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Probing saturonlike limits in QCD systems
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High-occupancy quantum chromodynamics (QCD) matter enters a saturated regime when its entropy or
occupancy approaches the unitarity bound ~1/a, the “saturon” criterion. We test this criterion for protons
and nuclei at small x using analytic and numerical solutions of the BK equation. From these solutions we
construct the gluon occupancy N,(x) and a thermodynamic entropy S(x) via an Unruh-like temperature
T = Q,/(2x) and an emergent gluon mass M, ~ Q,. For protons, both N, and S rise toward small x yet
stay below 1/a, in our baseline setup. For nuclei, by contrast, the nuclear entropy S, attains the 1/a;
benchmark in a small-x window where the proton does not. This singles out nuclei as the natural
environment to search for saturon-like behavior and motivates precision small-x measurements and high-

occupancy pA and AA collisions.

DOI: 10.1103/f7gd-q261

I. INTRODUCTION

In high-energy quantum field theory, an emerging con-
cept has stimulated renewed consideration of saturation,
entropy, and semiclassical behavior: the saturon. First
introduced by Dvali et al. [1-4], a saturon refers to a highly
occupied composite field configuration that attains maximal
entropy under the constraint of unitarity. The thermody-
namic properties of saturons, such as entropy-area analogies
and thermallike behavior, evoke parallels with black holes,
although they arise within nongravitational and renormaliz-
able theories. When the occupation number n and the
coupling constant a satisfy na ~ O(1), the system exhibits
semiclassical behavior, and the entropy scales as S ~ 1/a,
which in four dimensions resembles the Bekenstein-
Hawking entropy relation S ~ R? [5,6].

Moreover, saturons are not merely theoretical constructs:
because their entropy reaches its maximal value, they can be
produced in a thermal bath through quantum transitions
without exponential suppression. This contrasts with con-
ventional topological solutions or black hole formation
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mechanisms, which are typically subject to exponential
suppression by a Boltzmann factor or dynamical con-
straints. Such entropy-driven enhancement makes saturons
compelling candidates for dark matter and suggests that
they may also yield observable signatures in high-energy
collisions [7].

The potential connection between the infrared behavior
of the strong interaction and gravity has long been a
subject of intense discussion. One of the most prominent
manifestations of this idea is the application of the anti—de
Sitter/conformal field theory (AdS/CFT) correspondence
in strongly interacting theories [8—11]. The rapid develop-
ment of this framework has led to new interpretations in
black hole thermodynamics, quantum field theory, and
hadronic physics, particularly by relating certain black
hole properties to entanglement and other features emerg-
ing in strong interaction studies [12,13] (See others works
related entropy [14-17,17-33].). As the fundamental
theory of strong interactions, QCD provides a basis for
exploring hadron structure and nuclear matter properties.
Its infrared dynamics can also be investigated through the
mapping of four-dimensional Minkowski field theories
onto the boundary of a five-dimensional AdS spacetime.
Distinct from the holographic duality, another profound
connection between gauge theories and gravity is found in
the Bern-Carrasco-Johansson (BCJ) “double copy” con-
struction [34]. While AdS/CFT relates a gauge theory to a
gravity theory in a higher-dimensional space, the double
copy framework establishes a direct relationship between
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scattering amplitudes in gauge theories and gravity within
the same spacetime dimension, loosely summarized as
“gravity = gauge x gauge.”

Regardless of the specific framework, black holes remain
a focal point for understanding high-density gravitational
states. Intriguingly, it has been proposed that the physics
of black holes—specifically their saturation of entropy
bounds—may share universal features with other high-
occupancy systems. Motivated by such universality classes,
recent works [12] have suggested a duality between the
highly occupied graviton states in black holes and the
saturated gluon states in the color glass condensate (CGC)
effective theory [35,36].

The central focus of this work is to explore saturation
phenomena from the perspective of proton structure. It is
well established that in high-energy hadrons, such as
protons, the number of gluons increases rapidly as the
Bjorken-x—the longitudinal momentum fraction carried by
gluons—becomes very small. However, when the gluon
density reaches a sufficiently high level, nonlinear inter-
actions among gluons, such as gluon-gluon recombination,
become significant and inhibit the unbounded growth of
gluon density. This phenomenon is referred to as gluon
saturation. In other words, the gluon population cannot grow
indefinitely without violating unitarity. A central question
addressed in this work is whether a system constrained by
unitarity, such as the saturated gluon system in a proton, can
be connected to the concept of a saturon. This concept,
introduced by Dvali et al., refers to highly occupied field
configurations that reach maximal entropy while respecting
unitarity. In Sec. II, we offer a concise review of QCD’s
nonlinear small-x evolution equations and the phenomenon
of gluon saturation within the proton. To assess the saturon
status of the proton, we adopt the thermodynamic entropy
definition for gluonic systems as originally proposed by
Kutak in Ref. [14]. Our work focuses on applying this
entropy measure—along with the gluon occupation number
derived from the Balitsky-Kovchegov (BK) equation—to
the specific case of proton and nuclear targets. In Sec. I1I, we
present our computed observables and examine the relation-
ship between high-gluon-occupancy protons and saturon
behavior. Finally, we provide a summary and outlook. This
study introduces a novel perspective on saturation in the
proton system, suggesting that, near the saturation threshold,
universal behavior can emerge independently of detailed
microdynamics or initial conditions. Such a proton state
represents a saturated condition comprised of highly occu-
pied soft quanta, sufficient to form a cross section con-
strained by unitarity [3,4,12].

