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In this paper, we investigate the interaction between stationary pointlike external sources within the
framework of pseudoquantum electrodynamics (PQED). Besides ordinary electric charges, we consider
configurations involving Dirac points and generalized topological sources. For the configurations analyzed,
we compute the corresponding interaction energies, forces, torques, and electromagnetic field configu-
rations. Furthermore, we compare the results obtained in PQED with those arising in ordinary planar
Maxwell electrodynamics, showing that the nonlocal character of PQED gives rise to physical effects with
no counterpart in the conventional local planar theory. In particular, our results show that topological
sources induce intrinsically anisotropic and noncentral interactions, leading to the emergence of nontrivial
torques between the interacting objects. The directional character of these interactions suggests possible
applications in the effective description of topological defects and anisotropic phenomena in planar
condensed matter systems.
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Pseudoquantum electrodynamics (PQED), which is a
nonlocal theory, has emerged as an important effective
field-theoretical framework for the description of planar
systems in which charged matter is confined to two spatial
dimensions while the electromagnetic interaction remains
intrinsically three dimensional [1,2]. In contrast to conven-
tional quantum electrodynamics in (2þ 1) dimensions,
PQED correctly reproduces the 1=r Coulomb interaction
between static charges confined to the plane, thereby
preserving essential features of the electromagnetic inter-
action observed in realistic condensed matter systems. This
property makes PQED particularly suitable for the inves-
tigation of two-dimensional Dirac materials, especially
graphene, where the electronic quasiparticles are effectively
restricted to a planar geometry while the gauge field

propagates in the surrounding three-dimensional space.
Consequently, PQED has been widely employed in the
study of several electronic properties of planar condensed
matter systems [3–17]. Extensions of PQED have been
investigated in the framework of Lee-Wick, Chern-Simons,
and Proca gauge theories [18–25].
Substrates, impurities, defects, and externally applied

fields may significantly influence the electromagnetic
environment surrounding planar materials [17,26]. Within
a field-theoretical description, such effects can be incorpo-
rated through classical external sources coupled to the
gauge sector. In the context of PQED, the role of external
sources has been studied primarily for pointlike electric
charges. Nevertheless, since PQED provides a more general
framework for describing electromagnetic interactions in
planar media, it is natural to investigate how the theory
responds to broader classes of external sources and whether
qualitatively new phenomena may arise from them.
This paper is devoted to the investigation of physical

effects produced by stationary pointlike external sources in
the framework of PQED. In particular, we study the
interaction between distinct pairs of external sources
coupled to the gauge sector of the theory. Besides the
usual pointlike electric charges, we focus on configurations
involving two classes of nontrivial localized sources,
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namely Dirac points and topological sources, which were
originally proposed in Ref. [27] in the context of Chern-
Simons electrodynamics and subsequently investigated in
the framework of other local planar field theories [28–30].
For all configurations considered throughout this work,

we show that the presence of topological sources induces
nontrivial torques between the interacting objects, revealing
the anisotropic nature of the corresponding interactions. We
also determine the electromagnetic field configurations
generated by the pointlike sources analyzed in this paper
and compare the results obtained in PQED with those
arising in ordinary planar Maxwell electrodynamics [27].
This comparison demonstrates that the nonlocal character
of PQED gives rise to physical effects associated with
Dirac points that have no counterpart in the conventional
planar Maxwell theory. More generally, the introduction of
topological sources into the framework of PQED has
consequences that extend well beyond modifying the
power laws governing the interactions between field
sources so as to reproduce the corresponding behavior of
Maxwell electrodynamics in (3þ 1) dimensions. Rather, it
reveals a richer interaction structure associated with gen-
eralized topological sources and predicts genuinely new
physical phenomena.
Our results indicate that topological interactions in

PQED may lead to nontrivial anisotropic effects, which
could be relevant for the effective description of
planar anisotropic systems and topological defects in
two-dimensional condensed matter systems.
Along the paper we consider a Minkowski (2þ 1)-

dimensional spacetime with metric ημν ¼ ð1;−1;−1Þ. The
Levi-Civita tensor is denoted by ϵμνλ with ϵ012 ¼ 1.
The gauge sector of PQED is described by the following

Lagrangian density [31]:

L ¼ −
1

2
Fμν

1

□1=2 F
μν −

ξ

2
Aμ

∂
μ
∂
ν

□1=2 Aν − JμAμ; ð1Þ

where Aμ denotes the electromagnetic field, Fμν ¼ ∂
μAν −

∂
νAμ represents the field strength tensor, Jμ corresponds to
the external current, ξ is the gauge-fixing parameter, and
□ ¼ ∂

μ
∂μ is the d’Alembert operator.

