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Spin polarized quasiparticle in an off-equilibrium medium
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We classify radiative corrections to spin polarization into three types: (i) spectral function, (ii) modified
distribution function, and (iii) modified Kubo-Martin-Schwinger relation. The last two contributions
modify the well-known free theory results. The first contribution is present with radiative correction only.
We perform a detailed analysis on the first type for an energetic quark in a medium with hydrodynamic
gradients, finding the radiative correction to spectral function leads to a polarized quasiparticle. The
degeneracy of spin polarization induced by different hydrodynamic sources in free theory is lifted by
radiative correction. We argue that the corrections of the last two types are parametrically suppressed with
respect to the first type for the energetic quark we consider.
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I. INTRODUCTION AND SUMMARY

Spin polarization is one of the most important observ-
ables in particle physics. It offers a unique probe of the
production mechanism and internal structure of particles. In
relativistic heavy ion collisions, a novel mechanism of spin
polarization due to initial orbital angular momentum in off-
central collisions has been proposed [1]. It is expected to
generate a spin polarization of baryon and spin alignment
of vector meson [1,2]. An outstanding feature of spin
polarization in heavy ion collision is the role of the quark-
gluon plasma (QGP) medium undergoing rapid evolution,
which provides a valuable probe to the spinning property of
QGP. Over the past decade, a variety of spin polarization
phenomena have been observed in heavy ion experiments
[3]. One of the best understood examples among them is the
global polarization of A hyperon, which characterizes the
vorticity of QGP [4-9]. The local spin polarization of A
hyperon and vector meson spin alignment allows us to
study spin induced by more general off-equilibrium effects
described by the hydrodynamic gradient [10-17] and
fluctuation effect [18-21].

Understanding the massive precise data requires a
theoretical framework that can treat spin degree of freedom
(DOF) systematically. Kinetic theory formulated in terms
of quasiparticles and their distribution function has been a
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widely used framework in early studies of spin independent
transport in QGP. A description of spin transports requires
generalization to the spin dependent distribution function.
This has been pursued actively in recent years, leading to
the quantum kinetic theory (QKT); see [22] for a recent
review. Spin polarization has been predicted in free theory
based on QKT [10,23] and field theory [4,11,12]. The
contributions can be recognized as being from gradient
correction to the Kubo-Martin-Schwinger (KMS)relation
and spin dependent distribution. The free theory prediction
is expected to be corrected by the interaction effect.

In QKT, the interaction effect can be taken into account
systematically from self-energy of the quasiparticles. The
interaction effect can be separated into effects of collision
and modified spectral function, which for massless DOF
arise from two-loop and one-loop self-energy diagrams
respectively [24]. Incorporation of collision to QKT has
been made recently in [24-27], and phenomenological
studies have been carried out in [28-33]. Despite the fact
that two-loop self-energies are formally suppressed by ¢*, it
is enhanced by a factor of 1/¢* from the large deviation of
the steady state from the equilibrium state, leading to an
overall O(1) contribution to spin polarization [30,32—34].

One-loop self-energy has also been considered recently
in [31 ,35,36].1 In an inhomogeneous medium characterized
by gradient of temperature and fluid velocity, the corre-
sponding gradient of self-energy plays the role of the
effective electromagnetic field, giving rise to contribution
to spin polarization at O(g*d). In fact, there is yet another
contribution to spin polarization at the same order. It arises
from the O(g*d) contribution to the axial component of the

'See also [37] for related studies on spin averaged transports.
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spectral function. In this case, the spectral function modi-
fied quasiparticle itself becomes spin polarized. Both
contributions manifest themselves in a retarded correlator.
The former comes from local equilibrium self-energy at
O(g¢?) and gradient correction to the resummation equation,
leading to a contribution at O(g?d) in the resummed
retarded correlator. The latter comes from off-equilibrium
self-energy at O(g?d). We consider the two contributions
for massless quark in QGP with vorticity, shear, and
temperature gradient. It turns out the former contribution
is parameterically suppressed for an energetic quark in
medium while the latter contribution lifts the degeneracy in
spin polarization induced by vorticity, shear, and temper-
ature gradient in free theory. This is in close analogy with
the counterpart for external electromagnetic fields [38].
The paper is organized as follows: in Sec. II we first give
a general account of possible radiative corrections to spin
polarization in free theory. We then consider local equi-
librium and off-equilibrium corrections to quark self-
energy, which are used to extract the spectral function;
Sec. III is devoted to the conclusion and outlook.
Computational details are reserved in the two Appendixes.