II. FORMALISM

A. Gluon saturation and small-x evolution

A prominent feature of QCD in the high-energy regime
is the emergence of high-density partons distributions,

FIG. 1. The gluon density inside the proton increases from low
to high energies (from left to right), eventually reaching a state of
gluon saturation as a result of overlap and gluon recombination.

a consequence dictated by first principles. Due to the
presence of the three-gluon interaction term, radiated
gluons can further split into additional gluon fields. The
evolution of parton distributions with respect to the photon
virtuality Q2 and the Bjorken scaling variable x is governed
by evolution equations, primarily the Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) equation [37—40] and
the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation
[41,42]. The DGLAP equation accurately describes the
QCD dynamics of the proton at moderately large x and
intermediate to high 0 > AZQCD, while the BFKL equation
complements this by capturing the evolution behavior in
the small-x regime, where parton densities become sig-
nificantly enhanced.

The unbounded growth of high-energy gluons violates
unitarity. In practice, as the number of gluons increasingly
populates the phase space of the proton, spatial overlap
among them becomes inevitable. When the overlapping
gluons come sufficiently close, gluon recombination
occurs, leading to saturation (See Fig. 1). This nonlinear
effect is not accounted for within the framework of the
BFKL equation. In fact, the earliest nonlinear corrections to
the DGLAP equation were introduced in Refs. [43,44]
and are known as the GLR-MQ equation. Subsequently,
the  Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-
Kovner (JIMWLK) equation [45-49] was developed to
describe the evolution of the full weight function of the
color glass condensate. The BK equation [50-52] can be
derived as a mean-field approximation of the JIMWLK
hierarchy, formulated based on the unitarity of the dipole
scattering amplitude.

B. Balitsky-Kovchegov equation

In this work, we employ the BK equation to characterize
the saturation behavior of the proton and compare it with the
criteria for a saturon system. In this work, we employ
the BK equation to characterize the saturation behavior of
the proton. Let N(k,Y) denote the dipole scattering
amplitude in momentum space, which depends on the
transverse momentum k and the evolution rapidity
Y = In(1/x). Equation (1) represents the momentum-space
formulation of the BK equation, which is related to the
coordinate-space version in Refs. [50,51] via a Fourier
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transform (see, e.g., Ref. [53]). It is expressed as: [50,51]

IN(k.Y) 5 /oo de? [ﬂ/\f(f, Y) = kK*N(k,Y)
’ 0

oY 7z k2 = 7]
k2N(k,Y)] _
S g N2 (kY. 1
+ e (k,Y) (1)

In this formulation, N. denotes the number of colors, a; is
the QCD coupling constant, and &, = a,N,./z. In addition,
there exists a differential form of the BK equation,
expressed using the BFKL kernel y(4), as given in Ref. [52]

%zaﬁ((—ﬁ)ﬂ/(h Y)-aN(kY). (2

The BFKL kernel in this context can be represented in terms
of the digamma function y(1) =T"(1)/T'(1)

xu):w(l)—%w(l—g)—%w@). (3)

While these two forms are mathematically equivalent
representations of the same physical evolution, for our
analysis we explicitly treat the dipole amplitude N (k,Y)
as a function of the evolution rapidity Y and the gluon
transverse momentum k. Both formulations of the BK
equation admit solutions in momentum space and can
serve as inputs for calculating scattering amplitudes in
diffractive processes as well as proton structure functions.
Once the dipole amplitude is obtained from solving the BK
equation, one can proceed to compute the unintegrated
gluon distribution (UGD) and the gluon number density.
Therefore, the solution to the BK equation captures the
gluon evolution dynamics in the small-x regime. For the
nonlinear integro-differential form of Eq. (1), a Runge-
Kutta scheme incorporating integral terms can be
employed. In this work, we use the BKsolver algorithm
as outlined in Ref. [53], which approximates the integral
term using Chebyshev polynomials. This method proves
highly effective and allows for both fixed and running
coupling scenarios. For the differential form of the BK
equation, it is also possible to obtain approximate ana-
lytical solutions. By transforming the equation into
the form of the Fisher-Kolmogorov-Petrovsky-Piskunov
(FKPP) equation [54-60], one can apply techniques
developed for nonlinear partial differential equations to
perform the analysis.

