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Non-BPS monopoles and dyons via resurgent transseries
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Radially symmetric non-BPS ’t Hooft-Polyakov monopoles and dyons are constructed as resurgent
transseries: infinite sums of exponentially decaying terms, each multiplied by a factorially divergent
fluctuation factor. All higher exponential terms are explicitly expressed in terms of the leading order
solutions. In the BPS limit all fluctuation terms truncate.
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I. INTRODUCTION

Semiclassical analysis of quantum field theory is a well-
developed method built on computing quantum fluctuations
about classical saddle solutions [1-4]. This process is most
explicit in special limits, achieved by tuning parameters in the
Lagrangian, for example with various levels of supersym-
metry. In such limits there are dramatic simplifications in the
classical equations of motion, and correspondingly also in the
fluctuation problem. Beyond such special limits, semiclass-
ical analysis is much more difficult to analyze fully. For
example, in Yang-Mills-Higgs theory, the classical equations
of motion for monopoles and dyons can be reduced by a
symmetric static Ansatz to a set of coupled nonlinear ordinary
differential equations (ODEs) that involves a parameter /7 that
is the ratio of the Higgs mass to the W-boson mass [5,6].
When f — 0, the BPS limit, these equations reduce to first
order equations with simple explicit solutions [7-9], and their
fluctuations are also well understood [3,4]. This is an example
of a general phenomenon [8]. Away from the BPS limit, the
monopole and dyons solutions are considerably more com-
plicated, and even less is known about their fluctuations.

Here we study the ’t Hooft-Polyakov monopole and dyon
equations away from the BPS limit using ideas from resurgent
asymptotics. Previous work on non-BPS monopole solutions
has been numerical [10,11] and/or studying small or large
deviations from the BPS limit [12—14]. In this paper we apply
amethod that does not rely on such approximations. This is an
application of a general method developed by O. Costin in the
context of resurgent asymptotic analysis of coupled nonlinear
differential equations [15,16]. We show that the non-BPS
monopole equations are solved by a transseries Ansatz that
expands the solutions in the far field limit as a series of
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exponentially suppressed terms, each multiplied by fluc-
tuation expansions. In this approach the nonlinear equations
are transformed into an infinite tower of linear ODEs, graded
by the exponential order of the transseries solutions. The
lowest order ODEs are linear and homogeneous, while the
higher orders are linear and inhomogeneous. The homo-
geneous solutions introduce boundary condition parameters,
which become the “transseries parameters,” and the inhomo-
geneous terms at higher exponential transseries orders propa-
gate the lower order solutions in a systematic manner. The
physical consequence of this structure is that all the exponen-
tially suppressed higher transseries terms are expressed
entirely in terms of the lowest order homogeneous solutions,
an explicit realization of the general resurgent properties of
coupled nonlinear ODEs [15,16]. In other words, the formal
large r series solutions encode all the information about the
beyond-all-orders exponentially suppressed terms in the
solution of the non-BPS monopole equations. We also show
that this method applies to the more general dyon solutions
[9], with a more general transseries structure.

In Sec. II we recall some basic notation and results.
Section III describes the transseries structure for non-BPS
monopoles for f = 1, when the Higgs and W-boson masses
are equal. Section IV determines the transseries parameters
by matching to a solution from small r. Sections V and VI
describe the more general transseries structures that arise
for general f, and for dyon solutions.

II. °T HOOFT-POLYAKOV MONOPOLES

We consider SU(2) Yang-Mills-Higgs theory with the
Higgs field in the adjoint representation, for which the
action is [2-6],

1 1
S= / d*x <—EF/ZDF‘“‘” + 5 (D,®) (D)

~f(@er ) (1
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with a = (1,2,3). Here, e denotes the gauge coupling
constant, with y the strength of the scalar self-interaction
and v the vacuum expectation value of the Higgs field. The
mass of the Higgs field is My = v,/y, with the W bosons
acquiring a mass My, = ve via the Higgs mechanism. We
define the dimensionless mass ratio f = M/ My,. We also
adopt the conventional dimensionless units in which the
radial variable r is rescaled as r — r/(ev) [14]. The field
strength tensor and covariant derivative are

Fi,=0,Af —0,A4+eADAL; D, @ =0,0 + P ALDC.

