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This paper explores the application of Newton-Cartan geometry to the kinetic theory of gases that
includes nonrelativistic gravitational effects and the principle of general covariance. Starting with an
introduction to the basics of Newton-Cartan geometry, we examine the motion of point particles within this
framework, leading to a detailed analysis of kinetic theory and the derivation of conservation equations.
The equilibrium distribution function is explored, and the example of a rotating gas in a gravitational field
is discussed. Further, we develop covariant hydrodynamic equations and extend our analysis through a
gradient expansion approach to assess first-order constitutive relations for rotating gases. Finally, we
address the frame-dependence paradox, presenting a novel resolution that addresses apparent discrepan-
cies. Our construction resolves a 50-year-old debate about the frame-indifferent formulation of kinetic
theory. The resolution is presented in a modern, symmetry-based approach.
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I. INTRODUCTION

Kinetic theory is an indispensable tool from the stat-
istical physics toolbox that sheds light on a broad range of
phenomena including classical gasses, active matter, ultra-
pure metals, quantum topological materials, light-matter
interactions and cosmological evolution, to name a few
examples [1–5]. Despite its fundamental role and long
history there are aspects of kinetic theory that are only
partially understood and crucial to clarify the interplay
between transport, topology and geometry. Two such
aspects are how to formulate Galilean-invariant kinetic
theory on curved backgrounds and noninertial frames. In
other words, one would like to construct equations that are
in accord with the principle of covariance under general
coordinate transformations.
This seemingly simple task has created various con-

fusions and debates throughout the development of kinetic
theory. In 1972, Müller [6] presented calculations that
seemed to prove that stress and heat fluxes in a gas
computed from kinetic theory do not take consistent
frame-covariant expressions. A lively debate followed with
various erroneous arguments proposed both for and against
the frame invariance principle [7–14]. Eventually, the
authors of Refs. [15–17] independently proposed that the

solution lies in calculating constitutive relations in the
frame corotating with the fluid. Simultaneously,
Refs. [18,19] recognized that the paradox can be avoided
in a relativisticlike four-dimensional treatment. Despite
partial successes in formulating the kinetic theory in a
covariant way, the fundamental reasons behind the prob-
lems have remained obscure and the debate continues up to
the present date [20–37]. For a more comprehensive
summary of the debate, see Ref. [35].
In contrast, developments in hydrodynamics have suc-

cessfully implemented a fully covariant framework using
the Newton-Cartan (NC) formalism [38,39]. The NC
theory, originally introduced to geometrically formalize
nonrelativistic Newtonian gravity [40,41], can be seen as a
1=c2 expansion of general relativity [42,43]. Its covariant
nature not only upholds the principle of Galilean invariance
but also facilitates the study of nonrelativistic motion on
curved spacetimes. However, despite the potential appli-
cations of NC geometry in kinetic theory, there has been no
significant attempt to integrate it, even though it is a natural
framework to address issues related to frame invariance.
Previous studies of kinetic theories on manifolds have
generally failed to preserve the symmetries inherent to NC
geometries [44].
The development of kinetic theory for rotating fluids on

curved surfaces, particularly through the derivation of odd
viscosity from microscopic dynamics, opens new avenues
in the study of fluid behavior under rotation. Odd viscosity
is a nondissipative term that emerges in the equations
governing rotating fluids, reflecting their inherent lack of
time-reversal symmetry—a characteristic not accounted for
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in classical fluid dynamics. By applying these insights to
macroscopic fluid models, such as rotating shallow water
systems, researchers can incorporate odd viscosity to
regularize otherwise pathological behaviors in the spectral
properties of fluid waves at high wavenumbers [45–47].
Our computation generalizes previous noncovariant com-
putations of odd transport based on rotating reference
frames [48,49].
In addition to the direct applications of our formalism to

the microscopic computations of transport phenomena in
rotating classical fluids, there are complex systems such as
rotating quantum fluids that necessitate a more generalized
approach to kinetic theory. Our methods provide a founda-
tional framework for exploring these systems. Examples of
such systems include multi-Weyl semimetals, where the
chiral vortical effect becomes prominent in a system
breaking Lorentz symmetries [50], rotating superfluids at
finite temperatures [51,52], characterized by a blend of a
normal fluid component and a quantum condensate (for the
kinetic theory description see [53]). These cases highlight
the necessity and potential of our methods to facilitate
deeper insights into the microscopic properties of quantum
materials under rotation [54].
This manuscript is organized as follows. In Sec. II we

review basic facts about the NC geometry. In Sec. III we
study the single-particle Lagrangian and the single-particle
motion. In Sec. IV we formulate the Boltzmann equation
and introduce the collision operator, and proceed to derive
conservation equations for the particle number, momentum
and energy, as well as the general expression for an
equilibrium distribution function. In Sec. V we put the
formalism introduced up to this point to a practical use by
calculating the equilibrium distribution of a rotating gas in
three dimensions. In Sec. VI we take a step toward
nonequilibrium physics by formulating covariant equations
of hydrodynamics and calculating transport coefficients in
two- and three-dimensional gases under the action of
magnetic field and/or the Coriolis force. Finally, in
Sec. VII we come back to the issue of the frame-invariance
controversy, explaining how the problem can be understood
and resolved using the NC kinetic theory. We also discuss
briefly two especially interesting former approaches to the
issue [20,24,35].

II. BASICS OF NEWTON-CARTAN GEOMETRY

Newton-Cartan spacetimes can be constructed from a
nonrelativistic limit of pseudo-Riemannian geometries.
Usually, this limit is taken either by an explicit expansion
in 1=c2 [42,43] or by a so-called light-cone reduction
[55–57]. However, in this paper, we will follow a more
axiomatic perspective in the spirit of [38,58].
A NC spacetime is a (dþ 1)-manifold with coordinates

xμ with μ ¼ 0; 1;…d and
(i) a 1-form τμ usually called the clock form or time

metric, such that τμðxμ2 − xμ1Þ measures the passage

of time between two infinitesimally close points xμ1
and xν2;

(ii) a degenerate symmetric tensor hμν, with signature
ð0; 1;…; 1Þ, that satisfies τμhμν ¼ 0, interpreted as
inverse spatial metric;

(iii) a covariant derivative ∇μ that acts on a tensor Tα
β as

∇μTα
β ¼ ∂μTα

β þ Γβ
λμTα

λ − Γλ
αμTλ

β: ð1Þ

As in general relativity, we require it to be compat-
ible with the geometric data, ∇μτν ¼ ∇μhνρ ¼ 0.

Throughout the paper, we raise indices using the inverse
spatial metric, e.g. Tαβ ¼ hαγTγ

β. Note that since hμν is
degenerate, raising an index is not invertible; therefore, the
distinction between upper-index and lower-index compo-
nents of tensors is more significant than in relativistic
physics. We assume that the coordinates, the time metric,
and the spatial metric have units ½xμ� ¼ length,
½τμ� ¼ time=length, and ½hμν� ¼ 1, respectively.
Now let us introduce a family of observers labeled by ψ

with an associated velocity field ðvψÞμ, normalized such
that τμðvψ Þμ ¼ 1. Any such velocity field can be expressed
as a Milne boost of a chosen reference velocity

ðvψ Þμ ¼ vμ þ hμνψν; ð2Þ

with vμ an arbitrary reference velocity satisfying τμvμ ¼ 1.
The reference velocity vμ makes it possible to define a
metric hμν satisfying

hμνvν ¼ 0; hμνhνρ þ vμτρ ¼ δμρ: ð3Þ

Milne boosts express a gauge freedom in the choice of
geometric data in NC geometry. Specifically, they reflect
the freedom to redefine the reference velocity without
altering the underlying physical structure. This gauge
freedom is implemented via transformations given by
Eq. (2), and leads to a corresponding transformation of
the spatial metric. As a result, the spatial metric hμν
becomes observer dependent, transforming under a
Milne boost as

ðhψ Þμν ¼ hμν − ðτμPα
ν þ τνPα

μÞψα þ ψ2τμτν; ð4Þ

where Pμ
ν ¼ δμν − vμτν is the spatial projector and

ψ2 ¼ hαβψαψβ. This structure captures the fact that
Newton-Cartan geometry is not fixed by a unique choice
of vμ, but instead allows for an entire gauge orbit of related
geometric data connected by Milne boosts. Requesting
Milne boost invariance of the theory can be interpreted as
the independence of physical phenomena from the observer
describing them.
As shown in [38], the affine connection Γμ

αβ must
transform accordingly to preserve Milne invariance. With
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these ingredients we find that the connection Γμ
αβ has the

general form [38]1

Γμ
αβ¼vμ∂βταþ

1

2
hμσð∂αhβσþ∂βhασ−∂σhαβÞþhμστðαFβÞσ;

ð5Þ

with Fμν an antisymmetric tensor with units
½Fμν� ¼ time−1. A straightforward but tedious computation
reveals that the geodesic acceleration aμv ≡ vν∇νvμ and
vorticity ωμν

v ≡ 2∇½μvν� are given by

aμv ¼ −Fμ
σvσ; ωμν

v ¼ Fμν; ð6Þ

where the indices are raised with hμν. The connection
defined in Eq. (5) is in general observer dependent, but if
we introduce a frame-dependent gauge field mμ such that
Fμν ¼ ∂μmν − ∂νmμ and postulate the transformation

ðmψÞμ ¼ mμ þ Pν
μψν −

ψ2

2
τμ þ ∂μΛ; ð7Þ

with Λ the gauge parameter, the connection transforms as

ðΓψÞμαβ ¼ Γμ
αβ −

1

2
hμσðψσHαβ þ 2ψρP

ρ
ðαHβÞσ − ψ2τðαHβÞσÞ;

ð8Þ

where

Hμν ≡ ðdτÞμν ¼ ∂μτν − ∂ντμ: ð9Þ

Thus, the connection Γμ
αβ becomes observer invariant if

dτ ¼ 0, which is always the case when there exists a
globally defined time function such that τ ¼ dt, and which
is furthermore equivalent to setting the torsion Γμ

½αβ� to zero.
Finally, a volume form satisfying the Milne- and gauge-

invariance requirement can be defined after introducing the
nondegenerate tensor Gμν ¼ c2τμτν þ hμν that allows us
to define the volume form2

ωdþ1 ¼
1

ðdþ 1Þ! ϵμ0…μddx
μ0…μd ¼

ffiffiffiffi
G

p
ddþ1x; ð10Þ

with G the determinant of Gμν, and the fully antisymmetric
tensor satisfying ϵ01…d ¼

ffiffiffiffi
G

p
.

A. Flat NC geometry, Milne boosts and Galilean
transformations

From the perspective of the Galilean group, the presence
of the gauge field mμ is natural since mass is a conserved
charge for nonrelativistic matter, and therefore we can
expect the presence of a gauge field that couples to the mass
current. However, the Milne transformations are less
intuitive and they do not have a counterpart for relativistic
systems. As we will discuss below, Milne boosts are a
necessary ingredient to obtain the Galilean group as the
isometry group of the flat NC geometry.
Let us first define the set of infinitesimal coordinate

reparametrization, Milne boost and gauge transformation as
χ ¼ ðξμ∂μ;ψμdxμ;ΛÞ. The variation δχ of the NC data reads

δχτμ ¼ £ξτμ; ð11Þ

δχhμν ¼ £ξhμν; ð12Þ

δχvμ ¼ £ξvμ þ hμνψν; ð13Þ

δχmμ ¼ £ξmμ þ Pν
μψν þ ∂μΛ; ð14Þ

where £ξ denotes the Lie derivative along ξμ. These
transformations form an algebra as ½δχ1 ; δχ2 � ¼ δχ½12� , where

χ1 ¼ ðξμ1;ψ1
μ;Λ1Þ and χ2 ¼ ðξμ2;ψ2

μ;Λ2Þ are two sets of

symmetric parameters, and χ½12� ¼ ðξμ½12�;ψ ½12�
μ ;Λ½12�Þ with

ξμ½12� ¼ £ξ1ξ2; ð15Þ

ψ ½12�
μ ¼ £ξ1ψ

2
μ − £ξ2ψ

1
μ; ð16Þ

Λ½12� ¼ £ξ1Λ2 − £ξ2Λ1: ð17Þ

In particular, the flat NC geometry is given by

τμ¼c−1δ0μ; vμ¼cδμ0; hμν¼ δμi δ
ν
jδ

ij; mμ¼0; ð18Þ

and its isometry group is the set of transformations δχ
leaving the fields invariant. In particular, the set of Killing
generators is

H ¼ ð−c∂0; 0; 0Þ; M ¼ ð0; 0; 1Þ; ð19Þ

Pi ¼ ð−∂i; 0; 0Þ; Ki ¼ ð−c−1x0∂i;−dxi; xiÞ; ð20Þ

Rij ¼ ð−xi∂j þ xj∂i; 0; 0Þ; ð21Þ

satisfying the commutation relations of the so-called
Bargmann algebra3

1We will use round brackets to denote symmetrization
AðμBνÞ ¼ 1

2
ðAμBν þ AνBμÞ, and square brackets for antisymmet-

rization A½μBν� ¼ 1
2
ðAμBν − AνBμÞ respectively.

