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Massive scalar fields on black hole backgrounds generally admit two families of modes: quasibound
states (QBSs) and quasinormal modes (QNMs). We demonstrate the orthogonality between the two mode
families with respect to a relativistic product. We also find that, although the two families appear on
different Riemann sheets of the Green’s function of massive scalar perturbations, they can be brought to a
single sheet with an appropriate redefinition of the frequency variable. In this variable, it is more natural to
see how both mode families can be excited by initial data, and to approximate the Green’s function with
saddle points. Finally, we investigate the QNM emission from boson clouds—the latter effectively
consisting of a single QBS—driven by the tidal perturbation of a second compact object. We show that
while the resonant emission of QNMs is generally suppressed, QNM transitions may be more prominent
when the interaction with the perturber is nonresonant, such as in the dynamical capture of unbound
objects, and when the perturber transits close to the light ring.
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I. INTRODUCTION

Bosonic waves scattering off rotating black holes (BHs)
can extract rotational energy through the superradiant
mechanism whenever the mode frequency ω satisfies
ω < mΩH, where ΩH is the angular velocity of the event
horizon and m the wave’s azimuthal number. For ultralight
massive fields, this leads to an instability and the formation
of long-lived bosonic condensates composed of quasi-
bound states (QBSs) that efficiently extract energy and
angular momentum from the BH (see Ref. [1] for a review).
Such systems are known to give rise to striking observable
signatures, including characteristic imprints on BH spin
distributions and long-lived gravitational-wave emission
from the condensate, making them powerful probes of
ultralight bosons [2,3]. Extreme mass-ratio inspirals
(EMRIs), in which a compact object orbits a supermassive
BH for a large number of cycles before plunging, offer
another especially sensitive probe of these systems. Indeed,
since in EMRIs the interaction between the inspiraling

secondary and the BH environment acts continuously
throughout the inspiral, even weak effects can accumulate
secularly and leave detectable imprints in the gravitational-
wave signal observed by space-based interferometers [4–6].
EMRIs into BHs surrounded by scalar clouds have

garnered significant attention in recent literature (see,
e.g., Refs. [7–15]). A consistent framework for studying
such systems employs a Newtonian approximation which
reformulates the field equations into a Schrödinger, hydro-
gen atomlike form, thereby enabling the application of the
standard methods of quantum mechanical perturbation
theory. Using this approach, Refs. [7–12] showed that
the tidal potential of the companion induces resonances
between different energy levels of the cloud, and can cause
transitions to unbound states akin to ionization in atomic
physics. In the process, the companion exchanges energy
with the cloud, leading to backreaction on the orbit with
observable imprints in the emitted gravitational wave
(GW) [16,17].
More recently, these systems have been studied using

black-hole perturbation theory [13–15,18]. This approach
captures the key features of EMRIs in boson clouds,
previously identified using Newtonian approximations,
and generalizes them to the relativistic regime, which is
essential for accurately modeling the highly relativistic end
of the inspiral. Furthermore, Ref. [19] introduced a relativ-
istic product between superradiant modes, which allowed a
relativistic extension of quantum mechanical perturbation
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theory, and led to the accurate calculation of the frequency
shifts due to the self-gravity of the cloud [19].
So far, studies on EMRIs in boson clouds focused on the

observational impact of resonances between different QBSs
and transitions to unbound states. QBSs form a discrete
spectrum of modes with complex frequencies ωQBS sat-
isfying ReðωQBSÞ2 < μ2, where μ is the scalar field mass.
On the other hand, the unbound spectrum is continuous,
composed of real frequencies and can radiate to infinity if
ω > μ. Bosonic field equations in BH spacetimes admit
another family of solutions, called quasinormal modes
(QNMs). QNMs arise in dissipative or open systems—in
this case, modes can radiate to the horizon and to infinity—
and form a complex, discrete spectrum. Unlike QBSs,
which only exist for massive fields and are confined in the
vicinity of the BH, QNMs can radiate at infinity when-
ever ReðωQNMÞ2 > μ2.1

While QBSs possess a well-defined limit within the
Newtonian approximation—corresponding to the quantum
mechanical hydrogenic bound states—QNMs are inher-
ently relativistic and do not exist in this regime.
Consequently, investigating the role of QNMs in gravita-
tional atoms necessitates a relativistic treatment. Like
QBSs, scalar QNMs could be resonantly excited in
EMRIs. Through the emission of scalar radiation at the
horizon and infinity (ionization), this would constitute a
novel dissipation channel and affect the EMRI orbital
evolution and GW signal. Indeed, a similar phenomenology
is known in the gravitational case: gravitational QNMs can
be excited during an EMRI by very eccentric or unbound
orbits [22–25].
Given the extreme precision required to detect and

characterize boson clouds using GW signals, understanding
the potential impact of QNM excitation is of significant
importance. The goal of this work is to provide the
mathematical framework to assess the excitation of scalar
QNMs by scalar clouds and to estimate their influence on
the dynamics and observational signatures of EMRIs. To
achieve this goal, we adopt the relativistic bilinear form for
massive scalar perturbations introduced in Ref. [19] and use
it to establish the orthogonality between QBSs and QNMs.
We then study the frequency-domain Green’s function of
massive scalar fields, where QBSs and QNMs arise as poles
on different Riemann sheets, and show how an appropriate
redefinition of the frequency variable recasts the problem
on a single complex plane, enabling a unified treatment of
their excitation. Finally, we apply time-dependent pertur-
bation theory formulated in terms of the bilinear form to
estimate the excitation of scalar QNMs by boson clouds in
EMRIs, driven by the tidal perturbation of the secondary
compact object.

This work is organized as follows: in Sec. II B we review
the product (a bilinear form) for massive scalar modes
introduced inRef. [19]. In Sec. IIIweprove, both analytically
and numerically, the QBS-QNM orthogonality under this
product. In Sec. IVwe study theGreen’s function formassive
fields, and show how the QNM-QBS transition can be
understood in terms of excitation coefficients. In Sec. V
we estimate theQNMexcitation in anEMRI surrounded by a
boson cloud, considering both circular and unbound orbits,
describing respectively resonant and nonresonant excita-
tions. Finally, we conclude in Sec. VI.

II. MASSIVE SCALAR MODES AROUND BLACK
HOLES

A. Quasibound states and quasinormal modes

The Kerr metric for a BH of mass M and spin parameter
a reads, in Boyer-Lindquist coordinates,

ds2 ¼ −
�
1 −

2Mr
Σ

�
dt2 −

4Mar sin2 θ
Σ

dtdϕ

þ Σ
Δ
dr2 þ Σdθ2 þ Λ

Σ
sin2 θdϕ2; ð1Þ

where Δ ¼ r2 þ a2 − 2Mr, Σ ¼ r2 þ a2 cos2 θ, and
Λ ¼ ðr2 þ a2Þ2 − Δa2 sin2 θ. We define the event horizon
(the greater root r� of Δ) by rþ and the tortoise coordinate
r� as dr=dr� ¼ Δ=Σ.
The dynamics of a complex, massive scalar field are

governed by the Klein-Gordon (KG) equation,

ð□ − μ2ÞΦ ¼ 0: ð2Þ

Exploiting the symmetries of the Kerr spacetime, we adopt
the following ansatz to separate variables:

Φðt; r; θ;ϕÞ ¼
X
lm

RlmðrÞSlmðθÞeimϕe−iωt: ð3Þ

This ansatz allows us to recast the KG equation into a
couple of ordinary differential equations for the radial and
angular functions, as follows:

d
dr

�
Δ
dRlm

dr

�
þ
�
ω2ðΔ2 þ a2Þ2 − 4Mamωrþm2a2

Δ

− ðω2a2 þ μ2r2 þ ΛlmÞ
�
Rlm ¼ 0; ð4Þ

d
dθ

�
sin θ

dSlm
dθ

�
þ
�
a2ðω2 − μ2Þcos2θ − m2

sin2θ
þ Λlm

�
× Slm ¼ 0; ð5Þ

whereΛlm is a separation constant. Solutions to the angular
equations are spheroidal harmonics, which reduce to

1In the opposite regime QNMs are evanescent, i.e., their
excitation is suppressed and they are irrelevant to observations
[20,21].
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spherical harmonics in the nonrotating limit. The radial
equation can instead be solved with suitable boundary
conditions at the horizon and infinity. At the horizon, the
solution must behave as a purely ingoing wave, while at
infinity the leading-order solution reads

lim
r→∞

Rlm ∼ r−1rðμ2−2ω2Þ=qeqr; ð6Þ

where q ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2

p
. The choice of sign in the exponent

determines two distinct families of solutions. With the
negative sign, one obtains a family of solutions whose
radial function decays exponentially at infinity, confining
the field near the BH; these correspond to QBSs.
Conversely, the positive sign gives nonvanishing, propa-
gative solutions at infinity with Reðω2Þ > μ2, i.e., propa-
gative QNMs, as well as evanescent ones for Reðω2Þ < μ2.

B. Bilinear form for massive scalars

Reference [26] introduced a bilinear form for Weyl
gravitational perturbations, and showed that gravitational
QNMs with different frequencies are orthogonal under the
bilinear form. Subsequently, Ref. [19] extended this prod-
uct to massive scalar fields and proved the orthogonality of
scalar modes with both quasinormal and quasibound
asymptotics. In this section, we briefly review this result,
and refer to Refs. [19] and [27] for additional details.
Starting from the KG equation in Kerr spacetime, one

can define the following product:

ΠΣ½Φ1;Φ2� ¼
Z
Σ
dΣaðΦ1∇aΦ2 −Φ2∇aΦ1Þ; ð7Þ

where Σ is a time slice with unit normal vector na. Gauss’s
theorem allows to verify that, if Φ1, Φ2 are solutions of the
KG equations and have compact support on Σ, the product
is unchanged under local deformations of the time slice.
Starting from this product, one can build an infinite number
of conserved quantities by introducing symmetry operators
[26]. In particular, as the Kerr spacetime is axially sym-
metric and stationary, one can consider the t − ϕ reflection
symmetry operator J , which acting on a scalar field flips
sign to the time and azimuthal coordinates. This allows to
define the following bilinear form:

⟪Φ1;Φ2⟫¼
Z

∞

rþ
dr

Z
dΩ

�
2Mra
Δ

ðJΦ1∂ϕΦ2−Φ2∂ϕJΦ1Þ

þ Σ
Δ

�
r2þa2þ2Mra2

Σ
sin2θ

�

× ðJΦ1∂tΦ2−Φ2∂tJΦ1Þ
�
: ð8Þ

One can finally show that the bilinear form is symmetric
and the time-translation symmetry operator Lt is symmetric

with respect to the bilinear form, i.e., ⟪LtΦ1;Φ2⟫ ¼
⟪Φ1; LtΦ2⟫.
As mode solutions in Boyer-Lindquist coordinates

diverge both at the horizon (both QNMs and QBSs) and
at infinity (QNMs), they do not have compact support at the
boundaries.2 In order to apply the bilinear form to mode
solutions, Ref. [26] (see also Refs. [28,29]) introduced a
regularization prescription based on the analytic continu-
ation of the integrand in the complex r-plane. On the
appropriate complex radial contour, the product is well
defined on mode solutions, and retains all its proper-
ties [19,26].

III. MODE ORTHOGONALITY

As shown in Refs. [19,26], the properties of the bilinear
form on mode solutions immediately lead to an analytical
proof for mode orthogonality. Given that the time depend-
ence of mode solutions is a trivial exponential (∼e−iωt), one
can exploit the symmetry of the time-translation operator
on the bilinear form to obtain trivially,

ðω1 − ω2Þ⟪Φ1;Φ2⟫ ¼ 0; ð9Þ

for a pair of QNMs or QBSs with frequencies ω1, ω2. Since
this statement only assumes wave functions to be mode
solutions, regular on a suitably defined integration contour,
it guarantees not only the orthogonality of QBSs or QNMs,
but also the mutual orthogonality between the two families.
The orthogonality of QNMs and of QBSs individually has
also been confirmed numerically in Refs. [26] and [19],
respectively. Here, we provide a numerical demonstration
of the orthogonality between the two families of modes.
To do so, in the following we numerically compute the

bilinear product between the fundamental l ¼ m ¼ 1 QBS
and the fundamental l ¼ m ¼ 1 QNM in Schwarzschild.
As previously mentioned, we need to introduce a contour in
the complex r-plane to ensure the product is finite. We will
use the contour described in Refs. [27–29] and shown
explicitly in Fig. 1. The branch cut of the QNM and QBS
mode functions, originating from the horizon radius rþ, is
placed parallel to the imaginary axis. The contour goes
around the branch point and extends up to ImðrÞ → þ∞ on
both sides of the branch cut.
On the contour, the modes decay as eikðωÞr ∼ e−ReðkÞ ImðrÞ

as ImðrÞ → þ∞. The QNM always has larger ReðkÞ (with
a weak dependence on the parameter α), and therefore
determines the asymptotic behavior of the integrand.3

2To be more precise, only stable QBSs (ωI < 0) diverge as
r� → −∞, while superradiant modes remain regular. At the
threshold ω ¼ mΩH , QBSs become bound states with real
frequency, and are also regular.

3Here we always choose QNMs with ReðkÞ > 0; when the
product involves one or two negative-frequency (or mirror)
modes such that Reðk1 þ k2Þ < 0, the branch cut and contour
must be reflected across the real axis compared to Fig. 1.
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In our numerical implementation, we integrate along the
vertical paths up to a large value of the radius imaginary
part, Imðr∞Þ, which ensures numerical convergence. We
compute the mode solutions using Leaver’s method [30,31]
and integrate numerically using Mathematica.
Figure 2 shows the relativistic product between a QBS

and a QNM as a function of the cutoff value of the complex
path Imðr∞Þ for different values of the scalar field mass,
expressed in terms of the gravitational fine-structure con-
stant α ¼ Mμ. As shown in the plot, as the integration is
extended to larger values on the complex path, the integral
converges to zero exponentially, demonstrating the ortho-
gonality between the modes. As expected, the integral’s
convergence is independent of the parameter α. However,

the value of the integral for a given regulator r∞ varies with
α. This is due to the overlap between QNMs and QBSs:
when the QNM and QBS frequencies are closer (larger α),
the overlap is larger, and the integral correspondingly
attains a larger absolute value. For smaller values of α,
the frequency separation increases and the overlap is
reduced. The overalp between QNMs and QBS will play
an important role in Sec. VA 2. A Mathematica notebook
and data to reproduce this and other figures in this work can
be found at Ref. [32].