2)

For monopoles we adopt the 't Hooft-Polyakov static,
purely magnetic, and spherically symmetric Ansatz [5,6]

D =H(r)2. (3)

AG=0; AY=eip ’;(W(r)—l); ;

(We discuss dyon solutions in Sec. VI.) In terms of the

radial fields, the monopole mass is,

(1-w2)?

My =22
p 0 2,.2

ﬂ2 r2
+ 8

’,.2
Y dr [W’Z + EHQ +
(H? = 1) + W2H2} : (4)

The classical equations of motion are

W(r)(W(r) = 1)

w(r) ~wrn(rr O D o)

2 "(r
HY(r) =~ H AW - H -1+ 2
©

Finiteness of the mass requires the leading behavior as
r— o0,

W(r)y~e"+... 5 H(r)~1+4... (7)

The precise form of the subleading terms is discussed
below in Sec. I1L. In this paper we apply Costin’s transseries
expansion method [15,16] to analyze the coupled nonlinear
ODEs in (5)—(6).

A. BPS monopole: =0

When f =0, the monopole mass can be written in
factored form

Myo= 5t [arl v i & (b= ha-w) )
g H1-w). 5

In the f — 0 limit, the classical equations (5)—(6) reduce to
first-order (BPS) equations (retaining the boundary con-
dition that H(r) — 1 at infinity) [7,8],

W ==H(AW(): H () =5(1=W(R) ()

This leads to the explicit closed-form BPS solutions [7,8],

r

() 1o

Wgps(r) = HBPS(r):COth(r)_lr'

As r — oo the BPS solutions are expanded in powers of

e’

[Se]

Weps(7) :2”26_(2k+1>r;

k=0

=1 ———I—ZZe‘Zk’
(11)
These are simple, convergent, transseries expansions, with-

out asymptotic fluctuation factors. The expansions at r = 0
have a finite radius of convergence, r. = z:

Hpgps(

2T
Weps(r) = 1 — g+%+0( r°);
ror2r
HBPS()_E_E+%+O< r’). (12)

The BPS mass is determined by the field values at
infinity: Wgps — 0, Hgps — 1 = Mpps = L.

III. NON-BPS MONOPOLES: =1

When f > 0, the finiteness of the mass requires the
leading asymptotic behavior at infinity to be as in (7), with
corrections that are exponentially small. This leads to a
transseries expansion as r — oo, with sums over two
independent exponential factors, e™" and e~”", and with
power law fluctuations. To understand more clearly this
resurgent transseries structure, we first specialize to the
case where the Higgs and W-boson masses are equal:
f = 1. This is in some sense “intermediate” between the
f — 0 BPS limit [7,8] and the f — oo limit studied
in [12,14].

A. Transseries Ansatz for f=1

When g = 1, the classical equations of motion (5)—(6)
are

w2 -1
W”:W< +H2) (13)
}"
1 W2\ 2H
H//:2H<4( -1)+ r2>— b (14)
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We invoke a large r transseries Ansatz,

W(r) = Z e wy(r),

k=1

(15)

[Se]

H(r)=1- ie‘krhk(r). (16)

k=1

Each field is expanded as a sum of powers of the single
exponential factor (there is only one exponential factor,
because of the choice of f=1). Each term in the
exponential sum is multiplied by a “fluctuation factor,”
wy(r) or hi(r), which are generically [in fact, all except
hy(r)] formal factorially divergent asymptotic series as
r — oo. This is very different from the BPS “transseries”
solutions in (11), where the wy(r) and h(r) factors truncate
to single terms. The non-BPS fluctuation factors wy(r) and
hi(r) in (15)—(16) are determined recursively by the
classical equations of motion (13)—(14).

