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We extend the concept of Krylov complexity to encompass general unitary evolutions involving multiple
generators. This generalization enables us to formulate a framework for generalized Krylov complexity,
which serves as a measure of the complexity of states associated with continuous symmetries within a
model. Furthermore, we investigate scenarios in which different directions of transformation lead to
varying degrees of complexity, in close analogy with geometric approaches to complexity, such as
Nielsen’s framework. In this context, we introduce a generalized orthogonalization algorithm and delineate
its computational structure, which is organized as a network of orthogonal blocks rather than a simple linear
chain. Finally, we present explicit evaluations of several illustrative examples to demonstrate the practical

application of this framework.
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I. INTRODUCTION

The idea of quantum complexity has attracted significant
interest in quantum information science. Researchers from
a variety of physics disciplines, ranging from quantum
information theory to high-energy physics, have made
concerted efforts to rigorously define this concept and
calculate it for different quantum systems. The prevailing
understanding is that quantum complexity quantifies the
size of a quantum circuit or the cost of an algorithm
required to evolve an initial reference state into a desired
quantum state through unitary operations.

One framework where this concept is rigorously defined is
Krylov complexity [1], commonly referred to as spread
complexity for quantum states rather than operators [2].
Based on this prescription, we examine a state under study as
the result of the time evolution of an initial reference state
lw,) = e~ ™|ys,). We consider the deviation from the initial
state at time zero along a trajectory obtained by solving the
Schrodinger equation. This evolution can be expressed by
expanding the time evolution operator in time:

=3

n=0

792 ly,) = H"lyo). (1)
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Intuitively, the rays |y,,) can form a vector space whose size is
related to the distance between the final state |y,) and the
initial reference state |y). This naturally brings the concept
of complexity to mind.

To be more precise, constructing the building blocks
within this framework requires selecting only linearly
independent vectors. This can be accomplished using the
standard Gram-Schmidt orthogonalization procedure, which
is referred to as the Lanczos algorithm in this context. By
applying this method, we arrive at the Krylov basis, which
constitutes a vector space known as the Krylov space. More
precisely, one must consider Span{H" |y)} and apply the
Gram-Schmidt procedure to obtain the corresponding ortho-
normal basis denoted by |K,,). By collecting these vectors,
one constructs the Krylov space of dimension dy < dy,
where H represents the entire Hilbert space. The desired state
vector can now be expanded in terms of this basis as follows:

di—1

) = Y ha(0IK,): @

The complexity can now be quantified based on the dis-
tribution of basis vectors needed to construct the desired
state. The more intricate this distribution is, the more
complex the state becomes. This motivates us to define
the complexity of a state as follows:

Cipy = Y nldu(0). (3)

The intuition behind this definition is that, since |¢,(7)]?
represents the probabilities of finding the evolved state in the
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nth Krylov basis element, the Krylov complexity can be
understood as the expectation value of n weighted by these
probabilities. This is similar to calculating an average depth
in the Krylov chain, which measures how much the state has
spread.

Krylov complexity has been widely explored in quantum
chaotic systems [2—18], many-body systems, and conformal
field theories [19-21]. Beyond chaos, it has proven instru-
mental in studying topological and quantum phase transi-
tions [22-24], quantum field theory [25-36], thermalization
[37], and open quantum systems [38—43]. For a review that
compiles many of these studies, see Refs. [44—46].

What we aim to investigate in this paper arises from a
natural question: why can we not generalize this concept to
other unitary evolutions rather than just time evolution? In
this paper, we aim to provide a comprehensive answer to
this question. We explore a fully general unitary trans-
formation characterized by multiple generators and trans-
formation parameters. Our goal is to extend the concepts of
Krylov complexity and possibly the Lanczos algorithm to
accommodate these more general cases. The result of our
work is the introduction of a Krylov network, instead of a
Krylov chain. In doing so, we define generalized Krylov
complexity and compute it for specific examples, focusing
on both Abelian and non-Abelian Lie algebras.

