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We present a systematic decomposition of QCD splitting functions into scalar dipole radiators and pure
splitting remainders up to second order in the strong coupling. The individual components contain terms
that are formally subleading in soft or collinear scaling parameters, but well understood and universal due
to their origin in scalar QCD. The multipole radiator functions which we derive share essential features of
the known double-soft and one-loop soft gluon currents, and are not based on kinematical approximations.

DOI: 10.1103/f5¢5-hsdd

I. INTRODUCTION

For more than half a century, experiments at particle
colliders have shaped our understanding of the building
blocks of matter. They continue to be at the forefront of
fundamental science [1,2]. The detailed quantitative
description of particle production in the collisions was
made possible by the development of QCD as a gauge
theory of the strong interactions [3]. High-energy collider
experiments often measure QCD dynamics in the region
where partons are asymptotically free and form jets. The
production and evolution of these jets are some of the key
features of the strong interactions at high energy and remain
of greatest interest, both because of their importance as an
often irreducible background to new physics searches, and
as a precision test of QCD dynamics.

Being a non-Abelian, asymptotically free gauge theory,
QCD presents many obstacles to the practitioner.
Perturbative calculations are typically hampered both by
the number and the complexity of the Feynman diagrams
associated with a particular partonic final state [4-7]. In
addition, at higher orders in the perturbative expansion,
scattering matrix elements exhibit infrared singularities
that cancel to all orders between real and virtual corrections
[8-11], often leading to enormous complications for the
numerical evaluation of observables with the help of
Monte Carlo integration methods. Generic techniques to
address this problem at next-to-leading order (NLO) in the
perturbative expansion were introduced long ago [12—14]
and have been fully automated in various computer codes.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/113(5)/054031(37)

054031-1

A similar automation at the next-to-next-to leading order
(NNLO) seems within reach [7].

The two sources of infrared singularities are soft gluon
radiation and the collinear decay of massless partons.
However, when multiple particles become collinear one
or more of them can still be soft, leading to an overlap
between the two types of divergence. Removing this overlap
is key to identifying all singular regions of scattering matrix
elements, and to providing the infrared subtraction counter-
terms that enable numerical computations. The goal of this
work is therefore to construct process-independent NNLO
double-real and real-virtual splitting functions that have no
remaining overlaps. This is achieved as follows. First, the
universal component of all splitting functions involving
final-state gluons is extracted by making the scalar part of
the theory manifest. This part generates the pole structure
in the soft limit and is related to the semiclassical limit
[15-18]. For the purpose of infrared subtraction, it can be
computed in the dipole approximation [19,20]. Consistently
going beyond the leading power soft approximation by
using scalar dipoles allows us to capture universal con-
tributions which appear in the splitting functions in a well-
understood manner. Second, we identify the factorizable
part of the higher-order splitting functions based on
diagrammatic considerations, which results in an improved
understanding of subleading singular terms, especially
those involving azimuthal correlations. Third, the scalar
radiators are formulated differentially in color space, in
order to make them maximally useful for practical calcu-
lations. Similarly, the spin-dependent remainders are differ-
ential in spin. Our algorithm makes use of the techniques
introduced in [21,22], in particular the choice of an axial
gauge to obtain a physical interpretation of the gluon
polarization tensor [23-30]. We provide the scalar exten-
sion of the double-soft radiators in both axial and Feynman
gauge, allowing for an unambiguous matching to the
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splitting functions. Using the background field method
[31-37], we compute scalar dipole radiator functions at
one-loop level, which are matched to the known one-loop
splitting amplitudes.

The outline of this manuscript is as follows. Section II
gives a summary of the state of QCD results for higher-order
splitting functions with the goal of contextualizing this work.
In Sec. IIT we introduce the basic ideas and illustrate the spin
decomposition at the vertex level. Section IV describes the
methodology for the computation of tree-level splitting
functions, reviews the results of [21], and presents their
spin decomposition. Section V includes our results for the
one-loop scalar radiator functions and one-loop splitting
functions and discusses their spin decomposition. Section VI
contains some concluding remarks and an outlook.

II. FEATURES OF EXISTING SPLITTING
FUNCTIONS AND MOTIVATION
FOR THIS WORK

The most frequently used techniques to isolate, regular-
ize, and cancel infrared singularities in perturbative QCD
calculations at next-to-leading order are the so-called infra-
red subtraction algorithms [4—7]. They rely on the fact that
the factorization of higher-order QCD matrix elements into
lower-order matrix elements and a finite set of splitting
functions [38-41] and soft insertion operators [42] is
universal. Splitting functions and soft insertions can be
combined in different ways in order to obtain valid infrared
subtraction schemes. One possibility is a phase-space
sectorization, which separates the regions where soft gluon
singularities can occur from the regions where only collin-
ear singularities appear. This is the basis of the Frixione-
Kunszt-Signer technique [12]. In the soft region, one then
approximates the matrix element by the soft insertion
operators, while in the collinear region one makes use of
the splitting functions. Another possibility is to perform a
matching of the soft insertion operators to the splitting
functions, and to use the matched expressions across the
entire phase space. This is the essence of the Catani-
Seymour dipole subtraction method [12,13]. In both cases,
one needs to understand the overlap between the soft
insertion operators and the splitting functions. This overlap
depends on the precise limit in which the splitting function
or the soft insertion operator was computed. As an example,
consider the spin-averaged splitting function for a quark-to-
quark gluon. It is given by the following expression:

2z

<Pq—>q(z)> = CF -2

+(I—¢)(l=2)].

Its soft component is given by the z — 1 limit and reads

— 1 2C
(Pyog(2)) = =5

1-z°

On the other hand, the soft eikonal is given by the square of
the soft-gluon current, J#, and for a situation involving a
quark in the final state, it gives, in the quark-gluon collinear
limit
2C
79, 1 o S

1-z°

This differs from the z — 1 limit of the quark-to-quark
splitting function. Clearly, the soft and collinear limits do
not commute, not even at the lowest nontrivial order in QCD
perturbation theory. The reason for this is quite simply that
subleading power contributions in one limit become leading
power contributions in the other. At the next higher order in
the strong coupling expansion, this ambiguity obscures the
decomposition of the splitting functions into lower-order
results.

The simplest example of this type has been discussed in
Ref. [43] and will be reexamined in Sec. IVC 1. The
azimuthal angle dependence of the tree-level splitting
function for a g — qq'g’ splitting (derived in [21,44])
should be identical to that of the two-loop soft insertion
operator for the production of a soft ¢'g’ pair, because the
q'q’ pair can only be created through a gluon splitting.
However, the angular dependence differs between the two,
again because the double soft insertion operator (typically
taken from [21]) is determined at leading power in the soft
scaling parameter. This obscures the fact that the soft
insertion operator could be used to capture the complete
azimuthal angle dependence of the ¢ — ¢¢'g’ splitting
function, and in fact, one could use the factorized expres-
sion from which the insertion operator is derived (see
Eq. (92) in Ref. [21]).

We aim to solve this problem, which plagues all existing
subtraction schemes that are based on the results and
techniques in [21,44]. This requires a recomputation of
the splitting functions in a form that retains the subleading
power terms. However, rather than focus on the classifica-
tion of leading and subleading powers according to a scaling
parameter, we organize the calculation in a fashion that will
allow us not to take any limits, neither the soft nor the
collinear ones. For this it is important to realize that the
singularities in gauge theory amplitudes arise as a conse-
quence of degenerate asymptotic states [45,46]. The rel-
evant propagators, together with the gauge couplings, define
conserved scalar currents that capture the singularity struc-
ture in a physical rather than a purely mathematical fashion.
Our calculations will be guided by this principle.

The manuscript is quite long and presents all necessary
information on this novel concept, as well as formulas
needed for the final assembly of splitting functions from the
individual building blocks. The main results can be under-
stood based on Secs. III and IV B, with explicit NNLO
results at tree level listed in Sec. IV E, and results at one
loop listed in Sec. V C. The main formulas for splitting
functions are also referenced in Table I (end of Sec. IV) and
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Table II (end of Sec. V). The scalar dipole approximation,
which forms the backbone of the method, is explained in
detail in Secs. IV D and V B. We will begin by explaining
the concept of the scalar currents.

II1. SPIN DECOMPOSITION OF
QCD AMPLITUDES

QCD matrix elements exhibit well-understood soft-
gluon singularities [42,47-51]. They originate in QCD
interactions in the eikonal limit, which can be derived by
making kinematical approximations to fixed-order scatter-
ing matrix elements. However, their physical origin is better
understood by investigating the minimal coupling of a
vector potential to a classical, accelerated charge [52,53]. In
QED, the corresponding current in momentum space reads

H u
U . pk pi
Ji(q —ng<———), 1
) P Pig )

where ¢ is the coupling constant, Q is the charge of the
particle, and p; and p; are the momenta of the radiating
charge dipole formed by the particle before and after an
instantaneous impact. Once the radiation field, A, sourced
by the dipole is quantized, radiative effects can be computed
in perturbation theory using the interaction Hamiltonian
density j#(x)A,(x). It can be shown that singularities in the
infrared that are induced by this interaction cancel between
real-emission corrections and virtual corrections [8,10,11].

Equation (1) does not account for the quantum nature of
the charged particle. However, a minimal change to it yields
the expression for scalar QED with massless radiators, and
thus provides an extension to a full quantum field theory
without kinematical constraints:

7i(q) = ig0(S*(pi.q) — S*(pivq)), where
” _(2pt+q)F
Spa) =g @)

For the emission of a single on-shell vector boson, this
expression results in the exact same scattering matrix
elements as the eikonal current in Eq. (1). It has in fact
been shown in the case of scalar QED that both the leading
and subleading contributions to the squared amplitudes in
the soft-photon limit can be obtained from classical
calculations [17,18]. We make this observation the basis
for using scalar currents when constructing multipole
radiator functions. In the soft or double-soft limit, these
radiators yield the known leading soft or double-soft
behavior of the theory, but they also contain additional
subleading contributions which are important for the
correct matching to collinear splitting functions away from
the soft region.

The QCD equivalent of the QED current in Eq. (2) can
be obtained by using the techniques of [13,42]:

J(q) = iQsZTiS”(Pi’ q)- 3)

Here, T, are the charge operators, which are defined as
(T¢),, = T¢, for quarks, (T%),, = —T¢, for antiquarks,
and (T¢),, = if*" for gluons [13,42]. Charge conserva-
tion in the QCD multipole implies 3, T; = 0. For the
emission of a single on-shell vector boson, Eq. (3) results in
exactly the same scattering matrix elements as the QCD
eikonal current. Moreover, the numerators in Eq. (3) obey
elementary Ward identities, such that the single-gluon
current is conserved, as long as the radiating particles
remain on their mass shell.

In Sec. IV D we will use Eq. (3) and its extension to the
two-emission case to derive the scalar component of matrix
elements that form the basis of the higher-order tree-level
splitting functions. As the complete calculation is quite
cumbersome, we highlight the basic correspondence using
two simple examples at the amplitude level. The first is the
quark-to-quark-gluon splitting process shown in Fig. 1(a)
left. The scattering amplitude is proportional to the follow-
ing combination of the coupling-stripped quark-gluon
vertex and the quark propagator:

7+d ic"q, vy
BT payw — Ta\SH(p, g) + - .
(p+aq? ¥ 5|5 0) (p+4q)? (p+aq)
(4)

A decomposition of this current has been provided for the
first time in [54], and an extension to massless fermions is
given in [55]. The first term in the square bracket is the
scalar current of Eq. (2). The second term, proportional to
o = é [y”,7"], describes the magnetic interaction due to
the fermion’s spin. This contribution is subleading in the
soft and collinear limits. The contribution proportional to
y" ¢ vanishes in the squared amplitude for one-to-two
splittings due to the equations of motion. Using an axial
gauge for the final-state gluon, after squaring the amplitude
we obtain the standard quark-to-quark splitting function;
cf. Sec. IV B. We emphasize that this is achieved without
any kinematical approximations. Additionally, the squared
scalar interaction term can be identified at the amplitude
squared level, where it emerges as a nontrivial combination
of the square of the scalar contribution in Eq. (4) and the
interference of the scalar and the magnetic term. This is a
consequence of the fact that a magnetic interaction is
needed to make the chiral kinetic theory Lorentz invariant
[56,57]. The vertex decomposition is sketched in Fig. 1(a)
right, and discussed in detail in Appendix B.