The solution to the BK equation, along with its character-
istic quantity—the saturation scale Q?—can be directly
extracted from the solution itself. From the perspective of
analytical analysis, we adopt the homogeneous balance
method employed in Refs. [61-64] to solve the BK (or
FKPP) equation, which includes treatments for both fixed
and running QCD coupling. Details of the solution meth-
odology can be found in the relevant literature. In the fixed

coupling (fc) scenario, an analytical solution to the BK
equation in momentum space takes the form given as

AOeSAO Y/3

(L,Y) =
A T e

(4)

with L = In(k*/Agcp), where Ag;, and @ are fitting
parameters. These parameters can be determined using
gluon distribution data or proton structure function data
[62,63], in this work we use Ay = 33.3,A; = —58.3,
A, =26.2, and 6 = —3.09 [62]; however, as this is not
the primary focus of the present study, we do not elaborate
further. To extract the saturation scale Q,, which corre-
sponds to the transverse momentum at the saturation
threshold, we directly utilize the analytical solution via
the method described in Ref. [62]

Q) = Ajopelr VAR, (5)

The associated parameters are consistent with those of the
solution, and Aqcp, representing the infrared cutoff, is taken
to be 0.2 GeV.

For the case of running coupling (rc), the details of the
treatment using the homogeneous balance method can
similarly be found in Ref. [64]. In this work, we adopt
the saturation scale prescription (SSP). We note that while a
rigorous derivation of the running coupling in small-x
evolution requires a loop computation to resum vacuum
polarization bubbles as established by Balitsky [65], the
SSP serves here as a phenomenological ansatz whereby the
running coupling scale is identified with the saturation
scale Q. This choice reflects the characteristic momentum
of gluons in the saturated regime and offers improved
performance in describing the small-x proton structure
function F,. The scale-dependent running coupling con-
stant is expressed as [64]

1
bln

a0} = — . (6)

2
Agep

where b = (11N, —2N,)/12N,. Note that this coefficient
differs from the standard QCD p-function coefficient by a
factor of N./z, arising from the definition of the reduced
coupling a, = (N,./7)a.

The saturation scale Qg is proportional to the gluon
density and thus exhibits a positive correlation with the
rapidity Y. This relationship can be established through [66]

0X(Y) = Ajepe"™” (7)
with the free parameter c¢. The transition from the expo-
nential growth e*! in the fixed coupling case to the slower

VY behavior in the running coupling scenario has a clear
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physical origin. As the saturation scale Q(Y) increases
with rapidity, the effective coupling &, (Q?) decreases. This
dynamical reduction in the coupling strength suppresses
the gluon emission probability, thereby slowing down the
evolution speed of the saturation wavefront compared
to the fixed coupling case. This is consistent with the
reasoning behind Eq. (5), where, upon assuming a specific
scale for the coupling constant, the analytical solution to the
BK equation in the running coupling scenario can also be
obtained using the homogeneous balance method. The
explicit form is given as [64]

(s

Agexp |20+2

Nre(L.Y) =

-
revp 22 }

{exp
(3)

Similarly, this analytical solution contains free param-
eters that must be determined by fitting to experimental
data. Specifically, in the case of running coupling, the
parameters of the analytical solution are obtained by fitting
to the experimental data of the structure function [67,68],
yielding Ay =698, A; = —-8.46, A, =295, ¢ =3.11,
and 6 = -2.76.

A detailed discussion of the numerical solutions to the
BK equation is beyond the scope of this work; here we
briefly outline the method for extracting the saturation scale
Q? from such solutions. While the standard definition of the
saturation scale is typically formulated in coordinate space
(as the inverse radius r =1/Q, where the amplitude
reaches a fixed value), it is operationally natural in our
momentum-space analysis to extract Q, directly from the
momentum-dependent amplitude. We verify that for appro-
priate threshold choices (e.g., k ~0.5), this momentum-
space extraction reproduces the correct universal asymptotic
behavior at large rapidity, consistent with theoretical expect-
ations derived in coordinate space [55]. Notably, for x = 1,
the numerical solutions obtained using BKsolver [53]
reproduce the expected asymptotic behavior well in both
fixed and running coupling scenarios.

Figure 2 presents both the analytical and numerical
solutions of the BK equation with fixed and running
coupling, obtained using the methods described above.
The figure displays the distribution of the dipole amplitude
as a function of gluon transverse momentum for various
values of x (In each subfigure, the four curves from left to
right correspond to x = 107!,1073,1073, 1077, respec-
tively). It is evident that all solutions exhibit wavefrontlike
profiles, a feature connected to the statistical properties
underlying the BK equation. The analytical solutions, in
particular, provide explicit functional forms for these
traveling wave solutions. Furthermore, Fig. 3 illustrates

g L)

the evolution of the saturation scale Q? as a function of x
for different solution schemes. The solid line, dashed line,
dash-dotted line, and dotted line correspond to the four
respective solutions. While some discrepancies exist
between the extracted saturation scales across methods,
due to differing assumptions in solving the equation or
defining the saturation condition, the general trend remains
consistent: Q2 increases as x decreases.