II. GENERALIZED KRYLOV COMPLEXITY

To develop ouridea of generalizing Krylov complexity, we
consider the most general possible case. In this context, we
take an orthogonal set of N Hermitian generators {7} that
form a general Lie algebra [T;, 7] = if f‘J T. These operators
can be designated as generators of unitary evolution oper-
ators, which evolve a given base state |y) to

wlad) = exp (i W)@

k=1

In aloose sense, this set of unitary operators defines a circuit
through which one can build a ray |y{a;}) starting from an
initial state. The main question is what the Krylov complexity
of the final state is, which is naturally closely linked to the
complexity of the resulting circuit.

In the following, we briefly introduce how to compute
the generalized Krylov complexity. However, we postpone
the details and intermediate steps to the next section, where
we will proceed algorithmically, starting from the reference
state, step by step and block by block.

By expanding the right-hand side of (4), a Krylov basis
can be derived as a collection of blocks resulting from
block decomposition as

Ny—1

K= €=Bo K, (5)

where each of the Nz Krylov blocks, labeled by IC,, is
governed by the Gram—Schmidt orthonormalization of its
associated span of rays, which reads

Span{T}' - - T lyo) |k + - +ky =n},  (6)

such that C, is orthogonal to all KC,,m < n; see
Appendix A.
In an appropriate representation, we denote each block as

K, = Span{|K}),i =0,....dx, — 1}, (7)

where |K',) belongs to the orthonormalized Krylov basis of
block n, which forms a vector space of dimension dy .

Now, the generic state [y{a;}) can be expanded in this
basis as

Np—1dg,—1

wlad) = > D di{ad)IKh). (8)
i=0

n=0

The dimension of the Krylov space as a whole equals
dx = Npdy,. We then propose the most natural generali-
zation of the standard Krylov complexity as follows:

[\IB_1 d’Cn_l

Cota) = D > nlh({ad)l® ©)

n=0 =0

Note that for the standard Krylov complexity there are
Np blocks of dimension dy, = 1. Furthermore, since all
vectors within a given block are linear combinations of
vectors generated by applying the same number of gen-
erators to the initial state, we can assume that they are
equidistant from the initial state [47]. Thus, only the index
n should be present as a coefficient in the definition of
generalized Krylov complexity, and the order in which the
Gram-Schmidt procedure is applied within each block is
irrelevant.

It is important to note that when we generalize the
Krylov complexity we do not necessarily mean that we are
only enlarging the basis space. In fact, the resulting circuit
might not be homogeneous in its generator space. Instead,
one might define a weighted generalized Krylov complex-
ity by assigning a weight function to the Krylov space. In
this sense, some blocks may contribute more effectively to
preparing a state than others. To incorporate this, we start
with

Span{T’f‘ "‘lei/N|‘//0>|Hlk1 + o+ uky =n},  (10)

to define the weighted Krylov blocks. The distribution of
values defines the geometry of a circuit as a union of
blocks, which requires further investigation. An important
question then is which distribution of the weight function
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leads to an optimal state preparation. We will address this in
the following sections.

A crucial step in calculating the generalized Krylov
complexity is designing an algorithm to identify the Krylov
blocks and to cover the Krylov space. This process is what
we refer to as the generalized orthogonalization algorithm.
The following section is dedicated to this.

III. GENERALIZED ORTHOGONALIZATION
ALGORITHM

In this section, we aim to generalize the orthogonaliza-
tion algorithm for the problem of general unitary evolution.
However, due to the complexity involved, we will not
present the algorithm for deriving the Lanczos coeffi-
cients in its most general form. Instead, we will focus
on formulating an algorithm based on the projection onto
the different blocks. We begin with the initial state |y,) and
have a set of generators {7,k =1, ..., N}. For now, we
assume that all generators are equally weighted. What we
require is to determine the projections onto different Krylov
blocks, step by step.

