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The unsuppressed CP violation in QCD is a problem in the standard model. If we have some mechanism
to guarantee real determinants of the quark mass matrices, the vanishing physical vacuum angle θ̄ indicates
the CP invariance at the fundamental level. Thus, the small θ̄ is technically natural, since we have an
enhanced CP symmetry in the limit of the vanishing θ̄ ¼ 0. In fact, it was proved that the vacuum angle is
never renormalized up to the four-loop level once it is fixed at 0 value at some high energy scale. The
purpose of this paper is to construct a model that guarantees the real determinants of the quark mass
matrices assuming a noninvertible symmetry. In the present model, we have only one CP violating phase
and hence all observable phases such as phases in the Cabibbo-Kobayashi-Maskawa matrix, in the neutrino
oscillation and in the leptogenesis are related. It should be remarkable that the correct sign of the baryon-
number asymmetry in the present Universe is obtained and a narrow region for the CP violating phase
δCP ≃ 192°–197° is predicted.
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I. INTRODUCTION

The fundamental theory of particle physics may be CP
invariant. For example, string theory as well as a certain
type of higher dimensional theory has CP symmetry [1,2].
CP symmetry can be violated by moduli stabilization
through compactifications. However, CP violating vacua
are hardly realized by simple moduli stabilization. In
particular, if the theory has other symmetries such as
modular symmetries, CP invariant vacua are favorable.
(See e.g. Refs. [3–8].) That leads to CP invariant four-
dimensional low energy effective field theory at the
compactification scale, where the QCD phase θ is vanish-
ing and Yukawa couplings as well as other couplings
are real.

It is very interesting if our Universe is indeed CP
invariant in the fundamental theory at high energies. It
means that the CP invariance must be spontaneously
broken down at an intermediate energy scale, since we
know the CP is violated in various meson decays at low
energies. This fact stimulates us to consider the baryon-
number asymmetry in the present Universe is dynamically
created in the early Universe [9]. We may understand the
small baryon asymmetry in the present Universe.
Furthermore, the above hypothesis would open a new

window to solve the strong CP problem without the QCD
axion [10]. The experimental constraint on the physical
vacuum angle θ̄ ≤ 10−10 [11] requires a strict constraint on
the mass matrices for the quarks such as arg½detMuMd� ≤
10−10 [11], where θ̄ ¼ θ þ arg½detMuMd�. If we have some
mechanism to guarantee real determinants of the quark
mass matrices, the vanishing physical vacuum angle θ̄
indicates the CP invariance θ ¼ 0 at the fundamental level.
Thus, the small θ̄ is technically natural, since we have an
enhanced CP invariance in the limit of the vanishing θ̄ ¼ 0.
In fact, it was proved that the vacuum angle is never
renormalized up to the four-loop level [12].
We need a proper form of quark mass matrices to realize

arg½detMuMd� ≤ 10−10. We consider, in this paper, a non-
invertible symmetry to control the quark mass matrices to
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satisfy the above constraint in the framework of the
standard model (SM). In particular, we use Z2 gauging
of ZN symmetries [13–15]. That is a novel symmetry to
lead interesting coupling selection rules. One can realize
realistic quark and lepton mass textures [14,16–22] includ-
ing axionless solutions to the strong CP problem [23,24].1

By using a noninvertible symmetry, we propose a simple
model for the axionless solution of the strong CP problem.2

To simplify the charge assignment of the fermions, we take
the representations of the SM fermions in the SU(5) grand
unification group. We will not, however, unify all of the
gauge interactions in the SM. That is, we have a global SU
(5) symmetry in the limit of vanishing gauge coupling
constants in the SM. As for SU(2) doublet Higgs bosons,
we consider they belong to representations like 5 and 45 in
the SU(5). We call this framework a GUT-inspired SM.3 In
addition to the SM gauge groups, we introduce theUð1ÞB−L
gauge symmetry to explain naturally the seesaw mecha-
nism to generate the observed small neutrino masses
[38–41].
This paper is organized as follows. In Sec. II, we briefly

review Z2 gauging of ZN symmetries. In Sec. III, we show
our model. In Sec. IV, we study phenomenological aspects
of our model. Section V is devoted to our conclusion.

II. NONINVERTIBLE SELECTION RULES

In this section, we review the noninvertible selection
rules for matter fields. It was known that selection rules of
twisted and/or untwisted strings in heterotic string theory
on Abelian and non-Abelian orbifolds become noninver-
tible. Since they are labeled by conjugacy groups of the
space group action [42–45], the selection rules are not
understood in a grouplike manner [46–49]. A similar
phenomenon can be seen in the D-brane system [13,15].
In the framework of type IIB string theory on toroidal
orbifolds with magnetic fluxes, the fusion rule of momen-
tum operators on orbifolds has a noninvertible structure,
e.g., Fibonacci and Ising rules, depending on the value of
magnetic fluxes [13].

