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Modified Einstein’s equations implementing both an energy-dependent Newtonian and cosmological
constant can be obtained via a modified action characterized by a nonminimal gravity-matter coupling.
We show how different dynamics for the high energy regime—that nevertheless have in common the
vanishing of the Newton constant—result in models of gravitational collapse which source the formation of
nonsingular geometries with different types of asymptotic core: de Sitter, Minkowski, and with “steep
pressure.” As we categorise their defining properties, one feature, which we prove to be actually
independent of both the specific form of the nonminimal coupling and the equation of state of the
collapsing fluid, stands out: the formation of a geometry with Minkowski core occurs only if the Newton
constant, before finally vanishing, assumes negative values.
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I. INTRODUCTION AND MOTIVATION

To date, our most successful theory for the physics of
the gravitational interaction is general relativity (GR) [1].
The formation of black holes (BHs) due to complete gravi-
tational collapse, originally proposed in the Oppenheimer-
Snyder-Datt (OSD) model [2,3], is one of the most
fascinating predictions of the theory. In the last decades,
the research regarding these objects has rapidly expanded
from the theoretical to the observational realm [4–11].
However, BHs come with a shortcoming for the theory
itself: the presence of curvature singularities, whose
teleological occurrence is established by the singularity
theorem [12].
It is commonly believed that a fundamental theory of

quantum gravity and matter should lead to a more refined
description of gravitational collapse, and to the avoidance
of singularity formation [13–16]. While such a complete
theory is not yet available as established science [17–19],
an effective approach to the singularity problem is the
introduction of regularized versions of classical BHs,
having a finite value of the curvature at all points in
spacetime [20–23]. These nonsingular classical geometries,

which can represent either regular BHs or horizonless BH
mimickers [24,25], constitute a heuristic tool to explore
possible theoretical and phenomenological deviations
from GR in the strong-gravity regime [26–60]. Further-
more, they represent a chance to experimentally test such
deviations [61–68].
In order to obtain regular solutions, an old route, which is

vastly explored in the literature, is that of modifying ad hoc
the static Misner-Sharp-Hernandez massM [69,70] in such
a way that its behavior in the asymptotic inner core repro-
duces that of a de Sitter space [71–75], as MðRÞ ¼ OðR3Þ,
with R being the radial Schwarzschild coordinate in a
spherically symmetric setting. Such a rapid convergence
to zero ensures the curvature to remain finite at R ¼ 0.
For instance, the Bardeen metric [76], the Dymnikova
spacetime [77,78], the Bonanno-Reuter BH [79], and the
Hayward geometry [80], they all fall in this category (see
also [81–83] for other examples).
A different way to avoid the curvature divergence is

pursued by the Ghosh-Culetu [84,85] and Simpson-Visser
BHs [86], having a less traditional Minkowski core. In this
case MðRÞ ¼ oðR3Þ, i.e., the mass function expansion, in
the small R regime, starts from a term of order strictly
higher than three.
More recently, in the context of a scenario inspired by the

asymptotic safety program for quantum gravity [87–89], it
has been proposed a regular BH whose MðRÞ vanishes
slower than the two aforementioned cases, due to the
leading order of its expansion involving a logarithm [90]. In
the latter case, to fully understand how the curvature diver-
gence is avoided, it cannot be ignored that the geometry is
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generated by a collapsing distribution of matter—a ball of
perfect fluid—which remains of finite size for all physically
relevant observers.
Thus, the main aim of this work is to define and compare

the physical features distinguishing different core types,
and to trace where the physical mechanism of their
formation lies. Compared to previous cases, we will show
that, taking into account the dynamical process of gravi-
tational collapse, a third possibility, which we denote as
“steep pressure” core, can arise. Moreover, we shall show
how the origin of the differences is naturally linked to the
type of dynamics governing the nonstatic process of
collapse, and to the manner in which the validity of the
strong energy condition (SEC) [91], a hypothesis of the
singularity theorem, is violated.
In general, to derive regular BHs within a fundamental

framework has proven to be a challenge [92–97]. For
instance, on the one hand, those obtained from the
Einstein-Hilbert action with nonlinear electrodynamics as
source [98], ultimately imply an undesirable multivalued
Lagrangian (see Fig. 1 in the same reference). On the other
hand, when regular geometries are obtained considering the
process of collapse but using equationswhich are not directly
related to aLagrangian, issues like thenonconservationof the
total energy-momentum tensor can arise. Considering an
example, this occurs in the effective model proposed in [30],
where a cutoff in the energy-density is implemented at the
level of the field equations only. Moreover, other models
of collapse, which have been recently proposed in the con-
text of quasitopological gravity [99] and Lovelock theory
[100,101], stem from a variational principle as well, but
either they do not rely upon four spacetime dimensions and a
finite number of free parameters, or their solutions are not
asymptotically flat. The models of nonsingular gravitational
collapse presented in this work are still based on the general
method introduced in [90], which notably has an action as
starting point, and through our study, wemanage to avoid the
aforementioned problems.
The action we adopt here represents a modified theory of

gravity which introduces a nonminimal coupling χ between
matter and geometry. The latter is a scalar function which
depends on the matter energy-density. It induces modified
field equations with varying Newton and cosmological
constant, which we denote as G and Λ, to be distinguished
from GN and Λ0, even though they have the same
dimensionality. For low energy-density, we assume
χ ≈ 8πGN, as necessary to reproduce the first stages of
the OSD model. For the high energy regime, we require
χ → 0, and G → 0, since we want to study the conse-
quences of a vanishing Newton coupling as regularization
condition. In the past literature, this approach has been
linked to the asymptotic safety scenario, either for con-
ceptual considerations only or to look for guidance in fixing
the intermediate behavior of the function χ [90,102–104].
However, the antiscreening behavior of gravity at high
energy could be a more general quantum gravitational

feature [105]. At the same time, a classical but nonminimal
gravity-matter interaction is on its own a possibility worth
to explore [106]. Throughout this work we still espouse the
idea of asymptotic freedom for gravity-matter systems as
fundamental physical cause of the weakening of G, but we
focus on the consequences of having different modalities in
which such a weakening can occur, finding that they are
intertwined with the different defining features of the
nonsingular cores.
As starting point of our study, we take full advantage of

the feature encoded in the modified action, that other
covariant proposals are not suitable to encode: the physical
Newton and cosmological couplings run with respect to the
physical energy-density of the collapsing matter fluid.
Then, at the heart, we present, in complementarity with
the defining features of the de Sitter and steep pressure core, a
theorem which establishes that the formation of a spacetime
with Minkowski core implies the occurrence of negative
values ofG during the collapse. Finally, in order to exemplify
the concepts introduced, as a case study we choose to show
which one is the dynamics leading to Dymnikova-type black
holes with de Sitter core. Indeed, when a dust equation of
state for matter is assumed, our approach can encompass a
large class of nonsingular geometries, providing the pos-
sibility to identify the corresponding generating dynamics.
Moreover, Dymnikova BHs have already been found in
another framework employing a scale dependent Newton
coupling [38]. Through a generalization of this suitable case
study, we discuss new geometries withMinkowski and steep
pressure core.
The paper is organized in the following way. In Sec. II

we introduce the modified action and field equations; in
Secs. III and IV we present, respectively, the solution for the
matter interior and for the exterior ending state, over a yet
unspecified nonsingular dynamics. The exterior geometry is
obtained through the junction conditions at the matter
ball’s boundary surface. In Sec. V we discuss the defining
properties of each core in relation to dynamics, proving the
aforementioned general feature of the Minkowski case, and
we present a case study for each type of core. Section VI is
devoted to a critical assessment of our findings and to
comments on future perspectives. To make the paper self-
contained, details on the junction procedure are given in the
Appendix. We work in the system of units c ¼ 1, and with
metric signature ½−;þ;þ;þ�.

II. MARKOV-MUKHANOV ACTION

Following the idea introduced in [107] by Markov and
Mukhanov, the asymptotical disappearance of gravity at
high energy for an hydrodynamical system, can be imple-
mented consistently starting from the modified theory

S ¼ 1

16πGN

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rþ 2χðϵÞLðmÞ�; ð1Þ
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where ϵ is defined as the proper energy-density of the
infinitesimal unit element of a matter fluid, characterized by
its four velocity uμ in a general reference frame fxμg, such
that uμuμ ¼ −1, while its rest-mass density is denoted as ρ.
LðmÞ ¼ −ϵ is the matter Lagrangian [107,108], and
χ ¼ χðϵÞ is a scalar function representing a nonminimal
gravity-matter coupling. As proven in [108,109], the form
of the Lagrangian of a barotropic perfect fluid is indepen-
dent of both the relativistic modified theory with non-
minimal coupling at hand and the equation of state of
the fluid. This holds as long as (a) LðmÞ does not depend
on the derivatives of the metric, and (b) particle number of
the fluid is conserved, ∇μðρuμÞ ¼ 0, according to basic
thermodynamic assumptions. At this level, the explicit
form of χðϵÞ is not yet specified, but, to ensure con-
sistency with the OSD model within GR, we assume
χðϵ → 0Þ ≈ 8πGN.
In order to make fully explicit the variation of the matter

part of the action

1ffiffiffiffiffiffi−gp δð2 ffiffiffiffiffiffi
−g

p
χϵÞ ¼ 2

∂ðχϵÞ
∂ϵ

δϵ − χ ϵ gμν δ gμν; ð2Þ

some care is required [107,109,110]. Assuming the mass-
continuity equation ∇μðρuμÞ ¼ 0, and taking into account
that

