(p)dt.
(87)

Notice that relations (6) imply that the vorticity of such
family of observers vanishes, whereas their geodesic
acceleration is ay = ¢'8.

On the other hand, we notice that by using the Milne
parameter y/, dx* = p>Qd¢, we can change the frame such
that the new reference velocity is v* = u# = v* + Wy,
By construction, on such a frame the geodesic acceleration
a!, and vorticity @"; will coincide with the ones of the fluid.
In the comoving frame, the primed Newton-Cartan data
reads

h, dxtdx* = dp* + p*(dgp — Qd1)?, V"0, = u'd,,

mdx* = — <(p(p) - ;p292> dt + p*Q(d¢ — Qdt).
(88)

However, the worldlines of the fluid elements are not given
by paths with a constant ¢ since u*d,¢ # 0, see Fig. 1. To
define the rest frame of the fluid, we require that in addition

to adjusting the reference velocity such that »* = u”, the
coordinate system has to be also adjusted such that
u’09,x" = ;. In our problem, after performing the change
of coordinates ¢ =1, p' = p and ¢’ = ¢ — Qt, the basis
0,0y gets locked to the motion of the gas, and the NC
fields become

h, dx"dx" = dp” + p"*dg?, V"0, = 0y,

1
mydx'" = — ((p(p) - §p292> dt + p*Qdd’. (89)

After calculating the field strength F,, = d,m;, — d,m,, the
geodesic acceleration and vorticity can be found as

o = (¢f =P, (90)

o) =2Qu%, M. (91)

Remarkably, this geometric formulation naturally encodes
the similarity of the noninertial effects (the so-called

centrifugal and Coriolis forces) to the Lorentz force of
electrodynamics. Notice also that if the scalar potential is
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harmonic such that ¢ = 1/2Qp?, the centrifugal force will
cancel with the central force and the acceleration vanishes.

This example illustrates how the presence of the gas
naturally allows us to extend the original NC structure into
the thermal NC spacetime introduced in Sec. II B using the
fluid velocity. In fact, the Milne-invariant fields g,,,A,
correspond to h;,D,m;, respectively, in our construction.
Therefore, in the thermal NC language, the fluid rest frame
is given by the geometric data (z,,u”,h", g, .A,)
expressed in coordinates such that u* = &,.

In addition, since the spacetime considered here pos-
sesses Killing vectors 0,9y, and the fluid velocity is a
linear combination of them, u* is a Killing vector. A
straightforward calculation reveals that the hydrostatic
conditions in Egs. (83)—(85) are satisfied if the chemical
potential and temperature are

T = const, (92)

1
u=-p)+ Epzﬂz + const. (93)

This relation implies that in flat space, finite particle density
at infinity requires the scalar potential to diverge as
1/2Qp?, with the fine-tuned case ¢ = 1/2Qp? correspond-
ing to an equilibrium state with uniform density. Contrary
to relativistic gases where causality forbids equilibrium
states with rigid rotation, nonrelativistic gases have no such
formal obstruction, although such equilibrium can be
considered unphysical due to the divergence of the par-
ticles’ density at the spatial infinity.

VI. NC HYDRODYNAMICS FROM KINETIC
THEORY

One of the most important contributions of kinetic theory
is that it provides a microscopic foundation for hydro-
dynamics of weakly coupled gases. Therefore, in order to
lay the groundwork for future developments and uses of our
formalism, in this section we derive equations of Newton-
Cartan hydrodynamics and fix the first-order transport
coefficients in two- and three-dimensional gases. The
results are compared to analogous noncovariant results
scattered in the literature.

A. Zeroth-order hydrodynamics

From this section onward, we specify to the torsionless
case H,,, = 0 for simplicity. Importantly, this also removes
the distinction between the different covariant derivatives,
so that vu =V,.

Let us start our discussion of hydrodynamics by calcu-
lating the ideal particle current J%, stress tensor 74" and
energy current &, defined with respect to the hydro-
dynamic distribution function f, given by Eqs. (74) and
(76). Evaluating the Gaussian integral gives

Jb=VGm™ / d*' ps(z,p” —m)p* fo
= cN(2amT)4? et/ Tut = nut. (94)
Similarly, the other currents can be evaluated as

T4 = pu'u® + ph*,
&y = eut, (95)

where the mass density, internal energy and pressure are
p=mn, €= % and p = nT respectively. On the other
hand, the ideal constitutive relations for an observer with
velocity v* are

Pﬂ = puy, T/w = ph/wv (96)

& = <€ + g u2> ' + pPiu’. (97)

More generally, all the moments Zy'™"™™ of f, can be

calculated explicitly thanks to the Gaussian form of the
distribution function. These moments consist of all fully
symmetrized combinations of #* and m~!Th** multiplied
by n.

As previously argued, f solves the Boltzmann equation
only in the hydrostatic regime. Therefore, Eq. (95) are exact
only at equilibrium. However, since hydrodynamics is
based on the idea of local equilibrium, it is natural to
expand the out-equilibrium distribution function around the
hydrodynamic distribution f,(x, p) evaluated at non-
hydrostatic velocity, temperature and chemical potential
defined as in (77) and (79), so that f(x,p)=
fo(x, p) + 6f(x, p). Consequently, we split the moments
of the distribution function f(x,p) into Z®% % =
o' 4 sZ@% % In addition, we restrict the analysis
to systems where the relaxation time approximation is
applicable

e =-2 (98)

9
Teoll

with 7., a phenomenological parameter that by construc-
tion is a scalar. With this choice we have

1
ST, (99)

Teoll

o —

However, (covariant) conservation of particle number,
momentum and energy requires 6Z =061V =g, 61" =0,
conditions that are automatically satisfy if we fix the Eckart
frame [58,72]. The ambiguity in the definition of the
hydrodynamic variables (u, T, u*) is fixed by requiring
that the equations of state and the particle current do not
receive higher derivative corrections

105007-10



NONRELATIVISTIC TRANSPORT FROM FRAME-INDIFFERENT ...

