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We review the shift (translation) and time reversal symmetries of Hamiltonian staggered fermions and
their connection to continuum symmetries concentrating in particular on the case of massless fermions and
(3 + 1) dimensions. We construct operators using the staggered fields that implement these symmetries on
finite lattices. We show that shifts composed of an odd multiple of the elementary shift anticommute with
time reversal and are related to continuum axial transformations. We argue that the presence of these
nontrivial commutation relations implies the existence of lattice 't Hooft anomalies. From the shifts we also
construct a set of conserved, quantized charges that generate continuous symmetries of the lattice theory. In
general these do not commute with the vector charge signaling further ’t Hooft anomalies.
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I. INTRODUCTION

In this paper, we focus on the symmetries of staggered
fermions. Although the symmetries of the Euclidean
formulation, in which both time and space are discretized,
are well known [1-6], the Hamiltonian formalism devel-
oped in [7] has received less attention in the case when the
spatial dimension is greater than one." In our work we focus
on the structure of the shift and time reversal symmetries
for Hamiltonian staggered fermions for arbitrary spatial
dimension. We are particularly interested in understanding
the connection between the anomalies seen in Euclidean
formulations of staggered or Kahler-Dirac fermions [10,11]
and the structure of these theories as viewed from a
Hamiltonian perspective. In particular, we would like to
understand whether we can build chiral lattice gauge
theories by gauging certain discrete translation symmetries
of staggered fermions along the lines proposed in [12].
These discrete symmetries are called shift symmetries in
the literature, and, as we will discuss later, can be thought of
as a finite subgroup of the axial-flavor symmetry of the
continuum theory. In particular, our focus will be on
understanding whether such symmetries break in response
to gauging other symmetries signaling the presence of
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mixed 't Hooft anomalies—a phenomenon that has been
observed in other lattice systems [13—15]. In path integral
approaches to quantum field theory, anomalies including
mixed anomalies, arise from a noninvariance of the fermion
measure.” In contrast within the canonical formalism mixed
anomalies are realized when operators representing distinct
symmetries do not commute.

Following the procedure given in [14] we construct
explicit operators that implement the elementary shifts S,
time reversal 7, and a global U(1) phase symmetry on a
finite lattice. Our work can be seen as an extension of recent
work on Majorana chains in one spatial dimension [14] and
the Schwinger model [8,9]. Motivation for our work can
also be found in the phenomenon of symmetric mass
generation which requires the cancellation of lattice ’t
Hooft anomalies [10,11,16-19] and the formulation of
certain lattice chiral gauge theories using mirror fermions
[20,21]. Many of these studies start from the Hamiltonian
formulation which provides a motivation for this work.

We start by reviewing the staggering procedure for the
Hamiltonian formalism and then discuss the symmetries of
the system focusing on the shift and time reversal sym-
metries. We then construct finite operators that implement
these symmetries on the lattice and examine their commu-
tator structure. We examine in particular the case of three
spatial dimensions showing the relationship of shift invari-
ance to continuum axial-flavor symmetries. Finally, we are
able to construct a series of exact continuous symmetries of
the model by combining the phase symmetry with the shift
symmetries. These symmetries obey a nontrivial algebra

*Notice that the usual Adler-Bell-Jackiw anomaly can be
thought of as a mixed anomaly since it corresponds to the
breaking of a global axial symmetry in the presence of the
background gauge field for a vector symmetry.
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which we conjecture encodes the continuum anomaly
structure for vanishing lattice spacing.

II. HAMILTONIAN STAGGERED FERMIONS

Our starting point is the continuum Dirac Hamiltonian
given by

H= / PP () (iy10; + m)¥(x). (1)

where i are spatial indices running from 1 - - - 4. The lattice
Hamiltonian is obtained by first introducing a cubic spatial
lattice and replacing the derivative with a symmetric finite
difference

H= Z‘P [iy;A

where x now labels an integer position vector on the lattice
with components {x;} and the symmetric difference oper-
ator is defined by

(0, y) +mogW(y),  (2)

1
Py (5}'.x+i

Ai(xvy) = 2

- 5_\?,)(—1')‘ (3)
We indicate a shift of the site x by one lattice spacing in the
ith direction by (x + 7). It is convenient to introduce the
Hermitian matrices @; = yyy; and f§ = y, and rewrite this as

H= Zl}ﬁ

As is well known, this lattice Hamiltonian suffers from
fermion doubling and describes 2¢ degenerate Dirac
fermions in the continuum limit. Staggered fermions
represent efforts to reduce this degeneracy. To obtain the
staggered Hamiltonian, we first perform a unitary trans-
formation on ¥ to a new basis y as follows:

MNiaiAi(x.y) +mpo,|¥(y). (4

P(x) = a*y(x),
i (x) = ¢ (x)(a), (5)
where
o =y - ay (6)

The Hamiltonian in this basis is then given by

H =37 )ling(x)8i(x.y) + me(x)5.,82(v). (7

X,y

where 7;(x) = (1)t and e(x) = (=1)2.
Unlike the analogous situation in Euclidean space the
resultant operator for m # 0 is not proportional to the unit
matrix in spinor space. So we cannot stagger the field by

merely discarding all but one component of y as one would
do in that case. Instead, we can go back to Eq. (4) and
decompose ¥(x) into two components W, (x) that are
eigenstates of f3,

W(x) =¥, (x) + ¥_(x), (8)
where P, =1 (1 & f8). The Hamiltonian is then
H= Z{Ti(x)iaiAz(x’ VY-_(y)
X,y
FPL(x)ioi A (x,y) P ()]

+my (P ()W, (x) - W (x)

and we write ¥ as

Y_(x), )

W (1) = Paay(x) = a5 (1 £ ()1 (x)

= @ (1 () () + 7-(0)]

