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We classify radiative corrections to spin polarization into three types: (i) spectral function, (ii) modified
distribution function, and (iii) modified Kubo-Martin-Schwinger relation. The last two contributions
modify the well-known free theory results. The first contribution is present with radiative correction only.
We perform a detailed analysis on the first type for an energetic quark in a medium with hydrodynamic
gradients, finding the radiative correction to spectral function leads to a polarized quasiparticle. The
degeneracy of spin polarization induced by different hydrodynamic sources in free theory is lifted by
radiative correction. We argue that the corrections of the last two types are parametrically suppressed with
respect to the first type for the energetic quark we consider.
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I. INTRODUCTION AND SUMMARY

Spin polarization is one of the most important observ-
ables in particle physics. It offers a unique probe of the
production mechanism and internal structure of particles. In
relativistic heavy ion collisions, a novel mechanism of spin
polarization due to initial orbital angular momentum in off-
central collisions has been proposed [1]. It is expected to
generate a spin polarization of baryon and spin alignment
of vector meson [1,2]. An outstanding feature of spin
polarization in heavy ion collision is the role of the quark-
gluon plasma (QGP) medium undergoing rapid evolution,
which provides a valuable probe to the spinning property of
QGP. Over the past decade, a variety of spin polarization
phenomena have been observed in heavy ion experiments
[3]. One of the best understood examples among them is the
global polarization of Λ hyperon, which characterizes the
vorticity of QGP [4–9]. The local spin polarization of Λ
hyperon and vector meson spin alignment allows us to
study spin induced by more general off-equilibrium effects
described by the hydrodynamic gradient [10–17] and
fluctuation effect [18–21].
Understanding the massive precise data requires a

theoretical framework that can treat spin degree of freedom
(DOF) systematically. Kinetic theory formulated in terms
of quasiparticles and their distribution function has been a

widely used framework in early studies of spin independent
transport in QGP. A description of spin transports requires
generalization to the spin dependent distribution function.
This has been pursued actively in recent years, leading to
the quantum kinetic theory (QKT); see [22] for a recent
review. Spin polarization has been predicted in free theory
based on QKT [10,23] and field theory [4,11,12]. The
contributions can be recognized as being from gradient
correction to the Kubo-Martin-Schwinger (KMS)relation
and spin dependent distribution. The free theory prediction
is expected to be corrected by the interaction effect.
In QKT, the interaction effect can be taken into account

systematically from self-energy of the quasiparticles. The
interaction effect can be separated into effects of collision
and modified spectral function, which for massless DOF
arise from two-loop and one-loop self-energy diagrams
respectively [24]. Incorporation of collision to QKT has
been made recently in [24–27], and phenomenological
studies have been carried out in [28–33]. Despite the fact
that two-loop self-energies are formally suppressed by g4, it
is enhanced by a factor of 1=g4 from the large deviation of
the steady state from the equilibrium state, leading to an
overall Oð1Þ contribution to spin polarization [30,32–34].
One-loop self-energy has also been considered recently

in [31,35,36].1 In an inhomogeneous medium characterized
by gradient of temperature and fluid velocity, the corre-
sponding gradient of self-energy plays the role of the
effective electromagnetic field, giving rise to contribution
to spin polarization at Oðg2∂Þ. In fact, there is yet another
contribution to spin polarization at the same order. It arises
from the Oðg2∂Þ contribution to the axial component of the
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spectral function. In this case, the spectral function modi-
fied quasiparticle itself becomes spin polarized. Both
contributions manifest themselves in a retarded correlator.
The former comes from local equilibrium self-energy at
Oðg2Þ and gradient correction to the resummation equation,
leading to a contribution at Oðg2∂Þ in the resummed
retarded correlator. The latter comes from off-equilibrium
self-energy at Oðg2∂Þ. We consider the two contributions
for massless quark in QGP with vorticity, shear, and
temperature gradient. It turns out the former contribution
is parameterically suppressed for an energetic quark in
medium while the latter contribution lifts the degeneracy in
spin polarization induced by vorticity, shear, and temper-
ature gradient in free theory. This is in close analogy with
the counterpart for external electromagnetic fields [38].
The paper is organized as follows: in Sec. II we first give

a general account of possible radiative corrections to spin
polarization in free theory. We then consider local equi-
librium and off-equilibrium corrections to quark self-
energy, which are used to extract the spectral function;
Sec. III is devoted to the conclusion and outlook.
Computational details are reserved in the two Appendixes.

II. RADIATIVE CORRECTION TO QUARK
SELF-ENERGY AND SPIN POLARIZATION

We start by summarizing the prediction for spin polari-
zation in free theory. For simplicity, we take chiral kinetic
theory (CKT), which is the massless limit of QKT. The
central quantity is the Wigner function defined as

S<αβ

�
X¼ x1þx2

2
;P

�
¼
Z

d4ye−ip·yhψ̄βðx2Þψαðx1Þi; ð1Þ

where ψ is the quark field and α, β are Dirac indices. In the
absence of a background gluon field, the color structure is
trivial and will be suppressed throughout the paper. X ¼
1
2
ðx1 þ x2Þ, y ¼ x1 − x2 correspond to the center coordi-

nate of the quark and the relative coordinate conjugate to
the momentum. For our purposes, the expectation value is
taken in a near equilibrium medium characterized by
hydrodynamic gradients ∂X ≡ ∂, for which the Wigner
function can be solved in gradient expansion as

S< ¼ S<ð0Þ þ S<ð1Þ þ � � � : ð2Þ

The explicit expressions of the first two orders are given by

S<ð0ÞðPÞ ¼ γμρ
μf̃

S<ð1ÞðPÞ ¼ γ5γμ

�
δf̃ρμ þ ϵμνρσρρuσ∂νf̃

2P · u

�
; ð3Þ

with ρμ ¼ 2πϵðP · uÞPμδðP2Þ being the free theory spec-
tral function. Equation (3) contains two terms in the square
bracket: the first term encodes modification of the

distribution function δf̃ in an off-equilibrium state. In case
of vorticity, δf̃ is given by a spin-vorticity coupling shift of
the distribution. The second term arises from the free
spectral function and local equilibrium distribution, which
can be viewed as a modification of the KMS relation at
Oð∂Þ. The radiative corrections may occur in three types:

(i) Spectral function. The spectral function is modified
by self-energy in equilibrium and its off-equilibrium
correction. It can contribute to the axial component
of the Wigner function in the form δS<ð0Þ ¼
γμγ5δρμ5f̃ with γμγ

5δρμ5 being the axial component
of the spectral function from radiative correction.
This contribution is always proportional to equilib-
rium distribution.