B. Leading transseries order: Homogeneous linear

The two independent real solutions for w; can be written in
terms of modified Bessel functions with imaginary index,

o B 1y (N -, ()]

- \/%\/;erKi\/?/z(r)

W(l,:l:)(r)

(19)

The homogeneous solution w(; _(r) decays at infinity,

while w(; 4)(r) grows exponentially fast. So we choose

wi(r) = 6,wq (r) (20)

where o, is an arbitrary constant, since (17) is homogeneous.
At large r, wy(r) has a formal asymptotic expansion,

= (3=19), 0+,
wi(r)~ey, Yy Il

r— oo
ODEs n=0 (—2)”1’[!7'"
At leading transseries order, O(e™"), we obtain linear o 1_l+i_ 7 . 91 1911 ‘o 1
and homogeneous ODEs for w,(r) and h;(r), Y1 o2r 872 1677 128r% 12808 ya
(1)
wi(r) 2 () + 1 o, (17)
Here (a), denotes Pochhammer’s symbol: (a),:=
W (r) + 2k (r) 2 (r) — 2h, (r) —0 (18) I'(n 4 a)/T'(a). The expansion (21) has factorially divergent
! r ! r coefficients with large order (n — o0) behavior,
J
1_iv3y (14 iv3 h(¥3z Li_o 3(-2)2 Z(=2)3
(2 Q)n(2+ 2) COS(Z) (n) 1+2( )+ 8( + 16( ) + ) (22)
(=2)"n! m(=2)" (n=1) (n=1Dn=2) (n=1)(n=2)(n=3)

Comparing the coefficients, {}.3,%. ...}, in (21) and (22),
we see the generic resurgent large-order/low-order duality
[16-20] between the large n dependence of the expansion
coefficients and the large r dependence of the function in (21).

The two independent solutions of the /; equation (18)
are much simpler,

{—i—: e’ 2r

h(l,i)(r): — 1Yr

(23)

h(1 - (r) decays at infinity, while A ,)(r) grows exponen-
tially fast at infinity. So finiteness selects the solution to be

hl(”) = Uhh(l.—)(”) (24)

where o), is the other arbitrary constant for the r — oo
solutions. Note that h;(r) does not have a formal

asymptotic series expansion as r — oco: the expansion
truncates with just a single term.

It is important to point out that the non-BPS monopole
equations (13)—(14) are special in the sense that the
homogeneous “seed” solutions w;(r) and h,(r) for the
full transseries in (15)—(16) are obtained in closed form, as
a modified Bessel function for w;(r) in (20) and a simple
exponential for A;(r) in (24). For general ODEs, these
homogeneous “seed” solutions, which recursively generate
the full transseries, are often known only as formal
asymptotic expansions. In this generic situation one pro-
ceeds via Borel summation of the seed solutions, and
higher order terms are then generated by Borel convolu-
tions [15,16]. For this monopole problem one can effec-
tively bypass this step, taking advantage of the fact that the
seed solutions are known special functions, to present a
more efficient way to generate the higher exponential
orders of the transseries. Resurgent features of the
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transseries solution can be seen directly in the fact that
lowest order seed solutions generate all higher order terms
directly, and are also reflected in the large-order/low-order
duality of the nontrivial seed solution w;(r) in (21)
and (22).

C. Higher transseries orders:
Inhomogeneous linear ODEs

At higher transseries order, O(e™*") with k> 2, the

transseries Ansdtze (15)—(16) lead to linear inhomogeneous
ODEs for wy(r) and hy(r) [15,16].