We note that the model described by Eq. (1) is nonlocal,
while still preserving causality [32], satisfying the Huygens
principle, maintaining unitarity [33], and exhibiting both
scale invariance [34,35] and gauge invariance [1].
The model (1) can be rewritten as

L →
1

2
AμOμνAν − JμAμ; ð2Þ

where the differential operator is defined as

Oμν ¼
2□ημν − ð2þ ξÞ∂μ∂ν

□
1=2 : ð3Þ

The propagator Dμνðx; yÞ is the inverse of the operatorOμν,
as follows:

OμνDνλ ¼ ημλδ
3ðx − yÞ: ð4Þ

By applying standard techniques from field theory, one
finds that the propagator takes the form

Dμνðx; yÞ ¼
Z

d3p
ð2πÞ3

�
1

2ð−p2Þ1=2
�
ημν −

pμpν

p2

�

−
1

ξ

1

ð−p2Þ1=2
pμpν

p2

�
e−ip·ðx−yÞ: ð5Þ

Throughout this paper, we shall adopt the Landau gauge
ðξ → ∞Þ [12]. Under this choice, the propagator in Eq. (5)
reduces to

Dμνðx; yÞ ¼
Z

d3p
ð2πÞ3

1

2ð−p2Þ1=2
�
ημν −

pμpν

p2

�
e−ip·ðx−yÞ:

ð6Þ

As discussed in Refs. [27–29,36], since the theory con-
sidered here is quadratic, the contribution of stationary field
sources to the ground-state energy of the system can be
obtained from the expression

E ¼ 1

2T

Z Z
d3x d3yJμðxÞDμνðx; yÞJνðyÞ; ð7Þ

where T is the time variable and the limit T → ∞ is
implicit.
In the first case, the field sources are described by the

external current

JCCμ ðxÞ ¼ q1η0μδ2ðx − a1Þ þ q2η0μδ2ðx − a2Þ; ð8Þ

where two spatial Dirac delta functions are localized at the
positions a1 and a2. The parameters q1 and q2 denote the
coupling strengths between the field and the delta func-
tions, and they can be interpreted as electric charges. The
superscript CC indicates that the configuration corresponds
to the interaction between two pointlike charges.
By substituting Eqs. (6) and (8) into Eq. (7), neglecting

the self-interaction terms (i.e., the interaction of each point
charge with itself), and carrying out the integrations in the
order d2x, d2y, dx0, dp0, and dy0, while employing the
Fourier representation of the Dirac delta function,
δðp0Þ ¼ R

dx0=ð2πÞ expð−ip0x0Þ, and identifying the time
interval as T ¼ R

dy0, we arrive at

ECC ¼ q1q2
2

Z
d2p
ð2πÞ2

eip·a

ðp2Þ1=2 : ð9Þ

Using the fact that [37]
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Z
d2p
ð2πÞ2

eip·a

ðp2Þ1=2 ¼
1

2πa
; ð10Þ

we obtain

ECC ¼ q1q2
4πa

; ð11Þ

where we have introduced a ¼ a1 − a2, representing the
separation vector between the two electric charges, with
a ¼ jaj. From this point onward, we shall use this notation
to denote the separation distance between the external
sources.
Equation (11) stands for the interaction energy between

two pointlike charges in the framework of PQED and
reproduces the Coulomb potential, as in Maxwell electro-
dynamics in (3þ 1) dimensions [38]. This result is already
well known and constitutes one of the central and well-
established features of PQED [31].
Let us now investigate whether other types of inter-

actions may arise from nontrivial external sources. To this
end, we consider a second type of pointlike source in
PQED, namely a topological source. We begin by analyz-
ing a system composed of two such sources located at
positions a1 and a2 [27],

JTTμ ðxÞ ¼ ϵαβμ Vα∂βδ
2ðx − a1Þ þ ϵαβμ Uα∂βδ

2ðx − a2Þ; ð12Þ

where the superscript TT indicates that the configuration
corresponds to the interaction between two topological
sources and Vα ¼ ðV0;VÞ and Uα ¼ ðU0;UÞ are two
Minkowski 3-pseudovectors taken to be constant and
uniform in the reference frame where the calculations
are performed.
By inserting the source (12) and the propagator (6) into

