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Feynman integral reduction and Landau singularities
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We propose that Feynman integral reduction is controlled by solutions of the Landau equations. We
study integral relations with prescribed propagator powers using syzygy methods and discuss how syzygies
can be expressed as a sum over components of the Landau singularity locus. This leads to a determinantal
approach to solving the syzygy problem, giving rise to highly compact and physically transparent
solutions. We demonstrate the method in applications to planar two-loop five-point integrals relevant for
the pp — tiH process. Our results suggest an efficient method of Feynman integral reduction and provide a

novel physical perspective on the problem.
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Introduction. Perturbative calculations of scattering ampli-
tudes are essential for precise understanding of fundamental
physics at particle collider and gravitational-wave experi-
ments. The defining difficulty of such calculations is both the
large number and complexity of the Feynman integrals that
must be computed. In modern approaches, this issue is tackled
by exploiting the linear relations that the integrals satisfy [1].
This both reduces the computational burden to that of a smaller
set of “master integrals” as well as facilitates the calculation of
the master integrals themselves via the differential equations
method [2-5]. While algorithms for integral reduction exist [6]
and public implementations are available [7-16], the large
demands for precision placed by experimental uncertainties
have driven the development of novel reduction methods such
as syzygy methods [17-19], finite-field reconstruction
[20,21], and twisted cohomology approaches [22-27].

In this Letter we argue that Feynman integral reduction is
controlled by the Landau equations [28]. The Landau equations
have recently been under intense study [29-36] as singularities
of scattering amplitudes are described by solutions that
constrain external kinematics. In this work we discuss how
solutions of the Landau equations that do not constrain external
kinematics organize the set of relations between Feynman
integrals. We uncover this physical correspondence by con-
sidering the set of integral relations with prescribed propagator
powers. It is well known that these relations are controlled by a
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so-called syzygy equation [17]. Despite intense study over the
past 15 years [17-19,37,38—44] and impressive recent com-
putational progress [15,16,45], both the physical meaning of
the syzygy equation and general solutions have remained
elusive. In this work, we tackle both questions by connecting
the syzygy problem to the Landau equations.

While a link between syzygies and the Landau equations
has been noticed before [37], we employ two advances to
make this connection constructive. First, we exploit the
recent observation [46] that distinguished “critical syzygies”
are often sufficient for integral reduction purposes. Second,
we use advanced technologies from commutative algebra
[47,48]. Together, this allows us to write the set of critical
syzygies as a sum over components of the solutions of the
Landau equations. Importantly, this leads to an approach to
construct a highly compact collection of analytic syzygies.
We illustrate our approach by applying it to a cutting-edge
example of a two-loop pentabox family for the frontier
pp — ttH process. We discuss a double box case in detail
and present the remaining set of five-point syzygy solutions
in the Supplemental Material [49]. Altogether, our results
highlight how Feynman integral reduction is controlled by
infrared singularities and provide an efficient method of
syzygy construction for phenomenological application.

Singularities and integral relations. In this work, we study
relations between Feynman integrals with prescribed
propagator powers. It is well known [17] that these
relations are easily constructed once a “syzygy equation”
is solved. In the Baikov representation [50], this equation
can be formulated as [18,46]

0=aeB+ Y adB+ Y
)

(ZleZeB + aezeaeB) ’
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(1)
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where I' is the graph associated to the Feynman integral,
ISPs(I") labels the irreducible scalar product variables, and
props(I") labels the propagator variables z,. In Eq. (1), B is
the Baikov polynomial which, in two-loop, five-point
applications, can be normalized and written as

Z.
G LiP1P2P3P4
( ij1P2P3P4 )

G(p1p2p3ps)’ @)

B = pyipny — i, Hij =

where #; are D-dimensional loop momenta, p, are external
momenta, G(y,) is the determinant of the matrix of dot

products of vectors in V and W and, G(V) = G(}).