(ii) Modified distribution. Ignoring collisional effect, the
distribution function is modified due to spin-vor-
ticity coupling only. The radiative correction to the
modified distribution function arises from local
equilibrium self-energy and its derivatives [36].

(iii) Modified KMS relation. By parity the local equi-
librium self-energy contains vector component
Σ ¼ γμΣμ, in which Σμ acts as a correction of
momentum. A contribution to the axial component
of the Wigner function is then expected in the form
of the second term of S<ð1Þ, with Pμ → Σμ. This
contribution is always proportional to derivatives of
the distribution function in contrast to the type
(i) contribution.

The last two contributions modify the well-understood
S<ð1Þ in free theory. The first contribution is present with
radiative correction only. We shall focus on the first one and
study its impact on spin polarization, leaving radiative
corrections to the other two types for future explorations.

A. Modified spectral function

The spectral function is defined in a similar way as the
Wigner function:

ραβðX;PÞ ¼
Z

d4yeiP·yhψαðx1Þψ̄βðx2Þ þ ψ̄βðx2Þψαðx1Þi;

ð4Þ

again with X ¼ 1
2
ðx1 þ x2Þ, y ¼ x1 − x2. By introducing

the ra basis in which the fields are related to those in the
Schwinger-Keldysh contour,

ψ r ¼
1

2
ðψ1 þ ψ2Þ; ψa ¼ ψ1 − ψ2; ð5Þ

and similarly for ψ̄, we immediately have the following
identities2:

2In our convention, S< ¼ −S12.

SHU LIN and JIAYUAN TIAN PHYS. REV. D 112, 034005 (2025)

034005-2



Sra ¼
1

2
ðS11 − S22 − S12 þ S21Þ;

Sar ¼
1

2
ðS11 − S22 þ S12 − S21Þ;

Srr ¼
1

4
ðS11 þ S22 þ S12 þ S21Þ;

Saa ¼ S11 þ S22 − S12 − S21; ð6Þ

where the two-point function with indices 11, 22, 12, and
21 correspond to time-ordered, antitime-ordered, lesser,
and greater functions respectively. One can define the
retarded function based on (6) as

Sra;αβðX;PÞ ¼
Z

d4yeiP·yθðy0Þhψαðx1Þψ̄βðx2Þ

þ ψ̄βðx2Þψαðx1Þi: ð7Þ

Using the representation of the Heaviside function

θðy0Þ ¼ i
Z

dk0
2π

e−ik0y0

k0 þ iη
; ð8Þ

we easily obtain

SraðX;PÞ ¼
Z

dp00
2π

iρðX; p00;pÞ
p0 − p00 þ iη

: ð9Þ

If ρ were real, we could simply take the real part of both
sides to obtain

ρðPÞ ¼ 2Re½SraðPÞ�: ð10Þ

With ρ being a matrix in Dirac space, the reality condition
is replaced by γ0ρðPÞ†γ0 ¼ ρðPÞ, which indeed holds at the
operator level from the definition (4).3 It follows that (10)
holds with the real part defined as ReA ¼ 1

2
ðAþ γ0A†γ0Þ.

Importantly, the relation (10) holds in the off-equilibrium
state as well. It suggests that we perform the self-energy
calculations in the ra basis [39].
As remarked upon earlier, equilibrium self-energy and its

off-equilibrium correction will lead to radiative correction
to spectral function. Below we derive their contribution to
the retarded function based on the following Kadanoff-
Baym equation [24]:

i∂xSRðx; yÞ −
Z

d4zΣRðx; zÞSRðz; yÞ ¼ −δðx − yÞ: ð11Þ

Applying the Wigner transform on both sides and perform-
ing gradient expansion, we obtain

i
2
∂SRðX;PÞ þ PSRðX;PÞ −

�
ΣRðX;PÞSRðX;PÞ

þ i
2
fΣRðX;PÞ; SRðX;PÞgPB

�
¼ −1; ð12Þ

where fgPB is the Poisson bracket defined as

fA; BgPB ¼ ∂PA · ∂XB − ∂XA · ∂PB: ð13Þ

SR ¼ iSra, and ΣR is the retarded self-energy to be
expressed in the ra basis later.
Equation (12) is solved in Appendix A in a double

expansion of the gradient and size of the self-energy
(counted as g2 from one-loop calculations). Up to
Oðg2∂Þ, the solution is given by

SR ¼ Sð0ÞR þ Sð1ÞR þ � � � ;

Sð0ÞR ¼ −
1

P
−
1

P
ΣR

1

P
;

Sð1ÞR ¼ γ5γβPνTμλϵβλμν
−1
ðP2Þ2 ; ð14Þ

where the superscript denotes the order in ∂X and
Tμλ ¼ ∂½μΣR

λ�. The solution has been obtained by assuming

ΣR to be the local equilibrium self-energy. It is parity
invariant thus contains the vector component only
ΣR ¼ γλΣλ

R. It depends on the coordinate through local
temperature and fluid velocity giving rise to nonvanishing
Tμλ. We will also consider the off-equilibrium correction to
self-energy below, which we denote as δΣR. It is not

difficult to see δΣR leads to the following change to Sð1ÞR :