II. RADIATIVE CORRECTION TO QUARK
SELF-ENERGY AND SPIN POLARIZATION

We start by summarizing the prediction for spin polari-
zation in free theory. For simplicity, we take chiral kinetic
theory (CKT), which is the massless limit of QKT. The
central quantity is the Wigner function defined as

X1 +X2
S X=
a[)’< 2

where y is the quark field and a, § are Dirac indices. In the
absence of a background gluon field, the color structure is
trivial and will be suppressed throughout the paper. X =
1(x1 4 x3), y = x; — x correspond to the center coordi-
nate of the quark and the relative coordinate conjugate to
the momentum. For our purposes, the expectation value is
taken in a near equilibrium medium characterized by
hydrodynamic gradients dy = d, for which the Wigner
function can be solved in gradient expansion as

,P) = [ @) )

§< = §<0) p g<(1) 4 ..., (2)
The explicit expressions of the first two orders are given by

§<O(P) = y,p"f

e p,u0,f
2Pp- u ’ (3)

S<(P) =y, |6Fp" +
with p, = 2ze(P - u)P,5(P?) being the free theory spec-
tral function. Equation (3) contains two terms in the square
bracket: the first term encodes modification of the

distribution function &f in an off-equilibrium state. In case
of vorticity, 5f is given by a spin-vorticity coupling shift of
the distribution. The second term arises from the free
spectral function and local equilibrium distribution, which
can be viewed as a modification of the KMS relation at
0(0). The radiative corrections may occur in three types:

(1) Spectral function. The spectral function is modified
by self-energy in equilibrium and its off-equilibrium
correction. It can contribute to the axial component
of the Wigner function in the form &5<©) =
P"7°8p,sf with y,7°8p,s being the axial component
of the spectral function from radiative correction.
This contribution is always proportional to equilib-
rium distribution.

(i) Modified distribution. Ignoring collisional effect, the
distribution function is modified due to spin-vor-
ticity coupling only. The radiative correction to the
modified distribution function arises from local
equilibrium self-energy and its derivatives [36].

(iii) Modified KMS relation. By parity the local equi-
librium self-energy contains vector component
X =y’E,, in which £, acts as a correction of
momentum. A contribution to the axial component
of the Wigner function is then expected in the form
of the second term of S<() with P, — X,. This
contribution is always proportional to derivatives of
the distribution function in contrast to the type
(i) contribution.

The last two contributions modify the well-understood
S<(1) in free theory. The first contribution is present with
radiative correction only. We shall focus on the first one and
study its impact on spin polarization, leaving radiative
corrections to the other two types for future explorations.

A. Modified spectral function

The spectral function is defined in a similar way as the
Wigner function:

pap(X.P) = / e (a0 (52) + W (2w

(4)

again with X =1 (x; + x,), y = x; —x,. By introducing
the ra basis in which the fields are related to those in the
Schwinger-Keldysh contour,

v, =W +ya), We=y -y, (5)

N =

and similarly for y, we immediately have the following
identities™:

2. .
In our convention, S = —S,.
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Sra == (S11 = S0 =S+ S21),

Sar =5 (811 = S22 + 812 = S21),

— N = N =

Spr == (S11 4 Sa0 + S12 + S21),

N

Saa = S11 + 822 = 812 = 81, (6)

where the two-point function with indices 11, 22, 12, and
21 correspond to time-ordered, antitime-ordered, lesser,
and greater functions respectively. One can define the
retarded function based on (6) as

SuanX.P) = [ e 20030) (w1 (x)
+ W)W a(x1)). (7)
Using the representation of the Heaviside function

dkg e kovo
0 =i | —
(vo) =1 27 ko +in’

we easily obtain

5,.(X. P) :/d_p’o ip(X, py, p) )
o 27 po—po+in

If p were real, we could simply take the real part of both
sides to obtain

p(P) = 2Re[S,,(P)]. (10)

With p being a matrix in Dirac space, the reality condition
is replaced by y°p(P) "y = p(P), which indeed holds at the
operator level from the definition (4).3 It follows that (10)
holds with the real part defined as ReA = 1 (A + y°A™y").
Importantly, the relation (10) holds in the off-equilibrium
state as well. It suggests that we perform the self-energy
calculations in the ra basis [39].

As remarked upon earlier, equilibrium self-energy and its
off-equilibrium correction will lead to radiative correction
to spectral function. Below we derive their contribution to
the retarded function based on the following Kadanoff-
Baym equation [24]:

i8Sk (x.y) - / (6. 2)Sp(z.y) = ~8(x ). (11)

3To confirm the reality condition at the expectation value level,
we still need the Hermitian condition in the density matrix, i.e.,
the state is invariant under time reversal. We assume this holds for
the off-equilibrium state considered in this paper.