Following Refs. [13,14], we introduce the noninvertible
selection rule for matter fields. First, let us start from ZN
symmetry under which matter fields ϕi transform as

ϕi → gkiϕi: ð2:1Þ
Here, g ¼ e2πi=N denotes the generator of ZN and ki
corresponds to ZN charges. Note that the selection rule
of two matter fields ϕi and ϕj obeys the grouplike
form gkigkj ¼ gkiþkj .
Next, we focus on the automorphism of ZN , i.e., Z2,

r2 ¼ e; rgkr−1 ¼ g−k; ð2:2Þ

where r and e, respectively, denote theZ2 generator and the
identity. Among the conjugacy classes of DN ≅ ZN⋊Z2,
we pick up the Z2 invariant one, i.e.,

½gðkÞ� ¼ frngkr−njn ¼ 0; 1g ¼ fgk; g−kg; ð2:3Þ

obeying the following multiplication rule:

½gðk1Þ� ⊗ ½gðk2Þ� ¼ ½gðk1þk2Þ� þ ½gðk1−k2Þ�: ð2:4Þ

This selection rule is different from the grouplike one, and
in what follows, we call Z̃N for a Z2 gauging of ZN⋊Z2.
Note that the matter fields labeled by the above class ½gðkÞ�
correspond to the Z2 invariant mode,

Φj ¼ ϕj þ ϕN−j: ð2:5Þ

This Z2 symmetry is nothing but a geometric Z2 twist in
the context of type IIB magnetized D-brane models
on T2=Z2.
When N ¼ 4 and 5, there are three independent

classes. In the following discussion, we analyze the case
with N ¼ 5, i.e., Z̃5, where there exist three classes
f½g0�; ½g1�; ½g2�g obeying

½g0�⊗ ½g0� ¼ ½g0�; ½g0�⊗ ½g1� ¼ ½g1�⊗ ½g0� ¼ ½g1�;
½g0�⊗ ½g2� ¼ ½g2�⊗ ½g0� ¼ ½g2�; ½g1�⊗ ½g1� ¼ ½g0�þ ½g2�;
½g1�⊗ ½g2� ¼ ½g2�⊗ ½g1� ¼ ½g1�þ ½g2�; ½g2�⊗ ½g2�

¼ ½g0�þ ½g1�: ð2:6Þ

These three independent classes can be assigned to three
generations of fermions. For example, when three gener-
ations of all left-handed and right-handed fermion fields
correspond to these three classes, f½g0�; ½g1�; ½g2�g, one can
realize the Yukawa matrix,

0
B@

✓ 0 0

0 ✓ 0

0 0 ✓

1
CA; ð2:7Þ

1See, e.g., Refs. [25–28], for reviews on noninvertible sym-
metries, and Refs. [29–37], for other applications of noninvertible
symmetries in particle physics.

2As for the normal symmetry likeUð1Þ or ZN, we can not have
the desired three zero texture due to the stronger constraints, as
shown in Section II in Ref. [10].

3The doublet-triplet splitting problem for the Higgs sector is
indeed present in this framework. However, this issue is generic
to GUT-based constructions and is not specific to our model. As
is commonly done in the literature, we assume that this splitting is
achieved by fine-tuning, and we do not attempt to address this
well-known problem in the present work. Since the full GUT
symmetry is not gauged, the three gauge coupling constants are
not required to unify at a high-energy scale. Consequently, there
is no conflict with current experimental observations. For the
same reason, the model does not predict the existence of magnetic
monopoles.
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for the Higgs field corresponding to ½g0�,
0
B@

0 ✓ 0

✓ 0 ✓

0 ✓ ✓

1
CA; ð2:8Þ

for the Higgs field with ½g1�,
0
B@

0 0 ✓

0 ✓ ✓

✓ ✓ 0

1
CA; ð2:9Þ

for the Higgs field with ½g2�, where the check symbol ✓
denotes allowed coupling coefficient. If we combine the
first one and the third one, we can obtain the Yukawa
matrix, where only the (2,2) entry is nonvanishing, and the
others are vanishing.

III. MODEL

In this section, we first construct a GUT-inspired SM
model with a noninvertible symmetry for providing an
axionless solution to the strong CP problem. The textures
derived from Z̃5 are interesting as shown in the previous
section, but those are not sufficient for our purpose of
solving the strong CP problem. The selection rule due to
Z̃4 is not either. We extend simply our selection rules to

Z̃ð1Þ
5 × Z̃ð2Þ

5 . Other extensions such as Z̃5 × Z̃4 and ones
including noninvertible selection rules in Ref. [50] are

possible, but we focus on Z̃ð1Þ
5 × Z̃ð2Þ

5 .4 We would study
other extensions elsewhere. We consider a simple flavor
structure such that three generations of all left-handed and
right-handed fermions are assigned to the three classes,

½g0�, ½g1�, and ½g2� in both Z̃ð1Þ
5 and Z̃ð2Þ

5 . Thus the flavor
structure is simple and consistent with SOð10Þ GUT. Other
flavor assignments would be studied elsewhere. The model
is very similar to the model in Ref. [24]. Charges and class
assignments of fermion and scalar fields are shown in
Tables I and II.
We introduce the SM Higgs boson called H1. Then, we

have the following Yukawa couplings:

fuTTH
†
1 þ fdTF̄H1; ð3:1Þ

with

fu;d ¼

0
B@

0 ✓ 0

✓ 0 ✓

0 ✓ ✓

1
CA: ð3:2Þ

We can confirm that both mass matrices, Mu and Md are
four-zero textures as,

M0
u;d ¼

0
B@

0 au:d 0

a0u:d 0 cu:d
0 c0u:d du:d

1
CA; ð3:3Þ

where au:d; a0u:d; cu:d; c
0
u:d, and du:d are all real constants.