Despite being a linear equation, solving Eq. (1) is highly
nontrivial since integral reduction demands solutions a, a;,
a,, and a, that are elements of R, the polynomial ring in
Baikov variables. In Ref. [46], it was observed that integral
relations induced by solutions to Eq. (1) are governed by
the a, term. This led to the definition of the set of critical
syzygy solutions, CSyz(T"), that control this feature at the
level of Eq. (1). In the following, we develop a novel
approach to finding critical syzygy solutions, by high-
lighting a connection to the Landau equations.

To begin, we consider the maximal cut Landau locus
in Baikov parametrization [34,51]. This is the variety

U dan = V(UL ngan) @ssociated to the polynomial ideal
JIl:andau = <B> + Z <alB> + ‘]Eut’ (3)
i €ISPs(I")

where -+ denotes the sum of polynomial ideals and
Jeut = 2oe cprops(r) (Ze)- We consider Uj for fixed

Landau
external kinematics and hence as a variety in Baikov

variables alone. Physically, Ul , =~ describes integration

space regions that potentially give rise to divergences. For

two-loop, five-point examples, we find that U}, , ~admits
a decomposition into subvarieties as

UL e = V(Jag + J5) U | G OT 4

Landau — ( 44 T Cut) U iL:Jl il ( )

where J4q = (11, fas, p12) and each U' is an irreducible
component of UY, . = that is not contained in Uj =
V(J4q + J5). We observe that, physically, the U,., are
associated to soft and collinear configurations.

Our main result is to write the critical syzygy module as a
sum over the varieties in Eq. (4) as

R

CSyz(I') = > _ FittSyz(UY). (5)
i=0

which we dub a “Landau decomposition” of CSyz(I'). In
the following, we define FittSyz(U") by giving an explicit
procedure to construct a generating set. To this end, we

recall that the module of critical syzygies, CSyz(I'), is
defined such that it is isomorphic to an ideal [46] as

CSyz () = A5 /5.

ngz = Z <aiB> + Z <Zer ZeaeB>v (7)

i€ISPs(I') e € props(I)

Ag:‘lgyz <B>7 (6)

where A} /JL,, is the image of Af in the quotient ring R/J<,,
and Ji,,: (B) is an ideal quotient. Geometrically, if this
quotient is saturated, i.e., Ji,: (B) = Ji,:(B?), thenitcan
be understood as removing components where B = 0 from
V(J§,) [46]. We will make use of this “saturation hypoth-
esis” throughout this work. Here, we interpret the ideal
quotient as removing Landau singularities from V(J{y,)
and Eq. (5) as an algebraic shadow of this geometric
intuition. That is, one can remove Landau locus compo-
nents one by one in a way that automatically yields critical
syzygies.

To set up Eq. (5), we introduce some technology. The
main observation is that we can decompose Af as

R

AL = Fittg(M,) + Ty, (8)
i=0

Ut
M; = (sz[z n Jaa) [ syze (9)

MO = J4d/J£yzv
where the M; are viewed as R modules and the i = 0 term
in both Eq. (8) and Eq. (5) can be dropped if njg > 0. This
result, and thus Eq. (5), can be shown to hold under the
saturation hypothesis and

/ nR
V(JIS;’Z: ngl) n UEandau c igl Uzr’ (10)

where \/J denotes the radical of J. V(J:1/J) is known as
the nonreduced locus of J and describes the locus where J
is not a radical ideal. The proof is technical, and we leave it
to the Supplemental Material [49].