Applying the Wigner transform on both sides and perform-
ing gradient expansion, we obtain

?&@fﬂ¢&afp<mmm&ay)

—i—é{zR(X, P), Sg(X, P)}PB> =-1 (12)

where {}pp is the Poisson bracket defined as
{A’B}PB - apAaxB—aanpB (13)

Sk =1iS,,, and Xy is the retarded self-energy to be
expressed in the ra basis later.

Equation (12) is solved in Appendix A in a double
expansion of the gradient and size of the self-energy
(counted as ¢> from one-loop calculations). Up to
O(g?d), the solution is given by

Se= S0 45+
o 1 1.1

S = —— ==,
k P pPRp

-1
Sg) = ysyﬁPDTﬂlé'/ﬂ”yw, (14)

where the superscript denotes the order in dy and

T, = awzf]. The solution has been obtained by assuming

Xk to be the local equilibrium self-energy. It is parity
invariant thus contains the vector component only
Yr = 7,%%. It depends on the coordinate through local
temperature and fluid velocity giving rise to nonvanishing
T,;. We will also consider the off-equilibrium correction to
self-energy below, which we denote as 6Xy. It is not

difficult to see 60Xy leads to the following change to Sgel):

11
Sk) = —5O%r 5 P T ey, (15)

-1
P ( P2>2 .
The formal solution cannot be used on the free particle
P? =0. In vacuum, the ie prescription is needed to
regularize the expression. In the medium, the self-energy
2 shifts the dispersion relation by a small amount. In the
regime of P >> T we consider below, the quasiparticle gains
a small damping rate. Using S = iS,, and (10), we obtain

p = 2Im[Sg]. (16)

B. Self-energy in equilibrium
and off-equilibrium correction

The retarded self-energies X and 6%y are related to their
counterpart in the ra basis as X, = —iX,, and similarly for
0XZp. We start with the evaluation of the equilibrium one.
The diagrams in the ra basis are shown in Fig. 1.
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FIG. 1.

The equilibrium quark and gluon propagators are given by

_ ig
Sl ) = (90 +in)* = q*

Sar(Q) = m s

S:+(Q) = —27e(q0)8(0%)2f (o). (17)

and

ra,AB
D" =

648 <PT n QZ”#”D)
(90 +in)*=g* \' " q’

4B ( Q%u “u)
— 5 PT,, + o >
(qo—in)*—q* \'" 7
DI = 278,5¢(q0)5(0%) P, f(q0). (18)

ar,AB __
Dy =

respectively. We have used the Coulomb gauge for the
gluon propagator with P}, being the transverse projector,
which contains a spatial component only, PlT] = 0ij — 4,4,
The vertices in the ra basis are easily derived easily as
follows":

gt WlfAAﬁJ - 91172}’”ll/2lAAﬁ_2
= glpr},ﬂl//rtAAﬁ,a + gl/_/ry”l//atAAﬁ,r + g[/_/ayﬂl//rtAA:},r

I _
- Zgway”watAA;‘,a- (19)

We will consider an energetic quark with P> T and
Ppo > 0. It follows that the right diagram with an on shell
quark in the loop is exponentially suppressed. We stress
that the regime we consider is opposite to that of a hard
thermal loop (HTL), in which both diagrams contribute.
The explicit representation of X, is given by

*We have absorbed i? into the definition of self-energy
following [39].

T a

rp

The retarded self-energies of fermions written in ra basis describing the equilibrium case.

)y
e R ite)
gCp 0
:/}/" i}/p(P—Q)p ]/”|:PT +Q—2Mu:|
. v v
o' (P-Q) +ie(po—qom” [ " 4"
x 27¢(q0)5(0%) f (40)
~ UL HPT 2 S 2
= [ 7 P2l o)
(20)
where the Casimir comes from the color sum Cp = t4t4 =
AZ\,_] For the on shell gluon, we may write wa = M +
W - % and simplify the product of gamma matri-
0
ces as

2
r'PyPl, =2poy’ — ?Qﬂ/l%‘b’- (21)
0

By rotational invariance, the relevant phase space integrals
can be parametrized as

/ qi9; f(qo0)
oP*=2P-Q+in q§

1
/me (q0)27e(q0)8(Q%) = C. (22)

2me(qo)6(Q%) = Aé;;+ Bpipj,

Contracting the first integral with o;
C =3A + B. Thus

j» we easily find

Ser - .y
gzé = 2ipoy°(3A + B) = 2ip;y'(A + B)
F

= 2iP(A + B) + 4ipyy°A. (23)