Note that one cannot derive these mass textures from
conventional group-based symmetries.
We now introduce a complex scalar boson η whose

vacuum-expectation value (vev), hηi, is complex, which
induces the spontaneous CP violation. This boson is a
singlet under all the gauge groups, but it has nontrivial
charges of the noninvertible symmetries as shown in
Table II. The possible renormalizable potential for it is
given by

Vη ¼ −μ2ηη† − μ02ðη2 þ η†2Þ þ ξðηη†Þ2
þ ξ0ðη4 þ η†4Þ þ ξ033ðη2 þ η†2Þηη†: ð3:4Þ

We see that the vev hηi has a complex phase and its absolute
value is basically given by the scale of its mass. In this
paper, we consider the vev jhηij ¼ Oð1010–1012Þ GeV and
consider the inflation scale Hinf to be smaller than jhηij to
avoid the domain wall formation. (If we introduce a higher
dimensional operator such as η5 þ η†5 we do not have the
domain wall problem.)
We show a mechanism that induces a coupling between

the η boson and the SM fermion proposed in Ref. [10].

TABLE I. Charges and class assignments of matter fields under

SUð5Þ × Uð1ÞB−L and Z̃ð1Þ
5 × Z̃ð2Þ

5 symmetries.

T F̄ N̄

SUð5Þ ×Uð1ÞB−L ð10;−1Þ ð5̄; 3Þ ð1;−5Þ
Z̃ð1Þ

5
(½g0�, ½g1�, ½g2�) (½g0�, ½g1�, ½g2�) (½g0�, ½g1�, ½g2�)

Z̃ð2Þ
5

(½g0�, ½g1�, ½g2�) (½g0�, ½g1�, ½g2�) (½g0�, ½g1�, ½g2�)

TABLE II. Charges and class assignments of scalar fields under

SUð5Þ × Uð1ÞB−L and Z̃ð1Þ
5 × Z̃ð2Þ

5 symmetries.

H1 H2 Φ η

SUð5Þ × Uð1ÞB−L ð5̄;−2Þ ð5̄;−2Þ þ ð45;−2Þ (1, 10) (1, 0)

Z̃ð1Þ
5

½g1� ½g2� ½g0� ½g2�
Z̃ð2Þ

5
½g1� ½g0� ½g0� ½g1�

4We can derive Z̃5 in T2=Z2 magnetized orbifold models [13]
as well as heterotic string theory on T2=D5 [49]. The selection
rule, Z̃ð1Þ

5 × Z̃ð2Þ
5 , can be realized, e.g., in magnetized orbifold

models on ðT2 × T2Þ=Z2 and ðT2=Z2Þ2, although our approach is
rather bottom up. At any rate, assuming Z̃ð1Þ

5 × Z̃ð2Þ
5 is consistent

in four-dimensional field theory.
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We first introduce a heavy Higgs boson H2 and couplings
with H1 and η given by

VH−η ¼ μ12ðH†
1H2hηi þ H:c:Þ þ μ21ðH†

1H2hη†i þ H:c:Þ;
ð3:5Þ

where μ12 and μ21 are dimension one real parameters,
which we will take of the order of jhηij. The heavy Higgs
H2 has Yukawa couplings with the SM fermions, T and F̄,
and its noninvertible charges are chosen so that its Yukawa
couplings are localized [10] in both matrices Mu;d through
the following term:

f0uTTH
†
2 þ f0dTF̄H2: ð3:6Þ

Then, we have the following Yukawa terms:

f0u;d ¼

0
B@

0 0 0

0 ✓ 0

0 0 0

1
CA; ð3:7Þ

where f0u;d are real. As a consequence, we have an effective
Yukawa coupling of the SM Higgs H1 after the integration
of the heavy Higgs H2, which are localized in the (2, 2)
element as

M0
u;d ¼

0
B@

0 au;d 0

a0u;d bu;deiϕu;d cu;d
0 c0u;d du;d

1
CA; ð3:8Þ

where au:d; a0u:d; bu:d; cu:d; c
0
u:d, and du:d are real. We can

write

bueiϕu ¼ f0u
M2

2

ðμ12hH†
1ihηi þ μ21hH†

1ihη†iÞ;

bdeiϕd ¼ f0d
M2

2

ðμ12hH1ihη†i þ μ21hH1ihηiÞ; ð3:9Þ

where bu;d are absolute values of the right-hand sides and
eiϕu;d are their phases. Note that hH1i is real, while hηi is
complex. Remarkably, we find ϕd ¼ −ϕu. We denote
ϕ ¼ ϕd ¼ −ϕu, where the phase ϕ is nonvanishing unless
μ12 ¼ μ21. Here,M2 is the mass of the heavy HiggsH2 and
we consider it to be of the order of jhηij.
A crucial point is that both matrices have complex

phases and we can explain the CP violation in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix. Further-
more, the determinants of both matrices are real and hence
we can solve the strong CP problem as pointed out in
Refs. [10,23,24]. Note that we consider that the present
Lagrangian with the noninvertible selection rule holds at
some high-energy scale M and we take it M ¼ 1016 GeV.
The predictions at the electroweak scale have been obtained

by taking into account the renormalization effects from the
weak to the high energy scale. Indeed, we have fitted the
model parameters by the data of the masses and mixing
matrix at M ¼ 1016 GeV, which were given by using the
renormalization effects in some works, for example
Ref. [51] in our paper. We have also checked that we do
not have any visible changes for the low energy predictions
even if we change the scale M by a few digits.
We ignore, throughout this paper, the cutoff suppressed

higher order terms in the Lagrangian, since such terms are
strongly dependent on the dynamics of the physics at the
cutoff scale and also of the nature of the η.
We add the Uð1ÞB−L gauge symmetry. This symmetry

naturally requires three right-handed neutrinos NRii ¼ 1–3
to cancel the gauge anomalies. Here, the NR is defined as a
charge conjugate state of the original N̄. Its spontaneous
breaking generates heavy Majorana masses for the NRi,
which produce the observed small neutrino masses through
the seesaw mechanism. We introduce a new scalar bosonΦ
whose vev gives the Majorana masses via the Yukawa
coupling Φ†NRiNRi. The quantum numbers of the Φ
and the NRi are shown in Tables I and II. The mass matrix
for the NRi is a real diagonal matrix by our assignment
of classes shown in Tables I and II. Notice that the
CP-violating scalar η never couples to NRiNRj, since it
does not have the Uð1ÞB−L charge.