PHYS. REV. D 112, 105007 (2025)

d

n=cN (2zmT)%?et/T, ezznT, JH=nu. (100)

Notice that in the discussion of hydrodynamic frames, the
emphasis is usually placed on fixing the velocity. However,
we stress that it is essential to fix all thermodynamic
functions that are not uniquely defined out of equilibrium.

The out-of-equilibrium currents then can be expressed as

Tw = pubu? + ph + o, (101)

EF = eu + g*, (102)
with the higher order corrections to the currents a transverse
tensor a vector respectively, defined as 7 = moéI*
q' = %9,461"“. In addition, the correction to the stress-
momentum tensor is traceless g, = 0. With these
definitions, the conservation equations (69), (70) and
(71) can be rewritten as equations of motion for u, u”
and T:

u'd,n + nV,u* =0, (103)

u'V ¥ + ho,p +V, o =0, (104)

d #0,T + nTV u* + g,V u’ +V,¢" =0 105
Enuﬂ—kn W+ 7g, Vo’ +V,q" = 0. (105)

Furthermore, the general equation of motion for the
moments is given in Eq. (65) can be rewritten as

VM(sI/ml"'ak — o = San---0x (106)

where we define

S(ll...ak = _vﬂz-g{llu.(lk (107)

and from Eq. (64), remembering that H,, = 0, we have

1
S — _W/GLH»I(S(TDPD — m)pal .. .pakXL[ 0].
(108)

The term X, [f] was already calculated in Eq. (81), where
it was found to be proportional to 6,4, 6,A, and 5,7,.
This explicitly proves that S*+7 vanishes when in
equilibrium.

Equations (103)—(105) contain two unknown tensors, 7/
and ¢*, which have to be determined in order for the system
of equations (103)—(105) to be solvable beyond the ideal
order. In the hydrodynamic approach, this is done by
expanding 7 and ¢* in spatial gradients of the hydro-
dynamic variables 7', y and u*. A gradient expansion that
generalizes the Chapman-Enskog method to a NC gas can
be performed if the timescales of out-of-equilibrium

perturbations are much larger than the timescales at which
nonconserved quantities relax, so that local equilibration
can be assumed. Due to the rather technical character of
these calculations, we relegate the details of the gradient
expansion procedure, as well as a more thorough discussion
of the assumptions involved, to Appendix A.

B. First-order constitutive relations

In this section we present the constitutive relations for z#*
and ¢* at the first order of the gradient expansion. Even
though the transport coefficients calculated this way agree
with the ones found in the literature, our formalism allows
one to unambiguously determine the form of constitutive
equations and the values of transport coefficients for
rotating gases in a covariant manner. All the formulas in
this section are derived in Appendix A.

1. Two-dimensional rotating gas

Let us first consider the hydrodynamic flow of a two-
dimensional gas around an equilibrium state with non-
vanishing vorticity. Therefore, we define the vorticity
pseudoscalar

1
— v
B =_—ule,, f*".

> (109)

The vorticity scalar field, defined in this way, contains a
contribution of the Coriolis force as measured in the rest
frame of the fluid. In that case, we can identify B = 2Q
with Q the angular frequency, according to Eq. (91). The
first-order stress tensor can be written as

™ = —nZZUO‘ﬁ . (110)
Since in two dimensions there exist two rotationally
invariant traceless symmetric tensors [73], the viscosity
tensor a’/; can be written as a sum of two terms

= KO Ao, )
The superscript “(e)” corresponds to a parity-even viscosity

tensor, while “(0)” corresponds to a parity-odd one.
Explicitly,

ng = PUPY. g = cTwe Py (112)
The viscosity coefficients are

2
) 4pBrgy (113)

2'pTcoll (o) —
1+ (2700113)2

Ao = ZFel
1+ (2700113)2
Regarding the “heat” current g¢*,

q" = =T — kO wre,), T, (114)
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with the even and odd thermal conductivity coefficients
equal to

et+p TgouB
1 + <TC0HB)2 ‘
(1 15)

o) 2 EFP Mmoo
P I+ (TCOHB)Z P

The constitutive relations in a frame with observer
velocity v# up to the first order in the derivative expansion
read

Py = puy, T/w = ‘ph;w - nlwaﬂgaﬂ’ (116)
&= (e +gu2> u' + pPhlut — kK Oo*T
— k(@) w’e,, h* o T — q‘;;u,,cr“ﬁ. (117)

2. Three-dimensional rotating gas

Let us now consider the more complicated case of a 3D
gas. In order to express the constitutive relations cova-
riantly, we first introduce the vorticity vectors with lower
index (B,) and upper index (B*), their norm |B|, and the

corresponding unit vectors b, and b*, as follows:
L, ov u v
B, = EM Epon) s B* = W"B,,
B B*
|B]> =B'B;, b, =", = (118)
] |B|

Note that the vectors above are purely spatial, i.e.,
7,b* = u"b, = 0. They can be used to form two spatial

projection operators, R, longitudinal to b* and Q) trans-
verse to bH:

R =brb,, Q! =P'— kb, (119)

The viscosity tensor ’7,1/; in the absence of bulk viscosity can
be written as a sum of five terms [2,74],

o). (le)uv e). (2e)uv e
ﬂuﬁ*ﬂl naﬁ)ﬂ +/1(2)( vy a3 )'h(zﬁ)

-I—l(l()) ( ) +ﬂ’(20)’7{(1 o)y (120)

Explicitly, the tensors have the form
1

”éﬂe)m/ :RtgﬂR;}’ '7,(1/ =R MQﬁ s 77;5 Qa Qﬁ s
lo)u 2¢

'1((1/1)> - upbnepa/laR;} hb> ’ WEI/J)W = upbo.epﬁ/laQ/} hu .

(121)

Let us work in cylindrical coordinates (z, p, ¢) where the z
direction is aligned with the vorticity vector, i.e.,
B,dx* = Bdz. In the case of a rotating gas, B = 2Q and
z is the direction of the axis of rotation. Due to magnetic
field anisotropy, viscosity coefficients are different for the
different directions:

2pteon 2pTeon
Ale) =2 , Ao = _ZFcoll o g(3e) - “Tcoll
PPl 1+172,B 1 +472 B
(122)
2(10) — 2pBr, (o) APBTY (123)
1 + TcollB ’ 1 + 4TCOHB .