The coefficients A and B are evaluated in Appendix B close
to the mass shell with P> < p/p, for which we have

1 #(z+2iln 7’7/}(_21“))

3A+B = )
- 2(27)? 4pp
1 + dia + 2i In 2P+
A+B = zzr(ﬂ ia 4 2iIn =5 )’ (24)
2(2x) 4pp
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witha = py/p + in. The results are obtained by keeping the
leading order terms in expansions in both @ — 1 and (pfB)~".
It is instructive to compare our results with those in the HTL
regime: firstly using (23) and (24), we easily obtain the
dispersion p, = p(1 + 8A) up to O(g?) with A = (2;:)2 2‘};’/’,
This indicates a finite damping rate in contrast to a vanishing
damping rate in the HTL case at O(g?); secondly Xy is
complex for general p, in our case while the counterpart in
the HTL case is real except for Landau damping cut at
spacelike momentum. The origin of the branch cut is also
Landau damping, but the resulting branch cut lies at a < 1
due to different kinematics. The branch cut appears
when both particles in the loop go on shell, i.e.,
(P—Q)*>=Q*=0, so that P> =2P- Q. Note that we
have restricted ourselves to (a — 1)p < 1/ ~ q. The con-
dition reduces to 2P - Q ~ 0. It occurs at a = ¢ - p, which
agrees with a < 1.
We then turn to off-equilibrium correction to self-energy.
At one loop, the relevant diagrams are shown in Fig. 2,
|

which are the same as the diagrams in Fig. 1, except with
the equilibrium propagators replaced with the off-equilib-
rium counterpart. Given that we aim at 5%,, ~ O(g*d) and
the vertices contributing ¢* already, we only need to include
0(0) correction in the off-equilibrium propagators. These
are given by the existing CKT framework. Note that in
CKT, the spectral function is not corrected at O(d), and by
the KMS relation (10), we deduce that 6S,, = 0. This can
also be seen from (14) and (15). The same conclusion holds
for gluons 6D%, ,, = 0. The only O(9) correction appears
in S,, and D/ ,,. Below we relate S,, to the Wigner
function known from CKT as an example.

Let us return to (6). The lesser function is just the Wigner
function, and the greater function is deduced as follows:
p = S51 — S1,. Again the spectral function is an unmodified
dp =0 at O(0). We then find §S,; = 8S},. Furthermore,
from the identity S, = 0, we obtain 5S,, =3 (5512 +6Sy ) =
0S1,. We collect the explicit expressions for quark and gluon
propagators from CKT [10,40,41],

_ 2 €”Mlﬂ Q(luﬂ Q/) /)
35,,(0) = ~2ac(an)o(@") |5 20 f + 0 ﬂ—( oI
. PT QaPTﬁ €ona Qauﬁ i P
8D = 218, 5€(q0)5(Q) {IQT” Opf — (v u) —i—- ﬁq(z) Q’w,p a(ﬂqo)f ; (25)

where @, = 1€,,,5u"0%u” is the fluid vorticity.

We are ready to calculate the off-equilibrium correction to self-energy. For the same reason as its equilibrium counterpart,
the diagram with on-shell quark in the loop is exponentially suppressed and not kept. The explicit representation of the other

diagram in Fig. 2 is given by

52‘" v Qar rr
= [ rsmier-ojrengio)
_ iy’ (P+ Q)" iPL 0P’ QU ,] )
- | o [P gy~ ) - T " 0o, petan)o0?)
_ vy Pyt lPZaQ“P,, UWﬁQ ) /] 2
_/QP2+2P-Q+1';7[ 27 Opf — (v u) - 2 Qo pf" | 2re(q0)5(Q7). (26)

We note that the square bracket is antisymmetric in pv, so that there are only axial components in 6Z,,, by using the identity

Y =t =y + P —

Explicitly we have

€M7y 5 5. (27)

QTP AT

FIG. 2. Self-energy of the fermions with the correction from off equilibrium. The crosses in the diagrams denote the counterparts.
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5% e*yyop;
ar — a a / 2 6 2
#C, /P2+2P Q+n7 (ﬂ‘h ki + qooiP) [ |27e(qo)5(Q7)

_/ 2iP’yo(=p1) ﬂ
QP2+2P-Q+inqg

+/ — P yipo (ﬁq 0ju; + qoo B f | 2me(q )5(Q2)
PZ12P-Q+in|qs T 0

(—qna™)Bf 2me(q0)5(0?)