IV. PHENOMENOLOGY

We are ready to discuss the phenomenology of
our model.

A. The CKM matrix

The mass matrices M0
u;d for the up-type and the down-

type quarks are given by Eq. (3.8). As the usual convention,
we define mass matrices as ūLMuuR and d̄LMddR. Thus,
we have Mu;d ¼ ðM0

u;dÞ�, which are

Md ¼

0
B@

0 ad 0

a0d bde−iϕ cd
0 c0d dd

1
CA; Mu ¼

0
B@

0 au 0

au bueiϕ cu
0 cu du

1
CA:

ð4:1Þ

We also consider the quark sector and the lepton sector
together as SUð5Þ multiplets. That is, we consider three
SUð5Þ multiplets F̄ ¼ 5� and T ¼ 10. Then, the up-type
quark mass matrix is symmetric, that is au ¼ a0u and cu ¼
c0u in Eq. (3.8). From the data on the masses and the
observed CKM matrix elements [51], we determine all
parameters in the above matrices.
The numerical values of parameters in Eq. (3.8) are

obtained as shown in Table III.
The number of parameters in the up- and down-type

quark mass matrices is 11, but the observable parameters
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are the six quark masses and the four CKM matrix
elements. This is a reason why the determined parameters
have relatively large error bars.

B. The charged lepton mass matrix

We consider the charged lepton mass matrix. Here, we
have assumed that the Higgs bosons H1 and H2 belong to
5� of the SUð5ÞGUT. We see immediately the wrong mass
relation, that is, me ¼ md and mμ ¼ ms. Thus, we consider
that the heavy Higgs boson H2 is not purely the 5� but a
mixture with 45 of the SUð5Þ. Then we have one real free
parameter ke and the mass matrix is given by

Me ¼

0
B@

0 a0 0

a kebe−iϕ c0

0 c d

1
CA; ð4:2Þ

where we multiply the (2, 2) element by a factor ke. The
correct mass ratios of the electron and the muon to the tau
are obtained by setting ke ¼ 3. It is surprising that the two
independent precise mass ratios are explained by choosing
one free parameter ke. See Refs. [53,54] for details. Note
that our obtained mass texture is different from those in
Refs. [24,53,54].5 In addition, while Refs. [53,54] realize
such textures through geometric mechanisms in extradi-
mensional constructions, our approach generates a new
class of textures from noninvertible selection rules.
Furthermore, Ref. [24] has a difficulty to be embedded
into the GUT and hence the lepton mixing and the baryon
asymmetry were not discussed in Ref. [24], where we must
assume many extra symmetries such as Z3 and Z2.

C. The CP violation in the neutrino oscillations

As shown above, the mass matrix for the heavyMajorana
right-handed neutrinos MNR

is a real diagonal matrix, that
is, MNR

¼ diagðM1;M2;M3Þ. And the Dirac type mass
matrix MD is given by

MD ¼

0
B@

0 a0ν 0

aν bνeiϕ c0ν
0 cν dν

1
CA; ð4:3Þ

where we note that MD is obtained by two terms of
fνFNH̄†

1 þ f0νFNH̄†
2. The light neutrino mass matrix Mν

is given (via the seesaw mechanism) by,

Mν ¼

0
B@

A02 A0Beiϕ A0C

A0Beiϕ A2 þ C02 þ B2e2iϕ BCeiϕ þ C0D

A0C BCeiϕ þ C0D D2 þ C2

1
CA;

ð4:4Þ

where the parameters are defined by A ¼ aν=
ffiffiffiffiffiffiffi
M1

p
,

A0 ¼ a0ν=
ffiffiffiffiffiffiffi
M2

p
, B ¼ bν=

ffiffiffiffiffiffiffi
M2

p
, C ¼ cν=

ffiffiffiffiffiffiffi
M2

p
, C0 ¼

c0ν=
ffiffiffiffiffiffiffi
M3

p
, and D ¼ dν=

ffiffiffiffiffiffiffi
M3

p
.

D. Predictions of the CP phase and the neutrinoless
double beta decay

Since the charged lepton mass matrix and neutrino
mass matrix are given in Eqs. (4.2) and (4.3), we can
discuss the CP violation of neutrinos and the effective mass
in the neutrinoless double beta decays mββ by inputting
data of leptons in Ref. [55]. Then, we obtain the allowed
ranges of parameters by scanning them in the real space
with jDj ≥ jAj; jA0j; jBj; jCj; jC0j in order to realize normal
hierarchy (NH) of neutrino masses.
Then, we predict the CP-violating phase δCP in the

neutrino oscillation and the mass parameter for the neu-
trinoless double beta decay mββ by using the phase ϕ
determined from the CKM matrix. The predicted δCP
versus mββ are shown in Fig. 1. Since the real parameters
are allowed in both plus and minus signs, δCP is allowed in
two regions 180° apart. Since one region is in the middle of
the experimental allowed region with 1σ, we exclude
another region.