IV. THE GREEN’S FUNCTION OF MASSIVE
FIELDS IN SCHWARZSCHILD

In this section, we study the Green’s function of massive
scalar perturbations, and relate the excitation coefficients of
QNMs and QBSs to the bilinear form. We also show how
the two mode families, the QNMs and QBSs, naturally
appear as poles of the Green’s function, although in two
different sheets; see also the discussion in Ref. [21]. For
simplicity, we will set the background spin to zero and
solve the KG equation in Schwarzschild. Furthermore, we
focus on the region of parameter space where QNMs are all
propagative, Reðω2Þ > μ2.
We use the multipolar expansion of Eq. (3), with the spin

weighted s ¼ 0 spheroidal harmonics reducing to the
standard spherical harmonics in Schwarzschild. We use a
multipolar expansion similar to Eq. (3) but with
RlmðrÞe−iωt → Xlmðt; rÞ=r. The equation for X reads

−
∂
2

∂t2
Xlm þ ∂

2

∂r�
Xlm − VðrÞXlm ¼ 0; ð10Þ

for each l, m, with the potential VðrÞ ¼
fðrÞðlðlþ 1Þ=r2 þ 2M=r3 þ μ2Þ. Owing to the spherical
symmetry of the background metric, modes with different
multipole numbers l,m are decoupled. Following Ref. [33],

FIG. 1. Complex contour used to compute the product between
a QBS and a QNM with positive real frequencies. We place the
branch cut of the mode functions between rþ and rþ → þi∞.
The contour goes around the branch point. In our numerical
implementation in Schwarzschild, the vertical paths are placed at
ReðrÞ ¼ rþ � ϵ with ϵ ¼ 0.1M, while the lower horizontal path
is at ImðrÞ ¼ −ϵ.

FIG. 2. Product between the fundamental l ¼ m ¼ 1 QNM and the fundamental l ¼ m ¼ 1 QBS as a function of the integral cutoff
value Imðr∞Þ. The red curves are exponential fits, showing convergence to zero. Modes are normalized such that
⟪QNM;QNM⟫ ¼ ⟪QBS;QBS⟫ ¼ 1.
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we study the initial value problem by performing a Laplace
transform,4

X̂ðω; rÞ ¼
Z

∞

0

eiωtXðt; rÞdt; ð11Þ

with the inverse transform defined by

Xðt; rÞ ¼
Z

∞þic

−∞þic
e−iωtX̂ðω; rÞdω; ð12Þ

where c > 0, i.e., the real axis. Using the Laplace trans-
form, we obtain an inhomogeneous differential equation in
the Laplace ω domain, as follows:

ω2X̂lm þ d2

dr�
X̂lm − VðrÞX̂lm ¼ Iðω; rÞ; ð13Þ

where Iðω; rÞ ¼ iωXð0ÞðrÞ − Ẋð0ÞðrÞ and Xð0ÞðrÞ ¼
Xðt; rÞjt¼t0 are the initial data. We can solve this inhomo-
geneous equation via the standard Green’s function
method. To build the system’s Green’s function, we
introduce two independent solutions of the homogeneous
equation, X̂rþ and X̂∞. Then, the Green’s function reads

Gðω; r�; r0�Þ ¼
1

WðωÞ
�
X̂rþðω; r0�ÞX̂∞ðω; r�Þ if r0� < r�
X̂rþðω; r�ÞX̂∞ðω; r0�Þ if r0� > r�;

ð14Þ

where WðωÞ is the Wronskian between the two solutions.
The full solution of the problem reads, in the frequency
domain,

X̂ðω; r�Þ ¼
Z

∞

−∞
Gðω; r�; r0�ÞIðω; r0�Þdr0�: ð15Þ

Finally, the solution in the time domain follows by inserting
this in Eq. (12) and by performing the inverse transform.
We choose the first solution, X̂rþ , to behave as a purely

ingoing wave at the horizon, while at infinity it is a generic
superposition of damped and outgoing waves. Defining the
wave vector kðωÞ ¼ ðω2 − μ2Þ1=2, this reads

X̂rþ ∼

(
e−iωr� ; r� → −∞
A∞ðωÞeikðωÞr� þ B∞ðωÞe−ikðωÞr� ; r� → ∞:

ð16Þ

Note that at leading order the behavior at the horizon is the
same for massive and massless fields, as the mass correc-
tion is subdominant in this limit. As for the second solution

X̂∞, we define it in the Riemann sheet of kðωÞ ¼ ðω2 −
μ2Þ1=2 where ImðkÞ < 0 for ImðωÞ < 0 and ReðkÞ > 0
when ReðωÞ > 0 (sheet 1; see Fig. 3) as

X̂∞ ∼ eikðωÞr� ; r� → ∞; ð17Þ

corresponding to an outgoing wave at infinity. Note that
these solutions can be defined by analytic continuation on
the two Riemann sheets associated with the square root
in k.
To perform the inverse Laplace transform (12), we study

the analyticity properties of the Green’s function in the
complex ω plane; see Fig. 3. The Green’s function inherits
from the two solutions (16) and (17) two branch points, at
ω ¼ �μ. Our choice is to place the branch cut between the
two points, along the real axis. As a result, the problem
admits two sheets, corresponding to the two signs of the
square root in the exponential terms e�ikr [21]. We have
defined the Green’s function in the first sheet, correspond-
ing to an outgoing boundary condition at infinity. In this
sheet, the Green’s function has poles (corresponding to
zeros of the Wronskian) in the region jωj > μ, which can

� , sheet 1

QNMs

− +
Im k > 0

Im k < 0

1.1 1.2

1.31.4

Re k > 0Re k < 0

QBSs

− +
Im k < 0

Im k > 0

� , sheet 22.1 2.2

2.32.4

Re k < 0Re k > 0

FIG. 3. Properties of the Green’s function of a massive scalar in
the complex plane of the Laplace variable ω. We show the two
sheets of the Green’s function, arising from the branch cut of the
square root kðωÞ ¼ ðω2 − μ2Þ1=2 (red crosses: branch points; our
choice for the branch cut: red line). Propagative QNM poles
(black crossed circles) lie in the first sheet and have Reðω2Þ > μ2

(outside the dashed black line), while QBS poles lie in the second
sheet and have Reðω2Þ < μ2. The integration contour runs along
and above the real axis in the first sheet.