The zeroth block is generated from the initial state and is
always one dimensional, represented as

Ko = span{|K8> = |wo)} (11)

The projection onto Xy is denoted by

Py = |K3)(K| = lwo) (wol- (12)

In the next step, we need to construct the first block from
the set of states given by

{T1lwo). Tolwo). ... Tylwo) }» (13)

such that IC; L K. To proceed with building /C;, we first
need to remove the components of all vectors in the above
set along the subspace /Cy. For each vector |v), this can be
achieved by replacing it with the vector

[v") = (I = Po)lv), (14)

since Py|v') = 0. Consequently, the first block can be
constructed from the set

Span{ (1 = Po)T|wo), ..., (I = Po)Tn|wo)}.  (15)

However, these vectors are not yet orthonormal. Therefore,
we need to apply the Gram-Schmidt orthogonalization to
obtain

1

d —_
K = Span{|K%). [K1)....[K{0 )Y (16)

For a generic K,, we will similarly apply the Gram-
Schmidt orthogonalization to

n—1
Span{ (1 -2 Pi> TVTY Ty lyo) } (17)
i=0

where ky + k, + - - - + ky = n and P; is the projection onto
the block /C;. This process yields the generalized Krylov
basis |K%), ensuring that the blocks remain mutually
orthogonal.

‘We must continue this procedure until we reach the point
where

K;=0, Vi>Ng. (18)

Finally, the generalized Krylov complexity can be derived
from Eq. (9), where ¢! ({o}) = (Ki|Jy{a}). We can
express the complexity defined in (9) as

Ng—1dg,—1
Civtary = 2, >, nlud{a|Ko) (Kily{ar})
n=0 =0
Np—1

= (wlad| Y nPuly{ad), (19)
n=0

where P, = Z?’:C'(’)_l |Ki) (K| is the projection onto the nth
block. Therefore, the generalized Krylov complexity can
be interpreted as the expectation value of the generalized
Krylov operator defined as

Np—1
K|'//0> = Z fan, (20)
n=0
on the state |w{a}).
It is worth noting that, without using the Gram-Schmidt
procedure, one can alternatively determine the projection
onto the subspace V = span{|v;)} as follows (see Ref. [48]

for more details). First, we introduce the metric tensor
defined by

G = [g;j] = [(vilv))], (21)

which has an inverse denoted as G~! = [¢/]. The projec-
tion onto the subspace V can then be expressed as

Py = Zgij|”i><vj|- (22)

In our case, to find the projection onto K,, we can define
the metric tensor for each block as

G, = [9(n) 3.0

n—1
N | Kk
= [(WO|T5‘V LT <I—ZP,->T1 LT |z,/0>], (23)
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where n = Y k; = > k}. Therefore, the projections in our
problem can be derived from Eq. (22) by substituting
Eq. (17) for the constituent vectors. And finally, the
generalized Krylov operator reads as

Ny—1
. RTTAN ¢ k
Ky = Z n Z g(n) BRI T T [yrg)
n=0 " {k}:{kj}
Ky okl
< (ol T, (24)

where G;' = [g(n)!%K}], Tt is important to note that if
there is redundancy in the set described by Eq. (17) we
must restrict our analysis to the subspace orthogonal to
the kernel of G,. Lastly, one can find the generalized
Krylov operator directly using the form of the projectors
obtained here. Additionally, we point out that the procedure
of finding the blocks is repeated in this approach until
reaching the point where G; = 0 for all i > Np. Then, the
dimension of the entire Krylov basis can be found as

Ny—1 Ny-1

de =Y dg, =) uP, (25)
i=0 i=0

IV. GENERALIZED KRYLOV COMPLEXITY
AND SYMMETRIES OF THE SYSTEM:
CONCRETE EXAMPLES

The generalized Krylov complexity presented in this
work offers a valuable framework for analyzing the
evolution of complexity under certain symmetries of a
model. When a model is invariant under continuous
transformations, the infinitesimal generators of these sym-
metries form a Lie algebra. Consequently, Lie algebras
provide a natural basis for classifying and exploring
symmetries across various fields of physics, including
quantum mechanics, high-energy physics, and condensed
matter systems.