TABLE III. Allowed range of parameters in Eq. (3.8), where 2σ
error bars of the quark masses and the CKM angles and CP phase
are taken in Refs. [51,52].

ad=dd × 102 a0d=dd × 102 bd=dd × 102 cd=dd × 102 c0d=dd

0.71–0.84 0.48–0.58 5.1–6.3 5.0–6.1 0.89–1.13

au=du × 104 bu=du × 103 cu=du × 102 ϕ½ ∘ �

0.78–1.04 2.4–3.2 1.2–1.6 32–42

FIG. 1. Predicted δCP versus mββ for NH. The region between
the horizontal red (blue dashed) lines denotes 1ð2Þσ allowed one
of δCP in NuFIT 6.0 [55].

5In Ref. [24], the lepton sector was not studied, but we have
studied the lepton sector and the baryon asymmetry.
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Thus, the predicted range of δCP is,

δCP ≃ 192° − 197°: ð4:5Þ

It is remarkable that the prediction is within 1σ range of in
NuFIT 6.0 [55].
The predicted mββ is,

mββ ≃ 9 − 11 ½meV�; ð4:6Þ

which will be tested in future experiments. It is noted that
mββ is almost proportional to

P
mi. The predicted range ofP

mi is 69–74 meV.
These predictions may be compared with previous ones

in Ref. [53], where the down-type quark mass matrix is the
same as the one in Eq. (4.1), but the up-type quark mass
matrix is diagonal,

δCP ≃ 192°–195°; mββ ≃ 8–11 ½meV�: ð4:7Þ

Our predictions of the present model in Eqs. (4.5) and (4.6)
are a little bit different from the previous ones of Eq. (4.7).
This is because the texture of the up-type quark mass matrix
there is real diagonal, and the CKMmatrix is given only by
the down-type quark mass matrix.
We present the magnitude of neutrino parameters in

Table IV, where the magnitudes of parameters are almost of
the same order except for C0.

E. The Universe’s baryon asymmetry

The decays of the heavy right-handed neutrinos (RHNs),
NRi, generate the lepton asymmetry, which is converted to
the baryon-number asymmetry in the Universe [56]. The
dominant asymmetry is generated by the decay of the
lightest RHN and thus we have to identify the lightest RHN
to calculate the baryon asymmetry. We show that the CP
phase relevant to the generation of the baryon asymmetry is
directly related to the low-energy CP phase in the CKM
and Pontecorvo–Maki–Nakagawa–Sakata (PMNS) mass
matrices.
Let us assume that the NR1 is the lightest RHN. The

induced lepton asymmetry ϵ1 is estimated as [57,58]

ϵ1 ¼
ΓðNR1 → LHÞ − ΓðNR1 → L̄ H̄Þ
ΓðNR1 → LHÞ þ ΓðNR1 → L̄ H̄Þ

≃ −
1

8π

X3
j≠1

Im½ðY†
DYDÞ21j�

ðY†
DYDÞ11

FVþS

�
M2

j

M2
1

�
; ð4:8Þ

where YD ¼ MD=v, v being the vacuum expectation value
of the standard Higgs, and

FVþSðxÞ ¼ ffiffiffi
x

p �
ðxþ 1Þ ln

�
xþ 1

x

�
− 1þ 1

x − 1

�

⟶
½x→∞�

3

2

1ffiffiffi
x

p : ð4:9Þ

The baryon-number asymmetry is given by

YB ≃ −
28

79
κ
ϵ1
g�

; ð4:10Þ

where κ is a dilution factor, which involves the integration
of the full set of Boltzmann equations, and g� ¼ 106.75 is
taken in SM.
Since only the (2, 2) element of MD has the complex

phase ϕ, the nonvanishing complex phase appears in
ðY†

DYDÞ212 as,

Im½ðY†
DYDÞ212� ¼

1

v4
a2νb2ν sin 2ϕ; ð4:11Þ

which is positive because of ϕ ¼ 32°–42° as seen in
Table III and hence the ϵ1 is negative.
Now, we see that our model predicts the right sign of the

baryon-number asymmetry if the NR1 is the lightest RHN.
It is emphasized that the CP-violating phase for creating
the baryon asymmetry is exactly the same as the CP-
violating phase ϕ, which is determined from the observed
CKM phase.

V. CONCLUSIONS

We have constructed a three-zero texture model for the
quark/lepton mass matrices imposing a noninvertible

Z̃ð1Þ
5 × Z̃ð2Þ

5 symmetry. The determinants of all quark mass
matrices are real and hence the observed smallness of the
physical θ̄ means we have a complete CP invariance at the
fundamental level.6

Our model construction is based on a SUð5Þ-GUT
inspired SM and the inclusion of the charged lepton and

TABLE IV. Allowed regions of parameters in Mν.

jA=Dj jA0=Dj jB=Dj jC=Dj jC0=Dj
0.474–0.498 0.464–0.495 0.093–0.104 0.290–0.335 0–0.053

6The three zero textures are broken by quantum corrections. It
happens at the two loop level as pointed out in Ref. [23].
However, owing to the small Yukawa coupling constants, it is
sufficiently small to solve the strong CP problem.
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the neutrino sectors is almost straightforward. This simple
model has been successful in explaining naturally the
correct sign of the baryon-number asymmetry in the
present Universe. It also provides us with the predictions
on the CP-violating phase δCP and on a key parameter
mββ as shown in Eqs. (4.5) and (4.6).
A hope is to test the above predictions in future

experiments. However, we should notice here that the
predictions in the neutrino sector depend on the charge
assignment of the noninvertible symmetry for the right-
handed neutrinos, NRi and the Higgs boson Φ. If the
predictions on δCP and on mββ in the present paper turn
out to be excluded in future experiments, we will come
back to the issue.