Eq. (7), neglecting the self-interaction terms, and following
the same procedure adopted previously, we obtain

ETT ¼ 1

2

�
ðV · U − V0U0Þ

Z
d2p
ð2πÞ2 ðp

2Þ1=2eip·a

þ ðV · ∇aÞðU · ∇aÞ
Z

d2p
ð2πÞ2

eip·a

ðp2Þ1=2
�
; ð13Þ

where we defined the differential operator

∇a ¼
�

∂

∂a1
;
∂

∂a2

�
: ð14Þ

Substituting the result (10) in the energy (13), using the fact
that [37]

Z
d2p
ð2πÞ2 ðp

2Þ1=2eip·a ¼ −
1

2πa3
; ð15Þ

and carrying out the calculations, we obtain

ETT ¼ 1

4πa3

�
V0U0 − 2ðV · UÞ þ 3

ðV · aÞðU · aÞ
a2

�
: ð16Þ

An interesting feature of the interaction energy in Eq. (16)
is its highly anisotropic nature. In contrast to ordinary
central interactions, which depend exclusively on the
distance between the sources, the present interaction
explicitly depends on the relative orientation between the
vectors V, U, and the separation vector a.
It is worth emphasizing the physical interpretation of

the Eq. (16). In the particular case where U0 ¼ V0 ¼ 0, the
interaction energy reduces to that between two pointlike
electric dipoles in PQED with dipole moments dð1Þ ¼
ðV × ẑÞ and dð2Þ ¼ ðU × ẑÞ. This discussion is not trivial,
and we present it in Appendix A. This result exactly
reproduces the interaction energy between two pointlike
electric dipoles in the conventional Maxwell electrody-
namics in (3þ 1) dimensions. A similar interpretation also
arises in the usual planar Maxwell electrodynamics, where,
for the purely spatial case, the topological source behaves
as an effective electric dipole [27].
On the other hand, for the purely temporal case

(U ¼ V ¼ 0), the interaction energy (16) becomes that
between two pointlike magnetic dipoles with magnetic
moments m1 ¼ V0 and m2 ¼ U0 (see Appendix B).
Remarkably, the resulting expression is identical to the
interaction energy between two magnetic dipoles in the
conventional Maxwell electrodynamics in (3þ 1) dimen-
sions whose magnetic moments are oriented perpendicular
to the plane. It is important to emphasize that this
correspondence has no analog in ordinary planar
Maxwell electrodynamics, where pointlike magnetic
dipoles do not interact (see Appendix B).
The interaction force between two topological field

sources reads

FTT ¼ −∇aETT

¼ 3

4πa4

��
V0U0 − 2ðV · UÞ þ 5

ðV · aÞðU · aÞ
a2

�
â

−
ðV · aÞ

a
U −

ðU · aÞ
a

V

�
; ð17Þ

where â is an unit vector pointing in the direction of the
vector a.
It is instructive to analyze the anisotropic character of the

interaction force (17) through its corresponding field lines.
For this purpose, we consider the particularly simple
configuration defined by

U0 ¼ V0 ¼ 0; V ¼ Vxx̂; U ¼ Uyŷ:

In Fig. 1, we display the force lines obtained from Eq. (17),
normalized by the factor 1=ðVxUyÞ. The horizontal and
vertical axes correspond to the components ax and ay,
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respectively. The resulting pattern clearly reveals the
strongly anisotropic and noncentral nature of the interac-
tion, since the force field exhibits a pronounced angular
dependence and does not follow the radial structure
characteristic of ordinary Coulomb-like interactions.
Due to the anisotropic character of the interaction energy

(16), it is natural to investigate whether the system exhibits
physical effects beyond the interaction force (17). To this
end, we consider a configuration in which the separation a
between the topological sources is kept fixed while the
vector a is allowed to rotate in the plane. In this case, the
interaction energy depends explicitly on the angular ori-
entation of the system, allowing for the emergence of a
nontrivial torque acting on the topological sources.
For simplicity, we assume V0 ¼ U0 ¼ 0, V ¼ Vxx̂,

U ¼ Uyŷ, and

a ¼ a½cosðθÞx̂þ sinðθÞŷ�;

where θ is the usual polar angle in the plane. Under these
assumptions, Eq. (16) reduces to