1. Second transseries order

At second transseries order, O(e™"), we obtain the
following linear inhomogeneous equations for w,(r) and

hy(r):

wi(r) (1) + 20 3 = W), (29)
h’z’(r)+%r(”)—4h’2(r)—@+3h2(r):'Hz(r). (26)

The inhomogeneous terms W, (r) and H,(r) mix the
lower-order solutions w(r) and h;(r),

Wy (r) = =2h(r)w,(r), (27)

Halr) = =3 ()2 = i ()

(28)
Each of (25)—(26) can be solved straightforwardly using the
associated homogeneous solutions [21]. In fact, the homo-
geneous solutions at second order are related in a very
simple way to the leading order (homogeneous) solutions,

homog

W B (r) =ewi ) (1), Bt (r) =ehu(r).  (29)

Furthermore, the Wronskians are simple,
B[ (1) Wl ()] = Ze,
W[5 (r), Byt (r)] = eriz (30)

1 2 13 40 484 7280
i )

2737 9495 275 81T

Therefore the second order solutions can be written
explicitly in terms of the leading order solutions,

o7

wa(r) = =ewia (1) [ 5w (W0

(31)

o 17
+e’w(,y_)(r)1 Ee“%’w(]ﬁ)(t)Wz(t)dt,

ha(r) = —ehgy (1) / e hyy (1) Ha()di

+ e’h(lﬁ_>(r) K t2€_3th<1'+)(t)7'(2(t)dl‘. (32)

The inhomogeneous terms, ¥V, and H,, are also expressed
in terms of the first order solutions,

Wz(r) = _20'w6hh(1,—)(r)w(l,—)(r)v (33)

Halr) = =3 ot (P = o2 lwa (IR (34

This shows that the fluctuations at second transeries order,
w,(r) and h,(r) in (31)—(32), are completely determined by
the leading transeries order (homogeneous) solutions,
w((r) and hy y(r) in (19) and (23), respectively.
The constants o,, and o, enter the second order solutions
via the inhomogeneous terms inside the integrals, thereby
mixing the solutions beyond the leading transseries order.

While the integrals in (31)—(32) cannot be done in closed
form, it is straightforward to expand the integrands at large
t in order to generate the large r expansions of the
fluctuations w,(r) and h,(r),

) 2, 11307 1903 182185
WH(r)~o,, —_ — -,
AI™OwOI\ T3 T2 71082 | 21674 51845
(35)
,(2 14, 118 821 5260 1624441 (36)
(214 _ _ )
Y\3r2 9/ 2744 5455 81r° 486077

The asymptotic series multiplied by 0%1 above in (36) can be written in closed form, and is the sum of two incomplete gamma

functions,
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3 1
~ O-%l _Z n+2 n+l ) O-a/( ’ ) (38)
4 g 3

The 0%1 term in (36)—(37) corresponds to Eq. (35) in [14].
This is because they considered a limit in which W(r)
decoupled from H(r). But this is only part of the full
asymptotic solution. The other terms in (35)—(36), multi-
plying o,,6, and 62, do not have such simple closed-form
expressions, but it is straightforward to generate their large
r expansions by expanding products of the modified Bessel
functions /; ;3,,(r) and K, j5,,(r). This general pattern
continues to all higher orders: the large r expansion
coefficients are completely determined by the asymptotic
expansions of the homogeneous solutions w; 1y(r) and

h(l,i)(r)'

2. General transseries order

At higher order in the transseries, e %" for k > 2, the
differential equations (13), (14) take the following general
linear inhomogeneous form,

Diwi(r) = Wi(r), (39)
Dihy(r) = Hy(r). (40)
The differential operators are,
DW~—d—2 2ki+i+k2 1 (41)
K ar dr = r? ’
homog
2o W) (Wi(1)
__ . homog (k,—)
welr) = wwﬂ<w/’——§@@7——
homog
hk(l") homog(r) /°° h(k,—) (I)Hk(t)
e T

d 2 d 2k
ST EI

These operators have a simple relation to the leading order
operators in (17)—(18):

Dyle®Vrf(r)] = e* =Dy f(r), (43)
Difek=Drf(r)] = e
This implies that the homogeneous solutions for (39)—(40)

at order k are directly related to the first order homogeneous
solutions in (19) and (23),

WD f (). (44)