2To constructGμν it is necessary to have a velocity scale c. This
parameter a priori does not have to be the speed of light.
However, as we will see below, observables will not depend on
such a constant; therefore, we can fix it to be the speed of light.

3This is an extension of the Galilean algebra with a central
element M, associated with mass.
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½Rij; Rkl� ¼ δikRjl − δilRjk þ δjlRik − δjkRil;

½Rij; Pk� ¼ δikPj − δjkPi; ½Rij; Kk� ¼ δikKj − δjkKi;

½Ki;H� ¼ Pi; ½Ki; Pj� ¼ δijM: ð22Þ

The generators correspond to time translations (H), spatial
translations ðPiÞ, rotations ðRijÞ, Galilean boosts ðKiÞ and
the central charge (M). We note that the index on the
generators serves as a label and does not correspond to a
spatial component. Such a construction allows one to have
the proper field content that couples to the energy,
momentum and mass currents. Moreover, we emphasize
that without the Milne boosts the algebra in Eq. (22) would
not close.

B. Thermal NC spacetime

In [58] NC spacetimes were generalized by adding to the
manifold an extra timelike vector field uμ, normalized as
uμτμ ¼ 1. As we will see later, at finite density such a field
can always be defined, in which case uμ describes the
velocity of the gas. For such systems we could argue that the
“Milne symmetry” is spontaneously broken since uμ intro-
duces a distinguished Milne frame with velocity vμu ¼ uμ.
Notice that this frame is connected to an arbitrary one via a
Milne boost vμ − vμu ¼ hμνψν. The presence of uμ allows us
to define the spatial metric gμν and Uð1Þ gauge field Aμ

gμν ¼ hμν − uμτν − uντμ þ u2τμτν; ð23Þ

Aμ ¼ mμ þ uμ −
u2

2
τμ; ð24Þ

whereuμ ¼ hμνuν and u2 ¼ hμνuμuν. The objects gμν andAμ

are precisely equal to hμν and mμ evaluated in the distin-
guished frame vμu. A straightforward calculation shows that
even though the definitions (23) and (24) involvehμν andmμ,
gμν andAμ do not transform underMilne boosts as described
byEqs. (4) and (7) and are therefore defined unambiguously.
We furthermore introduce the distinguished spatial projector
and an affine connection corresponding to vμu as, respec-
tively [58],

P̄μ
ν ¼ δμν − uμτν ¼ hμσgνσ; ð25Þ

Γ̄μ
αβ¼uμ∂βταþ

1

2
hμσð∂αgβσþ∂βgασ−∂σgαβÞþhμστðαfβÞσ;

ð26Þ

with

f ¼ dA: ð27Þ

A comparison with Eq. (8) reveals that Γ̄μ
αβ ¼ Γμ

αβ in the
torsionless case. Using the connection Γ̄μ

αβ, which is both

gauge and Milne invariant, the covariant derivative of the
velocity field can be decomposed as

∇μuν ¼ τμaν þ
1

2
gμαωαν þ gμασαν þ

1

d
P̄ν
μθ; ð28Þ

with the acceleration, vorticity, shear tensor and compres-
sion defined as

aμ ≡ uν∇νuμ ¼ −fμνuν; ð29Þ

ωμν ≡∇μuν −∇νuμ ¼ fμν; ð30Þ

σμν ≡∇hμuνi; ð31Þ

θ≡∇μuμ; ð32Þ

where the angle brackets denote the traceless symmetric part
of a tensor, e.g.,

Ahαβi ¼ AðαβÞ −
1

d
hαβgγδAγδ: ð33Þ

The new structure added to the NC manifold may seem
unnecessary. However, in what follows we will prove that
the existence of the notion of thermal equilibrium is only
possible on this class of NC spaces. Therefore, we will call
them thermal Newton-Cartan (TNC) manifolds.

III. MOTION OF A POINT PARTICLE

In order to covariantly formulate kinetic theory on NC
spacetimes it is necessary to be able to describe the
dynamics of pointlike particles propagating on such space-
time. To do so, we first notice that for a given curve γðλÞ,
where λ is the curve’s parameter, and tangent vectors
q ¼ γ̇ðλÞ, the clock form τ ¼ τμdxμ naturally defines a
proper time

tðγÞ ¼
Z
γ
τ; ð34Þ

which implies that ṫ ¼ τμẋμðλÞ, where dot means derivative
with respect to the parameter λ. Therefore, we define affine
parameters as the ones for which

ṫ ¼ const: ⇒ τμẋμðλÞ ¼ const: ð35Þ

Thus, any affine parameter is related to the proper time as
λ ¼ αtþ β. We then define the reparametrization-, diffeo-
morphism- and Milne-invariant action [59]
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S≡
Z
γ
dλL;

L ¼ m
2

hμν
τρẋρ

ẋμẋν þmmμẋμ; ð36Þ

wherem is the mass of the particle. Notice that under gauge
transformations, the Lagrangian L transforms as a total
derivative. The affinely parametrized (τμẋμ ¼ 1) trajecto-
ries satisfy the (nongeodesic) equations of motion

ẋμ ¼ pμ

m
; ð37Þ

ṗμ þ Γμ
αβp

αẋβ ¼ −
p2

2m
Hμ

ρẋρ; ð38Þ

where p2 ¼ hμνpμpν, and pμ is the kinematic momentum
satisfying the constraint τμpμ ¼ m. Notice that the right-
hand side of Eq. (38) resembles a Lorentz force on the
particle after interpreting −p2=2m as the corresponding
charge. The canonical momentum reads [60–62]

πμ ¼ hμνpν þmmμ −
p2

2m
τμ: ð39Þ

However, not all components of πμ are independent.4 In
fact, in a (dþ 1)-dimensional spacetime, πμ has only d
independent components due to the phase space constraint

ðπμ −mmμÞvμ þ
1

2m
ðπν −mmνÞðπμ −mmμÞ ¼ 0; ð40Þ

as can be verified from Eq. (39). In addition, the action is
invariant under gauge transformations modulo a total
derivative, which implies that the canonical momentum
transforms as a gauge field

πμ → π0μ ¼ πμ þm∂μΛ: ð41Þ

Therefore, we find it more convenient to invert Eq. (39)
(making use of τμpμ ¼ m) as

pμ ¼ πμ −mmμ þmvμ; ð42Þ

and use the noncanonical pair ðxμ; pμÞ as phase space
coordinates, with pμ obeying the constraint τμpμ ¼ m.
Thus, the time evolution of any phase space function

Fðx; pÞ is computed as

Ḟ ¼ XL½F�; ð43Þ

where XL is the Liouville operator defined as

mXL ¼ pμ ∂

∂xμ
−
�
Γμ
αβp

αpβ þ 1

2m
p2Hμ

ρpρ

�
∂

∂pμ : ð44Þ

Notice that XL is tangent to the physical phase space,
since XL½τμpμ� ¼ 0.
For generic geometries, the system will not have any

Noether charge; however, our ultimate goal is to construct a
kinetic theory, where a gas of interacting NC particles can
equilibrate. In that case, it is mandatory to restrict the
problem to geometries with at least one timelike Killing
transformation. Therefore, we assume the existence of a set
of parameters χK ¼ ðξμK∂μ;ψK

μ dxμ;ΛKÞ such that the NC
data is invariant under the action of δχK , i.e.,

δχKτμ ¼ δχKh
μν ¼ δχKv

μ ¼ δχKmμ ¼ 0: ð45Þ

Since the NC data are invariant under the transformation
χK , then it is clear that the action in Eq. (36) is also invariant
under this variation, up to a possible boundary term, and
there will exist a corresponding Noether charge [63].
Let us consider an arbitrary path deformation

xμðλÞ → xμðλÞ þ ξ̃μðxðλÞÞ. The on-shell variation of the
Lagrangian (see, e.g., [63]) is expressed as

δonL ¼ ξ̃μ
∂L
∂xμ

þ ˙̃ξ
μ ∂L
∂ẋμ

¼ d
dλ

�
ξ̃μ

∂L
∂ẋμ

�
: ð46Þ

In the last equality, we have used the Euler–Lagrange
equations. On the other hand, the symmetry variation of the
Lagrangian L given in Eq. (36) under a Killing trans-
formation ξμK reads

δsyL ¼ m
2ðτρẋρÞ

ẋαẋβ£ξKhαβ −
m

2ðτρẋρÞ2
hαβẋαẋβẋμ£ξKτμ

þmẋα£ξKmα

¼ −m
d
dλ

ΛK: ð47Þ

The details of this procedure are discussed in [64–67]; for a
detailed calculation, see Appendix B 1. Now, if we replace
ξ̃μ by ξμK in the on-shell variation in Eq. (46), then the left-
hand sides of both variations are equal [63]. Comparing
Eqs. (46) and (47), we obtain the conserved charge as

QK ¼ ξμKπμ þmΛK: ð48Þ

Note that QK is a scalar that is both Milne and gauge
invariant.
In addition, we find it convenient to fix units such that

Planck’s, Boltzmann’s and the gravitational constants take
values h ¼ kB ¼ GN ¼ 1. In these units, the relevant
physical quantities of the problem can be expressed in

4This can be traced to the reparametrization invariance of the
action, which implies that the theory has a Hamiltonian con-
straint.

NONRELATIVISTIC TRANSPORT FROM FRAME-INDIFFERENT … PHYS. REV. D 112, 105007 (2025)

105007-5



powers of length only and read ½mass� ¼ length−1=3,
½momentum� ¼ length−1, and ½energy� ¼ ½temperature� ¼
½time�−1 ¼ length−5=3.