27 YiPo iq " 2
[ B (g0 2me(an)5(0°) (28)

Following the same method as in the equilibrium case, we parametrize the relevant tensor integrals as

q9:4, 1'(4q0) B
/QP2 +2P -jQ i q(z)o €(q0)8(Q*) = 8A6;; + 6Bp.b;.

qi I'(q A
/QP2 +2P-Q+in E]OO) 6(610)5(Q2) = oCp;. (29)

In terms of the coefficients, we can express 6%, as

ox . ) i R
g2cl‘lr = 2ip’yo@" puf(—26A — 6B) + iy’y " Bp(=36A) + i€ yyy p; p10;u,pp(—5B)
F
+ i€ijk757kﬁiajﬁp(—5c) + i}’SJ’klA’klA’mwmﬂP(—ZfSB)' (30)
Using the relation d;u; = 6, — e/ o*,” we arrive at

650 s , ks e
2Cr = 2iyy0@" puB(—26A — 5B) + iy’y @ fp(—46A — 5B) + i€ ]kySYkpipZGjlﬂp(_(SB)
F
+ i€y ypi0,f(=6C) + iy’ v prpm@™ P(—6B)
= 2iy’yo@" p,uf(—26A — 5B) + iysyka)ﬁﬂp(—46A —26B) + iy’ pp(—45A — 5B)
+ i€ijk757kﬁiﬁz¢;zﬂp(—53) + ieijkys}’kpiajﬁ(_éc)~ (31)

k

In the last step, we have defined a)” = w'p; P, a)’i =w —a)” 0%, contains axial components only and can be

decomposed as

8Zar = 17" Ay
A° = iw'p,(—45A — 26B),
AF = la)Hﬁp(—45A — 26B) + o pp(—46A — 6B) + €7 p,; 1o ;1fp(—6B) + €7 p;0;(=5C). (32)

A notable property is that P, A* = 0. The coefficients A, B, and C have been evaluated in Appendix B with the following
results to leading order in T/ p:

>We have left out a possible contribution from acceleration and 0 - u. The former is not allowed in our approach, and the latter does not
couple to spin.
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1 2i 2C, + inC, — 2C, In 2514
354 + 6B — 2(_ i z7r22+ p +im n 225 )
42x)* \ (a*—1)p°p 2pp
1 2i —4C, +2C, + inC, — 2C, In 251+
SA 4 5B — iy (— in N p T im > ’
4(2n)* \ 3(a® - 1)p*p 2pp
| [—4C, +2C, + inC, — 2C, In2EH)
5C=— p T 2 ). (33)
4(27) 2pp

Now we are ready to plug (23) and (32) into (14). We first look at the first term of (14), which can be simplified using
P-A=0as

1 1 1

55\ = R

5%%. (34)

To compare with known contribution in free theory, which is localized at p, = p, we integrate over p,. Since the explicit
results (33) have been obtained assuming (a — 1)p < 1/, we integrate over —A + p, A + p with A < 1/ to obtain the
following integrals needed for our purpose:

+A 1 — j +A 1 1 — ] 1 2
/p dpo—1n Po P-l-ﬂlz/!’ dpy—- . 1nPo p+”7:_<ﬂ—+inln(pﬁ)>,
—A P P p—A 2ppo—p+in p 2p\2
pHA 1 pHA 1 1 1
A S )
/p_ Popr= | _n P2ppo—p+in 217( )
p+A i prA 1 i 1 2
dpo—— ~ / dp _ <—) (35)
/p_A P2 fen TP C2p) (po—p+in)? (2p)* \A

It is worth noting that the first two integrals are independent of A, which indicates a localized contribution. On the contrary
the third integral does depend on A. Interestingly, the integrand of the latter is actually exact [see discussion below (B12)].
This allows us to set A ~ p > 1/, leading to a result that is suppressed by pf compared to other contributions. We drop
the corresponding contribution below. Using 6Xp = —idZ,, and (35), we find terms logarithmic in pf cancel and finally
arrive at

/ dpp3Sy) = v’r'B,,

2
Cr
m(B%) = L =F wip, 2= (2C, + (=2 + n4)C,),

42z '2p
" FCr 7 2C,+ (2+1n4)C, ,
Im[B'] = 220 2p H(2C,,—|—( 2+In4)C,) + 5 ot
2C -6 +1n4)C, 2C —4+Ind)C, .., . 0
+ o 6+ 1nd) €’ pipioj + p ¥ (T4 +1nd) ael"kﬁiﬁ- (36)
2 / 2 p
We then turn to the second term of (15), which is written explicitly as
-1
SY) = yoyP,0,2F oy B (37)
with
. o1
ho= (2%, k) = Zhp,— P* + AZu?, (38)
p

with AY = 20 — 3% p. 2 Note that the first term in (38) does not contribute to (37), and the second term gives
R~ ~RPi%, g
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-1
e ePv, (39)