4Following previous work [34–36], rather than the standard
Laplace parameter s, we define s ¼ iω.
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only correspond to QNMs: they are outgoing (ReðkÞ > 0
when ReðωÞ > 0) and they are not spatially confined
(ImðkÞ < 0). In the second sheet, the Green’s function
has poles in the region jωj < μ corresponding to QBSs,
since k has a positive imaginary part and Eq. (17) becomes
a damped solution at infinity. The Green’s function has an
additional branch point at ω ¼ 0, but the corresponding
branch cut does not affect its mode solutions [28,37–39].
It is often useful to reexpress the integral over ω in the

inverse Laplace transform in terms of a closed integral, to
make the contribution of the poles and branch cuts more
explicit; see e.g., Refs. [28,33]. In the case of massive
perturbations, this standard approach is complicated by the
existence of poles on two distinct sheets. In this case, we
cannot use the standard contour closed in the lower half ω
plane to express the solution in terms of both QBSs and
QNMs, and to compute their excitation coefficients. In
order to make both of these contributions explicit, we take a
different approach and follow a method first introduced in
optics for leaky wave guides [40,41]. These systems have a
modal structure similar to that of massive fields around
BHs, with two distinct families of modes lying on two
different sheets of the same Riemann plane.
We define a new complex variable, η, that maps the two-

sheeted ω-plane into a strip of the η-plane, as follows:

ω ¼ μ cosh η; k ¼ μ sinh η: ð18Þ

In order to represent the original Riemann surface, we
restrict the new variable to the strip −π=2 < ImðηÞ ≤ 3π=2.
Figure 4 shows how all regions and features of the ω-plane
(Fig. 3) map onto the new plane. Each of the eight
quadrants of the two ω-sheets is now mapped into a
semi-infinite strip in the η plane, and thus the new complex
plane encompasses both QNMs and QBSs.
The variable η is also used to identify a convenient

representation of the Green’s function, in terms of saddle
points and steepest descent contours [40]. This can be seen
analytically, e.g., in the limit r� → ∞ and r0� → −∞. In this
limit, the integrand of the inverse Laplace transform reads

e−iωtX̂ðω; rÞ ∼ fðηÞeμΨðηÞ; ð19Þ

with

ΨðηÞ ¼ −iððtþ r0�Þ cosh η − r� sinh ηÞ: ð20Þ

and f a function slower than exponential.
The Green’s function admits saddle points where

Ψ0ðηspÞ ¼ 0 and associated steepest-descent contours in
the complex η plane. The saddle points are located at

ηsp;j ¼ log

�
−i

r� þ tþ r0�
r� − t − r0�

�
þ iπj: ð21Þ

Along these contours, the integrand is purely decaying:
ReΨðηÞ < 0, ImΨðηÞ ¼ ImΨðηspÞ. As a result, the integral
in η performed along the steepest-descent contours is
absolutely convergent, a convenient choice to deform the
original contour. This heuristic is formalized in the math-
ematical Picard-Lefschetz theory, described, for example,
in Ref. [42].
Figure 5 shows the location of the relevant saddle points

and relevant contours onto which to deform the original
integration path. The figure also shows that, when
deforming the original contour onto the steepest-descent
ones, the Green’s function inevitably picks up the con-
tribution of both QBS and QNM poles. Note that the
location of the saddle points and steepest-descent contours
depends on t, and r� and r0�. At late times, the steepest-
descent contours will tend to encompass more and more
modes (poles); see Fig. 5.
Focusing only on the contribution of the poles and using

the residue theorem in a standard fashion, we can write the
solution in the time domain at late times and at large r as

Xðt; rÞ ∼
X
n

CQBS
n e−iωnte−

ffiffiffiffiffiffiffiffiffiffi
μ2−ω2

n

p
r

þ
X
n

CQNM
n e−iωnteþ

ffiffiffiffiffiffiffiffiffiffi
μ2−ω2

n

p
r: ð22Þ

Here, from the residues of the QNM and QBS poles, we
have defined the QNM and QBS excitation coefficients, as
in the case of gravitational QNMs [35],

FIG. 4. Properties of the Green’s function in the new complex
variable η; see Eq. (18). We follow the same conventions as in
Fig. 3: the solid green line is the original integration contour; the
dotted black line marks jωj ¼ μ; black crossed circles mark the
poles; the red cross marks the Green’s function’s remaining
branch point at ω ¼ 0; black lines denote the old axis Reω ¼ 0
and Imω ¼ 0. The background color corresponds to the sign of
the real part of ω (red for positive, blue for negative).
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CK
n ¼ iAK

∞ðωnÞ
dWK=dωjωn

Z
∞

−∞
dr0�X̂K

ωn
ðωn; r0�ÞIðωn; r0�Þ; ð23Þ

where K ¼ QNM, QBS indicates the asymptotic behavior
of the mode solutions as r� → þ∞, and AK

∞ is the
asymptotic amplitude defined in Eq. (16).
The integral appearing in the excitation coefficients

represents the overlap between the initial data and the
modes. In Ref. [26], it was shown that the QNM excitation
coefficients can be written in terms of the bilinear form
projection of the initial data onto the (normalized) modes.
The same argument applies to the massive case, and in
particular to QBSs. We can therefore write

CK
n ¼ ⟪XK

n ; Xð0Þ⟫
⟪XK

n ; XK
n ⟫

: ð24Þ

As a consequence of Eq. (24) and mode orthogonality, an
initial state populated of QBSs would not spontaneously
excite QNMs, and vice versa, at linear order in the
perturbation.

V. QNM EXCITATIONS IN EMRIS SURROUNDED
BY BOSON CLOUDS

In previous sections, we showed how QNMs and QBSs
are mutually orthogonal, and how both can be simulta-
neously excited by initial data. In this section, we will
provide a phenomenological application of our framework
and show how transitions between the two mode families
can be induced by an external source, and estimate the
impact of such transitions. In particular, we will focus on
transitions sourced by the tidal potential generated by a
secondary in an EMRI.

For simplicity, we assume the primary BH is nonspin-
ning. Strictly speaking, boson clouds generated via super-
radiance require a Kerr background, since superradiant
amplification relies on the BH’s rotation. However, the
essential features of the transitions we study—namely, the
coupling between QNMs and QBSs and their response to
an external tidal source—can already be captured in the
nonrotating limit. Indeed, previous studies have shown that
the scalar fluxes at the horizon and at infinity can differ at
the level of ∼10% in Kerr compared to the Schwarzschild
case [15,18]. One may therefore expect corrections of a
similar order for QNM emission. While including such
corrections would certainly improve the quantitative accu-
racy of the results, we expect to be able to capture the main
phenomenology in the Schwarzschild limit.
We consider a BH with mass M surrounded by a boson

cloud, perturbed by a small companion of mass M�. The
tidal potential generated by a companion reads, in the
Newtonian approximation [8,11],

Vðt; rÞ ¼ −
X∞
l�¼0

Xl�
m�¼−l�

4πqα
2l� þ 1

Yl�m�ðθ�;ϕ�Þ

× Y�
l�m�ðθ;ϕÞGðrÞ; ð25Þ

where q ¼ M�=M ≪ 1 is the mass ratio,

GðrÞ ¼

8>><
>>:

rl�
Rl�þ1 ΘðR� − rÞ þ Rl��

rl�þ1 Θðr − R�Þ for l� ≠ 1;�
R�
r2 −

r
R2�

	
Θðr − R�Þ for l� ¼ 1;