Our second example will be the gluon-to-gluon-gluon
splitting, shown in Fig. 1(b) left. The gluon propagator times
the coupling stripped triple gluon vertex can be written as a
sum of two components in two different permutations,
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FIG. 1.
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(b)

Examples of one-to-two splitting processes. (a) Splitting of a quark into a quark and a gluon. (b) Branching of a gluon into two

spin dep. terms

gluons. The right-hand side sketches the decomposition of the full vertices into scalar- and spin-dependent components.

d’c;(Plz)

3 fabcl‘*m/p(p],pz) _ ldﬁ(plz) TI‘(TC[Tb, Ta]) SV(Pl,Pz)g"U _

P12

where "’ (p,q) = ¢“(p —q)’ + 9”29 + p)' -
¢*(2p + q)*. Here, d"°(p;,) is the gluon polarization
tensor. The two orderings of the color operators in the
commutator appear because either the color charge or the
anticolor charge of the incoming gluon can be the source of
the gluon field. The first, scalar term in the square brackets
is proportional to a metric tensor connecting the polarization
vectors of the external particle to the incoming gluon. This
agrees with the requirement that the semiclassical interaction
described by S#(p, k) must be both spin independent and
helicity preserving. In the limit where the emitted gluon
becomes soft, the second term in the square brackets does
not scale due to the transversality of the Born amplitude. In
the collinear limit, it scales as the inverse of the transverse
momentum. We have again achieved a separation into
different types of splitting vertices, without having to
perform any kinematical approximations. The one-to-two
splitting function derived in Sec. IV B has a similar structure.
The vertex decomposition is sketched in Fig. 1(b) right and
discussed in detail in Appendix B.

Before discussing the tree-level splitting functions in
Sec. IV, we will comment on the gauge choices for our
calculations. The tree-level expressions are simplest to
obtain in an axial gauge. Axial gauges benefit from being
ghost free [58—62] because they encode only the physical
degrees of freedom of the gluon field [23-30,63]; see also
the later discussion of Eq. (A1) in Sec. IV. The correspond-
ing polarization tensor,

pn’ + p'nt _n’php? (6)
pn (pn)*

d"(p,n) =—g" +

satisfies the physical requirements for on-shell gluons,
namely —d*,(p.n) =D -2 and p,d"(p,n) = 0, where
D =4 —-2¢ is the number of space-time dimensions.

a<b
— )P
7(1912[)2172) @l + | oev , (5)
12 12

|

We discuss its relation to the polarization sum in the
helicity formalism in Appendix A. The vector n* is an
auxiliary gauge vector. When used in the computation of a
splitting amplitude, the axial gauge mimics the effects of
coherent gluon emission off particles that are omitted from
the explicit computation, but whose physical presence can
be inferred from color charge conservation. As a simple
example, consider a process with two charged scalars. The
leading-order matrix element for the production of these
scalars is just an overall constant. The real-emission matrix
element is given by the constant times the eikonal in
Eq. (1), contracted with the polarization vector of the
external vector boson. The key observation is that one can
choose the auxiliary vector, n#, in the polarization sum such
that one term in the current, Eq. (1), is eliminated. In this
manner, one moves contributions needed to describe
coherent vector boson radiation from one Feynman dia-
gram to another [64,65]. In the computation of collinear
splitting functions to leading power, this technique makes
the result independent of the hard process.

At one-loop order, we will use the axial gauge to
compute the splitting functions using the methods of
[66,67]. In order to determine their scalar components,
we would ideally determine the scalar radiators in the same
gauge. As this calculation is very cumbersome we use a
different approach. The scalar radiators at one-loop level
are an extension of the one-loop soft current [22,68,69] to
the full scalar theory. They are determined from the same
set of diagrams and acquire a physical meaning when
computed in the background field method [31-37,70-72].
We can therefore match the collinear limit of the scalar
radiators in the background field method to the one-loop
splitting amplitudes computed in axial gauge. By means of
this technique, the one-loop integrals needed for the
calculation can be limited to a small set which is known
to all orders in the dimensional regularization parameter.
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IV. TREE-LEVEL EXPRESSIONS

In this section, we discuss the structure of the tree-level
splitting functions and the dipole approximation to coherent
gluon radiation at second order in the strong coupling.
References [21,44] first presented the corresponding results,
and Ref. [21] gave the first expressions for the two-gluon
current in the double-soft limit which were fully differential
in color space. As discussed in Sec. II, these expressions
have a nontrivial interplay. It is intuitively clear that there
must be several components of the triple-collinear splitting
functions that can be expressed in terms of the double-soft
radiators. However, as we will show in subsequent sections,
determining this overlap by using the double-soft expres-
sions alone generates remainder functions that contain
residual subleading soft singularities which should not be
present. As a consequence, in the prevailing subtraction
schemes based on triple collinear and double soft limits, the
remainder functions are often sectorized in order to cleanly
extract their singularities [73]. The goal of this section is to
overcome this problem for tree-level splittings. The final
results and their scaling behavior in the various soft and
collinear limits will be summarized in Table I. These
expressions are obtained by first separating out the com-
ponents which correspond to the semiclassical limit. They

|

L) ¥{Pr- -

include both the leading and all subleading soft singular
terms that are also present in the splitting functions, and are
computed in Sec. IV D. We note that these expressions have
not yet been presented elsewhere, and that the color
decompositions in Sec. IVD are new results, extending
the expressions of the double-soft limit in Ref. [21]. After
separating out the scalar components of the splitting
functions, we remove all remaining terms which can still
be expressed in terms of lower-order results. This decom-
position is performed in Sec. IV E. The basic methodology
and the main results of this section can be understood with
the help of Sec. IVB and IV D 1, and the summary table,
Table L.

A. General form of the splitting functions

It was shown in Ref. [21], that the m-particle quark and
gluon splitting functions can be determined as a ratio of the
m-particle to 1-particle quark and gluon currents after
projection onto auxiliary wave functions conserving color
charge and spin. This reflects the fact that the splitting
functions are reduced matrix elements, which are computed
with physical external states, despite their off-shellness.
The expressions for quarks and gluons are given as

. Pm})]

P (1,...,m
q ( 871'(15#28

Py(1,....,m) =

):5ss’< St )’"“Tr[ﬁ‘l’({pl,-..

Te[@¥({p1. ¥R}

7pm})‘,:7({pl7 te pm})day(pl.‘.m7 ﬁ) )

2

D-2 < S1...m >m—1 dﬂp(pl...m’ﬁ)]p({ph
8”a"u d’d(pl...mvﬁ)‘l/l({pl...m})‘li({pl...m})dTK

7
(pl...mvﬁ) ( )

The quantities ¥ and J in this context are tree-level currents that can be determined using recursive techniques such as the

Berends-Giele method [74-77],

=> 9T

{Brie
P(a2)

+ Z [QSTZS”(p/iv py pyv

{prie
P(a2)

UV

Ju(pa’n) = Z |:gs 2b D/z(p/}’ py)-]p'b(p/hn)*]p(py’n) +gsTij‘Pi(py)d” (pa’n)?

{Brie
P(a2)

- Z {gsFZbSU(pﬂ’py)Jg(py’n) - Z

{Brie

2 p/y (py’ n)\Pj(pﬂ)

{6} e
P(a.2) OP(r.2)

Z Z{Ta T%),0% (. )J;:<pe,n>}%<pﬁ>, ®)

Tj(pﬁ):|

a

2
gy c o,C v
_Z{F 7Fd}ab‘]' (p57n>‘](di<pe’n>:| d/t (Pavn)‘]llj(pﬁ’n)' (9)

Details on the above notation can also be found in Appendix B. The two most important building blocks of the recursion are

the scalar production and decay vertices, which are given by

(2pi + py)”
Sﬂ(ph p}) = 2 / 5
Pij

D¥(pi, pj.n) =

dy(pij.n)

) (pi—p))” (10)

They will appear in most of the higher-order results which we derive in the later sections of this manuscript.
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For a discussion of the scaling behavior of the splitting
functions, it is convenient to parametrize the final-state
momenta in terms of a forward, transverse, and backward
component according to [21,78]

- 2wt
- U H 1
=z ki —————  where
P i T T 0
HH H 2 n 11
Plan = Plum = Plng, — (11)

This allows us to express all results in terms of the for-
ward light-cone momentum fractions, z;, and transverse
momenta, k;. Local four-momentum conservation takes the
formz, +2+---+z,=land k; +k, +---+k,, = 0.
To simplify the computation, we have changed the so-far
arbitrary vector n* defining the axial gauge to a lightlike
vector, which we denote as 7*.

B. One-to-two splittings

In this subsection we rederive the well-known two-
parton splitting functions and systematically extend them
to the off-shell region, which is needed to derive factorized
expressions for the three-parton final states in Sec. IV C.
The novel aspect of this computation is that the extension is
achieved through a shift in the momentum defining the
external wave functions, while leaving the purely kinemati-
cal information in the propagator terms unaffected. This
idea is in line with the general discussion in Sec. II, in
particular the fact that singularities arise only for degen-
erate asymptotic states, which must have a well-defined
polarization. We will limit the discussion to the minimal
information needed for the subsequent calculations and
present details relevant to the case of the two-gluon
splitting tensor in Appendix C.

1. Quark initial state

The 1 — 2 quark splitting function can be computed
from Eq. (7) using the 2-particle fermion current [21]. The
corresponding Feynman diagram is shown in Fig. 2(a).
We find

5”/312 Tr[?”’({Pl,P2}>?<{P1,P2}>]
Tr[AP({p12}) P ({P12})]

o5/ ss' (f
= 6Py q(propa) + Py (propa). (12)

P (p1.p2) =
isq(P1:P2) Sra

Following Ref. [21], we denote spin-averaged quark splitting
functions by (P,_x(1....,m)) = 5”/Pf15_/,x(1, ceeym)/2. As
the quark splitting tensors are diagonal in spin space, we will
refrain from listing both their spin-dependent and spin-
averaged versions. The individual components of the one-to-
two quark splitting function are given by the 1 — 2 scalar
splitting function and the purely fermionic term

2z, Pz P ain
Pyyq(p1.p2) = Cr— <1 ——21———22— )
P21 P22

2 2

f < P p
PLalpropa)) = Crl1 =) (222

12 1P Pn2

where p? - 0 and p3 — 0 in the standard collinear fac-
torization approach. In order to extend the massless result to
the off-shell region, we have replaced d*(p,,n) —
d"(p,,n); see the discussion of Eq. (A2). In complete
analogy, we have replaced the spinors u(p;) by u(p;). Both
of these shifts are needed to achieve the expected scaling
behavior of the remainder functions computed in Sec. IV E.
The gluon-spin-dependent quark-to-quark splitting tensor is
given by

v v fuv
(Pig(prp2)) = Pig(propa) + (P2 (prop2)). - (14)
Its scalar and purely fermionic components are given by

Cr

2
2 2
f)uv Cp 2 22 P P3
PO (1, py)) = = [w(——————)
4 2 212 le%z P%z

H v
+”2—2”2] + o (15)
P12

Pgiq(l’upz) =" P18 (p1s P2)S¥(P1s P2)s

where the dots stand for contributions proportional to the
gauge vector, 7## or nn*. Such terms vanish after multiplication
by a gluon polarization tensor of the form d**(p,,n) or
d" (p,, i), and can therefore be dropped.