The heat current g reads

(ORER™0,T — k29 Q4 ™0, T — k)7, n,e"0,T,

(124)

q" = -x

with the thermal conductivity coefficients equal to

(o) €1 P (2¢)

€ +p NTeon
NTeoll» K -

p 1+ TgonBz’

(o) — €E+p nBTCO11 .
P 1 + Tnco]lB

(125)

The values of the viscosity and thermal conductivity
coefficients given above agree with the ones found in
literature [48,49,75-77]. Note that in nonrelativistic kinetic
theory, bulk viscosity is identically zero when the kinetic
energy is fixed in terms of hydrodynamic variables n, T and
u* as in Eq. (100) [1,48].

VII. FRAME-DEPENDENCE PARADOX AND ITS
RESOLUTION

In the scientific literature, a great deal of controversy
about the principle of frame invariance can be found. Let us
present the matter of the debate in the language of the NC
kinetic theory. Assume for concreteness a two-dimensional
gas with zero shear, ¢/ =0, but nonzero gradient of
temperature: 0,7 # 0. The traditional approach used,
e.g., in Ref. [6], is to perform the gradient expansion in
the frame comoving with the observer, rather than in the
frame comoving with the fluid. In other words, the gradient
expansion is performed using v# of the observer, together
with the corresponding £, and F,, instead of the fluid-
frame quantities u*, g, and S+ At the first order, this is
equivalent to using the Milne-boost-dependent vorticity
scalar B = 51”¢,,, F*" instead of the Milne-invariant one
defined in Eq (109). Let us see what effect it has on the
constitutive relations. Firstly, for an observer with zero
vorticity, B = 0, the heat current is given by
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qlll = —Tcoll (ZYLT)d”T ( 126)

Now let us change the frame of reference to one rotating
with frequency €, as in Sec. V. This gives a nonzero
vorticity B = 2€, and, following Eq. (114), we then have

Tcoll<2nT)
1+ 472 ,Q%

C

272,Q(2nT)
T a,ee

coll

g W0 T.

(127)

The problem is that ¢/ # ¢, despite the seemingly covar-
iant notation for ¢#. This apparent contradiction led the
author of Ref. [6] to conclude that constitutive relations
depend on the observer’s frame of reference. Taking this
point of view, however, leads to a paradoxical situation: the
heat transport equation in the absence of shear,

d
EnuﬂaﬂT +nTV,u' +V,q" =0, (128)

appears to change its form under different choices of
observer frame, even though 7 is a frame-invariant scalar.

The source of the problem, then, is that the usual

Newtonian approach to nonrelativistic physics implicitly
introduces the observer velocity v#, which is in principle
arbitrary, into the gradient expansion procedure. The way in
which ¢* enters the formulas is difficult to spot in a
Newtonian formulation, and only becomes evident in a
Newton-Cartan treatment. The paradox can be resolved by
replacing »* with an unambiguously defined timelike (in
the sense 7,0 = 1) vector field. Since for generic gases it is
only possible to define one such field, namely the fluid
velocity u#, it becomes clear that a truly covariant kinetic
theory can be obtained after replacing »# with u* in the
constitutive relations, which is equivalent to setting the
observer velocity »* = u* in the conventional Newtonian
approach. This is also consistent with the solution proposed
in Refs. [15-17], which suggest that constitutive relations
should be calculated in the reference frame corotating with
the fluid.

Our argument rests on the following chain of reasoning:

(i) Coordinate independence is a foundational principle
in both relativistic and nonrelativistic physics. In the
latter case, the Newton-Cartan framework includes
not only diffeomorphism invariance but also Milne
boost symmetry as a gauge redundancy.

(i) In the presence of a thermal fluid, the fluid velocity
field u* selects a preferred element in the Milne
equivalence class, spontaneously breaking this sym-
metry. This breaking is not an artifact of coordinate
choice, but rather introduces fixed background
structures—such as #* and g,,—that do not trans-
form under Milne boosts and are physically mean-
ingful. These backgrounds play an essential role in

defining thermodynamic and hydrodynamic quan-
tities.

(iii) The constitutive relations must be built from Milne-
invariant data, even if Milne boost symmetry is
spontaneously broken. This is analogous to con-
structing observables in gauge theories from gauge-
invariant combinations of fields. The comoving
frame naturally arises as a consequence of this
symmetry-breaking pattern, not merely as a prag-
matic or “obvious” choice.

(iv) Thus, our claim is that the Milne gauge structure and
its spontaneous breaking by the thermal state are
essential ingredients for a conceptually complete
and consistent theory of nonrelativistic, covariant
kinetic theory. This insight appears to have been
largely overlooked in previous treatments, which
either worked in fixed frames or implicitly broke
Milne invariance without recognizing it as a gauge
symmetry.

We now turn our attention to two distinct approaches
aimed at addressing the issue of frame invariance in
Newtonian physics through the use of covariant
formulations.

Firstly, Matolcsi in [20] introduced a mathematical
framework describing the flat nonrelativistic four-dimen-
sional spacetime. This formalism was then used by
Matolcsi and Gruber in [24], where they developed kinetic
theory that they argued to be frame-invariant. Matolcsi’s
approach restores frame indifference by eliminating any
reference to specific observers or coordinate systems. The
underlying affine structure of this spacetime provides a
canonical flat, torsion-free covariant derivative defined by
directional derivatives, so that parallel transport is path
independent and compatibility conditions uniquely deter-
mine the clock form and spatial metric. In this sense,
Matolcsi’s construction can be regarded as a particular
realization of a Newton-Cartan spacetime with closed clock
form and flat connection. While this formulation success-
fully resolves frame indifference in the flat case, it does not
directly address the origin of apparent violations in coor-
dinate-based implementations, nor does it offer a route to
incorporating curvature or more general geometric struc-
tures. The framework developed here aims to close this gap
by extending frame-indifferent formulations to settings
where coordinate descriptions are indispensable and where
nontrivial Newton-Cartan geometries may arise, thereby
enabling applications in both flat and curved nonrelativistic
spacetimes.