There are two main pieces of mathematical technology in
Eq. (8). The first is Fitty(M;), the zeroth Fitting ideal of the
module M; [48]. Denoting a generating set of the numerator
ideal of M; as {v, 1, ..., v;,}, Fitty(M;) is generated by the
n X n minors of a presentation matrix M; of M;: a matrix
whose rows generate the module of syzygies of a generat-
ing set of M;. Geometrically, for two ideals J, K such that
J C K, the zeroth Fitting ideal satisfies

V(Fitty[K /J]) = V(J:K), (11)

and is thus intimately related to the ideal quotient. The
second technology is JIV!, the “prelocalization” of an ideal
J at a variety U, which can be built from a primary
decomposition of J. Denoting the primary components of J
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as Q;, we define the prelocalization as those components
whose associated variety intersects U, i.e.,

JU = N

12
JiV(Q)nU#w (12)

Q;.

Thus, each term in Eq. (8) excises Ujy U U} from V(Jg,).

In practice, we can view Eq. (8) as a determinantal
construction of Ag . Moreover, via judicious, block con-
struction of the M, we can also use this to build CSyz(T").
To this end, writing the generators of ngz in Eq. (7) as
{bi, ..., b, }, we construct a polynomial matrix C; such that
b; = (C;) jxvik- Next, we construct a matrix R; whose rows
generate the module of syzygies of {v; , ..., v;,,}. It can be
7%) is a presen-
tation matrix of M;. To use this to construct syzygies, we
exploit that, under the saturation hypothesis, there exists a
¢; such that B = ¢; - ¥;. We can combine this vector and
M, into the matrix

shown that the augmented matrix M; = (

B &
Fi=|b ¢ |, (13)
0 R,

which satisfies ;(3') = 0, and so maximal minors of F;
vanish. Therefore, Laplace expansion along the leftmost
column yields solutions to Eq. (1). We define FittSyz(U?")
as the module implicitly generated by Laplace expansions
of the maximal minors of F; that contain the first row. By
construction, the coefficients of B generate Fitty(M;), and
we conclude that the decomposition of Eq. (5) holds.

In summary, to construct the set of critical syzygies for a
topology I', we first construct an irreducible decomposition
of the maximal-cut Landau locus. Then, for each compo-
nent, we construct the matrix F; by computing the set of
polynomial matrices c;, C;, and R;. Laplace expansion of
each F; gives syzygy solutions which, when taken
together, generate the syzygy module CSyz(T').

Notation and variable choice. In the rest of this Letter, we
demonstrate how Eq. (13) can be used to efficiently build
syzygy solutions. For concreteness, we study applications
to cases arising in the two-loop contributions to amplitudes
for pp — t1H. Here, the external momenta satisfy

We route the loop momenta as in Fig. 1(a) and, writing
qr = Zj?:, Pj» 9o = 0, we define Baikov variables as

Zij = (fi - ('Ij)z - m,z, 7= (?1 —?2)27 (15)

where m; ; is the mass of the propagator associated to z; ;.

. s e
We abbreviate 9, ; = 0 and 0; = =

For practical computations, as well as ease of physical
understanding, we make the observation that, for fixed
external kinematics, Eq. (15) defines an isomorphism
between the polynomial ring in Baikov variables and a
polynomial ring in momentum variables. Specifically,

R = C[A., 645, u1. poz. 1) (16)

where #; are the four-dimensional projections of the #; and
pij =¢;-¢; —¢; - ¢;. The isomorphism in Eq. (16) follows
as both the forward and the inverse map are polynomial,
with the inverse map given by the well-known

1
7= EZ(ZLO —zij+q; —mi; +migv,  (17)
J

where the v; are defined by v; - g; = J;;, alongside Eq. (2).
The Baikov polynomial and its derivatives can easily be
expressed in loop-momentum variables via Eq. (2) and

0B = up, (18)

0ajB = 6j0(Haa — H12) +w; - Ag,
A, = Copaa — Catin, (19)

where a = 3 — a and W/ = —20,, ;4. Moreover, we make
use of the Sudakov parametrization,

Ci=x;p+pm+ ¢t (20)

where p is the relevant massless momentum, # is a massless
reference vector, and #; is the projection of #; into the
space transverse to p and 7.