ETTðV0 ¼ U0 ¼ 0; θÞ ¼ 3VxUy

4πa3
cosðθÞ sinðθÞ; ð18Þ

and we have a torque on the whole system

τTT ¼ −
∂

∂θ
ETTðV0 ¼ U0 ¼ 0; θÞ ¼ −

3VxUy

4πa3
cos ð2θÞ:

ð19Þ

We can observe this the torque vanishes for
θ ¼ π=4; 3π=4; 5π=4; 7π=4, while its maximum magnitude
is achieved for θ ¼ 0; π=2; π; 3π=2; 2π. In Fig. 2, the
general behavior of the torque (19) as a function of a
and θ is shown.
We now consider another nontrivial external source,

namely the Dirac point, defined by [27–29]

JμðDÞðxÞ¼−2πiΦ
Z

d3p
ð2πÞ3 δðp

0Þϵ0μαpαe−ip·xe−ip·a1 ; ð20Þ

whereΦ is a constant with dimension of magnetic flux, and
a1 is a spatial vector specifying the position of the
Dirac point.
As discussed in Ref. [27], the topological source con-

stitutes a generalization of the Dirac point. In particular, the
Dirac point is recovered in the special limit where the
topological source becomes purely temporal, namely

V0 ¼ −Φ; V ¼ 0;

or equivalently,

Vμ ¼ −Φημ0:

In this limit, the vectorial sector responsible for the
anisotropic character of the topological source vanishes.
Therefore, by taking U ¼ V ¼ 0 in Eq. (16), we recover

the interaction energy between two Dirac points. In this
configuration, the first Dirac point is located at a1 and
carries magnetic flux V0 ¼ −Φ1, while the second one is
located at a2 with magnetic flux U0 ¼ −Φ2. So that the
energy (16) becomes

ETTðU ¼ V ¼ 0; V0 ¼ −Φ1;U0 ¼ −Φ2Þ ¼ EDD ¼ Φ1Φ2

4πa3
;

ð21Þ

FIG. 1. Force lines associated with the interaction between two
topological sources for the particular configurationU0 ¼ V0 ¼ 0,
V ¼ Vxx̂, and U ¼ Uyŷ. The field lines were obtained from
Eq. (17) after normalization by the factor 1=ðVxUyÞ. The plot
clearly exhibits the strongly anisotropic and noncentral character
of the interaction, revealing the existence of preferred directions
in the plane. The horizontal and vertical axes correspond to the
components ax and ay, respectively.

FIG. 2. The torque given in Eq. (19), multiplied by 4π
3VxUy

.
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where the superindex DD means that we have a system
composed by two Dirac points.
The interaction energy given in Eq. (21) is an effect that

arises exclusively within the framework of PQED, since
this interaction does not occur in standard Maxwell
electrodynamics in (2þ 1) dimensions [27].
From the Eq. (17), the interaction force between two

Dirac points reads

FTTðU¼V¼ 0;V0¼−Φ1;U0 ¼−Φ2Þ¼FDD¼ 3Φ1Φ2

4πa4
â:

ð22Þ

As shown in Ref. [27], in Chern-Simons electrodynamics, a
Dirac point introduced as an external source behaves as a
pointlike electric charge. However, this result does not
imply that the Dirac point considered here in PQED is
phenomenologically equivalent to an ordinary point charge
in Chern-Simons electrodynamics. Although Dirac points
are introduced as external sources in both theories, the
physical effects they produce are governed by the corre-
sponding gauge dynamics. In Chern-Simons electrody-
namics, the Chern-Simons term gives rise to the
equivalence demonstrated in Ref. [27]. By contrast, the
gauge sector of the PQED model considered here contains
no Chern-Simons term, and therefore no such equivalence
arises. It is worth emphasizing that the inclusion of a
Chern-Simons or pseudo-Chern-Simons term in the gauge
sector of PQED would define a different theory. Whether
an external Dirac point would behave as a pointlike electric
charge in such a framework remains to be investigated.
Consequently, this possible correspondence cannot be
inferred directly from the result obtained in Ref. [27]
and requires a separate analysis of PQED supplemented
by a Chern-Simons or pseudo-Chern-Simons term [39].
In the following, we analyze the interaction between a

pointlike charge and a topological source, described by the
external current [27]