Secondly, Frewer in [35] considered the issue of frame
invariance in the context of curved manifolds that are NC
geometries in our formalism. His solution consists of
expressing constitutive equations using tensors called in
our notation #* and g,,. While expressing the constitutive
equations using these tensors is fundamental to our solution
of the paradox as well, Frewer makes no mention of the
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observer velocity v* or the Milne symmetry. In conse-
quence, the reason behind the failure of the previous
formulations remains a mystery. In fact, unlike the present
paper, Ref. [35] is not concerned with developing a
covariant kinetic theory, and consequently a covariant
implementation of the gradient expansion procedure is
also lacking.

VIII. DISCUSSION

The findings of this study significantly advance our
understanding of the kinetic theory in nonrelativistic
gravitational settings, facilitated by the NC framework.
In both relativistic and nonrelativistic settings, physical
theories must remain observer independent, even when
spacetime symmetries are broken. In Newton-Cartan geom-
etry, fluids in equilibrium select a preferred frame, sponta-
neously breaking Milne-boost invariance. This breaking
introduces fixed background fields, such as the fluid
velocity, which do not transform under the broken sym-
metry. Though the equations remain covariant, these back-
grounds encode physically meaningful symmetry breaking,
making its effects observable. A consistent use of observer-
independent data is pivotal in establishing a robust theo-
retical foundation for analyzing gases and fluids in gravi-
tational fields. As a consequence we are also able to resolve
a long-standing puzzle in kinetic theory that concerns the
covariant formulation. Without explicitly enforcing the
Milne boost symmetry, and pointing out where the tradi-
tional approach to kinetic theory fails to observe it, it is
impossible to understand the resolution of the frame-
indifference controversy. Previous attempts to solve this
problem have missed this symmetry and thus have not
been able to provide a clear physical explanation of the
paradox.

Our work not only advances the theoretical understand-
ing of kinetic theory in curved spacetime but also opens up
new avenues for experimental investigation in ultracold
atomic systems. The integration of geometric potentials and
quantum vortices provides a rich framework for exploring
the dynamics of superfluids, and the experimental feasibil-
ity of studying these systems in microgravity environments
further enhances the potential impact of our findings.
Recent experimental advances in Bose-Einstein conden-
sates on the International Space Station allow the creation
of ultracold atomic bubbles [78,79]. This provides a
promising possibility to investigate a bubble-trapped super-
fluid experimentally. Motivated by this experimental
progress, there has been a renewed interest in the dynamics
of few-body vortices on curved surfaces [80-83], offering
different perspectives on the mathematical treatment of
point vortex dynamics on curved surfaces.

The covariant formulation of kinetic theory allows one to
systematically study transport in noninertial frames and
under the influence of gravity. Helioseismology has

unveiled the internal rotation profile of the Sun [84].
The inner radiative zone exhibits rigid rotation, whereas
the outer convective zone displays a complex differential
rotation profile. Separating these two zones is a thin layer
known as the solar tachocline, which marks the transition
from rigid to differential rotation. Current observations
indicate that the tachocline’s thickness and position remain
relatively stable over time, and it is characterized by strong
toroidal magnetic fields. The dynamics of the solar tacho-
cline are a focal point of extensive research [85]. Typically,
the plasma dynamics within this thin layer are approxi-
mated by the shallow water magnetohydrodynamic equa-
tions [86]. In this approximation, the curvature effects are
neglected. Our frame-indifferent kinetic theory approach
enables a systematic incorporation of geometric effects into
the magnetohydrodynamic equations and shedding further
light on the dynamics of the Sun.
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APPENDIX A: GRADIENT EXPANSION

By examining Eq. (63), the following relation between
the kth and the (k—1)th moment of the distribution
function can be derived:

Takzalaz“'ak—lak = T Uy (Al)
In other words, the temporal component of the kth moment
is equal to the (k — 1)th moment. Therefore, we can focus
on finding only the spatial components of the moments. We
distinguish the purely spatial parts of Z®1% % %% % and
S by a plain font:

[a%a — pYp%
a)” a,

I_)af‘z-a’l a/z...ak’
] a

k
oo — pr px D frd, oo
K12 k_P(flPa/ZPa;{ICIZ k,
DA DA DA, Lol
S = PUPS ... pU GG
1 2 k

(A2)

Note that the spatial projection used here is the one defined

in Eq. (25) using u*. Applying the projection operators

PO P% - P% to both sides of Eq. (65) gives, in the
1

2 k
torsionless case H w = 0,

105007-14



NONRELATIVISTIC TRANSPORT FROM FRAME-INDIFFERENT ... PHYS. REV. D 112, 105007 (2025)

= = = / /
PUP% ... PUY, THadd, — aaa (A3)
1 2 k

The projection operators on the left-hand side of Eq. (A3) can be shifted inside the covariant derivative at the price of
generating new terms in the equation, which is described in detail in Appendix B 6. In the end, Eq. (A3) takes the

form

(£, + V) [0 -V [FO- 0 4[RO (gl [0 01 D[HO Tt )

S halﬂ(uﬂjazmak + 2[#0!2"'ak)](g/{0vﬂuﬁ) = K% %,

where the Lie derivative of /%1% with respect to u* is

£u1a] O — u”dﬂl”""“k — JHa aﬂ [T —— ] »--ak_lyaﬂuak .

(AS)

By splitting V,, u’ into its components as in Egs. (28)—(32),
we can write Eq. (A4) in a compact form as
T(k)](k) _|_D<k)](k+l) +E(k)1(k—1) =KW, (A6)

where I®) and K®) denote symmetric tensors with & indices
defined in Eq. (A2) with the indices left implicit, and we
have defined

[T<k)l(k>]ala2”'ak = (£u + 9)[“102'“0‘/« + k[ll(%“‘“kfﬂ“l)gﬂw

(A7)
(D] = v e (AS)
(B I0=0]ore = g fo) e (A9)
where
_ 2
JH = fr 4 20" + Eh/‘”e. (A10)

We use the convention that /=) =0. The notation
emphasizes that T is a linear map from the
space of symmetric tensors with (k) indices to itself,
Ty {10} > {10}, while Dy: {1*D} > {10} and
Ey: {1V} - {I®}. Physically, T ;) corresponds to a
combination of a generalized time derivative and the action
of a generalized magnetic field, D is the generalized
spatial derivative, while E( gives the action of the
generalized electric field.