δρ ¼ ðρ=2Þðgμν þ uμuνÞδgμν; ð3Þ

as well as the relative variations of density

δρ=ρ ¼ δϵ=½pðϵÞ þ ϵ�; ð4Þ

where pðϵÞ is the fluid pressure, the variation of the proper
energy-density can be expressed with respect to the
variation of the metric

δϵ ¼ ½ϵþ pðϵÞ�ðgμν þ uμ uνÞδ gμν: ð5Þ

The latter has to be plugged into the right-hand side of (2).
As a result, the total variation of the action leads to the
following field equations

Rμν −
1

2
gμν R ¼ ∂ðχϵÞ

∂ϵ
TðmÞ
μν þ ∂χ

∂ϵ
ϵ2 gμν ≡ TðeffÞ

μν ; ð6Þ

where the matter energy-momentum tensor reads, as usual,

TðmÞ
μν ¼ ½ϵþ pðϵÞ�ðuμuνÞ þ pðϵÞgμν: ð7Þ

It is intuitive to identify

GðϵÞ≡ 1

8π

∂ðχϵÞ
∂ϵ

; ΛðϵÞ≡ −
∂χ

∂ϵ
ϵ2; ð8Þ

as, respectively, varying Newton and cosmological constant.

Here a couple of remarks are in order. First, the non-
minimal coupling χ induces the variation of G and Λ, and
specifying one among the three functions amounts to
determining the other two. Second, from the Bianchi

identity, we have ∇μTðeffÞ
μν ¼ 0, that reads

∂ðϵχÞ
∂ϵ

∇μTμνðmÞ þ ∂
2ðϵχÞ
∂ϵ2

ðϵþ pÞΦν ¼ 0; ð9Þ

with Φν ≡ ðuμuν þ gμνÞ∂μϵ [103]. In the following, we
shall assume that matter satisfies the usual conservation

equation, ∇μTðmÞ
μν ¼ 0, and to work with a homogeneous

fluid. The latter will source a Friedmann-Lemaître-
Robertson-Walker (FLRW) spacetime, where in turn is
ensured Φν ¼ 0. These assumptions guarantee, for every

choice of χ, self-consistency with ∇μTðeffÞ
μν ¼ 0, and, at the

same time, compatibility with standard conservation of
matter energy-momentum.1

The mechanism sourcing the running of the gravitational
couplings in our framework, is not, in general, trivially
related to the asymptotic safety program for quantum
gravity. In that case, the scale dependence of dimensionless
couplings is derived by applying exact functional renorm-
alization group techniques to Einstein gravity. The non-
perturbative setting allows to discover a nontrivial
ultraviolet fixed point [112], which prevents the occurrence
of divergences. However, the flow in theories-space is
traced in terms of the Euclidean momentum k. Eventually,
in order to obtain the actual scale dependence of the
physical couplings G and Λ, in terms of the physical
quantity which dictates the running (as ϵ in our framework),
additional considerations are required. These additional
steps constitute the “cutoff identification” issue [89]. While
different rationales are available in the literature
[34,38,113–117], in the collapse model in [90], k was
related to a distance scale d interpreted as the proper
distance in a spherically symmetric setting, as in [79]:
k ∼ 1=d ∼

ffiffiffi
ϵ

p
. When applied to the expression for GðkÞ

obtained from the Reuter fixed point, this identification
provides one possible explicit map GðkÞ ↦ GðϵÞ, preserv-
ing the feature G → 0 as k → ∞ (ϵ → ∞). Instead, in this
work, we shall select the specific functional form of the
dynamics χðϵÞ according to a less reductionist rationale.
Our procedure embeds in the collapse the property of
asymptotic freedom for the gravity-matter system, but not
necessarily a flow in theories-space as depicted by possible
ultraviolet completion of gravity within the framework of a
nonperturbative quantum field theory.

1Thus, despite the nonminimal gravity-matter coupling, under
these assumptions there is absence of “fifth force” and massive
free falling particles are geodesics of the metric. This is not the
standard situation in modified theories with nonminimal coupling
(see, e.g., [111] and references therein).
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In this regard, the approach we have just introduced was
originally employed in the context of cosmologybyMarkov,
to encode into the dynamics the principle of a limiting
density of matter as a universal law of nature, which in
geometrical terms translates into the limiting curvature
hypothesis [71]. Markov, based on the works of Fradkin
and Vilkosky on the conformal invariant one-loop approxi-
mation of pure gravity [118,119], also pioneered the dis-
cussion on the relation of the model with the concept of
asymptotic freedom for gravity [72,120]. In particular, a
limiting energy-density can be thought as the product of a
fundamental energy dependence of the dynamics. At the
level of an effective description, the right-hand side of
Einstein equations could be altered in the strong-fields
regime, either by semiclassical refinements of the vacuum
expectation value, or by higher order curvature corrections.
Similarities with the Born-Infeld formalism are also
observed, since the limiting density principlewould “propa-
gate” from spacetime to all the fields living on it. Thus
justified, the energy-dependent correction in the Einstein
equations leads dynamically to a nonsingular de Sitter-like
initial state of the Universe [71,72,120,121]. Finally,
Markov andMukhanov proposed to derive the modification
of the equations from the action in Eq. (1) [107]. This last
step essentially introduces the bound between themodel and
a nonminimal gravity-matter coupling, rooting the depend-
ence on the energy-density at the deeper level of a theory.

III. INTERIOR SOLUTION

In general, in a spherically symmetric context, the
portion of spacetime permeated by a collapsing star, can
be modeled using a metric ansatz in comoving coordinates
xμ ¼ ft; r; θ;ϕg

ds2 ¼ −e−2νðt;rÞdt2 þ e2ψðt;rÞdr2 þ C2ðt; rÞdΩ2; ð10Þ

where dΩ2 represents the metric on the unit 2-sphere,
sourced by a ball of perfect fluid, with energy-density ϵ ¼
ϵðt; rÞ and pressure p ¼ pðt; rÞ [122–124]. In our model,
the aforementioned chart has a compact domain for the
radial coordinate: 0 ≤ r ≤ rb, with rb being the location of
the outermost shell layering the ball. Using (10), the
independent field equations can be expressed as

F0
eff

C2C0 ¼ 8πGðϵÞϵþ ΛðϵÞ ¼ χðϵÞϵ≡ ϵeff ; ð11Þ

−
Ḟeff

C2Ċ
¼ 8πGðϵÞp − ΛðϵÞ≡ peff ; ð12Þ

and

Ċ0 ¼ Ċν0 þ C0ψ̇ : ð13Þ

The function Feffðt; rÞ represents the effective Misner-
Sharp-Hernandez mass, which has been defined, in analogy

with the static case, requiring that gμν∇μC∇νC ¼
1 − Feff=C, which gives another independent equation

Feff ¼ Cð1 − C02e−2ψ þ Ċ2e−2νÞ: ð14Þ
A dot represents a derivative with respect to the comoving
time, while a prime denotes derivative with respect to the
comoving radial coordinate. Finally, the Bianchi identity
takes the form

ν0 ¼ −
p0
eff

ϵeff þ peff
: ð15Þ

As mentioned before, we are interested in a homo-
geneous fluid, described by ϵ ¼ ϵðtÞ and p ¼ pðtÞ, which
in turn imply ϵeffðtÞ and peff ¼ peffðtÞ. As a consequence,
from (15), we have ν ¼ νðtÞ, that can always be rescaled
such that ν ¼ 0. Then, integrating (13), we obtain e2ψ ¼
C02ð1 − Kr2Þ, where the integration constant K represents
the intrinsic curvature. The areal-radius function C can
always be rescaled as Cðt; rÞ ¼ aðtÞr, where aðtÞ is the
dimensionless scale factor, due to a residual gauge free-
dom. Thus, having a homogeneous and isotropic matter
source, the initial ansatz reduces to the FLRW metric

ds2 ¼ −dt2 þ a2ðtÞ
1 − Kr2

dr2 þ a2ðtÞr2dΩ2; ð16Þ

and the conservation equation for matter reads

dϵþ 3½pðϵÞ þ ϵ�d ln a ¼ 0: ð17Þ
Moreover, the requirement that at t ¼ ti, when the collapse
starts, the geometry is sourced by a regular star configuration,
with finite values of initial energy-density and pressure
everywhere, and free from any trapped surface, induces
the following scaling for the effective mass function

Feffðt; rÞ ¼ r3meffðtÞ; ð18Þ
with meffðt ¼ tiÞ having a finite value. We can then rewrite
(11), (12) and (18) as

ϵeff ¼
3meff

a3
; ð19Þ

peff ¼ −
ṁeff

ȧa2
; ð20Þ

and

meff ¼ aðȧ2 þ KÞ: ð21Þ
Identifying the potential, V ≡ −meff=a, the latter one is
readily rewritten as