2. Gluon initial state

The Feynman diagrams leading to the tree-level g — qg
and g — gg splitting tensors are shown in Figs. 2(b) and 2(c),
respectively. The algebraic expressions are obtained from
Eq. (7) as [21]

FIG. 2. Feynman diagrams leading to the 1 — 2 parton splitting functions for quark-to-quark (a), gluon-to-quark (b) and gluon-to-
gluon (¢), discussed in Sec. IV B. The shaded blob and lines to the left represent the hard process with its associated external partons. See

the main text for details.
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v T _ _
Piy(p1op2) = = di(pra, A)Te [y Bor°ldi(pra, 1),

2p1a
C _ o _
Pzi(z’ﬁ(plv PZ) = szZ dg(pIZv n)FK{M(pl’ p2)rl)ﬁf(pl ) pZ)de(pla n)dfr/(plb n)v (16)
12

where I'*?( p, q) implements the Lorentz structure of the three-gluon vertex, and where the Lorentz indices a and /3 refer to the
final-state gluon with momentum p,, while the indices ¢ and v refer to the initial-state gluon. Computing the gluon-to-quark
splitting tensor is straightforward, and we obtain
o - 21 (P1 | P> , R _ _
Pg=q(P1.p2) =Tk {d””(pu, i) (1 - (— + —>> + Piar——3 — Pl (p1.p2. ))D"(py. p2. )| (17)
P \&1 22 (P12ft)

where we have summed over the spins of the final-state quarks. In the final-state on-shell case Eq. (17) reduces to

A . 4}3/142]311/2 ~ ZP”—ZP”
P’g'i(?)(pl,pz)=TR[dM”(P12v")—7’2 |, where  pl; =t (18)
P12 Zit 3

The momenta p are generalizations of the transverse momenta k in Eq. (11). In particular, they fulfill momentum conservation
in the form p; ; + p;; = 0 for any i and j. Similarly, in the three-parton case we have p; »3 + P2 13 + P32 = 0. Using the
standard Sudakov parametrization in Eq. (11) [78], taking the collinear limit, and summing over quark spins, we can write
Eq. (17) in the familiar form of the spin-dependent Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting kernel

P T Vg4 Kk 19
9—q (P1.P2) = Tr|—9" + 21227{—%- (19)
Averaging over the polarizations of the initial-state gluon using conventional dimensional regularization (CDR),
(Pyox(1,..com)) = d(p1..ms )P x(1,...,m) /(2 = 2¢), yields the CDR DGLAP splitting kernel

2@}

- (20)
1—ezj,

<Pg—>q<p1’ p2)> =Tg |:1

The computation of the gluon-to-gluon splitting tensor is aided by the observation that any function multiplying this object

must be symmetric in the Lorentz indices ¢ and v. It is known that, in the on-shell case, this causes all interferences between

the three components of [**” to vanish [79]. In the following, we derive the corresponding expression, including some of the

off-shell effects needed in Sec. IV E. We assume that p? = 0, which is sufficient to compute all factorizable components of the

three-parton splitting functions. The relation @’ (p,,7)d" ,(p;.7) = d"*(p;.7) can then be exploited to factorize the triple-
gluon vertex functions in Eq. (16). We separate the resulting splitting tensor into a symmetric and an interference part,

Pl (p1.pa) = P2 (1o pa) + P (1o pa) + PR (1 o). (21)

In Appendix C we show that the asymmetric components vanish up to O(a?). They can therefore be neglected for the
remainder of this work. The symmetric component is given by the sum of squared scalar emission and decay vertices,

v,Q C a v/ = —
Pg_;g{)’(s)(l?hpz) = 7A {P%QS (P1:P2)S (P1. P2)d* (Pr2. 71)
o =\ Jup = 212 p% 212 2 Jaf =\ K =\ =
+ 2d"* (pya. 1)d"’ (pias )Z 1_p_22 + p1,d? (p1, 8)D*(py, pa, 1) D*(py, pa, 71) |- (22)
. 12
In the final-state on-shell case it reduces to
pv.aff(0s) CA 2 qQa B v (5 -
Py=g (Pl,l?z) :7 P12S (Pl,Pz)S (Pl,Pz)d (P12, 1)
_ _\ 2z . _ o _
+Zd”a(l’lz,”)dyﬁ(l?lzﬂ)z_z‘|‘P%zd(ﬂ(Pla”)D”(Plvpzvn)D (PI»PZ’”)} (23)
1
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Contracting Eq. (22) with the external polarization sum for gluon 2, we find

z
Piy(p1.pa) =2C, [d” (P12, 7 )(Z;

2
21 21 P1a

2
+Q—Zﬁﬂ>+2(1— )p”p”} (24)

P12

Using the standard Sudakov parametrization in Eq. (11) [78], Eq. (23) yields the spin-dependent DGLAP kernel [79],

Zlkkﬂ
22 k2

P () h) 2C, [

gﬂl/

Contracting this with the polarization tensor for gluon 2, we find the familiar expression,

v.af}(os [ 2
dop(pr, 7t )Pzagﬁ( >(P17P2) = 2C, [—9” (—1+

Averaging over the polarizations of the initial-state gluon
yields the DGLAP splitting kernel,

<Pg~g<pl,pz>>=2c{ L2 +“2] @7)

21 le

Based on the above derivation, this function can be
decomposed as

PSJ—)G(Plvpz) + PE]—’>¢}(p27 P1)

+(PYy(pr. pa)). (28)

<Pg—>q(pl s p2)>

where the scalar and purely vectorial parts are defined as

s 27 C
Péi)g(P1,P2) CA—IZC—APz,_,q(Pth) .
22 F p%—»O,p%—)O
v 212
(PYy(p1. p2)) = 2C4 52 (29)

Z12

Note that Eqgs. (17) and (22) are independent of the
kinematics parametrization, as the invariants have not yet
been expressed in terms of transverse momenta, and the
light-cone momentum fractions are defined unambiguously.

C. One-to-three splittings

The leading terms of the three-parton splitting functions
have been computed in [21,44]. We will rederive them here,
together with their scalar QCD counterparts. These scalar
splitting functions are needed in order to understand the
interplay between the QCD splitting functions and the QCD
multipole radiators in the dipole approximation, which will
be derived in Sec. IV D. In Sec. IV E we will discuss how
the splitting functions can be decomposed into terms that are
captured by the scalar dipole radiators or factorized expres-
sions involving the functions from Sec. IV B, and novel
remainder functions that are only singular in the triple
collinear region. The fact that such remainder functions can

212, RERY
g”“g”/’ A (pro, 7t) 52 2} (25)
U ki
kR
Q>_2u-)zf2 2]. (26)
Zz Z] Z12 kl

I
be defined, and that their poles are of lowest degree, is one
of the main results of this manuscript. We begin the
discussion with the simpler quark initial states, which do
not have a spin dependence, before discussing the gluon
initial states that feature a nontrivial Lorentz structure.

1. Quark initial state

The sole Feynman diagram leading to the flavor-chang-
ing quark-to-quark three-parton splitting function is shown
in Fig. 3(a). It can be obtained from the product of the off-
shell quark splitting function in Eq. (14) and the spin-
dependent gluon-to-quark splitting function, Eq. (17). The
result is [21]

<Pq—>q/q'q(P1’P21 P3)>

2
_CrTrsis | Tos
2 S12

4z3 + (21 — 22)?
21t 2

$125123

(1 —2e)<1 —z— S”)}, (30)

$123

where s;; = and where we have defined

(pi + Pj)z’

3 = 51235”(1’3,Plz)slzDﬂ(Pthsﬁ)
212p2p3 — 222p1p3
=2 —|— 2 31
2 +2 z+ pip - (31)

The corresponding scalar-to-quark splitting function is given
by the product of the scalar part of Egs. (15) and (17). It is
the component of Eq. (30) which is given in terms of the
two-quark scalar dipole radiator that will be computed in
Eq. (52),

Pq—»q’q’q(l’l’ P2 p3)

_ 513
S1n PZ:q(p?ﬂ plZ)Pgaq,My(plqu)

S 121 22 8123 STo
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As a consequence of the fact that only a single diagram  reduced to the first term alone. This exemplifies how higher-
contributes to Eq. (30), the splitting function factorizes. A order splitting functions based on kinematic limits can
simple, yet nontrivial observation is that, in the double-soft ~ obscure the origin of soft-collinear overlaps. In the remainder
limit, both Egs. (30) and (32) yield, at leading power in the  of this section, we will focus on the computation of the

soft scaling parameter, remaining splitting functions needed to perform a similar
analysis for more complicated final states. Their properties
(ds) dd ition in t f1 -ord Its will b
( pq_){_/q/q( P1.02.P3)) and decomposition in terms of lower-order results will be
5 presented in Sec. IV E.
—C.T 2(s13 + 523) 1— (21523 — 22513) (33) The three-parton quark-to-quark splitting function is
PR s12(z1 + 22) (21 + 22) (513 + 523)812] obtained as the coherent sum of the two Feynman diagrams

in Figs. 3(a) and 3(b). It can be written as the sum of
As discussed in Sec. II, the azimuthal angle dependence  splitting functions for identical quarks, and an interference
differs among Egs. (30), (32), and (33), because Eq. (31) is part [21],
|

<Pq—>9qq(pl’p2a p3)> - ((Pq—»q/q’q(Pth, p3>> + <P5;i)qqq(191,1727 p3)>) + (2 < 3)’ (34)

where

(PYY (P12, P3)) = Cr (Cp - %) {(1 —¢) <@ - €>

S12
85123 1 + Z% 2Z2 <(1 - Z3)2 2Z2 > 2 :|
+— - —€ + 142z - —e(l-z
512 L—Zz l -2z -2z Y-z (=2
2 2
5123 21 |: 1 + Zl < 1 - Z2> 2:| }
- - —el14+2 - . 35
s12513 2 [(1 = 22)(1 = 23) l—z3 (35)

The scalar-to-quark splitting function corresponding to this interference term does not exist.

Next we investigate double gluon radiation. The splitting function can be separated into Abelian and purely non-Abelian
components [21], which are derived from the diagrams in Figs. 4(a) and 4(b), and from Figs. 4(a)—4(c), respectively. The
result for the Abelian component is

1+ z% ez% + Z%
2122 2122

s z»(l=—z)+ (1 -2 3 1-2
JE] { 5( 1)+ ( 2) + (1 +z3) —e(z3 +z120+23) :
L2 2122

2
b s
<Pga—>)ggq(l91,1927p3)> = C%{ 12 13[

$23 2
el—l—e]—i—el—e——l—e
o (1+2)| +e(l-e) =2 (1-¢)

S13

”+(1 <2). (36)

S13

In the scalar case, we obtain

(ab)

5T 3 s123223(1 — 29)

+ (1 —e¢ }—I— 1< 2). 37
$13823 2122 13 {122 ( ) ( ) ( )

This is the first splitting function involving the seagull vertices in Eq. (8).
The non-Abelian part of the splitting function can be written as (see [21])

nab Cy (b 1—e (fi; $23
<P¢(1—>g)gq(P1,P2,P3)> = —ﬁp(qa)ggq(l’hpz,l?a) + CFCA{T (5—%2+ 1) -(1- 8)2F13
LS {(1 ) 21(2 =221+ 23) — 22(6 — 625 + 23) N 5, (a1 —22) - zz}
251, 2(1 = 2z3) (1 = z3)
5123 (I1-2)P+23-2 2(1-2)(z0—23) }
L 2B —¢ —e(l—-¢)(1 -2
2513 {( ) (1 —z3) (1= Zs) ( )( l)
Sty {(1 —u)(l=e) 2 | 51 —e) +2(1 - Z2)] + (1< 2)}. (38)
2512513 22 I—z

In the scalar case, we obtain instead
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Pl 1
{ | P2 : | P2
P3 3

(a) (b)

FIG. 3. Feynman diagrams leading to the 1 — 3 quark only splitting functions discussed in Sec. IV C 1. The shaded blob and lines to
the left represent the hard process with its associated external partons. See the main text for details for details on the #- and u-channel
diagrams in part (a) and (b).