C. Saturons, occupation number, and entropy

As discussed earlier, we aim to determine whether high-
occupancy systems exhibit distinctive dynamical properties
at the critical point. Taking black holes as an example,
critical packing leads to the emergence of a large number of
gapless modes, which correspond to specific microstate
entropy S. Among the relations involving entropy, the most
significant is its dependence on the system coupling
constant a(Q) with saturation scale Q, at the critical
point. This correspondence was proposed in Refs. [1-3]
and implies an upper bound on the microstate entropy and
occupation number of a system

L
a(Qs)”

At the same time, Ref. [3] further proposed that the
correlation between unitarity-preserving saturation and
the entropy bound (9) is inherently nonperturbative and
cannot be circumvented through resummation schemes
within perturbative frameworks. Moreover, any system
that reaches this entropy limit exhibits, to some extent,
universal features shared with black holes. In the relevant
literature, the connection between black holes and analo-
gous saturated objects in other physical systems has been
established, including states in gauge theories with a large
number of colors.

Several studies have suggested a correspondence
between black holes and the CGC formed in high-energy
matter collisions, the latter being a high-occupancy con-
densate permitted within the framework of QCD. Although
the critical behavior of QCD differs from that of gravity,
they share common features in terms of critical packing.
Both the black hole state and the CGC state emerge as
outcomes of the classicalization and unitarization of the
2 — N amplitude in the high-energy Regge limit of gravity
or QCD [12]. The interpretation of black holes and other
field-theoretic systems as saturated states has been exten-
sively discussed in the literature. Our focus here is on the
nucleon system, more precisely the high-energy proton
parton distribution system governed by QCD. We inves-
tigate whether it can be regarded as a saturated state, and
examine its implications for microscopic entropy as well as
the definition of high-occupancy states.

One may consider a highly occupied proton, namely the
gluon distribution inside the proton in the small-x region.

©)

Smax ~ Npax =
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FIG. 2. From left to right and top to bottom, the panels correspond to the analytical and numerical solutions of the BK equation in the
fixed and running coupling cases, respectively. The solution methods follow [53,62,64]. In each subfigure, the four curves from left to

right represent x = 107!, 1073, 107>, 107, respectively.
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FIG. 3. The variation of the extracted saturation scale Q? with

respect to x under different schemes is shown. The solid line,
dashed line, dash-dotted line, and dotted line correspond to the
four respective solutions.

This distribution can be described within the framework of
the BK equation through the relation between the dipole
scattering amplitude and the UGD. The gluon occupancy
N, at high energies can be expressed in terms of the gluon
multiplicity distribution produced in collision processes,
given as [36,69]

(277)3 X ngluon
2(N% - 1) dxdzkldsz_ ’

Noy(x.kp.x)) (10)

where k| and x| are transverse momentum and impact
parameter of gluon, respectively. Equation (10) defines the
microscopic gluon occupation number in phase space. The
standard collinear gluon distribution xG(x, Q?) is obtained
by integrating this density

o [9dk 5
xG(x, Q%) _/ (z—ﬂ)lz/c[sz2(Nc—l)Ng(x,kl,bl).
(11)
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Assuming a homogeneous transverse density profile within
a proton of radius R, the integration over impact parameter
yields a geometric factor of 7R?. We can thus invert this
relation to define an average gluon occupation number

xG(x, 0%)

Ny(x.0%) =7 5 (12)

Regarding the unintegrated gluon distribution (UGD)
F(x,k?), we adopt a form inspired by Ref. [70]

N.R? d \?2

We note that while Ref. [70] utilizes an auxiliary function
without the explicit area factor, we include the term R?
here to ensure dimensional consistency with the definition
of the average occupation number in Eq. (12).

We now turn to the discussion of how to define the
concept of saturation entropy for the proton in a high gluon
occupancy regime. A potential approach to resolving the
entropy of such a highly occupied system was proposed in
[71,72] and subsequently applied in [14] to address entropy
production in high-energy collisions. This perspective
originates from the partonic picture of QCD, where the
thermalization of a hadron is associated with a temperature
linked to its saturation scale

_0(x)
T=52 (14)

where x stands for a longitudinal momentum fraction of
hadron carried by a parton. This connection is established
through the well-known Unruh effect [73]. A concise
formulation of the Unruh effect states that an observer
undergoing constant acceleration a perceives a thermal bath
with temperature T = a/2x in their own rest frame. When
applied to off-shell gluons being radiated, this suggests a
deceleration effect in the transverse-momentum-dependent
UGD. By analyzing gluon deceleration in a uniform
chromoelectric field, one finds that the characteristic
acceleration is compatible in magnitude with the saturation
scale [71,74], such that a = Q(x)