Sð1ÞR ¼ −
1

P
δΣR

1

P
þ γ5γβPνTμλϵβλμν

−1
ðP2Þ2 : ð15Þ

The formal solution cannot be used on the free particle
P2 ¼ 0. In vacuum, the iϵ prescription is needed to
regularize the expression. In the medium, the self-energy
ΣR shifts the dispersion relation by a small amount. In the
regime of P ≫ T we consider below, the quasiparticle gains
a small damping rate. Using SR ¼ iSra and (10), we obtain

ρ ¼ 2 Im½SR�: ð16Þ

B. Self-energy in equilibrium
and off-equilibrium correction

The retarded self-energies ΣR and δΣR are related to their
counterpart in the ra basis as ΣR ¼ −iΣar and similarly for
δΣR. We start with the evaluation of the equilibrium one.
The diagrams in the ra basis are shown in Fig. 1.

3To confirm the reality condition at the expectation value level,
we still need the Hermitian condition in the density matrix, i.e.,
the state is invariant under time reversal. We assume this holds for
the off-equilibrium state considered in this paper.
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The equilibrium quark and gluon propagators are given by

SraðQÞ ¼
iQ

ðq0 þ iηÞ2 − q⃗2
;

SarðQÞ ¼
iQ

ðq0 − iηÞ2 − q⃗2
;

SrrðQÞ ¼ −2πϵðq0ÞδðQ2ÞQfðq0Þ; ð17Þ

and

Dra;AB
μν ¼ iδAB

ðq0 þ iηÞ2 − q⃗2

�
PT
μν þ

Q2uμuν
q2

�
;

Dar;AB
μν ¼ iδAB

ðq0 − iηÞ2 − q⃗2

�
PT
μν þ

Q2uμuν
q2

�
;

Drr;AB
νμ ¼ 2πδABϵðq0ÞδðQ2ÞPT

μνfðq0Þ; ð18Þ

respectively. We have used the Coulomb gauge for the
gluon propagator with PT

μν being the transverse projector,
which contains a spatial component only, PT

ij ¼ δij − q̂iq̂j.
The vertices in the ra basis are easily derived easily as
follows4:

gψ̄1γ
μψ1tAAA

μ;1 − gψ̄2γ
μψ2tAAA

μ;2

¼ gψ̄ rγ
μψ rtAAA

μ;a þ gψ̄ rγ
μψatAAA

μ;r þ gψ̄aγ
μψ rtAAA

μ;r

−
1

4
gψ̄aγ

μψatAAA
μ;a: ð19Þ

We will consider an energetic quark with P ≫ T and
p0 > 0. It follows that the right diagram with an on shell
quark in the loop is exponentially suppressed. We stress
that the regime we consider is opposite to that of a hard
thermal loop (HTL), in which both diagrams contribute.
The explicit representation of Σar is given by

Σar

g2CF
¼

Z
Q
γνSraðP −QÞγμDrr

νμðQÞ

¼
Z
Q
γν

iγρðP −QÞρ
ðP −QÞ2 þ iϵðp0 − q0Þη

γμ
�
PT
μν þ

Q2

q2
uμuν

�

× 2πϵðq0ÞδðQ2Þfðq0Þ

≃
Z
Q
γν

iγρPρ

P2 − 2P ·Qþ iη
γμPT

μν2πϵðq0ÞδðQ2Þfðq0Þ;

ð20Þ

where the Casimir comes from the color sum CF ¼ tAtA ¼
N2

c−1
2Nc

. For the on shell gluon, we may write PT
μν ¼ −ημν þ

QμuνþQνuμ
q0

− QμQν

q2
0

and simplify the product of gamma matri-

ces as

γνPγμPT
μν ¼ 2p0γ

0 −
2

q20
qjγiqiqj: ð21Þ

By rotational invariance, the relevant phase space integrals
can be parametrized as

Z
Q

qiqj
P2 − 2P ·Qþ iη

fðq0Þ
q20

2πϵðq0ÞδðQ2Þ ¼ Aδij þ Bp̂ip̂j;

Z
Q

1

P2 − 2P ·Qþ iη
fðq0Þ2πϵðq0ÞδðQ2Þ ¼ C: ð22Þ

Contracting the first integral with δij, we easily find
C ¼ 3Aþ B. Thus

Σar

g2CF
¼ 2ip0γ

0ð3Aþ BÞ − 2ipiγ
iðAþ BÞ

¼ 2iPðAþ BÞ þ 4ip0γ
0A: ð23Þ

The coefficients A and B are evaluated in Appendix B close
to the mass shell with P2 ≪ p=β, for which we have

3Aþ B ¼ 1

2ð2πÞ2
πðπ þ 2i ln pβð−1þaÞ

2
Þ

4pβ
;

Aþ B ¼ 1

2ð2πÞ2
πðπ þ 4iaþ 2i ln pβð−1þaÞ

2
Þ

4pβ
; ð24Þ

FIG. 1. The retarded self-energies of fermions written in ra basis describing the equilibrium case.

4We have absorbed i2 into the definition of self-energy
following [39].
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with a ¼ p0=pþ iη. The results are obtained by keeping the
leading order terms in expansions in both a − 1 and ðpβÞ−1.
It is instructive to compare our results with those in the HTL
regime: firstly using (23) and (24), we easily obtain the
dispersion p0 ¼ pð1þ 8AÞ up toOðg2Þ with A ¼ 1

2ð2πÞ2
−iπ
2pβ.