P1 P P1

\/‘ \/‘ \A
i 2 i P i P
:‘/\VJ N /“ N /“ ‘
(a) " (b) " (©) "

FIG. 4. Feynman diagrams leading to the 1 — 3 quark-to-quark-gluon splitting functions discussed in Sec. IV C 1. The shaded blob
and lines to the left represent the hard process with its associated external partons. See the main text for details on the #-, u- and s-channel
contributions in parts (a)—(c).

C l—e/ 1
P(~nab) i Do, __ A P(~ab) ) D, C.C 12,3 1
q—»ggq(pl P2 p3) 2CF q—»ggq(pl P2 p3) + F“A 4 5123512 +
s [z 1+43z3] sz 1-—z|l—20 sty [z 1-z2
+123[_3_ 3}+123[_3_ 2] 2, S {_3+ 2}4_(1(_)2)}. (39)
S22 1-2z3 si3 22 1=z 7 s1813 (22 1 —1z3

In the strongly ordered soft-collinear limit, p, || p,, one obtains the product of a soft-emission term, times a spin-correlated
decay to two gluons. This factorized form is obtained from Eqgs. (15) and (24). The result is

b 123
P (p1. 2 p3) = S Pl (P3 P) Py (1 2)

S 4z s 1 z z l—¢ 22
= CpC, 22 [ 3 <1 -2 > <—‘+—2> + 123 ] (40)
Si2 (21 + 22 S12321 + 22/ \22 7 2 5138512

2. Gluon initial state

The Feynman diagrams needed to compute the three-parton gluon-to-quark splitting function are shown in Fig. 5. The
Abelian component is determined from Figs. 5(a) and 5(b). We find

w12 28) o

,b -
Pgi(;q)é(l’l,l’z»lh) = CFTR{dW(pIB’ n)
12513 S13 S12

45123

12513 (13’5,13135,12 + ﬁg.lzf’g,m - (1= 5)?7,23137,29}- (41)
With the help of the Sudakov decomposition in Eq. (11), the expression can be written in terms of transverse momenta and
reduced to the leading-power result given in [21]. Similarly, the on-shell non-Abelian part of the splitting tensor of a gluon
into a gluon and a gg-pair is determined from the diagrams in Figs. 5(a)-5(c),

i C b CuTx (s N -z,
P (b1, Do p3) = — 5 o PAS0 (D1 o ps) + 2B 82 @ (p gy, ) 2L — 16— ph b 5
2CF 4 33 S123 21
_\ (2813 25103 < 1 —2z3 ) 25105 1 — 2y + 227 ]
+ d"(pio3, it [‘1—8+ — -2+ -1
(P1zs.71) S12 ( ) siz \zi(1—z1) s (1 —z)
5123 _ 22(1 —221) - - Z% - -
+ 25193d" )L 16ph S PE,————+ (1 —&)Ph . PY
512523 { 123d" (P 123, 11) 2(-2) P3.12P3.12 2 —2) ( )P51305.13
- T 275(z3— 2 b,
+4(Ph13P5.10 T PhaaPhs) (7;((13_ 21;) +1- Sﬂ +(2 < 3)} + Pzi(.r;Zén)(Plal’z,Pz)‘ (42)
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b1 b1 b1

R » R P R »
/\/‘ /\/‘ / v,

(a) p3 (b) p3 (C) p3

FIG. 5. Feynman diagrams leading to the 1 — 3 gluon-to-quark-gluon splitting functions discussed in Sec. IV C 2. The shaded blob
and lines to the left represent the hard process with its associated external partons. See the main text for details on the 7-, u- and s-channel
contributions in parts (a)—(c).

p1 p1 p1

T~ ) T~ ) s )
‘ 2 ‘ 2 ‘ 2
(a) p3 (C ) p3 ( d) p3

FIG. 6. Feynman diagrams leading to the 1 — 3 gluon-to-gluon splitting function discussed in Sec. IV C 2. The shaded blob and lines
to the left represent the hard process with its associated external partons. See the main text for details on the 7-, u- and s-channel
contributions in parts (a)—(c) and the quartic gauge coupling in part (d).

This splitting tensor contains an explicitly 77-dependent contribution, listed in Appendix E, which does not contribute in the
triple-collinear limit; cf. the discussion of Eq. (A2). The spin-averaged splitting functions can be obtained by contracting
Egs. (41) and (42) with d,,(pip3.7). They are given in Egs. (68) and (69) of [21].
The one-to-three gluon splitting tensor is obtained from the diagrams in Fig. 6. It was computed in [21] and reads
1—

e 1—z3 _, .
Py gge(P1. P2, P3) = Cf\{ 452 [d” (P123: 1) (1153 + 357,) + 16513 —— P Plf,z}
12

S d®(piog. ) [2(1—z3) +423 1 -225(1 - z3)
S12 23 -2z 21(1=2y)
5123(1 —8) |: ( 1- 2Z3 - - 1 —2Z2
+ B g (Ph Py s P P
12513 1 13213 -z 3,12P3,12 2 -2)
85123 - 4Zng+2Z1(1—Z]) 1 1—221(1—Z])
- (P1237 ) -
2(1-¢) (1=22)(1 = z3) 223

+ (PhisPhin + f’?,nf’ﬁ.m)(

This splitting tensor contains an explicitly 7-dependent
contribution, listed in Appendix E, which does not contribute
in the triple-collinear limit; cf. the discussion of Eq. (A2).
The spin-averaged splitting function, obtained by contracting
Eq. (43) with d,,(p123.71), is given in Eq. (70) of [21].

D. Scalar multipoles

In this section we focus on the radiation pattern of the
scalar emitters in Eq. (10). Their gauge-invariant extension
is given by the current in Eq. (3). When computing splitting
functions, the role of the charge partners that appear
explicitly in Eq. (3) is played by a lightlike Wilson line
that enters the calculation through the use of the axial gauge.
When constructing infrared counterterms for NNLO sub-
traction schemes, this simple approximation would lead to
the wrong angular radiation pattern away from the collinear
limit. It is therefore necessary to subtract the scalar part of

275(1 — z,)
z3(1 —z3)

- 3)} +(5 permutations)} + Pgi(zgg(pl,pz, p3).  (43)

|
the splitting functions and replace it by a dipole approxi-
mation that accounts for the fact that all color charged final-
state particles radiate gluons as a coherent multipole. Here,
we derive the expressions that are necessary for this. They
will allow us to formulate the scalar results in Secs. IV B
and IV C as special cases of the dipole expressions. While
the calculation and its results are technically cumbersome,
this section is of central importance for the understanding of
our method. It is crucial that the identification of the scalar
part of the splitting function is achieved without invoking
kinematical limits. As explained in Sec. II, any such limit
would obscure the structure of the splitting function
remainder due to subleading power corrections. We begin
the discussion with the simplest case, that of single-gluon
emission. We will find that this particular case already has
some interesting features, which have been exploited in
various resummation algorithms to solve the soft double
counting problem [80,81].
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1. Single gluon emission

The emission of a single gluon from a pair of charged
scalar particles in the fundamental representation is des-
cribed by the coherent sum of the two diagrams in Fig. 7:

Sg (pi» Prsqisn) = (T?jS”(Pi,(h)
F T3:8" (P> ) (T3S (Pis q1)
F T3S (Pr-41))du (g1, ), (44)

where S~ applies to opposite sign charges and S* to same
sign charges. Note that we have dropped the coupling factors
still present in Eq. (3), to be consistent with the definition of
the splitting functions in Secs. IV B and IV C. We can use
the notation of [13,42] to generalize Eq. (44) to arbitrary
radiators

S,({ptiqi:n) = ZTiTkSi;k(lh; n). (45)

ik

The space-time-dependent part of individual radiators for on-
shell gluons is given by

1 2z; 2 12 2
Silk(ql;fl):_ﬁ 1_ﬂ +_ﬂ 1_ﬂ
] 2 2 2 2
Pi %21 Pr1 P 21 Pi

_Apipi
pi21 P%l

(46)

To simplify the notation in Sec. IV E, we introduce an
analogous notation for the gluon-spin-dependent radiator.

Sy ({rtiq)) = ZTiTkSﬁZ(ql), where
i,k
Sti(ar) = $"(pia1)S" (i ar)- (47)

Neglecting the momentum dependence of the hard matrix
element, and assuming on-shell radiators, we can use color

conservation in the form 'i’,z =-> ki T,Tk to eliminate the
terms where i = k from Eq. (45),

S,({p}iq1:1)
_ T1 (Pipk_ P
ixzi Pid1 \Prd1

+ﬁ—ﬁ—p"q‘>. (48)
P91 21 21 P9

If the gauge vector n* is chosen such as to define the frame
of the color multipole, this expression is simply the
additively matched radiator function in the angular ordered
parton shower approach to QCD resummation [82,83]. Its
properties have also been exploited for analytic resumma-
tion [80,81]. However, the more common way to write
Eq. (48) is to use its symmetry properties and remove the
ratios of z factors, making positivity and gauge invariance
manifest,

/@ pi / ’
‘ @ q
\/\ V\@

Pk Pk

FIG. 7. Diagrams contributing to the radiation of a single gluon
from scalar dipoles.

S,({rta)
— 51 PPk Pi/2  pi/?
— ;#T,Tk<(piql)(pkql) (PiQ1)2 <pkq1>2>~ (49)

In any collinear limit, p;||g;, the i = k term in Eq. (45)
approaches p;°4z;/z j» which, up to a color prefactor and
the collinear propagator agrees with the 2z;/z; contribution
of the DGLAP splitting functions in Eqgs. (13) and (27). In
this case the color correlations become trivial, and the sole
remaining term is proportional to the quadratic Casimir
operator. In general, we can identify the i = k term in
Eq. (45) with the contributions proportional to the scalar
radiators squared in Egs. (15) and (22).

2. Quark-antiquark emission

The emission of a quark-antiquark pair from a pair of
scalar radiators in the fundamental representation is given by
the coherent sum of the two diagrams in Fig. 8. Making
use of color charge operators, this can be generalized to the
emission off a scalar current in the form of Eq. (3). Charge
conservation and the transversality of the decay vertex F* in
Eq. (10) can be used to simplify the computation [21],
leading to the following result for massless final-state partons:

. PN S8k + S8k — SiS12
Sarhai.a) = E T, T ATy > .
ik ST28i125k12

(50)

Note that in contrast to Eq. (96) in Ref. [21], Eq. (50) contains
the physical propagators rather than their eikonal counter-
parts. The matching to the squared amplitudes in Sec. IV C is
better understood when retaining the gauge dependence term
by term. This leads to the result

Sqq<{P}; q1.q2; 1) = ZTiTkTRSSZf) (% Lo 1), (51)
ik

where the space-time-dependent part of the individual
radiators is given by

S (qy, 423 1)

2 {2 <z,»sk12+zksilz s >+1 t12,it12,k:|
= — | = s« ——5 |
Si125k12 [S12 21+ 22 512

(52)
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b / b 3. Two-gluon emission
A n A n The emission of a gluon pair can be described in a
\ ® \/ o fashion similar to the double-gluon soft current in [21]. The
\ diagrams contributing to this current are shown in Fig. 9.
Dk Dk The main difference to the computation of the soft current

lies in the form of the one-gluon current, which is given by
Eq. (3) rather than its eikonal counterpart. However, this
current is not conserved if the scalar particle is off mass
shell, a problem that is solved in the Abelian case by the
seagull diagrams in Fig. 9(d), and in the non-Abelian case
For i = k, this expression corresponds to twice the squared by the use of a physical gauge or external ghosts. For
scalar splitting amplitude in Eq. (32). massless partons, we obtain the simple result

a ab v . raberie ~(nab).uv
»(41+92) Z{Tth - (q1.92) + > _if T T (g1.q2). (53)

FIG. 8. Double-branching diagrams contributing to the emis-
sion of a quark-antiquark pair from scalar dipoles.