ð26Þ

and ðR�ðtÞ; θ�ðtÞ;ϕ�ðtÞÞ are the coordinates of the
companion in a coordinate system centered at the larger BH.
Reference [19] showed, using a Hamiltonian formalism,

that an external gravitational potential δV sources transitions
of the cloud in a state Φ1 to new states Φ2 regulated by the
relativistic matrix element ⟪Φ1; δVΦ2⟫, with the product
given in Eq. (8). While in principle, within our relativistic
framework, one should employ the fully relativistic tidal
potential, its explicit construction and analytic treatment are
technically demanding. Therefore, following Ref. [19], we
adopt a semirelativistic approximation in which the modes
and overlap are computed relativistically while the inter-
action is mediated by the Newtonian potential.
The potential (26) is continuous but not differentiable,

because of the Heaviside step functions. Hence, analytical
continuation to the complex plane—necessary to evaluate
the product in the relativistic matrix element (see Sec. II B)
—would not be possible. The discontinuity in the derivative
at r ¼ R� arises because the secondary is modeled as a
point particle; including finite-size effects would naturally
smooth this out. Therefore, as a toy model we consider a
potential which smoothly interpolates between the two

FIG. 5. Location of the saddle points (black dots) and steepest-
descent contours (dashed green lines) of the massive scalar
Green’s function in Schwarzschild in the complex η plane, at
large tþ r0� > r�, with r� large and r0� approaching the horizon.
See Fig. 4 for conventions.
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regimes and is differentiable at R�, while still closely
approximating the original expression away from the
particle (as one would expect finite-size effects to do).5

Hence, our toy model potential reads

GðrÞ ¼

8>><
>>:

ðr=R�Þl
1þðr=R�Þ2lþ1 for l� ≠ 1;�
R�
r2 −

r
R2�

	�
1

1þe−ðrþR�Þ=2

	
for l� ¼ 1:

ð27Þ

As an example, a comparison between the two potentials
for l� ¼ 2 is shown in Fig. 6. We tested this approximate
potential for different values of α and R�, and found that it
introduces at most a Oð10%Þ error in the matrix element.

A. Overlap integrals

We are now ready to estimate the QNM excitation
induced by an EMRI on a scalar cloud. Note that in the
following, we normalize both QB and QN modes such that
⟪Φlmn;Φl0m0n0⟫ ¼ δll0δmm0δnn0 . We first identify the allowed
transitions and estimate their matrix elements.The angular
part of the overlap integral allows only the excitation of
modes that satisfy the angular selection rules, as follows:

−mj þmi −m� ¼ 0;

jlj − lij ≤ l� ≤ li þ lj;

li þ lj þ l� ¼ 2p for p∈Z; ð28Þ

where i, j denote the initial and final states, respectively. As
the dominant superradiant cloud is the fundamental

l ¼ m ¼ 1, in the following we will always assume this
as the initial state. In this case, the most natural transition
allowed by the selection rules is between the fundamental
li ¼ mi ¼ 1 QBS and the lj ¼ 1; mj ¼ 0;−1, 1 QNMs,
sourced by the quadrupole tidal potential l� ¼ 2.
The fundamental lj ¼ 1 QNM frequency is weakly de-
pendent on α, and its absolute value is ≈0.35=M. As we
require this value to be higher than α for the mode to
propagate toward infinity, we will consider values of α
slightly below this threshold.
In this subsection, we compute the QN-QB overlap

mediated by a secondary at a fixed radius. In Sec. VA 2, we
will generalize this to a dynamical secondary. Figure 7
shows the ratio between the QN-QB and the QB-QB
overlap integral for different values of α as a function of
the companion radius R�. While for large R� the QN-QB
overlap integral is suppressed, it remarkably becomes
comparable to the QB-QB one for small values of R�.
Furthermore, the QNM is excited more for larger α. In this
regime, the scalar cloud is more compact and relativistic,
lying closer to the BH. As a result, its overlap with the
QNMs—whose wave functions peak near the light ring—is
enhanced.
In principle, resonant transitions with lj ¼ 0 QN or QB

modes, sourced by the dipolar tidal potential l� ¼ 1, are
also possible. However, these transitions are strongly
suppressed in the QNM case. The lj ¼ 0 QNM lies at a
frequency of ≈0.11=M, so one would require α slightly
below this value for this mode to propagate to infinity. In
that regime, the cloud is highly nonrelativistic and peaked
far from the BH, leading to a very weak overlap with the
QNM mode function. Indeed, we find that compared to
the lj ¼ 1 case shown in Fig. 7, the overlap with the QN
lj ¼ 0 mode is suppressed by 5–6 orders of magnitude.

FIG. 6. Comparison between the Newtonian potential of a
point-particle (yellow line) and our toy model, smooth potential
(blue line) for R�=M ¼ 400. The toy model accurately repro-
duces the Newtonian potential in both asymptotic regimes.

FIG. 7. Ratio between the fundamentals l ¼ 1 QN-QB and the
QB-QB overlap in the presence of a tidal potential as a function of
R� for different α. As α increases and the cloud becomes
relativistic, the overlap with QNMs becomes more prominent
even when the secondary is further away.

5Note that similar smoothing procedures for the point-article
potential are commonly adopted in Newtonian physics; see e.g.,
Refs. [43,44].
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On the contrary, transitions to lj ¼ 2 QNMs, mediated by
octupolar perturbations l� ¼ 3, share similar features to the
lj ¼ 1 case, becoming comparable to QB-QB transitions at
small R� and decaying further away.
The calculation of the overlap is only the first step to

estimate the QNM excitation due to the companion. Such
transitions can be classified into resonant and nonresonant
[11]. A companion on a circular orbit induces a tidal
potential with the characteristic frequency of the orbit, which
evolves adiabatically during the inspiral as the companion
loses energy due to GWemission and its interaction with the
cloud. This periodic source leads to resonances, with differ-
ent resonances excited at different times during the inspiral.
On the contrary, a particle approaching the BH on an
unbound orbit breaks adiabaticity, inducing nonresonant
transitions. In the following, we will analyze both regimes,
starting from the resonant case.

1. Resonant transitions in circular orbits

In boson clouds, a companion in circular orbits induces a
resonant transition between a QBS with quantum numbers
li; mi; ni and a state with quantum numbers lj; mj; nj
whenever [7,13]:

Ωp ¼ Reðωlj;mj;njÞ − Reðωli;mi;niÞ
mj −mi

; ð29Þ

whereΩp ¼
ffiffiffiffiffiffiffiffiffiffiffi
M=r3

p
is the orbital frequency. It is immediate

to see that this condition in principle allows resonant
transitions into QNMs in some regions of the parameter
space. For example, transitions to the l ¼ 1; m ¼ −1QNMs
for α ¼ 0.33 arises whenever the secondary is counter-
rotating at an orbital radius R� ≈ 23M. Nevertheless,
Fig. 7 immediately shows a limitation of this mechanism:
transitions intoQNMsare strongly suppressed by the overlap
integral unless R� is very small. In principle, the resonance
radius can approach the innermost stable circular orbit when
α is chosen such that the numerator of Eq. (29) is large.
Even when the resonance condition is satisfied at small

orbital radii, where the overlap is enhanced, another
limitation arises. Resonant QBS-QNM transitions will also
be suppressed by the decay rate of the QNMs. complex
spectrum scales as ImðωÞ−1 [13]. Hence, such resonances
are typically prominent in the case of long-lived modes
with a small imaginary part, while they are suppressed for
the short-lived QNMs. Given these two suppression factors,
we expect resonant transitions into QNMs to be subdomi-
nant in boson clouds.
To confirm this statement, we computed the scalar fluxes

at infinity of an EMRI embedded in a boson cloud using the
relativistic framework introduced in Ref. [13]. We did not
find any trace of resonances in the flux at infinity,
confirming that resonant excitation of QNMs is completely
suppressed.