ACKNOWLEDGMENTS

This work was supported by JSPS KAKENHI Grants
No. JP23K03375 (T. K.), No. JP25H01539 (H. O.),
No. JP26K07087 (H. O.), and No. JP24H02244
(T. T. Y.). T. T. Y. was supported also by the Natural
Science Foundation of China (NSFC) under Grant
No. 12175134 as well as by World Premier International
Research Center Initiative (WPI Initiative), MEXT, Japan.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

[1] M. B. Green, J. H. Schwarz, and E. Witten, Superstring
Theory. Vol. 2: Loop Amplitudes, Anomalies and Phenom-
enology (Cambridge University Press, Cambridge, 1988).

[2] A. Strominger and E. Witten, New manifolds for super-
string compactification, Commun. Math. Phys. 101, 341
(1985).

[3] T. Kobayashi, Y. Shimizu, K. Takagi, M. Tanimoto, T. H.
Tatsuishi, and H. Uchida, CP violation in modular invariant
flavor models, Phys. Rev. D 101, 055046 (2020).

[4] T. Kobayashi and H. Otsuka, Challenge for spontaneous CP
violation in type IIB orientifolds with fluxes, Phys. Rev. D
102, 026004 (2020).

[5] K. Ishiguro, T. Kobayashi, and H. Otsuka, Spontaneous
CP violation and symplectic modular symmetry in
Calabi-Yau compactifications, Nucl. Phys. B973,
115598 (2021).

[6] P. P. Novichkov, J. T. Penedo, and S. T. Petcov, Modular
flavour symmetries and modulus stabilisation, J. High
Energy Phys. 03 (2022) 149.

[7] V. Knapp-Perez, X.-G. Liu, H. P. Nilles, S. Ramos-Sanchez,
and M. Ratz, Matter matters in moduli fixing and modular
flavor symmetries, Phys. Lett. B 844, 138106 (2023).

[8] T. Higaki, T. Kobayashi, K. Nasu, and H. Otsuka, Sponta-
neous CP violation and partially broken modular flavor
symmetries, J. High Energy Phys. 09 (2024) 024.

[9] M. Yoshimura, Unified gauge theories and the baryon
number of the universe, Phys. Rev. Lett. 41, 281 (1978).

[10] Q. Liang, R. Okabe, and T. T. Yanagida, Three-zero texture
of quark-mass matrices as a solution to the strong CP
problem, Phys. Lett. B 859, 139123 (2024).

[11] C. Abel et al., Measurement of the permanent electric dipole
moment of the neutron, Phys. Rev. Lett. 124, 081803
(2020).

[12] J. R. Ellis and M. K. Gaillard, Strong and weak CP
violation, Nucl. Phys. B150, 141 (1979).

[13] T. Kobayashi and H. Otsuka, Non-invertible flavor sym-
metries in magnetized extra dimensions, J. High Energy
Phys. 11 (2024) 120.

[14] T. Kobayashi, H. Otsuka, and M. Tanimoto, Yukawa
textures from non-invertible symmetries, J. High Energy
Phys. 12 (2024) 117.

[15] S. Funakoshi, T. Kobayashi, and H. Otsuka, Quantum
aspects of non-invertible flavor symmetries in intersect-
ing/magnetized D-brane models, J. High Energy Phys. 04
(2025) 183.

[16] T. Kobayashi, Y. Nishioka, H. Otsuka, and M. Tanimoto,
More about quark Yukawa textures from selection rules
without group actions, J. High Energy Phys. 05 (2025) 177.

[17] T. Kobayashi, H. Otsuka, M. Tanimoto, and H. Uchida,
Lepton mass textures from non-invertible multiplication
rules, J. High Energy Phys. 08 (2025) 189.

[18] T. Kobayashi, H. Okada, and H. Otsuka, Radiative neutrino
mass models from non-invertible selection rules, J. High
Energy Phys. 12 (2025) 111.

[19] T. Nomura and H. Okada, Radiative lepton seesaw model in
a non-invertible fusion rule and gauged B − L symmetry,
arXiv:2506.16706.

[20] J. Chen, C.-Q. Geng, H. Okada, and J.-J. Wu, A radiative
lepton model in a non-invertible fusion rule, Nucl. Phys.
B1025, 117391 (2026).

[21] H. Okada and Y. Shigekami, Three-loop induced neutrino
mass model in a non-invertible symmetry, arXiv:2507
.16198.

[22] S. Jangid and H. Okada, A natural realization of inverse
seesaw model in a non-invertible selection rule, arXiv:
2508.16174.

[23] Q. Liang and T. T. Yanagida, Non-invertible symmetry as an
axion-less solution to the strong CP problem, Phys. Lett. B
868, 139706 (2025).

[24] T. Kobayashi, H. Otsuka, and T. T. Yanagida, Noninvertible
symmetry as a solution to the strong CP problem in a GUT-
inspired standard model, Phys. Rev. D 113, 055016 (2026).