In addition to temperature, a complete thermodynamic
definition of entropy requires a description of energy.
Inspired by [51,52], we associate the emergent mass
generated through the nonlinear evolution of gluons with
the saturation scale. Specifically, this mass is taken to be
proportional to the saturation scale, thereby avoiding
divergences in the gluon propagator. Furthermore, it has
been suggested that gauge-invariant gluons may acquire a
dynamical mass due to nonlinear effects (see Refs. [75,76]
and references therein). Accordingly, one may express the
mass of a single gluon as [14]

M (x) = Q;(x). (15)

Based on the definitions of gluon mass and system
temperature discussed above, one can formulate a coarse-
grained entropy, as implied by the fundamental laws of
thermodynamics, under the assumption that the system
volume remains approximately constant. Using the energy-
or the effective mass of the gluons-together with the
temperature derived from the Unruh effect, the entropy
is found to satisfy the following differential equation

dM = dE = TdSs, (16)

here, the mass M can be interpreted as the total emer-
gent mass of all gluons, namely, the total energy of N,
gluons with individual mass M (x), such that M(x) =
N,(x)M ,(x). Naturally, the longitudinal momentum frac-
tion x carried by the gluons should be accounted for in the
dependence of the above quantities, and it can serve as one
of the scaling variables for the entropy. By introducing the
Unruh acceleration a = Q,(x), the differential expression
for the entropy can then be obtained directly from Eq. (14)
as follows:

d[N4(x)My(x)]
0,(x)

For simplicity, the lowest entropy state S, can be set to
zero. All integration constants can be absorbed into
quantities related to the gluon occupation number, which
may be determined from experimental data or global QCD
fits. It is important to emphasize that, in this analysis, the
gluon occupation number (or gluon density) is obtained
from the solution of the BK equation. Ultimately, follow-
ing the thermodynamic definition proposed by Kutak in
Ref. [14], the entropy of the system takes the form

dS =2z (17)

()
Neo

S(x) ~zN,(x)In (18)

The thermodynamic entropy of the high-occupancy gluon
state obtained above is consistent with the conclusion
presented in [15], where a simplified analytic expression
for the gluon distribution based on the Golec-Biernat
Wuesthoff (GBW) model [77] yields a result that matches
the entanglement entropy derived from DIS [13,18,78-83].

The properties of black holes as saturons systems have
been extensively studied. We now turn to the question of
whether a highly saturated proton, characterized by a large
gluon occupation number in its interior, can exhibit
features analogous to those of black holes. As previously
discussed, saturons systems display certain universal
behaviors near the critical regime. The Bekenstein-
Hawking entropy of a black hole suggests that for a black

hole of radius R, the entropy scales as S~ Aera/G,,,
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where G, denotes Newton’s gravitational constant and has
dimensions of R?~2. The saturation property of black holes
leads to the entropy saturating the Bekenstein-Hawking
bound, yielding $ ~ 1/a,, with a,, = G, /R*>.

We now consider the internal dynamics of a highly
saturated proton governed by QCD. The gluon distrib-
ution at the saturation scale Q = Q,(x), denoted by
xG(x, Q4(x)), can be obtained by integrating the UGD
over transverse momentum. The UGD itself is derived from
the solution of the BK equation via the dipole scattering
amplitude and Eq. (13). It can be shown that the gluon
distribution obtained from the UGD satisfies xG ~ A | /«;
[15,77], where A| = nR? represents the transverse area of
the boosted proton. The gluon occupation number N, is
related to xG through Eq. (12) and ultimately enters the
expression for the system’s thermodynamic entropy via
Eq. (18), resulting in the scaling

S(x) ~Ny(x) ~1/ay. (19)
This provides the basis for considering the high-energy,
high-occupancy gluon state in the proton as a saturons
system. In contrast to the gravitational case, the relevant
coupling constant is now the QCD strong coupling «,
which depends on the saturation scale as a; ~ a,(Q?).

D. From proton to nucleus:
Glauber-Gribov-Mueller scheme

It is also worth mentioning the extension of the nucleon
UGD to the nuclear case, since the nuclear mass number (A)
can enhance the gluon distribution in the high-saturation
regime of a nucleus, in line with the CGC picture. In this
work we adopt a simple scheme that maps the UGD from a
single proton to a high-mass-number nucleus (e.g., Pb), with
the goal of straightforwardly comparing its saturation
criterion with that of a single nucleon. Multiple scattering
in a dense nuclear target can be described by the Glauber-
Gribov-Mueller (GGM) approximation [84-89]. The
nuclear saturation scale grows with mass number [36,89]

07 4(x)=APQOF (x).  Ry=rA' (20)
where Q; , = O, in Eq. (5) represents the nucleon satu-
ration scale, R4 is the nuclei radius with mass number A and
ro = 1.2 fm. We note that the scaling Q2 , ~ A'/? assumes
a simplified cylindrical geometry corresponding to the
maximum optical depth in central collisions. As pointed
out in recent phenomenological studies [90,91], a more
realistic treatment involving the Woods-Saxon nuclear
density profile and averaging over impact parameters
(particularly for minimum-bias events) leads to a signifi-
cantly more modest growth of the saturation scale.
Therefore, the estimate in Eq. (20) should be regarded as
an upper bound on the nuclear enhancement. However, even

with a softer scaling, the saturation scale of a heavy nucleus
remains substantially larger than that of a proton, preserving
the qualitative ordering discussed in this work.

