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We present a systematic decomposition of QCD splitting functions into scalar dipole radiators and pure
splitting remainders up to second order in the strong coupling. The individual components contain terms
that are formally subleading in soft or collinear scaling parameters, but well understood and universal due
to their origin in scalar QCD. The multipole radiator functions which we derive share essential features of
the known double-soft and one-loop soft gluon currents, and are not based on kinematical approximations.
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I. INTRODUCTION

For more than half a century, experiments at particle
colliders have shaped our understanding of the building
blocks of matter. They continue to be at the forefront of
fundamental science [1,2]. The detailed quantitative
description of particle production in the collisions was
made possible by the development of QCD as a gauge
theory of the strong interactions [3]. High-energy collider
experiments often measure QCD dynamics in the region
where partons are asymptotically free and form jets. The
production and evolution of these jets are some of the key
features of the strong interactions at high energy and remain
of greatest interest, both because of their importance as an
often irreducible background to new physics searches, and
as a precision test of QCD dynamics.
Being a non-Abelian, asymptotically free gauge theory,

QCD presents many obstacles to the practitioner.
Perturbative calculations are typically hampered both by
the number and the complexity of the Feynman diagrams
associated with a particular partonic final state [4–7]. In
addition, at higher orders in the perturbative expansion,
scattering matrix elements exhibit infrared singularities
that cancel to all orders between real and virtual corrections
[8–11], often leading to enormous complications for the
numerical evaluation of observables with the help of
Monte Carlo integration methods. Generic techniques to
address this problem at next-to-leading order (NLO) in the
perturbative expansion were introduced long ago [12–14]
and have been fully automated in various computer codes.

A similar automation at the next-to-next-to leading order
(NNLO) seems within reach [7].
The two sources of infrared singularities are soft gluon

radiation and the collinear decay of massless partons.
However, when multiple particles become collinear one
or more of them can still be soft, leading to an overlap
between the two types of divergence. Removing this overlap
is key to identifying all singular regions of scattering matrix
elements, and to providing the infrared subtraction counter-
terms that enable numerical computations. The goal of this
work is therefore to construct process-independent NNLO
double-real and real-virtual splitting functions that have no
remaining overlaps. This is achieved as follows. First, the
universal component of all splitting functions involving
final-state gluons is extracted by making the scalar part of
the theory manifest. This part generates the pole structure
in the soft limit and is related to the semiclassical limit
[15–18]. For the purpose of infrared subtraction, it can be
computed in the dipole approximation [19,20]. Consistently
going beyond the leading power soft approximation by
using scalar dipoles allows us to capture universal con-
tributions which appear in the splitting functions in a well-
understood manner. Second, we identify the factorizable
part of the higher-order splitting functions based on
diagrammatic considerations, which results in an improved
understanding of subleading singular terms, especially
those involving azimuthal correlations. Third, the scalar
radiators are formulated differentially in color space, in
order to make them maximally useful for practical calcu-
lations. Similarly, the spin-dependent remainders are differ-
ential in spin. Our algorithm makes use of the techniques
introduced in [21,22], in particular the choice of an axial
gauge to obtain a physical interpretation of the gluon
polarization tensor [23–30]. We provide the scalar exten-
sion of the double-soft radiators in both axial and Feynman
gauge, allowing for an unambiguous matching to the
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splitting functions. Using the background field method
[31–37], we compute scalar dipole radiator functions at
one-loop level, which are matched to the known one-loop
splitting amplitudes.
The outline of this manuscript is as follows. Section II

gives a summary of the state of QCD results for higher-order
splitting functions with the goal of contextualizing this work.
In Sec. III we introduce the basic ideas and illustrate the spin
decomposition at the vertex level. Section IV describes the
methodology for the computation of tree-level splitting
functions, reviews the results of [21], and presents their
spin decomposition. Section V includes our results for the
one-loop scalar radiator functions and one-loop splitting
functions and discusses their spin decomposition. Section VI
contains some concluding remarks and an outlook.

II. FEATURES OF EXISTING SPLITTING
FUNCTIONS AND MOTIVATION

FOR THIS WORK

The most frequently used techniques to isolate, regular-
ize, and cancel infrared singularities in perturbative QCD
calculations at next-to-leading order are the so-called infra-
red subtraction algorithms [4–7]. They rely on the fact that
the factorization of higher-order QCD matrix elements into
lower-order matrix elements and a finite set of splitting
functions [38–41] and soft insertion operators [42] is
universal. Splitting functions and soft insertions can be
combined in different ways in order to obtain valid infrared
subtraction schemes. One possibility is a phase-space
sectorization, which separates the regions where soft gluon
singularities can occur from the regions where only collin-
ear singularities appear. This is the basis of the Frixione-
Kunszt-Signer technique [12]. In the soft region, one then
approximates the matrix element by the soft insertion
operators, while in the collinear region one makes use of
the splitting functions. Another possibility is to perform a
matching of the soft insertion operators to the splitting
functions, and to use the matched expressions across the
entire phase space. This is the essence of the Catani-
Seymour dipole subtraction method [12,13]. In both cases,
one needs to understand the overlap between the soft
insertion operators and the splitting functions. This overlap
depends on the precise limit in which the splitting function
or the soft insertion operator was computed. As an example,
consider the spin-averaged splitting function for a quark-to-
quark gluon. It is given by the following expression:

hPq→qðzÞi ¼ CF

�
2z

1 − z
þ ð1 − εÞð1 − zÞ

�
:

Its soft component is given by the z → 1 limit and reads

hPq→qðzÞi !z→1 2CF

1 − z
:

On the other hand, the soft eikonal is given by the square of
the soft-gluon current, Jμ, and for a situation involving a
quark in the final state, it gives, in the quark-gluon collinear
limit

JμJμ !
qkg

∝
2CFz
1 − z

:

This differs from the z → 1 limit of the quark-to-quark
splitting function. Clearly, the soft and collinear limits do
not commute, not even at the lowest nontrivial order in QCD
perturbation theory. The reason for this is quite simply that
subleading power contributions in one limit become leading
power contributions in the other. At the next higher order in
the strong coupling expansion, this ambiguity obscures the
decomposition of the splitting functions into lower-order
results.
The simplest example of this type has been discussed in

Ref. [43] and will be reexamined in Sec. IV C 1. The
azimuthal angle dependence of the tree-level splitting
function for a q → qq0q̄0 splitting (derived in [21,44])
should be identical to that of the two-loop soft insertion
operator for the production of a soft q0q̄0 pair, because the
q0q̄0 pair can only be created through a gluon splitting.
However, the angular dependence differs between the two,
again because the double soft insertion operator (typically
taken from [21]) is determined at leading power in the soft
scaling parameter. This obscures the fact that the soft
insertion operator could be used to capture the complete
azimuthal angle dependence of the q → qq0q̄0 splitting
function, and in fact, one could use the factorized expres-
sion from which the insertion operator is derived (see
Eq. (92) in Ref. [21]).
We aim to solve this problem, which plagues all existing

subtraction schemes that are based on the results and
techniques in [21,44]. This requires a recomputation of
the splitting functions in a form that retains the subleading
power terms. However, rather than focus on the classifica-
tion of leading and subleading powers according to a scaling
parameter, we organize the calculation in a fashion that will
allow us not to take any limits, neither the soft nor the
collinear ones. For this it is important to realize that the
singularities in gauge theory amplitudes arise as a conse-
quence of degenerate asymptotic states [45,46]. The rel-
evant propagators, together with the gauge couplings, define
conserved scalar currents that capture the singularity struc-
ture in a physical rather than a purely mathematical fashion.
Our calculations will be guided by this principle.
The manuscript is quite long and presents all necessary

information on this novel concept, as well as formulas
needed for the final assembly of splitting functions from the
individual building blocks. The main results can be under-
stood based on Secs. III and IV B, with explicit NNLO
results at tree level listed in Sec. IV E, and results at one
loop listed in Sec. V C. The main formulas for splitting
functions are also referenced in Table I (end of Sec. IV) and
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Table II (end of Sec. V). The scalar dipole approximation,
which forms the backbone of the method, is explained in
detail in Secs. IV D and V B. We will begin by explaining
the concept of the scalar currents.

III. SPIN DECOMPOSITION OF
QCD AMPLITUDES

QCD matrix elements exhibit well-understood soft-
gluon singularities [42,47–51]. They originate in QCD
interactions in the eikonal limit, which can be derived by
making kinematical approximations to fixed-order scatter-
ing matrix elements. However, their physical origin is better
understood by investigating the minimal coupling of a
vector potential to a classical, accelerated charge [52,53]. In
QED, the corresponding current in momentum space reads

jμikðqÞ ¼ igQ

�
pμ
k

pkq
−

pμ
i

piq

�
; ð1Þ

where g is the coupling constant, Q is the charge of the
particle, and pi and pk are the momenta of the radiating
charge dipole formed by the particle before and after an
instantaneous impact. Once the radiation field, Aμ, sourced
by the dipole is quantized, radiative effects can be computed
in perturbation theory using the interaction Hamiltonian
density jμðxÞAμðxÞ. It can be shown that singularities in the
infrared that are induced by this interaction cancel between
real-emission corrections and virtual corrections [8,10,11].
Equation (1) does not account for the quantum nature of

the charged particle. However, a minimal change to it yields
the expression for scalar QED with massless radiators, and
thus provides an extension to a full quantum field theory
without kinematical constraints:

jμikðqÞ ¼ igQðSμðpk; qÞ − Sμðpi; qÞÞ; where

Sμðp; qÞ ¼ ð2pþ qÞμ
ðpþ qÞ2 : ð2Þ

For the emission of a single on-shell vector boson, this
expression results in the exact same scattering matrix
elements as the eikonal current in Eq. (1). It has in fact
been shown in the case of scalar QED that both the leading
and subleading contributions to the squared amplitudes in
the soft-photon limit can be obtained from classical
calculations [17,18]. We make this observation the basis
for using scalar currents when constructing multipole
radiator functions. In the soft or double-soft limit, these
radiators yield the known leading soft or double-soft
behavior of the theory, but they also contain additional
subleading contributions which are important for the
correct matching to collinear splitting functions away from
the soft region.
The QCD equivalent of the QED current in Eq. (2) can

be obtained by using the techniques of [13,42]:

JμðqÞ ¼ igs
X
i

T̂iSμðpi; qÞ: ð3Þ

Here, T̂, are the charge operators, which are defined as
ðT̂c

i Þab ¼ Tc
ab for quarks, ðT̂c

i Þab ¼ −Tc
ba for antiquarks,

and ðT̂c
i Þab ¼ ifacb for gluons [13,42]. Charge conserva-

tion in the QCD multipole implies
P

i T̂i ¼ 0. For the
emission of a single on-shell vector boson, Eq. (3) results in
exactly the same scattering matrix elements as the QCD
eikonal current. Moreover, the numerators in Eq. (3) obey
elementary Ward identities, such that the single-gluon
current is conserved, as long as the radiating particles
remain on their mass shell.
In Sec. IV D we will use Eq. (3) and its extension to the

two-emission case to derive the scalar component of matrix
elements that form the basis of the higher-order tree-level
splitting functions. As the complete calculation is quite
cumbersome, we highlight the basic correspondence using
two simple examples at the amplitude level. The first is the
quark-to-quark-gluon splitting process shown in Fig. 1(a)
left. The scattering amplitude is proportional to the follow-
ing combination of the coupling-stripped quark-gluon
vertex and the quark propagator:

=pþ =q
ðpþ qÞ2 T

a
ijγ

μ ¼ Ta
ij

�
Sμðp; qÞ þ iσνμqν

ðpþ qÞ2 −
γμ=p

ðpþ qÞ2
�
:

ð4Þ

A decomposition of this current has been provided for the
first time in [54], and an extension to massless fermions is
given in [55]. The first term in the square bracket is the
scalar current of Eq. (2). The second term, proportional to
σνμ ¼ i

2
½γν; γμ�, describes the magnetic interaction due to

the fermion’s spin. This contribution is subleading in the
soft and collinear limits. The contribution proportional to
γμ=p vanishes in the squared amplitude for one-to-two
splittings due to the equations of motion. Using an axial
gauge for the final-state gluon, after squaring the amplitude
we obtain the standard quark-to-quark splitting function;
cf. Sec. IV B. We emphasize that this is achieved without
any kinematical approximations. Additionally, the squared
scalar interaction term can be identified at the amplitude
squared level, where it emerges as a nontrivial combination
of the square of the scalar contribution in Eq. (4) and the
interference of the scalar and the magnetic term. This is a
consequence of the fact that a magnetic interaction is
needed to make the chiral kinetic theory Lorentz invariant
[56,57]. The vertex decomposition is sketched in Fig. 1(a)
right, and discussed in detail in Appendix B.
Our second example will be the gluon-to-gluon-gluon

splitting, shown in Fig. 1(b) left. The gluon propagator times
the coupling stripped triple gluon vertex can be written as a
sum of two components in two different permutations,
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dμσðp12Þ
p2
12

fabcΓσνρðp1; p2Þ ¼ idμσðp12Þ
8<
:TrðTc½Tb; Ta�Þ

�
Sνðp1; p2Þgρσ −

ðp1 − p2Þρ
2p2

12

gσν
�
þ
0
@ a ↔ b

σ ↔ ν

1 ↔ 2

1
A
9=
;; ð5Þ

where Γμνρðp; qÞ ¼ gμνðp − qÞρ þ gνρð2qþ pÞμ −
gρμð2pþ qÞν. Here, dμσðp12Þ is the gluon polarization
tensor. The two orderings of the color operators in the
commutator appear because either the color charge or the
anticolor charge of the incoming gluon can be the source of
the gluon field. The first, scalar term in the square brackets
is proportional to a metric tensor connecting the polarization
vectors of the external particle to the incoming gluon. This
agrees with the requirement that the semiclassical interaction
described by Sμðp; kÞ must be both spin independent and
helicity preserving. In the limit where the emitted gluon
becomes soft, the second term in the square brackets does
not scale due to the transversality of the Born amplitude. In
the collinear limit, it scales as the inverse of the transverse
momentum. We have again achieved a separation into
different types of splitting vertices, without having to
perform any kinematical approximations. The one-to-two
splitting function derived in Sec. IVB has a similar structure.
The vertex decomposition is sketched in Fig. 1(b) right and
discussed in detail in Appendix B.
Before discussing the tree-level splitting functions in

Sec. IV, we will comment on the gauge choices for our
calculations. The tree-level expressions are simplest to
obtain in an axial gauge. Axial gauges benefit from being
ghost free [58–62] because they encode only the physical
degrees of freedom of the gluon field [23–30,63]; see also
the later discussion of Eq. (A1) in Sec. IV. The correspond-
ing polarization tensor,

dμνðp; nÞ ¼ −gμν þ pμnν þ pνnμ

pn
−
n2pμpν

ðpnÞ2 ; ð6Þ

satisfies the physical requirements for on-shell gluons,
namely −dμμðp; nÞ ¼ D − 2 and pμdμνðp; nÞ ¼ 0, where
D ¼ 4 − 2ε is the number of space-time dimensions.

We discuss its relation to the polarization sum in the
helicity formalism in Appendix A. The vector nμ is an
auxiliary gauge vector. When used in the computation of a
splitting amplitude, the axial gauge mimics the effects of
coherent gluon emission off particles that are omitted from
the explicit computation, but whose physical presence can
be inferred from color charge conservation. As a simple
example, consider a process with two charged scalars. The
leading-order matrix element for the production of these
scalars is just an overall constant. The real-emission matrix
element is given by the constant times the eikonal in
Eq. (1), contracted with the polarization vector of the
external vector boson. The key observation is that one can
choose the auxiliary vector, nμ, in the polarization sum such
that one term in the current, Eq. (1), is eliminated. In this
manner, one moves contributions needed to describe
coherent vector boson radiation from one Feynman dia-
gram to another [64,65]. In the computation of collinear
splitting functions to leading power, this technique makes
the result independent of the hard process.
At one-loop order, we will use the axial gauge to

compute the splitting functions using the methods of
[66,67]. In order to determine their scalar components,
we would ideally determine the scalar radiators in the same
gauge. As this calculation is very cumbersome we use a
different approach. The scalar radiators at one-loop level
are an extension of the one-loop soft current [22,68,69] to
the full scalar theory. They are determined from the same
set of diagrams and acquire a physical meaning when
computed in the background field method [31–37,70–72].
We can therefore match the collinear limit of the scalar
radiators in the background field method to the one-loop
splitting amplitudes computed in axial gauge. By means of
this technique, the one-loop integrals needed for the
calculation can be limited to a small set which is known
to all orders in the dimensional regularization parameter.

FIG. 1. Examples of one-to-two splitting processes. (a) Splitting of a quark into a quark and a gluon. (b) Branching of a gluon into two
gluons. The right-hand side sketches the decomposition of the full vertices into scalar- and spin-dependent components.
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IV. TREE-LEVEL EXPRESSIONS

In this section, we discuss the structure of the tree-level
splitting functions and the dipole approximation to coherent
gluon radiation at second order in the strong coupling.
References [21,44] first presented the corresponding results,
and Ref. [21] gave the first expressions for the two-gluon
current in the double-soft limit which were fully differential
in color space. As discussed in Sec. II, these expressions
have a nontrivial interplay. It is intuitively clear that there
must be several components of the triple-collinear splitting
functions that can be expressed in terms of the double-soft
radiators. However, as we will show in subsequent sections,
determining this overlap by using the double-soft expres-
sions alone generates remainder functions that contain
residual subleading soft singularities which should not be
present. As a consequence, in the prevailing subtraction
schemes based on triple collinear and double soft limits, the
remainder functions are often sectorized in order to cleanly
extract their singularities [73]. The goal of this section is to
overcome this problem for tree-level splittings. The final
results and their scaling behavior in the various soft and
collinear limits will be summarized in Table I. These
expressions are obtained by first separating out the com-
ponents which correspond to the semiclassical limit. They

include both the leading and all subleading soft singular
terms that are also present in the splitting functions, and are
computed in Sec. IV D. We note that these expressions have
not yet been presented elsewhere, and that the color
decompositions in Sec. IV D are new results, extending
the expressions of the double-soft limit in Ref. [21]. After
separating out the scalar components of the splitting
functions, we remove all remaining terms which can still
be expressed in terms of lower-order results. This decom-
position is performed in Sec. IV E. The basic methodology
and the main results of this section can be understood with
the help of Sec. IV B and IVD 1, and the summary table,
Table I.