The coordinate dependence of AX comes from local fluid
velocity and temperature. The former determines compo-

1
Sk = P1yP.0,(ATuy)

nents of momentum as po =P -u and p = (p(z) - P2)1/2.
Thus
0AX 0AX 0AX
0,AY =——90 —0 —0
u ope WPo + op WD + op P
0AY 0AX 3]
+222P0Y g by — as 9P
opy  op p p
op
= AZ) PO, u, — AE%, (40)

where in the second line we have used the fact that AY «
S~ based on (24). Specializing to the static off-equilibrium

(1)

state, we can write out S’ explicitly as

Sy = [Zys (vop: +7ipo) AZw'

+ 737020 (pipjoe’* = pip o™ + pPo')

1
—ysyip]%ﬁAZe”k} P (41)

The explicit expressions for AX and AZ?, are worked out as

“ap("2)

1 0AS
AY? — —a—(l a?) =
Poop

2(1 —a? ]
<72a> _im
27)’pp \ 2
An important property is that both AX and AZZ are regular
as a — 1, so that here we can simply use a = py/p to
proceed. The following integrals are needed in the evalu-

ation of Sg):
a* -1

p+A 1 /p+/\ 1 11
dpy——~— d ——(—in),
/—A Po (P2)2 P2 A pOP 22 ( )
p+A a 1 p+A po 1
dpo 3~ 1 / dpo L @)
/ C(P T ppen (P A

In the last line we have again set A ~ p because AX is exact
like the off-equilibrium counterpart. Using (41) and the
integrals above, we find the corresponding contribution to

/ deSg) is parametrically suppressed compared to (36).
The reason can be traced in different temperature depend-
ence of the equilibrium and off-equilibrium self-energies:
the former is linear in temperature while the latter is
dominated by a temperature independent contribution in

the regime pf > 1 we choose to work. It follows that the
equilibrium contribution to the spectral function is
suppressed.

In summary, the radiative correction to the spectral
function is given by

/ dpedp(P) = 2Im[6SY + S]

2CF y
" 2027)22p

2C, + (2+1n4)C,
+ > '

2C, + (=6 +n4)C, .. . .
+=¢ ( 2 ) €% p;pioy

2 —4 +1n4 y
Cp+ 2+ n )C“e'f"in,%q. (44)

v y,[ ®f(2C, + (-2 +1n4)C,)

The fact that the spectral function is modified by a
hydrodynamic gradient indicates that the particle itself is
polarized. Using the equilibrium KMS relation, we obtain
the following contribution to the spin polarization:

/ dpobS<(P) = / dpop(P)f(po)

B GCr 7

- 2(2m)*2p

— 7y {O 95a) + 1.480),

—0.52¢7* p; pioy — 0.02¢7% p; Zﬂ]f( ),
(45)
where we have used C,=0.5 and C,~0.63 from

Appendix B. This is to be compared with the tree-level
contribution from the same sources (3),

2r
/dpoSfo)(P) =-rris <a) + e Py

x f(p)

op
2 +€”kPkP151j>

9
a(Bp)
2z (. 0

~ 7y 5 (w’ + €k pp L= + €”kl’k17101j>
p
x Bf(p), (46)

where we have used %}(p) ~
pp>1.

—f(p) in the regime

III. CONCLUSION AND OUTLOOK

We have classified the general off-equilibrium contribu-
tion to spin polarization into three types including mod-
ifications to the (i) spectral function, (ii) distribution
function, and (iii)) KMS relation. The last two types exist
already in free theory, while the first type is visible with
radiative correction only. As an explicit example, we have
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calculated radiative correction to quark spectral function in
an off-equilibrium medium characterized by hydrodynamic
gradients. The correction at O(g*d) arises from both local
equilibrium self-energy at O(g?) combined with gradient
correction to the resummation equation and off-equilibrium
self-energy correction at O(g?d). For an energetic quark in
the medium, we have found the former contribution to be
parametrically suppressed. The latter contribution leads to a
quasiparticle with a polarized spectral function.