IV. KINETIC THEORY AND CONSERVATION
EQUATIONS

Kinetic theory models the statistical behavior of large
systems of particles, typically in gases, by studying their
microscopic motion. The central object in kinetic theory is
the phase space distribution function fðx; pÞ, which gives
the number of particles dN contained in a spacelike volume
at point x and having momenta within a small range around
p. Since the number of particles is an observable, the phase
space volume needs to be invariant under all the coordinate
and frame ambiguities of NC spaces. In other words,
dN ¼ fΩ2d for some invariant volume 2d-formΩ2d, which
we will now construct. To begin with, notice that the
bilinear form Gμν induces a volume form on the phase
space

Ω2dþ1 ¼ ωdþ1 ∧ σdþ1δðτμpμ −mÞ; ð49Þ

where

σdþ1 ¼
ffiffiffiffi
G

p
dp01…d ð50Þ

is a volume element on the tangent space to the point x
and ωdþ1 is the spacetime volume formed introduced
in Eq. (10). This is analogous to the relativistic case
[68–70]. Another important ingredient in kinetic theory is
Liouville’s theorem, which guarantees the conservation of
the flux of trajectories crossing bounded spacelike domains
of the manifold. Therefore, it is necessary that Ω2d satisfies
£XL

Ω2d ¼ 0 and dΩ2d ¼ 0. In fact, the following form
satisfies such properties [71]:

Ω2d ¼ XL ·Ω2dþ1: ð51Þ

Explicitly, Ω2d is

Ω2d ¼
pμ

m
Σμ ∧ σdþ1δðτμpμ −mÞ þΩ0

2d; ð52Þ

where Σμ ¼ 1
d! ϵμμ1…μddx

μ1…μd is the d-dimensional surface
element and Ω0

2d is a form proportional to ωdþ1. Thus, Ω0
2d

vanishes when acting on spacelike vector fields, and as a
consequence Ω0

2d will not play a role in the kinetic theory
integrals we will consider, as we shall see later.
A key ingredient of kinetic theory is the Boltzmann

equation, which describes how the distribution function
fðx; pÞ evolves under the dynamics. More precisely, the
Boltzmann equation is

XL½f� ¼ C½f�; ð53Þ

where the left-hand side accounts for the noninteracting
dynamics of the particles and is determined by the single-
particle equations of motion, while C½·� is called the
collision operator and it contains information about the
interactions between the microscopic constituents. We
require C½·� to obey the following properties:

(i) It is invariant under the NC transformations.
(ii) Only scattering processes involving two particles

contribute to the collision integral.
(iii) The number of particles before and after a collision

does not change.
(iv) Interactions are instantaneous and local.
(v) The total energy and momentum in a collision are

conserved.5

A. Currents and conservation laws

The total mass in a spacelike volume V of the spacetime
is

M ¼ m
Z
V×TV

fΩ2d ¼ m
Z
V
J μðxÞΣμ; ð54Þ

where the particle current is defined as

J μðxÞ ¼
Z
Tx

pμ

m
fσdþ1δðτμpμ −mÞ; ð55Þ

with Tx the tangent space at the point x. Associated to the
observer with velocity vμ, we can define the amount
of kinematic momentum Pμ and energy contained in a
volume V

Pμ¼
Z
V×TV

pμfΩ2d¼
Z
V
ðPμvνþTμαhανÞΣν≡

Z
V
T μ

νðxÞΣν;

ð56Þ

E ¼ 1

2m

Z
V×TV

p2fΩ2d ¼
Z
V
ẼμðxÞΣμ

≡
Z
V
EμðxÞΣμ þ

Z
V

�
uα −

1

2
u2τα

�
T μαΣμ; ð57Þ

where the corresponding currents are defined as

T μνðxÞ ¼
Z
Tx

pμpν

m
fσdþ1δðτμpμ −mÞ; ð58Þ

EαðxÞ ¼ 1

2m
gμν

Z
Tx

pμpνpα

m
fσdþ1δðτμpμ −mÞ: ð59Þ

When writing Eqs. (57) and (59), we exploited the fact that
for matter at nonzero density there always exists a velocity

5We assume that the geometry fields vary slowly compared to
the distances and time intervals at which the interactions happen.
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field uμ associated to the rest frame, so that the spacetime
has the structure of a TNC manifold described in Sec. II B.
Consequently, the energy current Eμ has been defined so
that the observer-ambiguous contribution has been sub-
tracted. The energy current Eμ is Milne invariant and can be
interpreted as the energy flux in the fluid’s comoving
frame. Moreover, we have decomposed the invariant
“thermal” stress-energy tensor T μν into the frame-
dependent momentum density Pμ and the stress tensor
Tμν. The invariant and frame-dependent currents are related
as follows:

T μν ¼ hμαhνβTαβ þ hμαPαvν þ hναPαvμ þmðτρJ ρÞvμvν;
ð60Þ

Ẽμ ¼ Eμ þ T μα

�
uα −

1

2
u2τα

�
: ð61Þ

As we show below, in the hydrodynamic regime, all the
microscopic information of the system is encoded in
constitutive relations for the invariant currents. Also notice
that the particle current and momentum density obey the
Milne-Ward identity

Pμ ¼ mhμνJ ν: ð62Þ

Typically, in kinetic theory it is useful to introduce the
higher moments of the distribution function, which in our
NC description can be defined as

Iα1α2���αn ¼ 1

mn

Z
fpα1pα2 � � �pαnσdþ1δðτμpμ −mÞ; ð63Þ

which satisfy the equations (see Appendix B 3 for a
detailed derivation)

ð∇μ þHμνuνÞIμα2���αn

¼ 1

mn−1

Z
pα2 � � �pαnXL½f�σdþ1δðτμpμ −mÞ

−
n − 1

2
Hðα2

ρgβγIβγρjα3���αnÞ: ð64Þ

If f is a solution of the Boltzmann equation XL½f� ¼ C½f�,
Eq. (64) becomes

ð∇μþHμνuνÞIμα2���αn ¼Kα2���αn −
n−1

2
Hðα2

ρgβγIβγρjα3���αnÞ;

ð65Þ

where

Kα1���αn ¼ 1

mn

Z
pα1 � � �pαnC½f�σdþ1δðτμpμ −mÞ: ð66Þ

We can identify

J μ ¼ Iμ; T μν ¼ mIμν; Eα ¼ m
2
gμνIμνα: ð67Þ

The requirement that collisions conserve particle number,
momentum and energy imply the following properties of
the collision operator:

K ¼ 0; Kμ ¼ 0; gμνKμν ¼ 0: ð68Þ

Thus, the equations of motion for the mass, momentum and
energy currents reduce to the set of conservation equations
(with the derivation of the equation for Eμ relegated to
Appendix B 5):

ð∇μ þHμρuρÞJ μ ¼ 0; ð69Þ

ð∇μ þHμρuρÞT μν ¼ −Hν
ρEρ; ð70Þ

ð∇μ þHμρuρÞEμ ¼ −HμρuρEμ − T μνgρðμ∇νÞuρ: ð71Þ

We see that (69) and (70) are not independent since the
former is obtained after contracting the latter with the clock
form τμ. In addition, the momentum and energy conserva-
tion equations (70), (71), show energy-related “Lorentz
force” and “Joule heating,” respectively, consistent with the
single-particle equations of motion (38). Most importantly,
Eqs. (69)–(71) agree with the Ward identities derived in
Refs. [38,58] using a field-theoretical approach, showing
the reliability of our kinetic theory. We emphasize
Eqs. (69)–(71) contain the same information as the set
of equations that we could have obtained if we had worked
with the frame-dependent currents.

B. Detailed balance and thermal equilibrium

Before introducing the notion of equilibration, we find it
convenient to define the entropy

S ¼ −
Z
V×TV

f log fΩ2d; ð72Þ

where V is a spacelike volume of the spacetime and TV is
the tangent space to V. The entropy satisfies

Ṡ ¼ XL½S� ≥ 0: ð73Þ

We define a local equilibrium state by a distribution
function f0 that saturates the inequality in Eq. (73), i.e.,
Ṡ ¼ 0. This happens if log f0 is a collisional invariant, so
that f0 obeys the detailed balance condition C½f0� ¼ 0. We
will call f0 a hydrodynamic distribution function.
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According to the above discussion,

f0ðx; pÞ≡N exp ½Q0ðx; pÞ�; ð74Þ

with N a normalization constant and Q0ðx; pÞ the colli-
sional invariant

Q0 ¼ αðxÞ þ ξμðxÞhμνpν − γðxÞp2; ð75Þ

where αðxÞ, γðxÞ and ξμðxÞ are arbitrary functions con-
strained by the requirement that Q0 must be a scalar. By
completing the square, Q0 can be expressed as

Q0 ¼ −
1

2mT
ðp −muÞ2 þ μ

T
; ð76Þ

where 2mT ¼ γ−1, uμ ¼ Tξμ and μ ¼ Tαþmu2=2. The
invariance of Q0 under Milne boost fixes uμτμ ¼ 1,6 which
implies the useful relations

T ¼ 1

τμξ
μ ; uμ ¼ Tξμ: ð77Þ

Finally, the collisional invariant can be expressed in the
form of Eq. (48),

Q0 ¼ ξμπμ þmΛ; ð78Þ

with the gauge parameter Λ satisfying the relation

μ

mT
¼ ξμAμ þ Λ: ð79Þ

We interpret the parameters T; uμ; μ as hydrodynamic
temperature, fluid velocity and chemical potential,
respectively.
On the other hand, a generic hydrodynamic distribution

function f0 will not be a solution of the full Boltzmann
equation. In addition to requiring C½feq� ¼ 0, the equilib-
rium distribution feq has to be a constant of motion
satisfying

XL½feq� ¼ 0: ð80Þ

Following an explicit calculation of XL½f0� in
Appendix B 2, we find that

mXL½f0� ¼ f0ðx; pÞ
�
mpβδχAβ −

1

2
pαpβgανgβμδχhμν

−
1

2m
hαβpαpβpγδχτγ

�
; ð81Þ

where the relation between χ ¼ ðξμ∂μ; 0;ΛÞ and the
thermodynamic variables ðT; uμ; μÞ is fixed by Eqs. (77)
and (79). If XL½f0� ¼ 0 is to be valid for all momenta, we
need to have

δχτγ ¼ δχhαβ ¼ δχAμ ¼ 0; ð82Þ

which is equivalent to requiring that χ ¼ χK with χK being
a Killing transformation, see Eq. (45). Thus,
feq ¼ exp ½QKðx; pÞ�. In fact, the Killing conditions in
Eq. (82) can be equivalently expressed in terms of the local
thermodynamic variables ðT; uμ; μÞ as hydrostatic condi-
tions, derived in Appendix B 4:

uμ∂μT ¼ 0; ð∂μ þHμ
νuνÞT ¼ 0; ð83Þ

uμ∂μμ ¼ 0; T∂μ
�
μ

T

�
þmaμ ¼ 0; ð84Þ

θ ¼ 0; σμν ¼ 0: ð85Þ

Note that temperature, fluid velocity and chemical potential
are well-defined variables only at equilibrium where they
are entirely fixed by the isometries of the space-time, and
that on manifolds without timelike Killing symmetry
equilibration is not possible.
In the next section, we show how the formalism

introduced in this section can be used to find the equilib-
rium distribution function of a gas in a noninertial frame of
reference. Then, in Sec. VI we will start exploring out-of-
equilibrium physics by deriving the equations of Milne-
invariant hydrodynamics.

V. ROTATING GASES: REST FRAME AND
EQUILIBRIUM

The primary goal of this section is to highlight the crucial
role played by the Milne boost in shifting between the rest
frames of different observers. For simplicity, we will
consider a two-dimensional NC spacetime7 of the form
(18) deformed by a static rotationally invariant scalar
potential. In addition, we will assume a gas rotating rigidly
on such a geometry with angular velocity Ω. In polar
coordinates ðt; ρ;ϕÞ, the fluid velocity reads

uμ∂μ ¼ ∂t þΩ∂ϕ: ð86Þ

The Milne-invariant fields for such spacetime are τ ¼ dt
and hμν∂μ ⊗ ∂ν ¼ ∂ρ ⊗ ∂ρ þ ρ−2∂ϕ ⊗ ∂ϕ. In the first frame
to be considered, the Milne-dependent fields read

6Under Milne boost δQ0 ∝ ðpμ −muμÞτμ, which has to vanish
on the mass shell.

7The discussion straightforwardly generalizes to the three-
dimensional case.
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hμνdxμdxν¼dρ2þρ2dϕ2; vμ∂μ¼∂t; mμdxμ¼−φðρÞdt:
ð87Þ

Notice that relations (6) imply that the vorticity of such
family of observers vanishes, whereas their geodesic
acceleration is aμv ¼ φ0δμ1.
On the other hand, we notice that by using the Milne

parameter ψμdxμ ¼ ρ2Ωdϕ, we can change the frame such
that the new reference velocity is v0μ ¼ uμ ¼ vμ þ hμνψν.
By construction, on such a frame the geodesic acceleration
aμv0 and vorticity ω

μν
v0 will coincide with the ones of the fluid.