A five-point double box example. In this section, we apply
Eq. (5) in the case of the double box of Fig. 1(a). All
explicit computations are performed with SINGULAR [52].
To begin, we check the validity of the Landau decom-
position, by computing the ingredients of Eq. (10). We first
compute the irreducible decomposition of the maximal cut
Landau locus, finding

3
4 2 - & - I -
Ié;_rl P e
(@ T by U* (©) Uy

FIG. 1. Double box topology from pp — ttH (a) and its
leading Landau singularities (b), (c). Black lines are massless
particles; red, the top quark; blue, the Higgs boson; dashed, soft
particles; dotted, collinear particles.

L031902-3



CORO, NOVICHKOYV, PAGE, and SONG

PHYS. REV. D 114, L031902 (2026)

uh

Landau — Ugl U Ul;l U Ul;* (21)
where U?‘ and ng correspond to configurations of loop
momenta that both satisfy the maximal cut, as well as some
internal soft/collinear configuration. We depict them
graphically in Figs. 1(b) and 1(c).

Next, to compute the nonreduced locus of ngz, we
calculate the radical of Jt, syz- Our approach is to express it as
the intersection of the minimal associated primes [47] of
R/J l;yz’ which we write as mAss(JsryZ) As minimal primes
correspond to irreducible components of V(J Syz) and
generators of szz factorize, it can be argued that

mAss(Jyy,) = mAss(Ag)Uminc[ U mAss( Landau)] (22)
= |rer

where the minimum is with respect to inclusion. For the

two-loop examples we have studied, Eq. (22) can be

efficiently implemented for numerical external kinematics.
For the double box example, we find the result

T4 = A 0 Jyg 0 025

e-col

Cr—q4.D. 2 ANA
NnJ 440‘150&20‘]50&0‘]12 (23)

e-col i-col

The novel ideals in Eq. (23) correspond to uncut soft or
collinear singularities, which we depict in Fig. 2. Two
ideals describe configurations where an internal momen-
tum is collinear to an external momentum, as in Fig. 2(a),
two ideals describe a soft internal momentum, as in
Fig. 2(b), and a final ideal describes three collinear internal
momenta, as in Fig. 2(c). Explicitly, they are given by

i ,
Je—co? = </'412v//lii, (fz - CIj)J_ s (lfﬂl - C]j) . pk>, (24)
Jsolft = (¢1. p1 b)), (25)

Jf(lftfz = (& = 5, u11 — Hos Boo — H12),s (26)

T = (e

i-col

- fll/fg’zl,o’ 22,0 Z>7 (27)

where we employ the parametrization of Eq. (20) for
p = pi. With these data, we compute the nonreduced

locus of Jsry'Z and find that its intersection with the maximal
cut is empty, implying that Eq. (10) is satisfied.

,,,,,,,,,, ~ @ (G &

) pi collinear ) soft

PLLEEN

) £1 /43 collinear

FIG. 2. Diagrams of Landau singularities arising in the com-

putation of ngz (a, b, ¢). Notation matches Fig. 1.

These ideals allow us to easily compute the necessary
prelocalizations and their associated C matrices. As the
nonreduced locus does not intersect the maximal cut, all
prelocalizations are simply intersections of the ideals in
Eq. (23). For U{‘ , it is physically clear that it intersects only
the p,/ps collinear loci and the 4d locus, giving

r
.U, -
Js;z[ ' = Jug anzsps anz q4.P4

e-col e-col

= (U12. o2 U137, 220223 M1+ 224b11)s (28)

where we employ the parametrization of Eq. (20) with

p = ps,n = ps. To construct C, we note that beZ[U ]

contains J,q. We express the generators of szz in terms
of those of Eq. (28) by inspection, using Eq. (18) and

01,;B = (01 jp11 )2z — 2(01 j12) 12, (29)
22,452,43 = (02,4/02)22,4/111 - 222.4(52.4/412)#12, (30)
0, ;B = (Wj : le)/‘n - 2(02,,'/112)/412’ (31)
22,j02;B = 22 % + Wi Ca | i1 = 22,02 #Ts
(32)

where Eq. (31) holds for j = 1, 2 and Eq. (32) for j = 0, 3.