Unlike the dipole scattering amplitude for the proton—
i.e., the solution of the BK equation—the nuclear dipole
amplitude is taken in the eikonalized GGM form [85,86,92]

1
Ny(r,b,x) =1 —exp| =50l (r,x)Ta(b)|. (21)

2

Here, 7, denotes the Woods-Saxon nuclear thickness
profile [93], which together with the dipole-proton scatter-
ing cross section afl’ip composes the dipole-nucleus scatter-
ing amplitude.

The agip is obtained from a Hankel transform of the
proton UGD, which maps momentum-space information
into coordinate space. The proton UGD has the form given
above, explicitly written as [89,94]

8 o 1 —=Jylk
e S

Note that N, is the nuclear amplitude in the fundamental
representation. To move to the adjoint representation while
enforcing unitarity [14], deform it as Ng(r,b,x) =
2N, (r, b, x) — N%(r, b, x). Then integrate over the impact
parameter b; applying the gradient and performing a Fourier
transform yields the UGD for the nuclear case

N Rz

Falr.k?) = 202Cp

ks (k. x) (23)

with

¢A(k,x):é;(;§ / d2re=ikrV2 { / JZbNG(r,b,x)]. (24)

With the nuclear UGD in hand, one can, by analogy with the
proton case, compute the nuclear gluon occupancy, thermo-
dynamic entropy, and related quantities. This enables a
comparison with the saturation criterion. We will present a
more detailed discussion in the next section.

III. RESULTS AND DISCUSSIONS

Up to this point, we have formally discussed the potential
of high-energy protons to serve as candidates for saturons.
However, accurately determining the properties of saturons
from gluon distributions remains a substantial challenge,
owing to higher-order corrections in the small-x gluon
evolution within the proton and certain nonperturbative
effects. Additionally, the number of gluons radiated by a
single proton is considerably smaller than that found in the
highly saturated color-charge states produced in heavy-ion
collisions. Nevertheless, it is of significant interest to assess
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FIG. 4. The four subplots, arranged from left to right and top to bottom, represent respectively: the analytical solution of the BK
equation with fixed coupling, the analytical solution with running coupling, the numerical solution with fixed coupling, and the
numerical solution with running coupling. Each panel displays the resulting gluon occupation number and the associated entropy.

whether protons can be identified as saturons through their
gluon distributions. A suitable framework for describing
saturated protons is provided by the small-x QCD evolution
equations, specifically the nonlinear BK/JIMWLK equa-
tions. These equations can be expressed in terms of the
gluon occupation number, with the explicit nonlinear form
given by dyN, = wa,N, — aSNﬁ, where @ is a number of
order unity [36]. The nonlinear term originates from the
gluon recombination process gg — g. Upon reaching sat-
uration, the gluon occupation number should become
independent of the rapidity evolution variable Y, leading
to N,~1/a,. This provides a criterion for identifying
saturon systems directly from the evolution equation itself,
namely Eq. (19).

A. Proton case

Through the mean-field approximation of the nonlinear
evolution equation, namely the momentum-space BK
equation, both its analytical and numerical solutions for
the dipole amplitude can be related to the gluon distribu-
tion via the definition of the UGD. This connection allows

the determination of the gluon occupation number and
the corresponding thermodynamic entropy, as given in
Eqgs (12)—(18).

Following the above framework, the numerical results
are presented in Fig. 4. This includes both analytical and
numerical solutions obtained with fixed and running
coupling, showing the distributions of the gluon occupation
number (blue solid lines) and the corresponding thermo-
dynamic entropy (red dashed lines) as functions of x. For
comparison with the coupling strength, we also include the
coupling constant curve as a black dotted-dashed line.
The fixed coupling is set to @, = 0.2, while the running
coupling is determined using the one-loop f-function.

The parameter choices for all results shown in the figure
are specified in the main text and are taken from the
corresponding references. The four subplots, arranged from
left to right and top to bottom, represent respectively: the
analytical solution of the BK equation with fixed coupling,
the analytical solution with running coupling, the numerical
solution with fixed coupling, and the numerical solution
with running coupling. Each panel displays the resulting
gluon occupation number and the associated entropy. It is
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observed that in all cases, even down to x = 10~ —well
below the kinematic reach of current DIS experiments—
neither the entropy nor the gluon occupation number
approaches the inverse coupling constant, 1/a,. We note
that while the figures include trajectories extending to
x ~ 107! to visualize the initialization and continuity of the
evolution, our physical conclusions regarding the saturon
bound are strictly based on the behavior in the deep small-x
region (x < 1073) where the BK formalism is theoretically
valid. One important reason for this is the presence of
approximations in the construction of the entropy, and the
omission of higher-order corrections in the evolution
equations.