= @ 3 [(1 4 e() 2000 + (1 F e(0) 2] (10)
Thus,

lP+ = ax()(Jre +)(—0)7
Yo =a'(xio+ x-c) (11)

It is now possible to truncate the system by setting
X—o = ¥—. = 0. On substitution into Eq. (9) one obtains

H = Z%ieiniAi)(wLo + )(Tkoir]iAi)(Jre

X,i

(ke xve = XX o)- (12)
Since the action is now diagonal in spinor indices one can
further truncate y, (x) = y(x) to a single component field
and in this way obtain the final staggered fermion
Hamiltonian:

H=3 y'(x)in(x

xvz

y)+mY () x (x)x(x)
(13)

This final step thins the degrees of freedom by another factor
of 2 and the resulting staggered Hamiltonian describes two
Dirac fermions in three (spatial) dimensions [7,22] and one

3For simplicity we will continue to use the notation y! going
forward even though y is a single component field. To show that
this Hamiltonian is Hermitian one must employ the result
(ab)" = b'a' for fermion operators.
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Dirac fermion in one dimension in the continuum limit [8,9].
The canonical anticommutators of the staggered fields are
given by

(" (x.0). x(x'. 1)} = 6, (14)

with all other anticommutators vanishing. The equation of
motion is

= in;(x)A;(x,y)x(y) + me(x) x(x).  (15)

It is not hard to verify that

i (On;(x + 1) +n;(x)n;(x + j) = 26;;. (16)

This result, together with the fact that the site parity operator
€(x) anticommutes with the symmetric difference operator
A;, ensures that the field y satisfies a discrete Klein-Gordon
equation

Py(x)
or?

M| —

i

(17)

Notice the appearance of a discrete Laplacian operator on a
block lattice with twice the lattice spacing. This equation
implies that there are 2¢ degenerate solutions for every site
on the block lattice. These solutions can be constructed by
performing a translation accompanied by a phase shift &;(x)
of the block lattice solution for every site in the unit cell of
the original lattice. These translations within the unit cell, or
shifts as they are commonly called, play a crucial role in our
analysis and will be discussed later.

Let us try to understand how this works in more detail.
For simplicity let us restrict the following discussion to odd
d. The naive fermion on a d-dimensional spatial lattice
gives rise to 2¢ Dirac fermions in the continuum limit
because of doubling. After staggering one expects the
continuum theory to correspond to 27" Dirac fermions with
a total of 2¢ complex components. These can be identified
with the staggered fields y(x) living at the corners of the
unit hypercube in the original lattice or equivalently the unit
cell in the block lattice. To expose the spin-flavor structure
of the continuum fermion we can build a matrix fermion A
according to the rule

A(x) :%{zh}:;((x—f—b)a”b, (18)

where {b} is a set of 27 vectors with components
b; ={0,1} corresponding to points in a unit cell.
Clearly, as written, A carries more degrees of freedom

D Delx +20) + x(x = 20) = 22(x)] + m?x(x).

than the original staggered field. But the low momentum
components can be taken as independent and are enough to
expose the spin-flavor structure—the continuum spinors
can then be read off from the columns of this matrix as the
lattice spacing is sent to zero [23]. As we will show, it also
allows us to see the connection between shift symmetries
and the continuum axial-flavor symmetry. A matrix map-
ping which preserves the number of degrees of freedom is
called the spin-taste basis and is given in terms of a distinct
matrix field y living on the block lattice only. This is
reviewed in Appendix B.

Finally, we note that the Hamiltonian is also clearly
invariant under a U(1) phase symmetry in which
x(x) = € y(x) which will play an important role in our
later discussion. We now turn to a discussion of important
additional symmetries of the staggered Hamiltonian.

III. CONTINUUM FLAVOR AND LATTICE SHIFT
SYMMETRIES

In this section we will focus on staggered fermions in
(3+ 1) dimensions but the arguments can easily be
generalized to any dimension. We start from a chiral basis
for the Dirac gamma matrices given by

/= (: v, (19)

"

where 6, = (I,0;) and 6, = (I, —0;). In this case

o = <_g" 3) (20)

For later reference we also list ia;q; and iajaya;z in this

basis:
. €jki0i 0
iy = ( Jo €»k<o<)’ (1)
Jki®i
I 0
iy = (O I)' (22)

The matrix ¥ in Eq. (18) then takes the form

-G

where
. i ..
Aw = 1)1 = y(x +i)o; =3 x(x+ i+ j)egop
+ily(x+14+243),
i
A= () + y(x +i)o; — 5;((x +i+ j)eijrok

—ily(x+14+24+3). (24)
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In the naive continuum limit the massless staggered field
thus gives rise to doublets of left- and right-handed Weyl
fields transforming under two independent SU(2) sym-
metries. These symmetries protect the continuum theory
from developing bilinear mass terms.* In addition, the
theory is invariant under both the vector U(1) symmetry
discussed earlier and a singlet axial symmetry U(1), in
which the 13z and 4; carry opposite charges. Of course, the
crucial question is whether sufficient lattice symmetries
exist that guarantee that these continuum symmetries
emerge as the lattice spacing is sent to zero. Part of the
answer lies in the existence of exact translation-by-one or
shift symmetries of the lattice Hamiltonian. We now turn
to these symmetries and their relation to continuum
symmetries.

The continuum symmetries act by right multiplication of
a continuum matrix fermion given by Eq. (18) as a — 0 by
an axial-flavor transformation matrix F'. This takes the form
F = e'%% where the Hermitian basis ay is given in terms
of products of the individual ; matrices:

ay = {a;, iy, iqyapazy  where i = 1...3. (25)

It can be seen that this yields the continuum flavor group
SU(2) x SU(2) x U, (1) as described above.

