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Kerr-Schild double copy of the Randall-Sundrum black string
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We construct the Kerr-Schild classical double copy of the black string in the Randall-Sundrum II model,
deriving the single and zeroth copies and verifying the associated field equations. The single copy gauge
field is independent of the holographic coordinate and satisfies a sourceless Maxwell equation on the
curved background, in direct analogy with the Coulomb field of the Schwarzschild double copy. The zeroth
copy scalar obeys a modified Klein-Gordon equation with a first-order derivative term along the extra
dimension; a field redefinition yields a standard Klein-Gordon equation with effective mass m? = 12//?,
induced by the warp factor. We further show that an alternative Kerr-Schild splitting, gravitationally
equivalent to the canonical one, produces a physically inequivalent double copy: the gauge field is
supported by a conserved but delocalized bulk current, and the zeroth copy satisfies a massless equation
that carries no imprint of the warped extra dimension.
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I. INTRODUCTION

The relationship between gauge theories and gravity has
long been a central theme in theoretical physics, appearing in
contexts ranging from the AdS/CFT correspondence to the
more recent double copy paradigm. The latter emerged from
the Bern-Carrasco-Johansson color-kinematics duality in
scattering amplitudes [1,2], which establishes that gravita-
tional amplitudes can be systematically constructed from
gauge-theory building blocks, schematically expressed as

gravity = (gauge theory) x (gauge theory).

Although originally formulated for perturbative scattering
amplitudes, this correspondence has been successfully
extended to exact classical solutions [3], where spacetimes
admitting a Kerr-Schild structure [4] possess a natural gauge
counterpart.

In the Kerr-Schild double copy framework, the gravita-
tional metric is written as

Iun = Gun + Pkyky, (1)

where gyy 1s a background metric (typically flat or
maximally symmetric), ¢ is a scalar function, and k™ is
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a null vector field that is geodesic with respect to both the
background and the full metric. A key feature of this ansatz
is the linearization of the Einstein equations, enabling a
direct identification of gauge-theory solutions. The single
copy corresponds to the gauge field Ay, = ¢ky,, satisfying
Maxwell equations, while the zeroth copy is the scalar
® = ¢, obeying the corresponding scalar equation. The
Kerr-Schild double copy has been extensively explored for
a wide class of stationary, cosmological, and extended
solutions [5-19].

An important subtlety of the Kerr-Schild ansatz is that
the decomposition (1) is not unique. The rescaling

ky = a(Xky, ¢ - ﬁ (2)
leaves the metric invariant while producing different gauge-
theory fields. As emphasized in [7], this ambiguity must be
resolved by imposing physical criteria on the single copy,
such as the absence of delocalized sources. Different
splittings that are gravitationally equivalent can thus yield
physically inequivalent gauge-theory descriptions, making
the resolution of this ambiguity a nontrivial and physically
meaningful step in the double copy construction.

A complementary line of research in gravitational
physics concerns the possibility of extra spatial dimensions.
This idea received renewed attention at the turn of the
century with the Randall-Sundrum models [20,21], in
which our four-dimensional universe is realized as a
hypersurface (brane) embedded in a five-dimensional
anti—de Sitter (AdSs) bulk. Of particular relevance to the
present work is the Randall-Sundrum II (RSII) model [21],
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where gravity is effectively localized on the brane even
though the extra dimension is infinite and noncompact,
provided the bulk geometry is appropriately warped [22].
In this setup, the metric takes the form

ds* = e Vg dx'dx¥ + dy?, (3)

where [ is the AdSs curvature radius and y € (—o0, +o0) is
the extra-dimensional coordinate with a Z, orbifold sym-
metry. The exponential warp factor renders the four-
dimensional graviton zero mode normalizable, reproducing
Newtonian gravity at large distances together with calcu-
lable short-distance corrections.

Black hole solutions incorporating the effects of the
warped extra dimension have also been extensively studied
[23-29], exhibiting genuine extra-dimensional features
absent in standard four-dimensional general relativity. In
particular, Ref. [23] showed that the Schwarzschild sol-
ution can be extended into the bulk as a “black string,”
obtained by uniformly extending the four-dimensional
geometry along the extra dimension.