Within the relaxation time approximation, see Eq. (99),
the general equation (A6) can be further rewritten. Firstly,
the equations for k = 0, k = 1, and the trace of the equation
for k = 2, can be expressed as

(A4)

uto,n + nV,u" =0, (A11)

Wo,p — mnf* u* +V, " =0, (A12)

d “o, T v, u* + g,V u” +V,¢" =0 Al3
Enu , T+ nTV,u" + g, Vu’ +V,q¢" =0, ( )

i.e., they take the form of equations (103)—(105). Secondly,
the equations of motion for the out-of-equilibrium
moments 61?7 take the form

[7(2)51@ 4 D<2)51(3)]<aﬂ> = Slab) (A14)

T (1y01®) + D S1*+D) + E ) 516D =W k>3, (A15)

where S is the spatial part of the operator defined in
Eq. (108) with k indices that we leave implicit, and 7 ) is a
combination of 7', and the collision operator:

[T(k)(S](k)](ll"z"'“k — <£u + Q)(Slalaz"'ak + k5]ﬂ(0‘2"'ak]_ﬂ/|al)gﬂb

+ L5[0!|(lz'“(lk'

Teoll

(A16)

We will now examine the requirements for the hydro-
dynamic approach to be valid. As discussed in the main
text, the condition is that the frequencies of out-of-equi-
librium perturbations are much smaller than the relaxation
rate 1/7.,;. What complicates the matter is the fact that
there are multiple frequency scales that can be defined in
this context. To find them, we first introduce a set of
operators: {£,.0"%g,,.0,Lh*V,V,}. Then, we can for-
mally define the set of characteristic frequencies of the out-
of-equilibrium perturbations {w, ¢, 0, w3} as the maximal
magnitudes of the eigenvalues of the above-defined oper-
ators acting on 6Z¥). In the hydrodynamic regime, we
require max{w,o,0,wr} < 1/7.;. This brings about
two simplifications: one of them is that the terms containing
£,, 0 and ¢ in Eq. (A16) are subleading with respect

to ;51 () the other one is that on dimensional grounds

ST ~ max{ gy, /T /m 61",

for the magnitude of velocity

estimate
stands

we can
where U,
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perturbation out of equilibrium, so that D5/*+) ~
(6810, 051, 0 610)) < 1/7,5;61%), and consequently
in Eq. (A15) the gradient term D(;,51%*1) is subleading.
This is the essence of the gradient expansion: all the out-of-
equilibrium terms are assumed to be subleading, such that
an expansion in powers of 7@, 7.0, Teon?, Teon@r can be
carried out.

The assumptions discussed above significantly simplify
the calculations of the first-order gradient corrections.
Firstly,

[T(k)(s[(k)]‘llar‘ak ,@Lé}alaz‘“ak — k&]ﬂ(az'“akfal)vgﬂw

Teoll

(A17)

so that 7 ;) can be represented as a tensor with k lower and
k upper indices rather than as a differential operator.
Secondly, in Eq. (A14) the term D 5)51 () is at least second
order in gradients and can thus be neglected, and con-
sequently

o = msl" = m[T ;) S?)%). (A18)
Using the definitions in Egs. (A2) and (108) one can

calculate (the details of the calculation are relegated to
Appendix B 7):

2nT 2nT
—0

S(l/)’ — __h/’<avﬂu/}> = — a/i. (A]g)
m

m

Analogously, from Eq. (A15) we can deduce that up to the
first order in gradients

SI3) — 7—(—31)(5(3) _ E(3)6l(2)). (A20)
In Appendix B 7 we calculate
3nT
Sa/iy — _ Lz h((lﬂa?’) T. (AZI)
m

Following Eq. (A18), the stress tensor 7*¥ can be
obtained by inverting the operators 7 ;). In the hydro-
dynamic regime, 7 (,) can be treated as a four-rank tensor
such that

mS» =T . (A22)

Since vorticity 2V#u*) = f# can be nonzero in equilib-
rium, we take the vorticity scalar defined in Eq. (109) to be
a zeroth-order quantity that has to be taken into account. In
two dimensions, we will choose to do calculations in polar
coordinates (p, ¢). In the basis {77, 7%, 177},

11“ —2pB 0
Ta/j/‘” = B/p Tcloll —PB (A23)
1
0 ZB/p Teoll
Changing the basis to {tr[z]/2, 7"}, ¢},
L 0 0
coll
T, = 0 L 2B (A24)
0 2B/p Tl“
Inverting this matrix, we obtain
2
LTQOM —__ Teol . 2718 pot?,
2nT 1+ 41%0“32 1 —|—4T%0“Bz
1 T, 272 B
ey — _ coll o coll . (A25
nt’* 1742, 87" T1742,B (425)

coll coll

After comparing Eq. (A25) with the definitions in
Egs. (110) and (112), we can read off the viscosity
coefficients, which are presented in Eq. (113).

In three dimensions, we work in the cylindrical coor-
dinate system (z, p, ¢), where the z direction is aligned with
the vorticity vector defined in Eq. (118), i.e., B, dx* = Bdz.