Staggered fermions, being discretizations of Kihler-
Dirac fermions [11], are invariant under a twisted rotation
group corresponding to the diagonal subgroup of the flavor
and rotation symmetries [3,6,12,24,25]. Upon discretiza-
tion, the rotational symmetries are restricted to the cubic
group, and hence the flavor rotation angles are similarly
restricted to odd multiples of 7. Then the remaining
elementary discrete flavor rotation acting on the continuum
matrix field becomes (see [23])

A(x) = A(x)e = A(x)ia;. (26)
The lattice equivalent is
A(x) = Ax + j)ia;. (27)

We will now show that this induces a unit translation or
shift on the staggered fields. Acting on the lattice fermion
matrix given in Eq. (18), the transformed matrix is given by

N(x) = Z)((x + b+ jla T ia,
{v}

=iy &i(x+b)x(

{v}

x+b+ jatt,  (28)

where one must anticommute the a; matrix from the right
which produces the phase factor &;(x+b) where

‘A Majorana mass for either a left- or right-handed doublet
vanishes identically.

&i(x) = (—I)Z:Z.fﬂx". The net effect is clearly to just
produce an elementary shift
Sp . .
x(x) = i&;(x)x (x + ),
—i&;(x) 2" (x + ). (29)

Thus, there is a direct connection between the continuum
transformation e>% and the elementary shift S I8

It is straightforward to examine the invariance of the
Hamiltonian under such a shift S,

H— Zml

—x(x =i+ k)] + ) me(x)&(x)x" (x + k) (x + k)

S.
x(x) =

o RE(E e+ 1) 5 Lee i+ K)
—}}mx—>ﬂ<mu—m@@+ww%u@+o
x—z —I—Zmex—

= Zm x(x=i)]
- Zme () x T (x) x(x), (30)

() (x)

r(x+1i)—

where we have used the result 7;(k)&; (i) = 1. Notice that
the Hamiltonian is only invariant under S, if m =0. It
should be clear that elementary shifts can be applied
consecutively to yield additional symmetries. For example,
the double shift §;;:

i
(31)

It is trivial to see that S;S; = —S;S;. Thus, just as §; is
associated with the continuum symmetry generator o, the
properties of the double shift S;; mimic those of the generator
ia;a;. It is important to notice that in the case of the double
shift the Hamiltonian is invariant even for a nonzero mass.
This suggests that even lattice shifts are associated with vector
transformations in the continuum theory. If one goes to a
chiral basis in the continuum, it is easy to verify that the
generators a;a; indeed act as vector symmetries.

Conversely the Hamiltonian is only invariant under an
odd number of shifts if the mass is zero, suggesting odd
shifts are associated with continuum axial transformations.
This can also be explicitly verified by going to a chiral
basis. An explicit example of this is the triple shift S;5,53
which corresponds to the generator of the singlet axial
Uy (1) symmetry ys = iajanas.

It is important to recognize that the connection between
lattice shifts and continuum flavor is only one to one up to

2(0) 588, 7(x) = —&,(0)E(x + )z (x+ i + )
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ordinary translations. For example, a double shift along the
same direction yields a simple translation 7" on the block lattice:

2

2(0) 3 — & ()& (x +
=—y(x+2i)=

i)y (x+ 2i)
=T;[x(x)]. (32)
Similarly, performing a §;; shift followed by a §; shift yields

SiiSix(x) = 8;;i&;(x) x(x + j)
= —i&;j(x + j)&i(x +27)&;(x) x(x + 2j +i)
= —i&(xX)T;x(x + i)

=-T;Six(x) (33)
or more generally [S;;, §;] = —27;S,. That is, the combination
of two shifts generates another shift up to a block translation. In
a similar fashion the double shifts satisfy the relation

[Sijs Si] = 28T . (34)

The shift symmetries hold even in the presence of gauge
interactions provided the gauge link field U;(x) transforms
similarly under shifts

S

Ui(x) = Ui(x + j). (35)
It should now be clear that the staggered fermion shift
symmetries form a discrete subgroup of the continuum
symmetries corresponding to discrete axial-flavor transfor-
mations.” This group comprises the elements given in Eq. (25)
together with their negatives and the identity. When the lattice
mass is nonzero, only the even shifts are good lattice
symmetries. These form a discrete subgroup of the
SU(2), symmetry of the continuum theory. In Sec. V we
show that the exact symmetries of the lattice theory are
sufficient to protect the theory against developing relevant
mass terms, and these continuum symmetries are hence
restored automatically as the lattice spacing is sent to zero.
These conclusions parallel similar arguments that can be
made in the Euclidean theory—see [1-5] for a discussion of
these issues in the context of the Euclidean theory.

IV. TIME REVERSAL ON AND OFF THE LATTICE

In (3 + 1) dimensions the discrete symmetries of charge
conjugation C and time reversal 7 (where t — —f) acton a
continuum spinor field ¥ in the following manner:

¥ 5 = fa, (36)
and

>The word “flavor” is often called “taste” in the lattice gauge
theory literature.

vl nr¥ = —a a3,
T

i—> —1i. (37)
In particular, the combination 7 = CT acts as follows:
w5y,
i5 (38)

where I' = fa,a;a3. A standard calculation shows that if
W(x, 1) is a solution of the equations of motion, then so is
I'Y*(—t,x). Performing the CT transformation on the
Hamiltonian after the unitary transformation given in
Eq. (5) shows that the symmetry operation 7 acts on
staggered fields as follows:

T

x(x) = e(x) *(x) = e(x) (1" (x))",
A (39)

Under 7 the kinetic term K — K/,
Z;{ —in; (x) A (x, y)]e(y) ()

= Z;( x)in; (x)A;(x, ) x*(v)
= Z — 2 ()ini(x) Ai(x, y) x(x)

— K, (40)

where the last line follows from the fact that A; is an
antisymmetric matrix and y, y* anticommute. Thus, the
kinetic operator is time reversal invariant. In contrast, it is
easy to see that the mass term >, e(x)y*(x)y(x) is not
invariant under 7. For brevity we will refer to this product
of charge conjugation and time reversal symmetry as
simply time reversal 7 in the rest of the paper.6 At this
point it is important to notice that the elementary shift
symmetry does not commute with time reversal:

2(3) 5 () (v),

(

205 —ie()E(x) 7 (k).
(

(

2(x) = i () (x4 k).