Despite these developments, the classical double copy in
the presence of warped extra dimensions remains, to the
best of our knowledge, unexplored. The Randall-Sundrum
framework provides a natural setting to address this
question, combining AdS geometry, gravity localization,
and exact black hole solutions that admit a Kerr-Schild
representation. Understanding how characteristic brane-
world features are encoded in gauge-theory data may offer
new insights into both the double copy correspondence and
extra-dimensional gravity.

In this work, we initiate the study of the classical double
copy for black holes in Randall-Sundrum braneworlds by
focusing on the RSII black string [23]. We derive the
corresponding single and zeroth copies for the canonical
Kerr-Schild splitting of [7] and verify the associated field
equations, showing that the RSII warp factor leaves a direct
imprint on the gauge-theory description. A central result of
this work is that the ambiguity inherent in the Kerr-Schild
decomposition is physically consequential in the warped
setting: we construct an alternative splitting that is gravi-
tationally equivalent to the canonical one but yields a
physically inequivalent double copy, with a gauge field
supported by a delocalized bulk current and a zeroth copy
that carries no imprint of the warped extra dimension.

II. SETUP AND THEORETICAL FRAMEWORK

In this section we collect the technical ingredients under-
lying our analysis. We first review the Kerr-Schild double
copy in curved backgrounds, focusing on the linearized field
equations in the presence of a cosmological constant, and
then present the RSII model and the black string solu-
tion that will serve as the gravitational starting point. We
denote bulk indices by M, N, ... =0,1,...,D — 1, while

four-dimensional brane indices are denoted u, v, ... =0, 1,
2, 3. For the RSII model D = 5.

A. Classical double copy in curved backgrounds

The Kerr-Schild ansatz and the rescaling ambiguity were
introduced in Eqgs. (1) and (2). We collect here the addi-
tional properties needed in subsequent sections.

The nullity of k™ ensures that the inverse metric
gM"N = gMN — pkMEN remains linear in ¢ and that the
determinant satisfies det(g) = det(g). As a consequence,
the Finstein equations linearize exactly in the perturbation
hyn = ¢kyky. For a background g,y solving Einstein’s
equations with cosmological constant Ap, the linearized
vacuum equations for the Kerr-Schild perturbation take the
form [6,7]

4Ap

vP [ZV(MhN)P - vPhMN] = D_2

hyuy- (4)

The gauge-theory copies are extracted by contracting this
tensorial equation with Killing vectors of both the exact
geometry and the background. Given a Killing vector E¥ of
both gy and gy n:

Single copy. A single contraction of (4) with &V,
combined with the Killing equation and the null geodesic
properties of k;;, yields a Maxwell-type equation for the
gauge field

Ay = Qky. (5)

The explicit form of this equation depends on the back-
ground geometry and the choice of Killing vector.

Zeroth copy. A further contraction with the same Killing
vector produces a scalar equation for

=g (6)

In flat backgrounds (Ap = 0, gyny = nuw), these reduce
to the sourceless Maxwell and Klein-Gordon equations,
respectively [3]. In curved backgrounds, the cosmological
constant and the nontrivial connection generally modify
both equations, as we shall see in detail for the RSII
geometry. Moreover, the rescaling freedom (2) leaves the
gravitational solution invariant but modifies the gauge-
theory fields. We will exploit this freedom to construct both
a canonical and an alternative realization of the double copy
and show that they lead to physically distinct gauge-theory
descriptions.

B. The RSII black string

The RSII model describes a single positive-tension three-
brane embedded in an AdSs bulk, with the metric given by
(3). Here n,, is the four-dimensional Minkowski metric,
y € (—00, +00) is the extra-dimensional coordinate, and [ is
the AdSs curvature radius, related to the bulk cosmological
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constant by A5 = —6/1°. The brane is located at y = 0 and
a Z, reflection symmetry y <> —y is imposed so that the
geometry on both sides of the brane is identical. The brane
tension o is related to / and the five-dimensional Newton
constant G5 through the Israel junction conditions [30,31]
by ¢ = 3/(47Gsl). A key property of this background is
the exponential warp factor e=2//, which localizes the
four-dimensional graviton zero mode near the brane [21].