ȧ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−V − K

p
: ð22Þ

Once—specifying the form of χðϵÞ—the theory is fixed, the
system is described by two differential equations and three
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unknowns. After an equation of state for matter is assigned,
the only remaining unknown is the scale factor. Thus, as
shown by (22), the problem of finding the solution for a
spacetime permeated by a collapsing ball of homogeneous
fluid, is computationally equivalent to the problem of finding
the “trajectory” aðtÞ of a particle with initial energy K and
subjected to the potential VðaÞ.
In order to study properly the collapse, we need to

introduce a few more ingredients. In a spherically sym-
metric spacetime, the formation of the apparent horizons,
that characterizes the way in which the causal structure
evolves, can be spotted by means of the condition
∇μC∇μC ¼ 0 [125–128], which using the definition of
effective Misner-Sharp mass reads

1 −
Feff

C
¼ 0: ð23Þ

Using (21), the implicit solution of this equation is given by

rahðtÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ȧ2 þ K
p ; ð24Þ

which is a mathematical curve essentially describing at
which comoving instant, the escape velocity from a certain
comoving shell—layering the ball—equals the speed of
light. The major indicator of the presence of a curvature
singularity in the geometry is the Kretschmann scalar
K≡RμνγδRμνγδ, which in the spacetime (16) takes the form

KðaÞ ¼ 60
m2

eff

a6
: ð25Þ

The latter expression manifestly signals that, during the
collapse, a singularity forms if the scale factor goes to zero in
a finite amount of comoving time. The discriminant for such
an occurrence lies in the validity of the SEC. Indeed, if the
SEC holds, as it happens in GR assigning a nonexotic
equation of state for matter, pðϵÞ ≥ 0, all the hypotheses of
the singularity theorem will be satisfied. Otherwise, the
effective energy-momentum tensor, in the modified field
equations, canviolate the hypothesis regarding thevalidity of
the SEC2 even if matter obeys an ordinary equation of state.
This opens up the possibility of avoiding the formation of the
singularity. Thus, for our purposes, it is worth to write the
SEC in terms of both the effective quantities and the varying
constants,

ϵeff ¼ χðϵÞϵ ≥ 0 ð26aÞ

ϵeff þ peff ¼ GðϵÞðϵþ pÞ ≥ 0 ð26bÞ

ϵeff þ 3peff ¼ GðϵÞðϵþ 3pÞ − 2ΛðϵÞ ≥ 0: ð26cÞ

At this stage, we clarify that gravitational evanescence of
collapsing matter corresponds to a dynamics that fulfill the
condition

lim
ϵ→∞

χðϵÞ ¼ 0 ¼ lim
ϵ→∞

GðϵÞ: ð27Þ

Our approach allows to implement a regularization con-
dition based on the scale-dependent behavior of the gravity-
matter system, thus, of the gravitational constant. The
condition can also be expressed as

lim
a→0

VðaÞ ¼ 0 ¼ lim
ϵ→∞

GðϵÞ; ð28Þ

indeed, the correlation between the nonminimal coupling
and the potential is given by

VðaÞ ¼ −
ϵðaÞ
3

χðaÞa2; ð29Þ

and the increase of ϵ for decreasing values of a is
guaranteed by (17) when a nonexotic equation of state
for matter is assigned. Such a dynamics, which always
violates the SEC, is nonsingular if it also satisfies the
aforementioned property for the scale factor. Finally,
we remark that (27) does not exclude that G, along
its evolution, can be zero also at some finite energy-
density value. In particular, this occurs if the con-
dition ΛðϵÞ=ϵ ¼ χðϵÞ ≠ 0, or alternatively ϵeffðϵÞ ¼
−peffðϵÞ ≠ 0, is realized. While, in general, for G → 0,
the particles composing the ball of matter “become” less
and less massive, in this case matter would not yet be
definitely decoupled from the curvature, since χ would still
be finite. Then, the momentG changes its sign, the particles
would start to “regain” their mass, but this time they would
be repelled from each other.

A. Dust matter and parameters space

As anticipated, to close the system of differential equa-
tions we need to assign an equation of state. Hereafter,
except where otherwise specified, we work within the dust
case, which amounts to neglecting interactions between the
infinitesimal elements that compose the ball. From (4) and
(17), we have, respectively, ρ ¼ ϵ and3

ϵ ¼ ϵ0a−3; ð30Þ

where the integration constant ϵ0 is the energy-density at
the initial time ti, if aðtiÞ is set to unity.

2The singularity theorem, in its most recent formulation [12],
assumes the SEC for the (effective) matter source.

3A nondust equation of state would introduce a difference
between the rest and proper mass-density. Furthermore, similarly
to the Lemaître-Tolman-Bondi collapse model in GR, it would
make necessary to assume a nonhomogeneous pressure,
p ¼ pðrÞ, to avoid a discontinuity at the boundary rb [129].
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In order to implement condition (27) and, at the same
time, have consistency with GR in the low energy-density
regime, it is necessary to introduce in χðϵÞ a new dimen-
sionful scale ξ. This is the standard situation encountered
whenever a possible regularization condition, that goes
beyond GR, is proposed. We believe that the value of ξ is
related to a more fundamental theory, but, in our approach,
it can be constrained a posteriori by observations only. This
parameter can be thought as the inverse of the threshold
energy at which the deviation from GR becomes relevant.
Thus, it holds ξ > 0, and we expect ξ ≪ 1=ϵ0, and possibly,
but not necessarily, ξ ≈ 1=ϵP, with ϵP being the Planck
density. The shape of the potential, which allows for
singularity avoidance when a nonsingular dynamics χ is
specified, is displayed in the left panel of Fig. 1. The initial
condition ϵ0, as well as ξ, partly defines the parameters
space of the theory. As we shall show in Sec. IV, the latter
plays an essential role in determining whether the geometry
resulting from the collapse represents a regular BH or a
horizonless BH mimicker. Further, the study of the param-
eters space will clarify that the mass parameter M0, which
appears in the static ending state, is actually not an
independent one.
At this point it is worth to remark that, usually, the

limit—in parameters space—to GR of a modified gravity
theory is a highly nontrivial issue [130]. Ultimately, this
is a subtle mathematical problem related to the high
nonlinearity of the field equations and to the change in
the type of nonlinearity occurring in a modified theory.4

Remarkably, the Markov-Mukhanov approach circumvents
such an issue, since does not introduce any new

gravitational field beyond the metric, and since χðϵ; ξÞ
does not alter, at any step, the original nonlinearity of the
Einstein field equations. The semicolon remarks, where
needed, the dependence on parameters. Thus, if it holds,
beyond χðϵ → 0; ξÞ ≈ 8πGN, also χðϵ; ξ → 0Þ ¼ 8πGN,
then it is ensured at all levels, in the modified equations
as well in their solutions, a full limit to GR in parameters
space. In particular, in the limit ξ → 0, (22) reduces to

ȧ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0

a
− K

r
; ð31Þ

the standard differential equation of the OSD model, whose
potential and solution are displayed in Fig. 1. We remark
that, in general, the parameter m0 that appears in the OSD
collapse, constrained by the relation 3m0 ¼ 8πGNϵ0, does
not coincide with the value meffðt ¼ tiÞ. Then, for con-
sistency, we have to require

lim
ξ→0

meffðt; ξÞ≡m0; ð32Þ

which has to hold independently of t. This choice is always
possible due to the functional form ofmeff with respect to χ.
Furthermore, the value aðt ¼ tiÞ has an independent status
as well. Indeed, although the scale factor is not an
observable, the ratio aðtÞ=ȧðtÞ, in principle, is. However,
to simplify the study of the parameters space, we fix
aðtiÞ ¼ 1. Thus, currently, we are left with a three-dimen-
sional space described by the coordinates ðξ; rb; ϵ0Þ, or,
alternatively, because of (32), by ðξ; rb;m0Þ. We recall that
rb is the location of the boundary in comoving coordinate.
Thus, it is related to the initial size of the matter ball.
Finally, we can restrict the allowed values for K to the
discrete set K ¼ f−1; 0; 1g, via an additional rescaling of
the coordinates t and r. In particular, K ¼ 0 means that, at

FIG. 1. Potential of the OSD collapse, for m0 ¼ 1, plotted against the potential of a nonsingular dynamics; the intersections of the
latter with the line VðaÞ ¼ −K occur at amin and amax; for illustrative purpose we choose the dynamics (44) with p ¼ 2, and m0 ¼ 1,
ξ ¼ 0.01, however the qualitative behavior holds true for all the nonsingular cases (left panel). Scale factor for the OSD collapse, for
K ¼ 0 andm0 ¼ 1, plotted against the bound, and marginally bound, nonsingular collapse, for p ¼ 3,m0 ¼ 1 and ξ ¼ 0.1 (right panel).
In all plots in the paper we set 8πGN ¼ 1.

4For instance, even a relatively simple modified theory as
Brans-Dicke gravity [131,132], does not have a full limit to GR
when the complete theory, instead of the weak-field model only,
is considered [133,134].
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t ¼ ti, the infalling particles composing the ball have zero
velocity at radial infinity, K ¼ 1 that they have zero
velocity at a finite radius, while K ¼ −1 that they have
nonzero velocity even at radial infinity. Hereafter, we
exclude the negative value from our study, since we prefer
to focus on the case of a matter source which is initially at
rest.5 The OSD collapse, regarding the ending state,
does not qualitatively distinguish between the zero value
and the positive one, meaning that it always produces a
Schwarzschild BH. In our models with nonsingular dynam-
ics χ, the matter distribution faces a different fate in the
two cases.