Clearly, a complete contribution to spin polarization also
involves a radiative correction to type (ii) and (iii).
Correction of type (ii) comes from spin-vorticity coupling
only. Correction of type (iii) would involve gradient
correction to the Kadanoff-Baym equation. They have
been worked out recently in the hard thermal loop approxi-
mation in [31,36]. Generically, these contributions come
from local equilibrium self-energy X. We expect that they
lead to parametrically similar contributions to the sub-
dominant contribution to type (i) from SSQI). It implies the
dominant contribution from off-equilibrium correction to
self-energy might remain unchanged. We leave more
complete studies for future exploration.
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APPENDIX A: SOLVING THE
KADANOFF-BAYM EQUATION

In this appendix, we solve (12) order by order in gradient

Sp=SY + S+, (A1)

with the superscript denoting the order. Each order solution

is further expanded in self-energy. Sﬁf) is solved as

1.1
— gt (A2)

1
Sy — gy =12 5y = 5

Sg) satisfies the following equation:
i i
PSY) —sps) = —EJS;O) +5{Zx. SV (A3)

We shall find the solution of Sg) only to the lowest order in
Yk, which is counted as O(g?). To this end, we may drop
the self-energy term on the lhs and keep terms up to O(g*9)
on the rhs. We simplify the rhs as

i (11 i -1 i 1 i f1 1 i« P*
56(}2]@;) —E()ZR . ap <?> = EaZRﬁ—EaL—Z’,ZR} P—'_EZR () - lélZRPW
. r 1 . P
= 10 . ZRE =+ lﬁf(PPl - yiP2) (P2)2 - lalZRPW
1 A
_ Y :
= —o* dﬂZfﬁ + iy* (0,28 (2 < )P e
1 P
= _Gﬂl/Tm/ P2 + ZU”DPDTlM W N (A4)
[
where we have used the product y*y* = p*¥ —ic"” and P, Az — (a < p)
defined T, = %Zf]. 1 P,
Motivated by the solution in CKT without radiative = <_T’l Dﬁ + 2P TH ( P2)2> €uvap
correction, we solve (A3) with the following ansatz: {
Sg) = y>y*A,, using the relation = —T’“’ﬁeﬂmﬁ
-1
PJ/SJ/DAL/ = _YSP - A+ i}/SO'””P”AD + 2PDTM<P—2)2 (Pveaﬂﬁﬂ + Paeﬁ&/w + Pﬂe/lyva)
1
=P A—_—ePo P A, (A ~1
4 A 26 Oap ”Ay ( 5) = PUT}M (Paeﬂﬂpw + Pﬂe/l;wa)' (A6)

We proceed by dropping the P-.A term above, whose
validity will be verified below. Extracting coefficients of
o' from (A3), we obtain

(P?)?

It is solved by A; = P”T’”ﬁeﬁm. It indeed satisfies

P- A=0, justifying dropping the corresponding term above.
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APPENDIX B: EVALUATION
OF MOMENTUM INTEGRALS

We first consider the following tensor integral for
equilibrium self-energy:

4i4; f(Bqo)
/QP2_2P.]Q+,-,7 p 27€(q0)5(Q%)

0

=Ab;;+Bp;p;.

(B1)

Contracting the above with 6 and p;p; respectively, we
find

_ q* f(Bqo)
3A+B_/QPZ_2P_Q+I.’7 7 27¢(q0)8(0°),

[ @h? [ :
aen= [ T a0, (B2)

We shall illustrate the evaluation of the first integral. The
same method applies to the second integral as well. We first
perform the integration of g, using 5(Q?) to obtain

/ d’q ( 1 f(Bg)
(27 \P>=2(pog—p-q) +in 2q
. ! f(—ﬂq)) ;
P2=2(-pog—p-4)+in 2q ) (B3)

We use f(—fq) = —1 — f(fq) and note that the —1 gives
rise to vacuum self-energy, which will be eliminated by
spacetime derivatives, so that we can drop the —1. We then
perform angular integration to obtain

p*(a’—1) —2pg(a—1)

dg 1
/Z(ZH)ZZM (m p*(a®> 1) =2pg(a+1)
p*(a* = 1) +2pq(a + 1)) f(Bq)
pHa®—=1)+2pqla—1)) ¢q

+In

, (B4)

with @ = py/p and in replaced by an infinitesimal pos-
itive imaginary part of a. The ¢ integration cannot be
performed analytically. To proceed, we restrict ourselves to
the regime (a—1)p <1/ < p, or equivalently and
P? < p/p < p?, that is an energetic particle close to the
mass shell. This allows us to split the integration domain
into two parts separated by a floating point g*, with
(a—1)p<qgt<1/p. For 0 < q < q*, we use f(q) =~

to have

ﬁq

PHYS. REV. D 112, 034005 (2025)
2pqla—1)+in

1 P2 —
[ o imect
0 2pq P> =2(a+1)pg+in
P2+2pq(a+l)+ii7) ¢ 1
P2 +2(a—1)pg+in) —qpq

(ﬂ +2mlnﬂ).