It will be convenient to introduce the conformal coor-
dinate z = leP!”!, in terms of which the metric (3) becomes

12
ds* = 2 (nudxtdx” + dz?). (7)

Since |y| > 0, the conformal coordinate satisfies z > [, with
the brane at z = [ and the Poincaré horizon at 7 — oo. The
Z, orbifold identifies the two sides of the brane, and we
work on the fundamental domain z € [/, ). When needed
for the Kerr-Schild construction, we extend the background
metric (7) to the full Poincaré patch z € (0, o), which
includes the AdSs boundary at z — 0.

A central property underlying the construction of black
hole solutions in this background is that the metric (7) is a
conformal rescaling of flat space, so the five-dimensional
Einstein equations with As = —6/[> are automatically
satisfied whenever the seed metric replacing 7, is Ricci
flat [32]. Replacing 7, with the four-dimensional
Schwarzschild metric therefore yields an exact solution
known as the black string [23]

2

ds> = i—z(—f(r)ah‘2 + f(r)7tdr* 4 r2dQ3 + dz*), (8)
where f(r) =1—2%, and dQ3 = d6” + sin? Odg?* is the
metric on the unit two-sphere. The induced metric on the
brane at z =/ is the four-dimensional Schwarzschild
solution, consistent with the spherical symmetry of the
seed. The solution describes a horizon at r = 2M that
extends uniformly along the extra dimension, forming a
stringlike object in the five-dimensional bulk.

Although this is an Einstein metric, so that the Ricci
scalar and the square of the Ricci tensor remain finite
everywhere, the Kretschmann scalar

1 48M27*
RynpoRMNPC = 7 <4O + 76 ) 9)

diverges both at r = 0 (the black string singularity) and as
7z = oo (the Poincaré horizon), signaling a curvature
singularity at the AdSs horizon. Moreover, the black string
is subject to the Gregory-Laflamme instability [33] for
sufficiently small masses. The end point of this instability is
expected to be a stable “black cigar” that coincides with the
black string in the vicinity of the brane but whose horizon
closes off before reaching z — oo [23].

Despite these limitations, the black string (8) provides an
exact and analytically tractable solution that is well suited
for studying the Kerr-Schild double copy in braneworld
scenarios. In particular, its warped structure will play a
central role in what follows.

III. CLASSICAL DOUBLE COPY OF THE RSII
BLACK STRING

In this section we construct the classical double copy of
the RSII black string (8). We recast the metric in Kerr-
Schild form over the AdSs background, derive the asso-
ciated single and zeroth copies following the prescription
of [7], and verify the corresponding field equations on the
curved background. We then consider an alternative Kerr-
Schild splitting and show that it leads to a physically
inequivalent double copy.

A. Kerr-Schild decomposition

To bring the RSII black string (8) into Kerr-Schild form
over the AdSs background (7), we introduce ingoing
Eddington-Finkelstein coordinates

dr

dv = di+ 5. (10)

in terms of which the metric becomes

, P 2 2 102 2 2M
ds* =— | —dv* +2dvdr+r*dQ; +dz +Tdv . (11)

Z
The first four terms are the AdS; background in Eddington-
Finkelstein form, while the last is a rank-one perturbation.
The metric therefore admits the Kerr-Schild decomposition
(1) with

2M 7? v P

We now verify the required properties of k,,. The vector
has a single nonvanishing component k,. Writing the
background as Gyy = (?/2%)dun. Where §yy denotes
the flat five-dimensional metric in Eddington-Finkelstein
coordinates, the contravariant components are

KM = Vb = g = 6. (13)

where we used §"" =0 and §" = 1. Nullity follows
immediately:
lZ
gMNkMkN =0 = Z_Qgrr =0. (14)

For the geodesic property, we compute

_ P2 _p
KNV yky = 0, (Z—z 5;9) ~Thu s (15)
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The first term vanishes as the only nonzero component of
ky; is independent of r. For the second term, it can be
shown that I'’;, = 0 for all M. Therefore k™ is an affinely
parametrized null geodesic of the AdSs background.