1. Marginally bound collapse

For K ¼ 0, the scale factor solution is of the type
displayed in the right panel of Fig. 1. Also, an analytical
expression for aðtÞ at large t can be usually given, solving
(22) with VðaÞ replaced by its Taylor expansion around
a0 ¼ 0. The main qualitative feature is that the scale factor
decreases monotonously and never reaches zero in a finite
amount of time. Since any physical observer can wait only
for finite intervals of time, no observer will experience the
singularity formation. Thus, in contrast to the OSD model,
the star never degenerates into a geometrical point of zero
volume. Even in the scenario in which the matter distri-
bution reduces to a ball with radius of order of the Planck
length, its volume is still nonzero, and its energy-density is
still finite. What occurs is an eternal collapse, with the
strength of gravity progressively weakened as the contrac-
tion continues indefinitely. The time-reversal version of a
similar solution is already known in cosmology as the
“emergent universe” scenario [135,136].

The corresponding curve (24), which signals the for-
mation of trapped surfaces, is shown in the left panel of
Fig. 2. It reaches a minimum value rahcr ¼ rahcrðξ; m0Þ, and
then diverges. The minimum rahcr plays a discriminant role
when it comes to depict the phase diagram structure within
parameters space. Indeed, depending on the value of rb,
which must satisfy rb < rahðtiÞ (since we require no
trapped surfaces when the collapse begins), there are three
possible ways in which the causal structure of the interior
solution can evolve (see the right panel of Fig. 2). If
rb > rahcr , the boundary is solution of (24) twice. In
particular, after the boundary becomes a trapped surface,
some of the innermost shells layering the ball, up to the
shell located at rahcr , become trapped as well. Then, due to
the potential VðaÞ turning repulsive, these same shells
return to being untrapped one by one, until the boundary
itself returns to being untrapped. On the contrary, in the
OSD collapse, all the innermost shells up to the center
become trapped, and indeed the singularity forms when this
occurs for the shell at r ¼ 0. If rb < rahcr , the spacetime is
free of apparent horizons at all times. The extremal case
rb ¼ rahcr means that only the boundary is solution of (24),
with multiplicity two with respect to t.

2. Bound collapse

For K ¼ 1, the matter distribution undergoes a bounce at
the instant tB, for aðtBÞ ¼ amin > 0, and a crunch at 2tB, for
að2tBÞ ¼ amax, as displayed in the right panel of Fig. 1.
Indeed, we have that the trajectory for aðtÞ has two points of
reversal ofmotion, where ȧ ¼ 0. In such an idealizedmodel,
the bounce and the crunch are symmetric, and the oscillation
takes place endlesslywith a period of 2tB. Clearly, the values
of tB, amin, amax depend on ðξ; rb; m0Þ. The corresponding
curve (24) is shown in the left panel of Fig. 2. Similarly to the
previous case, depending on the value of rb, three different
qualitative evolutions of the causal structure are possible;
indeed, it holds rahðtBÞ > rahðtiÞ always. Finally, it is

FIG. 2. Curve defined by (24) for the OSD model, with m0 ¼ 1, plotted against the one for the nonsingular dynamics with m0 ¼ 1,
ξ ¼ 0.01 and p ¼ 3=2 (left panel). The three different qualitative possibilities depending on the value of the parameter rb. They
correspond to different evolutions of the causal structure for the interior geometry (right panel).

5Indeed, K is related to the initial energy per unit mass of an
infinitesimal element of matter fluid. This can be shown, for
instance, using Lemaìtre coordinates [124].
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interesting to notice that effectivemodels of collapse inspired
by loop quantum gravity, predict a bounce for both the
marginally bound and bound case [137,138].

IV. EXTERIOR SOLUTION

In order to determine the solution for the region of
spacetime not permeated by the matter source, we employ
the junction conditions at the boundary surface of the ball
[139–145]. In particular, for the exterior geometry we
assume a generalized Schwarzschild ansatz in standard
coordinates Xμ ¼ fT; R; θ;ϕg

ds2 ¼ −fðRÞdT2 þ fðRÞ−1dR2 þ R2dΩ2; ð33Þ
where (hereafter, we use units 8πGN ¼ 1)

fðRÞ≡ 1 − 2MðRÞ=R: ð34Þ
Here, the radial coordinate has domain R ≥ Rb, where Rb is
the position of the boundary surface of the ball. The
mass function MðRÞ, which is the unknown in our ansatz,6

has to be determined by the junction conditions themselves.
From the point of view of the exterior geometry, the
three-dimensional timelike boundary hypersurface Σ is
parametrized by the equation R ¼ RbðTÞ. Thus, the
three-dimensional metric induced on Σ is

ds2jΣ¼−
�
fðRbÞ−fðRbÞ−1

�
dRb

dT

�
2
�
dT2þR2

bdΩ2: ð35Þ

A similar computation of the induced metric from the
point of view of the interior geometry, together with the
matching conditions for the three-dimensional metric, give

the implicit relation between the comoving time t and the
Schwarzschild time T on Σ (see the Appendix for details),
and the condition

Rb½TðtÞ� ¼ aðtÞrb: ð36Þ

This establishes a further refinement for the domain of the
radial coordinate of the exterior geometry

R ≥ Rb > 0; ð37Þ

where the last inequality follows from the result that
aðtÞ > 0 at all times, both for K ¼ 0 and K ¼ 1.
The matching of the extrinsic curvature, an object which

describes how a three-dimensional hypersurface is influ-
enced by the fact that it is immersed in a four-dimensional
manifold, determines uniquely the mass function of the
exterior (see the Appendix). Taking into account (36), it is
enlightening to express MðRÞ with respect to the potential
appearing in the interior solution

MðR; ξ; rb; m0Þ ¼ −
rb2R
2

VðR; ξ; rb; m0Þ: ð38Þ

The latter entails the ending state geometry generated by the
gravitational collapse of the matter ball. Notably, the func-
tional form is independent of the value ofK, and, in general,
the solution for aðtÞ is not needed to obtain the above
expression. Moreover, it contains the information about the
mass parameter M0 of the exterior, which, as anticipated, is
entirely constrained by the parameters of the interior

M0 ≡ lim
R→∞

MðRÞ ¼ lim
ξ→0

MðξÞ ¼ m0r3b
2

: ð39Þ

Thus, the nontrivial result that the limit to radial infinity and
the limit—in parameters space—to GR do commute, pro-
vides an unambiguous definition for the mass of the regular
BH, or of the horizonless BH mimicker, as a result of its

FIG. 3. Phase diagram of the parameters space of the model with dust equation of state and K ¼ 0, for the nonsingular dynamics
corresponding to p ¼ 3=2, however the qualitative structure holds true for all the nonsingular cases (left panel). The three qualitatively
different causal structures that are possible for the exterior geometry, for m0 ¼ 1 and ξ ¼ 0.01 (rahcr ¼ 0.553, M0cr

¼ 0.085). The blue
curve represents an extremal black hole (right panel). The points in parameters space and the possible causal structures of the global
spacetime resulting from the collapse are related by a bijective map.

6In our model the Schwarzschild geometry is not allowed as
solution for the exterior. This can be understood in many different
ways: for instance, since in the interior it holds a varying mass
function, meff ¼ meffðtÞ, a constant mass M0 in the exterior
would imply an inconsistency in the effective flux of energy-
momentum.
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dynamical formation. Indeed, it coincideswith that of the star
which, by collapsing, generates the nonsingular spacetime.7

The causal structure resulting from the collapse matches
the evolution of the causal structure in the interior, and is
described by the roots—and their degeneracy—of the
function ∇μR∇μR, given by the equation

fðR; ξ; rb; m0Þ ¼ 0: ð40Þ

The latter one, for geometries generated by a nonsingular
dynamics with gravitational evanescence of collapsing
matter, has two coincident solutions when M0 equals
the critical value M0cr

¼ M0cr
ðrahcrÞ (which occurs if and

only if rb ¼ rahcr ), two different solutions for M0 > M0cr

(rb > rahcr ), and no solutions forM0 < M0cr
(rb < rahcr ). In

the first case, an extremal BH with two coincident horizon
forms. The second case represents the formation of a
regular BH with an outer event horizon REH and an inner
Cauchy horizon RCH; at the instants T ¼ TEHðtEHÞ and
T ¼ TCHðtCHÞ, when, respectively, the event and the
Cauchy horizon form, the three-dimensional hypersurface
Σ is lightlike, and at t ¼ tCH, the comoving shell r ¼ rb
returns to being untrapped. The third case represents a
horizonless BH mimicker. The bijective bound between the

final global causal structures and points in parameters space
is depicted, for K ¼ 0, in Fig. 3. The phase diagram is
qualitatively the same for the case K ¼ 1. Indeed, assigned
a dynamics and a couple ðm0; ξÞ, a different value of K just
reflects on the value of rahcr . The Penrose diagrams in Fig. 4
visually summarize the whole collapse process at the level
of the global spacetime solution.8 For a static external
observer, the causal structures corresponding to the OSD
model and to the nonsingular bound and marginally bound
models are qualitatively indistinguishable. However, for an
observer comoving with the collapsing boundary, or for an
external observer who decides to travel toward the inner
region of the BH, they are not.
Finally, to fully characterize the exterior solution, it is

crucial to introduce its Kretschmann scalar

KðRÞ ¼ 48M2

R6
−
64MM0

R5
þ 32ðM0Þ2

R4
þ 16M00

R4

−
16M0M00

R3
þ 4ðM00Þ2

R2
; ð41Þ

FIG. 4. Penrose diagram for the OSD collapse. The gray and white regions represents, respectively, the interior and exterior spacetime
(left panel). Possible Penrose diagram for the nonsingular marginally bound (central panel) and bound (right panel) collapse, for
M0 > M0cr

. Unlike the trajectory rb of the collapsing boundary, the trajectory rah is not a worldline, but rather a mathematical curve
indicating that a certain spherical shell layering the matter ball becomes a trapped (an untrapped) surface. The formation of the inner
horizon is a direct product of the nonsingular dynamics, and affects the global structure of spacetime. The construction of the diagram
for the bounded case involves the use of Kruskal-Szekeres coordinates, and potentially gives rise to nested universes, traced by the
periodic occurrence of the spacetime region dubbed with Roman number “I.”.