Ts,

x(x) = —ige(x)e(x+k)x(x+k) = ie(x)& (x) " (x +k).

(41)

Clearly, the two symmetries anticommute.’ Indeed, this
statement is true for any shift composed of an odd number
of elementary shifts.

®Clearly 72 = 1.

"Notice that we can multiply the elementary shift symmetry by
an arbitrary phase a. But this does not change the anticommu-
tation property with 7.
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V. RENORMALIZATION

Let us summarize our conclusions so far. The staggered
Hamiltonian with zero mass is invariant under a U(1) phase
symmetry, a time reversal, and a set of shift symmetries that
form a discrete subgroup of the continuum axial-flavor
group. The lattice theory is also invariant under discrete
rotations and axis inversion as described in Appendix B and
a charge conjugation symmetry C:

x(x) = ) ) T (42)

To understand whether these symmetries enhance to yield a
Lorentz and time reversal invariant theory equipped with the
full SU(2) x SU(2) x U(1) continuum axial-flavor sym-
metry, we need to write down all relevant and marginal lattice
operators that are invariant under the lattice symmetries and
determine whether any of these correspond to relevant (or
marginal) operators that break the continuum symmetries.
The only candidate terms one can construct correspond to
fermion bilinears coupling sites within the unit cell of the
lattice. The only operators that are both shift and U(1)
invariant correspond to fermion fields connected by a string of
17:(x) link phases along a path between x and x + 7:

[H’?n <x+2n )] i) +Hec. (43)

n;#0 j<i
We have already shown the shift invariance of the kinetic term

which takes this form. As another example consider the
following operator:

S @i (x+ip(x+i+j).  i#j (44)
Under a shift S}, it becomes

D xR (x)in (X (x+ i) (x4 i+ )

x;((x—i—i—i-j—f—k)
—Z;( x)in; ()i (k) (e + D) (R)E () () e (e + i+ )
:Z)(T x)in; (x)n;(x+ i)y (x+i+j). (45)

where we have used the result n; (k)& (i) = 1 twice. It should
be clear that a similar result will be obtained for any string of
n-link phases terminated by fermion fields. Notice that any
insertion of &, (x) or e(x) into this expression will break the
shift symmetry. For example, the term

Y A& (e +1) (46)

transforms to

Z;ﬁ (% + k)& ()& (x)Ex(x + i) g (x + i + k)
_ ZZ

The factor in square brackets is 29, — 1.

The goal of this section is to write down all such terms
and then decide whether they are invariant under both 7°
and C. We will do this systematically according to the
number of nonzero elements or links in the vector 7.

x(x + )& ()& (k)] (47)

A. Zero link operators

There are just two Hermitian operators of this kind:

(1) e(@)r () 1(x):

@ 7 (x)z(x).
Both lead to relevant mass terms in the continuum limit. We
have already shown that the former is not invariant under
single shifts or time reversal. It is also not invariant under C.
While the second operator is invariant under shifts, it is
easy to see that it is not invariant under 7 or C

since {y(x), x"(y)} = b,y

B. One link operators

The following Hermitian lattice operators are possible:

(1) 7" ()i () [ (x + ) = (x = 1)

@) 2 )mi(x) [ (x + i) + x(x = 0)).
These expressions should be summed over the index i to
enforce rotational invariance, but we will suppress this
aspect for simplicity. The first one is just the original kinetic
term, and we have shown that it is invariant under 7 and C.
The second is a mass term. Under time reversal it becomes

- zxje(X))(T(X)n ()e()[(x'

= Z[(%T(x + )"+ (rf (e = 1)) i () x (x)

_ Z .

It is thus 7 invariant. Under C it becomes
Z;{

= Z

It is hence not C invariant.

(x+ )"+ (" (x = 1))]

x(x+i) +x(x =) (48)

F i)+ 2 = )

i) x(x+1i) + x(x =)l (49)

C. Two link operators

We consider

X )in()n;(x + Dlr(x + i+ )+ x(x—i= . (50)

In principle, to enforce rotational invariance this expression

014504-6
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should be summed over all sets of neighbor points
x £ i+ j, but again we will ignore this requirement for
the purpose of testing 7 and C invariance other than
requiring that the term be Hermitian. Notice that if we left
off the factor of i we could seemingly construct a term
involving [y(x+ i+ j)— y(x—i—j)]. However, this
clearly gives rise to a second derivative term in the
continuum, and so we neglect such irrelevant operators
in our analysis. The first half of this term transforms under

T as

D —ie() 2" (omi(x)n; (e iex+i+ ) (2t (x4 i+ /)T

X

= iyt (it )mi (o (x+ i) x(x)

= ix" omiom; e+ D) x(x—i= Pm Gy (D). (51)

But [1;(j)n;(i)] = =1 for i # j, and so this term violates 7.
It can be shown to be invariant under C.

D. Three link operators

We consider the following masslike operator:

27 (x)in (x)n;(x + Dmp(x + i+ j)x(x+ i+ j+ k) +He.
(52)

Following the same strategy as above it can be shown to be
7T invariant but not C invariant.