A. General form of the splitting functions

It was shown in Ref. [21], that the m-particle quark and
gluon splitting functions can be determined as a ratio of the
m-particle to 1-particle quark and gluon currents after
projection onto auxiliary wave functions conserving color
charge and spin. This reflects the fact that the splitting
functions are reduced matrix elements, which are computed
with physical external states, despite their off-shellness.
The expressions for quarks and gluons are given as

Pss0
q ð1;…; mÞ ¼ δss

0
�

s1…m

8παsμ
2ε

�
m−1 Tr½=̄nΨðfp1;…; pmgÞΨ̄ðfp1;…; pmgÞ�

Tr½=̄nΨðfp̄1…mgÞΨ̄ðfp̄1…mgÞ�
;

Pμν
g ð1;…; mÞ ¼ D − 2

2

�
s1…m

8παsμ
2ε

�
m−1 dμρðp1…m; n̄ÞJρðfp1;…; pmgÞJ†σðfp1;…; pmgÞdσνðp1…m; n̄Þ

dκλðp̄1…m; n̄ÞJλðfp̄1…mgÞJ†τðfp̄1…mgÞdτκðp̄1…m; n̄Þ
: ð7Þ

The quantities Ψ and J in this context are tree-level currents that can be determined using recursive techniques such as the
Berends-Giele method [74–77],

ΨiðpαÞ ¼
X
fβ;γg∈
Pðα;2Þ

gsTa
ij
iσμν

p2
α
pγ;νJaμðpγ; nÞΨjðpβÞ

þ
X
fβ;γg∈
Pðα;2Þ

�
gsTa

ijS
μðpβ; pγÞJaμðpγ; nÞ −

X
fδ;ϵg∈
OPðγ;2Þ

g2s
p2
α
fTa; TbgijJμ;aðpδ; nÞJbμðpϵ; nÞ

�
ΨjðpβÞ; ð8Þ

Jaμðpα; nÞ ¼
X
fβ;γg∈
Pðα;2Þ

�
gs
Fa
bc

2
Dμðpβ; pγÞJρ;bðpβ; nÞJcρðpγ; nÞ þ gsTa

ijΨ̄iðpγÞdμνðpα; nÞ
γν
p2
α
ΨjðpβÞ

�

−
X
fβ;γg∈
Pðα;2Þ

�
gsFc

abS
σðpβ; pγÞJcσðpγ; nÞ −

X
fδ;ϵg∈
OPðγ;2Þ

g2s
p2
α
fFc; FdgabJσ;cðpδ; nÞJdσðpϵ; nÞ

�
dμνðpα; nÞJbνðpβ; nÞ: ð9Þ

Details on the above notation can also be found in Appendix B. The two most important building blocks of the recursion are
the scalar production and decay vertices, which are given by

Sμðpi; pjÞ ¼
ð2pi þ pjÞμ

p2
ij

; Dμðpi; pj; nÞ ¼
dμνðpij; nÞ

p2
ij

ðpi − pjÞν: ð10Þ

They will appear in most of the higher-order results which we derive in the later sections of this manuscript.

QCD SPLITTING FUNCTIONS BEYOND KINEMATICAL LIMITS PHYS. REV. D 113, 054031 (2026)

054031-5



For a discussion of the scaling behavior of the splitting
functions, it is convenient to parametrize the final-state
momenta in terms of a forward, transverse, and backward
component according to [21,78]

pμ
i ¼ zip̄

μ
1::m þ k̃μi −

k̃2i
zi

n̄μ

2p̄1::mn̄
; where

p̄μ
1::m ¼ pμ

1::m − p2
1::m

n̄μ

2p1::mn̄
: ð11Þ

This allows us to express all results in terms of the for-
ward light-cone momentum fractions, zi, and transverse
momenta, k̃i. Local four-momentum conservation takes the
form z1 þ z2 þ � � � þ zm ¼ 1 and k̃1 þ k̃2 þ � � � þ k̃m ¼ 0.
To simplify the computation, we have changed the so-far
arbitrary vector nμ defining the axial gauge to a lightlike
vector, which we denote as n̄μ.

B. One-to-two splittings

In this subsection we rederive the well-known two-
parton splitting functions and systematically extend them
to the off-shell region, which is needed to derive factorized
expressions for the three-parton final states in Sec. IV C.
The novel aspect of this computation is that the extension is
achieved through a shift in the momentum defining the
external wave functions, while leaving the purely kinemati-
cal information in the propagator terms unaffected. This
idea is in line with the general discussion in Sec. II, in
particular the fact that singularities arise only for degen-
erate asymptotic states, which must have a well-defined
polarization. We will limit the discussion to the minimal
information needed for the subsequent calculations and
present details relevant to the case of the two-gluon
splitting tensor in Appendix C.

1. Quark initial state

The 1 → 2 quark splitting function can be computed
from Eq. (7) using the 2-particle fermion current [21]. The
corresponding Feynman diagram is shown in Fig. 2(a).
We find

Pss0
q→qðp1; p2Þ ¼

δss
0
s12

8παsμ
2ε

Tr½=̄nΨðfp1; p2gÞΨ̄ðfp1; p2gÞ�
Tr½=̄nΨðfp̄12gÞΨ̄ðfp̄12gÞ�

¼ δss
0
Pq̃→q̃ðp1; p2Þ þ Pss0 ðfÞ

q→q ðp1; p2Þ: ð12Þ

Following Ref. [21], we denote spin-averaged quark splitting
functions by hPq→Xð1;…; mÞi ¼ δss0Pss0

q→Xð1;…; mÞ=2. As
the quark splitting tensors are diagonal in spin space, we will
refrain from listing both their spin-dependent and spin-
averaged versions. The individual components of the one-to-
two quark splitting function are given by the 1 → 2 scalar
splitting function and the purely fermionic term

Pq̃→q̃ðp1; p2Þ ¼ CF
2z1
z2

�
1 −

p2
1

p2
12

z12
z1

−
p2
2

p2
12

z12
z2

�
;

hPðfÞ
q→qðp1; p2Þi ¼ CFð1 − εÞ

�
z2
z12

−
z2
z1

p2
1

p2
12

−
p2
2

p2
12

�
; ð13Þ

where p2
1 → 0 and p2

2 → 0 in the standard collinear fac-
torization approach. In order to extend the massless result to
the off-shell region, we have replaced dμνðp2; n̄Þ →
dμνðp̄2; n̄Þ; see the discussion of Eq. (A2). In complete
analogy, we have replaced the spinors uðp1Þ by uðp̄1Þ. Both
of these shifts are needed to achieve the expected scaling
behavior of the remainder functions computed in Sec. IV E.
The gluon-spin-dependent quark-to-quark splitting tensor is
given by

hPμν
q→qðp1; p2Þi ¼ Pμν

q̃→q̃ðp1; p2Þ þ hPðfÞμν
q→q ðp1; p2Þi: ð14Þ

Its scalar and purely fermionic components are given by

Pμν
q̃→q̃ðp1; p2Þ ¼

CF

2
p2
12S

μðp1; p2ÞSνðp1; p2Þ;

hPðfÞμν
q→q ðp1; p2Þi ¼ −

CF

2

�
gμν

�
z2
z12

−
z2
z1

p2
1

p2
12

−
p2
2

p2
12

�

þ pμ
2p

ν
2

p2
12

�
þ…; ð15Þ

where the dots stand for contributions proportional to the
gauge vector, n̄μ or n̄ν. Such terms vanish after multiplication
by a gluon polarization tensor of the form dμνðp2; n̄Þ or
dμνðp̄2; n̄Þ, and can therefore be dropped.

2. Gluon initial state

The Feynman diagrams leading to the tree-level g → qq̄
and g → gg splitting tensors are shown in Figs. 2(b) and 2(c),
respectively. The algebraic expressions are obtained from
Eq. (7) as [21]

FIG. 2. Feynman diagrams leading to the 1 → 2 parton splitting functions for quark-to-quark (a), gluon-to-quark (b) and gluon-to-
gluon (c), discussed in Sec. IV B. The shaded blob and lines to the left represent the hard process with its associated external partons. See
the main text for details.
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Pμν
g→qðp1; p2Þ ¼

TR

2p2
12

dμρðp12; n̄ÞTr½=̄p1γ
ρ=̄p2γ

σ�dνσðp12; n̄Þ;

Pμν;αβ
g→g ðp1; p2Þ ¼

CA

2p2
12

dμλðp12; n̄ÞΓκαλðp1; p2ÞΓρβτðp1; p2Þdκρðp̄1; n̄Þdντðp12; n̄Þ; ð16Þ

where Γμνρðp; qÞ implements the Lorentz structure of the three-gluon vertex, and where the Lorentz indices α and β refer to the
final-state gluon with momentum p2, while the indices μ and ν refer to the initial-state gluon. Computing the gluon-to-quark
splitting tensor is straightforward, and we obtain

Pμν
g→qðp1; p2Þ ¼ TR

�
dμνðp̄12; n̄Þ

�
1 −

z12
p2
12

�
p2
1

z1
þ p2

2

z2

��
þ p2

12

n̄μn̄ν

ðp12n̄Þ2
− p2

12D
μðp1; p2; n̄ÞDνðp1; p2; n̄Þ

�
; ð17Þ

where we have summed over the spins of the final-state quarks. In the final-state on-shell case Eq. (17) reduces to

PμνðosÞ
g→q ðp1; p2Þ ¼ TR

�
dμνðp12; n̄Þ −

4p̃μ
1;2p̃

ν
1;2

p2
12

�
; where p̃μ

i;j ¼
zip

μ
j − zjp

μ
i

zi þ zj
: ð18Þ

The momenta p̃ are generalizations of the transverse momenta k̃ in Eq. (11). In particular, they fulfill momentum conservation
in the form p̃i;j þ p̃j;i ¼ 0 for any i and j. Similarly, in the three-parton case we have p̃1;23 þ p̃2;13 þ p̃3;12 ¼ 0. Using the
standard Sudakov parametrization in Eq. (11) [78], taking the collinear limit, and summing over quark spins, we can write
Eq. (17) in the familiar form of the spin-dependent Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting kernel

PμνðosÞ
g→q ðp1; p2Þ → TR

�
−gμν þ 4z1z2

k̃μ1k̃
ν
1

k̃21

�
: ð19Þ

Averaging over the polarizations of the initial-state gluon using conventional dimensional regularization (CDR),
hPg→Xð1;…;mÞi ¼ dμνðp1…m; n̄ÞPμν

g→Xð1;…;mÞ=ð2− 2εÞ, yields the CDR DGLAP splitting kernel

hPg→qðp1; p2Þi ¼ TR

�
1 −

2

1 − ε

z1z2
z212

�
: ð20Þ

The computation of the gluon-to-gluon splitting tensor is aided by the observation that any function multiplying this object
must be symmetric in the Lorentz indices μ and ν. It is known that, in the on-shell case, this causes all interferences between
the three components of Γμνρ to vanish [79]. In the following, we derive the corresponding expression, including some of the
off-shell effects needed in Sec. IV E.We assume that p2

1 ¼ 0, which is sufficient to compute all factorizable components of the
three-parton splitting functions. The relation dμρðp1; n̄Þdνρðp1; n̄Þ ¼ dμνðp1; n̄Þ can then be exploited to factorize the triple-
gluon vertex functions in Eq. (16). We separate the resulting splitting tensor into a symmetric and an interference part,

Pμν;αβ
g→g ðp1; p2Þ ¼ Pμν;αβ

g→g; ðsÞðp1; p2Þ þ Pμν;αβ
g→g; ðiÞðp1; p2Þ þ Pνμ;βα

g→g; ðiÞðp1; p2Þ: ð21Þ

In Appendix C we show that the asymmetric components vanish up to Oðα2sÞ. They can therefore be neglected for the
remainder of this work. The symmetric component is given by the sum of squared scalar emission and decay vertices,

Pμν;αβ
g→g; ðsÞðp1; p2Þ ¼

CA

2

�
p2
12S

αðp1; p2ÞSβðp1; p2Þdμνðp̄12; n̄Þ

þ 2dμαðp12; n̄Þdνβðp12; n̄Þ
2z2
z1

�
1 −

p2
2

p2
12

z12
z2

�
þ p2

12d
αβðp1; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ

�
: ð22Þ

In the final-state on-shell case it reduces to

Pμν;αβðosÞ
g→g ðp1; p2Þ ¼

CA

2

�
p2
12S

αðp1; p2ÞSβðp1; p2Þdμνðp̄12; n̄Þ

þ 2dμαðp12; n̄Þdνβðp12; n̄Þ
2z2
z1

þ p2
12d

αβðp1; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ
�
: ð23Þ
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Contracting Eq. (22) with the external polarization sum for gluon 2, we find

Pμν
g→gðp1; p2Þ ¼ 2CA

�
dμνðp̄12; n̄Þ

�
z1
z2

þ z2
z1

−
z12
z1

p2
2

p2
12

�
þ 2ð1 − εÞ p̃

μ
1;2p̃

ν
1;2

p2
12

�
: ð24Þ

Using the standard Sudakov parametrization in Eq. (11) [78], Eq. (23) yields the spin-dependent DGLAP kernel [79],

Pμν;αβðosÞ
g→g ðp1; p2Þ → 2CA

�
z1
z2

k̃α1 k̃
β
1

k̃21
gμν þ z2

z1
gμαgνβ − dαβðp12; n̄Þ

z1z2
z212

k̃μ1k̃
ν
1

k̃21

�
: ð25Þ

Contracting this with the polarization tensor for gluon 2, we find the familiar expression,

dαβðp2; n̄ÞPμν;αβðosÞ
g→g ðp1; p2Þ → 2CA

�
−gμν

�
z1
z2

þ z2
z1

�
− 2ð1 − εÞ z1z2

z212

k̃μ1k̃
ν
1

k̃21

�
: ð26Þ

Averaging over the polarizations of the initial-state gluon
yields the DGLAP splitting kernel,

hPg→gðp1; p2Þi ¼ 2CA

�
z1
z2

þ z2
z1

þ z1z2
z212

�
: ð27Þ

Based on the above derivation, this function can be
decomposed as

hPg→gðp1; p2Þi ¼ PðscÞ
g→gðp1; p2Þ þ PðscÞ

g→gðp2; p1Þ
þ hPðvÞ

g→gðp1; p2Þi; ð28Þ

where the scalar and purely vectorial parts are defined as

PðscÞ
g→gðp1; p2Þ ¼ CA

2z1
z2

¼ CA

CF
Pq̃→q̃ðp1; p2Þ

����
p2
1
→0;p2

2
→0

;

hPðvÞ
g→gðp1; p2Þi ¼ 2CA

z1z2
z212

: ð29Þ

Note that Eqs. (17) and (22) are independent of the
kinematics parametrization, as the invariants have not yet
been expressed in terms of transverse momenta, and the
light-cone momentum fractions are defined unambiguously.

C. One-to-three splittings

The leading terms of the three-parton splitting functions
have been computed in [21,44]. We will rederive them here,
together with their scalar QCD counterparts. These scalar
splitting functions are needed in order to understand the
interplay between the QCD splitting functions and the QCD
multipole radiators in the dipole approximation, which will
be derived in Sec. IV D. In Sec. IV E we will discuss how
the splitting functions can be decomposed into terms that are
captured by the scalar dipole radiators or factorized expres-
sions involving the functions from Sec. IV B, and novel
remainder functions that are only singular in the triple
collinear region. The fact that such remainder functions can

be defined, and that their poles are of lowest degree, is one
of the main results of this manuscript. We begin the
discussion with the simpler quark initial states, which do
not have a spin dependence, before discussing the gluon
initial states that feature a nontrivial Lorentz structure.

1. Quark initial state

The sole Feynman diagram leading to the flavor-chang-
ing quark-to-quark three-parton splitting function is shown
in Fig. 3(a). It can be obtained from the product of the off-
shell quark splitting function in Eq. (14) and the spin-
dependent gluon-to-quark splitting function, Eq. (17). The
result is [21]

hPq→q̄0q0qðp1; p2; p3Þi

¼ CFTR

2

s123
s12

�
−

t212;3
s12s123

þ 4z3 þ ðz1 − z2Þ2
z1 þ z2

þ ð1 − 2εÞ
�
1 − z3 −

s12
s123

��
; ð30Þ

where sij ¼ ðpi þ pjÞ2, and where we have defined

t12;3 ¼ s123Sμðp3; p12Þs12Dμðp1; p2; n̄Þ

¼ 2
z12p2p3 − z22p1p3

z1 þ z2
þ z1 − z2
z1 þ z2

2p1p2: ð31Þ

The corresponding scalar-to-quark splitting function is given
by the product of the scalar part of Eqs. (15) and (17). It is
the component of Eq. (30) which is given in terms of the
two-quark scalar dipole radiator that will be computed in
Eq. (52),

Pq̃→q̄0q0q̃ðp1; p2; p3Þ
¼ s123

s12
Pμν
q̃→q̃ðp3; p12ÞPg→q;μνðp1; p2Þ

¼ CFTR

2

s123
s12

�
4z3

z1 þ z2
þ s12
s123

�
1 −

t212;3
s212

��
: ð32Þ
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As a consequence of the fact that only a single diagram
contributes to Eq. (30), the splitting function factorizes. A
simple, yet nontrivial observation is that, in the double-soft
limit, both Eqs. (30) and (32) yield, at leading power in the
soft scaling parameter,

hPðdsÞ
q→q̄0q0qðp1; p2; p3Þi

¼ CFTR
2ðs13 þ s23Þ
s12ðz1 þ z2Þ

�
1−

ðz1s23 − z2s13Þ2
ðz1 þ z2Þðs13 þ s23Þs12

�
: ð33Þ

As discussed in Sec. II, the azimuthal angle dependence
differs among Eqs. (30), (32), and (33), because Eq. (31) is

reduced to the first term alone. This exemplifies how higher-
order splitting functions based on kinematic limits can
obscure the origin of soft-collinear overlaps. In the remainder
of this section, we will focus on the computation of the
remaining splitting functions needed to perform a similar
analysis for more complicated final states. Their properties
and decomposition in terms of lower-order results will be
presented in Sec. IV E.
The three-parton quark-to-quark splitting function is

obtained as the coherent sum of the two Feynman diagrams
in Figs. 3(a) and 3(b). It can be written as the sum of
splitting functions for identical quarks, and an interference
part [21],

hPq→q̄qqðp1; p2; p3Þi ¼ ðhPq→q̄0q0qðp1; p2; p3Þi þ hPðidÞ
q→q̄qqðp1; p2; p3ÞiÞ þ ð2 ↔ 3Þ; ð34Þ

where

hPðidÞ
q→q̄qqðp1; p2; p3Þi ¼ CF

�
CF −

CA

2

��
ð1 − εÞ

�
2s23
s12

− ε

�

þ s123
s12

�
1þ z21
1 − z2

−
2z2

1 − z3
− ε

�ð1 − z3Þ2
1 − z2

þ 1þ z1 −
2z2

1 − z3

�
− ε2ð1 − z3Þ

�

−
s2123
s12s13

z1
2

�
1þ z21

ð1 − z2Þð1 − z3Þ
− ε

�
1þ 2

1 − z2
1 − z3

�
− ε2

��
: ð35Þ

The scalar-to-quark splitting function corresponding to this interference term does not exist.
Next we investigate double gluon radiation. The splitting function can be separated into Abelian and purely non-Abelian

components [21], which are derived from the diagrams in Figs. 4(a) and 4(b), and from Figs. 4(a)–4(c), respectively. The
result for the Abelian component is

hPðabÞ
q→ggqðp1; p2; p3Þi ¼ C2

F

�
s2123

2s13s23
z3

�
1þ z23
z1z2

− ε
z21 þ z22
z1z2

− εð1þ εÞ
�
þ εð1 − εÞ − s23

s13
ð1 − εÞ2

þ s123
s13

�
z3ð1 − z1Þ þ ð1 − z2Þ3

z1z2
þ ε2ð1þ z3Þ − εðz21 þ z1z2 þ z22Þ

1 − z2
z1z2

��
þ ð1 ↔ 2Þ: ð36Þ

In the scalar case, we obtain

PðabÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ C2

F

�
s2123
s13s23

z23
z1z2

þ s123
s13

2z3ð1 − z2Þ
z1z2

þ ð1 − εÞ
�
þ ð1 ↔ 2Þ: ð37Þ

This is the first splitting function involving the seagull vertices in Eq. (8).
The non-Abelian part of the splitting function can be written as (see [21])

hPðnabÞ
q→ggqðp1; p2; p3Þi ¼ −

CA

2CF
PðabÞ
q→ggqðp1; p2; p3Þ þ CFCA

�
1 − ε

4

�
t212;3
s212

þ 1

�
− ð1 − εÞ2 s23

2s13

þ s123
2s12

�
ð1 − εÞ z1ð2 − 2z1 þ z21Þ − z2ð6 − 6z2 þ z22Þ

z2ð1 − z3Þ
þ 2ε

z3ðz1 − 2z2Þ − z2
z2ð1 − z3Þ

�

þ s123
2s13

�
ð1 − εÞ ð1 − z2Þ3 þ z23 − z2

z2ð1 − z3Þ
− ε

2ð1 − z2Þðz2 − z3Þ
z2ð1 − z3Þ

− εð1 − εÞð1 − z1Þ
�

þ s2123
2s12s13

�ð1 − z3Þ2ð1 − εÞ þ 2z3
z2

þ z22ð1 − εÞ þ 2ð1 − z2Þ
1 − z3

�
þ ð1 ↔ 2Þ

�
: ð38Þ

In the scalar case, we obtain instead
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PðnabÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ −

CA

2CF
PðabÞ
q̃→ggq̃ðp1; p2; p3Þ þ CFCA

�
1 − ε

4

�
t212;3

s123s12
þ 1

�

þ s123
s12

�
z3
z2

−
1þ 3z3
1 − z3

�
þ s123

s13

�
z3
z2

−
1 − z2
1 − z3

�
1 − z2
z1

þ s2123
s12s13

�
z3
z2

þ 1 − z2
1 − z3

�
þ ð1 ↔ 2Þ

�
: ð39Þ

In the strongly ordered soft-collinear limit, p1kp2, one obtains the product of a soft-emission term, times a spin-correlated
decay to two gluons. This factorized form is obtained from Eqs. (15) and (24). The result is

PðnabÞ
q̃→ggq̃ðp1; p2; p3Þ →

s123
s12

Pμν
q̃→q̃ðp3; p12ÞPg→g;μνðp1; p2Þ

¼ CFCA
s123
s12

�
4z3

z1 þ z2

�
1 −

s12
s123

1

z1 þ z2

��
z1
z2

þ z2
z1

�
þ 1 − ε

2

t212;3
s123s12

�
: ð40Þ

2. Gluon initial state

The Feynman diagrams needed to compute the three-parton gluon-to-quark splitting function are shown in Fig. 5. The
Abelian component is determined from Figs. 5(a) and 5(b). We find

PμνðabÞ
g→gqq̄ðp1; p2; p3Þ ¼ CFTR

�
dμνðp123; n̄Þ

"
2s123s23
s12s13

þ ð1 − εÞ
�
s12
s13

þ s13
s12

�
− 2ε

#

þ 4s123
s12s13

ðp̃μ
2;13p̃

ν
3;12 þ p̃μ

3;12p̃
ν
2;13 − ð1 − εÞp̃μ

1;23p̃
ν
1;23Þ

�
: ð41Þ

With the help of the Sudakov decomposition in Eq. (11), the expression can be written in terms of transverse momenta and
reduced to the leading-power result given in [21]. Similarly, the on-shell non-Abelian part of the splitting tensor of a gluon
into a gluon and a qq̄-pair is determined from the diagrams in Figs. 5(a)–5(c),

PμνðnabÞ
g→gqq̄ ðp1; p2; p3Þ ¼ −

CA

2CF
PμνðabÞ
g→gqq̄ðp1; p2; p3Þ þ

CATR

4

�
s123
s223

�
−dμνðp123; n̄Þ

t223;1
s123

− 16
1 − z1
z1

p̃μ
2;3p̃

ν
2;3

�

þ dμνðp123; n̄Þ
�
2s13
s12

ð1 − εÞ þ 2s123
s12

�
1 − z3

z1ð1 − z1Þ
− 2

�
þ 2s123

s23

1 − z1 þ 2z21
z1ð1 − z1Þ

− 1

�

þ s123
s12s23

�
2s123dμνðp123; n̄Þ

z2ð1 − 2z1Þ
z1ð1 − z1Þ

− 16p̃μ
3;12p̃

ν
3;12

z22
z1ð1 − z1Þ

þ 8ð1 − εÞp̃μ
2;13p̃

ν
2;13

þ 4ðp̃μ
2;13p̃

ν
3;12 þ p̃μ

3;12p̃
ν
2;13Þ

�
2z2ðz3 − z1Þ
z1ð1 − z1Þ

þ 1 − ε

��
þ ð2 ↔ 3Þ

�
þ Pμνðnab;n̄Þ

g→gqq̄ ðp1; p2; p3Þ: ð42Þ

FIG. 3. Feynman diagrams leading to the 1 → 3 quark only splitting functions discussed in Sec. IV C 1. The shaded blob and lines to
the left represent the hard process with its associated external partons. See the main text for details for details on the t- and u-channel
diagrams in part (a) and (b).

FIG. 4. Feynman diagrams leading to the 1 → 3 quark-to-quark-gluon splitting functions discussed in Sec. IV C 1. The shaded blob
and lines to the left represent the hard process with its associated external partons. See the main text for details on the t-, u- and s-channel
contributions in parts (a)–(c).
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This splitting tensor contains an explicitly n̄-dependent contribution, listed in Appendix E, which does not contribute in the
triple-collinear limit; cf. the discussion of Eq. (A2). The spin-averaged splitting functions can be obtained by contracting
Eqs. (41) and (42) with dμνðp123; n̄Þ. They are given in Eqs. (68) and (69) of [21].
The one-to-three gluon splitting tensor is obtained from the diagrams in Fig. 6. It was computed in [21] and reads

Pμν
g→gggðp1; p2; p3Þ ¼ C2

A

�
1 − ε

4s212

�
dμνðp123; n̄Þðt212;3 þ 3s212Þ þ 16s123

1 − z3
z3

p̃μ
1;2p̃

ν
1;2

�

−
s123
s12

dμνðp123; n̄Þ
z3

�
2ð1 − z3Þ þ 4z23

1 − z3
−
1 − 2z3ð1 − z3Þ

z1ð1 − z1Þ
�

þ s123ð1 − εÞ
s12s13

�
2z1

�
p̃μ
2;13p̃

ν
2;13

1 − 2z3
z3ð1 − z3Þ

þ p̃μ
3;12p̃

ν
3;12

1 − 2z2
z2ð1 − z2Þ

�

−
s123

2ð1 − εÞ d
μνðp123; n̄Þ

�
4z2z3 þ 2z1ð1 − z1Þ − 1

ð1 − z2Þð1 − z3Þ
−
1 − 2z1ð1 − z1Þ

z2z3

�

þ ðp̃μ
2;13p̃

ν
3;12 þ p̃μ

3;12p̃
ν
2;13Þ

�
2z2ð1 − z2Þ
z3ð1 − z3Þ

− 3

��
þ ð5 permutationsÞ

�
þ Pμνðn̄Þ

g→gggðp1; p2; p3Þ: ð43Þ

This splitting tensor contains an explicitly n̄-dependent
contribution, listed in Appendix E, which does not contribute
in the triple-collinear limit; cf. the discussion of Eq. (A2).
The spin-averaged splitting function, obtained by contracting
Eq. (43) with dμνðp123; n̄Þ, is given in Eq. (70) of [21].

D. Scalar multipoles

In this section we focus on the radiation pattern of the
scalar emitters in Eq. (10). Their gauge-invariant extension
is given by the current in Eq. (3). When computing splitting
functions, the role of the charge partners that appear
explicitly in Eq. (3) is played by a lightlike Wilson line
that enters the calculation through the use of the axial gauge.
When constructing infrared counterterms for NNLO sub-
traction schemes, this simple approximation would lead to
the wrong angular radiation pattern away from the collinear
limit. It is therefore necessary to subtract the scalar part of

the splitting functions and replace it by a dipole approxi-
mation that accounts for the fact that all color charged final-
state particles radiate gluons as a coherent multipole. Here,
we derive the expressions that are necessary for this. They
will allow us to formulate the scalar results in Secs. IV B
and IV C as special cases of the dipole expressions. While
the calculation and its results are technically cumbersome,
this section is of central importance for the understanding of
our method. It is crucial that the identification of the scalar
part of the splitting function is achieved without invoking
kinematical limits. As explained in Sec. II, any such limit
would obscure the structure of the splitting function
remainder due to subleading power corrections. We begin
the discussion with the simplest case, that of single-gluon
emission. We will find that this particular case already has
some interesting features, which have been exploited in
various resummation algorithms to solve the soft double
counting problem [80,81].

FIG. 5. Feynman diagrams leading to the 1 → 3 gluon-to-quark-gluon splitting functions discussed in Sec. IV C 2. The shaded blob
and lines to the left represent the hard process with its associated external partons. See the main text for details on the t-, u- and s-channel
contributions in parts (a)–(c).

FIG. 6. Feynman diagrams leading to the 1 → 3 gluon-to-gluon splitting function discussed in Sec. IV C 2. The shaded blob and lines
to the left represent the hard process with its associated external partons. See the main text for details on the t-, u- and s-channel
contributions in parts (a)–(c) and the quartic gauge coupling in part (d).
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1. Single gluon emission

The emission of a single gluon from a pair of charged
scalar particles in the fundamental representation is des-
cribed by the coherent sum of the two diagrams in Fig. 7:

S∓
g ðpi; pk;q1; nÞ ¼ ðTa

ijS
μðpi; q1Þ

∓ Ta
lkS

μðpk; q1ÞÞðTa
ijS

νðpi; q1Þ
∓ Ta

lkS
νðpk; q1ÞÞdμνðq1; nÞ; ð44Þ

where S− applies to opposite sign charges and Sþ to same
sign charges. Note that we have dropped the coupling factors
still present in Eq. (3), to be consistent with the definition of
the splitting functions in Secs. IVB and IVC. We can use
the notation of [13,42] to generalize Eq. (44) to arbitrary
radiators

Sgðfpg; q1; n̄Þ ¼
X
i;k

T̂iT̂kSi;kðq1; n̄Þ: ð45Þ

The space-time-dependent part of individual radiators for on-
shell gluons is given by

Si;kðq1; n̄Þ ¼
1

p2
i1

2zi
z1

�
1 −

p2
k

p2
k1

�
þ 1

p2
k1

2zk
z1

�
1 −

p2
i

p2
i1

�

−
4pipk

p2
i1p

2
k1

: ð46Þ

To simplify the notation in Sec. IV E, we introduce an
analogous notation for the gluon-spin-dependent radiator.

Sμν
g ðfpg; q1Þ ¼

X
i;k

T̂iT̂kS
μν
i;kðq1Þ; where

Sμν
i;kðq1Þ ¼ Sμðpi; q1ÞSνðpk; q1Þ: ð47Þ

Neglecting the momentum dependence of the hard matrix
element, and assuming on-shell radiators, we can use color
conservation in the form T̂2

i ¼ −
P

k≠i T̂iT̂k to eliminate the
terms where i ¼ k from Eq. (45),

Sgðfpg; q1; n̄Þ

¼ −
X
i;k≠i

T̂iT̂k

piq1

�
pipk

pkq1
−

p2
i

piq1
þ zi
z1

−
zk
z1

piq1
pkq1

�
: ð48Þ

If the gauge vector nμ is chosen such as to define the frame
of the color multipole, this expression is simply the
additively matched radiator function in the angular ordered
parton shower approach to QCD resummation [82,83]. Its
properties have also been exploited for analytic resumma-
tion [80,81]. However, the more common way to write
Eq. (48) is to use its symmetry properties and remove the
ratios of z factors, making positivity and gauge invariance
manifest,

Sgðfpg; q1Þ

¼ −
X
i;k≠i

T̂iT̂k

�
pipk

ðpiq1Þðpkq1Þ
−

p2
i =2

ðpiq1Þ2
−

p2
k=2

ðpkq1Þ2
�
: ð49Þ

In any collinear limit, pikq1, the i ¼ k term in Eq. (45)
approaches p−2

i1 4zi=zj, which, up to a color prefactor and
the collinear propagator agrees with the 2zi=zj contribution
of the DGLAP splitting functions in Eqs. (13) and (27). In
this case the color correlations become trivial, and the sole
remaining term is proportional to the quadratic Casimir
operator. In general, we can identify the i ¼ k term in
Eq. (45) with the contributions proportional to the scalar
radiators squared in Eqs. (15) and (22).

2. Quark-antiquark emission

The emission of a quark-antiquark pair from a pair of
scalar radiators in the fundamental representation is given by
the coherent sum of the two diagrams in Fig. 8. Making
use of color charge operators, this can be generalized to the
emission off a scalar current in the form of Eq. (3). Charge
conservation and the transversality of the decay vertex Fμ in
Eq. (10) can be used to simplify the computation [21],
leading to the following result for massless final-state partons:

Sqq̄ðfpg;q1; q2Þ ¼
X
i;k

T̂iT̂k4TR
si1sk2 þ si2sk1 − siks12

s212si12sk12
:

ð50Þ
Note that in contrast to Eq. (96) in Ref. [21], Eq. (50) contains
the physical propagators rather than their eikonal counter-
parts. The matching to the squared amplitudes in Sec. IV C is
better understood when retaining the gauge dependence term
by term. This leads to the result

Sqq̄ðfpg;q1; q2; n̄Þ ¼
X
i;k

T̂iT̂kTRS
ðqq̄Þ
i;k ðq1; q2; n̄Þ; ð51Þ

where the space-time-dependent part of the individual
radiators is given by

Sðqq̄Þ
i;k ðq1; q2; n̄Þ

¼ 2

si12sk12

�
2

s12

�
zisk12 þ zksi12

z1 þ z2
− sik

�
þ 1 −

t12;it12;k
s212

�
:

ð52Þ

FIG. 7. Diagrams contributing to the radiation of a single gluon
from scalar dipoles.
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For i ¼ k, this expression corresponds to twice the squared
scalar splitting amplitude in Eq. (32).

3. Two-gluon emission

The emission of a gluon pair can be described in a
fashion similar to the double-gluon soft current in [21]. The
diagrams contributing to this current are shown in Fig. 9.
The main difference to the computation of the soft current
lies in the form of the one-gluon current, which is given by
Eq. (3) rather than its eikonal counterpart. However, this
current is not conserved if the scalar particle is off mass
shell, a problem that is solved in the Abelian case by the
seagull diagrams in Fig. 9(d), and in the non-Abelian case
by the use of a physical gauge or external ghosts. For
massless partons, we obtain the simple result

Jμνabðq1; q2Þ ¼
X
i;k

fT̂a
i ; T̂

b
kgJ ðabÞ;μν

ik ðq1; q2Þ þ
X
i

ifabcT̂c
iJ

ðnabÞ;μν
i ðq1; q2Þ: ð53Þ

The color-stripped Abelian and non-Abelian two-gluon currents J μν
ik are defined as

J ðabÞ;μν
ik ðq1; q2Þ ¼

1

2
Sμðpi; q1ÞSνðpk; q2Þ

þ δik
ðpi þ q12Þ2

½qν1Sμðpi; q1Þ þ qμ2S
νðpi; q2Þ − q1q2Sμðpi; q1ÞSνðpi; q2Þ − gμν�;

J ðnabÞ;μν
i ðq1; q2Þ ¼ Sρðpi; q12Þðdρνðq12ÞSμðq2; q1Þ − dρμðq12ÞSνðq1; q2ÞÞ

þ 1

ðpi þ q12Þ2
�
qν1S

μðpi; q1Þ − qμ2S
νðpi; q2Þ þ piðq2 − q1ÞSμðpi; q1ÞSνðpi; q2Þ þ

t12;i
q212

gμν
�
: ð54Þ

In the double-soft limit, q1=2 → λq1=2, these functions reduce to the double-soft current in Eq. (101) of Ref. [21]. Making
use of the color-space identity1

fT̂a
i ; T̂

b
kgfT̂a

l ; T̂
b
mg ¼ fT̂a

i T̂
a
l ; T̂

b
kT̂

b
mg þ ið2δkl − δlmÞð1 − δikÞð1 − δkmÞð1 − δimÞfabcT̂a

i T̂
b
kT̂

c
m

− CA

�
δkl −

δlm
2

�
ðδikT̂a

i T̂
a
m þ ð1 − δikÞðδkm − δimÞT̂a

i T̂
a
kÞ þ

�
i ↔ k

l ↔ m

�
; ð55Þ

we obtain a relatively compact form of the two-gluon squared current. In particular, due to its symmetries, the result is free
of terms of the form ifabcT̂a

i T̂
b
kT̂

c
m,

½Jabμνðq1; q2Þ�†dμρðq1; n̄Þdνσðq2; n̄ÞJabρσðq1; q2Þ
¼ 2

X
i;k

X
l;m

fT̂a
i T̂

a
l ; T̂

b
kT̂

b
mgSðabÞ

i;k;l;mðq1; q2; n̄Þ

þ 2
X
i;k

X
l

ðfT̂a
i T̂

a
l ; T̂

b
kT̂

b
l g þ fT̂a

l T̂
a
i ; T̂

b
l T̂

b
kgÞSðabÞ

i;k;lðq1; q2; n̄Þ þ 2
X
i;l

fT̂a
i T̂

a
l ; T̂

b
i T̂

b
l gSðabÞ

i;l ðq1; q2Þ

−
X
i;l

CAT̂
c
i T̂

c
l ½SðnabÞ

i;l ðq1; q2; n̄Þ − ð1 − 2δilÞSðabÞ
i;l ðq1; q2Þ − SðabÞ

i;i;l ðq1; q2; n̄Þ − SðabÞ
l;l;i ðq1; q2; n̄Þ

þ SðabÞ
i;l;i ðq1; q2; n̄Þ þ SðabÞ

l;i;i ðq1; q2; n̄Þ þ SðabÞ
i;l;l ðq1; q2; n̄Þ þ SðabÞ

l;i;l ðq1; q2; n̄Þ�: ð56Þ

We have defined the Abelian and non-Abelian radiator functions, Sðq1; q2; n̄Þ, which are natural extensions of the soft
functions in Ref. [21]. For on-shell radiators they are given by

FIG. 8. Double-branching diagrams contributing to the emis-
sion of a quark-antiquark pair from scalar dipoles.