B. Single copy

Having obtained the Kerr-Schild decomposition of the
RSII black string, the single copy gauge field is defined
through (5) and the identifications (12) as

2M
Ay = dky = T‘%ﬁ (16)

so that the only nonvanishing component is

oM
==

A, (17)
The field strength tensor, Fy;y = 0y Ay — dyAy, has a
single independent nonvanishing component,

2M
F,=-0A,= 7’ (18)

with all other components vanishing. In particular, the
gauge field and its field strength are independent of the bulk
coordinate z, reflecting the fact that the warp factor has
been fully absorbed into the Kerr-Schild decomposition.

The single copy equation of motion is obtained by
contracting the linearized Einstein equation (4) with a
Killing vector &M of the background. We choose & = d,,
which satisfies £k, = I*/z?, naturally aligned with the
direction along which k,, is supported. Specializing to RSII
(D =5, As = —6/1?), the contraction gives

- _ 8
EVVp[2V prhy) " = Vi hyy] = —Z—2¢kM- (19)

Defining TMNP:ZV(MhMP—VPhMN, this can be written as

_ _ 8
97OV p(ENT yng) — G2 (VpEN ) Tiyng = —?AM, (20)

where we identified ¢k, = A, and moved &V inside the
covariant derivative, thus introducing a connection term.
Using adapted coordinates in which &Y =¥ is a
coordinate basis vector and evaluating the Christoffel
symbols for the AdSs background, Eq. (20) reduces to
2 2
7%V, {i—zFMQ +2Z—l35ZQAM] = —?AM. (21)

The second term inside the brackets can be evaluated
directly

s |21 10
g"°Vp L—35ZQAM} = _Z_zAMv (22)

which exactly cancels the right-hand side, leaving

o 2

Expanding the covariant divergence using Vy(12/z%) =
—(21%/7%)55%,, this can be equivalently written as

— 2

making explicit the effect of the AdSs warp factor on the
gauge dynamics through the coupling to Fy,°. Since Fy
has support only along the (v,r) directions, raising
indices with the background metric does not generate a
Z component,

Z2

12
and thus the second term in (24) vanishes identically. The
equation of motion reduces then to

Fy =G Fyp =5Fy, =0, (25)

away from the singularity at r = 0.

This equation must be understood in a distributional
sense. The gauge field (17) is singular at r =0, and
therefore the divergence VyF,/" vanishes everywhere
except at the origin, where it produces a localized &
function source. In this sense, the solution describes a
pointlike field generated by a localized charge at » = 0, in
direct analogy with the Coulomb field arising from the
double copy of the Schwarzschild geometry [3].

It is worth emphasizing that the z independence of A,
follows directly from the Kerr-Schild decomposition and
should not be interpreted as a dynamical localization of the
gauge field on the brane: gauge fields cannot be gravita-
tionally trapped in the RSII scenario [34,35], and their
confinement requires additional nongravitational mecha-
nisms [36,37]. From the braneworld perspective, the
restriction to the brane at z = [/ reproduces the standard
four-dimensional single copy, consistent with the role of
the brane as the hypersurface where four-dimensional
physics is recovered [22].

C. Zeroth copy

The final step in the classical double copy chain is to
construct the zeroth copy, corresponding to a scalar field
theory. This scalar is identified with the Kerr-Schild scalar
function (12)

2M 72
O=¢p=— 5. 27
b=""5 (27)

The equation of motion is obtained by contracting the
linearized Einstein equation (4) twice with the same Killing
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vector £ = d, used in the single copy construction. Using
the tensor T,,yp defined in Sec. III B, the double contrac-
tion gives

_ — 812
GOV p(EMENT yng) — 37OV p(EMEN) Tyno = —Z—4CD-

(28)

Evaluating both terms on the left-hand side using adapted
coordinates and the Christoffel symbols of the AdSs
background, as in the single copy derivation, one arrives at

i@_%@m%@:o, (29)
away from the singularity at r = 0, where a localized o
function source appears, as in the single copy case.
Equation (29) differs from the standard Klein-Gordon
equation by the presence of a first-order derivative term
along the holographic direction z. This term has no
counterpart in the flat-space or pure (A)dS zeroth copy
equations of [3,7] and reflects the explicit z dependence of
the zeroth copy scalar ® ~ z2: unlike the single copy gauge
field, the coupling to the conformal factor of the RSII
spacetime is no longer trivial.
It is natural to ask whether a field redefinition can bring
Eq. (29) into standard Klein-Gordon form. Defining

l4
0=o, (30)

a direct computation shows that the first-derivative cou-
pling is removed and (29) transforms into

<E—%>®:o. (31)

The redefined field © therefore satisfies a Klein-Gordon
equation with effective mass m?> = 12//2, induced by the
AdSs warp factor.