JCTμ ðxÞ ¼ qη0μδ2ðx − a1Þ þ ϵαβμ Vα∂βδ
2ðx − a2Þ; ð23Þ

where the pointlike charge is located at a1, whereas the
topological source is centered at a2. The superscript CT
denotes the interaction between a charge and a topological
source.
In this configuration, the interaction energy takes the

form

ECT ¼ q
2
½ðV × ẑÞ · ∇a�

Z
d2p
ð2πÞ2

eip·a

ðp2Þ1=2

¼ −
q

4πa3
½ðV × ẑÞ · a�; ð24Þ

from which the corresponding interaction force is
obtained as

FCT ¼ −∇aECT

¼ q
4πa3

�
ðV × ẑÞ − 3

½ðV × ẑÞ · a�
a

â

�
: ð25Þ

From Eq. (24), we observe that, within the framework of
PQED, the topological source behaves as an electric dipole
when interacting with a pointlike charge. More specifically,
the expression (24) is equivalent to the interaction energy
between the charge q and an effective electric dipole, with
dipole moment given by d ¼ ðV × ẑÞ (see Appendix A).
Interestingly, this result coincides with the interaction
energy between a pointlike charge and an electric dipole
with dipole moment d ¼ ðV × ẑÞ obtained in standard
Maxwell electrodynamics in (3þ 1) dimensions [40]. In
usual Maxwell electrodynamics in (2þ 1) dimensions, the
topological source also behaves as an electric dipole when
interacting with a pointlike charge [27].
In order to illustrate the anisotropic features of the force

(25), particularly with respect to the vector V, we consider
the specific configuration V ¼ Vxx̂. In Fig. 3, we display
the corresponding force lines obtained for this setup.
By keeping the distance a between the pointlike charge

and the topological source fixed, and for simplicity con-
sideringV ¼ Vxx̂, the interaction energy (24) gives rise to a
nontrivial torque on the system with respect to the vector a,
defined as a ¼ a½cosðθÞx̂þ sinðθÞŷ�. Under these assump-
tions, we obtain

ECTðθÞ ¼ qVx

4πa2
sinðθÞ; ð26Þ

τCT ¼ −
∂

∂θ
ECTðθÞ ¼ −

qVx

4πa2
cosðθÞ: ð27Þ

FIG. 3. Force lines associated with Eq. (25) for the particular
configuration, V ¼ Vxx̂. The field lines are normalized by the
factor 1=ðVxqÞ. The plot clearly exhibits the strongly anisotropic
and noncentral character of the interaction. The horizontal and
vertical axes correspond to the components ax and ay, respec-
tively.
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In Fig. 4, we have a plot for the torque (27) multiplied
by 4π

qVx
.

In addition, we observe that the Dirac point does not
interact with a pointlike charge within the framework of
PQED. The same feature is shared by ordinary planar
Maxwell electrodynamics. By contrast, such an interaction
does arise in the conventional Maxwell-Chern-Simons
electrodynamics, where the Dirac point behaves effectively
as a pointlike charge [27].
Next, we determine the electromagnetic field configu-

ration generated by a topological source located at the
origin, evaluated at an arbitrary point described by the
two-dimensional position vector r ¼ ðr1; r2Þ.
The corresponding field configuration can be obtained

from the propagator (6) according to

AμðrÞ ¼
Z

d3yDμνðr; yÞJTν ðyÞ; ð28Þ

where Aμ ¼ ðA0; A1; A2Þ and

JTν ðyÞ ¼ ϵαβν Vα∂βδ
2ðyÞ: ð29Þ

By substituting Eqs. (6) and (29) into Eq. (28), and carrying
out manipulations analogous to those employed in the
previous section, we arrive at

A0ðrÞ ¼ 1

2
½ðV × ẑÞ · ∇r�

Z
d2p
ð2πÞ2

eip·r

ðp2Þ1=2

¼ −
1

4πr3
½ðV × ẑÞ · r�; ð30Þ

where r ¼ jrj.
For the spatial components AiðrÞ with i ¼ 1, 2, we

obtain

AiðrÞ ¼ V0

2
ϵi0k

∂

∂rk

Z
d2p
ð2πÞ2

eip·r

ðp2Þ1=2 ; ð31Þ

which leads us to the following result,

AðrÞ ¼ V0

4πr3
ðr × ẑÞ: ð32Þ

The electric field can be calculated from the Eq. (30) as

E¼−∇rA0ðrÞ¼ 1

4πr3

�
ðV× ẑÞ−3

½ðV× ẑÞ ·r�
r

r̂

�
; ð33Þ

where r̂ is an unit vector pointing in the direction of the
vector r.
The magnetic field can be obtained from Eq. (32) as