1See also Appendix B of Ref. [84], which contains the symmetric part of this equation.
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SðabÞ
i;k;l;mðq1; q2; n̄Þ ¼

1

4
Si;lðq1; n̄ÞSk;mðq2; n̄Þ;

SðabÞ
i;k;lðq1; q2; n̄Þ ¼

1

sl12

silskl
si1sk2

�
sk1
sklsl1

þ si2
silsl2

−
s12
sl1sl2

�

þ 1

sl12

�
zl
z2

�
sils12 − si2sl1

si1sl1sl2
−

zls12
2z1sl1sl2

�
þ zisl1 þ zlsi1 − z1sil

z2si1sl1
−

sik
2si1sk2

þ
�
i ↔ k

1 ↔ 2

��
;

SðabÞ
i;k ðq1; q2Þ ¼

ðsi1sk2 − si2sk1Þ2 − 2s12sikðsi1sk2 þ si2sk1Þ þ s212s
2
ik

si12sk12si1sk1si2sk2
þ 2ð1 − εÞ

si12sk12
; ð57Þ

and

SðnabÞ
i;k ðq1; q2; n̄Þ ¼ Sðnab;pÞ

i;k ðq1; q2; n̄Þ − 2ð1 − εÞSμν
i;kðq12; n̄ÞDμðq1; q2; n̄ÞDνðq1; q2; n̄Þ

þ 1

4
ðS̄i;iðq12; n̄Þ þ S̄k;kðq12; n̄Þ − 2S̄i;kðq12; n̄ÞÞ

�
Si;iðq2; n̄Þ þ S1;1ðq2; n̄Þ − 2Si;1ðq2; n̄Þ

−
1

2
ðSi;iðq2; n̄Þ þ Sk;kðq2; n̄Þ − 2Si;kðq2; n̄ÞÞ þ ði ↔ kÞ þ ð1 ↔ 2Þ þ

�
i ↔ k

1 ↔ 2

��
; ð58Þ

where

Sðnab;pÞ
i;k ðq1; q2; n̄Þ ¼

�
3sik

4si1sk1
þ 2s12

z212

�
zi
si12

−
zk
sk12

��
zi12
si12

−
zk12
sk12

���
2si1
s12si2

−
sik

si2sk2

�

þ 1

si12sk12

�
3

2
þ 3

2

s2ik
si1sk1

þ sik
2s12

−
z2
z1

þ sk1si2 − siks12
2si1sk2

�
1 −

sik
s12

�
þ sik
si1

�
1 −

3si12
s12

�

−
si2
si1

zi
z2

�
2þ z1

zi
þ si12

si2
þ sk12

si2

�
þ 2sk1

s12

�
z1 − z2
z1

z2 − zi
z2

−
zisi12
z2si1

þ si2
si1

−
si1
si2

2zi þ z2
z1

�

−
z212
2z1z2

t12;it12;k
s212

−
t12;k
2s12

�
si1
si2

zi2
z1

�
1 −

zis12
z2si1

�
þ 2z12

z1

�
1þ si1

s12

�
þ 3zi

z2
− ð1 ↔ 2Þ

��

þ z2i
2si1si2z1z2

�
1þ si1 − si2

si12

sk1 − sk2
sk12

�
þ ði ↔ kÞ þ ð1 ↔ 2Þ þ

�
i ↔ k

1 ↔ 2

�
: ð59Þ

These radiators are related to the splitting functions in Eqs. (37) and (39) as follows2:

PðabÞ
q̃→ggq̃ðp1; p2; piÞ ¼ s2i12C

2
FðSðabÞ

i;i;i;iðp1; p2; n̄Þ þ 2SðabÞ
i;i;i ðp1; p2; n̄Þ þ SðabÞ

i;i ðp1; p2ÞÞ;

PðnabÞ
q̃→ggq̃ðp1; p2; piÞ ¼ −s2i12

CFCA

4
SðnabÞ
i;i ðp1; p2; n̄Þ −

CA

4CF
PðabÞ
q̃→ggq̃ðp1; p2; piÞ: ð60Þ

The shifted scalar radiator function, S̄, appearing in Eq. (59) is defined as an extension of Eq. (46) to off-shell gluons,

FIG. 9. Types of diagrams contributing to the two-gluon current for emission of the charged parton pair fi; kg. The same diagrams
exist with i and k interchanged. Diagrams (a)–(c) contribute to both the Abelian and non-Abelian radiator functions, while diagram (d) is
purely Abelian and diagram (e) is purely non-Abelian.

2Note that the factor 1=4 relating the Abelian and non-Abelian scalar splitting function in Eq. (60) is a consequence of the color algebra
leading to the definition of the non-Abelian radiator function in Eq. (56). It therefore differs from the factor 1=2 obtained by direct
diagrammatic calculation and resulting in the relation between the Abelian and non-Abelian splitting functions in Eqs. (38) and (39).
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S̄i;kðq1; n̄Þ ¼ Sμν
i;kðq1; n̄Þdμνðq̄1; n̄Þ ¼

1

p2
i1

2zi
z1

�
1 −

p2
k

p2
k1

−
q21
p2
k1

zk1
z1

�
−
2pipk

p2
i1p

2
k1

þ ði ↔ kÞ: ð61Þ

The shifted momentum, q̄1, is given by Eq. (11). It is not related to an actual alteration of the kinematics, but simply
accounts for the fact that gluon propagators are evaluated in axial gauge. By means of Eq. (A2) we can relate this to the fact
that only transverse gluon polarizations appear in the factorizable components of Eq. (58).
Next we derive the radiator functions in covariant gauge. Their Abelian components are given by

SðabÞ
i;k;l;mðq1; q2Þ ¼

sil þ sil1
2si1sl1

skm þ skm2

2sk2sm2

;

SðabÞ
i;k;lðq1; q2Þ ¼

1

sl12

�
sil

si1sl1

sk1
sk2

−
sik

2si1sk2
þ si2
2si1sl2

−
s12

8sl1sl2

�
1þ 2sil

si1

��
1þ 2skl

sk2

��
þ
�
i ↔ k

1 ↔ 2

�
: ð62Þ

The computation of the non-Abelian components requires the introduction of external ghosts [85–88], because the currents
corresponding to gluon 1 and 2 are not conserved independently. We find

SðnabÞ
i;k ðq1; q2Þ ¼

�
3

4
þ ðsi1 − si2Þðsk1 − sk2Þ

4si12sk12
�
�

sik
si1s12sk2

þ sik
si2s12sk1

−
s2ik

si1sk1si2sk2

�

þ 1

si1

�
sik

si2sk1
þ 1

4si2
þ 1

2sk2

�
þ 1

si12

�
2si1
s212

−
5

4s12
−
sik þ s12
si1sk2

−
s12

8si1si2
−

sik
si1sk1

�
1þ s12

si2

��

þ 1

si12sk12

�
si1
s12

�
3sk2 þ sk1

si2
−
1

2

�
−
2sik
si1

�
1þ si1

s12

�
−
s12ðsik − s12Þ

2si1sk2
−
1

4

−
1 − ε

2

ðsi1 − si2Þðsk1 − sk2Þ
s212

�
þ ði ↔ kÞ þ ð1 ↔ 2Þ þ

�
i ↔ k

1 ↔ 2

�
: ð63Þ

In the double-soft limit, Eq. (63) reduces to the double-soft
function in Eq. (110) of Ref. [21].

E. Composition of one-to-three splitting functions

In this section, we present a decomposition of the splitting
functions in Eqs. (30), (34), (36), and (38), and of the
splitting tensors in Eqs. (41)–(43). In most existing
approaches to NNLO subtraction or NNLL resummation,
their singular components are identified by analyzing the
strongly ordered soft and collinear limits, as well as the
double-soft limit. Knowing that the splitting functions are in
fact just off-shell squared matrix elements in a particular
gauge, we find it more useful to investigate their diagram-
matic structure. This allows us to achieve a clean separation
into the off-shell splitting tensors derived in Eqs. (14), (17),
and (22), and the two-gluon scalar radiators in Eqs. (37)
and (39), which are related via Eq. (60) to the general scalar
radiators derived in Sec. IVD 3. This technique follows the
general principle laid out in Sec. II. This section constitutes
one of two main results of this work, the other being the
corresponding decomposition of the one-loop one-to-two
splitting functions in Sec. V C.

1. Quark initial state

Equation (30) describes the splitting of a quark to a quark
and a distinct flavor quark pair. The result is due to the sole

Feynman diagram in Fig. 3(a), hence the splitting function
trivially factorizes and can be written as the product of
Eqs. (14) and (17),

hPq→q̄0q0qðp1; p2; p3Þi
¼ s123

s12
hPμν

q→qðp3; p12ÞiPg→q;μνðp1; p2Þ: ð64Þ

By means of Eq. (14), the result can be assembled from the
scalar radiator in Eq. (47), the magnetic remainder in
Eq. (15), and the splitting function in Eq. (17),

hPq→q̄0q0qðp1; p2; p3Þi

¼ s123
s12

�
CF

2
s123S

μν
3;3ðp12Þ þ hPðfÞμν

q→q ðp3; p12Þi
�

× Pg→q;μνðp1; p2Þ: ð65Þ

As discussed in Secs. II and IV C, the azimuthal angle
dependence is correctly captured if and only if no kin-
ematical limits are taken in the factorized expression, since
otherwise Eq. (31) is reduced to the first term alone. This is
an important new insight from our method, which could not
have been obtained with any existing technique for higher-
order computations.
Equation (34) describes the splitting of a quark to a quark

and a same flavor quark pair. The result involves both

QCD SPLITTING FUNCTIONS BEYOND KINEMATICAL LIMITS PHYS. REV. D 113, 054031 (2026)

054031-15



Feynman diagrams in Fig. 3, and hence it is expected that it cannot be fully factorized. The leading singularities do,
however, originate in the two possible double-collinear limits. One can therefore express the splitting function in terms of its
leading components and the interference term [21]

hPq→q̄qqðp1; p2; p3Þi ¼
s123
s12

hPμν
q→qðp3; p12ÞiPg→q;μνðp1; p2Þ þ

s123
s13

hPμν
q→qðp2; p13ÞiPg→q;μνðp1; p3Þ

þ hPðpÞ
q→q̄qqðp1; p2; p3Þi; ð66Þ

where

hPðpÞ
q→q̄qqðp1; p2; p3Þi ¼ hPðidÞ

q→q̄qqðp1; p2; p3Þi þ ð2 ↔ 3Þ: ð67Þ

We will call hPðpÞ
q→q̄qqi the (spin-averaged) pure q → qqq̄ splitting function, as it cannot be reconstructed from lower-order

results. By means of Eq. (14), the splitting function can be assembled systematically from the scalar radiator in Eq. (47), the
magnetic remainder in Eq. (15), the splitting function in Eq. (17), and the pure interference contribution,

hPq→q̄qqðp1; p2; p3Þi ¼
�
s123
s12

�
CF

2
s123S

μν
3;3ðp12Þ þ hPðfÞμν

q→q ðp3; p12Þi
�
Pg→q;μνðp1; p2Þ þ ð2 ↔ 3Þ

�

þ hPðpÞ
q→q̄qqðp1; p2; p3Þi: ð68Þ

Equation (36) describes the Abelian component of a splitting of a quark to a quark and a pair of gluons. The result
involves factorized contributions corresponding to the Feynman diagrams in Figs. 4(a) and 4(b), plus a nonfactorizable
component. It takes the simple form

hPðabÞ
q→ggqðp1; p2; p3Þi ¼

s123
s13

hPq→qðp13; p2ÞihPq→qðp3; p1Þi þ
s123
s23

hPq→qðp23; p1ÞihPq→qðp3; p2Þi

þ Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ þ hPðab;p;fÞ

q→ggq ðp1; p2; p3Þi; ð69Þ
which can be written in terms of the scalar radiator, Eq. (47), and the magnetic remainder, Eq. (15), as follows:

hPðabÞ
q→ggqðp1; p2; p3Þi ¼

�
C2
F

4
s2123S13;13ðp2; n̄ÞS3;3ðp1; n̄Þ þ

CF

2

s2123
s13

S13;13ðp2; n̄ÞhPðfÞ
q→qðp3; p1Þi

þ CF

2
s123hPðfÞ

q→qðp13; p2ÞiS3;3ðp1; n̄Þ þ
s123
s13

hPðfÞ
q→qðp13; p2ÞihPðfÞ

q→qðp3; p1Þi þ ð1 ↔ 2Þ
�

þ Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ þ hPðab;p;fÞ

q→ggq ðp1; p2; p3Þi: ð70Þ

The scalar remainder function, Pðab;pÞ
q̃→ggq̃, is defined as the difference between Eq. (60) and the factorized scalar contributions

in the two different permutations induced by the diagrams in Figs. 4(a) and 4(b), with the fermion replaced by a scalar:

Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ ¼ C2

Fs
2
123

�
SðabÞ
3;3;3;3ðp1; p2; n̄Þ þ 2SðabÞ

3;3;3ðp1; p2; n̄Þ þ SðabÞ
3;3 ðp1; p2Þ

−
1

4
S13;13ðp2; n̄ÞS3;3ðp1; n̄Þ −

1

4
S23;23ðp1; n̄ÞS3;3ðp2; n̄Þ

�

¼ C2
F

�
s2123
s13s23

z23
z1z2

−
s123
s13

2z3ð1 − z2Þ
z1z2

þ 4z3
z1z2

þ 1 − ε

�
þ ð1 ↔ 2Þ: ð71Þ

The pure fermionic splitting contribution is defined as the overall remainder and is given by

hPðab;p;fÞ
q→ggq ðp1; p2; p3Þi ¼ C2

Fð1 − εÞ
�

s2123
2s13s23

z3

�ðz1 þ z2Þ2
z1z2

þ ε

�
þ
�
s12
s13

þ z1z2
ð1 − z2Þ2

�
ð1 − εÞ

−
s123
s13

�
ð1 − z2Þ

�ðz1 þ z2Þ2
z1z2

þ 1

�
þ ð1 − εÞ

�
z1z2
1 − z2

− z3

��
þ 2z1

z2

�
1

1 − z2
þ z3
1 − z1

��
þ ð1 ↔ 2Þ: ð72Þ
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To reconstruct the non-Abelian part of the q → ggq
splitting function, we first note that there is an additional
factorization channel, corresponding to the diagram in
Fig. 4(c), which is singular in the 1k2 collinear limit. In
this configuration, Eq. (38) can be written as a gluon
emission term, times a spin-correlated decay to two gluons.
Due to color coherence, the non-Abelian splitting function

has no leading or subleading singularities associated with
the 1k3 and 2k3 collinear limits. However, it does have
single-soft singularities associated with the interferences
between the diagrams in Figs. 4(c) and 4(a), and between
the diagrams in Figs. 4(c) and 4(b). We therefore obtain the
following result for its decomposition into lower-order
components,

hPðnabÞ
q→ggqðp1; p2; p3Þi ¼

CFCA

4
s2123½S̄3;3ðp12; n̄ÞðS1;1ðp2; n̄Þ þ S2;2ðp1; n̄Þ − S1;3ðp2; n̄Þ − S2;3ðp1; n̄ÞÞ

þ 2ð1 − εÞSμν
3;3ðp12; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ�

þ CA

2
s123½hPðfÞ

q→qðp3; p12ÞiðS1;1ðp2; n̄Þ þ S2;2ðp1; n̄Þ − S1;3ðp2; n̄Þ − S2;3ðp1; n̄ÞÞ

þ 2ð1 − εÞhPðfÞμν
q→q ðp3; p12ÞiDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ�

−
CA

2CF
½Pðab;pÞ

q̃→ggq̃ðp1; p2; p3Þ þ hPðab;p;fÞ
q→ggq ðp1; p2; p3Þi�

þ Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þ þ hPðpnab;p;fÞ

q→ggq ðp1; p2; p3Þi: ð73Þ

The purely non-Abelian component of the scalar splitting function is defined as the difference between the double-gluon
emission result for scalar radiators, Eq. (39), and the corresponding factorized contributions. Using Eq. (60) to make the
origin of this splitting function in a dipole radiator manifest, we can write

Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þ ¼ −

CFCA

4
s2123½SðnabÞ

3;3 ðp1; p2; n̄Þ þ SðabÞ
3;3 ðp1; p2Þ þ 2SðabÞ

3;3;3ðp1; p2; n̄Þ

þ SðabÞ
3;3;3;3ðp1; p2; n̄Þ þ S̄3;3ðp12; n̄ÞðS2;2ðp1; n̄Þ þ S1;1ðp2; n̄Þ − S2;3ðp1; n̄Þ − S1;3ðp2; n̄ÞÞ

þ 2ð1 − εÞSμν
3;3ðp12; n̄ÞDμðp1; p2; n̄ÞDνðp1; p2; n̄Þ� þ

CA

2CF
Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þ: ð74Þ

The explicit form of this function is given by

Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þ ¼ CFCA

�
1 − ε

4
þ 2z3
z1z2

þ
�
s123
s13

z1
1 − z3

− 1

��
s123
s12

1 − z1
z2

− 1

�
− 1

þ
�
s13 − s23

s13

z1 − z2
z2

−
s12
s13

�
1 − z3
z2

þ 2z3
z1

��
z3

ð1 − z3Þ2
�
þ ð1 ↔ 2Þ: ð75Þ

In analogy to the purely non-Abelian component of the scalar splitting function, we have defined a purely non-Abelian
component of the fermionic part of the splitting function. It is given by

hPðpnab;p;fÞ
q→ggq ðp1; p2; p3Þi ¼ CFCAð1 − εÞ

�
z2
z1

�
1

1 − z1
þ z3
1 − z2

�
þ
�
2z2
z1

þ 1

��
1 −

3

4

s123
s12

ð1 − z3Þ
�

þ 1 − ε

2

�
1þ s12

s13
þ z1
1 − z2

�
z2

1 − z2
−
s123
s13

��
þ s123
2s13

�
s123
s12

−
1 − z2
z1

��ð1 − z3Þ2
z2

þ z22
1 − z3

�

þ
�
s123
s12

1 − z3
z1

þ s123
s13

1 − z2
z1

−
s2123
s12s13

��
1 − z3 −

s12
s123

�
−
3

4

�
þ ð1 ↔ 2Þ: ð76Þ

2. Gluon initial state

Equations (41) and (42) describe the splitting of a gluon to a gluon and a quark-antiquark pair. The results involve
factorized contributions corresponding to each individual Feynman diagram in Fig. 5, plus a nonfactorizable component.
For the Abelian part we find
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PμνðabÞ
g→gqq̄ðp1; p2; p3Þ ¼

�
CF

2
s123P

μν
g→qðp12; p3ÞðS2;2ðp1; n̄Þ − S2;3ðp1; n̄ÞÞ

þ s123
s12

Pμν
g→qðp12; p3ÞhPðfÞ

q→qðp2; p1Þi þ ð2 ↔ 3Þ
�
þ Pμνðab;pÞ

g→gqq̄ ðp1; p2; p3Þ þ…: ð77Þ

Here and in the remainder of this section, the dots stand for terms proportional to n̄μ or n̄ν. These terms vanish after the splitting
function is combined with a gluon current in the triple-collinear limit and can therefore be dropped; see the discussion
following Eq. (A2). Because a new scalar color dipole is created by the g → qq̄ splitting, Eq. (78) contains a soft singular
contribution proportional to Pμν

g→qðp2; p3ÞS2;3ðp1; n̄Þ. The Abelian pure g → gqq̄ splitting function must in fact be interpreted

as a subtracted single-gluon radiator function, similar to Pðab;pÞ
q̃→ggq̃, but with a nontrivial helicity dependence. We find