WEEFD) = et D) (@)
W (r) = b Dh 4 (7). (46)

Correspondingly, the order k¥ Wronskians are straightfor-
ward generalizations of the Wronskians at leading transs-
eries order,

omo omo 2 r
WY (1) 2= W [w " (). wi 15 (1)] = e (47)
homo homo, eZkr
EZBZ(V) = 2& [h(k__)g(r)7 h(k7+)g(r)j| = r2 . (48)

Therefore, we can write the solutions for wy(r) and h;(r)
in an analogous form to those for w,(r) and h,(r)
in (31)—(32).

oo Wil SE () W(2)
di + wiy, )g(r)/ Wdt, (49)
oo M2 () H, (¢
dr + ™% (r) / —("'*;B (Zzt)k( )dt. (50)

These expressions make it clear that at any order k the solutions wy(¢) and h(¢) are completely determined by the first order

solutions w(; 1y(r) and h +(r) in (19) and (23),
1
wi(r) = —e(k_l)'w(l,ﬂ(r)/ 59_(“])1”’

hi(r) =

r

(¢ 1)dt + e* Dy (r ooze‘("“)’w
W OWi(t)dt + e*=Drw _(r) >

SOW(ndr, (51)

%wmmﬂm/‘ﬂﬁmw <WAMHeWWmﬂm/’ﬂ%m% (OH(Odr. (52)

r

Note that the inhomogeneous terms W, (r) and H,(r) are sums of products of the lower order solutions. For example, the
second order inhomogeneous terms are in (27)—(28), while at third order we find,

Ws = hl(r)2wl(r)

- 2]’12(1")W1

(1) 3w () = 2y (hwr(r), (53)
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Hy = 3 ha() = 3y ()a(r) 5 (7)o (7

— S (rwalr). (54

This demonstrates that the transseries Ansditze in (15)—(16)
are consistent, and that all the fluctuation terms wy(r) and
hi(r), for k >2, are determined by the leading order
homogeneous solutions.

IV. SOLUTIONS AT THE ORIGIN AND
MATCHING

The radial functions W(r) and H(r) in (3) have con-
vergent Taylor series expansions about r = 0,

4
W(r) =1+ br* + ;—O (a® +3b%)

6
r 20 2 3
+ 5gg (240%b — a® +286%) ... (55)
3

,
H(r)= ar+2—0a(8b -1)

5

1120

+ a(36a> +192b> —16b + 1)+ ... (56)

All subsequent coefficients (hence the radius of conver-
gence) are determined by the two parameters, a and b.
To determine the (a, b) parameters we first employed a
numerical shooting method from the origin, using the
Mathematica “StiffnessSwitching” option. We imposed
initial conditions at r;, = 1/10°, where we fixed the
two functions, W(r) and H(r), and their first derivatives,
W'(r) and H'(r), using the first two terms of the small r
expansions in (55)—(56). We adjusted the parameters (a, b)
to match the large r boundary conditions W(r) — 0,
H(r) — 1, at large r. Using rp,, ~ 10 we confirmed that
this matching procedure is consistent with the numerical
result, a = 0.7318 and b = —0.3409, in [14], for = 1.
With these values of a and b, the numerical solutions for the
radial profile functions W(r) and H(r) are shown in Fig. 1.
To determine the transseries parameters, o,, and ¢, we
imposed boundary conditions at r,, given by the leading
large r behaviors in (20) and (24). This fixed the two
functions, W(r) and H(r), and their first derivatives, W’(r)
and H'(r), at rp,, in terms of the parameters (o,,, 6;,). We
then integrated back toward r = 0, once again using the
Mathematica “StiffnessSwitching” option. We adjusted
(6,,05,) to maximize the overlap in the intermediate
region r ~ 1 with the numerical results obtained starting
from the origin. This matching led to matched values of the
small and large r boundary condition parameters (a, b) and
(0,,0),) to four digit precision: a = 0.7318, b = —0.3409,
o, = 1.905, and o,, = 3.336. If desired, higher precision
can be obtained by adjusting r;, and rp., by including