The color-stripped Abelian and non-Abelian two-gluon currents 7%, are defined as

ab ) uv

(q1.92) = 25”(pi,ql)5”(pk,qz)

o;
m (418" (Pis a1) + 655" (Pis 42) — 01428 (P 41)S" (Pis 42) — 9],

(91.92) =S (Piﬂlz)(dpy(%z)sﬂ(%’C]l) — d*(q12)8" (91, 92))

1 12,
t—— [qﬁS”(Pi, q1) — 58 (Pi» q2) + Pi(g2 — 41)S* (pi- 41)S* (Pir 42) + ]; 9‘4 . (54)
(Pi +4q12) qar

nab ). v

In the double-soft limit, g/, — 44 », these functions reduce to the double-soft current in Eq. (101) of Ref. [21]. Making
use of the color-space identity’
{qu’ Ti}{i‘a’ Tll’,ﬂ} = {T? A?’ Tb’i‘z} + 1(26/(/ - 61}11)(1 - 5[1{)(1 - 5km)(1 - 6im)fabcT?T£Tftz
5lm Targa Narfa i<k
—Cy| 6 — 5 (Gu T + (1 = 6) (Sm — 61 T7TE) + ; (55)

l<m

we obtain a relatively compact form of the two-gluon squared current. In particular, due to its symmetries, the result is free
of terms of the form if**T¢TLTS,

it (i, a2)) d* (g1, 7)d* (g2, 71)T55(q1. 42)
ZZZZ{T? TbTﬁ)ﬂ}Szklm(ql’CI% n)

ik Im
Targa by Tarpa oy Targpa by ab

+2ZZ<{Ti ¢ A0 + (R RN S (g1 g ) + 2> {TeEy T00LS (g1, 90)

j il

crje n — b b

_ZCATT ,zab (C]1,Q2§n)—(1—25:'1)553)(Q17Q2>—Sgi;1)(6]1,ﬂh§ )— 8511)(6]1 q2i 1)

ab .= (ab) .= (ab) .= (ab) .=
+ Si.l;i (Qh 612s”> + 51,5;,- (611, 612’”) =+ Si,z;z (611, Q2’”) + 31,,-;1 (QM q2; ”)} (56)

We have defined the Abelian and non-Abelian radiator functions, S(q, g,; 1), which are natural extensions of the soft
functions in Ref. [21]. For on-shell radiators they are given by

'See also Appendix B of Ref. [84], which contains the symmetric part of this equation.

054031-13



JOHN M. CAMPBELL et al. PHYS. REV. D 113, 054031 (2026)

bi

FIG. 9. Types of diagrams contributing to the two-gluon current for emission of the charged parton pair {i, k}. The same diagrams
exist with i and k interchanged. Diagrams (a)—(c) contribute to both the Abelian and non-Abelian radiator functions, while diagram (d) is
purely Abelian and diagram (e) is purely non-Abelian.

ab - 1 — —
Sg,k;?,m(‘h’ @ 1) = ZSi;I(QI;n)Sk;m(QZ; i),

(ab) Loy L sisu Sk1 S S12
Siwi(qr,q23) = — + -
Sn2SitsSke \Sksn - SitSne Susp

+ 1 {ﬁ (sils12_si2sll _ s > 4GS s — 21 Sik n (”—) k)}
Si2 (22 SitSnsp 2215150 2281511 251510 12

(81882 — si25k1)2 — 251285 (81802 + SiaSk1) + S%zs?k + 2(1—¢)

Sl(».ab) qi1-92) = , 57
’k ( ! 2) Si125k125115k15125k2 Si125k12 ( )
and
b _ b, _ _ _ _
SN (g1, i) = ST gy gas i) = 2(1 — €08 (q12:)D, (g1 422 1)D, (1. 4. 71)
1, - oz _ = _ _ _ _
+ 2 (Sii(q123 1) + Sier(qi2: 1) = 284 (q12: 7)) |:Si;i(CI2; )+ S1.1(q2: 1) = 28,1 (g2 71)
1 B B _ ) i<k
- E(‘Si;i<QZ; i) + Spi(qas 1) = 2854 (qa3 1)) + (i <> k) + (1 < 2) + Lol (58)
where
Sgiab,p)(ql’qz;ﬁ) _ |:43Sik _|_257212 ( i _Zk> (Zi12 _@12)} < 25y _ Sik )
Si15k1 212 \Si12  Sk12 Si12 k12 S1282 SpSk2
n 1 {§+§ Sk 4 Sk _ %2 SkSi T Susi (1 _S;'k) | Sik (1 B 3Si12>
Sinskiz 2 2sas 2510 4 25i1510 S12 Si1 S12
S0 <2+Z_1+Si12_|_sk_12> +@(Z1 _Z2Z2_Zi_zisi12+s£_ﬂzzi+z2>
Si1 22 Zi Si2 Si2 S12 4| 22 281 Si1 S22
_ tlz,izhz,k _hog [ﬂ@ <1 _ Zi512> +@ <1 _‘_i) +&_ (1< 2)} }
22120 SP 2515 (S 21 225011 21 S12 22
2 L — . — i<k
& (1 L L s“) Lok +(1o2)+ ( > (59)
2518022122 Si12 Sk12 1< 2
These radiators are related to the splitting functions in Eqgs. (37) and (39) as follows™:
b b _ b _ b
P(qil;gq(Pl’szpi) = 51212C2F(S,('i;i),5(171’172;n> + ng,ai;i)(ﬂv p2ii) + Sfaz >(P17P2))’
b CrC b _ C b
Péﬁ;,i;q(l’l,l’z’ﬁi) = —3%12 £ Asg;r;a )(Pl,sz) ——AP,(yiqu(Pl,Pz,Pi)- (60)

4 4Cy

The shifted scalar radiator function, S, appearing in Eq. (59) is defined as an extension of Eq. (46) to off-shell gluons,

*Note that the factor 1 /4 relating the Abelian and non-Abelian scalar splitting function in Eq. (60) is a consequence of the color algebra
leading to the definition of the non-Abelian radiator function in Eq. (56). It therefore differs from the factor 1/2 obtained by direct
diagrammatic calculation and resulting in the relation between the Abelian and non-Abelian splitting functions in Egs. (38) and (39).
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= _ _ - 1 ZZl
Si(qi;n) = Sﬁlfc(‘h;”)dm(%’n) =5
VZES!

2 2
2p.
(1 P _4u —Z"‘> ~ PPk 4 (i k). (61)

2 2 2
P P <1 PilPr

The shifted momentum, g, is given by Eq. (11). It is not related to an actual alteration of the kinematics, but simply
accounts for the fact that gluon propagators are evaluated in axial gauge. By means of Eq. (A2) we can relate this to the fact
that only transverse gluon polarizations appear in the factorizable components of Eq. (58).

Next we derive the radiator functions in covariant gauge. Their Abelian components are given by

Sit 1 Sin Skm T Skm2
25181

b
853(;3,111((']1’ ('ZZ) = 2Sk25 5
m

1 . 4
55?123(511,612):—[ ik Dik + b1z

) 25 2 i<k
_ e <1+ s”) <1+ﬂ>} +( > (62)
25515 8spsp il Sk2 1l <2

Sz [Siasn Sk 288k

The computation of the non-Abelian components requires the introduction of external ghosts [85-88], because the currents
corresponding to gluon 1 and 2 are not conserved independently. We find

2

3 (s —s)(su — s [ sa
SI(grogy) = |5+ l
ik (ql qz) 4 + 4S,~12Sk12 Si15125k2

Si28125k1

1 sik 1 1 1 2Sl']
+— | —+ +— )+ 3
Sit \SSk 4sn 28 Si12 L ST2

n 1 {& (3Sk2 + 511 _l) _ 2sik
Si128k12 LS12 Si2 2 Si1

Sik_ Sik ]
Si1Sk1525k2
S Sptsin S Sik

o ()
8si15n  Si1Ski Si2

4sp Si1Sk2

(1 _‘_i) _S12(Sik —512) _l

S12 2s,~1sk2 4
1—¢e(s: —s; - | < k
_1-e(su 512)2(”1 Skz)} tiok+(1o2)+ <’ ) (63)
2 STh 1< 2

In the double-soft limit, Eq. (63) reduces to the double-soft
function in Eq. (110) of Ref. [21].

E. Composition of one-to-three splitting functions

In this section, we present a decomposition of the splitting
functions in Egs. (30), (34), (36), and (38), and of the
splitting tensors in Egs. (41)-(43). In most existing
approaches to NNLO subtraction or NNLL resummation,
their singular components are identified by analyzing the
strongly ordered soft and collinear limits, as well as the
double-soft limit. Knowing that the splitting functions are in
fact just off-shell squared matrix elements in a particular
gauge, we find it more useful to investigate their diagram-
matic structure. This allows us to achieve a clean separation
into the off-shell splitting tensors derived in Eqgs. (14), (17),
and (22), and the two-gluon scalar radiators in Egs. (37)
and (39), which are related via Eq. (60) to the general scalar
radiators derived in Sec. IV D 3. This technique follows the
general principle laid out in Sec. II. This section constitutes
one of two main results of this work, the other being the
corresponding decomposition of the one-loop one-to-two
splitting functions in Sec. V C.

1. Quark initial state

Equation (30) describes the splitting of a quark to a quark
and a distinct flavor quark pair. The result is due to the sole

|
Feynman diagram in Fig. 3(a), hence the splitting function

trivially factorizes and can be written as the product of
Egs. (14) and (17),

<Pq—>q’q’q(pls P2, P3)>

$123
= Sl 5 <Plf;li’q(p3’ p12>>Py—>q,/,w(p17p2>‘ (64)
1

By means of Eq. (14), the result can be assembled from the
scalar radiator in Eq. (47), the magnetic remainder in
Eq. (15), and the splitting function in Eq. (17),

<Pq—>q’q’q(plﬂ P2 p3)>

N C £
= 7;23 7; 51238553 (P12) + <Pz(12ftqy(l737 P12))
12

X Pg—>q,/41/(p1v p2>' (65)

As discussed in Secs. II and IV C, the azimuthal angle
dependence is correctly captured if and only if no kin-
ematical limits are taken in the factorized expression, since
otherwise Eq. (31) is reduced to the first term alone. This is
an important new insight from our method, which could not
have been obtained with any existing technique for higher-
order computations.