The two scalar fields have complementary bulk profiles
and physical roles. The canonical zeroth copy ® ~ z> grows
toward the Poincaré horizon, signaling that it is not
localized near the brane and should be understood only
as the geometrically natural variable directly encoding the
Kerr-Schild structure. In contrast, ® ~ z~2 decays along the
holographic direction and is normalizable with respect to
the natural bulk norm,1 in line with the expected behavior
of normalizable bulk modes in the RSII setup [21,22]. The
fact that © satisfies a Klein-Gordon equation with a
constant mass further supports its interpretation as the

'For a scalar field in AdSs with metric (7), the natural norm
is [*dzy/=5|® ~ [ dz(1/2)3|®|*. For ® ~z72 this integral
converges, while for @ ~ 72 it diverges.

physically propagating scalar degree of freedom in
the bulk.

D. Alternative Kerr-Schild splitting

Motivated by the ambiguity in the Kerr-Schild decom-
position discussed in the Introduction, we consider an
alternative splitting of the RSII black string,

2M
b=""

kydx" = £dv. (32)
r Z
This choice is related to the canonical splitting (12) through
the rescaling (2) with a(x) = z/I, which leaves the metric
(11) invariant. The vector k;; is null and geodesic with
respect to the AdSs background, and the determinant
satisfies det(g) = det(g), confirming that (32) provides
an equally valid Kerr-Schild representation.

Despite this equivalence at the gravitational level, the
redistribution of the warp factor between ¢ and k,, leads to
a physically distinct realization of the classical double copy,
as we now show.

1. Single copy

The single copy gauge field now reads

~ 2M1
Av = (33)
rz

with all other components vanishing. The field strength has
two independent nonvanishing components,

- 2M1 - 2M1
F, = 2 F,,= el (34)
in contrast with the canonical single copy, where the gauge
field is z independent and F;y is purely four dimensional.
Repeating the procedure of Sec. III B, i.e., contracting the
linearized Einstein equation with & =0, (which now
satisfies EMky, = [/z) and evaluating the Christoffel sym-
bols of the AdSs background, one finds

vNINTMN:jMv (35)

with source current
- 2M (5 1
Jy=——[(-6Y% +-6% ). 36
w2 (o i) (36)

Away from r = 0, this source is nonvanishing and extends
along the holographic direction, in sharp contrast with the
sourceless equation satisfied by the canonical single copy.

The current is conserved, VMJ u = 0, so the alternative
splitting is internally consistent as a gauge theory, but the
delocalized nature of the source signals that it does not
admit a brane-localized interpretation.
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The two single copies,

2M ~ 2M1
Ay:_7 Ay:_v

r rz

(37)

are not related by a gauge transformation. Indeed, their

difference
- 2M l
A —A =M <1 __) (38)
r Z

would need to equal d,A for some scalar A, implying

A:Z—M<1—5)y, (39)

r <

but then d,A # 0, contradicting the fact that both fields
have A, = 0. Moreover, they satisfy different equations of
motion: the canonical field is sourceless (away from r = 0),
while the alternative one is supported by a delocalized bulk
current.

2. Zeroth copy

The scalar associated with the alternative splitting is

==, (40)

which is independent of the holographic coordinate.
Repeating the double contraction of Sec. III C, one finds

[ﬁ—llf] <;<D> =0. (41)

In contrast with the canonical zeroth copy equation (29),
Eq. (41) contains no first-derivative term along z, reflecting
the z independence of ®. The equation of motion for the
scalar field reduces to the massless Klein-Gordon equation

Od =0. (42)

The physical content of the two zeroth copies is
markedly different. The canonical scalar ® ~ z> encodes
the warp factor and, after the rescaling ® ~ z72, yields a
normalizable mode localized near the brane satisfying a
massive Klein-Gordon equation with m? = 12/[?. The
alternative scalar ® is z independent and therefore not
normalizable with respect to the bulk norm: although it
satisfies the massless equation [0 ® = 0, the z dependence