0.6

041

0.2

r

1 2 3 4 5 6 7

FIG. 1. Numerical solutions generated from the origin. To
generate these we use numerical integration in Mathematica with
the “StiffnessSwitching” option due to the stiffness of the
differential equations (13)—(14). W(r) is given by the blue curve,
and H(r) by the orange curve. The asymptotic value of 1 is
denoted by a dashed black line. The initial conditions at r = 0 are
explained in the text.

more terms of the small r and large r expansions for the
initial conditions, and by successive iterations back and
forth between small and large r.

In Figs. 2 and 3 we display the effect of one, two and
three terms of the transseries expansions (15)—(16). We
observe that increasing the exponential order of the
transseries expansions in (15)—(16) leads to better matching
with the numerical solution at small r. Given the matched
values of the parameters for the small r and large r
expansions, we obtain accurate interpolating functions
for W(r) and H(r). The resulting integrand of the monop-
ole mass function (4) is plotted in Fig. 4. It matches well
with the numerical profile plotted in [12]. The monopole
mass can then be evaluated by integrating this interpolated
solution. We find the monopole mass, defined in (4), for
p =110 be

My, = 1.237(7)4”7”. (57)

This is in good agreement with the numerical results
in [10,14].

V. TRANSSERIES STRUCTURE FOR GENERAL p

Having understood the transseries structure for the
situation where the Higgs and W-boson mass are equal,
we now describe what changes when we consider more
general values of the mass ratio, f # 1. Since f enters the H
equation but not the W equation, at leading transseries
order only the homogeneous A, . are affected,

e"w(l_i)(r) - e"w(l,ﬂ(r) and

e h ) (r) = e_ﬂrhui)(ﬂr)- (58)
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: 0.5 1.0 15 2.0 2.5 3.0 3.5

FIG. 2. W(r) solutions for o, =1.905, o, = 3.336. The
numerical solution from r = 0 is given by the blue solid curve.
First transseries order contributions are given by the yellow
dashed curve, with second and third transseries order contribu-
tions given by the green dash-dotted and red dotted curves,
respectively. The asymptotic value of 1 is denoted by the thinly
dotted black line. Note the increased agreement as r — 0 with the
inclusion of additional terms in the transseries.

Here w(; 1) and h; ) are the homogeneous solutions for
f =1, from Sec. III. B. The parameter  only enters the
homogeneous H(r) solutions, which are simple. The more
complicated Bessel function for the homogeneous W(r)
solutions are not affected. The Wronskians are also only
rescaled,

2 eZﬂr
Wy (r) =—e,  Wy(r) = (59)
pr
H(r)
T [ratanseernrtssuesssans FEbtstesetees (U0LLAL SR AASLALLINEASSALIARI R SOHORELIEIAL 00O NIALS 1RSERRALESALL LA LS SIS
N =z
0.8
0.6
0.4
0.2
- - r
05 - 1.0 1.5 2.0 25 3.0 3.5
FIG. 3. H(r) solutions for o, = 1.905, o, = 3.336. The

numerical solution from r = 0 is given by the blue solid curve.
First transseries order contributions are given by the yellow
dashed curve, with second and third transseries order contribu-
tions given by the green dash-dotted and red dotted curves,
respectively. The asymptotic value of 1 is denoted by the thinly
dotted black line. Note the increased agreement as r — 0 with the
inclusion of additional terms in the transseries.

Therefore we can convert the coupled ODEs to integral
equations, as before, and iterate in order to generate the full
transseries.

The f dependence enters through the homogeneous
H_(r) solutions, and this § dependence propagates as
one iterates the integral equations, at higher orders also due
to the nonlinear coupling. Since the homogeneous H (r)
solutions have exponential factors e*”” involving f in the
exponent, while the homogeneous W, (r) solutions have
exponential factors e*” without f in the exponent, the
iteration automatically generates a double series of expo-
nentials involving all powers of e*" and all powers of e*#".
There are still just two transseries parameters o,, and ¢, but
their values when matching to the expansions at the origin
become f dependent.