In the basis {tr[z]/2, (¢? — p?>9%)/2,77?, % 797 ¢},

L 0 0 0 0 0
0 & 2B 0 0 0
02B/p ~ 0 0 O
T(X[fﬂy — coll 1 (A26)
0 0 0 L —pBO
0 0 0 B/p - 0
0 O 0 0 0o -

Teoll

Inverting this matrix we obtain
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1 zler) — p2gldd)

A = — Zeoll o — p26¢¢ _ 21(2;0113 6/)(/)
2nt 2 1+ 47,8 2 1 + 472, B? ’
. priot) — —Tell_opp 203y B 0" —pPc?? ’
2T I +42,B? 1+ 472 ,B? 2
2
LT@Z) — _ Teoll P — TCOHB /)0452’
T 1+ 75 B 14 72,B?
! T 2B
- <¢Z> — coll ¢Z coll e
27" L+ 75y B2 PoETTE TeonB? -
1
ﬁ1<zz> = —Teon0. (A27)
n

Analogously, to calculate ¢¥, one needs to invert the operator 7 (3, as seen from the definition ¢* =% g,,ﬂél"/”” and
Eq. (A20). In two dimensions, in the basis {61/, 51’7 519 51997}, T 3 reads

L _3,B 0 0

Teoll

B/p % -2pB 0
T{lﬂyﬂw) _ coll l . (A28)
0 2B/p —pB

Teoll

0 0 3B/p -

Teoll

Inverting this matrix and contracting with gg,, one recovers Eq. (114). Similarly, in three dimensions, in the basis
{ sIeer 5]/'/)(/1’ S [/N/H/)’ 51{/}!/){/), SIPPe, 51/)(/1z, S [r/)r/)z’ SIP% .8 ]f/’lzz, 5[zzz}’

Tl - —3pB 0 0 0 0 0 0 0
B/p % —2pB 0 0 0 0 0 0 0
0 2B/p Tclnu -pB 0 0 0 0 0 0
0 0 3B/p Tclo - 0 0 0 0 0 0
0 0 0 0 L 2B 0 0 0 0
TM,, = e (A29)
0 0 0 0 B/p B0 0 0
0 0 0 0 0 2B/p Tclou 0 0 0
0 0 0 0 0 0 0 Tclou -pB 0
0 0 0 0 0 0 0 B/p }H 0
0 0 0 0 0 0 0 0 0 ri, -
Inverting this matrix and contracting with gg,, one recovers Eq. (124).
APPENDIX B: DETAILED DERIVATIONS
1. Noether charge
Under an arbitrary infinitesimal path deformation x* — x* + &, the on-shell variation of the Lagrangian is
w2 B2 (820). (B1)
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where we have used the Euler-Lagrange equations to get the last equality. On the other hand, the Lagrangian for a point

particle in NC geometry is given by Eq. (36) as

m
L= ﬁhaﬂxaxﬂ + mmyx“, (B2)
where N = 7,%”. The variation of £ under the shift x* — x* + & can be calculated explicitly as
BL = " hopi® 0, 4 XAPE, By — — k5P (2,570, 8 4 1 E 00,E + mi"E0
= o api*¥ ,& —|—ﬁx ¥'¢ta, @~ 52 ap X3P (7,%P0,E" 4 X1E0,1,) + mm, i 0,6* + mx*E'o,m,
m - - m ~ ~ - -
= ﬁxaxﬁ (80, hgp + 2hg, 058" ) — N hopi X5 (E0,7, + 7,0,E) + mx*(E0,my + m,0,E")
m . m s .
= ﬁx“xﬁ%haﬂ “IN? haﬁx“xﬂxﬂ%rﬂ + mx"£zm,. (B3)

Let us denote all the transformations as y = (Zj" z//M,A),
where & is an infinitesimal coordinate reparametrization,
w, is a Milne boost and A is a U(1) gauge transformation.
If the parameters satisfy the Killing conditions in Eq. (45),
the transformation y leaves the action invariant up to a
boundary term, and the variation of the Lagrangian under y
is called the symmetry variation [64-67]. If we denote by
xx the set of Killing parameters, then we have

0, T =%£:7,=0, (B4)
Syhap = Leuhap = Watp = YjTa =0
= £5khaﬂ = l//g’[ﬂ + l///I}(Ta, (BS)
5;(,<ma = £§Kma + l//(lz( + a(Jt/\K =0
= £§Km(1 = _l//(lf - a{lAK‘ (B6)

For a symmetry variation, we can use Eqgs. (B4)-(B6) to
simplify Eq. (B3). Thus, the symmetry variation of £ reads

d
Oy L = _md_/IAK' (B7)
If the arbitrary coordinate reparametrization & in the on-
shell variation in Eq. (B1) is replaced by the Killing
transformation & = &, then the left-hand sides of both
the transformations are equal [63]. Equating the on-shell
|

|
and the symmetry variation in Eqs. (B1) and (B7) we get

d oL
7 _
a( K@“"AK) =

(B8)

where Qg = & 9% + mAg = &, + mAg and m, = 25 is
the conjugate momentum of the particle. This calculation
shows that Qg is a conserved quantity known as the

Noether charge.

2. Derivation of Eq. (81)

The collisional invariant in Eq. (78) is
Qo = &'m, + mA, (B9)

where & is a vector, m, is the canonical momentum and A is
a gauge parameter. We define

}_laﬂ = haﬂ + Tamﬂ + Tﬁma, (BIO)
M =o' — h"om,. (B11)

It is straightforward to verify that l_zaﬂ and 9" are Milne
invariant. An explicit calculation shows that

1 - - . 1
FZ/} = f)"dﬁ‘[a + 5 h”"(()ah/ja + O/jhaa — ao.haﬁ) + Ehﬂa(mO'H/fa + maHGﬁ + m/ij),
@”i_zm, = (2v°m, — h""m,m,)7,,
Wh,, = & + (W*°m, — v*)z,. (B12)
Now, the canonical momentum 7, can be rewritten as
1~ a..fp A a
77'-;4 = _%haﬁp 1% Ty + hyap s (B13)
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where p” is the kinematic momentum satisfying the constraint 7, p* = m. Acting with the Liouville operator on the
collisional invariant gives

e
mX[Qo] = mpr9,Q0 - ( i +2—HV P ) P

071'”