This indicates a finite damping rate in contrast to a vanishing
damping rate in the HTL case at Oðg2Þ; secondly ΣR is
complex for general p0 in our case while the counterpart in
the HTL case is real except for Landau damping cut at
spacelike momentum. The origin of the branch cut is also
Landau damping, but the resulting branch cut lies at a < 1
due to different kinematics. The branch cut appears
when both particles in the loop go on shell, i.e.,
ðP −QÞ2 ¼ Q2 ¼ 0, so that P2 ¼ 2P ·Q. Note that we
have restricted ourselves to ða − 1Þp ≪ 1=β ∼ q. The con-
dition reduces to 2P ·Q ≃ 0. It occurs at a ¼ q̂ · p̂, which
agrees with a < 1.
We then turn to off-equilibrium correction to self-energy.

At one loop, the relevant diagrams are shown in Fig. 2,

which are the same as the diagrams in Fig. 1, except with
the equilibrium propagators replaced with the off-equilib-
rium counterpart. Given that we aim at δΣar ∼Oðg2∂Þ and
the vertices contributing g2 already, we only need to include
Oð∂Þ correction in the off-equilibrium propagators. These
are given by the existing CKT framework. Note that in
CKT, the spectral function is not corrected at Oð∂Þ, and by
the KMS relation (10), we deduce that δSra ¼ 0. This can
also be seen from (14) and (15). The same conclusion holds
for gluons δDμν

ra;AB ¼ 0. The only Oð∂Þ correction appears
in Srr and Dμν

rr;AB. Below we relate Srr to the Wigner
function known from CKT as an example.
Let us return to (6). The lesser function is just the Wigner

function, and the greater function is deduced as follows:
ρ ¼ S21 − S12. Again the spectral function is an unmodified
δρ ¼ 0 at Oð∂Þ. We then find δS21 ¼ δS12. Furthermore,
from the identity Saa ¼ 0, we obtain δSrr¼ 1

2
ðδS12þδS21Þ¼

δS12. We collect the explicit expressions for quark and gluon
propagators from CKT [10,40,41],

δSrrðQÞ ¼ −2πϵðq0ÞδðQ2Þ
�
ϵμναβQαuβ

2q0
∂νf̃ þQμ

Qρωρ

q0
β

∂

∂ðβq0Þ
f̃

�
γ5γμ;

δDrr;AB
νμ ¼ 2πδABϵðq0ÞδðQ2Þ

�
iPT

ναQαPT;β
μ

2q20
∂βf − ðν ↔ μÞ − i

ϵνμαβQαuβ

q20
Qρωρβ

∂

∂ðβq0Þ
f

�
; ð25Þ

where ωρ ¼ 1
2
ϵρναβuν∂αuβ is the fluid vorticity.

We are ready to calculate the off-equilibrium correction to self-energy. For the same reason as its equilibrium counterpart,
the diagram with on-shell quark in the loop is exponentially suppressed and not kept. The explicit representation of the other
diagram in Fig. 2 is given by

δΣar

g2CF
¼

Z
Q
γνSarð−P −QÞγμδDrr

νμðQÞ

¼
Z
Q

γνiγρðPþQÞργμ
ðPþQÞ2 þ iϵðp0 þ q0Þη

�
iPT

ναQαPT;β
μ

2q20
∂βf − ðν ↔ μÞ − i

ϵνμαβQαuβ

q20
Qρωρβf0

�
2πϵðq0ÞδðQ2Þ

¼
Z
Q

γνiγρPργ
μ

P2 þ 2P ·Qþ iη

�
iPT

ναQαPT;β
μ

2q20
∂βf − ðν ↔ μÞ − i

ϵνμαβQαuβ

q20
Qρωρβf0

�
2πϵðq0ÞδðQ2Þ: ð26Þ

We note that the square bracket is antisymmetric in μν, so that there are only axial components in δΣar by using the identity

γμγνγρ ¼ γμηνρ − γνημρ þ γρημν − iϵμνρσγ5γσ: ð27Þ

Explicitly we have

FIG. 2. Self-energy of the fermions with the correction from off equilibrium. The crosses in the diagrams denote the counterparts.
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δΣar

g2CF
¼

Z
Q

ϵijkγ5γ0pj

P2 þ 2P ·Qþ iη

�
iqi
q20
ðβql∂kul þ q0∂kβÞf0

�
2πϵðq0ÞδðQ2Þ

−
Z
Q

2iγ5γ0ð−plÞ
P2 þ 2P ·Qþ iη

ql
q20
ð−qmωmÞβf02πϵðq0ÞδðQ2Þ

þ
Z
Q

−ϵijkγ5γkp0

P2 þ 2P ·Qþ iη

�
iqi
q20
ðβql∂jul þ q0∂jβÞf0

�
2πϵðq0ÞδðQ2Þ

þ
Z
Q

2γ5γkp0

P2 þ 2P ·Qþ iη
iqk
q20
ð−qmωmÞβf02πϵðq0ÞδðQ2Þ: ð28Þ

Following the same method as in the equilibrium case, we parametrize the relevant tensor integrals as

Z
Q

qiqj
P2 þ 2P ·Qþ iη

f0ðq0Þ
q20

ϵðq0ÞδðQ2Þ ¼ δAδij þ δBp̂ip̂j;

Z
Q

qi
P2 þ 2P ·Qþ iη

f0ðq0Þ
q0

ϵðq0ÞδðQ2Þ ¼ δCp̂i: ð29Þ

In terms of the coefficients, we can express δΣar as

δΣar

g2CF
¼ 2iγ5γ0ωmpmβð−2δA − δBÞ þ iγ5γkωkβpð−3δAÞ þ iϵijkγ5γkp̂ip̂l∂julβpð−δBÞ

þ iϵijkγ5γkp̂i∂jβpð−δCÞ þ iγ5γkp̂kp̂mω
mβpð−2δBÞ: ð30Þ

Using the relation ∂jul ¼ σjl − ϵjlkωk,5 we arrive at

δΣar

g2CF
¼ 2iγ5γ0ωmpmβð−2δA − δBÞ þ iγ5γkωkβpð−4δA − δBÞ þ iϵijkγ5γkp̂ip̂lσjlβpð−δBÞ

þ iϵijkγ5γkpi∂jβð−δCÞ þ iγ5γkp̂kpmω
mβð−δBÞ

¼ 2iγ5γ0ωmpmβð−2δA − δBÞ þ iγ5γkωk
kβpð−4δA − 2δBÞ þ iγ5γkωk⊥βpð−4δA − δBÞ

þ iϵijkγ5γkp̂ip̂lσjlβpð−δBÞ þ iϵijkγ5γkpi∂jβð−δCÞ: ð31Þ

In the last step, we have defined ωk
k ¼ ωip̂ip̂k, ωk⊥ ¼ ωk − ωk

k. δΣar contains axial components only and can be

decomposed as

δΣar ¼ γ5γμAμ;