*The norm [ dz(1/z)%|®[* ~ [ dzz™5 converges due to the
AdSs measure and not to a nontrivial decay of the field profile,
which carries no information about the warped geometry. In
contrast, the canonical ® ~ z2 does encode the warp factor, and
its rescaled version ® ~ z72 is normalizable.

has been entirely stripped from the Kerr-Schild scalar, so
that the zeroth copy retains no imprint of the extra
dimension. The massive Klein-Gordon equation satisfied
by (1?/z%)® is not a property of the alternative splitting
itself, but rather a consequence of the same rescaling that
defines © in the canonical construction.

Taken together, these results confirm that the physicality
criterion of [7], requiring the absence of delocalized
sources in the single copy and the retention of the warped
bulk structure in the zeroth copy, selects the canonical
splitting (12) as the physically preferred one. Different
Kerr-Schild decompositions that are gravitationally equiv-
alent encode different aspects of the warped geometry, and
only the canonical choice leads to a double copy with a
sourceless gauge field and a zeroth copy that carries a
nontrivial imprint of the extra dimension.

IV. CONCLUSIONS

In this work we have constructed the Kerr-Schild
classical double copy of the RSII black string in five
dimensions, using the Poincaré patch of AdSs as the
background. The canonical splitting of [7] yields a single
copy gauge field that is independent of the holographic
coordinate and satisfies a sourceless Maxwell equation on
the curved background, in direct analogy with the Coulomb
solution of the Schwarzschild double copy [3]. The zeroth
copy scalar obeys a modified Klein-Gordon equation with a
first-order derivative coupling along the extra dimension; a
field redefinition removes this coupling and produces a
standard Klein-Gordon equation with effective mass
m? = 12/1?, with the redefined field ® ~ z~2 normalizable
and localized near the brane. An alternative Kerr-Schild
splitting, gravitationally equivalent to the canonical one,
leads to a physically inequivalent double copy: the gauge
field is supported by a conserved but delocalized bulk
current, and the zeroth copy carries no imprint of the
warped geometry. These results demonstrate that the Kerr-
Schild double copy is sensitive to the warped bulk structure
of braneworld models, and that the physicality criterion
of [7]—requiring the absence of delocalized sources—
plays an essential role in selecting the physically mean-
ingful decomposition.

Our construction complements the recent analysis
of [18], which studies the double copy of black strings
in a four-dimensional cylindrical AdS background. While
both works find gauge fields satisfying Maxwell-type
equations on curved backgrounds, the five-dimensional
RSII setting introduces qualitatively new features: the
exponential localization of gravity along the extra dimen-
sion leaves a direct imprint on the gauge-theory description
through the modified Klein-Gordon equation and the
normalizability structure of the zeroth copy, which have
no counterpart in that work.

Several directions remain open. A natural extension
is to consider rotating and charged braneworld black
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holes [27,29]; in particular, the tidal charge inherited from
the bulk Weyl tensor in [27] offers a concrete probe of how
extra-dimensional effects are encoded in the single copy. It
would also be interesting to investigate whether the double
copy can track the Gregory-Laflamme instability [33] of
the RSII black string by comparing the gauge-theory data
of the unstable solution with that of its expected stable end
point and whether the construction extends to the stabilized
black strings of [38]. From a holographic perspective, the
effective mass m? = 12/1> corresponds via the standard
AdS/CFT relation [39-41] to a dual operator of conformal
dimension A = 6; understanding whether the single and
zeroth copies admit a natural boundary conformal field
theory interpretation would connect the double copy
program to the holographic description of braneworld
gravity [42]. Finally, the Petrov type D character of the
black string makes it a natural candidate for the Weyl
double copy [43]. In particular, recent progress has
extended the Weyl double copy construction beyond four
dimensions, including five-dimensional type N and type D

spacetimes [44,45]. It would therefore be interesting
to investigate whether the warped bulk geometry consid-
ered here admits a corresponding Weyl double copy
description or whether the Randall-Sundrum warping
introduces genuinely new features. We leave these ques-
tions for future work.
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