7In particular, restoring the dimensional factor 8πGN, the
physical mass is M ¼ M0=GN ¼ m0r3b=2GN ¼ ð8πGNϵ0=3Þr3b=
2GN ¼ ð4

3
πr3bÞϵ0. Indeed, m0 has dimension of a mass squared.

8It is worth to mention that the construction of definitive
Penrose diagrams involves highly nontrivial conceptual issues,
like the interplay of the physics occurring in the region close to
the bouncing matter with that at spatial infinity, and the
replacement of teleological horizons with their dynamical and
quasilocal counterparts. Such a discussion is out the scope of this
work, and for clarifications on some of the issues at stake we refer
the reader to [137,146,147].
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where a comma represents a derivative with respect to the
Schwarzschild-like radial coordinate, and to introduce the
explicit form that the SEC assumes. Since the Einstein tensor
can be reconstructed using the metric solution defined by
(33), (34), and (38), and since the field equations Gμ

ν ¼ Tμ
ν

hold, with an anisotropic fluid Tμ
ν ¼ diag½−E;Pk; P⊥; P⊥�

sourcing the spacetime, the SEC can be expressed as

EðRÞ þ PkðRÞ þ 2P⊥ðRÞ ¼ 2P⊥ðRÞ ≥ 0; ð42Þ

where Pk and P⊥ are, respectively, the tangential and
perpendicular pressure.

V. NONSINGULAR DYNAMICS AND CORE

A specific nonsingular dynamics χðϵ; ξÞ determines
uniquely the form of the solutions of aðtÞ andMðRÞ which
violate the SEC. Thus, it determines the type of asymptotic
core generated, manifested by the expansion ofMðRÞ in the
small R regime. According to condition (42), the violation
of the SEC can occur by P⊥ðRÞ approaching a negative
finite value, as in the case of a de Sitter core, or zero from
below, as in the case of a Minkowski core. Conversely,
given a nonsingular spacetime MðRÞ, it can be found out,
inverting (38) and (29), which one is the underlying
dynamics for the gravitational collapse. Such nonsingular
scenarios fall always into one of the three following cases:

lim
ϵ→∞

ΛðϵÞ ¼ cξ ⟺ de Sitter; ð43aÞ

lim
ϵ→∞

ΛðϵÞ ¼ 0 ⟺ Minkowski; ð43bÞ

lim
ϵ→∞

ΛðϵÞ ¼ ∞ ⟺ Steep Pressure; ð43cÞ

where cξ > 0 is a constant depending on ξ.
Although our framework and formalism are no more

than effective, they hint on a fundamental possible inter-
pretation of the different cores. While the matter ball is con-

tracting, what remains limited is the quantityGðϵÞT0ðmÞ
0 : we

have GðϵÞϵ → 0 as ϵ → ∞. At the same time it holds

½T0ðeffÞ
0 − ΛðϵÞ� → 0, where, in the Minkowski case, GðϵÞϵ

and ΛðϵÞ vanish separately instead of cross-canceling.
Thus, the number of particles is conserved—particles do
not vanish in the process of collapse, as guaranteed by the
mass-continuity equation, while the flow of the effective
energy-momentum tensor characterises the transition to a
vacuumlike state: it occurs a transition from a macroscopic
Friedmann spacetime to a microscopic spacetime corre-
sponding to one of the core types. All core types imply that
the concept of mass of a particle depends on the energy
scale, and that particles do not gravitate anymore when
in the effective-vacuum state. On the other hand, each
black-hole core may correspond to a different quantum-
gravitational vacuum with its own defining symmetry,
which in our effective framework is encoded in ΛðϵÞ

and P⊥ðRÞ. The way the SEC is violated may be related
to different stability properties of each vacuum state.
In the next subsection, we enlighten the general bound

between the production of geometries with Minkowski
core, as ending state of the collapse, and dynamics in which
the nature of gravity turns intrinsically repulsive—due to
GðϵÞ changing its signature. Then, we proceed with a case
by case study, where we clarify the nomenclature for the
third type of core, rooted in the peculiar behavior of peffðϵÞ
and P⊥ðRÞ.

A. General feature of the Minkowski core

A Minkowski core via gravitational evanescence of
collapsing matter is obtained forΛðϵ → ∞Þ ¼ 0, in addition
to (27). At the same time, we recall that it holds, like for
every core, χðϵ → 0Þ ≈ 1, Gðϵ → 0Þ ¼ 1, Λðϵ → 0Þ ¼ 0,
and ΛðϵÞ ≠ Λ0 for ϵ∈ �0;∞½, with Λ0 constant. It follows
immediately that the formation of aMinkowski core requires
ΛðϵÞ to be nonmonotonic in ϵ∈ �0;∞½.
Property:
In general, each change j of monotonicity for ΛðϵÞ

occurring at ϵ̄j, characterized by dΛ=dϵjϵ¼ϵ̄j
¼ 0, corre-

sponds to a change of monotonicity for GðϵÞ at the same
point, and vice versa. Other unpaired monotonicity varia-
tions are not allowed. Furthermore, if Λðϵ̄jÞ is a maximum
(minimum), then Gðϵ̄jÞ is a minimum (maximum), and
vice versa.
Derivation:
Taking the derivative of Eq. (11) both sides, and

replacing on its right-hand side the definition of GðϵÞ in
terms of χðϵÞ, we obtain ϵðdG=dϵÞ ¼ −dΛ=dϵ. Taking
twice the derivative of Eq. (11) both sides, we obtain
ϵðd2G=dϵ2Þ þ dG=dϵ ¼ −d2Λ=dϵ2. Then it is enough to
evaluate the formers at ϵ ¼ ϵ̄j.
At this point, we have all the ingredients to prove the

general feature discriminating the dynamics sourcing a
spacetime with Minkowski core.
Hypotheses:
(i) χ ∈C∞ðϵÞ and χ ≥ 0 for ϵ∈ ½0;∞½.
(ii) j ¼ 1, i.e., there is only one change of monotonicity.
(iii) Matter is homogeneous, and pðϵÞ ≥ 0, i.e., exotic

matter is excluded.
(iv) The collapse generates a geometry with Minkow-

ski core.
Thesis9: At finite energy-density values, before vanishing

asymptotically, G assumes negative values.
Proof. As a consequence of (ii), only two cases are

possible.

9Assumptions (i) and (ii) are not that restrictive and just
exclude bizarre dynamics that would be difficult to justify
physically. Indeed, χðϵÞ < 0 or j > 1 would imply, at intermedi-
ate stages of the collapse, multiple oscillations for the character of
gravity and the potential.
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(a) ΛðϵÞ > 0 for ϵ∈ �0;∞½. It follows that Λðϵ̄Þ > 0 is a
maximum. Due to the aforementioned property,
Gðϵ̄Þ is a minimum. Moreover, it must hold
Gðϵ̄Þ < 0. Indeed, if it was Gðϵ̄Þ > 0, since it is
Gðϵ → 0Þ ¼ 1 and j ¼ 1, it would be impossible to
have limϵ→∞GðϵÞ ¼ 0. Thus, sinceGðϵ → 0Þ ¼ 1 and
Gðϵ̄Þ < 0, there exists a point ϵ� such that ϵ� < ϵ̄
and Gðϵ�Þ ¼ 0, and it holds GðϵÞ < 0 for all finite
values ϵ > ϵ�.

(b) ΛðϵÞ < 0 for ϵ∈ �0;∞½. It follows that Λðϵ̄Þ < 0 is
a minimum and Gðϵ̄Þ a maximum. It must hold
Gðϵ̄Þ > 0 and, at the same time, GðϵÞ > 0 for all
finite ϵ > 0, because, otherwise, it would be impos-
sible to have limϵ→∞ GðϵÞ ¼ 0. However, if for
ϵ∈ �0;∞½ we have ΛðϵÞ < 0, GðϵÞ > 0, and, as
required by (i), χðϵÞ > 0, then the effective energy-
momentum tensor with a fluid satisfying (iii) will not
violate the SEC, as a quick look at (26a)–(26c) reveals:
this is ad absurdum with (iv), indeed, due to the
singularity theorem, it would not be possible to avoid
the singularity formation and generate a regular core of
any type, including—of course—the Minkowski one.