In our framework, if T are the infinitesimal generators
of a symmetry transformation in a model, the proposed
generalized quantity measures the differences in complex-
ity among the various states of the model under this
symmetry transformation. This approach is applicable to
both Abelian and non-Abelian Lie algebras.

To illustrate how our proposed mechanism operates in
its most fundamental form, specifically within Abelian
groups, we focus on the Abelian subgroups of SO(n)
characterized by the structure U(1) x U(1). Consequently,
our aim is to determine the complexity of a state repre-
sented as

U(6).6,)|yo) = Tttty ), (26)

1

We can simply take |yq) = \/—z(l...l), which is a vector

of dimension n [49]. We then proceed to compute the

generalized Krylov complexity, analyzing the Krylov
blocks step by step. One can also extend the discussion
above to the larger group U(1)? with d commuting
generators.

The simplest example involves two independent rota-
tions in two R? planes. We consider this symmetry trans-
formation as a subgroup of the rotation group SO(4),
parametrized by two angles, 6, and 6,, acting in two
orthogonal planes. The detailed calculations are provided in
Appendix B. Here, we only report the final simple result for
the generalized Krylov complexity, which reads

Cy(6,.0,) =1 —cos 0 cos 6. (27)
Besides this simple example, to ensure our case is

sufficiently illustrative and involves the computation of a
significant number of blocks, it is useful to focus on a large

(b) Initial state: |j =3/2,m =1/2)

FIG. 1. The complexity of the initial state in the j = 3/2
representation of SU(2), under unitary evolution generated by the
SU(2) algebra as a function of (6,.6,.6,).
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n case. For this reason, we consider the Abelian subgroup
U(l)y x U(1)y of the group SO(10). In this case, the
generators are mathematically identical to those used in
Grand Unified Theory (GUT) model building, but we do
not propose any specific GUT-related physical interpreta-
tion. In Appendix B, one can find the details of the result
for this example.

As a non-Abelian symmetry group, we can consider
the SU(2) group. In the J representation of SU(2), any
initial state |y) transforms under a general SU(2) trans-
formation as

v (0:.0,.0.)) = exp(—i6 - J) o). (28)

The complexity of |y(6,.0,.6;)) in comparison with [y)
can be computed using the generalized Krylov complexity
defined here for the generators J ., J 3 and J,. More details
about this class of symmetry groups can be found in
Appendix B. For the particular case where |wq) = |/, j), the
generalized Krylov complexity can be obtained as

NN
Cl/,(ex,ey,ez):2]5m2<7 Tzz (29)

In Fig. 1, one can observe the results for the generalized
Krylov complexity of the initial states [j = 3/2,m = 3/2)
and |j = 3/2,m = 1/2) under evolution generated by the
SU(2) algebra.

V. WEIGHTED GENERALIZED
KRYLOV COMPLEXITY

The generalized Krylov complexity defined in Sec. II
fails to recognize that some unitary transformations are
more difficult to implement than others, as it does not
discriminate between different directions in the manifold of
unitaries. In other words, moving in the direction of T,
might be more complex than moving in the direction of 7';.

This idea is explicitly integrated into the Nielsen com-
plexity framework [50-53]. In this geometric approach to
quantum complexity, the central concept is that moving in
certain directions on the manifold of unitary operators is
more complex than moving in others. A key feature of this
framework is the definition of a cost functional along a path
in the space of unitaries or states, which assigns different
weights to various directions, making some paths more
costly than others. In this section, we aim to address this
issue in the context of generalized Krylov complexity.