Regarding the sensitivity to initial conditions, it is well
known that the absolute value of the saturation scale Q,
depends on the parameters of the initial distribution at
Y = 0. However, a key feature of the BK evolution is the
emergence of traveling wave solutions, where the asymp-
totic velocity of the wavefront is determined by the
evolution kernel rather than the initial inputs. This implies
that while varying the initial conditions might horizontally
shift the saturation scale (and consequently the entropy
curves), the rate of growth with rapidity is a robust
prediction of the theory. Therefore, our conclusion that
the growth rate is insufficient to reach the saturon limit
within the accessible kinematic window remains valid
across reasonable variations of the initial parameters.

B. Nuclear case

A simple estimate is needed to assess how much a
nucleus can enhance quantities such as entropy. We give a
single example: the proton dipole amplitude is taken from
an analytic solution of the BK equation and extended to the
nuclear case using the GGM scheme. We choose a mass
number A = 208, corresponding to a lead nucleus. Using
the same numerical procedure and parameter settings as for
the proton (changing only the target from proton to nucleus
(A = 208) and fixing the coupling at a, = 0.2), we obtain
the nuclear target’s gluon occupancy N, (x) and thermody-
namic entropy S(x). Figure 5 displays these two curves,
with the reference line 1/a, overlaid (the same criterion as
in the proton case). As seen in the figure, compared with the
proton result, under the x-dependent growth of the entropy,
the thermodynamic entropy of a highly occupied lead
nucleus reaches the saturation criterion (1/a,) at around
x ~ 107, This indicates that the nucleus indeed enhances
the entropy, mainly through the increase of the transverse
radius after the high-energy boost (set by the nuclear radius)
and the amplification of the nuclear saturation scale.
However, this comparison has limitations, such as the
choice of the dipole-amplitude form and uncertainties from
nuclear geometric parameters. In this section, we present
results using fixed coupling. While incorporating running
coupling effects would suppress the evolution speed (as
seen in the proton case), it would not alter the qualitative

10" o
L I W -
8 \
E10
=
<
=
o 2]
10 Balitsky-Kovchegov
— N,(x) (analytical solution with
10—3 ! - s fixed coupling, A=208)
------- 1/a
—4
10 = - = -
10’ 10° 10° 10"
x
FIG. 5. Gluon occupancy N,(x) and thermodynamic entropy

S(x) for the nucleus (A = 208) at fixed coupling; the black
horizontal line denotes the criterion (1/a).

ordering between the proton and the nucleus. The primary
advantage of the nuclear target arises from the initial
enhancement factor Q2 , ~A'/3Q2 . For a lead nucleus
(A =208), this provides a large “geometric head start.”
Even if the subsequent evolution were slowed down by
running coupling corrections, the nuclear entropy curve
would remain vertically shifted significantly above the
proton curve throughout the relevant kinematic window.
Thus, the conclusion that nuclei approach the saturon bound
more readily than protons is robust against higher-order
corrections.

C. Discussions

Based on the results presented above, the proton appears
to fall short of the saturon bound (S ~ 1/a,) within the
considered kinematic range. We identify three key physical
factors contributing to this observation:

1. Geometric dilution and finite-size evolution: Our
measure of the average occupancy [Eq. (12)] involves an
integration over the transverse area. Since the proton has a
nonuniform density profile, the dilute periphery lowers the
average. Moreover, as recently characterized in Ref. [95],
the geometry of the target is dynamic. The evolution
equation with impact-parameter dependence captures
finite-size effects (Gribov diffusion), which leads to a
spatial expansion of the proton. This study demonstrates
that neglecting these finite-size effects overestimates satu-
ration in protons. Therefore, the dynamical evolution of the
geometry acts as an additional mechanism that suppresses
the growth of entropy density in the proton, reinforcing our
conclusion that the saturon limit is difficult to reach in e-p
collisions compared to heavy nuclei.

2. Suppression from higher-order effects: The leading
order (LO) approximation used in standard BK evolution
often overestimates the growth speed. It is established that
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including next-to-leading log (NLL) corrections and small-
x resummations significantly reduces the intercept of the
gluon evolution [96,97]. Consequently, in a full higher-
order calculation, the entropy would likely grow even more
slowly than in our current analysis, reinforcing the con-
clusion that reaching the saturon limit is extremely chal-
lenging for a single proton.