VI. DYONS

In addition to monopole solutions, the Yang-Mills-Higgs
theory (1) supports dyon solutions, which carry both
electric and magnetic charge [9,22]. For dyons the radial
Ansatz is generalized to include the A, field':

“EW(r)-1); cpa:H(r)x?“.
(60)

We now have a system of three coupled nonlinear ODEs,

2JW?
J = e (61)
W2—J? -1
W'=W|(——=——+H*|, (62)
r2
ﬁ2 w? 2H'
1*1”_21&7(?(192—1”7 -—.  (63)

For simplicity of exposition, and to compare directly with
the monopole transseries structure in Sec. III, we consider
again the f = 1 case; noting that the strategy for general
is as described in Sec. V.

The coupled equations (61)—(63) (with f = 1) are solved
at large r by a transseries Ansdtz, which is analogous to, but
more general than, that for the monopole solution in

(15)~(16).

A. Zeroth exponential order

The zeroth exponential order yields the following sol-
utions to (61)—(63):

'We follow the conventions of [14]; note that the radial profile
function of the Higgs field, H(r), differs from that in [9] by a
factor of r.
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FIG. 4. Integrand of the monopole mass (4) for f = 1. This is
an intermediate curve between the f — 0 and f — oo plots
presented in Fig. 2 of [12].

Jo(r)=pu+xr; wo(r)=0; ho(r)=1. (64
Here u and « are two new parameters corresponding to the
electric charge and mass scale of J, respectively. The fact
that J(r) is linear in r follows from the fact that W(r)
vanishes at zeroth exponential order, so the J equation (61)
implies that J” ~ 0 at this order. The monopole solutions
are recovered from the dyon solutions in the limit 4 — 0
and ¥ — 0.

B. First exponential order

At first exponential order, the appearance in jo(r) of the
new mass parameter k, which is restricted by the boundary
conditions to the range 0 < x < 1, generates a new expo-

i

nential term V1=, which dominates over ¢™" at large r
in this physical regime. This has the consequence that for
generic values of « the transseries Ansatz is generated by

two independent exponential factors: V1= and e~

At first exponential order, we find that these two
exponential terms enter the solutions of the dyon equa-
tions (61)—(63) in a different manner. We first adopt a
general one-exponential Ansatz

J=p+xr+e ™V 0(r) + e joa(r) +--. (65)
W =e V1w o(r) + e wo i (r) +---. (66)

H=1—-¢" 1—K2h1’0(r) —eTho(r)+--- (67)

where the subscripts on the functions j +(r), wi #(r), and
hy.¢(r) indicate the associated factors of each of the two

. 2
exponentials as: e V1=« —¢r,

2 .. . . . .
Of course, additional special features may arise in nongeneric
resonant cases when V1 — x? is rational.

Interestingly, when the general Ansatz in (65)—(67) is
inserted into the dyon equations, we find that many of the
terms do not actually appear. For example, the J equation
yields

Jro(r)=(c) +cyr)e™1=<,

Joa(r)=(di+dyr)e”  (68)
for arbitrary constants ¢y, ¢, d;, d>. This means that in fact
the leading term jo(r) =p +«r is sufficient to first
exponential order. Similarly, for W(r) we find that the
term e~"wy ; (r) yields exactly the same solution as the term

e—rmwl’o(r), while for H(r) we find that the term
eI Ry o(r)

yields exactly the same solution as the term
e "hy 1 (r). This implies that at first exponential order, the
transseries structure is in fact much simpler,