A0 ¼ iωipiβð−4δA − 2δBÞ;
Ak ¼ iωk

kβpð−4δA − 2δBÞ þ ωk⊥βpð−4δA − δBÞ þ ϵijkp̂ip̂lσjlβpð−δBÞ þ ϵijkpi∂jβð−δCÞ: ð32Þ

A notable property is that PμAμ ¼ 0. The coefficients A, B, and C have been evaluated in Appendix B with the following
results to leading order in T=p:

5We have left out a possible contribution from acceleration and ∂ · u. The former is not allowed in our approach, and the latter does not
couple to spin.
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3δAþ δB ¼ 1

4ð2πÞ2
�
−

2iπ
ða2 − 1Þp2β2

þ 2Cb þ iπCa − 2Ca ln
pβð−1þaÞ

2

2pβ

�
;

δAþ δB ¼ 1

4ð2πÞ2
�
−

2iπ
3ða2 − 1Þp2β2

þ −4Ca þ 2Cb þ iπCa − 2Ca ln
pβð−1þaÞ

2

2pβ

�
;

δC ¼ 1

4ð2πÞ2
�
−4Ca þ 2Cb þ iπCa − 2Ca ln

pβð−1þaÞ
2

2pβ

�
: ð33Þ

Now we are ready to plug (23) and (32) into (14). We first look at the first term of (14), which can be simplified using
P ·A ¼ 0 as

δSð0ÞR ¼ −
1

P
δΣR

1

P
¼ 1

P2
δΣR: ð34Þ

To compare with known contribution in free theory, which is localized at p0 ¼ p, we integrate over p0. Since the explicit
results (33) have been obtained assuming ða − 1Þp ≪ 1=β, we integrate over −Λþ p;Λþ p with Λ≲ 1=β to obtain the
following integrals needed for our purpose:

Z
pþΛ

p−Λ
dp0

1

P2
ln
p0 − pþ iη

p
≃
Z

pþΛ

p−Λ
dp0

1

2p
1

p0 − pþ iη
ln
p0 − pþ iη

p
¼ 1

2p

�
π2

2
þ iπ lnðpβÞ

�
;

Z
pþΛ

p−Λ
dp0

1

P2
≃
Z

pþΛ

p−Λ
dp0

1

2p
1

p0 − pþ iη
¼ 1

2p
ð−iπÞ;

Z
pþΛ

p−Λ
dp0

i
ðP2Þ2 ≃

Z
pþΛ

p−Λ
dp0

1

ð2pÞ2
i

ðp0 − pþ iηÞ2 ¼
1

ð2pÞ2
�
2

Λ

�
: ð35Þ

It is worth noting that the first two integrals are independent of Λ, which indicates a localized contribution. On the contrary
the third integral does depend on Λ. Interestingly, the integrand of the latter is actually exact [see discussion below (B12)].
This allows us to set Λ ∼ p ≫ 1=β, leading to a result that is suppressed by pβ compared to other contributions. We drop
the corresponding contribution below. Using δΣR ¼ −iδΣar and (35), we find terms logarithmic in pβ cancel and finally
arrive at

Z
dp0δS

ð0Þ
R ¼ γ5γμBμ;

Im½B0� ¼ g2CF

4ð2πÞ2 ω
ip̂i

π

2p
ð2Cb þ ð−2þ ln 4ÞCaÞ;

Im½Bk� ¼ g2CF

4ð2πÞ2
π

2p

�
ωk
kð2Cb þ ð−2þ ln 4ÞCaÞ þ

2Cb þ ð2þ ln 4ÞCa

2
ωk⊥

þ 2Cb þ ð−6þ ln 4ÞCa

2
ϵijkp̂ip̂lσjl þ

2Cb þ ð−4þ ln 4ÞCa

2
ϵijkp̂i

∂jβ

β

�
: ð36Þ

We then turn to the second term of (15), which is written explicitly as

Sð1ÞR ¼ γ5γβPν∂μΣR
λ

−1
ðP2Þ2 ϵ

βλμν; ð37Þ

with

Σλ
R ¼ ðΣ0

R;Σi
RÞ ¼ Σi

Rp̂i
1

p
Pλ þ ΔΣuλ; ð38Þ

with ΔΣ ¼ Σ0
R − Σi

Rp̂i
p0

p . Note that the first term in (38) does not contribute to (37), and the second term gives
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Sð1ÞR ¼ γ5γβPν∂μðΔΣuλÞ
−1
ðP2Þ2 ϵ

βλμν: ð39Þ

The coordinate dependence of ΔΣ comes from local fluid
velocity and temperature. The former determines compo-
nents of momentum as p0 ¼ P · u and p ¼ ðp2