2
P
= p'(&o,m, + 7,0,8" + mo,A\) — <Fzﬁp“pﬁ + ﬁH”ppp) f”a—py

1 - 1 -
= pyéﬂ [_% (ayhaﬁ>papﬁrﬂ - %ha/}’papﬂayi-ﬂ + (a]/hﬂ(l) :|
1 - —
+ p? (— 2—haﬁp"‘pﬂfﬂ + h/mp“) 0,&" + mp’a,A
(l"y pepP +2—H7 p”)cf” (——hﬂ,p 7, —i—hﬂ},) (B14)
We can further rewrite it as
X — papben( =g prd hy + ok I HE o LG poe, 4
m L[QO] =P pé _%Tup b4 aﬁ'+ pua — aﬂ+% aptd’p D _E yo P Tu+ uy
I - 1 - _
- %haﬂpapﬂpy£§ry + %haﬂpap/}pyéﬂHﬂy + h/ulpapﬁa/}§” + mpyayA' (B]S)

Using the identities in Eq. (B12), as well as Tp(”;:u

— &) = 0, we have explicitly

- pty, - - (P’
F(yzﬂhyﬂ m F(yzﬁhw = FZﬁhw) (7 — o

p’ 7y
[(a hﬂp + aﬂhap -9 haﬂ) + (ma Y2 + mﬂHpa + mpH/ia)] < m - 5/’14) ’ (B16)
1 - [(p°t . 1 p°t . 1
EhaﬁHprphya( mﬂ - 5ﬂ> - %haﬂngPp< m” - 5ﬂ> - —%haﬂHﬂppp’ (B17)
L a B Y EH ! NN a4y EH
5 hapP " PP P Hyy = 5 happ® P p' € Hyyy o+ mop® pT S H,y (B18)

Let us first focus on the terms containing H,,. After expanding (% — &) in Eq. (B16), there are nine such terms. Four of

them vanish by the virtue of the antisymmetricity of H,,, which implies p®p’Hj, = p*p’H,, = p’p’H 5 = 0, and the

remaining five mutually cancel, so that in the end the tensor H,, disappears from Eq. (B15). Furthermore, after expanding
the terms containing derivatives of i_z,w, most of them cancel out as well. In the end, Eq. (B15) simplifies to

1 . - 1 -
mX; [Qo] = Epapﬂéﬂaﬂhaﬂ + hyo P pPOE" + pr,pPosA — m hosp“ P’ P’ L,
1 1
2 p(lp/?'(flla h(l/)’ + h(lﬂaﬂ§” + h/)’ﬂ (15” + T{laﬁA + T/iaaA) PN hl/)’p pﬁpyﬁfr
1 - 1 -
= Ep pﬁé)(h“ﬁ _%haﬁp Pﬁpyé;ﬂy- (B19)

To find the formula for 6/_1,1[,, we have used Eqgs. (11)—(14). Now, since /_zaﬂ is Milne invariant, setting v* = u* we obtain the
equality

]jla/} = ga/i —+ 2T(aA/}>. (BZO)
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From the definition of u*, Eq. (77), we have

Su' = —u'u’s,z,, (B21)
which implies
uafs)(gaﬁ - 5)((uagaﬂ) _gaﬂ(s)(ua = gaﬂuautyé)(ra =0, (BZZ)
511_)’045 = —M”I_’g(slra, (B23)
which in turn can be used to prove that
5)(gaﬁ = (5!(; - uﬂra)@(gyﬁ = h#ygavép(g/tﬁ
= gau(_uypzé)ﬂ-a) - gaugﬂyé)(hm/
= —GuJpud, " . (B24)

Taking together Egs. (B19), (B20) and (B24), gives

1
mX, [Qo] = p’5,As — 3 PP’ 995,68, "

1
- % g{z/}p(lp/}pyé;(Ty' (st)
3. Covariant derivative of Z*1%2 %
For the purposes of this appendix, we define
04 = O-d+16(T/)pp - m) (B26)

The covariant derivative acts on the nth moment of the
distribution function as

_ 1 -
vﬂz'ﬂaz“'an — _nvﬂ / pﬂpaz e panfgd
m
= [ Tharo ...y P gheri
1 _
+W/p”p“2-~p“"vﬂ(fad)- (B27)
Now,
V,(fos) = 0.fo4+ fV,04

(B28)

= 0,f0,+ fThu04+ f04:1P"0,7:8 (z,p” — m)
(B29)

=0d,fo,+ fTu6q + fadﬂp’ll_“jﬂraé’(rpp” —m)
(B30)

_ __ 0
= 0,04+ [Thuoa+ foai p'TY,

ﬁé(rﬂpﬂ —m)

(B31)

Plugging it into Eq. (B27), integrating the last term by
parts, and comparing with Eq. (44), shows that

= 1
V”Iﬂaz-~-an = mn—l /p‘lz .. .pan
x | X.[f] +i ZH* f’if cq. (B32)
L 2m2p pp dp” d:
Integrating the last term by parts gives

VY THo o —
"

1
,1—1/p(12"'P(l”XL[f]0d

n—1
2

m

[¢4 vp|asz---Q v A
H( 2 h,, TF plas--a,) — H,, vV THo o,

(B33)
Setting v* = u* and h,, = g,, gives Eq. (64).

4. Hydrostatic conditions

Let us rephrase the Killing conditions in Eq. (82) using
the Milne-invariant data defined in Egs. (77) and (79).
Firstly,

1 v
5,1, = &0,1, +1,0,& = 0, <?) “LH,=0=

1 1 u
H = = o |l =) —-H! — =0.
u 6,,( ) 0, h a,,( > y 0

Expanding 9,(1/T) = —T~29,T and multiplying by T2
gives Eq. (83). Secondly,

(B34)

(B35)

ul/
5,A,=E0,A,+A,0,8 +0,A=0, <#) ~ i fu=0.=

(B36)

wa, (%) —0, k™o, (%) —m fﬂv% —=0. (B37)

Using u#d,(1/T) = 0 in the first equation and multiplying
the last equation by 7 gives Eq. (84). Finally,
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5, = E oy — W9, E — hHo,E
= —hV,E8 = V8t HYE + e Y 8
o) )
— Ve (L) poutegnt — o, B38
( T) + 2u A 7 (B38)
Using Eq. (B35) in Eq. (B38) gives
V) = 0. (B39)

Taking the trace with g, produces 6 = vﬂu" = 0, while
projecting out the traceless part produces ¢** = 0.