To distinguish between different generators, we assign a
factor y; to each generator T;. For a state U({a;})|wo) on
the manifold of the corresponding Lie algebra, we need to
block decompose the Krylov space and assign a label to
each block. In such a weighted case, this label is modified
by the factors y;; recall that in the unweighted case we
simply had n = ky + k, + - - - + ky. It is important to note

that these parameters should be increasing: as we apply a
fixed generator more frequently, the complexity of the state
should increase.

In terms of the factors y;, we can define

N
= Zﬂikn (30)
i=1

and one can choose a normalization for the factors u; such
that >N, u; = N.

Now, to find the Krylov blocks and calculate the gener-
alized Krylov complexity, one must first sort all possible
values for 71 while ensuring that k; € N. Subsequently, these
values are considered in ascending order until the entire
Krylov space is covered.

For a fixed 71, we need to construct the corresponding
Krylov block Kj; by orthogonalizing the set of vectors
given by

N
{rietbvl ok =a} G
i=1

It is required that IC; L ICj;, for all /1 < 7. By applying the
Gram-Schmidt procedure, one can determine the block
decomposition of the Krylov space as K = €;K;, where

K = Span{|K%),i =0, ....d, —1}. (32)

The weighted generalized Krylov complexity can then be
expressed as

dy,~1

Cluta)) = 2 > Alh({a)P, (33)
n =0

where ¢L ({a}) = (KL |w{a}). The generalized orthogon-
alization algorithm discussed in Sec. III can be naturally
extended to the weighted case.

As a simple example, we revisit the scenario of two
independent rotations in four dimensions, this time with
two unequal weights. For this case, we select u; = % and
Uy = % The details for calculating the weighted complexity
are provided in Appendix B. Here, we quote the final result,
which is given by

1
C,(0,.0,) = ) (3 —2cos@, cosf, —cos26,). (34)

It is evident that the previous symmetry between the two
rotations has been disrupted due to the unequal weights
assigned in the corresponding directions. Referring to
the more complex example introduced earlier, we can
compare the generalized Krylov complexity results for
the U(1)y x U(1), group in both weighted and non-
weighted cases. A more detailed discussion of these cases
can also be found in Appendix B.
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VI. CONCLUSIONS

In this paper, we have expanded the concept of Krylov
complexity to include a general unitary transformation with
multiple generators. Our goal has been to demonstrate,
inspired by Krylov complexity, how complex a state can
become when constructed from a completely general
unitary transformation of a reference state. Our analysis
is conducted using a fully general Lie algebra, allowing us
to measure the difference in complexity between states
related by the continuous symmetry of the corresponding
Lie algebra in a model. We have introduced the generalized
Krylov complexity in a broad context and tested it with
specific Abelian and non-Abelian groups. Additionally, we
explore an interesting generalization by considering
weighted complexity, taking into account different weights
and contributions in various directions of transformation.

Specifically, by utilizing this weighted complexity, one
can develop a geometric representation of Krylov complex-
ity. A general unitary transformation in the parameter
space, which acts in a weighted manner along various
directions, resembles the concept of a quantum circuit that
enables the preparation of a general state from a reference
state. While this connection appears intuitive and is closely
related to established concepts of circuit complexity,
enhancing its precision could yield particularly interesting
insights. See Refs. [50-60] for relevant references.

Moreover, our approach provides a natural generaliza-
tion of Krylov complexity to open quantum systems
described by Lindblad dynamics [40,61,62]. When the
Lindblad master equation can be formulated using the
generators of a Lie algebra, this structure offers a cohesive
perspective on operator growth and complexity within
dissipative environments.