Pμνðab;pÞ
g→gqq̄ ðp1; p2; p3Þ ¼ CFTR

�
2ε s123
s12s13

p̃μ
1;23p̃

ν
1;23 − dμνðp123; n̄Þ

�ðs123 − s23Þ2
2s12s13

ð1þ εÞ − z1ð1 − εÞ
ð1 − z3Þ2

�

− dμνðp123; n̄Þ
�
s123
s12

z2
z1ð1 − z2Þ

þ s23
s12

�
1 −

z2
z1

1þ z1
1 − z2

�
−

1 − z1
z1ð1 − z3Þ

þ 1

�

þ
�
dμνðp123; n̄Þ −

4p̃μ
12;3p̃

ν
12;3

s123

��
s123
s12

�
z1 − z2
z1

− ð1 − εÞ z1
1 − z3

�
þ s123

s13

1 − z2
z1

��
þ ð2 ↔ 3Þ: ð78Þ

To reconstruct the components of the non-Abelian splitting function, we first note that the non-Abelian splitting function
itself has no leading or subleading singularities associated with the 1k2 or 1k3 collinear limits. This is a consequence of
color coherence. The 2k3 collinear limit projects Eq. (42) onto the product of a gluon emission term, times a spin-correlated
decay to a quark-antiquark pair. Schematically,

PμνðnabÞ
g→gqq̄ ðp1; p2; p3Þ ¼

s123
s23

Pμν;αβ
g→g;ðsÞðp1; p23ÞPg→q;αβðp2; p3Þ þ remainder; ð79Þ

where Pμν;αβ
g→g;ðsÞðp1; p23Þ is the symmetric part of the off-shell gluon splitting function, defined in Eq. (22). This gives the

final expression for the assembly of the g → gqq̄ splitting function:

PμνðnabÞ
g→gqq̄ ðp1; p2; p3Þ ¼

CA

2

s2123
s23

�
Sαβ
1;1ðp23ÞPg→q;αβðp2; p3Þdμνðp123; n̄Þ þ S23;23ðp1; n̄ÞPμν

g→qðp2; p3Þ�

þ CA

2

s2123
s23

2ð1 − εÞDμðp1; p23; n̄ÞDνðp1; p23; n̄ÞhPg→qðp2; p3Þi

þ CA

4
s123½Pμν

g→qðp12; p3Þ þ Pμν
g→qðp2; p13Þ�S2;3ðp1; n̄Þ

−
CA

2CF
Pμνðab;pÞ
g→gqq̄ ðp1; p2; p3Þ þ Pμνðpnab;pÞ

g→gqq̄ ðp1; p2; p3Þ þ…: ð80Þ

The purely non-Abelian component is given by

Pμνðpnab;pÞ
g→gqq̄ ðp1; p2; p3Þ ¼

CATR

2

�
−dμνðp123; n̄Þð1 − εÞ

�
s123
s12

z1
1 − z3

−
s13
s12

−
z1

ð1 − z3Þ2
�

− dμνðp123; n̄Þ
�
1 − 2z1

z1

�
s123
s12

1 − z3
1 − z1

þ s123
s23

−
s2123
s12s23

z2
1 − z1

�
−

2

z1
−

2z2
z1ð1 − z3Þ

þ 1

�

þ 2ðp̃μ
2;13p̃

ν
3;12 þ p̃μ

3;12p̃
ν
2;13Þ

s23

s123
s12

�
2z2
z1

z3 − z1
1 − z1

þ 1 − ε

�
þ 4p̃μ

1;23p̃
ν
1;23

s23

�
2z2z3

ð1 − z1Þ2
− ð1 − εÞ

�

−
4p̃μ

3;12p̃
ν
3;12

s23

�
2z2
z1

�
s123
s12

z2
1 − z1

−
s23
s12

�
− ð1 − εÞ

�
s123
s13

þ s23
s12

z1
1 − z3

��
−

2

z1

4p̃μ
2;3p̃

ν
2;3

s23

�
þ ð2 ↔ 3Þ: ð81Þ

This expression is regular in the single-soft gluon limit, as well as in all double-collinear limits; see Sec. IV E 3.
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Equation (43) describes the splitting of a gluon to three gluons. The result involves factorized contributions corresponding to
each Feynman diagram containing a propagator, plus a nonfactorizable component. To reconstruct the splitting function, we
first note that only one transverse projector is needed, while all remaining terms can be inferred from the symmetry. We obtain

Pμν
g→gggðp1; p2; p3Þ ¼

�
1

2

s123
s12

Pμν;αβ
g→g ðp3; p12ÞPg→g;αβðp1; p2Þ þ

C2
A

4C2
F
Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þdμνðp123; n̄Þ

þ CA

2CF
Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þdμνðp123; n̄Þ þ ð5 permutationsÞ

�
þ remainder: ð82Þ

As in the case of the Abelian and non-Abelian q → ggq splitting functions, we need to account for the fact that the full single-
gluon dipole radiation pattern includes interference terms which appear explicitly in the three-parton splitting functions. Color
coherence dictates that this overlap must factorize into the gluon splitting tensor and a single-gluon dipole radiator, while Bose
symmetry requires that it appears in all permutations. The g → ggg splitting function can therefore be assembled as

Pμν
g→gggðp1; p2; p3Þ ¼

�
CA

4
s123

�
s123
s12

S12;12ðp3; n̄ÞPμν
g→gðp1; p2Þ

þ
�
s123
s12

Sαβ3;3ðp12ÞPg→g;αβðp1; p2Þ − CAs123S̄3;3ðp12; n̄ÞS2;3ðp1; n̄Þ
�
dμνðp123; n̄Þ

þ 2ð1 − εÞDμðp12; p3; n̄ÞDνðp12; p3; n̄Þ
�
s123
s12

hPg→gðp1; p2Þi −
CA

2
s123S2;3ðp1; n̄Þ

��

þ C2
A

4C2
F
Pðab;pÞ
q̃→ggq̃ðp1; p2; p3Þdμνðp123; n̄Þ þ

CA

2CF
Pðpnab;pÞ
q̃→ggq̃ ðp1; p2; p3Þdμνðp123; n̄Þ

þ ð5 permutationsÞ
�
þ PμνðpÞ

g→gggðp1; p2; p3Þ þ…: ð83Þ

The relative prefactors of the Abelian and pure non-Abelian pure splitting functions, Pðab;pÞ
q̃→ggq̃ and P

ðpnab;pÞ
q̃→ggq̃ , are due to the color

structure of the scalar multipole radiator in the octet case; cf. Sec. IVD, and the remainder function is defined as

PμνðpÞ
g→gggðp1; p2; p3Þ ¼ C2

A

�
−dμνðp123; n̄Þ

�
s123
s12

z2
1 − z1

þ s2123
s12s13

�
1 − z22 − z23

2ð1 − z2Þð1 − z3Þ
− 1

�
þ 4z3
z1z2

�

þ ð1 − εÞ 4p̃
μ
12;3p̃

ν
12;3

s123

�
s2123
s12s13

�
z1
z2

−
z1

1 − z2
−
1

2

�
þ s123
2s13

1 − z2
z1

−
s123
s12

�
3ð1 − z3Þ2
4z1z2

þ z1z2
ð1 − z3Þ2

− 2

��

þ ð1 − εÞ p̃
μ
12;3p̃

ν
2;13 þ p̃μ

2;13p̃
ν
12;3

s123

s2123
s12s13

�
3 −

2z2ð1 − z2Þ
z3ð1 − z3Þ

��

þ CA

z3
Pμν
g→gðp1; p2Þ þ ð5 permutationsÞ: ð84Þ

3. Singularity structure of the remainder functions

Here we summarize the singularity structure of the various three-parton splitting functions introduced in Secs. IV C
and IV E. The kinematical limits are taken according to Ref. [21] and are parametrized in terms of a scaling parameter λ. In
the limit where particle i becomes soft, λ enters the computation as pi → λpi. In the limit where particles i and j both
become soft, λ enters the computation as pi → λpi and pj → λpj. In the limit where particles i and j become collinear, λ
enters the computation as p̃i;j → λp̃i;j. The results are given in Table I. A few comments are in order:

(i) The function hPðidÞ
q→qq̄qi has a leading pole in the double-collinear limits because it constitutes a new type of

interference term for which no unique Born splitting function exists at the next lower order. This singularity is

canceled in the symmetrized splitting function hPðpÞ
q→qq̄qi, and the remainder term is subleading.

(ii) All other pure splitting functions are subleading in the single soft limits, and sub-subleading in the double-collinear
limits. This is achieved by consistently subtracting the single-soft and double-collinear enhanced components, including
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spin correlations. We emphasize that the subtraction
must be performed in the same axial gauge that has
been used to determine the splitting functions, in order
to avoid remainders which would create spurious
singularities that cannot be removed systematically.

(iii) The functions Pðab;pÞ
q̃→ggq̃ and Pðpnab;pÞ

q̃→ggq̃ have leading
poles in the double-soft limit. By means of Eqs. (71)
and (74), these two splitting functions are identified
as scalar radiators rather than genuine splitting
functions. The double-soft singularities arise from
interferences in the two-gluon emission pattern,
which occur for the first time in the computation
of the three-parton final state.

(iv) All other pure splitting functions are subleading in
the double-soft limit. As in the single-gluon radiator
case, it is important that the scalar components are
subtracted using the same gauge that was used to
compute the full splitting function. In particular,
using Eq. (60) with radiator functions in covariant
gauge would lead to an inconsistent result that
contains spurious subleading poles.

V. ONE-LOOP EXPRESSIONS

The one-to-two parton splitting functions at one
loop have been discussed and computed in multiple

ways [66,68,69,89–92], and their soft limits have been
analyzed in great detail [66,69,93]. In this section we derive
a decomposition of the corresponding splitting amplitudes
in terms of scalar- and spin-dependent components, as
needed for a correspondence with the treatment of the tree-
level splitting functions in Sec. IV C.
Several results in this section are novel and potentially

interesting beyond the fact that they can be used to
decompose the splitting functions. In particular, we derive
a generalization of the one-loop soft current in [22] and
discuss its relation to the one-loop splitting amplitudes. In
Ref. [22] the authors found that a certain class of diagrams
does not contribute to the soft current, which could be
proven with the help of partial fractioning identities that are
effectively related to the Ward identities which the ampli-
tudes satisfy in the soft-gluon limit. Here we provide the
generalization of this important result. By using the back-
ground field method, we are able to prove that the
cancellation is not a coincidence specific to the soft-gluon
approximation, but a consequence of the Ward identities
that are satisfied by the n-point Green’s functions in a
physical scheme. As a consequence, we are able to also
compute the Abelian component of the one-loop scalar
current, which is subleading in the soft limit, but necessary
in order to fully decompose the one-loop splitting ampli-
tudes. Details of this calculation are discussed in Sec. V B.

TABLE I. Scaling behavior of the tree-level splitting functions and their pure components. See the main text for
details.

Scaling behavior for λ → 0

Function ×s−2123 Definition p1 → λp1, p2 → λp2 p1 → λp1 p̃1;2 → λp̃1;2 p̃2;3 → λp̃2;3

Pq̃→q0q̄0q̃ Eq. (32) ∝ λ−4 ∝ λ−2

hPðpÞ
q→qq̄qi Eq. (67) ∝ λ−3 ∝ λ0 ∝ λ0

PðabÞ
q̃→ggq̃

Eq. (37) ∝ λ−4 ∝ λ−2 ∝ λ−2

Pðab;pÞ
q̃→ggq̃

Eq. (71) ∝ λ−4 ∝ λ−1 ∝ λ0

hPðabÞ
q→ggqi Eq. (36) ∝ λ−4 ∝ λ−2 ∝ λ−2

hPðab;p;fÞ
q→ggq i Eq. (72) ∝ λ−2 ∝ λ−1 ∝ λ0

PðnabÞ
q̃→ggq̃

Eq. (39) ∝ λ−4 ∝ λ−2 ∝ λ−2

Pðpnab;pÞ
q̃→ggq̃

Eq. (75) ∝ λ−4 ∝ λ−1 ∝ λ0

hPðnabÞ
q→ggqi Eq. (38) ∝ λ−4 ∝ λ−2 ∝ λ−2

hPðpnab;p;fÞ
q→ggq i Eq. (76) ∝ λ−2 ∝ λ−1 ∝ λ0

PμνðabÞ
g→gqq̄

Eq. (41) ∝ λ−2 ∝ λ−2

Pμνðab;pÞ
g→gqq̄

Eq. (78) ∝ λ−1 ∝ λ0

PμνðnabÞ
g→gqq̄

Eq. (42) ∝ λ−4 ∝ λ−2 ∝ λ−2

Pμνðpnab;pÞ
g→gqq̄

Eq. (81) ∝ λ−3 ∝ λ−1 ∝ λ0

Pμν
g→ggg Eq. (43) ∝ λ−4 ∝ λ−2 ∝ λ−2

PμνðpÞ
g→ggg

Eq. (84) ∝ λ−3 ∝ λ−1 ∝ λ0
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A. One-to-two splittings

This subsection presents a recomputation of the known
one-loop splitting functions in order to provide a baseline for
their subsequent decomposition in Sec. V C. All calculations
are performed using the techniques of Refs. [66,67]. We
emphasize the structure of the results in terms of scalar
components and spin-dependent remainders. As in the tree-
level case, we make use of the conventional dimensional
regularization scheme in D ¼ 4 − 2ε dimensions. Taking
gauge invariance of on-shell amplitudes as a guiding
principle, we evaluate t-channel gluon propagators in
Feynman gauge, while s-channel gluon propagators are
in lightlike axial gauge. The calculation of one-loop splitting
amplitudes was performed in Form [94–96], with all standard
and light-cone integrals cross-checked against the literature
with the help of Mathematica [97]. The reduction of tensor
integrals was carried out using a dedicated implementation
of the Passarino-Veltman scheme [98] using the FeynCalc

[99–101] package. All scalar and tensor integrals needed for
the computation are listed in Appendix D. Following the
notation of [66], we express the one-loop splitting ampli-
tudes in terms of the basis functions

f1ðzÞ ¼
2cΓ
ε2

�
−Γð1 − εÞΓð1þ εÞ 1

z

�
1 − z
z

�
ε

−
1

z
þ ð1 − zÞε

z 2F1ðε; ε; 1þ ε; zÞ
�
; ð85Þ

f2 ¼ −
cΓ
ε2

; ð86Þ

where

cΓ ¼ ð4πÞε Γð1þ εÞΓ2ð1 − εÞ
Γð1 − 2εÞ : ð87Þ

Note that, in contrast to [66], we have chosen to pull out a
factor of 1=ð4πÞ2 from the definition of cΓ.
Unlike the tree-level 1 → 2 splittings considered earlier,

where it was important to track the momentum fractions z1
and z2 in order to use them as building blocks for 1 → 3
splitting functions, in this section we simply identify z1 ≡ z
and z2 ≡ 1 − z.

1. Quark initial state

The q → qg splitting amplitude at one-loop order is
determined from the diagrams shown in Fig. 10. It has been
shown that due to the gauge invariance of the sum of cut
diagrams, any t-channel gluon propagators can be evalu-
ated in Feynman gauge [66,67], which substantially sim-
plifies the calculation. For future reference, we introduce
the tree-level quark-splitting amplitude,

Pð0Þ
q→qgðp1; p2Þ ¼ gsTa

ijūðp1Þ=ε�ðp2Þ=p12uðnÞ: ð88Þ

Using the results of Appendix D, the integration of the
Abelian contribution in Fig. 10(a) yields

Pð1Þ;a
q→qgðp1; p2Þ ¼

g2s
16π2

�
CF −

CA

2

��
−
μ2

s12

�
ε
�
zf1ðzÞ þ

�
2

1 − 2ε
− ε

�
f2

�
Pð0Þ

q→qgðp1; p2Þ

−
g3s

16π2
Ta
ij

�
CF −

CA

2

��
−
μ2

s12

�
ε 2

s12

ε2

1 − 2ε
f2ūðp1Þ=p2=p12uðnÞðp1ε

�ðp2ÞÞ: ð89Þ

The non-Abelian contribution in Fig. 10(b) is given by

Pð1Þ;b
q→qgðp1; p2Þ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ þ 4 − 5ε

1 − 2ε
f2

�
Pð0Þ

q→qgðp1; p2Þ

þ g3s
16π2

Ta
ij
CA

2

�
−
μ2

s12

�
ε 2

s12

ε2

1 − 2ε
f2ūðp1Þ=p2=p12uðnÞðp1ε

�ðp2ÞÞ: ð90Þ

The self-energy in Fig. 10(c) yields

Pð1Þ;c
q→qgðp1; p2Þ ¼ −

g2s
16π2

CF

�
−
μ2

s12

�
ε ð4 − εÞð1 − εÞ

1 − 2ε
f2P

ð0Þ
q→qgðp1; p2Þ: ð91Þ

The complete splitting amplitude is given by the sum of the above terms and reads [66,69]

Pð1Þ
q→qgðp1; p2Þ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ − 1

N2
C
ðzf1ðzÞ − 2f2Þ

�
Pð0Þ

q→qgðp1; p2Þ

−
g3s

16π2
Ta
ij

�
NC

2
þ 1

2NC

��
−
μ2

s12

�
ε
�
ūðp1Þ=ε�ðp2Þ=p12uðnÞ −

2

s12
ūðp1Þ=p2=p12uðnÞðp1ε

�ðp2ÞÞ
�

ε2

1 − 2ε
f2:

ð92Þ
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The scalar one-loop splitting amplitude corresponding to
the q → qg case is determined from the three diagrams in
Fig. 10 and the bubble-type diagrams involving seagull
vertices. However, the latter vanish in lightlike axial gauge.
Upon integration of the loop momentum, the Abelian con-
tribution corresponding to the scalar analog of Fig. 10(a) is
given by

Pð1Þ;a
q̃→q̃gðp1; p2Þ ¼

g2s
16π2

�
CF −

CA

2

��
−
μ2

s12

�
ε

×

�
zf1ðzÞ þ

2

1 − 2ε
f2

�
Pð0Þ

q̃→q̃gðp1; p2Þ;

ð93Þ

where we have introduced the tree-level (anti)triplet scalar
amplitude

Pð0Þ
q̃→q̃gðp1; p2Þ ¼ gsTa

ijð2pμ
1ε

�
μðp2ÞÞ: ð94Þ

The non-Abelian contribution, corresponding to the scalar
version of Fig. 10(b), reads

Pð1Þ;b
q̃→q̃gðp1; p2Þ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ

þ 4ð1 − εÞ
1 − 2ε

f2

�
Pð0Þ

q̃→q̃gðp1; p2Þ; ð95Þ

while the scalar counterpart of the self-energy in Fig. 10(c)
yields

Pð1Þ;c
q̃→q̃gðp1; p2Þ ¼ −

g2s
16π2

CF

�
−
μ2

s12

�
ε 4ð1 − εÞ
1 − 2ε

× f2P
ð0Þ
q̃→q̃gðp1; p2Þ: ð96Þ

Combining the three contributions gives the (anti)triplet
scalar one-loop splitting amplitude

Pð1Þ
q̃→q̃gðp1; p2Þ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ

−
1

N2
C
ðzf1ðzÞ − 2f2Þ

�
Pð0Þ

q̃→q̃gðp1; p2Þ:

ð97Þ

We note that this result has the same singularity structure as

Pð1Þ
q→qg, given by the first line of Eq. (92).