One has to conclude that it holds (a), and the thesis is
demonstrated. The general feature encapsulated in this
theorem is the main result of our work. In our opinion,
the most interesting aspect relies in the novel and nontrivial
way in which the energy condition, the formation of a
nonsingular spacetime, and the running of the couplings are
just intertwined.

B. Case study dynamics

In order to further categorize and compare the three
different cores, we propose an explicit dynamics χðϵ; ξ; pÞ,
where p is a new dimensionless parameter. The latter
controls the rate at which gravity weakens, allowing us to
discuss at least one nonsingular solution for each type of
core. Clearly, p cannot be absorbed into ξ, nor into one of
the other parameters. Thus, once assumed that ξ has a
nonzero value, there is still plenty of freedom in determin-
ing the functional form of χðϵÞ. Different forms can lead to
sensibly different physics. However, we expect that if the
nonsingular spacetime is realized in nature, it has always the
same type of core, and the collapsing dynamics responds
always to the same physical law. In this sense, here the
parameter p only represents our ignorance of which non-
singular dynamics is preferred by nature. Similarly to the
issue of the primary origin of ξ, we expect that a more
fundamental theory could shed light on this aspect.
We choose to work with a generalization of the dynamics

sourcing the Dymnikova black hole [77,78], namely

χðϵÞ ¼ 1 − e
− 1

ðp−1Þξp−1ϵp−1 ; p > 4=3; ð44Þ

where the lower bound for p is fixed by requiring,
a posteriori, the regularity of VðaÞ at all a; in particular,

the case p ¼ 4=3 gives a smooth potential but does not
satisfy condition (28). Indeed, in our framework, the
Dymnikova black hole is generated by the nonsingular
dynamics corresponding to p ¼ 2. The straightforward
generalization to other values of the parameter corresponds
to implement a different cutoff in the effective energy-
density ϵeff ¼ χðϵÞϵ. This clarifies to which physical feature
is related p in general. The energy-density cutoff, as tool to
obtain nonsingular collapse models, is widely adopted in
the literature, and it is usually implemented at the level of
the field equations only [30,32,42,148], where is encoded
within the effective energy-momentum tensor. Instead, in
our framework, it is additionally constrained within the
action and condition of gravitational evanescence of
collapsing matter.10 Finally, the dynamics (44) satisfies
all the hypotheses assumed in the previous theorem.

1. de Sitter

As anticipated, for p ¼ 2, it occurs a dynamics with
asymptotically finite and positive cosmological constant.
The scale factor at large times, for the case K ¼ 0, and the
resulting nonsingular spacetime are, respectively,

aðtÞ ∼ e−t=
ffiffiffiffi
3ξ

p
; t → ∞; ð46aÞ

MðRÞ ¼ M0

�
1 − e−

R3
6ξM0

�
: ð46bÞ

For the case K ¼ 1, aðtÞ can be obtained only numerically.
The behavior of the varying couplings, and of the
perpendicular pressure and metric component, are depicted,
respectively, in Figs. 5 and 6. In Table I we report the
general features of the de Sitter core. They are indepen-
dent from the dynamics we have chosen. In particular,
expanding around11 R0 ¼ 0, the exterior mass function,
the perpendicular pressure and the Kretschmann scalar
evaluate, respectively, to

10It is worth to observe that (44) can be obtained as solution of
the differential equation

χ − ξp−1
∂χ

∂ϵ
ϵp ¼ 1; ð45Þ

and fixing the integration constant to C ¼ −1 by requiring,
a posteriori, the regularity of VðaÞ at all a. Furthermore, a regular
black hole of the Dymnikova class is found in [38], applying a
“dynamical renormalization” of the Schwarzschild vacuum. Such
a procedure leads to a differential equation, namely Eq. (22)
in [38], whose solution is a varying Newton constant for the
exterior geometry. Thus, there is a complementarity between the
latter and (45) with p ¼ 2, which primary refers to the collapsing
matter interior.

11This choice of R0 is due to better readability of expressions
and to consistency with previous definitions of “core” in the
literature [86]. However, where needed, we shall remark that in
our model the result of the expansion cannot be extrapolated up to
R < Rb, where Rb > 0, if one is looking for the correct physical
interpretation.
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MðRÞ ¼ R3

6ξ
þOðR6Þ; ð47aÞ

2P⊥ðRÞ ¼ −
2

ξ
þ 5R3

6ξ2M0

þOðR6Þ; ð47bÞ

KðRÞ ¼ 8

3ξ2
þOðR3Þ; ð47cÞ

as expected for a de Sitter core.

2. Minkowski

Taking p ¼ 3, we can investigate the consequences of
increasing the rate at which gravity weakens, due to a faster
cutoff in the energy-density. The qualitative behavior of
GðϵÞ andΛðϵÞ changes significantly too, as depicted Figs. 5
and 6. Notably, in this case, the SEC in the interior is
violated already via (26b), due to the Newton constant

becoming negative, in agreement with what we have just
proved as general feature of the Minkowski core, while the
dynamics generating the de Sitter core violates only (26c).
Although the condition ΛðϵÞ=ϵ ¼ χðϵÞ ≠ 0 is general in
form, the finite value ϵ� at which holdsG ¼ 0 depends both
on the underlying fundamental dynamics χðϵ; ξÞ and,
through (30) and the scale factor solution, on the rest of
the parameters space. In particular, in order to avoid
inconsistencies with the early stage of the collapse regi-
mented by GR, it should hold ϵ� ≫ ϵ0.
For the aforementioned value of p, the interior and

exterior solutions are, respectively,

aðtÞ ∼
�
8ξ2ϵ0
3t2

�
1=3

; t → ∞; ð48aÞ

MðRÞ ¼ M0½1 − e
− R6

2ð6ξM0Þ2 �: ð48bÞ

FIG. 5. Dependence of Newton coupling (left panel) and cosmological coupling (right panel) on matter energy-density, for the three
dynamics studied, for ξ ¼ 0.1. In the dynamics generating the nonsingular spacetime with Minkowski core, GðϵÞ assumes negative
values before vanishing and has a negative minimum when ΛðϵÞ has a positive maximum. Here, for illustrative purpose, ϵ follows a
linear scale, instead of solving (30) with an actual solution aðtÞ.

FIG. 6. Perpendicular pressure of the anisotropic fluid sourcing the exterior spacetime (left panel) and behavior of the exterior metric
component in the caseM0 > M0cr

(right panel), for ξ ¼ 0.1,M0 ¼ 1. In the nonsingular spacetime with steep pressure core, P⊥ðRÞ has
one inflection point only, thus tends to diverge negatively in the small R regime.
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Thus, in this case the scale factor scales as a polynomial.
The innermost region of the exterior spacetime is charac-
terized by

MðRÞ ¼ R6

72ξ2M0

þOðR12Þ; ð49aÞ

2P⊥ðRÞ ¼ −
5R3

6ξ2M0

þOðR9Þ; ð49bÞ

KðRÞ ¼ 7R6

18ξ4M2
0

þOðR12Þ: ð49cÞ

All the dynamics obtained for p > 2 generate a Minkowski
core, whose general defining features are reported in Table I,
and we have singled out the solution with p ¼ 3 just for the
sake of simplicity. While a de Sitter core is generated
exclusively by the dynamics corresponding to p ¼ 2.

3. Steep pressure

For 4=3 < p < 2, the cosmological constant diverges in
the asymptotic regime, and the geometry resulting from the
collapse has a steep pressure core. For instance, taking
p ¼ 3=2, we have the solution

MðRÞ ¼ M0

�
1 − e

− 2R3=2

ð6ξM0Þ1=2
�
: ð50Þ

In this case it is not possible to give an analytical expression
for aðtÞ, because in the expansion of the potential the terms
following the first are relevant. Asymptotically close to the
surface of the matter ball, we have

MðRÞ ¼ q1R3=2 þOðR3Þ; ð51aÞ

2P⊥ðRÞ ¼ −
w1

R3=2 þ
4

ξ
þ w2R3=2 þOðR3Þ; ð51bÞ

KðRÞ ¼ z1
R3

−
z2
R3=2 þ

143

9ξ2
þOðR3=2Þ; ð51cÞ

where q1, w1, w2, z1, and z2 are positive coefficients
depending on ξ andM0. The dynamics generating this type

of core violate the SEC only via (26c), similarly to de Sitter
case. On the other hand, for the steep pressure core, while
MðRÞ converges to zero for R ¼ 0, the curvature diverges.
However, it is physically meaningless to evaluate at R ¼ 0
quantities related the exterior spacetime, since for the latter
the domain of the radial coordinate is dictated by (37). In
order to evaluate correctly the curvature in the center, as in
any inner layer with respect to the surface shell constituting
the boundary of the matter ball, it has to be considered the
interior spacetime. Thus, it has to be used the expression
(25). The latter, since aðtÞ > 0 always, is finite at all times.
However, we are left with a nontrivial question: given that
the SEC is violated both in the interior and in the exterior,
what does cause this mathematical divergence? The answer
lies in the behavior of ΛðϵÞ, which reflects on that of
P⊥ðRÞ. Peculiarly, the collapsing matter avoids the singu-
larity formation thanks to an asymptotically increasing
ΛðϵÞ, which provides an indefinite amount of negative
effective pressure peffðϵÞ in the interior. In the exterior, this
consistently reflects onto P⊥ðRÞ being not bounded from
below for decreasing values of R. Such a defining property
can be formalized as P⊥ðRÞ having one inflection point
only, as indicated in Table I.