Equation (34) describes the splitting of a quark to a quark
and a same flavor quark pair. The result involves both
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Feynman diagrams in Fig. 3, and hence it is expected that it cannot be fully factorized. The leading singularities do,
however, originate in the two possible double-collinear limits. One can therefore express the splitting function in terms of its
leading components and the interference term [21]

(Pyaga(P1s P2 P3)) = s'lzj (Piag(P3 P12)) Py (D1, P2) +%(PZU—W(Pz,P13)>Pg—>q,ﬂu(l’1,P3)
+ <P51p—>>t?qq(plﬁp2’ p3)>’ (66)
where
(P g (P12 P2 3)) = (PO (D1 pas p3)) + (25 3). (67)

We will call (P g_), g qq) the (spin-averaged) pure ¢ — qqq splitting function, as it cannot be reconstructed from lower-order
results. By means of Eq. (14), the splitting function can be assembled systematically from the scalar radiator in Eq. (47), the

magnetic remainder in Eq. (15), the splitting function in Eq. (17), and the pure interference contribution,

s (6
<Pq—>éqq<P1’P2,P3)> = {;_23 [ 2F

12
+ (PP a(P1 D2y D3)) (68)

Equation (36) describes the Abelian component of a splitting of a quark to a quark and a pair of gluons. The result
involves factorized contributions corresponding to the Feynman diagrams in Figs. 4(a) and 4(b), plus a nonfactorizable
component. It takes the simple form

123855 (P12) + <Pg—)fl;(l7371712)> Pyyu(P1-p2) +(2 < 3)}

b 5123 5123
(P (Prs P2 p3)) = PP P2)) (P (P P1)) 2 Py (P25 PN Py (P )

+ PEP(py, pas p3) + (Pt (p1. a. p3)). (69)

which can be written in terms of the scalar radiator, Eq. (47), and the magnetic remainder, Eq. (15), as follows:

ab C2 _ C .
<P51—>)ggq(P1vP2’P3>>: TFS%23S13;13(P2;”)33;3(171’ )+7F#23513 1%(1’2, )< (qt—)>q(P3’P1)>

C f f f
+7F3123<P512>q(1713’P2)>53;3(P1’ i) +i:<P£12>q(P13’P2)><Pélq(P3»P1)> + (1 < 2)
(ab,
+ PE (P12 p3) + (PStd (1. pa. p3))- (70)

E,_, qq)q, is defined as the difference between Eq. (60) and the factorized scalar contributions

in the two different permutations induced by the diagrams in Figs. 4(a) and 4(b), with the fermion replaced by a scalar:

The scalar remainder function, P

b _ b _ b
PEPJ;(,(PuPz p3) = Fs%23 [53?3;)3,3@1’1722 )+ 253?3;)3(171,192;”) + Sg;)(l?l,l?z)
1 _ _ 1 _ _
- 1313;13(1922 n)S3;3 (P12 ”) - 1523;23 (Pl; ”)33;3 (PzZ n)

2 2 2z3(1 — 4

:c%{ﬁiz_s_slﬁw+ﬁ+l_g}+(mz)_ (71)
S138232122 813 2122 2122

The pure fermionic splitting contribution is defined as the overall remainder and is given by

2 2
(abp.f) ) 5123 (z1 + 22) > (Slz 2122 )

s p2.p3)) = Ch(l —¢ z te )+ (22 (1
PR .2 ps)) = G0 - {572, (23 21

+7,)? 2 1
R CEREET TR
§13 132 1—22 22 I—Zz 1—Z1

+ (1 < 2). (72)
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To reconstruct the non-Abelian part of the ¢ — ggg  has no leading or subleading singularities associated with
splitting function, we first note that there is an additional ~ the 1||3 and 2||3 collinear limits. However, it does have
factorization channel, corresponding to the diagram in  single-soft singularities associated with the interferences
Fig. 4(c), which is singular in the 1|2 collinear limit. In between the diagrams in Figs. 4(c) and 4(a), and between
this configuration, Eq. (38) can be written as a gluon the diagrams in Figs. 4(c) and 4(b). We therefore obtain the
emission term, times a spin-correlated decay to two gluons.  following result for its decomposition into lower-order
Due to color coherence, the non-Abelian splitting function ~ components,

CrC _ _ _
L 512%{533(1712»”)(51 1(p2:) +52;2(P1§”) - 31;3(172;”) - 32;3(171;"))

+2(1 = €)S55(p12: 1) Dy(p1s P2, 1) Dy (1, pas 7))

nab
(P (p1s P2 p3)) =

+%S123[<Pélq(l73,1’12)>(31 1(p2: 1) + Saa(pisit) — S13(pas i) — Sas(prs 1))

+2(1- €)<Pt(1flflqy(l73,l?12)>l) (P1.P2.1)D,(p1. pa. 1)

—%[Pgit:;q(m,l’z p3) +(P q*qqq)(Pl’Pz,sz

+ PP (1 2 p3) + (P (1. pa. pa))- (73)

The purely non-Abelian component of the scalar splitting function is defined as the difference between the double-gluon
emission result for scalar radiators, Eq. (39), and the corresponding factorized contributions. Using Eq. (60) to make the
origin of this splitting function in a dipole radiator manifest, we can write

na CpC nab — ab ab —
szr;gap(l’hl’z p3) = FTAS%B[Sgs (1. paii) + 55;3)(1?1,172) + 28&3;)3(1717172;”)

+S3%3%(P17P2, 1) + S35(p12: 1) (S (prs 1) + Sp(pas i) — Sas(prs i) — Sy3(pas 1))

v _ _ _ Ci (.
21 =S (P D P P2 D1 P2 ] + 55 PI (1 P2 ). (74)

The explicit form of this function is given by

(pnab,p) l—e 2z3 S123 21 si31 =
P , D2, =CrC +—+ | — -1 7—1 -1
17 (p1 b2 p3) i A{ 4 2122 <S13 1 —z3 ><512 22

sz — -z 2
+ [L maTe i <—Z & +ﬁ>] B } 4 (1< 2) (75)
2

S13 2 513 <1 (1 _Z3)2

In analogy to the purely non-Abelian component of the scalar splitting function, we have defined a purely non-Abelian
component of the fermionic part of the splitting function. It is given by

: Z 1 Z 27 3s
P ) = GG = 2 (o 20 (2 (1320 -20)

7 -z1 1l—2 4l S12
1—¢ s 2 Z s s s -z 1 —2z3)% 23
n [1+12+ < 2 _£>:|+ 123<£_ 2><( 3)+ 2
2 =2 \1-2 553 2513 \ S12 <1 22 -2z
Si;3l—2z3 Sp;3l—z2 52 s 3
+<ﬂ 3 Ssl=z 123)<1_Z3_£)__}+<192>. (76)
S22 41 S13 21 $12513 $123 4

2. Gluon initial state

Equations (41) and (42) describe the splitting of a gluon to a gluon and a quark-antiquark pair. The results involve
factorized contributions corresponding to each individual Feynman diagram in Fig. 5, plus a nonfactorizable component.
For the Abelian part we find
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C _ _
P’gl:gqq(plvpbp3) 2F 5123P5i>q(1712,P3)(52;2(P12n) —52;3(191;”))

N v f v b
+£PZ—>4(P12 P3)<P£1—)>4(P2,P1)> +2<3)|+ Pg_:;qf (P1: P2 p3) + ... (77)

Here and in the remainder of this section, the dots stand for terms proportional to 72# or 7. These terms vanish after the splitting
function is combined with a gluon current in the triple-collinear limit and can therefore be dropped; see the discussion
following Eq. (A2). Because a new scalar color dipole is created by the g — ¢g splitting, Eq. (78) contains a soft singular
contribution proportional to PyZ.4(p,, p3)S»3(p1; it). The Abelian pure g — gqg splitting function must in fact be interpreted

(ab,p)

as a subtracted single-gluon radiator function, similar to P;_ -,

but with a nontrivial helicity dependence. We find

2¢e S123 -

b, _ [(s123 = $23)° zi(l1-¢)
P’Ji(f}q,f)(pl,pz,p3) = CFTR{ P3P 03 — d™ (P13, 1) {m 14e) - 2

_\ |S123 2 523 l+z -z
S STy A I EE
( 123 ) S12 21(1—12) S12 -2 )

4ph, p¥ - 1—
+ <d””(p123,ﬁ)—M> [ﬂ <¥_(1_8) 2 > +M_ZZ]}+(2<_>3). (78)
1

$123 S12 -2z S13 21

$128513

To reconstruct the components of the non-Abelian splitting function, we first note that the non-Abelian splitting function
itself has no leading or subleading singularities associated with the 1||2 or 1||3 collinear limits. This is a consequence of
color coherence. The 2|3 collinear limit projects Eq. (42) onto the product of a gluon emission term, times a spin-correlated
decay to a quark-antiquark pair. Schematically,

b $123 ap i
P (p1. 2. p3) = o o) (P1 D23) Py qap(P2. p3) + remainder. 79)

where PZ 'i;ag{}(3> (p1, P23) is the symmetric part of the off-shell gluon splitting function, defined in Eq. (22). This gives the

final expression for the assembly of the g — gqg splitting function:

b Cy st S i) + pi1ii) Py’ p
Ilyli(EZq)(Pl’Pz p3) = ;s12233 ﬂ(P23)Pg—>q.aﬂ(l727P3)d’w(P123,”) S223(P13 1) Poq (P2 P3)]
C 57 P ii p
2A s1;3 2(1 = €)D" (p1. P23, 1)D¥ (1, P23, 1) (Pyy(P2. P3))

C _
+TA3123[P§iq(P12, p3) + Pily(p2. p13)]S25(p1: 1)
C b. b,
2; P’g‘i(zqf)(pl,pz’ps) + P’ﬂ‘;ZZ p>(P17P2’P3) +.. (80)

The purely non-Abelian component is given by

CuT
P ) = S {1 o (22T )

2
1—2Z1<m1—23+m_ R -
21 s l=—z1 s23 spsazl—z 21 Zl(l_ZS)

—d””(P123”_l>{

+ 2(Ph13Phan + P3aaPhas) s13 {222 B4 g ] n 4PN 23D 23 { 22523 (1- 8)}
523 sp la 1-z 523 (1—2)?
3 AP5.aPin [@ <51£L _S£> —(1—¢) (Slﬁ +S£Z_1)] _34135,3135.3}
$23 z \S2l—z1 sp sz Spl-2z3 21 823
4 (2 3). (81)

This expression is regular in the single-soft gluon limit, as well as in all double-collinear limits; see Sec. IV E 3.
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Equation (43) describes the splitting of a gluon to three gluons. The result involves factorized contributions corresponding to
each Feynman diagram containing a propagator, plus a nonfactorizable component. To reconstruct the splitting function, we
first note that only one transverse projector is needed, while all remaining terms can be inferred from the symmetry. We obtain

1s123 . Ch . _
Pigee(P1s P2, P3) = Eislz PZiZﬁ(m,plz)qug,aﬁ(pupz) + 45‘% Pé:;g)q(PlvPz,P3)dW(P123a )
C
+ ﬁng_n,zbg’g)(pl, P2, P3)d*(pio3, 1) + (5 permutations) | + remainder. (82)
F

As in the case of the Abelian and non-Abelian ¢ — gggq splitting functions, we need to account for the fact that the full single-
gluon dipole radiation pattern includes interference terms which appear explicitly in the three-parton splitting functions. Color
coherence dictates that this overlap must factorize into the gluon splitting tensor and a single-gluon dipole radiator, while Bose
symmetry requires that it appears in all permutations. The g — ggg splitting function can therefore be assembled as

Ca S123 _
P g99(P1, P2, P3) = {Tsm L Siz12(P3: ) Pglg (1. p2)
12

s o C 7 T v n
+ (f S5 (P12)Pygap(P1s P2) = CAS12353;3<P12;")Sz;s(P1§”)>d” (P123. 71)

_ _\ [ S122 C _
+2(1 = &)D*(p2, p3, 1) D* (P12, 3, 11) (Sl—? (Pyey(P1sP2)) —7A512352;3(P1;n)>]
1

C3 (b, _ C b _
+ A P (D1 pa p3)d™ (P1o3 ) + 5 2= PP () py. p3)d ™ (pios. 1)
4C2 2Ck

+(5 permutations)} + P’gﬁgg)g(pl, P2, D3) F ... (83)

(ab.p) (pnab,p)
4—99q and P 9994 °
structure of the scalar multipole radiator in the octet case; cf. Sec. IV D, and the remainder function is defined as

2 1—72— 72 47

Pﬂﬂl’) . o, :Cz{—d/‘” i {3123 9] T S123 ( 2743 _1>+ 3}
9—909(P1> P2 P3) A (P123. 71) s 1=z spsi3 \2(1 = 22)(1 — z3) 2122

) AP1sPlas [ Sins (Z_l 2 1) szl —2

Ve) 1 — 2 2 2S13 21

The relative prefactors of the Abelian and pure non-Abelian pure splitting functions, P are due to the color

(-

S123 $12513

_ S (3(1 - z)° 4 2122 _2)]
S12 42122 (1-2z)
PhaaPhis + PrisPlas st <3 _ 2z,(1 - Zz)) }
z3(1 - 23)

+(1—¢)

S123 512513

C
+ AP o(p1. p2) + (5 permutations). (84)
23

3. Singularity structure of the remainder functions

Here we summarize the singularity structure of the various three-parton splitting functions introduced in Secs. IV C
and IV E. The kinematical limits are taken according to Ref. [21] and are parametrized in terms of a scaling parameter A. In
the limit where particle i becomes soft, A enters the computation as p; — Ap;. In the limit where particles i and j both
become soft, 1 enters the computation as p; — Ap; and p; — Ap;. In the limit where particles i and j become collinear, 1
enters the computation as p; ; — Ap; ;. The results are given in Table I. A few comments are in order:

(i) The function <P((;i)qqq> has a leading pole in the double-collinear limits because it constitutes a new type of

interference term for which no unique Born splitting function exists at the next lower order. This singularity is

canceled in the symmetrized splitting function <PEIP—)>qc7q>’ and the remainder term is subleading.
(ii) All other pure splitting functions are subleading in the single soft limits, and sub-subleading in the double-collinear

limits. This is achieved by consistently subtracting the single-soft and double-collinear enhanced components, including
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TABLE 1.
details.