In the comoving frame, the primed Newton-Cartan data
reads

h0μνdxμdxν ¼ dρ2 þ ρ2ðdϕ − ΩdtÞ2; v0μ∂μ ¼ uμ∂μ;

m0
μdxμ ¼ −

�
φðρÞ − 1

2
ρ2Ω2

�
dtþ ρ2Ωðdϕ −ΩdtÞ:

ð88Þ

However, the worldlines of the fluid elements are not given
by paths with a constant ϕ since uμ∂μϕ ≠ 0, see Fig. 1. To
define the rest frame of the fluid, we require that in addition

to adjusting the reference velocity such that vμ ¼ uμ, the
coordinate system has to be also adjusted such that
uμ∂μxν ¼ δν0. In our problem, after performing the change
of coordinates t0 ¼ t, ρ0 ¼ ρ and ϕ0 ¼ ϕ −Ωt, the basis
∂ρ0 ; ∂ϕ0 gets locked to the motion of the gas, and the NC
fields become

h0μνdx0μdx0ν ¼ dρ02 þ ρ02dϕ02; v0μ∂0μ ¼ ∂t0 ;

m0
μdx0μ ¼ −

�
φðρÞ − 1

2
ρ2Ω2

�
dt0 þ ρ2Ωdϕ0: ð89Þ

After calculating the field strength F0
μν ¼ ∂μm0

ν − ∂νm0
μ, the

geodesic acceleration and vorticity can be found as

aμv0 ¼ ðφ0 − ρ0Ω2Þδμ1; ð90Þ

ωμν
v0 ¼ 2Ωuαϵαμν: ð91Þ

Remarkably, this geometric formulation naturally encodes
the similarity of the noninertial effects (the so-called
centrifugal and Coriolis forces) to the Lorentz force of
electrodynamics. Notice also that if the scalar potential is

FIG. 1. Shifting to the reference frame corotating with the fluid, as described in Sec. V. The worldlines of the fluid elements (red
dashed lines) at a fixed ρ are plotted for different coordinate systems: ðt;ϕÞ and ðt;ϕ0Þ, and different choices of the reference velocity: vμ
and v0μ. The tilt of the t axis is given by the angle between ∂t and ∂ϕ (left column) or ∂ϕ0 (right column) calculated using the metric hμν
(top row) or h0μν (bottom row).
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harmonic such that φ ¼ 1=2Ωρ2, the centrifugal force will
cancel with the central force and the acceleration vanishes.
This example illustrates how the presence of the gas

naturally allows us to extend the original NC structure into
the thermal NC spacetime introduced in Sec. II B using the
fluid velocity. In fact, the Milne-invariant fields gμν; Aμ

correspond to h0μν; m0
μ, respectively, in our construction.

Therefore, in the thermal NC language, the fluid rest frame
is given by the geometric data ðτμ; uμ; hμν; gμν; AμÞ
expressed in coordinates such that uμ ¼ δμ0.
In addition, since the spacetime considered here pos-

sesses Killing vectors ∂t; ∂ϕ, and the fluid velocity is a
linear combination of them, uμ is a Killing vector. A
straightforward calculation reveals that the hydrostatic
conditions in Eqs. (83)–(85) are satisfied if the chemical
potential and temperature are

T ¼ const; ð92Þ

μ ¼ −φðρÞ þ 1

2
ρ2Ω2 þ const: ð93Þ

This relation implies that in flat space, finite particle density
at infinity requires the scalar potential to diverge as
1=2Ωρ2, with the fine-tuned case φ ¼ 1=2Ωρ2 correspond-
ing to an equilibrium state with uniform density. Contrary
to relativistic gases where causality forbids equilibrium
states with rigid rotation, nonrelativistic gases have no such
formal obstruction, although such equilibrium can be
considered unphysical due to the divergence of the par-
ticles’ density at the spatial infinity.

VI. NC HYDRODYNAMICS FROM KINETIC
THEORY

One of the most important contributions of kinetic theory
is that it provides a microscopic foundation for hydro-
dynamics of weakly coupled gases. Therefore, in order to
lay the groundwork for future developments and uses of our
formalism, in this section we derive equations of Newton-
Cartan hydrodynamics and fix the first-order transport
coefficients in two- and three-dimensional gases. The
results are compared to analogous noncovariant results
scattered in the literature.

A. Zeroth-order hydrodynamics

From this section onward, we specify to the torsionless
case Hμν ¼ 0 for simplicity. Importantly, this also removes
the distinction between the different covariant derivatives,
so that ∇μ ¼ ∇μ.
Let us start our discussion of hydrodynamics by calcu-

lating the ideal particle current J μ
0, stress tensor T

μν
0 and

energy current Eμ
0, defined with respect to the hydro-

dynamic distribution function f0 given by Eqs. (74) and
(76). Evaluating the Gaussian integral gives

J μ
0 ¼

ffiffiffiffi
G

p
m−1

Z
ddþ1pδðτρpρ −mÞpμf0

¼ cN ð2πmTÞd=2eμ=Tuμ ≡ nuμ: ð94Þ

Similarly, the other currents can be evaluated as

T μν
0 ¼ ρuμuν þ phμν;

Eμ
0 ¼ ϵuμ; ð95Þ

where the mass density, internal energy and pressure are
ρ ¼ mn, ϵ ¼ dnT

2
and p ¼ nT respectively. On the other

hand, the ideal constitutive relations for an observer with
velocity vμ are

Pμ ¼ ρuμ; Tμν ¼ phμν; ð96Þ

Ẽμ ¼
�
ϵþ ρ

2
u2
�
uμ þ pPμ

νuν: ð97Þ

More generally, all the moments Iα1α2���αk
0 of f0 can be

calculated explicitly thanks to the Gaussian form of the
distribution function. These moments consist of all fully
symmetrized combinations of uμ and m−1Thμν multiplied
by n.
As previously argued, f0 solves the Boltzmann equation

only in the hydrostatic regime. Therefore, Eq. (95) are exact
only at equilibrium. However, since hydrodynamics is
based on the idea of local equilibrium, it is natural to
expand the out-equilibrium distribution function around the
hydrodynamic distribution f0ðx; pÞ evaluated at non-
hydrostatic velocity, temperature and chemical potential
defined as in (77) and (79), so that fðx; pÞ ¼
f0ðx; pÞ þ δfðx; pÞ. Consequently, we split the moments
of the distribution function fðx; pÞ into Iα1α2���αk ¼
Iα1α2���αk
0 þ δIα1α2���αk . In addition, we restrict the analysis

to systems where the relaxation time approximation is
applicable

C½f� ¼ −
δf
τcoll

; ð98Þ

with τcoll a phenomenological parameter that by construc-
tion is a scalar. With this choice we have

Kα1���αk ¼ −
1

τcoll
δIα1α2���αk : ð99Þ

However, (covariant) conservation of particle number,
momentum and energy requires δI ¼δIμ¼gμνδIμν¼0,
conditions that are automatically satisfy if we fix the Eckart
frame [58,72]. The ambiguity in the definition of the
hydrodynamic variables (μ; T; uμ) is fixed by requiring
that the equations of state and the particle current do not
receive higher derivative corrections
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n¼cN ð2πmTÞd=2eμ=T; ϵ¼d
2
nT; J μ¼nuμ: ð100Þ

Notice that in the discussion of hydrodynamic frames, the
emphasis is usually placed on fixing the velocity. However,
we stress that it is essential to fix all thermodynamic
functions that are not uniquely defined out of equilibrium.
The out-of-equilibrium currents then can be expressed as

T μν ¼ ρuμuν þ phμν þ τμν; ð101Þ

Eμ ¼ ϵuμ þ qμ; ð102Þ

with the higher order corrections to the currents a transverse
tensor a vector respectively, defined as τμν ≡mδIμν

qμ ≡ m
2
gνλδIμνλ. In addition, the correction to the stress-

momentum tensor is traceless τμνgμν ¼ 0. With these
definitions, the conservation equations (69), (70) and
(71) can be rewritten as equations of motion for μ, uν

and T:

uμ∂μnþ n∇μuμ ¼ 0; ð103Þ

uμ∇μuν þ hμν∂μpþ∇μτ
μν ¼ 0; ð104Þ

d
2
nuμ∂μT þ nT∇μuμ þ τμνgρμ∇νuρ þ∇μqμ ¼ 0: ð105Þ

Furthermore, the general equation of motion for the
moments is given in Eq. (65) can be rewritten as

∇μδIμα1…αk −Kα1…αk ¼ Sα1…αk ; ð106Þ

where we define

Sα1…αk ≡ −∇μI
μα1…αk
0 ð107Þ

and from Eq. (64), remembering that Hμν ¼ 0, we have

Sα1…αk ¼ −
1

mk

Z
σdþ1δðτνpν −mÞpα1 � � �pαkXL½f0�:

ð108Þ

The term XL½f0� was already calculated in Eq. (81), where
it was found to be proportional to δχhμν, δχAμ and δχτμ.
This explicitly proves that Sαβ…γ vanishes when in
equilibrium.
Equations (103)–(105) contain two unknown tensors, τμν

and qμ, which have to be determined in order for the system
of equations (103)–(105) to be solvable beyond the ideal
order. In the hydrodynamic approach, this is done by
expanding τμν and qμ in spatial gradients of the hydro-
dynamic variables T, μ and uμ. A gradient expansion that
generalizes the Chapman-Enskog method to a NC gas can
be performed if the timescales of out-of-equilibrium

perturbations are much larger than the timescales at which
nonconserved quantities relax, so that local equilibration
can be assumed. Due to the rather technical character of
these calculations, we relegate the details of the gradient
expansion procedure, as well as a more thorough discussion
of the assumptions involved, to Appendix A.

B. First-order constitutive relations

In this section we present the constitutive relations for τμν

and qμ at the first order of the gradient expansion. Even
though the transport coefficients calculated this way agree
with the ones found in the literature, our formalism allows
one to unambiguously determine the form of constitutive
equations and the values of transport coefficients for
rotating gases in a covariant manner. All the formulas in
this section are derived in Appendix A.