2. Gluon initial state

There are two one-to-two splittings initiated by a gluon,
g → qq̄ and g → gg. The calculation of the corresponding
splitting functions is again performed in lightlike axial
gauge, as this gauge choice reflects the physical degrees of
freedom in the gluon propagators. As before, due to the
gauge invariance of the on-shell amplitude arising from the
sum of cut diagrams, any t-channel gluon propagator can
be evaluated in Feynman gauge [66,67].
The one-loop g → qq̄ splitting function is determined by

the four diagrams in Fig. 11. In diagrams (a) and (c), the
s-channel gluon loop momenta are labeled by k and
p1 þ p2 − k, in diagrams (b) and (d) the same denote
the quark and antiquark loop momenta. Integrands involv-
ing two light-cone denominators are rewritten using the
partial fractioning,

1

ðknÞððp1 þ p2 − kÞnÞ

¼ 1

nðp1 þ p2Þ
�
1

kn
þ 1

ðp1 þ p2 − kÞn
�
; ð98Þ

and a subsequent shift of the loop momentum k → −kþ
p1 þ p2 in the second term. This allows us to express all
amplitudes in terms of the loop integrals in Appendix D.
For the triangle contributions in Figs. 11(a) and 11(b),

integration of the loop momentum leads to

Pð1Þ;a
g→qq̄ðp1; p2Þ ¼

g2s
16π2

CA

�
−
μ2

s12

�
ε
�
zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ þ 4 − 5ε

1 − 2ε
f2

�
Pð0Þ

g→qq̄ðp1; p2Þ; ð99Þ

Pð1Þ;b
g→qq̄ðp1; p2Þ ¼ −

g2s
16π2

ðCA − 2CFÞ
�
−
μ2

s12

�
ε
�

2

1 − 2ε
− ε

�
f2P

ð0Þ
g→qq̄ðp1; p2Þ; ð100Þ

FIG. 10. Vertex corrections (a), (b) and self-energy correction (c) leading to the 1 → 2 quark splitting function at one loop discussed in
Sec. VA 1.
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with the tree-level gluon-to-quark splitting amplitude

Pð0Þ
g→qq̄ðp1; p2Þ ¼ gsTa

ij ūðp2Þεðp12Þvðp1Þ: ð101Þ

The vacuum polarization diagrams in Figs. 11(c) and 11(d) are given by

Pð1Þ;c
g→qq̄ðp1; p2Þ ¼ −

g2s
16π2

CA

�
−
μ2

s12

�
ε 6ð1 − εÞð4 − 3εÞ
ð1 − 2εÞð3 − 2εÞ f2Pg→qq̄ðp1; p2Þ; ð102Þ

Pð1Þ;d
g→qq̄ðp1; p2Þ ¼

g2s
16π2

TRnf

�
−
μ2

s12

�
ε 4ð1 − εÞε
ð1 − 2εÞð3 − 2εÞ f2P

ð0Þ
g→qq̄ðp1; p2Þ: ð103Þ

The full splitting function is given by the sum of the terms above [66,69],

Pð1Þ
g→qq̄ðp1; p2; nÞ ¼

g2s
16π2

�
−
μ2

s12

�
ε
�
CA

�
zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ −

�
2þ 3ð2 − εÞ

ð1 − 2εÞð3 − 2εÞ
�
f2

�

−
1

NC

�
2

1 − 2ε
− ε

�
f2 þ TRnf

4ð1 − εÞε
ð1 − 2εÞð3 − 2εÞ f2

�
Pð0Þ

g→qq̄ðp1; p2Þ: ð104Þ

The diagrams leading to the one-loop g → gg splitting amplitude are shown in Fig. 12. The additional bubblelike
amplitude involving the four-gluon vertex vanishes in lightlike axial gauge and is not shown. In diagrams (a) and (c), the
s-channel gluon loop momenta are again denoted by k and p1 þ p2 − k, whereas these label the s-channel quark-loop
momenta in diagrams (b) and (d). The tree-level splitting amplitude is given by

Pð0Þ
g→ggðp1; p2Þ ¼ 2gsfabc½ε�ðp1Þ · ε�ðp2Þεðp12Þ · p2 þ εðp12Þ · ε�ðp1Þε�ðp2Þ · p1 − εðp12Þ · ε�ðp2Þε�ðp1Þ · p2�: ð105Þ

After integrating over the loop momentum, the triangle diagrams Figs. 12(a) and 12(b) yield

Pð1Þ;a
g→ggðp1; p2; nÞ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
��

zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ þ
�
6ð1 − εÞð4 − 3εÞ
ð1 − 2εÞð3 − 2εÞ − 2

�
f2

�
Pð0Þ

g→ggðp1; p2Þ

þ gsfabc
2ε2

ð1 − 2εÞð3 − 2εÞ f2
�
ε�ðp1Þ · ε�ðp2Þ −

2ε�ðp2Þ · p1ε
�ðp1Þ · p2

s12

�
εðp12Þ · ðp1 − p2Þ

�
; ð106Þ

Pð1Þ;b
g→ggðp1; p2; nÞ ¼

g2s
16π2

TRnf

�
−
μ2

s12

�
ε
�
−

2ð1 − εÞε
ð1 − 2εÞð3 − 2εÞ f2P

ð0Þ
g→ggðp1; p2Þ

− gsfabc
ε2

ð1 − εÞð1 − 2εÞð3 − 2εÞ f2
�
ε�ðp1Þ · ε�ðp2Þ −

2ε�ðp2Þ · p1ε
�ðp1Þ · p2

s12

�
εðp12Þ · ðp1 − p2Þ

�
:

ð107Þ

The two vacuum-polarization diagrams Figs. 12(c) and 12(d) read

Pð1Þ;c
g→ggðp1; p2; nÞ ¼ −

g2s
16π2

CA

2

�
−
μ2

s12

�
ε 6ð1 − εÞð4 − 3εÞ
ð1 − 2εÞð3 − 2εÞ f2P

ð0Þ
g→ggðp1; p2Þ; ð108Þ

FIG. 11. Vertex corrections (a),(b) and vacuum polarization diagrams (c),(d) leading to the 1 → 2 gluon-to-quark splitting function at
one loop discussed in Sec. VA 2.
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Pð1Þ;d
g→ggðp1; p2; nÞ ¼

g2s
16π2

TRnf

�
−
μ2

s12

�
ε 2ð1 − εÞε
ð1 − 2εÞð3 − 2εÞ f2

1

2
Pð0Þ

g→ggðp1; p2Þ: ð109Þ

The complete splitting amplitude is given by the sum of the above terms and reads [66,69]

Pð1Þ
g→ggðp1; p2Þ ¼

g2s
16π2

CA

2

�
−
μ2

s12

�
ε
�
ðzf1ðzÞ þ ð1 − zÞf1ð1 − zÞ − 2f2ÞPð0Þ

g→ggðp1; p2Þ

þ gsfabc
�
1 −

TRnf
NC

1

1 − ε

�
2ε2

ð1 − 2εÞð3 − 2εÞ f2

×

�
ε�ðp1Þ · ε�ðp2Þ −

2ε�ðp2Þ · p1ε
�ðp1Þ · p2

s12

�
εðp12Þ · ðp1 − p2Þ

�
: ð110Þ

In order to extract the scalar component of the g → gg splitting amplitude, we decompose the triple-gluon vertex
according to Eq. (5). For diagram 12(a), the scalar can be routed in two ways, which correspond to the fermion flow of
Figs. 10(a) and 10(b). Their contributions agree with Eqs. (93) and (95) up to color factors. Diagram 12(c) also gives two
contributions, corresponding to routing the scalar piece on each propagator of the loop. These are trivially identical and the
sum agrees with Eq. (96) up to color factors. Diagrams 12(b) and 12(d) do not contribute, as they do not contain triple-gluon
vertices linking the initial- and final-state gluons. The scalar decomposition of the amplitudes corresponding to Fig. 12 can
therefore be identified as

Pð1;scÞ
g→ggðp1; p2; nÞ ¼

g3s
16π2

fabcCA

�
−
μ2

s12

�
ε

½zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ − 2f2�

× ðεðp12Þ · ε�ðp1Þε�ðp2Þ · p1 − εðp12Þ · ε�ðp2Þε�ðp1Þ · p2Þ: ð111Þ

As expected this reproduces the pole structure of the full splitting function, Pð1Þ
g→gg, i.e., the first line of Eq. (110).

Accounting for the symmetry of the two-gluon final state [see Eq. (5) and Fig. 1(b)], we can read off the one-loop splitting
function for a color adjoint scalar,

Pð1;scÞ
g→g ðp1; p2; nÞ ¼

g3s
16π2

fabc
CA

2

�
−
μ2

s12

�
ε

½zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ − 2f2�2pμ
1ε

�
μðp2Þ: ð112Þ

B. Scalar multipoles

The starting point for the computation of the one-loop
scalar radiation pattern is an extension of the decomposi-
tion of the soft one-loop amplitude in Eq. (38) of Ref. [22].
It states that, in the soft gluon limit, one can write the matrix
element as

jMð1Þ
softðq;fpgÞi¼ μ2εεμðqÞJμðqÞjMð1ÞiþðjMð1Þ

softðq;fpgÞi
−μ2εεμðqÞJμðqÞjMð1ÞðfpgÞiÞ: ð113Þ

The nonfactorizable one-loop soft corrections are contained

in jMð1Þ
softðq; fpgÞi. They can be computed using eikonal

Feynman rules. Their explicit poles follow a dipole radiation
pattern described by Catani’s infrared singularity operators
[19,20]. The natural extension of Eq. (113) to the case of
scalar radiators is therefore given by a dipole approximation
to the hard process producing the scalar particles. As the
matrix elements in this approximation may not include all
Feynman diagrams, a systematic and manifestly gauge-
invariant approach to the one-loop computation is indis-
pensable. This problem is solved by the background field
method [31–36]. The technique allows one to obtain
individually renormalizable n-point Green’s functions that
obey the naive Ward identities and are thus physically
meaningful quantities. The extension of Eq. (113) reads

FIG. 12. Vertex corrections (a),(b) and vacuum polarization diagrams (c),(d) leading to the 1 → 2 gluon-to-gluon splitting function at
one loop discussed in Sec. VA 2.
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jMð1Þ
approxðq; fpgÞi

¼ μ2εεμðqÞJμðqÞjMð1Þi þ ðjMð1Þ
BGF;dipðq; fpgÞi

− μ2εεμðqÞJμðqÞjMð1ÞðfpgÞiÞ; ð114Þ

where jMð1Þ
BGF;dipðq; fpgÞi consists of a sum over all dipole

contributions and one-particle reducible contributions in the
background field technique. We will compute them in the
following subsections, using a number of standard methods
[98,102] and tools [94–96,99–101,103–106]. Due to the
spin independence of the soft-gluon limit of the one-loop
matrix element, Eq. (114) reproduces Eq. (113), but it
includes additional terms at subleading power in the soft
scaling parameter.
We begin with a single term in the dipole approximation,

where the antenna is formed by massless scalars with
momenta pi and pk and color indices i and k. They radiate a
gluon of momentum q1 and color index a. All momenta are
considered outgoing. To simplify the notation, we define
the invariants

s ¼ ðpi þ pkÞ2; t ¼ ðpi þ q1Þ2;
u ¼ ðpk þ q1Þ2; and Q2 ¼ ðpi þ pk þ q1Þ2: ð115Þ

The leading-order diagrams are shown in Fig. 7, and the
leading-order dipole component of the current is defined
in Eq. (3).

1. Factorizable contributions

We first derive the factorizable one-loop corrections to
the production of the scalars. The relevant diagrams are
shown in Fig. 13. The one-loop scalar integrals are listed in
Appendix D. Diagrams of type (a) and (b) are given by the
leading-order current, times the scalar self-energy, which,
for a scalar of virtuality p2, is given by

Σ̂ijðpÞ ¼ −
g2s

16π2
CFδij2p2Î2ðp2Þ: ð116Þ

Diagrams of type (c) are given by the leading-order current
times the CA part of the vacuum polarization, which, for a
gluon of virtuality q2 is given by

Π̂ab
μνðqÞ ¼ −

g2s
16π2

CAδ
abPμνðqÞq2Î2ðq2Þ

11 − 7ε

3 − 2ε
;

where

PμνðqÞ ¼ −gμν þ qμqν

q2
: ð117Þ

Diagrams of type (d) are given by the leading-order current
times the fermionic (nf part) of the vacuum polarization,
which, for a gluon of virtuality q2, is given by

Π̂abðfÞ
μν ðqÞ ¼−

g2s
16π2

TRnfδabPμνðqÞq2Î2ðq2Þ
4− 4ε

3− 2ε
: ð118Þ

This contribution is needed as the virtual correction
corresponding to Eq. (52), which is schematically shown
in Fig. 8. Diagrams of type (e), (f), (g), and (h) are given in
terms of the leading-order current, times the vertex cor-
rection to the scalar-scalar-gluon vertex, which is given by

Γ̂μ;a
S;ijðq; p; kÞ ¼

g3s
16π2

2CFTa
ij
pμ

pk
ðq2Î2ðq2Þ − p2Î2ðp2ÞÞ;

where qμ ¼ pμ þ kμ: ð119Þ

As the vertex corrections in the background field method
satisfy the naive Ward identities, their Abelian contribution
cancels the self-energies from diagrams of type (a) and (b),
while the non-Abelian component vanishes identically.
This provides the generalization of the soft-gluon result
for diagrams of class A in Sec. 4.2 of Ref. [22].

FIG. 13. Factorizable one-loop corrections to the scalar-scalar interference. Diagrams (a)–(d) show the self-energy and vacuum
polarization contributions, diagrams (e),(f) are the vertex corrections.
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In addition to the self-energy, vacuum polarization,
and vertex correction, we obtain the factorizable one-loop
corrections in diagrams of type (c) and (e) of Fig. 14. They
are quantum corrections to the production of the charged
scalars, times a leading-order current. The result for dia-
grams of type (c) is given by

Ih;fðQ2; tÞ ¼ −
g2s

16π2
T̂b
i T̂

b
kðð2Q2 − tÞÎ2m3 ðQ2; tÞ

þ Î2ðQ2Þ − Î2ðtÞÞ: ð120Þ

In the limit t → 0, the term in parentheses reduces to
2Q2Î1m3 ðQ2Þ þ Î2ðQ2Þ, which yields the result for dia-
grams of type (e).

2. Box-type contributions

To obtain a gauge-invariant set of box-type diagrams, we
combine the box and seagull diagrams in Figs. 14(a), 14(b),

and 14(d) and add the factorizable contributions in diagrams
(c) and (e). In diagrams of type (e), the final-state gluon is
emitted off a color charged particle other than i or j, hence
the result only depends on s and a leading-order current,

Ifðs; fp⃗gÞ ¼
g3s

16π2
T̂b
i T̂

b
k ½2sÎ1m3 ðsÞ

þ Î2ðsÞ�
X
l≠i;k

T̂a
l

pμ
l

2plq1
ϵ�μðq1Þ: ð121Þ

We combine these terms with the factorized contribution
−μ2εεμðqÞJμðqÞjMð1ÞðfpgÞi in Eq. (114), which can be
derived from the hard vertex correction, Eq. (120), and the
leading-order current in Eq. (3) [22]. Using the identity
2T̂a

i T̂
b
i ¼ ifabcT̂c

i þ fT̂a; T̂bgi, we separate the remainder
into an Abelian and a purely non-Abelian part. The
results are

CðnabÞðs; t; uÞ ¼ ig3s
16π2

fabcT̂b
i T̂

c
k½2sÎ1m3 ðsÞ þ Î2ðsÞ�

�
pμ
i

t
−
pμ
k

u

�
ϵ�μðp2Þ;

CðabÞðs; t; uÞ ¼ g3s
16π2

fT̂a; T̂bgiT̂b
k ½2sÎ1m3 ðsÞ þ Î2ðsÞ�

pμ
i

t
ϵ�μðq1Þ þ

0
@pi ↔ pk

i ↔ k

t ↔ u

1
A: ð122Þ

The sum of diagrams in Fig. 14 can be split into Abelian and non-Abelian corrections. The non-Abelian part has a dipole
structure and factorizes onto the leading-order dipole matrix element. After subtracting off the non-Abelian counterterm in
Eq. (122), it is given by the expression

IðnabÞ4 ðs; t; uÞ ¼ −
ig3s
16π2

fabcT̂b
i T̂

c
k½Î2ðQ2Þ − Î2ðsÞ þ 2tÎ1m3 ðtÞ þ 2uÎ1m3 ðuÞ

− stÎ1m4 ðs; t; uÞ − usÎ1m4 ðu; s; tÞ þ 2tuÎ1m4 ðt; u; sÞ�
�
pμ
i

t
−
pμ
k

u

�
ϵ�μðq1Þ: ð123Þ

In the soft limit, Eq. (123) reduces to a dipole contribution to the one-loop soft current [22,68,69],

IðnabÞ4 ðs; t; uÞ !q1→0 g3s
16π2

fabcT̂b
i T̂

c
k
cΓ
ε2

4πε

sinðπεÞ
�
−
μ2s
tu

�
ε
�
pμ
i

t
−
pμ
k

u

�
ϵ�μðq1Þ: ð124Þ

For a single dipole, the color factor simplifies to −iT̂a
ikCA=2, and the result remains otherwise unchanged. In the collinear

limit, t → 0, s → zQ2 and u → ð1 − zÞQ2, we obtain

FIG. 14. Box-type diagrams contributing to the scalar-scalar interference at one loop. Diagrams (a)–(c) contribute to the non-Abelian
radiator, while diagrams (b)–(d) contriute to the Abelian radiator. Diagram (e) is fully factorizable.
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IðnabÞ4 ðs; t; uÞ →t→0 g3s
16π2

fabcT̂b
i T̂

c
k
cΓ
ε2

�
ð1 − z−εÞ 2 − 3ε

1 − 2ε

�
−
μ2

Q2

�
ε

þ 2

�
−
μ2

t

�
ε

ð2ð1 − zÞ2F1ð1; 1; 1 − ε; zÞ − z2F1ð1; 1; 1 − ε; 1 − zÞ þ 1Þ
�
pμ
i

t
ϵ�μðq1Þ; ð125Þ

where the first term in the square bracket contributes a subleading pole due to the scale difference between the one-loop hard
function in Eq. (120) and the counterterm in Eq. (122). A conversion to the functions defined in [66] is obtained by using the
following relation between hypergeometric functions:

2F1ð1; 1; 1 − ε; 1 − zÞ ¼ Γð1 − εÞΓð1þ εÞz−1−εð1 − zÞε þ 1

z
−
ð1 − zÞε

z 2F1ðε; ε; 1þ ε; zÞ; ð126Þ

which gives f1ðzÞ ¼ −2cΓ=ε22F1ð1; 1; 1 − ε; 1 − zÞ. In the soft-collinear limit, z → 1, Eq. (125) simplifies to Eq. (124).
The entire nonfactorizable contribution then comes from the term proportional to−2ð1 − zÞ2F1ð1; 1; 1 − ε; zÞ, which can be
written as ð1 − zÞf1ð1 − zÞε2=cΓ. This agrees with the soft limit of Eqs. (4.2) and (4.18) in [66], up to color factors.
The collinear limit u → 0 of Eq. (123) is obtained from Eq. (125) by interchanging t and u.
The Abelian contribution is symmetric in the particle momenta and color indices, and it factorizes on the leading-order

current. After subtracting off the Abelian counterterm in Eq. (122), we obtain

IðabÞ4 ðs; t; uÞ ¼ g3s
16π2

fT̂b; T̂agiT̂b
ku − T̂b

i fT̂b; T̂agkt
uþ t

½Î2ðQ2Þ − Î2ðsÞ�
�
pμ
i

t
−
pμ
k

u

�
ϵ�μðq1Þ

þ g3s
16π2

fT̂a; T̂bgiT̂b
k ½2Q2Î1m3 ðQ2Þ − 2sÎ1m3 ðsÞ − 2tÎ1m3 ðtÞ þ stÎ1m4 ðs; t; uÞ�

�
pμ
i

t
−
pμ
k

u

�
ϵ�μðq1Þ

−
g3s

16π2
T̂b
i fT̂a; T̂bgk½2Q2Î1m3 ðQ2Þ − 2sÎ1m3 ðsÞ − 2uÎ1m3 ðuÞ þ usÎ1m4 ðu; s; tÞ�

�
pμ
i

t
−
pμ
k

u

�
ϵ�μðq1Þ: ð127Þ

In the soft limit, Eq. (127) vanishes, in agreement with the non-Abelian structure of the soft-gluon current at one-loop order [22].
In the t → 0, s → zQ2, u → ð1 − zÞQ2 limit, Eq. (127) gives

IðabÞ4 ðs; t; uÞ !t→0 ig3s
16π2

cΓ
ε2

fT̂a; T̂bgiT̂b
k

�
2

�
−
μ2

t

�
ε

ðz2F1ð1; 1; 1 − ε; 1 − zÞ − 1Þ þ ð1 − z−εÞ 2 − 3ε

1 − 2ε

�
−
μ2

Q2

�
ε
�
pμ
i

t
ϵ�μðq1Þ:

ð128Þ

Again, this can be converted to the conventions used in [66]
by means of Eq. (126).