Scaling behavior of the tree-level splitting functions and their pure components. See the main text for

Scaling behavior for 4 — 0

Function xs73 Definition P1 = Ap1, P2 = Apa P1 = Apy Di2 = AP12 Das = APas
P, i Eq. (32) x /1—;* S 4‘02 .
<qui>q?]q> Eq. (67) x A7 x A x A
plab) Eq. (37) x A x 172 x 172
9999
(ab.p) Eq. (71) A~ x 47! o A0
9999
(P ) Eq. (36) x z—;‘ cx /1—? x 1—02
(PEEP)y Eq. (72) x A~ x A~ x A
plnab) Eq. (39) x A o A2 x A2
q9=999
plpnab.p) Eq. (75) A o 27! o A0
q9—999
( PE{"_d)g)qH Eq. (38) x A~ x 472 x A2
-2 -1 0
<Pg£§1>zzqqp,f>> Eq. (76) x A o A x A
v(ab) Eq. (41 = -
PZ—EQZE() q- 41 cx/ll °"10
wv(ab.p Eq. (78 .
P 9999 a- (78) o </
phv(nab) Eq. (42) o A7 x A7 x A2
99499
v(pnab,p) Eqg. (81 -3 -1 0
P zﬂgqt’i a- 81 x4 o x4
P s Eq. (43) o A o« A2 o« A2
prp) Eq. (84) x A7 A7 x A

9999

spin correlations. We emphasize that the subtraction
must be performed in the same axial gauge that has
been used to determine the splitting functions, in order
to avoid remainders which would create spurious
singularities that cannot be removed systematically.

(iii) The functions P(ff’p ) and Péffl,zz’;’) have leading
poles in the double-soft limit. By means of Eqgs. (71)
and (74), these two splitting functions are identified
as scalar radiators rather than genuine splitting
functions. The double-soft singularities arise from
interferences in the two-gluon emission pattern,
which occur for the first time in the computation
of the three-parton final state.

(iv) All other pure splitting functions are subleading in
the double-soft limit. As in the single-gluon radiator
case, it is important that the scalar components are
subtracted using the same gauge that was used to
compute the full splitting function. In particular,
using Eq. (60) with radiator functions in covariant
gauge would lead to an inconsistent result that
contains spurious subleading poles.

V. ONE-LOOP EXPRESSIONS

The one-to-two parton splitting functions at one
loop have been discussed and computed in multiple

ways [66,68,69,89-92], and their soft limits have been
analyzed in great detail [66,69,93]. In this section we derive
a decomposition of the corresponding splitting amplitudes
in terms of scalar- and spin-dependent components, as
needed for a correspondence with the treatment of the tree-
level splitting functions in Sec. IV C.

Several results in this section are novel and potentially
interesting beyond the fact that they can be used to
decompose the splitting functions. In particular, we derive
a generalization of the one-loop soft current in [22] and
discuss its relation to the one-loop splitting amplitudes. In
Ref. [22] the authors found that a certain class of diagrams
does not contribute to the soft current, which could be
proven with the help of partial fractioning identities that are
effectively related to the Ward identities which the ampli-
tudes satisfy in the soft-gluon limit. Here we provide the
generalization of this important result. By using the back-
ground field method, we are able to prove that the
cancellation is not a coincidence specific to the soft-gluon
approximation, but a consequence of the Ward identities
that are satisfied by the n-point Green’s functions in a
physical scheme. As a consequence, we are able to also
compute the Abelian component of the one-loop scalar
current, which is subleading in the soft limit, but necessary
in order to fully decompose the one-loop splitting ampli-
tudes. Details of this calculation are discussed in Sec. V B.

054031-20



QCD SPLITTING FUNCTIONS BEYOND KINEMATICAL LIMITS

PHYS. REV. D 113, 054031 (2026)

A. One-to-two splittings

This subsection presents a recomputation of the known
one-loop splitting functions in order to provide a baseline for
their subsequent decomposition in Sec. V C. All calculations
are performed using the techniques of Refs. [66,67]. We
emphasize the structure of the results in terms of scalar
components and spin-dependent remainders. As in the tree-
level case, we make use of the conventional dimensional
regularization scheme in D =4 — 2¢ dimensions. Taking
gauge invariance of on-shell amplitudes as a guiding
principle, we evaluate 7-channel gluon propagators in
Feynman gauge, while s-channel gluon propagators are
in lightlike axial gauge. The calculation of one-loop splitting
amplitudes was performed in Form [94-96], with all standard
and light-cone integrals cross-checked against the literature
with the help of Mathematica [97]. The reduction of tensor
integrals was carried out using a dedicated implementation
of the Passarino-Veltman scheme [98] using the FeynCalc
[99-101] package. All scalar and tensor integrals needed for
the computation are listed in Appendix D. Following the
notation of [66], we express the one-loop splitting ampli-
tudes in terms of the basis functions

Fil2) = 28% (1 — )1 4 ) <5>

4 4
1 (1-2z)
_1 (-9
Z Z

SF (e,e,1+e¢, z)] , (85)

fo==>, (86)
where

(1 +6)r2(1—¢)

er = 1) =0 229

(87)

Note that, in contrast to [66], we have chosen to pull out a
factor of 1/(4x)? from the definition of cr.

Unlike the tree-level 1 — 2 splittings considered earlier,
where it was important to track the momentum fractions z;
and z, in order to use them as building blocks for 1 — 3
splitting functions, in this section we simply identify z; = z
and 3, =1-2z

1. Quark initial state

The g — qg splitting amplitude at one-loop order is
determined from the diagrams shown in Fig. 10. It has been
shown that due to the gauge invariance of the sum of cut
diagrams, any #-channel gluon propagators can be evalu-
ated in Feynman gauge [66,67], which substantially sim-
plifies the calculation. For future reference, we introduce
the tree-level quark-splitting amplitude,

Pilag(pro p2) = g, T4a(pOE (p2) Prou(n).  (88)

Using the results of Appendix D, the integration of the
Abelian contribution in Fig. 10(a) yields

. % C 2\ € 2
P;g‘qg(pl,pz) == # <CF _TA) <_::t_> |:Zf1(z> + <1_—2€_ 8>f2:| ’Pgio_)’qg(plﬂ p2>

The non-Abelian contribution in Fig. 10(b) is given by

1).b

3 C 2\ &
+ gszT?-—A _,u_
167 J 2 S12

The self-energy in Fig. 10(c) yields

2
1),c 9y H
Pglqg(l?l D2) == _167:2 Cr <_£

g Ca
S _Ta A2
1672 " 1 Cr=7

s, 1= 2¢

iesal-9

)E 2 & a(p) Fathau(n) (i (p). (89)

s 1 —2e

2 2\ € 4 -5
22 (-2 [a-ana -9+ 1550 Pl

1-
2

fou(pr)popou(n)(pie*(pa)). (90)

0
o [P apr p2). (O1)

The complete splitting amplitude is given by the sum of the above terms and reads [66,69]

1
Pélqg(Pl,Pz) = 1622 2

_ % Tq.<&+L> <—£>g{ﬁ(p1)¢*(pz)ﬂlzu(n)—Eﬁ(Pl)ﬂzﬂu”(”)(!’ls*(l’z))

2°71]
167 S12

£ (-L) [a-an0-2-5

2

e
1-2e¢

fa-
(92)
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p1

(a)

P2 P2
P1 p1
(c)

FIG. 10. Vertex corrections (a), (b) and self-energy correction (c) leading to the 1 — 2 quark splitting function at one loop discussed in

Sec. VA 1.

The scalar one-loop splitting amplitude corresponding to
the ¢ — gg case is determined from the three diagrams in
Fig. 10 and the bubble-type diagrams involving seagull
vertices. However, the latter vanish in lightlike axial gauge.
Upon integration of the loop momentum, the Abelian con-
tribution corresponding to the scalar analog of Fig. 10(a) is

given by
2 2\ €
G (e, -Gy (-1
167 2 S12

X {zfl(z)—k

7357_{; (P1.p2) =

fz] q—»qg(plv P2)s
(93)

where we have introduced the tree-level (anti)triplet scalar
amplitude

Plag(prop2) = 0TGP e (P).  (94)
The non-Abelian contribution, corresponding to the scalar
version of Fig. 10(b), reads

1gi2% <_£>E[(1 -2)f1(1-2)

S12

Pél;’ (P1.p2) =
+ 41 - )f ( 95
e 2 P oo(Pre pa), (95)

while the scalar counterpart of the self-energy in Fig. 10(c)

yields
2 2\ e
' pe\ 4l —e
¢ (_ _) (1-¢)

(1),¢ _
Pamas(P1p2) = =1 sn) 1-2e

X fZP((;)—)»(?g(ph P2)- (96)

Combining the three contributions gives the (anti)triplet
scalar one-loop splitting amplitude

Pl

Dantoror) =1z ca (<) en + (-0 -2+

(97)

We note that this result has the same singularity structure as
73511_)””, given by the first line of Eq. (92).

2. Gluon initial state

There are two one-to-two splittings initiated by a gluon,
g — qq and g — gg. The calculation of the corresponding
splitting functions is again performed in lightlike axial
gauge, as this gauge choice reflects the physical degrees of
freedom in the gluon propagators. As before, due to the
gauge invariance of the on-shell amplitude arising from the
sum of cut diagrams, any #-channel gluon propagator can
be evaluated in Feynman gauge [66,67].

The one-loop g — ¢q splitting function is determined by
the four diagrams in Fig. 11. In diagrams (a) and (c), the
s-channel gluon loop momenta are labeled by k and
p1 + p» — k, in diagrams (b) and (d) the same denote
the quark and antiquark loop momenta. Integrands involv-
ing two light-cone denominators are rewritten using the
partial fractioning,

1
(kn)((p1 + p2 = k)n)

1 1 1
~ n(pi + p) <k”+ (P +p2— k)”), ©8)

and a subsequent shift of the loop momentum k — —k +
p1 + p» in the second term. This allows us to express all
amplitudes in terms of the loop integrals in Appendix D.