VI. CONCLUSION AND OUTLOOK

Summary. The study of the dynamical process of
collapse, within frameworks that, in one way or another,
deviate from GR, provides additional physical insights into
the issue of singularity resolution [149], as compared to
considering static situations only. Furthermore, since the
OSD model has played an important historical and scien-
tific role in determining the physical relevance of BHs in
GR [150,151], obtaining nonsingular space-time solutions
as the final product of gravitational collapse reinforces
their status as legitimate astrophysical candidate as an
alternative to singular BHs. The alternative model pre-
sented in this work has a solid physical interpretation that
can be summarized into the following steps:
(1) When all thermonuclear sources of energy are

exhausted a sufficiently heavy star will collapse.
The first stages of the collapse are described accord-
ingly to GR: the interior is modelized by a pressur-
eless FLRW solution, and the exterior by a
Schwarzschild vacuum with Rb>2M0. If rb >rahcr ,
the formation of the event horizon, occurring for
Rb ¼ rbaðtEHÞ ¼ REHðξ;M0Þ ≈ 2M0, can be con-
sidered almost as a consequence of the dynamics
of GR only. However, the event horizon of a regular
BH of mass M0 will never be located at exactly the
same position as that of a singular BH of same mass.

(2) When a certain energy-density threshold, whose
value is related to ξ, is reached, the deviation from
GR becomes relevant, and the potential perceived by
the matter ball becomes repulsive. The exterior
spacetime in the region closer to Rb is not well

TABLE I. General properties defining the different cores that
can be obtained by gravitational evanescence of collapsing
matter. These properties hold beyond and regardless of our
specific case study.

Core de Sitter Minkowski
Steep

Pressure

GðϵÞ ≥ 0 ∀ ϵ ✓ ✗ ✓
dΛðϵÞ=dϵ > 0 ∀ ϵ ✓ ✗ ✓
limϵ→∞ ΛðϵÞ cξ 0 þ∞
d2P⊥ðRÞ

dR2 jR¼Rl
¼ 0; l∈N∶l > 1 ✓ ✓ ✗
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described by a Schwarzschild vacuum with
Rb < 2M0 anymore, but rather by a generalized
Schwarzschild solution, whose specific form of
MðRÞ depends on χ. The repulsive effect, caused
by the asymptotical disappearance of gravitational
interaction of collapsing matter, allows for a viola-
tion of the SEC. Thus, the singularity theorem can
be circumvented, both in the interior and exterior
spacetime.

(3) If rb > rahcr , at a later time, the inner horizon forms
as a further consequence of such a repulsive effect,
as the Penrose diagram makes manifest. In any case,
regardless of the presence of horizons and of the
dynamics, the energy of the collapsing dust matter of
the interior is partly stored in the gravitational field
of the nonsingular global spacetime, being effec-
tively transferred via the nonminimal coupling. This
mechanism seems a key aspect in the formation of
nonsingular spacetime, and it may be a key ingre-
dient in quantum gravity as well. Indeed, the black-
hole core may be interpreted as a vacuum state of
nongravitating particles, whose symmetry and sta-
bility are encoded in Λ or P⊥.

(4) Lastly, the singularity formation is avoided in one of
the two following ways, according to the initial
energy of the particles composing the star.
(a) For K ¼ 0, despite the repulsive potential, the

ball keeps contracting forever, without never
degenerating into a point mass. The geometric
density 1=a3, and the matter energy-density,
keep increasing but remain finite at all times.

(b) For K ¼ 1, the ball faces a bounce. At the instant
of the bounce the potential starts to fuel the
expansion of the ball, until the minimum of the
potential is approached from the left. Then
the perceived force becomes attractive again,
to the point that the expansion is halted and the
ball undergoes a crunch. At the instant of the
crunch the whole process restarts in a nested
universe.

We have shown that the dynamics leaves a permanent
imprint on the innermost part of the exterior geometry, as
encoded in (29) and (38). Our study establishes that the
speed of the effective energy-density cutoff determines the
type of core generated. Through a dynamics embedding a
cutoff corresponding to a value p > 2, we obtained a new
Minkowski geometry. To the best of our knowledge, this is
the first time that a spacetime with a Minkowski core is
obtained via the dynamical process of gravitational collapse
of a matter source, although the latter is highly idealized.
Rethinking current literature. Curiously, the regular BHs

with Minkowski core proposed in [84–86], feature an
exponential functional form too, but the mass function
converges to zero skipping polynomial terms of any order,
in particular as an exponential. Moreover, it is straightfor-
ward to observe that the spacetime with logarithmic mass

function originally found in [90] has a steep pressure core,
similarly to our case for 4=3 < p < 2. It is less immediate,
and perhaps more surprising, to observe that the solution
found in [115]—see Eq. (6.1) in the same reference—also
has a steep pressure core, coinciding with that generated by
our dynamics with p ¼ 3=2.
Furthermore, in light of the theorem we have proved, it is

suggestive to note that among the various regular BHs
obtained in the literature within the asymptotic safety
scenario, where GðkÞ ≥ 0 is known to always hold, there
is none which exhibits a Minkowski core (see, e.g.,
[38,79,90,115,152,153] for a partial but significant list).
From the point of view of asymptotic safety, the condition
GðkÞ → 0 as k → ∞ stems from the presence of the Reuter
fixed point. Moreover, the singularity resolution seems to
be robust under various cutoff identificationsGðkÞ ↦ GðϵÞ
[90,152,153]. However, a relevant issue left for future
studies is to understand which cutoff identifications pre-
serve the monotonicity of G and Λ and which ones alter it,
discussing how the presence of a zero inGðϵÞ at finite ϵ could
affect the beta function of the dimensionless coupling. This
may allow to figure out whether a Minkowski core is fatally
excluded by the asymptotic safety approach or not. For
instance, the expression GðkÞ ¼ GN=ð1þGNk2=g�Þ deter-
mines either a steep pressure core, using the map in [90], or a
de Sitter core, using that in [152]. Anyway, our results stem
from themore general condition (27), therefore, our categori-
zation of the regular black-hole cores in Table I remains
always valid, regardless of this issue.
Further insights could be provided by the study of the

trace mode in the context of functional renormalization
group techniques implemented on Lorentzian foliated
spacetime [154–156]: since the trace mode represents the
variation of the three-dimensional geometric volume [88],
its quantum fluctuations might be relatable to the non-
singular geometrical density in classically modified models
of collapse.
Applications and strengths. Notably, most of our results

are analytical, which make them suitable to investigate
phenomenological implications. Indeed, as a natural fol-
low-up, it would be interesting to study and compare the
thermodynamical and stability properties of solutions
obtained in this work, as well as their charged or rotating
counterparts, and cosmological models related to the
dynamics (44). In the case of BHs sourced by a negative
Newtonian constant, the study of these properties may
provide further information about consistency bounds in
parameters space, and so about their astrophysical viability.
Remarkably, our modified theory, at least in the dust

matter case, does not alter the nonlinearity of GR. As a
consequence, in contrast to what happens in other frame-
works, our model effortlessly reduces to the OSD model by
a limit in parameters space, and generates regular BH and
horizonless BH mimicker solutions with a clear limit to the
Schwarzschild solution. Moreover, within a fixed dynam-
ics, the position of the theory in its parameters space and the
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causal structure of the nonsingular geometries, are related
by a map that remains always bijective. In particular, the
extremal regular BHs lie on a two-dimensional surface of
the phase diagram. Thus, we have shown that their
formation as ending state of gravitational collapse is less
likely to occur with respect to the formation of nonextremal
configurations.
Limitations. However, our approach does not come free

of important limitations. In particular, we signal the con-
ceptual and technical challenges to extend the framework to
more sophisticated matter sources, as well as to nonhomo-
geneous fluids, due to the theory being not manifestly
covariant under general transformations of coordinates.
This comes as a consequence of the peculiar appearance
of the energy-density in the effective Lagrangian.
Furthermore, it still remains not completely clear what
sources exactly the exterior solution in our model.
Promisingly, such an issue could be addressed within the
new frameworks proposed in [157,158] and [159,160],
which seem to be able to encompass a large class of
nonsingular solutions as product, respectively, of a
Horndeski theory [161,162] and of covariant effective-
Hamiltonian dynamics. Despite the current limitations, the
Markov-Mukhanovapproach is preferable to other proposals
insofar as it allows us to easily implement the concept of
asymptotic freedom for a gravity-matter system. Here, the
scale dependence hints intuitively at a specific unification of
space, time and matter [120]. Thus, we have prioritized
principles instead of formalism.
Possible universal aspects. Within our theory, all the