One might wonder whether, in some region of the
parameter space, the imaginary part of scalar QN frequen-
cies becomes small enough to lead to a significant
excitation. For massive scalar fields, QNMs can become
long-lived in two distinct regimes. In the large-α limit, their
resonant excitation is enhanced, giving rise to so-called
giant ringings [21,45–47]. However, this scenario is of
limited observational relevance for boson clouds, since in
this regime the scalar mass is so large that the superradiant
instability timescale is exponentially suppressed. A second
regime in which long-lived QNMs appear is that of nearly
extremal BHs [48]. Yet this case is also observationally
disfavored for boson clouds. If a stationary cloud forms
around a nearly extremal BH at the end of the superradiant
instability, the cloud mass remains negligible: only a
minimal amount of spin energy can be extracted, leading
to a very small cloud. Thus, this regime is also unlikely to
yield observable signatures.

2. Nonresonant transitions in parabolic orbits

We now focus on nonresonant processes, and estimate the
energy loss due to QNM emission of a secondary crossing a
boson cloud while following a parabolic orbit. This is
relevant in the context of dynamical capture of compact
objects by massive BHs in nuclear star clusters and the
formation of extreme mass ratio inspirals; see e.g.,
Refs. [49,50]. Parabolic orbits present two key advantages
over circular ones. Firstly, the process is nonresonant, and
therefore less affected by the short lifetime of QNMs.
Secondly, in a parabolic orbit the particle can pass very
close to theBH, significantly enhancing the QN-QBoverlap,
which is maximal in this regime, as illustrated in Fig. 7.
Previous studies, using a Newtonian approximation,

showed that energy loss from transitions into unbound
modes and various QBSs can significantly exceed the loss
due to GW emission [11,51]. The Newtonian computation
can be generalized to the relativistic case. In particular, the
treatment of the discrete spectrum—now including QNMs
—carries over straightforwardly: in both regimes, the scalar
wave function can be expressed as a discrete sum of modes,
and the occupation number of each mode excited by the fly-
by particle is obtained by solving a Schrödinger-like
equation. In the relativistic setting, the perturbed scalar
field due to the tidal potential can be expanded as a
combination of modes with time-dependent amplitudes,
Φ ¼ P

n cnðtÞΦn [19]. As shown in Ref. [19], using a
Hamiltonian formalism mirroring quantum mechanical
perturbation theory, one obtains

∂

∂t
cn ¼

X
q

cq
⟪Fn; δHFq⟫

⟪Φn;Φn⟫
; ð30Þ

where F ¼ ðΦ;ΠÞT denotes the phase-space field vector,
with Π the conjugate momentum of Φ, and the bilinear
form in phase space is defined as
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⟪F1; F2⟫ ¼
Z
Σ
ðΦ2JΠ1 þ Π2JΦ1Þd3x: ð31Þ

Finally, δH can be rewritten for a gravitational perturbation
as δH ¼ δVH0, H0 being the zeroth order Hamiltonian
matrix (see Ref. [19] for further details). Following
Ref. [11], we assume that the initial boson cloud is
populated only by the li ¼ mi ¼ 1 QBS and that the
perturbation is small enough such that the coefficient of the
background state is climi

≈ 1 throughout the evolution.
Under this assumption, Eq. (30) can be solved by a simple
time integration in the limit t → ∞, providing a relativistic
version of the Newtonian solution of [11],

cn ¼ −i
Z

∞

−∞
dt

ωli;mi
⟪Fn; δVFli;mi

⟫

⟪Φn;Φn⟫
: ð32Þ

Indeed, assuming ωlimi
≈ μ the Schrodinger-like equa-

tion (30) coincides with the Newtonian one, with the
hydrogenic scalar product replaced by the bilinear form
in the Hamiltonian framework [see Eq. (3.5) in Ref. [11] ].
In the following, we include QNMs in the ansatz and use

Eq. (30) to compute the QNM excitation coefficient. In
practice, we insert the overlap obtained with our bilinear
form in the numerical routine developed in Ref. [11], and
publicly available on GitHub [52], which provides the
particle’s trajectory and performs the time integration.
Following Ref. [11], in Fig. 8 we show the total (summed

over all mj) square amplitude of the lj ¼ 1 QN and QB
states multiplied by the real frequency difference with the
initial li ¼ mi ¼ 1 cloud—providing a heuristic estimate
of the energy loss—as a function of the periastron radius of
the unbound orbit, for different values of α. We verified that

the energy loss into QBSs agrees well with the one obtained
in the hydrogenic approximation in Ref. [11], with only
minor corrections due to our use of a toymodel potential. As
shown in the figure, energy loss due to QNM emission is
generally subdominant, but it becomes comparable to the
loss into QBSs when the particle passes close to the BH and
for larger values of α. This is because QNM excitation is
more efficient when the particle’s orbital frequency is high
enough to bridge the gap between the QBS and QNM
frequencies. Such conditions naturally arise for small peri-
apsis, where the instantaneous frequency of the orbit is
higher. Furthermore, as shown in Fig. 7, the spatial overlap
between QNMs and QBSs is significantly enhanced when
the particle is closer to the BH. Increasing α further amplifies
the excitation by reducing the frequency gap between the
modes and increasing their overlap.
In Fig. 8, we stopped at a value of α ¼ 0.339. Increasing

α even further would likely enhance QNM emission, and
possibly make it dominant over the QB one for small
periastrii. However, increasing α further pushes us outside
the regime of validity of our formalism. In solving the
Schrödinger-like equation with a simple time integration,
we neglected the imaginary part of the QNM frequencies in
the bilinear form. This contribution corresponds to a secular
term, varying on an e-folding timescale, which would
require a two-timescale expansion to be consistently
included. Our approximation is justified because the
integrand is strongly localized around periapsis passage,
while it decays rapidly and oscillates away from the peak,
so that the excitation occurs in a sudden, sharply peaked
burst around the peak rather than over an extended time-
scale (see Ref. [53] for a similar approximation in the
gravitational case). When the QNM and QBS frequencies
are sufficiently separated, this decay occurs efficiently
within a few e-folding timescale, and the secular effects
remain negligible. As α increases, however, the two
frequencies approach each other, slowing down the decay
of the integrand. Physically, this reflects the fact that the
particle can bridge the small frequency gap not only near
periapsis, but also at times when its instantaneous orbital
frequency is lower. In this regime, the secular term cannot
be neglected, and a more refined treatment would be
required. Figure 9 shows the integrand I appearing in
Eq. (32) for rp ¼ 3M as a function of the periastron
crossing time for different α. As shown in the figure, the
integrand decay is slower when α increases. Taking a
reference timescale of 2.5 e-folds, over which the expo-
nential varies by a factor of approximately 10, we find that
at α ¼ 0.33 the integral accounts for about 90% of the total,
while at α ¼ 0.354 it amounts to only about 50%, prevent-
ing the computation from being extended to higher α values
(for this reason, α ¼ 0.354 is not shown in Fig. 8).
Our results are obtained under a number of simplifying

assumptions—a Schwarzschild background, a smoothened
Newtonian potential, and neglecting secular effects—and