[25] P. R. S. Gomes, An introduction to higher-form symmetries,
SciPost Phys. Lect. Notes 74, 1 (2023).

[26] S. Schafer-Nameki, ICTP lectures on (non-)invertible gen-
eralized symmetries, Phys. Rep. 1063, 1 (2024).

GUT-MOTIVATED NONINVERTIBLE SYMMETRY AS A … PHYS. REV. D 113, 095034 (2026)

095034-7

https://doi.org/10.1007/BF01216094
https://doi.org/10.1007/BF01216094
https://doi.org/10.1103/PhysRevD.101.055046
https://doi.org/10.1103/PhysRevD.102.026004
https://doi.org/10.1103/PhysRevD.102.026004
https://doi.org/10.1016/j.nuclphysb.2021.115598
https://doi.org/10.1016/j.nuclphysb.2021.115598
https://doi.org/10.1007/JHEP03(2022)149
https://doi.org/10.1007/JHEP03(2022)149
https://doi.org/10.1016/j.physletb.2023.138106
https://doi.org/10.1007/JHEP09(2024)024
https://doi.org/10.1103/PhysRevLett.41.281
https://doi.org/10.1016/j.physletb.2024.139123
https://doi.org/10.1103/PhysRevLett.124.081803
https://doi.org/10.1103/PhysRevLett.124.081803
https://doi.org/10.1016/0550-3213(79)90297-9
https://doi.org/10.1007/JHEP11(2024)120
https://doi.org/10.1007/JHEP11(2024)120
https://doi.org/10.1007/JHEP12(2024)117
https://doi.org/10.1007/JHEP12(2024)117
https://doi.org/10.1007/JHEP04(2025)183
https://doi.org/10.1007/JHEP04(2025)183
https://doi.org/10.1007/JHEP05(2025)177
https://doi.org/10.1007/JHEP08(2025)189
https://doi.org/10.1007/JHEP12(2025)111
https://doi.org/10.1007/JHEP12(2025)111
https://arXiv.org/abs/2506.16706
https://doi.org/10.1016/j.nuclphysb.2026.117391
https://doi.org/10.1016/j.nuclphysb.2026.117391
https://arXiv.org/abs/2507.16198
https://arXiv.org/abs/2507.16198
https://arXiv.org/abs/2508.16174
https://arXiv.org/abs/2508.16174
https://doi.org/10.1016/j.physletb.2025.139706
https://doi.org/10.1016/j.physletb.2025.139706
https://doi.org/10.1103/vbd5-5cp3
https://doi.org/10.21468/SciPostPhysLectNotes.74
https://doi.org/10.1016/j.physrep.2024.01.007


[27] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden,
D. S. W. Gould, A. Platschorre et al., Lectures on general-
ized symmetries, Phys. Rep. 1051, 1 (2024).

[28] S.-H. Shao, What’s done cannot be undone: TASI lectures
on non-invertible symmetries, arXiv:2308.00747.

[29] Y. Choi, H. T. Lam, and S.-H. Shao, Noninvertible global
symmetries in the standard model, Phys. Rev. Lett. 129,
161601 (2022).

[30] C. Cordova, S. Hong, S. Koren, and K. Ohmori, Neutrino
masses from generalized symmetry breaking, Phys. Rev. X
14, 031033 (2024).

[31] C. Cordova and K. Ohmori, Noninvertible chiral symmetry
and exponential hierarchies, Phys. Rev. X 13, 011034
(2023).

[32] C. Cordova, S. Hong, and S. Koren, Non-invertible Peccei-
Quinn symmetry and the massless quark solution to the
strong CP problem, Phys. Rev. X 15, 031011 (2025).

[33] A. Delgado and S. Koren, Non-invertible Peccei-Quinn
symmetry, natural 2HDM alignment, and the visible axion,
J. High Energy Phys. 02 (2025) 178.

[34] G. Choi, T. Gherghetta, and J. Terning, Noninvertible chiral
symmetry and axions under electromagnetic duality, Phys.
Rev. D 112, 095023 (2025).

[35] M. Suzuki and L.-X. Xu, Phenomenological implications of
a class of non-invertible selection rules, arXiv:2503.19964.

[36] T. Kobayashi, H. Mita, H. Otsuka, and R. Sakuma, Matter
symmetries in supersymmetric standard models from non-
invertible selection rules, arXiv:2506.10241.

[37] M. Suzuki, L.-X. Xu, and H. Y. Zhang, Spurion analysis for
non-invertible selection rules from near-group fusions,
arXiv:2508.14970.

[38] P. Minkowski, μ → eγ at a rate of one out of 109 muon
decays?, Phys. Lett. 67B, 421 (1977).

[39] T. Yanagida, Horizontal gauge symmetry and masses of
neutrinos, Conf. Proc. C 7902131, 95 (1979).

[40] T. Yanagida, Horizontal symmetry and mass of the top
quark, Phys. Rev. D 20, 2986 (1979).

[41] M. Gell-Mann, P. Ramond, and R. Slansky, Complex
spinors and unified theories, Conf. Proc. C 790927, 315
(1979).

[42] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, Strings on
orbifolds, Nucl. Phys. B261, 678 (1985).

[43] L. J. Dixon, J. A. Harvey, C. Vafa, and E. Witten, Strings on
orbifolds. 2, Nucl. Phys. B274, 285 (1986).

[44] S. Hamidi and C. Vafa, Interactions on orbifolds, Nucl.
Phys. B279, 465 (1987).