3. Other contributions

In scalar QCD, there are also corrections to the scalar-
scalar interference, which involve an s-channel gluon
decaying into the two final-state scalars. These corrections
factorize on the two-gluon production process and are
individually gauge invariant. They do not appear in a spin
decomposition of the one-loop splitting amplitudes. The
bubble-type corrections to a color conserving hard function
are individually gauge invariant as well and vanish iden-
tically. We therefore find that Eqs. (117), (118), (123),
and (127) are the only relevant corrections to the dipole
radiators at one-loop level.

C. Composition of one-loop splitting functions

In this subsection we provide the main result on the one-
loop splitting functions. As in the tree-level case, we
perform a decomposition into scalar radiators, computed

in Sec. V B, and pure splitting remainders. We also quote
the actual splitting functions, which are obtained from the
splitting amplitudes computed in Sec. VA by interference
with the tree-level expressions.
In order to match the splitting functions to the scalar

radiators, we use the expressions for a color dipole and
employ color conservation. The Abelian and non-Abelian
one-loop scalar currents in the collinear limit are given by
Eqs. (125) and (128). After subtracting the contributions
due to the hard vertex correction, and the counterterms in
Eq. (122), we find

I4;fðs; t; uÞ !t→0 g3s
16π2

CATa
ik

�
ð1 − zÞf1ð1 − zÞ

−
1

N2
C
ðzf1ðzÞ − 2f2Þ

��
−
μ2

t

�
ε pμ

i

t
ϵ�μðq1Þ

ð129Þ

for color triplet scalars, and
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I4;aðs; t; uÞ !t→0 g3s
16π2

CAFa
ik½ð1 − zÞf1ð1 − zÞ þ zf1ðzÞ

− 2f2�
�
−
μ2

t

�
ε pμ

i

t
ϵ�μðq1Þ ð130Þ

for color octet scalars. These correspond to the scalar
components of Eqs. (92) and (110), which are given in
Eqs. (97) and (112) respectively. In particular, we find
the following relation which makes the correspondence
between the collinear limit of the multipole radiator and
the splitting amplitude in the axial gauge manifest [67],

lim
t→0

I4;fðzQ2; t; ð1 − zÞQ2Þ ¼ 1

t
Pð1Þ

q̃→q̃gðpi; q1Þ;

lim
t→0

I4;aðzQ2; t; ð1 − zÞQ2Þ ¼ 1

t
Pð1Þ;sc

g→ggðpi; q1Þ: ð131Þ

1. Quark initial state

The full one-loop quark splitting function is determined
by the product of Eq. (92) and the tree-level quark splitting
amplitude in Eq. (88), in analogy to Eq. (12),

Pð1Þss0
q→q ¼ 2Re

�
δss

0X
pol

Pð1Þ
q→qgðp1; p2ÞPð0Þ

q→qgðp1; p2Þ
�

×

�
16π2

g4s

�
: ð132Þ

The spin-averaged unrenormalized one-loop quark splitting
function therefore reads

hPð1Þ
q→qðp1; p2Þi ¼ Pð1Þ

q̃→q̃ðp1; p2Þ þ hPð1;pÞ
q→q ðp1; p2Þi; ð133Þ

where the scalar one-loop splitting function is given by the
product of Eq. (97) and a tree-level splitting amplitude,
cf. Eq. (13) (note that p2

1 ¼ p2
2 ¼ 0):

Pð1Þ
q̃→q̃ðp1; p2Þ ¼ CA

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ − 1

N2
C
ðzf1ðzÞ − 2f2Þ

�
Pq̃→q̃ðp1; p2Þ: ð134Þ

The spin-dependent remainder is given by

hPð1;pÞ
q→q ðp1; p2Þi ¼ CA

�
−
μ2

s12

�
ε
�
ð1 − zÞf1ð1 − zÞ − 1

N2
C
ðzf1ðzÞ − 2f2Þ

�
hPðfÞ

q→qðp1; p2Þi

− CA

�
1þ 1

N2
C

��
−
μ2

s12

�
ε ε2

1 − 2ε
f2hPðf;1Þ

q→qðp1; p2Þi; ð135Þ

which consists of two terms, one proportional to the purely fermionic tree-level contribution of the tree-level splitting
function given in Eq. (13) and a second, new spin structure first appearing at one loop,

hPðf;1Þ
q→qðp1; p2Þi ¼ hPq→qðp1; p2Þi − CF

ð1þ zÞz
1 − z

¼ CFð1 − εð1 − zÞÞ: ð136Þ

Hence, only the first term in the one-loop quark splitting function accounts for the semiclassical radiation pattern. As
expected, this includes the leading contribution in terms of combined explicit 1=ε, and implicit 1=ð1 − zÞ singularities. All
other terms constitute the purely fermionic contribution.

2. Gluon initial state

The full one-loop gluon splitting tensors are determined from the polarization sum over the product of a one-loop
splitting amplitude with the respective tree-level amplitude, in analogy to the tree-level case discussed in Eq. (16),

Pð1Þμν
g→X ðp1; p2Þ ¼ 2Re

(X
pol

ðε�μðp12ÞPð1Þ
g→Xðp1; p2ÞÞðPð0Þ

g→Xðp1; p2Þενðp12ÞÞ
)�

16π2

g4s

�
: ð137Þ

Averaging over the polarizations of the initial-state gluon in the polarization sum over the product of Eq. (110) with the
tree-level splitting amplitude in Eq. (105) then yields the complete unrenormalized spin-averaged gluon-to-gluon splitting
function,

hPð1Þ
g→gðp1; p2Þi ¼ Pð1;scÞ

g→g ðp1; p2Þ þ Pð1;scÞ
g→g ðp2; p1Þ þ hPð1;pÞ

g→g ðp1; p2Þi; ð138Þ
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where the adjoint scalar and vector tree-level splitting functions are defined in Eq. (29). The adjoint scalar one-loop splitting
function is given by the product of Eq. (112) and the tree-level adjoint scalar splitting amplitude as

Pð1;scÞ
g→g ðp1; p2Þ ¼ CA

�
−
μ2

s12

�
ε

½ð1 − zÞf1ð1 − zÞ þ zf1ðzÞ − 2f2�PðscÞ
g→gðp1; p2Þ: ð139Þ

The remainder function is given by

hPð1;pÞ
g→g ðp1; p2Þi ¼ CA

�
−
μ2

s12

�
ε

½ð1 − zÞf1ð1 − zÞ þ zf1ðzÞ − 2f2�hPðvÞ
g→gðp1; p2Þi

þ
�
CA −

TRnf
1 − ε

��
−
μ2

s12

�
ε 2ε2

ð1 − 2εÞð3 − 2εÞ f2hP
ðv;1Þ
g→g ðp1; p2Þi; ð140Þ

where we have introduced the purely spin-dependent component first appearing at one loop,

hPðv;1Þ
g→g ðp1; p2Þi ¼ −CA

1 − 2εzð1 − zÞ
1 − ε

: ð141Þ

The complete spin-averaged one-loop gluon-to-quark splitting tensor is determined from averaging over the polarizations of
the initial-state gluon in the polarization sum of the product of Eq. (104) with the tree-level splitting amplitude of Eq. (101).
It fully factorizes onto the tree-level splitting function in Eq. (20) and does not contain a scalar contribution. It reads

hPð1Þ
g→qðp1; p2Þi ¼ CA

�
−
μ2

s12

�
ε
��

zf1ðzÞ þ ð1 − zÞf1ð1 − zÞ −
�
2þ 3ð2 − εÞ

ð1 − 2εÞð3 − 2εÞ
�
f2

�

−
1

N2
C

�
2

1 − 2ε
− ε

�
f2 þ

TRnf
NC

4ð1 − εÞε
ð1 − 2εÞð3 − 2εÞ f2

�
hPg→qðp1; p2Þi: ð142Þ

3. Singularity structure of the remainder functions

Herewe summarize the singularity structure of the various
one-loop splitting functions introduced in Secs. VA and
VC. The kinematical limit where particle i becomes soft is
parametrized as pi → λpi. We can use the relation

2F1ð1; 1; 1 − ε; zÞ ¼ ð1 − zÞ−1−ε2F1ð−ε;−ε; 1 − ε; zÞ
¼ ð1 − zÞ−1−εð1þ ε2Li2ðzÞ þOðε3ÞÞ

ð143Þ

to convert the hypergeometric functions in f1 to powers of z
and 1 − z, times a remainder that is finite for all values of z
and does not contribute subleading poles. This allows the
dominant scaling behavior in the soft limit to be extracted.
The results are given in Table II. Here we identify only the
leading singular structure in terms of combined explicit and
implicit poles.

VI. OUTLOOK

In this work we reexamined the tree-level and one-loop
splitting functions used to capture the infrared singular
behavior of QCD scattering amplitudes in next-to-next-to-
leading order QCD calculations and next-to-next-to-
leading logarithmic resummation. We made use of the fact
that variants of scalar QCD are minimal extensions of the
semiclassical approximation, and avoided any kinematical
approximations. We demonstrated that all QCD splitting
functions can be obtained from dipole radiator functions
computed in scalar QCD, combined with spin-dependent
remainders that exist only in splitting configurations and
have (sub-)subleading singularities in the kinematical
limits. Using the background field method to construct a
dipole approximation to scalar multipole radiators, we have
achieved the same decomposition at one-loop order.
The significance of this result is twofold. On the one hand,

we are able to show that neither the soft nor the collinear
kinematical limit is needed in order to derive universally

TABLE II. Limits of the various one-loop splitting functions
and their pure components. See the main text for details.

Scaling behavior for λ → 0

Function ×s−112 Definition p2 → λp2 p1 → λp1

Pð1Þ
q̃→q̃

Eq. (134) ∝ λ−2−2ε=ε2 ∝ λ−ε=ε2

Pð1;scÞ
g→g

Eq. (139) ∝ λ−2−2ε=ε2 ∝ λ−2ε=ε2

hPð1Þ
q→qi Eq. (133) ∝ λ−2−2ε=ε2 ∝ λ−1−ε=ε2

hPð1;pÞ
q→q i Eq. (135) ∝ λ−2ε=ε2 ∝ λ−1−ε=ε2

hPð1Þ
g→gi Eq. (138) ∝ λ−2−2ε=ε2

hPð1;pÞ
g→g i Eq. (140) ∝ λ−2ε=ε2

hPð1Þ
g→qi Eq. (142) ∝ λ−1−ε=ε2
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applicable subtraction terms for higher-order calculations.
This is ultimately due to the fact that a semiclassical limit of
the theory must exist. On the other hand, we anticipate that
the results presented here will be used to devise a sub-
traction or resummation scheme which does not suffer from
overlaps between soft and collinear sectors, as well as
overlaps between single- and double-unresolved limits.
Such a scheme is urgently needed for example to construct
a fully differential parton shower at next-to-next-to-leading
logarithmic precision. For fixed-order calculations, the
reorganization and classification of infrared singularities
should aid the construction of a generic subtraction scheme
at NNLO precision that will have an improved convergence
compared to existing methods based on leading power
approximations in the soft regions.
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APPENDIX A: THE POLARIZATION TENSOR
IN AXIAL GAUGE

In this appendix we briefly recall the relation between the
gluon polarization tensor in a lightlike axial gauge and an
explicit sum over physical (i.e., transverse) gluon polar-
izations in the helicity formalism [65]. While this connection
is never explicitly used in the main text, we find it useful for
guiding the decomposition of splitting functions with
intermediate off-shell gluons, in particular Eq. (61).
For on-shell gluons, the lightlike axial gauge allows a

simple interpretation of Eq. (6) in terms of polarizations of
massless particles in the helicity formalism [65]3:

dμνðp; n̄Þ ¼ 1

4pn̄

X
λ¼�

Tr½=pγμ=̄nγνPλ� ¼
X
λ¼�

ϵμλðp; n̄Þϵνλðp; n̄Þ;

where ϵμ�ðp; n̄Þ ¼ � hn̄∓jγμjp∓iffiffiffi
2

p hn̄∓jp�i : ðA1Þ

Here P� ¼ ð1� γ5Þ=2 are the left- and right-chiral projec-
tors. Equation (A1) allows one to relate our technique to the
helicity-formalism-based methods of Refs. [109,110]. For
off-shell vector bosons, one can use the shifted momentum
defined in Eq. (11), which leads to the following generali-
zation of Eq. (A1):

dμνðp; n̄Þ ¼ dμνðp̄; n̄Þ þ p2
n̄μn̄ν

ðpn̄Þ2

¼ −dμρðp; n̄Þdpvðp; n̄Þ þ p2
n̄μn̄ν

ðpn̄Þ2 : ðA2Þ

We have implicitly used this relation in Eq. (7) to define the
collinear splitting functions. In them-particle collinear limit,
k̃i → λk̃i, λ → 0, the second term on the right-hand side of
Eq. (A2) scales as λ2. It can therefore be neglected in the
computation of the leading-power gluon splitting functions.
The factorized form of the first term allows us to absorb one
of the polarization tensors into the splitting amplitude, while
the other is associated with the gluon current produced by the
hard matrix element. Any n̄μ-dependent contribution to the
gluon splitting function in Eq. (7) will then vanish upon
multiplication by this current and can therefore be dropped.
We use this particular feature of the collinear limit in
Sec. IV E 2.

APPENDIX B: TREE-LEVEL RECURSION

In this appendix, we show how the Berends-Giele
recursion can be reformulated in terms of expressions for
a scalar theory and a spin-dependent remainder. Note that
this does not directly translate into a separation of scalar and
remainder components at the amplitude squared level.

1. The quark current at tree level

We begin the general discussion by deriving the structure
of the quark-gluon vertex in terms of scalar and magnetic
interactions. A similar approach was presented in [111].
Here we focus in particular on a suitable formulation in
terms of building blocks for higher-order scattering matrix
elements.
We use the color-dressed [77] Berends-Giele recursion

[74–76] to describe an off-shell (anti)quark of momentum
pα by a current which is obtained from the propagator times
vertex for the interaction of a fermion of momentum pβ

with a gluon of momentum pγ . We sum over all partitions
fβ; γg of the set of indices, α, into two disjoint subsets.4

3At higher orders in the perturbative expansion, this identity
requires the four-dimensional helicity scheme [107,108]. 4For details on the notation, see Ref. [77].
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The set of all possible partitions is denoted by Pðα; 2Þ,

Ψiðpα;�mÞ ¼ i
=pα �m
p2
α −m2

X
fβ;γg∈
Pðα;2Þ

ð−igsTa
ijγ

μÞJaμðpγÞΨjðpβ;�mÞ

¼ gsTa
ij

p2
α −m2

X
fβ;γg∈
Pðα;2Þ

½ðpα þ pβÞμJaμðpγÞ þ iσμνJaμðpγÞpγ;ν − γμJaμðpγÞð=pβ ∓ mÞ�Ψjðpβ;�mÞ: ðB1Þ

Here, Ψ is the (anti)quark current, and Jμ is a gluon current. These currents can be either on-shell or off-shell. The first term
in the square bracket on the right-hand side describes the interaction of the gluon field with the scalar current while the
second term represents the magnetic interaction. The third term plays a special role. If Ψjðp;�mÞ is an external wave
function, we can use the equation of motion to show that it vanishes, i.e., ð=p ∓ mÞΨjðp;�mÞ ¼ 0. IfΨjðp;�mÞ is itself an
off-shell current, it is obtained as a sum of terms of the form of Eq. (B1). We can simplify the combined expression as

−
X
fβ;γg∈
Pðα;2Þ

gsTa
ijγ

μJaμðpγÞð=pβ ∓ mÞΨjðpβ;�mÞ ¼ −g2sTa
ikT

b
kj

X
fβ;γg∈
Pðα;2Þ

X
fβ;γg∈
Pðα;2Þ

γμγνJaμðpδÞJbνðpϵÞΨjðpβ;�mÞ: ðB2Þ

The factor γμγν on the right-hand side of this equation can be decomposed into two types of four-point vertices, by using the
relation γμγν ¼ gμν − iσμν. The first term gives the seagull vertex of the scalar theory for which Eq. (2) describes the single-
emission current. It is needed in order for this theory to satisfy theWard identities. The second term vanishes in the complete
sum over partitions due to its antisymmetry. Using this methodology, we can separate the recursive formula into a scalar
piece and a spin-dependent remainder,

ΨiðpαÞ ¼
igμν

p2
α −m2

X
fβ;γg∈
Pðα;2Þ

�
−igsTa

ijðpβ þ pαÞνJaμðpγÞ þ
X
fδ;ϵg∈
OPðγ;2Þ

ig2sfTa; TbgijJaμðpδÞJbνðpϵÞ
�
ΨjðpβÞ

þ σμν

p2
α −m2

X
fβ;γg∈
Pðα;2Þ

ð−igsTa
ijÞðpβ − pαÞνJaμðpγÞΨjðpβÞ: ðB3Þ

We have made use of the Bose symmetry in the gluon fields to rewrite the sum over unordered gluon currents in the square
brackets into a sum over ordered partitions of the set γ into two disjoint subsets. The complete set of such partitions is
denoted byOPðγ; 2Þ. In an Abelian theory, this rearrangement would induce a simple symmetry factor in the seagull vertex,
consistent with the Feynman rules of scalar QED. Note that there is no seagull vertex for the magnetic interaction, which is a
consequence of the antisymmetry of σμν.