Let us summarize our conclusions. The original massless
Hamiltonian is invariant under U(1), shift, 7, and C
symmetries. The only marginal or relevant fermion bilinear
constructed from fields within the unit cell that is invariant
under all these symmetries is the original kinetic operator.
In our arguments we have left out any gauge field.
However, it is straightforward to extend the analysis to
gauged fermion bilinears. The transformation of any gauge
field under the shift and U(1) symmetries has already been
discussed. Under both C and the 7 symmetry the gauge
field is taken to transform as

Ui(x) = Ui (x). (53)

One can then repeat the previous analysis with the same
conclusion: that the only operator in the massless theory
that remains invariant under all the lattice symmetries in the
presence of gauge fields remains the kinetic term. Thus, the
theory does not suffer from additive mass renormalization,
and the continuum symmetries should be restored auto-
matically as the lattice spacing is sent to zero. There is one
caveat—clearly the coupling to the kinetic operator can be
renormalized due to interactions. This would correspond to
a renormalization of the speed of light.

VI. REAL FIELDS AND SYMMETRY OPERATORS

To derive explicit operators that implement shifts and
time reversal on a finite lattice it is useful to first re-express
the staggered fermion y in terms of real fields A' and 4*:

x(x) =5 (A (x) +i2%(x)).

7' (x) =5 (A (x) = iR (x)). (54)

N = N =

The massless Hamiltonian is then
1 2
H:ZZZA[I()C)”,]J(X)AJAH('X)’ (55)
x,j a=l
and the equal time anticommutators become
{2 (x),/ll7 (x)} = 25“b5(x, x). (56)

The U(1) symmetry discussed earlier yields an SO(2)
symmetry acting on the real fields

24(x) = eRa )b (x), (57)
where R = ¢ Similarly, time reversal 7 acts as
T
A (x) > e(x)A (x),
2(x) S e(0)2(x). (58)

We can write the elementary shift symmetry described in
the previous section as S, = RS, where S, is given by

29(x) 25 £, (x4 (x + k). (59)

In fact, it should be clear that the massless Hamiltonian is
actually invariant under two separate half shifts given by

2005 (01 (x4 k),

2(x0) 5 2(0), (60)
and
2(x) 5 £ (1) (x + k).
20 B2 (), (61)
with
S, = AuBy. (62)

The B half shift is precisely the same symmetry considered
in [9] for a (1 + 1)-dimensional staggered fermion model.
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Let us now construct operators that implement
Ay, By, and R on a finite lattice equipped with periodic
boundary conditions. As a warm-up let us start with a
one-dimensional lattice with L sites and coordinate
x=x; =0---L—1. For staggered fermions L must be
even, and for d = 1 the phase &;(x) = 1. The A, shift can
then be implemented by the action of the shift operator

A2 ATIA124,, (63)

where

—2-L/2 H

A (x + 1)) (64)
and

AT =272 T+ AN ()A (x + 1), (65)
x=0

To see this one uses the results

—A(x+1) = % (12" ()2 (x + DAY ()1
A (1),
2x) = % (1421004 (x + DJ2()[1
A2 (x + 1),
L= D[4 202 (e D2 (02 (x4 1)
(66)
A similar result follows for B, which is given by
*2‘”21_[ )2 (x+ 1)). (67)

Combining the A and B shifts, one obtains
(1 =2%(x)A%(x+1)). (68)

The time reversal operator can also be implemented in a
similar way. When L is a multiple of 4, it can be achieved
using the operator 7 :

Tle(Hi‘(x)) (le(x)>, (69)

xeven xodd

where K represents complex conjugation. When L is an
odd multiple of 2, this gives the wrong site parity, so we use
G7 instead, where G is the fermion parity operator

G4 (x)G™! = =2%(x), (70)

with G =[], | A4(x).

For a two- dlmensmnal lattice with coordinates (x;,x,)
with x; = 0--- L — 1 the story is similar. An A shift along
x; is given by the action of a shift operator A,

Coip L-1 L-1
19!
=0 x;=

x (1 —¢f1(9C Yo x)A (x + Lxp)),  (71)

with & (x) = (-

by the operator

1)*2. Similarly, a shift along x, is generated

L-1 L-1

—o-L*/)2 H
=0 x,=
x (1 —fz(x) Yo x) A (x,x0 + 1)), (72)

with &,(x) = 1. The B shifts work in the same way with
A'(x) = 22(x). This allows us to write S in the form

2 L-1 L-1

§ = ZH (1= &1 (x)A%(x1, %2) 2 (x1 + 1,x2)),
a=1x,=0x,=0
2 L1 L-1

= H (1 =& (x0)A% (x1, x2)A (x1, x2 + 1)),
a=1x;=0x,=0

2

(73)

When L is a multiple of 4, time reversal can be achieved
using

T = /C(Xgnzl (xl,x2)> (Ejﬁ(xl,xz)) (74)

while when L is an odd multiple of 2, we again use G7
instead. In three dimensions the § shifts are

. 2 L-1 L-1 L-1
§=2"]]
a=1 x3=0x,=0x,=0
X (1 =& (x)A%(xy, %2, x3)A%(x) + 1, x5, x3)),
. 2 L-1 L—1 L-1
$,=21]]
a=1x;=0x3=0 x,=0
x (1= fz(x)/la( 1, X2, X3) A% (x1, x5 + 1, x3)),

(1 - 53(36)/1‘1(951»952’163)/1 (x1, %, x5+ 1)) (75)

014504-8



SYMMETRIES AND ANOMALIES OF HAMILTONIAN STAGGERED ...