Our approach may facilitate the exploration of previ-
ously unexamined Krylov complexity in systems with
time-dependent Hamiltonians, which is an important direc-
tion of study. The concept can be naturally applied to cases
where the time-dependent Hamiltonian can be expressed as
a linear combination of the generators of a Lie algebra. It is
essential to consider that all coefficients «; are functions of
time, which means that the generalized Krylov complexity
can be expressed as a function of time as well. It is
important to be cautious about the time ordering in the
definition of time-evolved states when calculating com-
plexity. Furthermore, our approach can be extended to
cases where H = f({T;}), allowing us to analyze a broader
class of models. For a similar discussion on using Lie
algebras to address the complexity of time-dependent
Hamiltonians, one can see Ref. [63]. We plan to explore
these topics in our future research.

We also note the potential to interpret the generalized
Liouvillian operator from two Hamiltonians, such as in a
two-sided anti-de Sitter black hole with matter, where it is
essential to clarify how to implement evolution with respect
to the asymptotic boundaries. This interpretation has been

explored in some papers, including Refs. [64—66], using
this framework.
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APPENDIX A: KRYLOV BLOCKS

In Sec. II, we consider an orthonormal set of N
Hermitian generators 7; such that the trace satisfies
Tr(T[T;) = &;;. These generators form a general Lie
algebra, characterized by the commutation relation
T..T,)=i ffFka. We begin with a generic initial state
lwo) located at the origin of the manifold of vectors, which
are derived from the initial state through the unitary
evolution associated with the corresponding Lie group

N

ly{a;}) = exp < iaka> o). (A1)

k=1

We can expand the evolved state by using the Taylor
expansion as

) =30 (Zakrk> o)
' k

n=0

(o]

i
= E ;ail...ainTil...T,-n|l//0>.
n=0 """

(A2)

Using the commutation relation between the generators of
the algebra, one can rewrite it as

wlad) =3 ¥ L AG i (1))

n=0 k;+-+ky=n

X i T TN o). (A3)
where A(ij, ...,i,,;{Tj}) comes from the commutation

relation between the generators.

As an example, consider a scenario involving three
generators, denoted as (7, T,, T3). At the n =0 term in
the Taylor expansion, we have only the state |y), which
contributes to K. Proceeding to the next term for n = 1, we
obtain the set of states {7';|yo), T2|wo). T3|wo) }- The first
Krylov block can be constructed by applying the Gram-
Schmidt procedure to this set, ensuring that the resulting
block is orthogonal to K.

For the next term corresponding to n =2 in the
deformed version of the Taylor expansion of the evolved
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state, we need to determine the set of states that will form
the second Krylov block. To do this, we only need to
consider at most the following vectors:

{13 wo). T Talwo). T1Tslwo). T3lwo). T Ts|wo). T3|wo) }-
(A4)

It is essential to check that these terms are orthogonal not
only to Ky but also to KC;. For example, the vector T, T [y)
need not be evaluated separately, as it can be expressed as
TaT|ywo) = T1Talwo) — if 12T lwo)- (A5)
Here, T,T,|y,) is already included in our set of vectors,
while Ts|y,) belongs to K;. Hence, we can confidently
remove it during the orthogonalization process.
Consequently, to construct the nth block /C,, it suffices to
consider the set of vectors given by
We derive C,, through the Gram-Schmidt procedure applied
to this set of vectors while maintaining the criterion that
K, LI, for all m < n. For more detailed information

regarding the construction of the various Krylov blocks,
refer to Sec. 1L

APPENDIX B: EXPLICIT EXAMPLES

In this appendix, we analyze the Krylov complexity
under the action of an Abelian group, the elements of
U(1) x U(1). In the case of two rotations in two R? planes,
the transformation matrices are defined as follows:

0 —i 00 000 O
i 0 00 000 O
T, = and T, =
0 0 00O 00 0 —i
0O 0 0O 00 i O
(B1)

The initial state vector is chosen as [y) = % (1111). Aftera
straightforward calculation, the Krylov operator is deter-
mined to be

e _1fo 2 -1 - -
o) T2l 21 -1 2 o (B2)
-1 -1 0 2

Thus, the complexity function can be expressed as

Cy(6,,0,) =1 —cos 0 cos 6. (B3)