1. Two-dimensional rotating gas

Let us first consider the hydrodynamic flow of a two-
dimensional gas around an equilibrium state with non-
vanishing vorticity. Therefore, we define the vorticity
pseudoscalar

B ¼ 1

2c
uρϵρμνfμν: ð109Þ

The vorticity scalar field, defined in this way, contains a
contribution of the Coriolis force as measured in the rest
frame of the fluid. In that case, we can identify B ¼ 2Ω
with Ω the angular frequency, according to Eq. (91). The
first-order stress tensor can be written as

τμν ¼ −ημναβσαβ: ð110Þ

Since in two dimensions there exist two rotationally
invariant traceless symmetric tensors [73], the viscosity
tensor ημναβ can be written as a sum of two terms

ημναβ ¼ λðeÞηðeÞμναβ þ λðoÞηðoÞμναβ : ð111Þ

The superscript “(e)” corresponds to a parity-even viscosity
tensor, while “(o)” corresponds to a parity-odd one.
Explicitly,

ηðeÞμναβ ¼ P̄hμ
α P̄

νi
β ; ηðoÞμναβ ¼ c−1uρϵρλαP̄

hμ
β h

νiλ: ð112Þ

The viscosity coefficients are

λðeÞ ¼ 2pτcoll
1þ ð2τcollBÞ2

; λðoÞ ¼ 4pBτ2coll
1þ ð2τcollBÞ2

: ð113Þ

Regarding the ”heat” current qμ,

qμ ¼ −κðeÞ∂μT − κðoÞuρϵρλνhμλ∂νT; ð114Þ
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with the even and odd thermal conductivity coefficients
equal to

κðeÞ ¼ ϵþ p
ρ

nτcoll
1þ ðτcollBÞ2

; κðoÞ ¼ ϵþ p
ρ

τ2collB
1þ ðτcollBÞ2

:

ð115Þ

The constitutive relations in a frame with observer
velocity vμ up to the first order in the derivative expansion
read

Pμ ¼ ρuμ; Tμν ¼ phμν − ημναβσ
αβ; ð116Þ

Ẽμ ¼
�
ϵþ ρ

2
u2
�
uμ þ pPμ

νuν − κðeÞ∂μT

− κðoÞuρϵρλνhμλ∂νT − ημναβuνσ
αβ: ð117Þ

2. Three-dimensional rotating gas

Let us now consider the more complicated case of a 3D
gas. In order to express the constitutive relations cova-
riantly, we first introduce the vorticity vectors with lower
index (Bμ) and upper index (Bμ), their norm jBj, and the
corresponding unit vectors bμ and bμ, as follows:

Bμ ¼
1

2
uρϵρσνμfσν; Bμ ¼ hμνBν;

jBj2 ¼ BλBλ; bμ ¼
Bμ

jBj ; bμ ¼ Bμ

jBj : ð118Þ

Note that the vectors above are purely spatial, i.e.,
τμbμ ¼ uμbμ ¼ 0. They can be used to form two spatial
projection operators, Rμ

ν longitudinal to bμ and Qμ
ν trans-

verse to bμ:

Rμ
ν ¼ bμbν; Qμ

ν ¼ P̄μ
ν − bμbν: ð119Þ

The viscosity tensor ημναβ in the absence of bulk viscosity can
be written as a sum of five terms [2,74],

ημναβ ¼ λð1eÞηð1eÞμναβ þ λð2eÞηð2eÞμναβ þ λð3eÞηð3eÞμναβ

þ λð1oÞηð1oÞμναβ þ λð2oÞηð2oÞμναβ : ð120Þ

Explicitly, the tensors have the form

ηð1eÞμναβ ¼Rhμ
α R

νi
β ; ηð2eÞμναβ ¼Rhμ

α Q
νi
β ; ηð3eÞμναβ ¼Qhμ

α Q
νi
β ;

ηð1oÞμναβ ¼uρbσϵρσλαR
hμ
β h

νiλ; ηð2oÞμναβ ¼uρbσϵρσλαQ
hμ
β h

νiλ:

ð121Þ

Let us work in cylindrical coordinates ðz; ρ;ϕÞ where the z
direction is aligned with the vorticity vector, i.e.,
Bμdxμ ¼ Bdz. In the case of a rotating gas, B ¼ 2Ω and
z is the direction of the axis of rotation. Due to magnetic
field anisotropy, viscosity coefficients are different for the
different directions:

λð1eÞ ¼2pτcoll; λð2eÞ ¼ 2pτcoll
1þτ2collB

2
; λð3eÞ ¼ 2pτcoll

1þ4τ2collB
2
;

ð122Þ

λð1oÞ ¼ 2pBτ2coll
1þ τ2collB

2
; λð2oÞ ¼ 4pBτ2coll

1þ 4τ2collB
2
: ð123Þ

The heat current qμ reads

qμ ¼ −κð1eÞRμ
λh

λν
∂νT − κð2eÞQμ

λh
λν
∂νT − κðoÞτρnσϵρσμν∂νT;

ð124Þ

with the thermal conductivity coefficients equal to

κð1eÞ ¼ ϵþ p
ρ

nτcoll; κð2eÞ ¼ ϵþ p
ρ

nτcoll
1þ τ2collB

2
;

κðoÞ ¼ ϵþ p
ρ

nBτ2coll
1þ τ2ncollB

2
: ð125Þ

The values of the viscosity and thermal conductivity
coefficients given above agree with the ones found in
literature [48,49,75–77]. Note that in nonrelativistic kinetic
theory, bulk viscosity is identically zero when the kinetic
energy is fixed in terms of hydrodynamic variables n, T and
uμ as in Eq. (100) [1,48].

VII. FRAME-DEPENDENCE PARADOX AND ITS
RESOLUTION

In the scientific literature, a great deal of controversy
about the principle of frame invariance can be found. Let us
present the matter of the debate in the language of the NC
kinetic theory. Assume for concreteness a two-dimensional
gas with zero shear, σμν ¼ 0, but nonzero gradient of
temperature: ∂μT ≠ 0. The traditional approach used,
e.g., in Ref. [6], is to perform the gradient expansion in
the frame comoving with the observer, rather than in the
frame comoving with the fluid. In other words, the gradient
expansion is performed using vμ of the observer, together
with the corresponding hμν and Fμν, instead of the fluid-
frame quantities uμ, gμν and fμν. At the first order, this is
equivalent to using the Milne-boost-dependent vorticity
scalar B ¼ 1

2
vρϵρμνFμν instead of the Milne-invariant one

defined in Eq. (109). Let us see what effect it has on the
constitutive relations. Firstly, for an observer with zero
vorticity, B ¼ 0, the heat current is given by

MATUS, BISWAS, SURÓWKA, and PEÑA-BENÍTEZ PHYS. REV. D 112, 105007 (2025)

105007-12



qμ1 ¼ −τcollð2nTÞ∂μT: ð126Þ

Now let us change the frame of reference to one rotating
with frequency Ω, as in Sec. V. This gives a nonzero
vorticity B ¼ 2Ω, and, following Eq. (114), we then have

qμ2 ¼ −
τcollð2nTÞ
1þ 4τ2collΩ2

∂
μT −

2τ2collΩð2nTÞ
1þ 4τ2collΩ2

uρϵρλνhμλ∂νT:

ð127Þ

The problem is that qμ1 ≠ qμ2, despite the seemingly covar-
iant notation for qμ. This apparent contradiction led the
author of Ref. [6] to conclude that constitutive relations
depend on the observer’s frame of reference. Taking this
point of view, however, leads to a paradoxical situation: the
heat transport equation in the absence of shear,

d
2
nuμ∂μT þ nT∇μuμ þ∇μqμ ¼ 0; ð128Þ

appears to change its form under different choices of
observer frame, even though T is a frame-invariant scalar.
The source of the problem, then, is that the usual

Newtonian approach to nonrelativistic physics implicitly
introduces the observer velocity vμ, which is in principle
arbitrary, into the gradient expansion procedure. The way in
which vμ enters the formulas is difficult to spot in a
Newtonian formulation, and only becomes evident in a
Newton-Cartan treatment. The paradox can be resolved by
replacing vμ with an unambiguously defined timelike (in
the sense τμvμ ¼ 1) vector field. Since for generic gases it is
only possible to define one such field, namely the fluid
velocity uμ, it becomes clear that a truly covariant kinetic
theory can be obtained after replacing vμ with uμ in the
constitutive relations, which is equivalent to setting the
observer velocity vμ ¼ uμ in the conventional Newtonian
approach. This is also consistent with the solution proposed
in Refs. [15–17], which suggest that constitutive relations
should be calculated in the reference frame corotating with
the fluid.
Our argument rests on the following chain of reasoning:
(i) Coordinate independence is a foundational principle

in both relativistic and nonrelativistic physics. In the
latter case, the Newton-Cartan framework includes
not only diffeomorphism invariance but also Milne
boost symmetry as a gauge redundancy.

(ii) In the presence of a thermal fluid, the fluid velocity
field uμ selects a preferred element in the Milne
equivalence class, spontaneously breaking this sym-
metry. This breaking is not an artifact of coordinate
choice, but rather introduces fixed background
structures—such as uμ and gμν—that do not trans-
form under Milne boosts and are physically mean-
ingful. These backgrounds play an essential role in

defining thermodynamic and hydrodynamic quan-
tities.

(iii) The constitutive relations must be built from Milne-
invariant data, even if Milne boost symmetry is
spontaneously broken. This is analogous to con-
structing observables in gauge theories from gauge-
invariant combinations of fields. The comoving
frame naturally arises as a consequence of this
symmetry-breaking pattern, not merely as a prag-
matic or “obvious” choice.

(iv) Thus, our claim is that the Milne gauge structure and
its spontaneous breaking by the thermal state are
essential ingredients for a conceptually complete
and consistent theory of nonrelativistic, covariant
kinetic theory. This insight appears to have been
largely overlooked in previous treatments, which
either worked in fixed frames or implicitly broke
Milne invariance without recognizing it as a gauge
symmetry.

We now turn our attention to two distinct approaches
aimed at addressing the issue of frame invariance in
Newtonian physics through the use of covariant
formulations.
Firstly, Matolcsi in [20] introduced a mathematical

framework describing the flat nonrelativistic four-dimen-
sional spacetime. This formalism was then used by
Matolcsi and Gruber in [24], where they developed kinetic
theory that they argued to be frame-invariant. Matolcsi’s
approach restores frame indifference by eliminating any
reference to specific observers or coordinate systems. The
underlying affine structure of this spacetime provides a
canonical flat, torsion-free covariant derivative defined by
directional derivatives, so that parallel transport is path
independent and compatibility conditions uniquely deter-
mine the clock form and spatial metric. In this sense,
Matolcsi’s construction can be regarded as a particular
realization of a Newton-Cartan spacetime with closed clock
form and flat connection. While this formulation success-
fully resolves frame indifference in the flat case, it does not
directly address the origin of apparent violations in coor-
dinate-based implementations, nor does it offer a route to
incorporating curvature or more general geometric struc-
tures. The framework developed here aims to close this gap
by extending frame-indifferent formulations to settings
where coordinate descriptions are indispensable and where
nontrivial Newton-Cartan geometries may arise, thereby
enabling applications in both flat and curved nonrelativistic
spacetimes.
Secondly, Frewer in [35] considered the issue of frame

invariance in the context of curved manifolds that are NC
geometries in our formalism. His solution consists of
expressing constitutive equations using tensors called in
our notation uμ and gμν. While expressing the constitutive
equations using these tensors is fundamental to our solution
of the paradox as well, Frewer makes no mention of the

NONRELATIVISTIC TRANSPORT FROM FRAME-INDIFFERENT … PHYS. REV. D 112, 105007 (2025)

105007-13



observer velocity vμ or the Milne symmetry. In conse-
quence, the reason behind the failure of the previous
formulations remains a mystery. In fact, unlike the present
paper, Ref. [35] is not concerned with developing a
covariant kinetic theory, and consequently a covariant
implementation of the gradient expansion procedure is
also lacking.