The prelocalization at U2 can be handled analogously.
Physically, the maximal-cut #,/¢, collinear singularity
intersects with the four-dimensional locus, as well as uncut
soft and collinear loci, implying

r.Uy]

szz’ 2 :J4dn.]f] 2 njfl 2

soft i-col
= (M. A B+ (1 - 2),
)(511) = Zi,O(M?E _/'412)1 )(Eb) = Zi.o(ﬂii —ﬂff)- (33)

The relations required to express the C matrix are again
easy to determine by inspection. They are given by

Zi00i0B = zigwo - A +)(,('a)’ (34)
20:B=2B+7C A+, Ny —Z(la> —)(ga)v (35)

alongside Eq. (19) for j > 0. Given the generating sets in
Egs. (28) and (33), the syzygy matrices R can easily be
computed with Groebner basis techniques.

pp — ttH pentabox study. We have applied the Landau
decomposition strategy to the set of five-point diagrams
within the pentabox topology of Fig. 3(a), which we depict
in Fig. 3. In all cases, similar to the double box example, we

confirm that the nonreduced locus of nyz does not intersect

L031902-4
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A KIS I3

(@ I (b) I's () I'y drs (T

FIG. 3. Remaining five-point topologies contributing to the
leading-color, light-quark-loop contributions to pp — ffH penta-
box topology (a, b, c, d, e).

the maximal cut, therefore implying Eq. (10). As such, we
could construct all Landau decompositions with the strat-
egy described for the double box. Moreover, we explicitly
confirm the equality of Eq. (8) computationally.

We find that the universality of infrared singularities is
reflected in our construction: all (SINGULAR) minimal
primes that we encounter are either J,q or are captured
by the graphs in Fig. 2. Moreover, we are able to recycle
ingredients between topologies. Firstly, the ideal in Eq. (28)
arises as a prelocalization on the soft singularity for an
exchange between the two massless legs also in the
pentabox, I',, and the box triangle, I'5. Secondly, for each
of I'y, I's, and Ty, the singularity where the central line is
soft results in the same prelocalization. In both cases, one
can easily reuse the building blocks of the Fitting con-
struction. In total, only seven nontrivially distinct con-
structions arise. For the interested reader, we present results
of the calculations of the C and R matrices for all graphs in
Fig. 3. in the Supplemental Material [49]. We note that, in
contrast to commonly used computational methods, no
degree bound was used in our calculation. Therefore, our
(critical) syzygy solutions are proven to be complete.

Discussion and outlook. In this work, we have studied
Feynman integral reduction with syzygy methods. We
applied advanced methods from commutative algebra to
construct analytic generating sets of syzygies that are
essential for efficient computation of Feynman integrals
for collider physics. Our formulas are highly compact, and
physically transparent: they are organized by the Landau

locus. Strikingly, this highlights how Feynman integral
reduction is controlled by infrared singularities.
Interestingly, we have observed that, once syzygies asso-
ciated to a Landau locus component have been constructed,
they can be applied to other diagrams. This suggests a
universality of our syzygy solutions, which we expect can
be applied to amplitude calculations for collider processes
beyond those studied in this work.

Given our results, an important next step is to understand
how to construct a minimal set of total derivatives suitable
for integrand-level reduction [19,38]. Indeed, the compact
nature of our results hints at the tantalizing possibility of
constructing stable, floating-point reduction methods in
which there has been renewed interest [38,53-55].
Altogether, we expect our approach to be of crucial
importance for future calculations of LHC scattering
amplitudes, enabling progress both beyond 2 — 3 kinemat-
ics and at higher loop orders.
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