5. Conservation of energy
By combining Egs. (67), (65), (68) we obtain
= m = m
(vﬂ + Hﬂpup)glu — Ezyaﬂvﬂg]/(s p— 59’”/ ( /)g/} Zﬂyp‘ )
(B40)

Furthermore,

vﬂgyé = (pg +7 ua)vygaﬁ = gy/)’v (haﬁga&) - yg(z v u

= g}’ﬂvﬂ (5ﬁ - Téuﬂ) - Tygagv u* = -2t (r9as) V

/-\
\_/

and

V(P - AT ) (P

1 l o

k=1

Furthermore, we notice the equality

so that Eq. (B46) can be written as

Vﬂ(uﬂ]al'“ak) + V”Iﬂal"'ak + [hakg(uﬂlal"'ak—l + Iﬂal"‘ak—l) +

The Lie derivative of /%% with respect to u* is

£ula|-~-ak — u"aﬂl“""”k _ Iyaz-uaka”u(z] ..

- uuv”]ar--ak _ [ﬂ”z‘”(lkv”u"l ...

so that Eq. (B48) can be written as

P”k 1,[ ha,{a_‘_“,

P .. PZfZﬂaﬁ‘li = pH o 4 JHO
1 x

_%gﬂVH ”/)gﬂyzﬂm = _% (8 — u'z,) ﬂ/)gﬂyzﬁm
= — 1721 w9, /jyI/}J’/JV 3 uﬂ H/m g ﬁyIﬁYﬂ
= —H,, &) (B42)
Altogether, we obtain
(VM + Hyu’)&" = —H, ,u’ & — T"”gp(ﬂvy>u/’. (B43)

6. Derivation of the equations of motion (A4)

In this subsection, we derive the equations of motion in
Eq. (A4) from the evolution of the kth moment of the
distribution function. Shifting the projection operator inside
the covariant derivative in Eq. (A3), we get

= K@
(B44)

= = /... /
(P ... P v

T ) -V, (P T

The covariant derivative of the projection operator is

(£u + vﬂu/’)lal”'ak + vﬂ[/“ll'”ak + {hak"(ul‘lal"'ak—l + 2[/”11"'“1<—1) + ...

ce o R (i 4 210 (g, V)

V,P% =V, (8% —uty) = =14V, u”

= —1y(P§ + 1u*)V,uf = 1, P5V, uf . (B453)

Using Eq. (B45) in Eq. (B44) produces
+ 7y h*°P% .. )(g,l,,V U ITHa % = Kaa (B46)

1 @,
(B47)
...... + half’(uﬂlaz"'ak + [ﬂaz"'ak)](gﬂavﬂui) = K% %,
(B43)
— [0k g,y

o S AV T (B49)
= K% %, (B50)

105007-21



MATUS, BISWAS, SUROWKA, and PENA-BENITEZ PHYS. REV. D 112, 105007 (2025)

7. Evaluating S and S

(LN [ « ﬂ]

The tensors S% %% are defined through Egs. (108) and fo=cTn <2ﬂmT> T oy I P (B51)
(A2) as the spatial parts of the kth moments of X, [f,]. For
that reason we start this section by expressing X; [f] in a
form convenient for later manipulations. We have also used the Milne invariance of f; and the fact

In the definition of the hydrodynamic distribution  that g, u” = 0. Now we apply the Liouville operator in
function f,, we replace the chemical potential 4 with the  Eq. (44) to the equilibrium Boltzmann distribution func-
number density n with the use of Eq. (94): tions, getting

p* 1 afo
X =9 - — Fﬂ v pd ==
L1fol - S o ) o
pﬂ 1 1 o,n 1
= [zmprP‘saﬂgré = a2 GpoP" P = dmT)OT === fo Db P g i
prl 1 1 a,n
= V= g o = a0, = (B32)

In the last expression, we have replaced the ordinary derivative with the covariant derivative using the relation
aﬂgy5 = vﬂgy5 + F?ygaﬁ + Fgﬂgay' (B53)

From Eq. (B41) follows that p” pﬁvﬂgm = —Zmp”gyévﬂu‘s. Eq. (B52) can be rewritten as follows:

1
+ _gyﬁpyvﬂué +

X, [fol = o T

_ (p" —mu*) [0yn
2mT?

(9,607 P° — me)ﬁ,lT} fo

an 1
+ ut |:H7 + ?gyépyvﬂu‘s + (g},tspyp(S — me)aﬂT:| f(). (B54)

2mT?

Using the equations of motion in Egs. (103)—(105), we can eliminate the terms containing u*d,n, u*V, u®, and w9, T. This
way we obtain

1 1
Xulfil = [ o o (0 = ) (e = 557,

1
+W{gyapyl)“ —(d+2)mT}(p" — mu*)o,T

! 1
~ dmng? 9P P = dmT) (9, Vot + V") - m—nTgrél’yvﬂrﬂé} fo- (BS5)

To derive the first-order constitutive relations, we drop the higher-order gradient correction in Eq. (B55) and write

1 1
Xulfil = | o (0 = ) (V= 557,

1
+oa {9,e0" P* = (d +2)mT}(p* — mu")aﬂT} fo- (B56)

Written in this form, the formula for X; [f] resembles the one familiar from the textbook approach to the Chapman-Enskog
expansion [1-3]. Now we proceed to calculate the moments of X, [f,] one by one. The zeroth moment is

S == [ oundle,p ~mX,lfal = . (B57)
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the integral easily computed after changing the variables
p* = (p* + mu"). The first moment is

I . /
5t = =2oP [ oundle,p —mip“Xalfol = 0. (B3

where we also use the change of variables p# — (p* +
mu*) and use Eq. (B57). Similarly, using the zeroth and
first moment, we calculate the second moment as

2nT

2nT
S(l[)’ — __h/)<(lv/)uﬂ> — _Laaﬂ‘ (B59)
m m

Finally, we get the third moment as

3nT

S(l/}y — _ W h(flﬂaY)T_ (B60)
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