VIII. DISCUSSION

The findings of this study significantly advance our
understanding of the kinetic theory in nonrelativistic
gravitational settings, facilitated by the NC framework.
In both relativistic and nonrelativistic settings, physical
theories must remain observer independent, even when
spacetime symmetries are broken. In Newton-Cartan geom-
etry, fluids in equilibrium select a preferred frame, sponta-
neously breaking Milne-boost invariance. This breaking
introduces fixed background fields, such as the fluid
velocity, which do not transform under the broken sym-
metry. Though the equations remain covariant, these back-
grounds encode physically meaningful symmetry breaking,
making its effects observable. A consistent use of observer-
independent data is pivotal in establishing a robust theo-
retical foundation for analyzing gases and fluids in gravi-
tational fields. As a consequence we are also able to resolve
a long-standing puzzle in kinetic theory that concerns the
covariant formulation. Without explicitly enforcing the
Milne boost symmetry, and pointing out where the tradi-
tional approach to kinetic theory fails to observe it, it is
impossible to understand the resolution of the frame-
indifference controversy. Previous attempts to solve this
problem have missed this symmetry and thus have not
been able to provide a clear physical explanation of the
paradox.
Our work not only advances the theoretical understand-

ing of kinetic theory in curved spacetime but also opens up
new avenues for experimental investigation in ultracold
atomic systems. The integration of geometric potentials and
quantum vortices provides a rich framework for exploring
the dynamics of superfluids, and the experimental feasibil-
ity of studying these systems in microgravity environments
further enhances the potential impact of our findings.
Recent experimental advances in Bose-Einstein conden-
sates on the International Space Station allow the creation
of ultracold atomic bubbles [78,79]. This provides a
promising possibility to investigate a bubble-trapped super-
fluid experimentally. Motivated by this experimental
progress, there has been a renewed interest in the dynamics
of few-body vortices on curved surfaces [80–83], offering
different perspectives on the mathematical treatment of
point vortex dynamics on curved surfaces.
The covariant formulation of kinetic theory allows one to

systematically study transport in noninertial frames and
under the influence of gravity. Helioseismology has

unveiled the internal rotation profile of the Sun [84].
The inner radiative zone exhibits rigid rotation, whereas
the outer convective zone displays a complex differential
rotation profile. Separating these two zones is a thin layer
known as the solar tachocline, which marks the transition
from rigid to differential rotation. Current observations
indicate that the tachocline’s thickness and position remain
relatively stable over time, and it is characterized by strong
toroidal magnetic fields. The dynamics of the solar tacho-
cline are a focal point of extensive research [85]. Typically,
the plasma dynamics within this thin layer are approxi-
mated by the shallow water magnetohydrodynamic equa-
tions [86]. In this approximation, the curvature effects are
neglected. Our frame-indifferent kinetic theory approach
enables a systematic incorporation of geometric effects into
the magnetohydrodynamic equations and shedding further
light on the dynamics of the Sun.
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APPENDIX A: GRADIENT EXPANSION

By examining Eq. (63), the following relation between
the kth and the ðk − 1Þth moment of the distribution
function can be derived:

ταkI
α1α2���αk−1αk ¼ Iα1α2���αk−1 : ðA1Þ

In other words, the temporal component of the kth moment
is equal to the (k − 1)th moment. Therefore, we can focus
on finding only the spatial components of the moments. We
distinguish the purely spatial parts of Iα1α2���αk ,Kα1α2���αk and
Sα1α2���αk by a plain font:

Iα1α2���αk ¼ P̄α1
α0
1
P̄α2
α0
2
� � � P̄αk

α0k
Iα0

1
α0
2
���α0k ;

Kα1α2���αk ¼ P̄α1
α0
1
P̄α2
α0
2
� � � P̄αk

α0k
Kα0

1
α0
2
���α0k ;

Sα1α2���αk ¼ P̄α1
α0
1
P̄α2
α0
2
� � � P̄αk

α0k
Sα0

1
α0
2
���α0k : ðA2Þ

Note that the spatial projection used here is the one defined
in Eq. (25) using uμ. Applying the projection operators
P̄α1
α0
1
P̄α2
α0
2
� � � P̄αk

α0k
to both sides of Eq. (65) gives, in the

torsionless case Hμν ¼ 0,
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P̄α1
α0
1
P̄α2
α0
2
� � � P̄αk

α0k
∇μIμα0

1
α0
2
���α0k ¼ Kα1α2���αk : ðA3Þ

The projection operators on the left-hand side of Eq. (A3) can be shifted inside the covariant derivative at the price of
generating new terms in the equation, which is described in detail in Appendix B 6. In the end, Eq. (A3) takes the
form

ð£u þ∇μuμÞIα1���αk þ∇μIμα1���αk þ ½hαkσðuμIα1���αk−1 þ 2Iμα1���αk−1Þ þ � � �
� � � þ hα1σðuμIα2���αk þ 2Iμα2���αkÞ�ðgλσ∇μuλÞ ¼ Kα1���αk ; ðA4Þ

where the Lie derivative of Iα1���αk with respect to uμ is

£uIα1���αk ¼uμ∂μIα1���αk −Iμα2���αk∂μuα1 − �� �−Iα1���αk−1μ∂μuαk :

ðA5Þ

By splitting ∇μuλ into its components as in Eqs. (28)–(32),
we can write Eq. (A4) in a compact form as

TðkÞIðkÞ þDðkÞIðkþ1Þ þEðkÞIðk−1Þ ¼KðkÞ; k≥0 ðA6Þ

where IðkÞ andKðkÞ denote symmetric tensors with k indices
defined in Eq. (A2) with the indices left implicit, and we
have defined

½TðkÞIðkÞ�α1α2���αk ≡ ð£u þ θÞIα1α2���αk þ kIμðα2���αk f̄νjα1Þgμν;

ðA7Þ

½DðkÞIðkþ1Þ�α1α2���αk ≡∇μIμα1α2���αk ; ðA8Þ

½EðkÞIðk−1Þ�α1α2���αk ≡ −kIðα2���αkfα1Þρuρ; ðA9Þ

where

f̄μν ≡ fμν þ 2σμν þ 2

d
hμνθ: ðA10Þ

We use the convention that Ið−1Þ ¼ 0. The notation
emphasizes that TðkÞ is a linear map from the
space of symmetric tensors with (k) indices to itself,
TðkÞ∶ fIðkÞg → fIðkÞg, while DðkÞ∶ fIðkþ1Þg → fIðkÞg and
EðkÞ∶ fIðk−1Þg → fIðkÞg. Physically, TðkÞ corresponds to a
combination of a generalized time derivative and the action
of a generalized magnetic field, DðkÞ is the generalized
spatial derivative, while EðkÞ gives the action of the
generalized electric field.
Within the relaxation time approximation, see Eq. (99),

the general equation (A6) can be further rewritten. Firstly,
the equations for k ¼ 0, k ¼ 1, and the trace of the equation
for k ¼ 2, can be expressed as

uμ∂μnþ n∇μuμ ¼ 0; ðA11Þ

hμν∂μp −mnfνμuμ þ∇μτ
μν ¼ 0; ðA12Þ

d
2
nuμ∂μT þ nT∇μuμ þ τμνgρμ∇νuρ þ∇μqμ ¼ 0; ðA13Þ

i.e., they take the form of equations (103)–(105). Secondly,
the equations of motion for the out-of-equilibrium
moments δIαβ���γ take the form

½T ð2ÞδIð2Þ þDð2ÞδIð3Þ�hαβi ¼ Shαβi; ðA14Þ

T ðkÞδIðkÞ þDðkÞδIðkþ1Þ þEðkÞδIðk−1Þ ¼SðkÞ; k≥3; ðA15Þ

where SðkÞ is the spatial part of the operator defined in
Eq. (108) with k indices that we leave implicit, and T ðkÞ is a
combination of TðkÞ and the collision operator:

½T ðkÞδIðkÞ�α1α2���αk ¼ ð£u þ θÞδIα1α2���αk þ kδIμðα2���αk f̄νjα1Þgμν

þ 1

τcoll
δIα1α2���αk : ðA16Þ

We will now examine the requirements for the hydro-
dynamic approach to be valid. As discussed in the main
text, the condition is that the frequencies of out-of-equi-
librium perturbations are much smaller than the relaxation
rate 1=τcoll. What complicates the matter is the fact that
there are multiple frequency scales that can be defined in
this context. To find them, we first introduce a set of
operators: f£u; σμαgμν; θ; Tm hμν∇μ∇νg. Then, we can for-
mally define the set of characteristic frequencies of the out-
of-equilibrium perturbations fω; σ; θ;ω2

Tg as the maximal
magnitudes of the eigenvalues of the above-defined oper-
ators acting on δI ðkÞ. In the hydrodynamic regime, we
require maxfω; σ; θ;ωTg ≪ 1=τcoll. This brings about
two simplifications: one of them is that the terms containing
£u, θ and σμν in Eq. (A16) are subleading with respect
to 1

τcoll
δIðkÞ; the other one is that on dimensional grounds

we can estimate δIðkþ1Þ ∼maxfuchar;
ffiffiffiffiffiffiffiffiffiffi
T=m

p gδIðkÞ,
where uchar stands for the magnitude of velocity
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perturbation out of equilibrium, so that DðkÞδIðkþ1Þ ∼
ðσδIðkÞ; θδIðkÞ;ωTδIðkÞÞ ≪ 1=τcollδIðkÞ, and consequently
in Eq. (A15) the gradient term DðkÞδIðkþ1Þ is subleading.
This is the essence of the gradient expansion: all the out-of-
equilibrium terms are assumed to be subleading, such that
an expansion in powers of τcollω; τcollσ; τcollθ; τcollωT can be
carried out.
The assumptions discussed above significantly simplify

the calculations of the first-order gradient corrections.
Firstly,

½T ðkÞδIðkÞ�α1α2���αk ≈
1

τcoll
δIα1α2���αk − kδIμðα2���αkfα1Þνgμν;

ðA17Þ

so that T ðkÞ can be represented as a tensor with k lower and
k upper indices rather than as a differential operator.
Secondly, in Eq. (A14) the term Dð2ÞδIð3Þ is at least second
order in gradients and can thus be neglected, and con-
sequently

τμν ¼ mδIμν ¼ m½T −1
ð2ÞS

ð2Þ�hμνi: ðA18Þ

Using the definitions in Eqs. (A2) and (108) one can
calculate (the details of the calculation are relegated to
Appendix B 7):

Sαβ ¼ −
2nT
m

hρhα∇ρuβi ¼ −
2nT
m

σαβ: ðA19Þ

Analogously, from Eq. (A15) we can deduce that up to the
first order in gradients

δIð3Þ ¼ T −1
ð3ÞðSð3Þ − Eð3ÞδIð2ÞÞ: ðA20Þ

In Appendix B 7 we calculate

Sαβγ ¼ −
3nT
m2

hðαβ∂γÞT: ðA21Þ

Following Eq. (A18), the stress tensor τμν can be
obtained by inverting the operators T ð2Þ. In the hydro-
dynamic regime, T ð2Þ can be treated as a four-rank tensor
such that

mSαβ ¼ T αβ
μντ

μν: ðA22Þ

Since vorticity 2∇½μuν� ¼ fμν can be nonzero in equilib-
rium, we take the vorticity scalar defined in Eq. (109) to be
a zeroth-order quantity that has to be taken into account. In
two dimensions, we will choose to do calculations in polar
coordinates ðρ;ϕÞ. In the basis fτρρ; τρϕ; τϕϕg,

T αβ
μν ¼

0
BBB@

1
τcoll

−2ρB 0

B=ρ 1
τcoll

−ρB

0 2B=ρ 1
τcoll

1
CCCA: ðA23Þ

Changing the basis to ftr½τ�=2; τhρρi; τρϕg,

T αβ
μν ¼

0
BBB@

1
τcoll

0 0

0 1
τcoll

−2ρB

0 2B=ρ 1
τcoll

1
CCCA: ðA24Þ

Inverting this matrix, we obtain

1

2nT
τhρρi ¼−

τcoll
1þ4τ2collB

2
σρρ−

2τ2collB
1þ4τ2collB

2
ρσρϕ;

1

2nT
ρτhρϕi ¼−

τcoll
1þ4τ2collB

2
ρσρϕþ 2τ2collB

1þ4τ2collB
2
σρρ: ðA25Þ

After comparing Eq. (A25) with the definitions in
Eqs. (110) and (112), we can read off the viscosity
coefficients, which are presented in Eq. (113).
In three dimensions, we work in the cylindrical coor-

dinate system ðz; ρ;ϕÞ, where the z direction is aligned with
the vorticity vector defined in Eq. (118), i.e., Bμdxμ ¼ Bdz.
In the basis ftr½τ�=2; ðτρρ − ρ2τϕϕÞ=2; τρϕ; τρz; τϕz; τhzzig,

T αβ
μν¼

0
BBBBBBBBBBBB@

1
τcoll

0 0 0 0 0

0 1
τcoll

−2ρB 0 0 0

0 2B=ρ 1
τcoll

0 0 0

0 0 0 1
τcoll

−ρB 0

0 0 0 B=ρ 1
τcoll

0

0 0 0 0 0 1
τcoll

1
CCCCCCCCCCCCA

: ðA26Þ

Inverting this matrix we obtain
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1