0 − P2Þ1=2.
Thus

∂μΔΣ ¼
∂ΔΣ
∂p0

∂μp0 þ
∂ΔΣ
∂p

∂μpþ
∂ΔΣ
∂β

∂μβ

¼
�
∂ΔΣ
∂p0

þ ∂ΔΣ
∂p

p0

p

�
∂μp0 − ΔΣ

∂μβ

β

¼ ΔΣ∂
pPα

∂μuα − ΔΣ
∂μβ

β
; ð40Þ

where in the second line we have used the fact that ΔΣ ∝
β−1 based on (24). Specializing to the static off-equilibrium

state, we can write out Sð1ÞR explicitly as

Sð1ÞR ¼
�
2γ5ðγ0pi þ γip0ÞΔΣωi

þ γ5γiΔΣ∂
pðplpjσklϵ

ijk − pipmω
m þ p2ωiÞ

− γ5γipj
∂kβ

β
ΔΣϵijk

�
1

ðP2Þ2 : ð41Þ

The explicit expressions for ΔΣ and ΔΣ∂
p are worked out as

ΔΣ ¼ 2a
ð2πÞ2β

�
−
iπ
2

�
;

ΔΣ∂
p ¼

1

p
∂ΔΣ
∂a
ð1 − a2Þ ¼ 2ð1 − a2Þ

ð2πÞ2pβ
�
−
iπ
2

�
: ð42Þ

An important property is that both ΔΣ and ΔΣ∂
p are regular

as a → 1, so that here we can simply use a ¼ p0=p to
proceed. The following integrals are needed in the evalu-

ation of Sð1ÞR :

Z
pþΛ

p−Λ
dp0

a2 − 1

ðP2Þ2 ≃
1

p2

Z
pþΛ

p−Λ
dp0

1

P2
¼ 1

p2

1

2p
ð−iπÞ;

Z
pþΛ

p−Λ
dp0

a
ðP2Þ2 ≃

1

p

Z
pþΛ

p−Λ
dp0

p0

ðP2Þ2 ∼
1

p2Λ
: ð43Þ

In the last line we have again set Λ ∼ p becauseΔΣ is exact
like the off-equilibrium counterpart. Using (41) and the
integrals above, we find the corresponding contribution toR
dp0S

ð1Þ
R is parametrically suppressed compared to (36).

The reason can be traced in different temperature depend-
ence of the equilibrium and off-equilibrium self-energies:
the former is linear in temperature while the latter is
dominated by a temperature independent contribution in

the regime pβ ≫ 1 we choose to work. It follows that the
equilibrium contribution to the spectral function is
suppressed.
In summary, the radiative correction to the spectral

function is given byZ
dp0δρðPÞ ¼ 2 Im ½δSð0ÞR þ Sð1ÞR �

¼ g2CF

2ð2πÞ2
π

2p
γ5γi

�
ωi
kð2Cb þ ð−2þ ln 4ÞCaÞ

þ 2Cb þ ð2þ ln 4ÞCa

2
ωi⊥

þ 2Cb þ ð−6þ ln 4ÞCa

2
ϵijkp̂jp̂lσkl

þ 2Cb þ ð−4þ ln 4ÞCa

2
ϵijkp̂j

∂kβ

β

�
: ð44Þ

The fact that the spectral function is modified by a
hydrodynamic gradient indicates that the particle itself is
polarized. Using the equilibrium KMS relation, we obtain
the following contribution to the spin polarization:Z

dp0δS<ðPÞ ¼
Z

dp0δρðPÞfðp0Þ

¼ g2CF

2ð2πÞ2
π

2p
γ5γi

�
0.95ωi

k þ 1.48ωi⊥

− 0.52ϵijkp̂jp̂lσkl − 0.02ϵijkp̂j
∂kβ

β

�
f̃ðpÞ;

ð45Þ
where we have used Ca ¼ 0.5 and Cb ≃ 0.63 from
Appendix B. This is to be compared with the tree-level
contribution from the same sources (3),
Z

dp0S<ð0ÞðPÞ ¼ −γ5γi
2π

2

�
ωi þ ϵijkp̂k

∂jβ

β
þ ϵijkp̂kp̂lσlj

�

× β
∂

∂ðβpÞ f̃ðpÞ

≃ γ5γi
2π

2

�
ωi þ ϵijkp̂k

∂jβ

β
þ ϵijkp̂kp̂lσlj

�

× βf̃ðpÞ; ð46Þ
where we have used ∂

∂ðβpÞ f̃ðpÞ ≃ −f̃ðpÞ in the regime

pβ ≫ 1.

III. CONCLUSION AND OUTLOOK

We have classified the general off-equilibrium contribu-
tion to spin polarization into three types including mod-
ifications to the (i) spectral function, (ii) distribution
function, and (iii) KMS relation. The last two types exist
already in free theory, while the first type is visible with
radiative correction only. As an explicit example, we have
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calculated radiative correction to quark spectral function in
an off-equilibrium medium characterized by hydrodynamic
gradients. The correction at Oðg2∂Þ arises from both local
equilibrium self-energy at Oðg2Þ combined with gradient
correction to the resummation equation and off-equilibrium
self-energy correction at Oðg2∂Þ. For an energetic quark in
the medium, we have found the former contribution to be
parametrically suppressed. The latter contribution leads to a
quasiparticle with a polarized spectral function.
Clearly, a complete contribution to spin polarization also

involves a radiative correction to type (ii) and (iii).
Correction of type (ii) comes from spin-vorticity coupling
only. Correction of type (iii) would involve gradient
correction to the Kadanoff-Baym equation. They have
been worked out recently in the hard thermal loop approxi-
mation in [31,36]. Generically, these contributions come
from local equilibrium self-energy Σ. We expect that they
lead to parametrically similar contributions to the sub-

dominant contribution to type (i) from Sð1ÞR . It implies the
dominant contribution from off-equilibrium correction to
self-energy might remain unchanged. We leave more
complete studies for future exploration.
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APPENDIX A: SOLVING THE
KADANOFF-BAYM EQUATION