2q*

+In

4pﬂ (BS)

The lhs can be integrated analytically with a lengthy
expression not shown here. The rhs is obtained by keeping
the leading term in the expansion in a(p — 1)/¢* and then
keeping the leading term in the expansion in ¢*/p. For
q* < q < oo, we apply the same approximation to the
integrand of (B4) excluding the f(f¢q) factor to obtain

¢ (, p*(a@®—1)-2pq(a—1)

st (P gt 1)
2(@*=1)+2pgla+ 1)> 1

p*(a®> = 1) +2pg(a—1)

In(1 -a)—1In(-1+a) in

~ =—-—. B
o T (B6)

+1n?

An infinitesimal positive imaginary part of a has been
invoked in the last equality. We then convolute the above
with f(g) and expand in fig* to obtain

5 |0

Adding up (B5) and (B7), we find the dependencies on the
floating scale g* cancel to give

_izln(g'p)

2p 5 (B7)

1 z(zr+2iln 7”/3(_21“))

3A+ B =
HERETCYSE 4pp

(B8)

Repeating the same procedure as above, we obtain for the
second integral

. . -1
1 #(m+4i+2i lnM)

A+ B =
+ 2(2x)? 4pp

(B9)

Now we turn to integrals for off-equilibrium self-energy.
Contracting the first tensor integral of (29) by 5/ and p;p;
and contracting the second vector integral by p;, we obtain

2 /
soas o8 = [ o L) (g0)5(0%),
_ (4p)*  f'(Bqo) )
5A+5B_/QP2+2P_QM 20 ¢(q0)5(Q°),

f'(B40)

_ qp X
(SC/QP%LZP.QZ,7 24 €(90)5(Q°). (B10)
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We shall illustrate the evaluation of the first integral. As
before, we integrate over ¢, using the Dirac delta function
and then integrate over the angular variables to obtain

S <_ npz(a2 —-1)-2pg(a—1)
2pq p*(a*=1)=2pg(a+1)

pHa®>—=1)+2pga+1)
p*(@®=1)+2pga—1)

We have used f'(—fq) = f'(fq). Note that there is no
vacuum contribution in off-equilibrium self-energy.
Following the equilibrium case, we split the integration
domain into two parts with a floating scale g*. The
part below ¢* is obtained by the approximation f'(fq) ~

Fi? )qf’(q)- (B11)

—— as

(ﬁq)
/q* gL (_ L P2l = 1) =2pg(a—1)
o 2pq p*(a*—1)=2pg(a+1)

N 1nl;z(zz —1)+2pg(a+ 1))q(_ : 1 2)

—1)+2pg(a—1) Bq)
= F(q") — F(0)
din 2 +in =225
G A A B2

where F is the integrated function. F(0) = (‘12_21’% is
exact. F(g*) is truncated to leading order expansions in
(a — 1) and ¢*/p. The part above g* is evaluated using the
following approximation for the integrand excluding the
f'(Bq) factor:
1 ( p*(@—1)-2pg(a—1)

o \ T
2pq p(a®—1)-2pq(a+1)

p*(a* = 1) +2pg(a +1)
+In—s
p*(a —1)+2pcI(a—1)
ir+2In—1—
_& (B13)
2p

The convolution with f’(fq) is performed as follows:

o in+2Iln—1—
( ]+a)
dg——"=—"2f(Bq
/q* 5 (ba)

ir+2In

- &/m dxf'(x) +
Xo

0 f'(x)Inx,

1
PP Jx,
(B14)

where x = ¢gf and xy = ¢*f. Since x;, < 1, the x integrals
can be expanded as

% 1
/ dxf/(x):_x_o+ca’

X0

© 1
/ dxf'(x)Inx = —— (1 +1nxg) + Gy, (B15)
Xo

X0

with C, =0.5 and C, ~0.630, which are calculated
numerically. Combining (B12) and (B14), we again find
the expected cancellation on the dependencies on ¢*:

1 2ir
4220\ (&® = 1)p*p?
2Cy + inC, — 2C, In 2+
_|_
2pp

30A + 6B =

>. (B16)

The other two integrals can be calculated similarly to give

B 1 2ir
4272\ 3(a*—1)p*p?
—4C,+2C, +inC,-2C, 1nM>
+ b
2pp
1 (—4Ca +2C)+irC,—2C, 1nM>
2pp '

O0A+0B

(B17)
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