2nT
τhρρi − ρ2τhϕϕi

2
¼ −

τcoll
1þ 4τ2collB

2

σρρ − ρ2σϕϕ

2
−

2τ2collB
1þ 4τ2collB

2
ρσρϕ;

1

2nT
ρτhρϕi ¼ −

τcoll
1þ 4τ2collB

2
ρσρϕ þ 2τ2collB

1þ 4τ2collB
2

σρρ − ρ2σϕϕ

2
;

1

2nT
τhρzi ¼ −

τcoll
1þ τ2collB

2
σρz −

τ2collB
1þ τ2collB

2
ρσϕz;

1

2nT
ρτhϕzi ¼ −

τcoll
1þ τ2collB

2
ρσϕz þ τ2collB

1þ τ2collB
2
σρz;

1

2nT
τhzzi ¼ −τcollσzz: ðA27Þ

Analogously, to calculate qμ, one needs to invert the operator T ð3Þ, as seen from the definition qμ ¼ m
2
gαβδIαβμ and

Eq. (A20). In two dimensions, in the basis fδIρρρ; δIρρϕ; δIρϕϕ; δIϕϕϕg, T ð3Þ reads

T αβγ
μνρ ¼

0
BBBBB@

1
τcoll

−3ρB 0 0

B=ρ 1
τcoll

−2ρB 0

0 2B=ρ 1
τcoll

−ρB

0 0 3B=ρ 1
τcoll

1
CCCCCA
: ðA28Þ

Inverting this matrix and contracting with gβγ, one recovers Eq. (114). Similarly, in three dimensions, in the basis
fδIρρρ; δIρρϕ; δIρϕϕ; δIϕϕϕ; δIρρz; δIρϕz; δIϕϕz; δIρzz; δIϕzz; δIzzzg,

T αβγ
μνρ ¼

0
BBBBBBBBBBBBBBBBBBBBBBBBB@

1
τcoll

−3ρB 0 0 0 0 0 0 0

B=ρ 1
τcoll

−2ρB 0 0 0 0 0 0 0

0 2B=ρ 1
τcoll

−ρB 0 0 0 0 0 0

0 0 3B=ρ 1
τcoll

0 0 0 0 0 0

0 0 0 0 1
τcoll

−2ρB 0 0 0 0

0 0 0 0 B=ρ 1
τcoll

−ρB 0 0 0

0 0 0 0 0 2B=ρ 1
τcoll

0 0 0

0 0 0 0 0 0 0 1
τcoll

−ρB 0

0 0 0 0 0 0 0 B=ρ 1
τcoll

0

0 0 0 0 0 0 0 0 0 1
τcoll

1
CCCCCCCCCCCCCCCCCCCCCCCCCA

: ðA29Þ

Inverting this matrix and contracting with gβγ , one recovers Eq. (124).

APPENDIX B: DETAILED DERIVATIONS

1. Noether charge

Under an arbitrary infinitesimal path deformation xμ → xμ þ ξ̃μ, the on-shell variation of the Lagrangian is

δonL ¼ ξ̃μ
∂L
∂xμ

þ ˙̃ξ
μ ∂L
∂ẋμ

¼ d
dλ

�
ξ̃μ

∂L
∂ẋμ

�
; ðB1Þ
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where we have used the Euler-Lagrange equations to get the last equality. On the other hand, the Lagrangian for a point
particle in NC geometry is given by Eq. (36) as

L ¼ m
2N

hαβẋαẋβ þmmαẋα; ðB2Þ

where N ¼ τρẋρ. The variation of L under the shift xμ → xμ þ ξ̃μ can be calculated explicitly as

δL ¼ m
N
hαβẋαẋρ∂ρξ̃

β þ m
2N

ẋαẋβξ̃μ∂μhαβ −
m
2N2

hαβẋαẋβðτμẋρ∂ρξ̃μ þ ẋμξ̃ρ∂ρτμÞ þmmαẋρ∂ρξ̃
α þmẋαξ̃μ∂μmα

¼ m
2N

ẋαẋβðξ̃μ∂μhαβ þ 2hαμ∂βξ̃
μÞ − m

2N2
hαβẋαẋβẋμðξ̃ρ∂ρτμ þ τρ∂μξ̃

ρÞ þmẋαðξ̃μ∂μmα þmμ∂αξ̃
μÞ

¼ m
2N

ẋαẋβ£ξ̃hαβ −
m
2N2

hαβẋαẋβẋμ£ξ̃τμ þmẋα£ξ̃mα: ðB3Þ

Let us denote all the transformations as χ ¼ ðξ̃μ;ψμ;ΛÞ,
where ξ̃μ is an infinitesimal coordinate reparametrization,
ψμ is a Milne boost and Λ is a Uð1Þ gauge transformation.
If the parameters satisfy the Killing conditions in Eq. (45),
the transformation χ leaves the action invariant up to a
boundary term, and the variation of the Lagrangian under χ
is called the symmetry variation [64–67]. If we denote by
χK the set of Killing parameters, then we have

δχKτμ ¼ £ξKτμ ¼ 0; ðB4Þ

δχKhαβ ¼ £ξKhαβ − ψK
α τβ − ψK

β τα ¼ 0

⇒ £ξKhαβ ¼ ψK
α τβ þ ψK

β τα; ðB5Þ

δχKmα ¼ £ξKmα þ ψK
α þ ∂αΛK ¼ 0

⇒ £ξKmα ¼ −ψK
α − ∂αΛK: ðB6Þ

For a symmetry variation, we can use Eqs. (B4)–(B6) to
simplify Eq. (B3). Thus, the symmetry variation of L reads

δsyL ¼ −m
d
dλ

ΛK: ðB7Þ

If the arbitrary coordinate reparametrization ξ̃μ in the on-
shell variation in Eq. (B1) is replaced by the Killing
transformation ξμ ¼ ξμK , then the left-hand sides of both
the transformations are equal [63]. Equating the on-shell

and the symmetry variation in Eqs. (B1) and (B7) we get

d
dλ

�
ξμK

∂L
∂ẋμ

þmΛK

�
¼ 0

⇒
dQK

dλ
¼ 0; ðB8Þ

where QK ¼ ξμK
∂L
∂ẋμ þmΛK ¼ ξμKπμ þmΛK and πμ ¼ ∂L

∂ẋμ is
the conjugate momentum of the particle. This calculation
shows that QK is a conserved quantity known as the
Noether charge.

2. Derivation of Eq. (81)

The collisional invariant in Eq. (78) is

Q0 ¼ ξμπμ þmΛ; ðB9Þ

where ξμ is a vector, πμ is the canonical momentum andΛ is
a gauge parameter. We define

h̄αβ ¼ hαβ þ ταmβ þ τβmα; ðB10Þ

v̂μ ¼ vμ − hμσmσ: ðB11Þ

It is straightforward to verify that h̄αβ and v̂μ are Milne
invariant. An explicit calculation shows that

Γμ
αβ ¼ v̂μ∂βτα þ

1

2
hμσð∂αh̄βσ þ ∂βh̄ασ − ∂σh̄αβÞ þ

1

2
hμσðmσHβα þmαHσβ þmβHσαÞ;

v̂μh̄μν ¼ ð2vσmσ − hγσmγmσÞτν;
hμσh̄σν ¼ δμν þ ðhμσmσ − vμÞτν: ðB12Þ

Now, the canonical momentum πμ can be rewritten as

πμ ¼ −
1

2m
h̄αβpαpβτμ þ h̄μαpα; ðB13Þ
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where pα is the kinematic momentum satisfying the constraint τμpμ ¼ m. Acting with the Liouville operator on the
collisional invariant gives

mXL½Q0� ¼ mpγ
∂γQ0 −

�
Γγ
αβp

αpβ þ p2

2m
Hγ

ρpρ

�
∂Q0

∂pγ

¼ pγðξμ∂γπμ þ πμ∂γξ
μ þm∂γΛÞ −

�
Γγ
αβp

αpβ þ p2

2m
Hγ

ρpρ

�
ξμ

∂πμ
∂pγ

¼ pγξμ
�
−

1

2m
ð∂γh̄αβÞpαpβτμ −

1

2m
h̄αβpαpβ

∂γτμ þ ð∂γh̄μαÞpα

�

þ pγ

�
−

1

2m
h̄αβpαpβτμ þ h̄μαpα

�
∂γξ

μ þmpγ
∂γΛ

−
�
Γγ
αβp

αpβ þ p2

2m
Hγ

ρpρ

�
ξμ
�
−
1

m
h̄γσpστμ þ h̄μγ

�
: ðB14Þ

We can further rewrite it as

mXL½Q0� ¼ pαpβξμ
�
−

1

2m
τμpγ

∂γh̄αβ þ ∂βh̄μα −
�
Γγ
αβ þ

1

2m
hαβHγ

ρpρ

��
−
1

m
h̄γσpστμ þ h̄μγ

��

−
1

2m
h̄αβpαpβpγLξτγ þ

1

2m
h̄αβpαpβpγξμHμγ þ h̄μαpαpβ

∂βξ
μ þmpγ

∂γΛ: ðB15Þ

Using the identities in Eq. (B12), as well as τρðp
ρτμ
m − δρμÞ ¼ 0, we have explicitly

Γγ
αβh̄γρ

pρτμ
m

− Γγ
αβh̄μγ ¼ Γγ

αβh̄γρ

�
pρτμ
m

− δρμ

�

¼ 1

2
½ð∂αh̄βρ þ ∂βh̄αρ − ∂ρh̄αβÞ þ ðmαHρβ þmβHρα þmρHβαÞ�

�
pρτμ
m

− δρμ

�
; ðB16Þ

1

2m
hαβHγ

ρpρh̄γσ

�
pστμ
m

− δσμ

�
¼ 1

2m
hαβHσρpρ

�
pστμ
m

− δσμ

�
¼ −

1

2m
hαβHμρpρ; ðB17Þ

1

2m
h̄αβpαpβpγξμHμγ ¼

1

2m
hαβpαpβpγξμHμγ þmαpαpγξμHμγ: ðB18Þ

Let us first focus on the terms containing Hμν. After expanding ðpρτμ
m − δρμÞ in Eq. (B16), there are nine such terms. Four of

them vanish by the virtue of the antisymmetricity of Hμν, which implies pαpβHβα ¼ pαpρHρα ¼ pρpβHρβ ¼ 0, and the
remaining five mutually cancel, so that in the end the tensor Hμν disappears from Eq. (B15). Furthermore, after expanding
the terms containing derivatives of h̄μν, most of them cancel out as well. In the end, Eq. (B15) simplifies to

mXL½Q0� ¼
1

2
pαpβξμ∂μh̄αβ þ h̄μαpαpβ

∂βξ
μ þ pαταpβ

∂βΛ −
1

2m
h̄αβpαpβpγLξτγ

¼ 1

2
pαpβðξμ∂μh̄αβ þ h̄αμ∂βξμ þ h̄βμ∂αξμ þ τα∂βΛþ τβ∂αΛÞ −

1

2m
h̄αβpαpβpγLξτγ

¼ 1

2
pαpβδχ h̄αβ −

1

2m
h̄αβpαpβpγδχτγ: ðB19Þ

To find the formula for δχ h̄αβ, we have used Eqs. (11)–(14). Now, since h̄αβ is Milne invariant, setting vμ ¼ uμ we obtain the
equality

h̄αβ ¼ gαβ þ 2τðαAβÞ: ðB20Þ
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From the definition of uμ, Eq. (77), we have