FIG. 8. Energy loss of a fly-by particle due to nonresonant
transitions of a li ¼ mi ¼ 1 QBS into lj ¼ 1QNMs (continuous
lines) and QBSs (dashed lines) as a function of the periapsis of
the orbit. As α increases, the energy loss due to QNM excitation
becomes comparable with the QBS one whenever the periapsis
is small.
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should therefore be regarded as order-of-magnitude esti-
mates. Nevertheless, they clearly indicate that QNMs can
be efficiently excited in burstlike events by unbound
particles with sufficiently small periapsis, potentially domi-
nating over QBS energy loss at high α, and thus represent a
non-negligible channel of energy loss during capture
processes. This is consistent with previous findings in
the gravitational case, where it was found that gravitational
QNMs can be excited appreciably by particles passing very
close to the light ring [22–25].
Finally, note that while in this paper we considered

circular (resonant) and unbound (nonresonant) orbits, one
could also study bound, eccentric orbits. Depending on
their eccentricity, transitions induced by such orbits can
interpolate between the two cases we studied. For small
eccentricity, the orbit spends much of its time near the same
radius, allowing resonances to build adiabatically, while for
large eccentricity, the orbit rapidly samples different radii,
suppressing resonant effects [11]. Thus, the phenomenol-
ogy of eccentric orbits lies naturally between the resonant
and nonresonant limits analyzed here.

VI. CONCLUSIONS

In this work, we investigated the mathematical properties
of QNMs and QBS of massive scalar fields, and estimated
QB-to-QN transitions in boson clouds. We first established,
both analytically and numerically, the orthogonality
between the two mode families with respect to the recently
introduced bilinear form for massive scalar fields [19]. We
also showed how the bilinear form is related to QNM and
QBS excitation coefficients in the Laplace formalism, by
adapting methods from leaky-wave optics. Finally, we
demonstrated that transitions between QBSs and QNMs
can occur in the presence of an external potential, and that
although such transitions are generally suppressed when
the potential is supported far from the BH, they become

appreciable for potentials concentrated near it. We analyzed
in detail the case of a tidal perturbation generated by a
binary companion. We showed that QNM emission is
suppressed in resonant systems, such as circular binaries,
while it becomes significant in nonresonant capture proc-
esses. In the latter case, we employed a few approxima-
tions. First, we used a toy model potential that mimics the
Newtonian interaction, and second, we restricted our
analysis to the region of parameter space where secular
effects are negligible.
A natural extension of our work would be to refine this

setup by employing a fully relativistic description of the tidal
potential sourced by a fly-by particle. This could be obtained
by generalizing the perturbative framework of Ref. [13] to
unbound orbits. In this work, we also restricted our attention
to fundamental l ¼ 1 QNM transitions. A more complete
analysis should incorporate highermultipoles and overtones,
which are expected to enhance the excitation in relevant
regimes. Another natural extension would be to include the
spin of the primary BH, as studies in the gravitational case
have shown that the QNM excitation amplitude is strongly
dependent on the BH spin [22–25].
Another interesting direction would be to consider other

astrophysical perturbations as sources of the QN-QB
transition: for instance, accretion-disk turbulence has been
shown to excite gravitational QNMs around Kerr BHs [54];
if a boson cloud were present, similar processes could also
induce scalar QNM excitation and potentially deplete the
cloud. Moreover, binary extreme mass-ratio inspirals
evolving inside boson clouds provide a promising labo-
ratory: the high internal orbital frequency of these systems
could efficiently excite high-frequency scalar QNMs, in
close analogy with the gravitational case [55], and in
particular high multipoles that display strong overlap with
the cloud wave function.
Finally, another interesting extension would be to

include additional components of the Green’s function in
the complex plane, such as the branch-cut contribution.
This would allow one to capture late-time tails, which are
known to be enhanced in noncircular or unbound configu-
rations [56,57]. However, by analogy with the gravitational
case, such contributions are typically subdominant with
respect to the QNM signal and become relevant only at late
times. We therefore do not expect them to qualitatively
affect our main conclusions, although their inclusion would
provide a more complete description of the dynamics.
Overall, our work motivates further studies of boson

clouds in astrophysical environments within a fully rela-
tivistic framework. We hope to report on these interesting
problems in the future.

ACKNOWLEDGMENTS

We thank Sam Dolan, Thomas Spieksma, Conor Dyson
and Jaime Redondo-Yuste for useful conversations.
We acknowledge financial support by the VILLUM

FIG. 9. Integrand of Eq. (32) as a function the periapsis
crossing time for different α. As α increases, the integrand
decays slower than an e-folding timescale (dashed line).

EXCITATION OF SCALAR QUASINORMAL MODES FROM BOSON … PHYS. REV. D 113, 083039 (2026)

083039-11



Foundation (Grant No. VIL37766) and the DNRF Chair
program (Grant No. DNRF162) by the Danish National
Research Foundation. E. C. acknowledges financial support
provided under the European Union’s H2020 ERC
Advanced Grant “Black holes: gravitational engines of
discovery” Grant Agreement No. Gravitas–101052587.
R. B. acknowledge financial support provided by FCT–
Fundação para a Ciência e a Tecnologia, I. P., through the
ERC-Portugal program Project “GravNewFields.” We also
thank the Fundação para a Ciência e Tecnologia (FCT),
Portugal, for the financial support to the Center for
Astrophysics and Gravitation (CENTRA/IST/ULisboa)
through Grant No. UID/PRR/00099/2025 and Grant
No. UID/00099/2025. L. S. acknowledges support from
the UKRI Horizon guarantee funding (Project No. EP/

Y023706/1). L. S. is also supported by a University of
Nottingham Anne McLaren Fellowship. S. R. G. is sup-
ported by a UKRI Future Leaders Fellowship (Grant
No. MR/Y018060/1).

Views and opinions expressed are however those of the
author only and do not necessarily reflect those of the
European Union or the European Research Council.
Neither the European Union nor the granting authority
can be held responsible for them.

DATA AVAILABILITY

The data that support the findings of this article are
openly available [32].

[1] R. Brito, V. Cardoso, and P. Pani, Superradiance:
New Frontiers in Black Hole Physics, Vol. 906 (Springer,
New York, 2015).

[2] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper,
and J. March-Russell, Phys. Rev. D 81, 123530
(2010).

[3] A. Arvanitaki and S. Dubovsky, Phys. Rev. D 83, 044026
(2011).

[4] B. Kocsis, N. Yunes, and A. Loeb, Phys. Rev. D 84, 024032
(2011).

[5] N. Yunes, B. Kocsis, A. Loeb, and Z. Haiman, Phys. Rev.
Lett. 107, 171103 (2011).

[6] L. Speri, A. Antonelli, L. Sberna, S. Babak, E. Barausse,
J. R. Gair, and M. L. Katz, Phys. Rev. X 13, 021035 (2023).

[7] D. Baumann, H. S. Chia, and R. A. Porto, Phys. Rev. D 99,
044001 (2019).

[8] D. Baumann, H. S. Chia, R. A. Porto, and J. Stout, Phys.
Rev. D 101, 083019 (2020).

[9] D. Baumann, G. Bertone, J. Stout, and G. M. Tomaselli,
Phys. Rev. D 105, 115036 (2022).

[10] D. Baumann, G. Bertone, J. Stout, and G. M. Tomaselli,
Phys. Rev. Lett. 128, 221102 (2022).