J=pu+xkr+---, (69)
W =e ""2w1,0(r) 4o, (70)
H:1—€_rh().1(r>+"' (71)

where the coefficient functions wyo(r) and £y (r) have
pure power-law (nonexponential) expansions at large r.
Explicitly, we find that the homogeneous solution /¢ ; (r)
is the same as in the monopole case: recall (24). This can be
understood since the coupling term in the H equation is
2HW? / 2, so the other exponential, e"m, first enters as
e‘z’m, which is at the next exponential order. For the W
equation, the new nonlinearity of the dyon system is
—WJ?/r?, which introduces the nonexponential factor
jo(r)?> = (u +xr)®. This has the consequence that the

monopole case Bessel equation (17) becomes a confluent
hypergeometric equation,

1+ (u+xr)?—x?r?
( 2) WL()(V):O.

(72)

wio(r)=2 I_KZWQ,O(’”)‘F

The solution can be written as a linear combination of
Whittaker functions,

wio(r) = ClermMWs(Zr\/ 1- K'2>
+ eV W, 2V —2). (73)

Here @ = ku/V'1 —«?, and 6 = i+/3 + 4u*/2. The regular
real solution is the second term in (73). In the monopole
limit, x, 4 — 0, the Whittaker functions reduce to the
monopole case modified Bessel functions in (19).
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C. Second exponential order and beyond

At second exponential order, for generic k we should
allow for three different kinds of exponential factors,

e—Zrm’ e—r(l+m)’ e=2r (74)

Inserting a transseries Ansatz containing these three expo-
nential terms, we find once again that not all exponentials
enter each of the functions. Explicitly we find that the
required transseries Ansatz contains only the following
terms:

J(r) =p+xr+ e joo(r) +---. (75)
W(r) = V1w o(r) + 2V wy (1)
+ er(1HVI=e Wll(r) e (76)

H(r)=1—e"ho(r)— e 1_K2h2,o<’)

- €_2rh0’2(r) + e (77)
Note that J(r) only contains =2V~ but not e~"(1+V1-%")
or =2, while W(r) contains e2"V1=*" and ¢~"(1+V1=%) byt

—2rV1-k2

not e~". And H(r) contains e and e~2", but not

e~"1+VI=%) Only W(r) contains the “mixed” exponential
term e~"(1+V1-<")  However, because of the cubic non-
linearities in the dyon equations, starting at third exponen-
tial order there will appear exponential terms involving
powers of both e~ and ¢~"V1~%"

Therefore, at all higher orders, each of J, W, and H will
contain terms of some mixed powers, resulting in a more
intricate general transseries structure,

k
J(r)=ptxr+ > > e VIl (), (78)
=0

W(r) e

e 10

H = (), (79)

Il
NgE

w-
1|

1

N
Il

0

Z e—ker—KZ—frhkf(r)‘ (80)
0 k=0,k%1

E
||
Ms

Y
Il

Inserting this transseries Ansatz into the dyon equa-
tions (61)—(63), the tower of linear inhomogeneous equa-
tions for all exponential orders can be solved iteratively in
the same manner as for the monopole case, in terms of
lower order solutions and Wronskians.

VII. CONCLUSION

We have shown that non-BPS monopole and dyon
solutions to the classical equations of motion for the
SU(2) ’t Hooft-Polyakov have a natural construction in
the far field regime as resurgent transseries. Increasing the
exponential order of the transseries extends the precision
into the near field regime. This method also applies to other
well-known sets of coupled nonlinear equations arising in
quantum field theory, away from special parametric limits,
such as general kink, vortex, false vacuum decay, and
instanton equations, as well as in nonlinear equations in
general relativity. An immediate consequence of our result
is that the zero-mode solutions, arising for fermions in
background monopole fields [23], also have resurgent
transseries expansions, involving exponentials of transs-
eries. Current and future work will address the connection
problem, relating the far field region to the near field
region, as well as the general fluctuation problem. It would
also be interesting to study the transseries structure of
associated soliton fields [24], and quantum corrections to
the monopole mass [25,26].

Note added. Recently, a paper appeared on the arXiv
concerning some other resurgent features of the monopole
equations, based on the large f limit [27].
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