B ¼ ϵ0ik
∂Ai

∂rk
¼ −

V0

4πr3
: ð34Þ

From Eqs. (33) and (34), we observe that the electric field
generated by the topological source is intrinsically aniso-
tropic, since it explicitly depends on the spatial vector V.
In contrast, the corresponding magnetic field is isotropic,
depending exclusively on the temporal component V0 of
the four-vector Vμ.
Furthermore, the magnetic field given in Eq. (34) con-

stitutes an exclusive effect of PQED, since in standard
planar Maxwell electrodynamics the topological source
does not generate a magnetic field [27]. This result high-
lights the nontrivial electromagnetic structure induced by
the nonlocal character of the gauge sector in PQED.
For the electromagnetic field configuration generated

by a Dirac point located at the origin,

JνðDÞðyÞ ¼ −2πiΦ
Z

d3p
ð2πÞ3 δðp

0Þϵ0ναpαe−ip·y; ð35Þ

it is sufficient to consider the previous results obtained for
the topological source under the substitutions U ¼ V ¼ 0

and V0 ¼ −Φ. In this limit, Eq. (33) shows that the Dirac
point does not generate an electric field. However, from
Eq. (34), we find that the Dirac point produces a magnetic
field given by

B ¼ Φ
4πr3

; ð36Þ

which constitutes an exclusive effect of PQED, since this
physical phenomenon has no counterpart in ordinary planar
Maxwell electrodynamics [27].
In summary, in the present paper we investigated the

interaction between stationary pointlike external sources
within the framework of PQED. Besides the usual point-
like electric charges, we considered nontrivial localized

FIG. 4. The torque given in Eq. (27), multiplied by 4π
qVx

.
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sources, namely Dirac points and generalized topological
sources, and analyzed the corresponding interaction ener-
gies, forces, torques, and electromagnetic field configura-
tions generated by these sources.
The generalized topological source considered in the

present work may admit interesting interpretations in the
context of two-dimensional condensed matter systems,
particularly within effective field-theoretical descriptions
of graphene and other Dirac materials. In these systems,
anisotropic phenomena frequently emerge from lattice
deformations, strain-induced gauge fields, disclinations,
dislocations, and other topological crystalline defects
[41–44]. Such mechanisms locally break rotational sym-
metry and generate direction-dependent electronic and
mechanical responses.
From this perspective, the spatial vector sector of the

topological source may be interpreted as an effective
anisotropic background encoding directional defects or
emergent pseudogauge structures in the planar medium.
In particular, the intrinsically anisotropic and noncentral
interactions obtained in this work resemble the directional
couplings induced by strain-generated pseudovector gauge
fields in graphene [41,45]. Moreover, the emergence of
torques and preferred directions in the interaction suggests
that generalized topological sources may provide an effec-
tive description of anisotropic localized excitations in
two-dimensional Dirac systems. At the same time, the
generalized topological source also admits a natural
electromagnetic interpretation. As shown in the appen-
dixes, its purely spatial sector is equivalent to a pair of
pointlike electric dipoles, reproducing exactly the corre-
sponding interaction in conventional Maxwell electrody-
namics in (3þ 1) dimensions. Likewise, its purely
temporal sector describes two pointlike magnetic dipoles,
whose interaction is also identical to that of Maxwell
electrodynamics in (3þ 1) dimensions for magnetic
moments oriented perpendicular to the plane. Remarkably,
while the electric dipole interpretation also emerges in
ordinary planar Maxwell electrodynamics, the magnetic
sector has no counterpart in that theory.
Another interesting aspect concerns the limiting case in

which the spatial sector of the topological source vanishes,
reducing the interaction to the isotropic couplings charac-
teristic of Dirac-point and magnetic dipole. This behavior
suggests that the generalized topological source interpo-
lates between isotropic topological excitations and genu-
inely anisotropic configurations, potentially providing an
effective framework for the investigation of defect-medi-
ated directional effects in planar condensed matter systems.
The study of topological sources within the framework

of PQED reveals that this planar gauge theory not only
modifies the interaction between field sources so that the
corresponding power laws agree with those of Maxwell
electrodynamics in (3þ 1) dimensions, but also predicts
genuinely new phenomena with no analogue in Maxwell

electrodynamics, such as the magnetic field generated by a
Dirac point [see Eq. (36)].
Finally, it is worthwhile to comment on possible