PHYS. REV. D 113, 014504 (2026)

Time reversal when L = 0 mod 4 is given by

7=/c< 11 ll(xl,xz,x3)>< 11 12(x1,x2,x3)>,

Zix,:even Zl,x,:odd
with the same modification as before for L = 0 mod 2. We
can also write down an operator in terms of the fermion
fields that implements the R operation. It is given by

(76)

R=21T[(1 = 2 (x)2(x)). (77)

x=0

To write down operators that correspond to multiple shifts
one simply compounds a series of single shift operators as
discussed earlier. As observed earlier, one can verify that
the odd shift operators anticommute with 7

{$,.T} =0. (78)

Furthermore, the definition of S involves an element R of
the U(1) symmetry. Notice that R satisfies R* = 1 and
hence R belongs to a Z, subgroup. The shifts are clearly
symmetries for any element of this Z,. The fact that S; and
T do not commute implies that any attempt to gauge this Z,
subgroup will break 7—a mixed lattice "t Hooft anomaly.
In particular, the singlet U, (1) symmetry corresponding to
the 3-shift S;,3 will be broken if this subgroup of the vector
symmetry is gauged. This is analogous to the result
obtained in [9]. In the next section we will explore how
these ’t Hooft anomalies can be canceled.

VII. ANOMALY CANCELLATION

The question we would like to address is whether the
mixed 't Hooft anomaly we found can be canceled. One
way to approach this question is to ask whether we can
design interactions that can gap the fermions without
breaking the Z, symmetry. One way to do the latter is
to add Z, invariant four fermion interactions to the theory.
The simplest term we can write down takes the form®

GY 1" ()2 (0" (x) + He,, (79)

which requires four complex staggered fermions and
exhibits an explicit SU(4) = SO(6) global symmetry as
well as time reversal and shift invariance. For G — 0 one
expects the ground state to be eightfold degenerate since it

®This is the operator that has been the best studied both
analytically and numerically in the literature but clearly there are
many others corresponding to displacing some of the fields
within the unit cell of the lattice.

corresponds to eight noninteracting real staggered fer-
mions. However, for G — oo the ground state is given
by diagonalizing the single site Hamiltonian. It was shown
in [26,27] that the ground state of this system is in fact a
singlet. Indeed, in the latter paper it was shown how to
construct a variety of four fermion terms with differing
symmetry groups [the maximal symmetry being SO(7)]
that result in a nondegenerate ground state—generalizing
the original result of Fidkowski and Kitaev [28]. The
singlet nature of the ground state implies that the system
is incapable of undergoing spontaneous symmetry break-
ing. This fact in turn implies that the system is free of ’t
Hooft anomalies. This phenomenon of producing a gapped,
invariant ground state has been termed symmetric mass
generation and has already been observed in staggered
fermion models with four fermion interactions
[16,18,19,28-32]. Clearly the model can be gapped in this
way for eight real staggered fermions each of which yields
two Majorana fermions in the naive continuum limit.
Thus, this analysis confirms the Z;, anomaly cancellation
condition for Majorana fermions in (3 4+ 1) dimensions
[27,33-35].

One might be tempted to ask whether this anomaly
cancellation condition can be obtained directly from the
algebra of operators. Consider N flavors of massless
staggered fermion. The operators needed to implement
shifts and time reversal take the form of products of
mutually commuting terms for each flavor, e.g.,

N
Se=]]s¢
a=1

where S and 7¢ denote the operators for a single flavor
derived in the previous section. Even though {S¢, 79} = 0,
it is easy to verify that [Sy,7] = 0 for N = 2k. Thus, it
appears in d =3 one would need four Dirac or eight
Majorana fermions to cancel this mixed anomaly. In
contrast, the gapping argument tells us symmetric mass
generation should only be possible for N = 4k, i.e., 16
Majorana fermions in d = 3. This discrepancy between the
number of fermions needed to gap the system and the
number needed to cancel off a naive 't Hooft anomaly has
been noted previously in the literature—see, e.g., [36]. The
Z,6 anomaly cancellation condition for the discrete spin-Z,
symmetry of continuum Weyl fields can not be seen by
considering chiral fermions on the torus where only a Zg
condition is found. One must instead consider fermions
propagating on manifolds with different topology to see the
Z,6 classification.

N

T=]]7" (80)

VIII. CONSERVED CHARGES AND CONTINUOUS
SYMMETRIES

We have seen that the theory admits a phase (vector)
symmetry that manifests as an SO(2) rotation on the
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doublet of real fermions A(x) at each site. The explicit
expression for the generator of this second quantized
symmetry operator was given in Eq. (77). In fact, an
arbitrary SO(2) rotation can be generated using the
operator Uy = e~%Cv whose action on the doublet field
A is given by

UyA(x)US, (81)

where the vector charge is given by

_ %Zal (02 (x). (82)

For infinitesimal @ the transformation becomes

i0[Qy, ). (83)

From the fundamental anticommutators of the fields one
deduces

A4(x) = A9 —

Ax) = 2 (x) — 02%(x),
22(x) = 22(x) + 02 (x). (84)

It is easily verified that [H,Qy|=
expected.

For the rest of this section we will again focus on the
interesting case of d =3 although it is not hard to
generalize the results to arbitrary dimension d. We have
already seen that a discrete U, (1) transformation corre-
sponds to right multiplication of the matrix fermion A by y5
and maps to the 3-shift Sj,3 operator acting on the
staggered field. Its axial character can be made obvious
by observing that

[H,Uy] =0 as

Ays = (ysAys)rs = ysA, (85)

where we have used the fact that A commutes with y5 or
equivalently has eigenvalue unity under the twisted chiral
operator ys ® ys. It is natural to look for a generalization of
the vector charge that incorporates this 3-shift, generates a
continuous axial symmetry of the lattice system, and
becomes the singlet axial charge in the continuum limit.
In terms of the doublet A(x) it is given by

04 = B1»30vBiy;

- —2_123 /11 12< i Q é), (86)

where Zp3(x) = & (x)&(x + 1)&(x + 1 + 2) is the phase
associated with the 3-shift. It is very important to note that
here, following [9], we have employed a 3-shift only on the
A2 field; i.e., the shift is not a full shift S, but just Bj,3. A
simultaneous shift on both fields would leave the vector
charge invariant. Since B|,3 is a symmetry of the (massless)