2. The gluon current at tree level

Next we analyze the gluon current in the color-dressed Berends-Giele approach. It can be written as

JaμðpαÞ ¼ J̄aμðpαÞ þ J̃aμðpαÞ; ðB4Þ

where the gluon-induced contribution, J̃μ, arises from triple and quartic gluon interactions and is given by

J̃aμðpαÞ ¼ i
dμνðpαÞ

p2
α

X
fβ;γg∈
OPðα;2Þ

ð−gsfabcÞ½gρσðpβ − pγÞν þ gσνð2pγ þ pβÞρ − gνρð2pβ þ pγÞσ�JbρðpβÞJcσðpγÞ

þ i
dμνðpαÞ

p2
α

X
fβ;γg∈
OPðα;2Þ

X
fδ;ϵg∈
OPðγ;2Þ

ig2s ½fabefecdðgντgρσ − gνσgτρÞ þ facefedbðgνρgστ − gντgρσÞ

þ fadefebcðgνσgτρ − gνρgστÞ�JbρðpβÞJcσðpδÞJdτ ðpϵÞ: ðB5Þ

By summing over all partitions and relabeling gluon momenta, we can reduce this expression to the simple form
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J̃aμðpαÞ ¼ i
dμνðpαÞ

p2
α

X
fβ;γg∈
Pðα;2Þ

ð−gsfacbÞ
�
gνρð2pβ þ pγÞσ −

1

2
gρσðpβ − pγÞν

�
JbρðpβÞJcσðpγÞ

þ i
dμνðpαÞ

p2
α

X
fβ;γg∈
Pðα;2Þ

X
fδ;ϵg∈
Pðγ;2Þ

ig2sfacefedbgνρgστJbρðpβÞJcσðpδÞJdτ ðpϵÞ

¼ igστ

p2
α

X
fβ;γg∈
Pðα;2Þ

�
−igsFc

abðpβ þ pαÞτJcσðpγÞ þ
X
fδ;ϵg∈
OPðγ;2Þ

ig2sfFc; FdgabJcσðpδÞJdτ ðpϵÞ
�
ð−dμρðpαÞÞJbρðpβÞ

− i
dμνðpαÞ

p2
α

X
fβ;γg∈
OPðα;2Þ

gsfabcðpβ − pγÞνgρσJbρðpβÞJcσðpγÞ: ðB6Þ

We have defined Fc
ab ¼ ifacb to make the radiation pattern explicit. The quark-induced contribution to the gluon current,

J̄μ, is given by

J̄aμðpαÞ ¼ i
dμνðpαÞ

p2
α

X
fβ;γg∈
Pðα;2Þ

Ψ̄iðpγ;�mÞð−igsTa
ijγ

νÞΨjðpβ;�mÞ: ðB7Þ

We use the identity f=p; =ng=ð2pnÞ ¼ 1, with n an auxiliary vector, to rewrite this in the following form:

J̄aμðpαÞ ¼ i
dμνðpαÞ

p2
α

X
fβ;γg∈
Pðα;2Þ

Ψ̄iðpγ;�mÞð−igsTa
ijÞ

1

2

�
γν=pα=nþ γν=n=pα

2pαn
þ =pα=nγν þ =n=pαγ

ν

2pαn

�
Ψjðpβ;�mÞ: ðB8Þ

Using γμnþ nγμ ¼ 2nμ, and working in an axial gauge (see the discussion in Sec. III), this expression simplifies to a purely
magnetic interaction between the pseudoparticle described by the gauge vector n and the actual fermion described by pβ.
The complete gluon current then reads

Jaμðpα; nÞ ¼
igστ

p2
α

X
fβ;γg∈
Pðα;2Þ

�
−igsFc

abðpβ þ pαÞτJcσðpγ; nÞ þ
X
fδ;ϵg∈
OPðγ;2Þ

ig2sfFc; FdgabJcσðpδ; nÞJdτ ðpϵ; nÞ
�
ð−dupðpα; nÞÞJbρðpβ; nÞ

þ i
dμνðpα; nÞ

p2
α

X
fβ;γg∈
Pðα;2Þ

�
−igs

Fa
bc

2
ðpβ − pγÞνgρσJbρðpβ; nÞJcσðpγ; nÞ

− igsTa
ijðpβ þ pγÞρΨ̄iðpγÞ

=niσρν þ iσνρ=n
2ðpβ þ pγÞn

ΨjðpβÞ
�
: ðB9Þ

The scalar parts of Eqs. (B3) and (B9) are similar to the eikonal interaction Hamiltonians obtained, for example in [112,113],
but they include effects of kinematical recoil, which is essential when computing higher-point splitting functions.

APPENDIX C: ASYMMETRIC COMPONENT OF THE GLUON SPLITTING TENSOR

In this appendix, we derive the interference component of the gluon splitting tensor in Eq. (21). It is better understood by
contracting Pμν;γδ

g→g;ðiÞðp1; p2Þ with the polarization tensors for the decay of gluon 2. The definitions in Eq. (10) lead to

Sνðp1; p2Þdμνðp2; n̄Þ ¼
2

p2
12

p̃μ
1;2

z2=z12
þ…; Dμðp1; p2; n̄Þ ¼

2

p2
12

p̃μ
1;2 þ…; ðC1Þ

where the ellipses represent terms proportional to n̄μ that vanish upon multiplication with dpμðp; n̄Þ for any momentum, p.
We can use these identities to simplify the interference contribution as
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Pμν;γδ
g→g;ðiÞðp1; p2Þdαγðp2; n̄Þdβδðp2; n̄Þ

¼ 4CA

z1z2

�
z12p̃α

1;2 −
p2
2n̄

α

2p12n̄

�
z12p̃

ρ
1;2d

νσðp12; n̄Þdμρðp12; n̄Þdβσðp2; n̄Þ

−
4CA

z1z2

�
z12p̃ν

1;2 −
p2
2n̄

ν

2p12n̄

��
z2z12p̃σ

1;2d
ραðp2; n̄Þ þ z1

�
z12p̃α

1;2 −
p2
2n̄

α

2p12n̄

�
dρσðp1; n̄Þ

�
dμρðp12; n̄Þdβσðp2; n̄Þ: ðC2Þ

In the strongly ordered soft and collinear limits,
p̃ν
i;jd

μ
νðp; n̄Þ reduces to p̃μ

i;j, and we find that the sum of
asymmetric terms in Eq. (21) vanishes when combined
with a tensor that is symmetric in μ and ν. The complete
gluon splitting tensor is then effectively given by the sum of
squared diagrams that led to Eq. (22). This implies that the
first interference contributions arise at Oðα3sÞ, i.e., beyond
the accuracy considered here.

APPENDIX D: ONE-LOOP INTEGRALS

In this section we collect the one-loop integrals required to
perform the calculations in the main text. Note that we have
extracted an overall factor in Eq. (87) that differs from some
of the previous literature by a factor of 1=ð4πÞ2, leading to
the appearance of the same factor in the definitions below.

1. Scalar basis integrals

The standard scalar bubble and triangle integrals used in
Sec. V are given by [114]

Î2ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

1

k2ðk − p1 − p2Þ2

¼ icΓ
εð1 − 2εÞ

�
−
μ2

s12

�
ε

¼ −
iε

1 − 2ε

�
−
μ2

s12

�
ε

f2;

ðD1Þ

Î1m3 ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

1

k2ðk− p1Þ2ðk− p1 − p2Þ2

¼ icΓ
ε2

1

s12

�
−
μ2

s12

�
ε

¼ −
i
s12

�
−
μ2

s12

�
ε

f2: ðD2Þ

The corresponding integrals needed for the computation in
lightlike axial gauge are given by [66]

Ĵ2ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

1

k2ðk − p1 − p2Þ2ðknÞ

¼ i
nðp1 þ p2Þ

�
−
μ2

s12

�
ε

f2; ðD3Þ

Ĵ1ðs12; zÞ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

1

k2ðk − p1Þ2ðk − p1 − p2Þ2ðknÞ
¼ −

i
nðp1 þ p2Þs12

�
−
μ2

s12

�
ε

f1ðzÞ: ðD4Þ

In addition, we need the two-mass triangle and one-mass box integrals [114,115]

Î2m3 ðs; tÞ ¼ icΓ
ε2

1

s − t

��
−
μ2

s

�
ε

−
�
−
μ2

t

�
ε
�
; ðD5Þ

Î1m4 ðs; t; uÞ ¼ 2icΓ
ε2

1

st

��
−
sþ u
st=μ2

�
ε

2F1

�
−ε;−ε; 1 − ε; 1 −

s
sþ u

�
þ
�
−
tþ u
st=μ2

�
ε

2F1

�
−ε;−ε; 1 − ε; 1 −

t
tþ u

�

−
�
−

ðsþ uÞðtþ uÞ
stðsþ tþ uÞ=μ2

�
ε

2F1

�
−ε;−ε; 1 − ε; 1 −

st
ðsþ uÞðtþ uÞ

��
: ðD6Þ

2. Tensor integrals

The tensor one-loop integrals needed for the computation of the splitting functions in Sec. VA are given by [66]

Îμ2aðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμ

k2ðk − p1 − p2Þ2
¼ −

iε
2ð1 − 2εÞ

�
−
μ2

s12

�
ε

f2ðp1 þ p2Þμ; ðD7Þ
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Îμν2bðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμkν

k2ðk − p1 − p2Þ2

¼ iε
2ð3 − 2εÞð1 − 2εÞ

�
−
μ2

s12

�
ε

f2

�
s12
2

gμν − ð2 − εÞðp1 þ p2Þμðp1 þ p2Þν
�
: ðD8Þ

and

Îμ3aðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμ

k2ðk − p1Þ2ðk − p1 − p2Þ2
¼ −

i
s12

�
−
μ2

s12

�
ε

f2

�
1 − ε

1 − 2ε
pμ
1 −

ε

1 − 2ε
pμ
2

�
; ðD9Þ

Îμν3bðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμkν

k2ðk − p1Þ2ðk − p1 − p2Þ2

¼ −
i
s12

�
−
μ2

s12

�
ε

f2

�
s12

ε

4ð1 − εÞð1 − 2εÞ g
μν þ 2 − ε

2ð1 − 2εÞp
μ
1p

ν
1 −

ε

2ð1 − 2εÞp
μ
2p

ν
2

−
εð2 − εÞ

2ð1 − εÞð1 − 2εÞ ðp
μ
1p

ν
2 þ pμ

2p
ν
1Þ
�
; ðD10Þ

Îκμν3c ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kκkμkν

k2ðk− p1Þ2ðk− p1 − p2Þ2

¼ −
i
s12

�
−
μ2

s12

�
ε

f2

� ð2− εÞð3− εÞ
2ð1− 2εÞð3− 2εÞp

κ
1p

μ
1p

ν
1 −

ð2− εÞε
2ð1− 2εÞð3− 2εÞp

κ
2p

μ
2p

ν
2

−
ð3− εÞε

2ð1− 2εÞð3− 2εÞ ðp
κ
1p

μ
2p

ν
2 þ pμ

1p
ν
2p

κ
2 þ pν

1p
κ
2p

μ
2Þ−

ð2− εÞð3− εÞε
2ð1− εÞð1− 2εÞð3− 2εÞ ðp

κ
2p

μ
1p

ν
1 þ pμ

2p
ν
1p

κ
1 þ pν

2p
κ
1p

μ
1Þ

þ s12
ð2− εÞε

4ð1− εÞð1− 2εÞð3− 2εÞ ðp
κ
1g

μν þ pμ
1g

νκ þ pν
1g

κμÞ þ s12
ε

4ð1− 2εÞð3− 2εÞ ðp
κ
2g

μν þ pμ
2g

νκ þ pν
2g

κμÞ
�
:

ðD11Þ
The required light-cone bubble integrals read

Ĵμ4ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμ

k2ðk − p1 − p2Þ2ðknÞ

¼ i
nðp1 þ p2Þ

�
−
μ2

s12

�
ε

f2

�
−

ε

1 − 2ε
ðp1 þ p2Þμ þ

s12
2nðp1 þ p2Þ

1

1 − 2ε
nμ
�
; ðD12Þ

Ĵμν6 ðs12Þ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμkν

k2ðk − p1 − p2Þ2ðknÞ

¼ i
nðp1 þ p2Þ

�
−
μ2

s12

�
ε

f2

�
s12

ε

4ð1 − εÞð1 − 2εÞ g
μν −

ε

2ð1 − 2εÞ ðp1 þ p2Þμðp1 þ p2Þν

þ
�

s12
nðp1 þ p2Þ

�
2 1

4ð1 − εÞð1 − 2εÞ n
μnν −

s12
nðp1 þ p2Þ

ε

4ð1 − εÞð1 − 2εÞ ððp1 þ p2Þμnν þ ðp1 þ p2ÞνnμÞ
�
:

ðD13Þ
The required light-cone triangle integrals are (note that there is a typo in Eq. (3.15) of [66])

Ĵμ3ðs12; zÞ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμ

k2ðk − p1Þ2ðk − p1 − p2Þ2ðknÞ

¼ −
i

2nðp1 þ p2Þs12

�
−
μ2

s12

�
ε
�
f1ðzÞpμ

1 þ
2f2 − zf1ðzÞ

1 − z
pμ
2 −

s12
2nðp1 þ p2Þ

2f2 − f1ðzÞ
1 − z

nμ
�

ðD14Þ
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Ĵμν5 ðs12; zÞ ¼ 16π2μ2ε
Z

d4−2εk
ð2πÞ4−2ε

kμkν

k2ðk − p1Þ2ðk − p1 − p2Þ2ðknÞ

¼ −
i

nðp1 þ p2Þs12

�
−
μ2

s12

�
ε
�
C5ggμν þ C511p

μ
1p

ν
1 þ C522p

μ
2p

ν
2 þ C512ðpμ

1p
ν
2 þ pν

1p
μ
2Þ

þ C51nðpμ
1n

ν þ pν
1n

μÞ þ C52nðpμ
2n

ν þ pν
2n

μÞ þ C5nnμnν
�

ðD15Þ

with the coefficients

C5g ¼ s12

�
z

4ð1 − 2εÞð1 − zÞ f1ðzÞ −
1

2ð1 − 2εÞð1 − zÞ f2
�
; C511 ¼

1 − ε

2ð1 − 2εÞ f1ðzÞ;

C522 ¼
ð1 − εÞz2

2ð1 − 2εÞð1 − zÞ2 f1ðzÞ −
εþ ð1 − 2εÞz

ð1 − 2εÞð1 − zÞ2 f2;

C512 ¼ −
ð1 − εÞz

2ð1 − 2εÞð1 − zÞ f1ðzÞ þ
1 − ε

ð1 − 2εÞð1 − zÞ f2;

C51n ¼
s12

2nðp1 þ p2Þ
�
−

ε

2ð1 − 2εÞð1 − zÞ f1ðzÞ þ
ε

ð1 − 2εÞð1 − zÞ f2
�
;

C52n ¼
s12

2nðp1 þ p2Þ
�
−

ð1 − εÞz
2ð1 − 2εÞð1 − zÞ2 f1ðzÞ þ

1 − εz
ð1 − 2εÞð1 − zÞ2 f2

�
;

C5n ¼
�

s12
2nðp1 þ p2Þ

�
2
�

1 − ε

2ð1 − 2εÞð1 − zÞ2 f1ðzÞ −
2 − ε − z

ð1 − 2εÞð1 − zÞ2 f2
�
: ðD16Þ

APPENDIX E: EXPLICITLY GAUGE-DEPENDENT PARTS OF
THREE-PARTICLE OFF-SHELL CURRENTS

The one-to-three gluon-to-quark splitting tensor is given by Eq. (42). Its explicitly n̄-dependent component reads

Pμνðnab;n̄Þ
g→gqq̄ ðp1; p2; p3Þ ¼

CATR

2

s123
s23

�
p̃μ
1;23n̄

ν þ p̃ν
1;23n̄

μ

ðz2 þ z3Þp123n̄

�
s123
s13

z3
z1

−
s23
s13

z2
1 − z1

− 1

�

−
p̃μ
2;3n̄

ν þ p̃ν
2;3n̄

μ

ðz2 þ z3Þp123n̄

�
2s123
s23

z3
z1

þ 2s12
s23

1 − z1
z1

þ s23
s12

�
−

s123
z1ð1 − z1Þ

n̄μn̄ν

ðp123n̄Þ2
þ ð2 ↔ 3Þ

�
: ðE1Þ

The one-to-three all-gluon splitting tensor is given by Eq. (43). Its explicitly n̄-dependent component is given by

Pμνðn̄Þ
g→gggðp1; p2; p3Þ

¼ C2
A

�
−
p̃μ
1;2n̄

ν þ p̃ν
1;2n̄

μ

p123n̄
1 − ε

2z3

s123t12;3
s212

þ p̃μ
1;23n̄

ν þ p̃ν
1;23n̄

μ

p123n̄

�
s123s12
s23s13

�
1 − 4z1ð1 − z1Þ
2ð1 − z1Þð1 − z2Þ

þ ð1 − z1Þð1 − 2z1Þ
2z1z2

−
z3ð2 − 3z1Þ
z1ð1 − z1Þ

þ 1 − 2z1
2ð1 − z1Þ

�

þ s123
s23z1

�
1 − 4z1ð1 − z1Þ
2ð1 − z1Þð1 − z2Þ

þ z3ð1 − 2z1Þ
z2

þ z1ð2 − 3z1Þ
2ð1 − z1Þ

�
−
s123s23
s13s12

�ð1 − z3 þ z2z3Þð1 − 2z3Þ
2z2ð1 − z2Þð1 − z3Þ

−
2z1

1 − z2

�

þ s123
s13

�
1 − z2ð1 − 2z2Þ

2z2ð1 − z2Þð1 − z3Þ
þ 2 − 5z2 þ 6z22

2z1z2
þ z2ð3 − 2z2Þ
2ð1 − z1Þð1 − z2Þ

−
3 − 5z2 þ 7z22
z2ð1 − z2Þ

−
1 − 2z2

z3

��

−
1

z1ð1 − z1Þ
1

z3

n̄μn̄ν

ðp123n̄Þ2
�

s313
4s12s23

z2 þ 2z1z3
1 − z3

þ s23

�
9ð1 − z2Þ þ

1þ 6z2z3
1 − z2

−
z22ð1þ 8z2Þ − 18z2 þ 11

2ð1 − z2Þð1 − z3Þ
�

þ s12s13
4s23

�
8z2 þ

z3ð1þ z1Þ
ð1 − z2Þð1 − z3Þ

�
þ s213
2s23

�
1 − z2
1 − z3

− 1þ 4z2

�
þ s212
s23

ð1 − z1Þ
��

þ ð5 permutationsÞ: ðE2Þ
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