In this appendix, we solve (12) order by order in gradient

SR ¼ Sð0ÞR þ Sð1ÞR þ � � � ; ðA1Þ

with the superscript denoting the order. Each order solution

is further expanded in self-energy. Sð0ÞR is solved as

PSð0ÞR − ΣRS
ð0Þ
R ¼ −1 ⇒ Sð0ÞR ¼ −

1

P
−
1

P
ΣR

1

P
þ � � � ðA2Þ

Sð1ÞR satisfies the following equation:

PSð1ÞR − ΣRS
ð1Þ
R ¼ −

i
2
∂Sð0ÞR þ

i
2
fΣR; S

ð0Þ
R g: ðA3Þ

We shall find the solution of Sð1ÞR only to the lowest order in
ΣR, which is counted as Oðg2Þ. To this end, we may drop
the self-energy term on the lhs and keep terms up toOðg2∂Þ
on the rhs. We simplify the rhs as

i
2
∂

�
1

P
ΣR

1

P

�
−
i
2
∂ΣR · ∂P

�
−1
P

�
¼ i

2
∂ΣR

1

P2
−
i
2
∂

�
1

P
;ΣR

�
1

P
þ i
2
ΣR ∂
 − i∂λΣRP

Pλ

ðP2Þ2

¼ i∂ · ΣR
1

P2
þ i∂ΣR

λ ðPPλ − γλP2Þ 1

ðP2Þ2 − i∂λΣRP
Pλ

ðP2Þ2

¼ −σμλ∂μΣR
λ

1

P2
þ iγμð∂μΣR

λ ðλ ↔ μÞÞP Pλ

ðP2Þ2

¼ −σμνTμν
1

P2
þ 2σμνPνTμλ

Pλ

ðP2Þ2 ; ðA4Þ

where we have used the product γμγν ¼ ημν − iσμν and
defined Tμλ ¼ ∂½μΣR

λ�.
Motivated by the solution in CKT without radiative

correction, we solve (A3) with the following ansatz:

Sð1ÞR ¼ γ5γνAν, using the relation

Pγ5γνAν ¼ −γ5P ·Aþ iγ5σμνPμAν

¼ −γ5P ·A −
1

2
ϵμναβσαβPμAν: ðA5Þ

We proceed by dropping the P ·A term above, whose
validity will be verified below. Extracting coefficients of
σμν from (A3), we obtain

PαAβ − ðα ↔ βÞ

¼
�
−Tμν 1

P2
þ 2PνTμλ Pλ

ðP2Þ2
�
ϵμναβ

¼ −Tμν 1

P2
ϵμναβ

þ 2PνTμλ −1
ðP2Þ2 ðPνϵαβλμ þ Pαϵβλμν þ PβϵλμναÞ

¼ PνTμλ −1
ðP2Þ2 ðPαϵβλμν þ PβϵλμναÞ: ðA6Þ

It is solved by Aβ ¼ PνTμλ −1
ðP2Þ2 ϵβλμν. It indeed satisfies

P ·A¼0, justifying dropping the corresponding term above.
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APPENDIX B: EVALUATION
OF MOMENTUM INTEGRALS

We first consider the following tensor integral for
equilibrium self-energy:

Z
Q

qiqj
P2 − 2P ·Qþ iη

fðβq0Þ
q20

2πϵðq0ÞδðQ2Þ ¼ AδijþBp̂ip̂j:

ðB1Þ

Contracting the above with δij and p̂ip̂j respectively, we
find

3AþB¼
Z
Q

q2

P2−2P ·Qþ iη
fðβq0Þ
q20

2πϵðq0ÞδðQ2Þ;

AþB¼
Z
Q

ðq · p̂Þ2
P2−2P ·Qþ iη

fðβq0Þ
q20

2πϵðq0ÞδðQ2Þ: ðB2Þ

We shall illustrate the evaluation of the first integral. The
same method applies to the second integral as well. We first
perform the integration of q0 using δðQ2Þ to obtain

Z
d3q
ð2πÞ3

�
1

P2 − 2ðp0q − p⃗ · q⃗Þ þ iη
fðβqÞ
2q

−
1

P2 − 2ð−p0q − p⃗ · q⃗Þ þ iη
fð−βqÞ

2q

�
: ðB3Þ

We use fð−βqÞ ¼ −1 − fðβqÞ and note that the −1 gives
rise to vacuum self-energy, which will be eliminated by
spacetime derivatives, so that we can drop the −1. We then
perform angular integration to obtain

Z
dq

2ð2πÞ2
1

2pq

�
ln
p2ða2 − 1Þ − 2pqða − 1Þ
p2ða2 − 1Þ − 2pqðaþ 1Þ

þ ln
p2ða2 − 1Þ þ 2pqðaþ 1Þ
p2ða2 − 1Þ þ 2pqða − 1Þ

�
fðβqÞ
q

; ðB4Þ

with a ¼ p0=p and iη replaced by an infinitesimal pos-
itive imaginary part of a. The q integration cannot be
performed analytically. To proceed, we restrict ourselves to
the regime ða − 1Þp ≪ 1=β ≪ p, or equivalently and
P2 ≪ p=β ≪ p2, that is an energetic particle close to the
mass shell. This allows us to split the integration domain
into two parts separated by a floating point q�, with
ða − 1Þp ≪ q� ≪ 1=β. For 0 < q < q�, we use fðqÞ ≃ 1