extensions of the present framework, particularly those
involving the inclusion of a Chern-Simons (CS) or pseudo-
Chern-Simons term in the gauge sector of PQED. Such a
modification would change the tensorial structure of the
gauge-field propagator by introducing an antisymmetric
contribution and could have important consequences for
the interaction between external sources, especially for
effects associated with torques. In such a scenario, we
anticipate the possibility that the mechanical interaction
between the defects may acquire a macroscopic chiral
character. It should be stressed, however, that establishing
such behavior requires an explicit calculation of the
modified PQED propagator in the presence of the CS or
pseudo-CS term, followed by the evaluation of the corre-
sponding interaction energies and torques for the external
sources considered here. Therefore, the possible emergence
of a chiral mechanical response should, at present, be
regarded as a physically motivated possibility rather than as
a result demonstrated within the model studied in this work.
A detailed investigation of this extension is currently in
progress and will be presented elsewhere [39].
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APPENDIX A: POINTLIKE ELECTRIC DIPOLES

In this appendix, we investigate the interactions arising
from the presence of static pointlike electric dipoles within
the framework of PQED.
First, we consider a system consisting of two stationary

pointlike electric dipoles concentrated at fixed points a1
and a2, respectively. The external source for this system
reads [38,40]

Jddμ ðxÞ ¼ η0μd
β
ð1Þ∂βδ

2ðx − a1Þ þ η0μd
β
ð2Þ∂βδ

2ðx − a2Þ; ðA1Þ

with dβð1Þ ¼ ð0;dð1ÞÞ and dβð2Þ ¼ ð0;dð2ÞÞ standing for fixed

and static four vectors, being dð1Þ and dð2Þ the electric
dipole moments. The superindex dd denotes that we have
two electric dipoles.
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By substituting Eqs. (6) and (A1) into Eq. (7) and
proceeding as before, we obtain

Edd ¼ −
1

2
ðdð1Þ · ∇aÞðdð2Þ · ∇aÞ

Z
d2p
ð2πÞ2

eip·a

ðp2Þ1=2 : ðA2Þ

By using Eq. (10) and performing the corresponding
calculations, we arrive at

Edd ¼ 1

4πa3

�
ðdð1Þ · dð2ÞÞ − 3

ðdð1Þ · aÞðdð2Þ · aÞ
a2

�
: ðA3Þ

We observe that expression (A3) is equivalent to the result
obtained in the usual Maxwell electrodynamics in (3þ 1)
dimensions for the interaction energy between two static
pointlike electric dipoles [38,40].
Moreover, formula (16) can be recovered from Eq. (A3)

for the purely spatial configuration dð1Þ ¼ ðV × ẑÞ,
dð2Þ ¼ ðU × ẑÞ, and V0 ¼ U0 ¼ 0. This can be seen by
noting that, in (2þ 1) dimensions, the separation vector a
and the vectors U and V all lie in the plane perpendicular to
ẑ, so that

V · ẑ ¼ U · ẑ ¼ â · ẑ ¼ 0: ðA4Þ

The corresponding electric dipole moments are defined as

dð1Þ ¼ V × ẑ; dð2Þ ¼ U × ẑ: ðA5Þ

So, the energy (A3) reads

Edd ¼ 1

4πa3
fðV × ẑÞ · ðU× ẑÞ− 3½ðV × ẑÞ · â�½ðU× ẑÞ · â�g:

ðA6Þ

Now, we use Lagrange’s identity in order to write

ðV × ẑÞ · ðU× ẑÞ ¼ ðV ·UÞðẑ · ẑÞ− ðV · ẑÞðẑ ·UÞ ¼ V ·U;

ðA7Þ

where we used Eq. (A4) and the fact that ẑ is a unit vector.
From the triple product formula we have

ðV × ẑÞ · â ¼ V · ðẑ × âÞ; ðA8Þ

ðU × ẑÞ · â ¼ U · ðẑ × âÞ: ðA9Þ

Collecting terms, Eq. (A6) reads

Edd¼
1

4πa3
fV ·U−3½V · ðẑ× âÞ�½U · ðẑ× âÞ�g: ðA10Þ

Taking into account that the two vectors â and ẑ × â are
mutually orthogonal unit vectors and therefore constitute an

orthonormal basis in the plane perpendicular to ẑ, we can
make the decompositions