δχuμ ¼ −uμuσδχτσ; ðB21Þ

which implies

uαδχgαβ¼δχðuαgαβÞ−gαβδχuα¼gαβuαuσδχτσ ¼0; ðB22Þ

δχP̄
μ
α ¼ −uμP̄σ

αδχτσ; ðB23Þ

which in turn can be used to prove that

δχgαβ ¼ ðδμα − uμταÞδχgμβ ¼ hμνgανδχgμβ

¼ gανð−uνP̄σ
βδχτσÞ − gανgβμδχhμν

¼ −gανgβμδχhμν: ðB24Þ

Taking together Eqs. (B19), (B20) and (B24), gives

mXL½Q0� ¼ pβδχAβ −
1

2
pαpβgανgβμδχhμν

−
1

2m
gαβpαpβpγδχτγ: ðB25Þ

3. Covariant derivative of Iα1α2���αn

For the purposes of this appendix, we define

σd ¼ σdþ1δðτρpρ −mÞ: ðB26Þ

The covariant derivative acts on the nth moment of the
distribution function as

∇μIμα2���αn ¼ 1

mn ∇̄μ

Z
pμpα2 � � �pαnfσd

¼ Γ̄μ
λμI

λα2���αn þ � � � þ Γ̄αn
λμI

μα2���λ

þ 1

mn

Z
pμpα2 � � �pαn∇̄μðfσdÞ: ðB27Þ

Now,

∇μðfσdÞ ¼ ∂μfσd þ f∇μσd ðB28Þ

¼ ∂μfσd þ fΓ̄ρ
ρμσd þ fσdþ1pλ

∂μτλδ
0ðτρpρ −mÞ

ðB29Þ

¼ ∂μfσd þ fΓ̄ρ
ρμσd þ fσdþ1pλΓ̄σ

λμτσδ
0ðτρpρ −mÞ

ðB30Þ

¼∂μfσdþfΓ̄ρ
ρμσdþfσdþ1pλΓ̄σ

λμ

∂

∂pσ δðτρpρ−mÞ:

ðB31Þ

Plugging it into Eq. (B27), integrating the last term by
parts, and comparing with Eq. (44), shows that

∇μIμα2���αn ¼ 1

mn−1

Z
pα2 � � �pαn

×

�
XL½f� þ

1

2m2
p2Hμ

ρpρ ∂

∂pμ f

�
σd: ðB32Þ

Integrating the last term by parts gives

∇μIμα2���αn ¼ 1

mn−1

Z
pα2 � � �pαnXL½f�σd

−
n − 1

2
Hðα2

ρhμνIμνρjα3���αnÞ −HμνvνIμα2���αn :

ðB33Þ

Setting vμ ¼ uμ and hμν ¼ gμν gives Eq. (64).

4. Hydrostatic conditions

Let us rephrase the Killing conditions in Eq. (82) using
the Milne-invariant data defined in Eqs. (77) and (79).
Firstly,

δχτμ ¼ ξν∂ντμ þ τν∂μξ
ν ¼ ∂μ

�
1

T

�
−
uν

T
Hμν ¼ 0 ⇒

ðB34Þ

uμ∂μ

�
1

T

�
¼ 0; hμν∂ν

�
1

T

�
−Hμ

ν
uν

T
¼ 0: ðB35Þ

Expanding ∂μð1=TÞ ¼ −T−2
∂μT and multiplying by T2

gives Eq. (83). Secondly,

δχAμ¼ ξν∂νAμþAν∂μξ
νþ∂μΛ¼∂μ

�
μ

mT

�
−
uν

T
fμν¼0;⇒

ðB36Þ

uμ∂μ

�
μ

T

�
¼ 0; hμν∂ν

�
μ

T

�
−mfμν

uν

T
¼ 0: ðB37Þ

Using uμ∂μð1=TÞ ¼ 0 in the first equation and multiplying
the last equation by T gives Eq. (84). Finally,
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δχhμν ¼ ξλ∂λhμν − hμλ∂λξν − hνλ∂λξμ

¼ −hμλ∇λξ
ν − hνλ∇λξ

μ þ uμHν
λξ

λ þ uνHμ
λξ

λ

¼ −2∇ðμ
�
uνÞ

T

�
þ 2uðμHνÞλ

uλ

T
¼ 0: ðB38Þ

Using Eq. (B35) in Eq. (B38) gives

∇ðμuνÞ ¼ 0: ðB39Þ

Taking the trace with gμν produces θ ¼ ∇μuμ ¼ 0, while
projecting out the traceless part produces σμν ¼ 0.

5. Conservation of energy

By combining Eqs. (67), (65), (68) we obtain

ð∇μ þHμρuρÞEμ ¼ m
2
I γδμ∇μgγδ −

m
2
gμνHðμ

ρgβγIβγρjνÞ:

ðB40Þ

Furthermore,

∇μgγδ ¼ ðP̄α
γ þ τγuαÞ∇μgαδ ¼ gγβ∇μðhαβgαδÞ − τγgαδ∇μuα

¼ gγβ∇μðδβδ − τδuβÞ − τγgαδ∇μuα ¼ −2τðγgαδÞ∇μuα

ðB41Þ

and

−
m
2
gμνHμ

ρgβγIβγρν ¼ −
m
2
ðδμν − uμτνÞHμρgβγIβγρν

¼ −
m
2
HνρgβγIβγρν þm

2
uμHμρgβγIβγρ

¼ −HρμuμEρ: ðB42Þ

Altogether, we obtain

ð∇μ þHμρuρÞEμ ¼ −HμρuρEμ − T μνgρðμ∇νÞuρ: ðB43Þ

6. Derivation of the equations of motion (A4)

In this subsection, we derive the equations of motion in
Eq. (A4) from the evolution of the kth moment of the
distribution function. Shifting the projection operator inside
the covariant derivative in Eq. (A3), we get

∇μðP̄α1
α0
1
� � � P̄αk

α0k
Iμα0

1
���α0kÞ−∇μðP̄α1

α0
1
� � � P̄αk

α0k
ÞIμα0

1
���α0k ¼ Kα1���αk :

ðB44Þ

The covariant derivative of the projection operator is

∇μP̄α
α0 ¼ ∇μðδαα0 − uατα0 Þ ¼ −τα0∇μuα

¼ −τα0 ðP̄α
β þ τβuαÞ∇μuβ ¼ −τα0P̄α

β∇μuβ: ðB45Þ

Using Eq. (B45) in Eq. (B44) produces

∇μðP̄α1
α0
1
� � � P̄αk

α0k
Iμα0

1
���α0kÞ þ ðP̄α1

α0
1
� � � P̄αk−1

α0k−1
τα0kh

αkσ þ � � � þ τα0
1
hα1σP̄α2

α0
2
� � � P̄αk

α0k
Þðgλσ∇μuλÞIμα0

1
���α0k ¼ Kα1���αk : ðB46Þ

Furthermore, we notice the equality

P̄α1
α0
1
� � � P̄αk

α0k
Iμα0

1
���α0k ¼ uμIα1���αk þ Iμα1���αk ; ðB47Þ

so that Eq. (B46) can be written as

∇μðuμIα1���αkÞ þ∇μIμα1���αk þ ½hαkσðuμIα1���αk−1 þ Iμα1���αk−1Þ þ � � � � � � þ hα1σðuμIα2���αk þ Iμα2���αkÞ�ðgλσ∇μuλÞ ¼ Kα1���αk :

ðB48Þ

The Lie derivative of Iα1���αk with respect to uμ is

£uIα1���αk ¼ uμ∂μIα1���αk − Iμα2���αk∂μuα1 − � � � − Iα1���αk−1μ∂μuαk

¼ uμ∇μIα1���αk − Iμα2���αk∇μuα1 − � � � − Iα1���αk−1μ∇μuαk ; ðB49Þ

so that Eq. (B48) can be written as

ð£u þ∇μuμÞIα1���αk þ∇μIμα1���αk þ ½hαkσðuμIα1���αk−1 þ 2Iμα1���αk−1Þ þ � � �
� � � þ hα1σðuμIα2���αk þ 2Iμα2���αkÞ�ðgλσ∇μuλÞ ¼ Kα1���αk : ðB50Þ
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7. Evaluating Sαβ and Sαβγ

The tensors Sα1α2…αk are defined through Eqs. (108) and
(A2) as the spatial parts of the kth moments of XL½f0�. For
that reason we start this section by expressing XL½f0� in a
form convenient for later manipulations.
In the definition of the hydrodynamic distribution

function f0, we replace the chemical potential μ with the
number density n with the use of Eq. (94):

f0 ¼ c−1n

�
1

2πmT

�
d=2

exp

�
−

1

2mT
gαβpαpβ

�
: ðB51Þ

We have also used the Milne invariance of f0 and the fact
that gμνuν ¼ 0. Now we apply the Liouville operator in
Eq. (44) to the equilibrium Boltzmann distribution func-
tions, getting

XL½f0� ¼
pμ

m
∂μf0 −

1

m
Γμ
γδp

γpδ ∂f0
∂pμ

¼ −
pμ

m

�
1

2mT
pγpδ

∂μgγδ −
1

2mT2
ðgγδpγpδ − dmTÞ∂μT −

∂μn

n

�
f0 þ

1

mT
Γμ
γδp

γpδgμρpρf0

¼ −
pμ

m

�
1

2mT
pγpδ∇μgγδ −

1

2mT2
ðgγδpγpδ − dmTÞ∂μT −

∂μn

n

�
f0: ðB52Þ

In the last expression, we have replaced the ordinary derivative with the covariant derivative using the relation

∂μgγδ ¼ ∇μgγδ þ Γα
γμgαδ þ Γα

δμgαγ: ðB53Þ

From Eq. (B41) follows that pγpδ∇μgγδ ¼ −2mpγgγδ∇μuδ. Eq. (B52) can be rewritten as follows:

XL½f0� ¼
ðpμ −muμÞ

m

�
∂μn

n
þ 1

T
gγδpγ∇μuδ þ

1

2mT2
ðgγδpγpδ − dmTÞ∂μT

�
f0

þ uμ
�
∂μn

n
þ 1

T
gγδpγ∇μuδ þ

1

2mT2
ðgγδpγpδ − dmTÞ∂μT

�
f0: ðB54Þ

Using the equations of motion in Eqs. (103)–(105), we can eliminate the terms containing uμ∂μn, uμ∇μuδ, and uμ∂μT. This
way we obtain

XL½f0� ¼
�
1

mT
gγαpγðpμ −muμÞ

�
∇μuα −

1

d
δαμ∇νuν

�

þ 1

2m2T2
fgγαpγpα − ðdþ 2ÞmTgðpμ −muμÞ∂μT

−
1

dmnT2
ðgγαpγpα − dmTÞðτμνgρμ∇νuρ þ∇μqμÞ −

1

mnT
gγδpγ∇μτ

μδ

�
f0: ðB55Þ

To derive the first-order constitutive relations, we drop the higher-order gradient correction in Eq. (B55) and write

XL½f0� ¼
�
1

mT
gγαpγðpμ −muμÞ

�
∇μuα −

1

d
δαμ∇νuν

�

þ 1

2m2T2
fgγαpγpα − ðdþ 2ÞmTgðpμ −muμÞ∂μT

�
f0: ðB56Þ

Written in this form, the formula for XL½f0� resembles the one familiar from the textbook approach to the Chapman-Enskog
expansion [1–3]. Now we proceed to calculate the moments of XL½f0� one by one. The zeroth moment is

S ¼ −
Z

σdþ1δðτρpρ −mÞXL½f0� ¼ 0; ðB57Þ
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the integral easily computed after changing the variables
pμ → ðpμ þmuμÞ. The first moment is

Sα ¼ −
1

m
P̄α
α0

Z
σdþ1δðτρpρ −mÞpα0XL½f0� ¼ 0; ðB58Þ

where we also use the change of variables pμ → ðpμ þ
muμÞ and use Eq. (B57). Similarly, using the zeroth and
first moment, we calculate the second moment as

Sαβ ¼ −
2nT
m

hρhα∇ρuβi ¼ −
2nT
m

σαβ: ðB59Þ

Finally, we get the third moment as

Sαβγ ¼ −
3nT
m2

hðαβ∂γÞT: ðB60Þ
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