Hamiltonian, the resultant charge Q4 also commutes with
the Hamiltonian.” Again, we can exponentiate this charge
to produce a continuous lattice symmetry corresponding to
the operator U, = e~ To see this note that

— 0/2) Bl
_ 1‘[66/2:,23 0)A (x0) 2 (x+14243)

)2 (x+142+3)

This acts as a rotation on the doublet (U,s“U’, where
ae{l,2})

$2(x) = Bps ()2 (x +1+2+3), (88)
giving
s'(x) = cos(6)s'(x) — sin(6)s?(x),
s2(x) — cos(0)s?(x) + sin(6)s! (x). (89)

However, if we compute the commutator with the vector
charge, we find a nonzero result

[Ov. 04 = ——Z~122 () (x+142+3)

“2(x)2(x+14+243)). (90)

While this clearly vanishes in the naive continuum limit, it
is clearly nonzero on a finite lattice and suggests that the
theory suffers from a mixed 't Hooft anomaly—when the
lattice vector symmetry is gauged, Q4 is broken.

By following this strategy it should be clear that one can
construct a series of conserved and quantized charges for
the remaining shift symmetries B, and B,;,:
0i =B,OvB;'. Q4,5 = BuQuBi(d=3). (91)
These, again, can be exponentiated to yield continuous
symmetries U, = ¢~ and U,, = e, However,
these charges will not in general commute with the vector
symmetry

[QV’ Qﬁ} = GQ[QV’ Qé+f)] = Gﬁ+l§’ (92)

where

*Start with HQy = Qy H. Multiply left and right by Bj,; and
B1};, respectively, and use the fact that B3 commutes with H to
show that B, QVB]‘213 must also commute with H.
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Gy = 2 S ER () (A (A (x + ) — ()2 (x + 7)),

where = (x) is the phase associated with the shift 7z. Thus, in
three (spatial) dimensions E;(x) =&,(x) or &,(x)&, (x+ @)
or &(x)& (x + 1)&(x + 1+ 2). G; commutes with H and
satisfies G_; = —Gj.

In a similar fashion, one can compute the commutators
of these charges with Q4. For example, using

040; = B1B,B;QvB;'B;'B7'B,Qy B!
= B,05.30vB7". (93)

we find
[Q4. Q1] = —B1G5, 3BT (94)
Similarly

0407, = B\B,B;QvB3'B5'By' BB, Qv B;' B}
= BleQéQVBl_]BEI (95)

leading to
[QAv Qi+i] = _BleGéBl_lBgl- (96)
Other commutators follow a similar pattern, e.g.,
01. Q3] = B,G3_; B! (97)
and

[05.1. 05,3 = [B2BQvB{'B;', B,B;0yB3' By
= B,[Q;, 03]B;' = B,G3_;B;' (98)

and
[0i. Qi.5] = Bi[Qv. O5]BT" = B\G3BT'  (99)
and

(01,0551 = 01, 03,3.1,1] = BiG3,5_iBi'.  (100)

These commutation relations can be summarized as

05, Qi) = G, (101)

where Gﬁ‘? =B MGHB;?:I and By, denotes a half shift
corresponding to the vector M. The latter has nonzero
components arising from repeated elementary vectors in 7
and . For example, if 77 = 1+2andm=1+2+3, then
M=1+2and By, = By, = B B;. In detail

. 1
Gy = ) B (x)[A! (x)4! (x 4 1)
—E, ()2 (x + M)2(x + i + M)],  (102)
which simplifies to
. 1
M __ =. 1 1 =
G; = —sz}n ()[4 ()41 (x + 1)
—E5 (M)E ()22 (x) 22 (x + 7). (103)

There are additional nontrivial commutation relations
between the QO and G operators, and, if one allows for
multiples of the elementary shifts, the algebra described
here generalizes the Onsager algebra described in [9] to
higher dimensional lattices. We postpone a detailed inves-
tigation of this algebra to future work and merely note here
that the representation theory of this non-Abelian algebra
would provide a set of maximally commuting operators and
thereby encode any continuum anomaly.

It is interesting to compute the commutator of G; with
the fields A%. One finds

(G5, 21 (x)] = B (x) (A" (x + 1) = 2 (x — 7)),
[Gi. 22(x)] = —E5(x) (P (x + i) — 2% (x — ).

(104)

In momentum space the commutator behaves as

[Gy. 29(k)] ~ (e — e=kT)2a(),  (105)
where k = Zm with m = —%...L for periodic boundary
conditions.

This vanishes on zero energy modes of the form

|
/Ia(x) Nﬁelm .x’

(106)

where A is one of the shift vectors whose components take

the values 0,1, and V is the lattice volume. The nontrivial A
are the doublers. On low energy modes in the vicinity of
these zero energy states the right-hand side of Eq. (105)
scales like 1/L and hence vanishes as L — oo. The fact that
G; commutes with low energy modes of the field operator
at large L and annihilates the vacuum can be used to show

that the matrix element of G5 (and G?f ) between any two
low energy states goes to zero in the naive continuum limit
following the argument given in [9].

IX. CONCLUSIONS

In this paper we have examined the shift, time reversal,
and phase symmetries of Hamiltonian staggered fermions
on finite spatial lattices focusing on the case of (3 + 1)
dimensions. We have reviewed how the shift symmetries
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correspond to a discrete subgroup of the product of the
continuum axial-flavor symmetry and translations. In
particular, the odd shifts correspond to discrete axial
transformations in the continuum theory and are only
symmetries in the massless theory. Furthermore, we find
that the odd shifts anticommute with time reversal.