V ¼ ðV · âÞâþ ½V · ðẑ × âÞ�ðẑ × âÞ; ðA11Þ

U ¼ ðU · âÞâþ ½U · ðẑ × âÞ�ðẑ × âÞ; ðA12Þ

and write the scalar product

V ·U¼ðV · âÞðU · âÞþ½V ·ðẑ× âÞ�½U ·ðẑ× âÞ�: ðA13Þ

Hence,

½V ·ðẑ× âÞ�½U ·ðẑ× âÞ�¼V ·U−ðV · âÞðU · âÞ: ðA14Þ

Substituting Eq. (A14) into Eq. (A14) yields

Edd ¼
1

4πa3
fV · U − 3½V · U − ðV · âÞðU · âÞ�g

¼ 1

4πa3
½−2V · Uþ 3ðV · âÞðU · âÞ�; ðA15Þ

which is exactly expression (16) in the case U0 ¼ V0 ¼ 0.
In the next situation, we consider the interaction energy

between a pointlike charge and an electric dipole. This
system is represented by the following external source [40]:

JCdμ ðxÞ ¼ qη0μδ2ðx − a1Þ þ η0μdβ∂βδ2ðx − a2Þ; ðA16Þ

where the superscript Cd indicates that the system is
composed of a charge and an electric dipole.
By substituting Eqs. (6) and (A16) into Eq. (7) and

performing the corresponding manipulations, we arrive at
the following result:

ECd ¼ q
2
ðd · ∇aÞ

Z
d2p
ð2πÞ2

eip·a

ðp2Þ1=2

¼ −
q

4πa3
ðd · aÞ; ðA17Þ

which is equiva lent to the result obtained in the usual
Maxwell electrodynamics in (3þ 1) dimensions [40]. For
the purely spatial configuration, with d ¼ ðV × ẑÞ, one
recovers the interaction energy given by Eq. (24).

APPENDIX B: POINTLIKE MAGNETIC DIPOLES

In this appendix we compute the interaction energy
between two pointlike magnetic dipoles within the frame-
work of PQED.
In (2þ 1) dimensions, the magnetic field is a pseudo-

scalar rather than a vector. Consequently, the magnetic
moment of a pointlike source is also described by a
pseudoscalar quantity. In the embedding (3þ 1)-dimen-
sional picture, this magnetic moment is interpreted as being
oriented perpendicular to the plane.
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Let us consider two static pointlike magnetic dipoles
with magnetic moments m1 and m2 located at the positions
a1 and a2, respectively. The corresponding conserved
external current is given by [46]

JμmmðxÞ ¼ m1ϵ
0μν

∂νδ
2ðx − a1Þ þm2ϵ

0μν
∂νδ

2ðx − a2Þ;
ðB1Þ

where the subscriptmm denotes a system composed of two
magnetic dipoles.
Substituting Eqs. (6) and (B1) into Eq. (7) and proceed-

ing along the same lines as in the previous derivations, we
arrive at

Emm ¼ −
m1m2

2

Z
d2p
ð2πÞ2 ðp

2Þ1=2eip·a: ðB2Þ

Finally, making use of the result (15) the interaction energy
becomes

Emm ¼ m1m2

4πa3
: ðB3Þ

This expression exactly reproduces the interaction energy
between two magnetic dipoles oriented perpendicular to the

plane in Maxwell electrodynamics in (3þ 1) dimensions.
For the particular choice m1 ¼ V0 and m2 ¼ U0, together
with V ¼ U ¼ 0, one recovers the interaction energy given
by Eq. (16).
It is important to emphasize that, in ordinary planar

Maxwell electrodynamics, the interaction energy between
two magnetic dipoles described by Eq. (B1) is given by

Emm
Maxwell ¼ m1m2

Z
d2p
ð2πÞ2 e

ip·a

¼ m1m2δ
2ðaÞ; ðB4Þ

where δ2ðaÞ denotes the two-dimensional Dirac delta
function. Therefore, for spatially separated magnetic
dipoles, a ≠ 0, the interaction energy vanishes,

Emm
Maxwell ¼ 0; a ≠ 0: ðB5Þ

Thus, in ordinary planar Maxwell electrodynamics, two
pointlike magnetic dipoles interact only through a contact
term. Consequently, the nonvanishing long-range interac-
tion energy between two spatially separated magnetic
dipoles obtained in PQED has no counterpart in ordinary
planar Maxwell electrodynamics.
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