3. Entanglement vs thermodynamics: The thermody-
namic entropy calculated here [Eq. (18)] is a semiclassical
proxy. A full quantum mechanical calculation of the
entanglement entropy, which accounts for the complete
microstate structure of the light-cone wave function, might
yield different saturation characteristics. Recent works
[12,13] suggest that entanglement entropy could offer a
more direct probe of the information storage capacity of the
proton.

In contrast, once the same analysis chain is applied to
nuclear targets (fixed coupling, identical numerical settings
otherwise), the nuclear curves rise faster. The resulting
nuclear entropy S,(x) approaches and, within the uncer-
tainties of our inputs, can reach the benchmark line 1/a; in
a small-x window where the proton stays below. This
qualitative separation is stable against reasonable variations
of the Q, extraction threshold, geometric inputs, and
numerical smoothing; these choices primarily shift the
apparent crossing point but do not invert the ordering.
Encouragingly, some studies have already explored the
correspondence between black hole saturons and the CGC
framework [12]. Portions of those discussions align con-
ceptually with the present work, and notably, they propose
a role for Goldstone modes arising from the breaking of
Poincaré symmetry. The breaking of Poincaré invariance in
this context fundamentally originates from the presence of
a hard scale, which characterizes the transition from a dilute
partonic gas with a spectral gap to an over-occupied, highly
saturated classical field. Partons with momenta below
this scale become screened, and high-twist effects become
significant. This screening of partonic modes disrupts the
translational invariance of the partonic gas, analogous to
the breaking of Poincaré symmetry in black holes, which
gives rise to a Goldstone scale characterized by f = mpyncx
with Planck mass mipj, [3]- However, in the case of QCD,
the precise form and interpretation of such a Goldstone
scale remain open to further investigation.

IV. CONCLUSION AND OUTLOOK

In this work, we explored whether a high-energy proton
in the small-x regime could qualify as a saturon—a highly
occupied field configuration that maximizes entropy under
unitarity constraints, in analogy with black holes. We
derived the gluon occupation number N ,(x) and a thermo-
dynamic entropy S(x) based on analytical and numerical
solutions to the BK equation (with both fixed and running
coupling), supplemented with an Unruh-inspired temper-
ature 7 = Q,/(27) and an emergent gluon mass M, ~ Q.

Our findings indicate that although both N, and § increase

as x decreases, even down to x~ 1077, they remain
significantly below the theoretical saturon bound 1/a;.
This suggests that while the proton exhibits nonlinear
saturation dynamics, under the current theoretical frame-
work it does not reach the critical maximal occupancy
characteristic of a saturon.

After extending the same framework to nuclear targets at
fixed coupling, the nuclear entropy S,(x) rises more
sharply and, in our numerical study, can reach the 1/a;
benchmark in a region where the proton does not. This
proton—nucleus contrast identifies nuclei as more favorable
environments to probe saturonlike behavior in QCD.
Moreover, exploring the connection between the proton
and black holes from the perspective of entanglement
entropy offers a promising avenue [13].

To bridge the gap between theoretical saturon limits and
experimental observables, we identify three promising
phenomenological avenues:

1. Entropy-multiplicity duality: Theoretical works sug-
gest a link between the entanglement entropy of the initial
state and the final-state hadron multiplicity (Se, ~ In(N;))
[78,83]. If a QCD system reaches the saturon limit (maximal
entropy), particle production should be constrained by this
information bound. Precision measurements of charged
particle multiplicity distributions P(N;,)—specifically
deviations from Koba-Nielsen-Olesen (KNO) scaling [98]
at high multiplicities—could serve as a signature of this
entropy saturation.

2. Thermallike spectra and initial-state correlations: A
defining feature of the saturon is its thermodynamic
behavior, manifesting as exponential transverse momentum
spectra with an effective temperature 7 ~ Q,/2x. In high-
multiplicity events, observing such “thermal” spectra in the
absence of a macroscopic heat bath would support the
saturon interpretation. Furthermore, while standard ther-
malization implies isotropy, the high-occupancy saturon
state preserves intrinsic quantum correlations. Specifically,
azimuthal correlations (v,) are predicted to arise directly
from Bose enhancement in the projectile wave function
[99], rather than from final-state hydrodynamics. The
simultaneous observation of thermallike spectra (entropy
saturation) and these specific initial-state correlations
(quantum coherence) would constitute a unique signature
of the saturon regime.

3. Unitarity limit in diffraction at the EIC: Since our
results indicate that nuclei approach the 1/a, bound more
readily than protons, the upcoming Electron-Ion Collider
(EIC) is the ideal discovery machine [100-103]. However,
mere enhancement of diffraction is not unique to the
saturon. We anticipate that if the true saturon limit is
realized, observables such as the ratio of diffractive to total
cross sections (og4if/01) should not just increase, but
exhibit universal scaling behaviors converging toward the
black disk limit (645 /010 = 1/2) [104,105]. Reaching this
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fundamental unitarity bound would be the definitive sig-
nature of the maximal entropy state, distinct from presatu-
ration effects.
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