We have constructed explicit operators to generate these
symmetries along the lines of [14]. To do this we decom-
pose the complex staggered fields into two real fields. This
also enlarges the set of shift symmetries of the massless
theory—one can apply independent half shifts to each of
these two fields. The presence of anticommuting sym-
metries hints at the presence of ’t Hooft anomalies.
However, we have argued that the system can be gapped,
and hence the 't Hooft anomaly canceled, for four complex
staggered fields yielding 16 Majorana fermions in three
(spatial) dimensions. We conjecture that canceling these
mixed shift-time reversal anomalies in the Hamiltonian
formalism may be equivalent to canceling the gravitational
anomalies of the Euclidean theory.

We have also constructed a set of local, conserved, and
quantized charges by combining each of the half shift
symmetries with the vector charge Qy. The resultant
charges generate a set of new continuous global symmetries
of the lattice theory. However, these charges do not
commute with the vector charge on finite lattices. This
implies that gauging the lattice vector symmetry will break
these global symmetries—a lattice ’t Hooft anomaly. In
addition, the commutation relations of the full set of
charges form a nontrivial algebra. We plan to investigate
the representations of this non-Abelian algebra in future
work. This will reveal the maximal set of commuting
operators which should determine the continuum anomalies
that can arise as the continuum limit is taken.

Note added. Another recent work also elucidates the
symmetry structure of Hamiltonian staggered fermions
with the goal of classifying the possibilities for symmetric
mass generation [37]. Our results are consistent with their
conclusions where the two papers overlap.
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APPENDIX A: CONNECTIONS BETWEEN
EUCLIDEAN AND HAMILTONIAN STAGGERED
FERMIONS

Since a single Dirac fermion has 2= components, the

most general square matrix that can be built from such

. . d+l d+1 ..
spinors will possess 27 x 27 = 2 x 2¢ elements. This is

twice the number of points in the spatial cube employed in
our Hamiltonian construction and hence cannot be repro-
duced with our single Hamiltonian staggered fermion.
Clearly the missing degrees of freedom correspond to
the fact that we truncated the theory before spin diagonal-
ization by retaining only fields y, (x) whose f-eigenvalue
was equal to unity. Equivalently the matrix fermion we
construct commutes with ys. It corresponds to a reduced
staggered fermion in the Euclidean formulation [2,18,21].
Indeed, the mass term that arises in the Hamiltonian
formulation can be seen as the dimensional reduction of
the temporal one-link mass term of a reduced fermion.

To achieve the full set of Dirac fermions one can employ
a second staggered fermion y’ and expand it on the
additional matrix basis given by pa*

N =g S p (e + ).
{b}

(A1)

This matrix fermion anticommutes with ys. By adding A

and A’ we can then build a theory containing 2% Dirac
fermions corresponding to the number of fermions that
arise in Euclidean formulations of full staggered fermions
where time is also discretized.

APPENDIX B: ADDITIONAL PROPERTIES OF
STAGGERED FERMIONS

In this appendix we list the additional symmetries of the
free staggered fermion Hamiltonian that are not already
covered in the main text [3,38].

1. Rotational invariance

Consider the transformation

x(x) = Sg(R™"x) x (R™"x),

where the rotation matrix R = RP" acts on the spatial
coordinates as

X, = X, X, = =X, X —>x, (s#p,r)
and
$x(x) =5 [1 £ 1, (), (3) F &, () (B1)
+1, (), (x)E,(X)E,(x)],  pST. (B2)
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Invariance of the Hamiltonian follows from

Sg(R™'x)n;(x)Sg(R™'x + R™'(x + i)) = R;m;(R™'x).
(B3)

2. Axis reversal

We define an axis reversal transformation I = I(P),
which acts on the spatial coordinates as

X =
Xi

Under this transformation, the field transforms as

ifi=p

iy (B4)

x(x) = (=1)"% x(Ix).

3. Spin-taste basis

To understand the continuum limit of staggered fermions
it is useful to employ what has been termed “taste basis” for
Euclidean staggered fermions [38]. For the Hamiltonian
theory we can provide an analogous construction by
defining two matrix fermions on a lattice with twice the
lattice spacing:

Wba(y 21/2 Z ba)(e 2y +A)
A€A,

Via(¥) = 5 /2 D (@) paro(2y + A), (B5)
A€A,

where A denotes a unit cell vector with components 0 or 1
and A, denotes the subset of such vectors with an even
number of nonzero components while A, denotes those
with an odd number. As before

o = al ) ay’. (B6)
The matrix index b is interpreted as a “spin” index while a
is interpreted as a “taste” index. Notice that both y, and y_
are constructed from just four complex parameters, and
hence the field w =y, + w_ can contain only two Dirac
fermions as noted in the main text. Another way to see this
is to note that y commutes with y5 = ia;a,3. Since f3
commutes with a¢ and anticommutes with a”¢, the matrix
fields on the left satisfy

Pyib=w,,

Py_p=-y_. (B7)

Equation (B5) can be inverted [using tr(a?a®) = 4548] to
give

123+ 4) = (5 00) + IR ). (B9

The mass term becomes

Ze(x) Ztr
=5 ;tr(vﬁﬂw(y)ﬂ)

where we have used the completeness relation

Za‘;‘ba’é‘d = 46,440pc- (BIO)
A

which is valid for any matrix which can be expanded on the
a”. Using the results

Z ni(A)(aA+i)aa(aA)bﬁ = 4(ai)aﬁ5ab + 4ﬂaﬁ(ﬁai)ba’
AA=0

ﬂi(A)(O‘A)aa (“A+i)b/} = 4<ai)(1/)’5ab - 4ﬂaﬂ(ﬂai)hav
AA;=0

(B11)

one can show that the Hamiltonian in the spin-taste basis is
given by

Ztr
+ tr[wT(y)ﬁ(w(y +1i) +w(y—1i)

2 B ()B).

w(y—i))

—2y(y))Ba’]
(B12)

w(y+i)—

We see that in this form, the free Hamiltonian describes two
naive Dirac fermions, with the addition of a nondiagonal
Wilson-like mass term, which removes the doublers.
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