βq

to have

Z
q�

0

dq
1

2pq

�
ln
P2 − 2pqða − 1Þ þ iη
P2 − 2ðaþ 1Þpqþ iη

þ ln
P2 þ 2pqðaþ 1Þ þ iη
P2 þ 2ða − 1Þpqþ iη

�
q2

−q
1

βq

≃
1

4pβ

�
π2 þ 2iπ ln

ð−1þ aÞp
2q�

�
: ðB5Þ

The lhs can be integrated analytically with a lengthy
expression not shown here. The rhs is obtained by keeping
the leading term in the expansion in aðp − 1Þ=q� and then
keeping the leading term in the expansion in q�=p. For
q� < q < ∞, we apply the same approximation to the
integrand of (B4) excluding the fðβqÞ factor to obtain

q2

2pq

�
ln
p2ða2 − 1Þ − 2pqða − 1Þ
p2ða2 − 1Þ − 2pqðaþ 1Þ

þ ln
p2ða2 − 1Þ þ 2pqðaþ 1Þ
p2ða2 − 1Þ þ 2pqða − 1Þ

�
1

2q

≃
lnð1 − aÞ − lnð−1þ aÞ

2p
¼ −

iπ
2p

: ðB6Þ

An infinitesimal positive imaginary part of a has been
invoked in the last equality. We then convolute the above
with fðqÞ and expand in βq� to obtain

−
iπ
2p

Z
∞

q�
fðβqÞ ≃ iπ

2p
lnðq�βÞ

β
: ðB7Þ

Adding up (B5) and (B7), we find the dependencies on the
floating scale q� cancel to give

3Aþ B ¼ 1

2ð2πÞ2
πðπ þ 2i ln pβð−1þaÞ

2
Þ

4pβ
: ðB8Þ

Repeating the same procedure as above, we obtain for the
second integral

Aþ B ¼ 1

2ð2πÞ2
πðπ þ 4iþ 2i ln pβð−1þaÞ

2
Þ

4pβ
: ðB9Þ

Now we turn to integrals for off-equilibrium self-energy.
Contracting the first tensor integral of (29) by δij and p̂ip̂j
and contracting the second vector integral by p̂i, we obtain

3δAþ δB ¼
Z
Q

q2

P2 þ 2P ·Qiη

f0ðβq0Þ
2q20

ϵðq0ÞδðQ2Þ;

δAþ δB ¼
Z
Q

ð ˙̂qpÞ2
P2 þ 2P ·Qiη

f0ðβq0Þ
2q20

ϵðq0ÞδðQ2Þ;

δC ¼
Z
Q

˙̂qp
P2 þ 2P ·Qiη

f0ðβq0Þ
2q20

ϵðq0ÞδðQ2Þ: ðB10Þ
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We shall illustrate the evaluation of the first integral. As
before, we integrate over q0 using the Dirac delta function
and then integrate over the angular variables to obtain

1

2pq

�
− ln

p2ða2 − 1Þ − 2pqða − 1Þ
p2ða2 − 1Þ − 2pqðaþ 1Þ

þ ln
p2ða2 − 1Þ þ 2pqðaþ 1Þ
p2ða2 − 1Þ þ 2pqða − 1Þ

�
qf0ðqÞ: ðB11Þ

We have used f0ð−βqÞ ¼ f0ðβqÞ. Note that there is no
vacuum contribution in off-equilibrium self-energy.
Following the equilibrium case, we split the integration
domain into two parts with a floating scale q�. The
part below q� is obtained by the approximation f0ðβqÞ ≃
− 1
ðβqÞ2 as

Z
q�

0

dq
1

2pq

�
− ln

p2ða2 − 1Þ − 2pqða − 1Þ
p2ða2 − 1Þ − 2pqðaþ 1Þ

þ ln
p2ða2 − 1Þ þ 2pqðaþ 1Þ
p2ða2 − 1Þ þ 2pqða − 1Þ

�
q

�
−

1

ðβqÞ2
�

¼ Fðq�Þ − Fð0Þ

≃ −
2iπ

ða2 − 1Þp2β2
þ
2þ iπ − 2 ln pð−1þaÞ

2q�

2pq�β2
; ðB12Þ

where F is the integrated function. Fð0Þ ¼ 2iπ
ða2−1Þp2β2

is

exact. Fðq�Þ is truncated to leading order expansions in
(a − 1) and q�=p. The part above q� is evaluated using the
following approximation for the integrand excluding the
f0ðβqÞ factor:

1

2pq

�
− ln

p2ða2 − 1Þ − 2pqða − 1Þ
p2ða2 − 1Þ − 2pqðaþ 1Þ

þ ln
p2ða2 − 1Þ þ 2pqðaþ 1Þ
p2ða2 − 1Þ þ 2pqða − 1Þ

�
q

≃
iπ þ 2 ln 2q

pð−1þaÞ
2p

: ðB13Þ

The convolution with f0ðβqÞ is performed as follows:

Z
∞

q�
dq

iπ þ 2 ln 2q
pð−1þaÞ

2p
f0ðβqÞ

¼
iπ þ 2 ln 2

pβð−1þaÞ
2pβ

Z
∞

x0

dxf0ðxÞ þ 1

pβ

Z
∞

x0

f0ðxÞ ln x;

ðB14Þ

where x ¼ qβ and x0 ¼ q�β. Since x0 ≪ 1, the x integrals
can be expanded as

Z
∞

x0

dxf0ðxÞ ¼ −
1

x0
þ Ca;

Z
∞

x0

dxf0ðxÞ ln x ¼ −
1

x0
ð1þ ln x0Þ þ Cb; ðB15Þ

with Ca ¼ 0.5 and Cb ≃ 0.630, which are calculated
numerically. Combining (B12) and (B14), we again find
the expected cancellation on the dependencies on q�:

3δAþ δB ¼ 1

4ð2πÞ2
�
−

2iπ
ða2 − 1Þp2β2

þ 2Cb þ iπCa − 2Ca ln
pβð−1þaÞ

2

2pβ

�
: ðB16Þ

The other two integrals can be calculated similarly to give

δAþδB¼ 1

4ð2πÞ2
�
−

2iπ
3ða2−1Þp2β2

þ−4Caþ2Cbþ iπCa−2Ca ln
pβð−1þaÞ

2

2pβ

�
;

δC¼ 1

4ð2πÞ2
�
−4Caþ2Cbþ iπCa−2Ca ln

pβð−1þaÞ
2

2pβ

�
:

ðB17Þ
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