[11] G. M. Tomaselli, T. F. M. Spieksma, and G. Bertone, J.
Cosmol. Astropart. Phys. 07 (2023) 070.

[12] G. M. Tomaselli, T. F. M. Spieksma, and G. Bertone, Phys.
Rev. D 110, 064048 (2024).

[13] R. Brito and S. Shah, Phys. Rev. D 108, 084019 (2023);
110, 109902(E) (2024).

[14] F. Duque, C. F. B. Macedo, R. Vicente, and V. Cardoso,
Phys. Rev. Lett. 133, 121404 (2024).

[15] C. Dyson, T. F. M. Spieksma, R. Brito, M. van de Meent,
and S. Dolan, Phys. Rev. Lett. 134, 211403 (2025).

[16] P. S. Cole, G. Bertone, A. Coogan, D. Gaggero, T. Karydas,
B. J. Kavanagh, T. F. M. Spieksma, and G. M. Tomaselli,
Nat. Astron. 7, 943 (2023).

[17] R. Della Monica and R. Brito, Phys. Rev. D 112, 024074
(2025).

[18] D. Li, C. Weller, P. Bourg, M. LaHaye, N. Yunes, and H.
Yang, Phys. Rev. D 112, 084057 (2025).

[19] E. Cannizzaro, L. Sberna, S. R. Green, and S. Hollands,
Phys. Rev. Lett. 132, 051401 (2024).

[20] J. Percival and S. R. Dolan, Phys. Rev. D 102, 104055
(2020).

[21] Y. Decanini, A. Folacci, and M. Ould El Hadj, Phys. Rev. D
92, 024057 (2015).

[22] J. Thornburg, B. Wardell, and M. van de Meent, Phys. Rev.
Res. 2, 013365 (2020).

[23] J. Thornburg andB.Wardell, Phys.Rev.D95, 084043 (2017).
[24] S. O’Sullivan and S. A. Hughes, Phys. Rev. D 90, 124039

(2014); 91, 109901(E) (2015).
[25] Y. Kojima and T. Nakamura, Prog. Theor. Phys. 72, 494

(1984).
[26] S. R. Green, S. Hollands, L. Sberna, V. Toomani, and P.

Zimmerman, Phys. Rev. D 107, 064030 (2023).
[27] E. Berti et al., arXiv:2505.23895.
[28] E.W. Leaver, Phys. Rev. D 34, 384 (1986).
[29] S. Ma and H. Yang, Phys. Rev. D 109, 104070 (2024).
[30] E.W. Leaver, Proc. R. Soc. A 402, 285 (1985).
[31] S. R. Dolan, Phys. Rev. D 76, 084001 (2007).
[32] https://github.com/laurasberna/blackhole-QBS-QNM.
[33] H.-P. Nollert and B. G. Schmidt, Phys. Rev. D 45, 2617

(1992).
[34] N. Andersson, Phys. Rev. D 51, 353 (1995).
[35] E. Berti and V. Cardoso, Phys. Rev. D 74, 104020 (2006).
[36] K. Glampedakis and N. Andersson, Phys. Rev. D 64,

104021 (2001).
[37] S. Hod and T. Piran, Phys. Rev. D 58, 044018 (1998).
[38] H. Koyama and A. Tomimatsu, Phys. Rev. D 64, 044014

(2001).
[39] H. Koyama and A. Tomimatsu, Phys. Rev. D 65, 084031

(2002).
[40] T. Tamir and A. Oliner, Guided Complex Waves. Part 1:

Fields at an Interface (Proceedings of the Institution of
Electrical Engineers, 1962), 10.1049/piee.1963.0044.

ENRICO CANNIZZARO et al. PHYS. REV. D 113, 083039 (2026)

083039-12

https://doi.org/10.1103/PhysRevD.81.123530
https://doi.org/10.1103/PhysRevD.81.123530
https://doi.org/10.1103/PhysRevD.83.044026
https://doi.org/10.1103/PhysRevD.83.044026
https://doi.org/10.1103/PhysRevD.84.024032
https://doi.org/10.1103/PhysRevD.84.024032
https://doi.org/10.1103/PhysRevLett.107.171103
https://doi.org/10.1103/PhysRevLett.107.171103
https://doi.org/10.1103/PhysRevX.13.021035
https://doi.org/10.1103/PhysRevD.99.044001
https://doi.org/10.1103/PhysRevD.99.044001
https://doi.org/10.1103/PhysRevD.101.083019
https://doi.org/10.1103/PhysRevD.101.083019
https://doi.org/10.1103/PhysRevD.105.115036
https://doi.org/10.1103/PhysRevLett.128.221102
https://doi.org/10.1088/1475-7516/2023/07/070
https://doi.org/10.1088/1475-7516/2023/07/070
https://doi.org/10.1103/PhysRevD.110.064048
https://doi.org/10.1103/PhysRevD.110.064048
https://doi.org/10.1103/PhysRevD.108.084019
https://doi.org/10.1103/PhysRevD.110.109902
https://doi.org/10.1103/PhysRevLett.133.121404
https://doi.org/10.1103/PhysRevLett.134.211403
https://doi.org/10.1038/s41550-023-01990-2
https://doi.org/10.1103/h7ld-vv9p
https://doi.org/10.1103/h7ld-vv9p
https://doi.org/10.1103/7l9s-g21j
https://doi.org/10.1103/PhysRevLett.132.051401
https://doi.org/10.1103/PhysRevD.102.104055
https://doi.org/10.1103/PhysRevD.102.104055
https://doi.org/10.1103/PhysRevD.92.024057
https://doi.org/10.1103/PhysRevD.92.024057
https://doi.org/10.1103/PhysRevResearch.2.013365
https://doi.org/10.1103/PhysRevResearch.2.013365
https://doi.org/10.1103/PhysRevD.95.084043
https://doi.org/10.1103/PhysRevD.90.124039
https://doi.org/10.1103/PhysRevD.90.124039
https://doi.org/10.1103/PhysRevD.91.109901
https://doi.org/10.1143/PTP.72.494
https://doi.org/10.1143/PTP.72.494
https://doi.org/10.1103/PhysRevD.107.064030
https://arXiv.org/abs/2505.23895
https://doi.org/10.1103/PhysRevD.34.384
https://doi.org/10.1103/PhysRevD.109.104070
https://doi.org/10.1098/rspa.1985.0119
https://doi.org/10.1103/PhysRevD.76.084001
https://github.com/laurasberna/blackhole-QBS-QNM
https://github.com/laurasberna/blackhole-QBS-QNM
https://doi.org/10.1103/PhysRevD.45.2617
https://doi.org/10.1103/PhysRevD.45.2617
https://doi.org/10.1103/PhysRevD.51.353
https://doi.org/10.1103/PhysRevD.74.104020
https://doi.org/10.1103/PhysRevD.64.104021
https://doi.org/10.1103/PhysRevD.64.104021
https://doi.org/10.1103/PhysRevD.58.044018
https://doi.org/10.1103/PhysRevD.64.044014
https://doi.org/10.1103/PhysRevD.64.044014
https://doi.org/10.1103/PhysRevD.65.084031
https://doi.org/10.1103/PhysRevD.65.084031
https://doi.org/10.1049/piee.1963.0044
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