Now, let us consider that moving in the direction of
these two generators does not create the same amount
of complexity. First, let us consider the corresponding
weights for the generators to be y; =1,y = 3. In this case,
the weighted generalized Krylov complexity is determined
to be

1
C,(6,.0,) = 1 (3 —2cos#, cosf, —cos26,). (B4)

If we set the weights to y; = % and p, = %, we need to swap
0, and 6, in the expression for the weighted generalized
Krylov complexity. In Fig. 2, the plot of the generalized
Krylov complexity as a function of 8, and 6, is displayed.
For a more complicated example, we consider the U(1)y X
U(1), subgroup of SO(10) [67-69]. It is crucial to high-
light that the specific physical details of this model are
not essential for our discussion. What is significant is the
presence of a sufficiently large U(1) x U(1) subgroup,
which provides a relevant example to effectively illustrate
the subtleties involved in our calculations. Since numerical
analyses with different groups and subgroup embeddings
[including SO(4) and SO(10)] show qualitatively similar
behavior, SO(10) is used merely as a representative higher-
rank example.
In 10 representation, one has [70,71]

SN IIS)
Wi

’

2
X:2H5X5®02 and Y—dlag( ,§,—1,—1) ®02,

(B5)

where s, 5 is the identity matrix and o, is the second Pauli
matrix. We also consider the initial state in this basis to be
lyo) = \/LT(') (1111111111). We aim to study the generalized
Krylov complexity of the states related to |y,) by the
unitary elements of the group U(1), x U(1)y, i.e.,

lw(Ox. Oy)) = expli(OxX + OyY)]lwo).  (BO)

By performing a similar calculation as was done previously,
we find for the equally weighted case where uy = uy =1

1
Cw(ex, ey) = % {49 + 2COS(49X - 2ey)

— 24 cos <49X — %) — 24 cos (?)

—3cos E (30x + HY)] } (B7)

In the case of weighted parameters where py = %, Uy = %,

we find that
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FIG. 2. The generalized Krylov complexity of the initial state |y)

U(1) subgroup of SO(4), as a function of §; and 6,.

1
100

— 24 cos <4GX - %) 72 co (5?)

—3cos E (36 + HY)] }

C,(0x.0y) = {97 + 2 cos(40y — 26y)

(B8)

For another example, one can also investigate the SU(2)
non-Abelian algebra, whose generators form the Lie
algebra [J;,J;] = ie;uJi. We consider an initial state
lyo) € H; and compute its Krylov complexity with respect
to the SU(2) generators. The state transformed by a general
SU(2) rotation is

(6. 0,.0.)) = exp (=6 - J)lyro).
where J = (J,, gy, J.) and 6= ., 0y, 6.). For simplicity,

we choose the initial state to be the highest-weight state
lwo) = |/, j) and assume equal weights for all generators

(B9)

100*

%

0.8

62
o

0.6

0.4

0.2
0.
~100 - ‘ ]

—100 50 100

-50

ok

(¢) p = 3/2#2 =1/2

= 1(1111) under the evolution by the two rotations as a U(1) x

(uy = py = p, = 1). Performing similar calculations as
before, we obtain the generalized Krylov complexity,
6]\ 62 + 03
C,(6,.0,.0,) = 2jsin’ (2 |9|2y
o1 101° -
=2j —_, B10
sin ( > e (B10)

where 0] = /6% + 62 + 62. In principle, one could derive

the generalized Krylov complexity for a general state
lwo) =|j,m) or for unequal weights that parametrize
rotations about the x, y, and z axes. Although this analysis
is quite tedious, the approach is not fundamentally dif-
ferent from what we have demonstrated in the simpler
example. Therefore, we will not provide an explicit
derivation to keep the discussion concise. Just for a quick
comparison, we have plotted the complexity for the state
|l =3/2,m=1/2) in Fig. 1(b).
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