[45] L. J. Dixon, D. Friedan, E. J. Martinec, and S. H. Shenker,
The conformal field theory of orbifolds, Nucl. Phys. B282,
13 (1987).

[46] T. Kobayashi and N. Ohtsubo, Yukawa coupling con-
dition of ZðNÞ orbifold models, Phys. Lett. B 245, 441
(1990).

[47] T. Kobayashi and N. Ohtsubo, Geometrical aspects of
ZðNÞ orbifold phenomenology, Int. J. Mod. Phys. A 09,
87 (1994).

[48] T. Kobayashi, Selection rules for nonrenormalizable cou-
plings in superstring theories, Phys. Lett. B 354, 264
(1995).

[49] T. Kobayashi, R. Nishida, and H. Otsuka, Non-invertible
selection rules on heterotic non-Abelian orbifolds, J. High
Energy Phys. 03 (2026) 158.

[50] J. Dong, T. Jeric, T. Kobayashi, R. Nishida, and H. Otsuka,
Discrete gauging and noninvertible selection rules, Phys.
Rev. D 113, 056028 (2026).

[51] S. Antusch and V. Maurer, Running quark and lepton
parameters at various scales, J. High Energy Phys. 11
(2013) 115.

[52] Particle Data Group, Review of particle physics, Phys. Rev.
D 110, 030001 (2024).

[53] M. Tanimoto and T. T. Yanagida, Prediction of the CP phase
δCP in the neutrino oscillation and an axion-less solution to
the strong CP problem, Prog. Theor. Exp. Phys. 2025,
033B01 (2025).

[54] M. Tanimoto and T. T. Yanagida, Axionless solution to the
strong CP problem—two-zeros textures of the quark and
lepton mass matrices and neutrino CP violation–, arXiv:
2504.06599.

[55] I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz,
and A. Zhou, The fate of hints: Updated global analysis of
three-flavor neutrino oscillations, J. High Energy Phys. 09
(2020) 178.

[56] M. Fukugita and T. Yanagida, Baryogenesis without grand
unification, Phys. Lett. B 174, 45 (1986).

[57] M. Plumacher, Baryogenesis and lepton number violation,
Z. Phys. C 74, 549 (1997).

[58] K. Hamaguchi, Cosmological baryon asymmetry and neu-
trinos: Baryogenesis via leptogenesis in supersymmetric
theories, other thesis, 2002, arXiv:hep-ph/0212305.

KOBAYASHI, OTSUKA, TANIMOTO, and YANAGIDA PHYS. REV. D 113, 095034 (2026)

095034-8

https://doi.org/10.1016/j.physrep.2023.11.002
https://arXiv.org/abs/2308.00747
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.1103/PhysRevLett.129.161601
https://doi.org/10.1103/PhysRevX.14.031033
https://doi.org/10.1103/PhysRevX.14.031033
https://doi.org/10.1103/PhysRevX.13.011034
https://doi.org/10.1103/PhysRevX.13.011034
https://doi.org/10.1103/PhysRevX.15.031011
https://doi.org/10.1007/JHEP02(2025)178
https://doi.org/10.1103/vdcp-k462
https://doi.org/10.1103/vdcp-k462
https://arXiv.org/abs/2503.19964
https://arXiv.org/abs/2506.10241
https://arXiv.org/abs/2508.14970
https://doi.org/10.1016/0370-2693(77)90435-X
https://doi.org/10.1103/PhysRevD.20.2986
https://doi.org/10.1016/0550-3213(85)90593-0
https://doi.org/10.1016/0550-3213(86)90287-7
https://doi.org/10.1016/0550-3213(87)90006-X
https://doi.org/10.1016/0550-3213(87)90006-X
https://doi.org/10.1016/0550-3213(87)90676-6
https://doi.org/10.1016/0550-3213(87)90676-6
https://doi.org/10.1016/0370-2693(90)90671-R
https://doi.org/10.1016/0370-2693(90)90671-R
https://doi.org/10.1142/S0217751X94000054
https://doi.org/10.1142/S0217751X94000054
https://doi.org/10.1016/0370-2693(95)00643-Y
https://doi.org/10.1016/0370-2693(95)00643-Y
https://doi.org/10.1007/JHEP03(2026)158
https://doi.org/10.1007/JHEP03(2026)158
https://doi.org/10.1103/nsvv-l2dy
https://doi.org/10.1103/nsvv-l2dy
https://doi.org/10.1007/JHEP11(2013)115
https://doi.org/10.1007/JHEP11(2013)115
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1093/ptep/ptae177
https://doi.org/10.1093/ptep/ptae177
https://arXiv.org/abs/2504.06599
https://arXiv.org/abs/2504.06599
https://doi.org/10.1007/JHEP09(2020)178
https://doi.org/10.1007/JHEP09(2020)178
https://doi.org/10.1016/0370-2693(86)91126-3
https://doi.org/10.1007/s002880050418
https://arXiv.org/abs/hep-ph/0212305

	GUT-motivated noninvertible symmetry as a solution to the strong CP problem and the neutrino CP-violating phase
	I. INTRODUCTION
	II. NONINVERTIBLE SELECTION RULES
	III. MODEL
	IV. PHENOMENOLOGY
	A. The CKM matrix
	B. The charged lepton mass matrix
	C. The CP violation in the neutrino oscillations
	D. Predictions of the CP phase and the neutrinoless double beta decay
	E. The Universe's baryon asymmetry

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