possible collapsing dynamics generating a Minkowski core
as ending state are related to a Newton constant assuming
negative values. This conclusion comes from a theorem
which binds up together all the key ingredients appearing in
our work: the behavior of the varying couplings, the way in
which the SEC is violated, and the type of regular core
generated. In particular, a negative G amounts to a radical
change in the nature of gravity, which would turn intrinsi-
cally unfocusing with respect to all the four dimensions.
Massive bodies with positive energy-density would be
repelled one from each other, sourcing a negative, locally
hyperbolic, spacetime curvature. A change of sign may
suggest an earlier transition of some kind, preceding the
asymptotic one related to the final quantum-gravitational
vacuum state. While the idea of a quantum-transition has
already been employed to interpret the de Sitter core
[74,77,163–166], understanding how a couple of conse-
quent transitions would be related to a Minkowski space-
time remains an open question. At the effective level of a
modified gravity theory, ultimately, another question arises:
is the theorem general even beyond the specific theory
adopted here? In this regard, it might be relevant to check
whether it holds for other modified theories with non-
minimal gravity-matter coupling [167–170]. Intriguingly,
a study on the equivalence between scale-dependent gra-
vity and scalar-tensor theories has just appeared in the

literature [171]. However, we expect that covering this step
will require to rely heavily on numerical integrations.
To conclude: why is it useful to address the issue of the

degree of generality of this feature? First, in the speculative
scenario in which the theorem is proven to hold universally,
if deviations from GR relatable to a spacetime with
asymptotically Minkowski core will be detected, any viable
approach to quantum gravity should be able to encapsulate
the constrained correlation on the behavior of the Newton
constant; conversely, if a certain fundamental theory, that
gains the status of being the one that describes nature better,
does not provide the feature of a negative constant [172,173],
one should focus on the study and the detection of deviations
relatable to other types of core only. Second, our finding
evokes the possibility of a broader picture where a geo-
metrizable concept like that of energy condition—and its
violation, crucial to figure out the ultimate fate of gravita-
tional collapse, could be systematically related to that of
running coupling, hallmark of the quantum theory of fields. It
seems reasonable to advocate that any attempt to establish
these kind of bonds may constitute a channel to learn new
information on the nature—if any—of quantum gravity. We
hope to delve deeper into these issues in future research.
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APPENDIX: JUNCTION CONDITIONS

The application of the junction conditions ensures that
geodesics are continuous across the region where the
discontinuity of the matter energy-momentum tensor local-
izes, and, thus, in all the spacetime manifoldM. In order to
introduce the conditions, we follow closely the derivation
as presented in [122,145].
The global four-dimensional manifold can be divided

in two portions, M ¼ M− ∪ Mþ, separated by a three-
dimensional boundary hypersurface Σ following a timelike
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trajectory. Since the field equations hold in both regions of
spacetime, the line elements in M� can be written as

ds2� ¼ gμν�dx
μ
�dx

ν
�: ðA1Þ

The line element induced on Σ can be written as

ds2Σ ¼ γabdyadyb; ðA2Þ

where fyag are the coordinates on Σ (with a ¼ 0, 1, 2,
while μ ¼ 0, 1, 2, 3). The surface Σ can be parametrized,
both from the interior and from the exterior, as

Φ�½xμ�ðyaÞ� ¼ 0: ðA3Þ

The first set of matching conditions constitute the require-
ment that the three-dimensional induced metric γab must
coincide when obtained from the two different sides of Σ.
Since the induced metric is

γab� ¼ ∂xμ�
∂ya

∂xν�
∂yb

gμν�; ðA4Þ

in order for γab� to be the same on both sides, there must be
a coordinates transformation on Σ such that γab� ¼ γab, or

½γab�≡ γabþ − γab− ¼ 0; ðA5Þ

where the square brackets define the jump of a quantity
across Σ. This condition guarantees that gμν is continuous
everywhere on M.
The second set of junction conditions concerns the first

derivatives ofgμν and their continuity. In order to obtain them,
it useful to introduce the unit four-vector nμ normal to Σ

nμ ¼
∂Φ=∂xμffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gαβ ∂ϕ

∂xα
∂ϕ
∂xβ

q ; ðA6Þ

and the extrinsic curvature

Kab� ¼ ∂xμ�
∂ya

∂xν�
∂yb

∇μnν

¼ −nσ
�

∂
2xσ�

∂ya∂yb
þ Γσ

μν�
∂xμ�
∂ya

∂xν�
∂ya

�
; ðA7Þ

which we have expressed in terms of coordinates and
Christoffel symbols Γσ

μν� of gμν�. The extrinsic curvature
can be thought of as the geometric velocity of Σ. In general,
Gμν� contains second derivative of the metric. If the first
derivative of the metric are discontinuous across Σ, then the
second derivatives can be written as a Dirac δ on Σ. We can
consider a coordinate system such that Σ is parametrized by
xμ¼3 ≡ x ¼ 0. In the latter, the global energy-momentum
tensor can be written as

Tμν ¼ TμνþΘðxÞ þ Tμν−Θð−xÞ þ SμνδðxÞ; ðA8Þ

where ΘðxÞ is the Heavy-Side function, for which
dΘ=dx ¼ δðxÞ, and Sμν is the surface energy-momentum
tensor of Σ, characterized by the property S33 ¼ Sa3 ¼ 0.
Replacing (A8) into the field equations we obtain the
so-called Lanczos equations

½Kab� ¼ Sab −
1

2
γabS: ðA9Þ

If Tμν has a discontinuity only across Σ, then Sab ¼ 0 and

½Kab� ¼ 0: ðA10Þ

This condition guarantees that the first derivatives of gμν are
continuous across Σ.
If gμν is an arbitrarily spherically symmetric dynamical

spacetime in coordinates ft;r; θ;ϕg

ds2 ¼ −A2dt2 þ B2dr2 þD2dΩ2 ðA11Þ

where A ¼ Aðt;rÞ ¼ eνðt;rÞ, B ¼ Bðt;rÞ ¼ eψðt;rÞ,
D ¼ Dðt;rÞ, then a spherical timelike hypersurface Σ
can be parametrized by the first spatial coordinate

Φðt;r; θ;ϕÞ ¼ r − RbðtÞ ¼ 0: ðA12Þ

The new font remarks that, in general, the time and radial
coordinates are neither the comoving nor Schwarzschild
ones. Moreover, the induced three-dimensional metric can
be expressed using the coordinates fτ; θ;ϕg

ds2Σ ¼ −dτ2 þDbðτÞ2dΩ2; ðA13Þ

where τ is the proper time on Σ, and DbðtÞ≡D½t;RbðtÞ�
for a generic time coordinate. Since (A13) and ds2Σ
computed from (A11) must coincide, one can determine
implicitly the relation between t and τ, and that between D
and Db.
Using τ as affine parameter to the describe the motion of

Σ itself, and making a suitable choice for A�, B�, D�, after
long calculations, one can determine γττ�, γθθ�, Kττ�, and
Kθθ� (indeed, in spherical symmetry only the ττ and θθ
components are independent). In particular, using the
comoving coordinates and the spacetime (16) for M−,
making the choice

r − rb ¼ 0 ðA14Þ

for (A12), such that the two-dimensional reduction of Σ
coincides with the spatial region of spacetime permeated by
the actual surface of the matter ball, and assuming a
homogeneous equation of state for matter, we get

dt ¼ dτ; Cðt; rbÞ ¼ DbðτÞ; ðA15Þ

γθθ− ¼ aðtÞ2r2b; ðA16Þ

ANTONIO PANASSITI PHYS. REV. D 113, 064057 (2026)

064057-16



and

K−
ττ ¼ 0; K−

θθ ¼ rba
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Kr2b

q
: ðA17Þ

Notably, if matter is homogeneous the comoving time
coincides with the proper time on Σ. Using the
Schwarzschild coordinates and the spacetime (33)–(34)
for Mþ, making the choice

R − RbðTÞ ¼ 0 ðA18Þ

for (A12), we get

dT ¼
�
fðRbÞ − fðRbÞ−1

�
dRb

dT

�
2
�
−1=2

dτ; ðA19Þ

Rb½TðτÞ� ¼ DbðτÞ; γθθþ ¼ RbðTÞ2; ðA20Þ

and

Kττþ ¼ −
1

2

2R̈b þ f;RðRbÞ
ΔðRbÞ

;

Kθθþ ¼ RbΔðRbÞ; ðA21Þ

where ΔðRbÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2MðRbÞ=Rb þ Ṙ2

b

q
, and the dot indi-

cates a derivative with respect to τ. Obviously, γττ� ¼ −1
always. Imposing the condition (A5) for γθθ, we obtain

Rb½TðtÞ� ¼ rbaðtÞ: ðA22Þ
Using the latter, t ¼ τ, and (22) into (A19), we obtain

TðtÞ ¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fðRbÞ − VðaÞr2b − Kr2b

q
fðRbÞ

dt: ðA23Þ

As we expect from the dilation of the time intervals, for an
arbitrarily far away observer with respect to the comoving
observer, TðtÞ is a monotonically increasing function.
Finally, imposing the condition (A10) for Kθθ (indeed,
½Kττ� ¼ 0 does not give an independent equation), and using
(A22), we obtain

MðRbÞ ¼ −
r2bRb

2
VðRbÞ: ðA24Þ

In the OSD model, due to the Birkhoff-Jebsen uniqueness
theorem, the exterior metric must be the Schwarzschild
solution, which indeed satisfies the junction conditions with
MðRÞ ¼ M0.
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