For the triangle contributions in Figs. 11(a) and 11(b),
integration of the loop momentum leads to

4 —

f2:| 9—qq (pl ’ p2) (99)

Pél—)nfq(pla p2) =

2 2\ €
9s H 2
- Cy=2Cp)|——| [————
167:2( 4 F)< s12> (1—28

8>f27)§0—>>qq(p1’ P2), (100)
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b2 p2 b2 p2
/V ) /V ) /\/ ) /\/ )
(a) (b) () (d)

FIG. 11. Vertex corrections (a),(b) and vacuum polarization diagrams (c),(d) leading to the 1 — 2 gluon-to-quark splitting function at
one loop discussed in Sec. VA 2.

with the tree-level gluon-to-quark splitting amplitude

Péoqu(phPZ) = gsT{; u(p2)é(p12)v(p1)- (101)

The vacuum polarization diagrams in Figs. 11(c) and 11(d) are given by

) 2\ ¢
(1).c _ Y _u\6(1 —€)(4 =3¢ ]
Pylaa(p1:p2) = 1622 Ca < s12> (17_ 20)(3 = 2¢) f2Pyqa(P1s P2), (102)
P 2
. w I\ 4(l-¢
79;2;@(171,172) 162 TRnf( ) %629 <2€)<3) % fng_,qq(phpZ) (103)

The full splitting function is given by the sum of the terms above [66,69],

Pt i =1 (-0) [ea(sni0+ =00 -9 - (24 2
e (g et ey o | P ) (104)

The diagrams leading to the one-loop g — gg splitting amplitude are shown in Fig. 12. The additional bubblelike
amplitude involving the four-gluon vertex vanishes in lightlike axial gauge and is not shown. In diagrams (a) and (c), the
s-channel gluon loop momenta are again denoted by k and p; + p, — k, whereas these label the s-channel quark-loop
momenta in diagrams (b) and (d). The tree-level splitting amplitude is given by

P o(prs p2) = 20,/ [e*(p1) - € (p2)e(p1a) - pa + £(p1a) - € (p1)e* (p2) - pr — e(p1a) - € (p2)e*(p1) - pa). - (105)

After integrating over the loop momentum, the triangle diagrams Figs. 12(a) and 12(b) yield

P pain) =122 () (a0 + (-9 -2) + (FIE230 ) 1) a2

167~ 2 S12
262 26" (pa) - Pr€"(P1) - P2
abc * et — . - 106
0 g () € () e(prz) - (pr = pa)|. (106
2 2\ ¢
1),b w\ ¢ 2(1 —e)e
Pé—)wg(Pl,Pz;”):m T ”f( S12) { mffpg*gg(phlh)
2 * *
_ abc € * e _28 (pz).ple (pl)p2 . _
e b (¢ o0 £ (02 e(prz) - (p1 = p)]|-
(107)
The two vacuum-polarization diagrams Figs. 12(c) and 12(d) read
2 2
e _ g5 Ca(_p\°6(1—¢)(4-3¢)
Pili(pr. pain) = - o2 2 (‘ Slz) mfngagg(m’ pa), (108)
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p1 p1

(c) (d)

FIG. 12. Vertex corrections (a),(b) and vacuum polarization diagrams (c),(d) leading to the 1 — 2 gluon-to-gluon splitting function at

one loop discussed in Sec. VA 2.

2 2
g o\ 2(1-ee
— ’ B T T A N/~ AN — ) 10
Pg ag(P] pasn ) 1671 1R j( S12) (1_28)(3 e )fz a gg(Pl Pz) ( 9)
The complete splitting amplitude is given by the sum of the above terms and reads [66,69]
2 C 2\ €
PP pa) = o2 (-5 ) | @12+ (1= 2£1(1=2) = 2£2) Py 1. p2)
167~ 2 S12
Trns 1 2¢?
) abc 1= R
95/ ( Ne 1=¢) (1=20)B-2) ">
\ \ 2e"(p2) - P17 (P1) - p
(e (o) = 2L LELLL )y )| (110)

In order to extract the scalar component of the g — gg splitting amplitude, we decompose the triple-gluon vertex
according to Eq. (5). For diagram 12(a), the scalar can be routed in two ways, which correspond to the fermion flow of
Figs. 10(a) and 10(b). Their contributions agree with Eqgs. (93) and (95) up to color factors. Diagram 12(c) also gives two
contributions, corresponding to routing the scalar piece on each propagator of the loop. These are trivially identical and the
sum agrees with Eq. (96) up to color factors. Diagrams 12(b) and 12(d) do not contribute, as they do not contain triple-gluon
vertices linking the initial- and final-state gluons. The scalar decomposition of the amplitudes corresponding to Fig. 12 can
therefore be identified as

PES 1. prin) = 11 (-L2) e+ (1271 -2) - 21
x (e(p12) - “(p1) - pa).

e (p1)e*
As expected this reproduces the pole structure of the full splitting function, Péllgg, i.e., the first line of Eq. (110).
Accounting for the symmetry of the two-gluon final state [see Eq. (5) and Fig. 1(b)], we can read off the one-loop splitting

function for a color adjoint scalar,

(p2) - p1 —e(p12) - € (p2)e (111)

2

P 1) = 1 L (~20) (@) + (- a1 - 2) - 21200 )

12

(112)

Feynman rules. Their explicit poles follow a dipole radiation
pattern described by Catani’s infrared singularity operators
[19,20]. The natural extension of Eq. (113) to the case of
scalar radiators is therefore given by a dipole approximation
to the hard process producing the scalar particles. As the
matrix elements in this approximation may not include all
Feynman diagrams, a systematic and manifestly gauge-
invariant approach to the one-loop computation is indis-
pensable. This problem is solved by the background field
method [31-36]. The technique allows one to obtain
individually renormalizable n-point Green’s functions that
obey the naive Ward identities and are thus physically
meaningful quantities. The extension of Eq. (113) reads

B. Scalar multipoles

The starting point for the computation of the one-loop
scalar radiation pattern is an extension of the decomposi-
tion of the soft one-loop amplitude in Eq. (38) of Ref. [22].
It states that, in the soft gluon limit, one can write the matrix
element as

3(@)IMD) + (M (g.{p}))
({p})).  (113)

The nonfactorizable one-loop soft corrections are contained

MU (q.{p})) =" (q)
— e (q)d,(q)| MY

in |M§(])%t(q, {p})). They can be computed using eikonal
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Mpox(a. {P}))
= 12" (q)3, () MDY + (M3 aip (g 1)

=" (@)d, ()M ({p}))), (114)

where |/\/l]<3%F’dip(q, {p})) consists of a sum over all dipole

contributions and one-particle reducible contributions in the
background field technique. We will compute them in the
following subsections, using a number of standard methods
[98,102] and tools [94-96,99-101,103—-106]. Due to the
spin independence of the soft-gluon limit of the one-loop
matrix element, Eq. (114) reproduces Eq. (113), but it
includes additional terms at subleading power in the soft

scaling parameter.

We begin with a single term in the dipole approximation,
where the antenna is formed by massless scalars with
momenta p; and p; and color indices i and k. They radiate a
gluon of momentum ¢, and color index a. All momenta are
considered outgoing. To simplify the notation, we define
the invariants

t=(pi+q)%
and Q%= (pi+pi+ q1)>

s = (pi+ pu)*

u=(p+q)° (115)
The leading-order diagrams are shown in Fig. 7, and the
leading-order dipole component of the current is defined
in Eq. (3).

1. Factorizable contributions

We first derive the factorizable one-loop corrections to
the production of the scalars. The relevant diagrams are
shown in Fig. 13. The one-loop scalar integrals are listed in
Appendix D. Diagrams of type (a) and (b) are given by the
leading-order current, times the scalar self-energy, which,
for a scalar of virtuality p?, is given by

i, pj i, pj
A/@ “/@
| a, g1 | a, q1
\ k, p. \ ke, py,
(a) (b)
i, i i, D
“/% A/@
| a, q1 | a, q1
\ k., pp \ k, py;
(e) ()

FIG. 13.

2
< Gy

Zij(p) = _@CFéij2p212(p2)‘ (116)

Diagrams of type (c) are given by the leading-order current
times the C4 part of the vacuum polarization, which, for a
gluon of virtuality ¢ is given by

2
N g n 11 -7¢
M4 (q) = =5 C48°°P 1 (q* ,
v (Q) 1671’2 A /w(Q)q Z(q ) 3 _2¢
where
) s
P(q) = —g" + et (117)

Diagrams of type (d) are given by the leading-order current
times the fermionic (n; part) of the vacuum polarization,

which, for a gluon of virtuality ¢, is given by

A 4—4e

2
~rab (f 9s a
12" (@) =~ 5 Tan 3 Pu(@) gL (4) 3 5,

(118)

This contribution is needed as the virtual correction
corresponding to Eq. (52), which is schematically shown
in Fig. 8. Diagrams of type (e), (f), (g), and (h) are given in
terms of the leading-order current, times the vertex cor-
rection to the scalar-scalar-gluon vertex, which is given by

3 7
fr.a _ 9 D™ 25 2 2% (2
FS,ij(‘]vp’k) ~ 1622 2CFT?jﬁ<q L(q°) = p*L1(p?)),
where ¢ = p* + k*. (119)

As the vertex corrections in the background field method
satisfy the naive Ward identities, their Abelian contribution
cancels the self-energies from diagrams of type (a) and (b),
while the non-Abelian component vanishes identically.
This provides the generalization of the soft-gluon result
for diagrams of class A in Sec. 4.2 of Ref. [22].

1, p; i, pj
Gnr O
] a,q | a,q
\ . \ -

(c) (d)

i, pj i,
A/% A/%Qj@
‘ | a,q ‘ | a,q1
\ k,pr \ k. py;

Factorizable one-loop corrections to the scalar-scalar interference. Diagrams (a)—(d) show the self-energy and vacuum

polarization contributions, diagrams (e),(f) are the vertex corrections.
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i,p; i, pj
fa) ‘/\‘ fa)
a,q ‘ a,q
k;7 pk k7 p/\‘
(a) (b) (c)

Po

f A a, q1

aq aq '
“v“ VE 1, Pi
k7pk k7pk k7pk
(e)

(d)

FIG. 14. Box-type diagrams contributing to the scalar-scalar interference at one loop. Diagrams (a)—(c) contribute to the non-Abelian
radiator, while diagrams (b)—(d) contriute to the Abelian radiator. Diagram (e) is fully factorizable.

In addition to the self-energy, vacuum polarization,
and vertex correction, we obtain the factorizable one-loop
corrections in diagrams of type (c) and (e) of Fig. 14. They
are quantum corrections to the production of the charged

and 14(d) and add the factorizable contributions in diagrams
(c) and (e). In diagrams of type (e), the final-state gluon is
emitted off a color charged particle other than 7 or j, hence
the result only depends on s and a leading-order current,

scalars, times a leading-order current. The result for dia-
grams of type (c) is given by

(020 =~ 2 i (20" -

+1,(0%) = (7).

L5 (P) =12 szTb{zsm )

+ 1(s ZT“

I#i k plql

NI3"(Q% 1)

qi).  (121)
(120)

In the limit + — 0, the term in parentheses reduces to ~ We combine these terms with the factorized contribution
20°1y"(Q?) + I,(Q%), which yields the result for dia-  —u*e#(q)J,(q)|MV({p})) in Eq. (114), which can be
grams of type (e). derived from the hard vertex correction, Eq. (120), and the
leading-order current in Eq. (3) [22]. Using the identity
219TY = ifebeT¢ 4 {19, T°},, we separate the remainder
into an Abelian and a purely non-Abelian part. The
results are

2. Box-type contributions

To obtain a gauge-invariant set of box-type diagrams, we
combine the box and seagull diagrams in Figs. 14(a), 14(b),
|

C(nab) (S, ‘. u) fabchTc [2S11m( ) + jz(s)] <p1 pk> ,4(]72)

16 1672 ru
; P Pi < Dk
(ab) _ 95 i fby Abie Flm Pi . .
CE (s, tu) = 2 T T T2 15 (s )+ Iy(s)] =% cala) | iek (122)
t<u

The sum of diagrams in Fig. 14 can be split into Abelian and non-Abelian corrections. The non-Abelian part has a dipole
structure and factorizes onto the leading-order dipole matrix element. After subtracting off the non-Abelian counterterm in
Eq. (122), it is given by the expression

- 3
nab Lgs aberpbre 1y 7 Flm Tlm
1) (5. 1,0) = =5 e RYRY[1(0%) = als) + 24017 (1) + 2uly" ()

— stI™ (s, t,u) — usIy™(u, s, 1) + 2tul ™ (t, u, s)] (p, pk) €:(q1)- (123)
u
In the soft limit, Eq. (123) reduces to a dipole contribution to the one-loop soft current [22,68,69],
2N\ e /o H “
(nab) q1—0 gs aberfb cr 4rme H-s Pi Pr\ .
I , 1, ;T - —— L . 124
s () = 167 16227 k8251n(ﬂe)< tu) (t u>€”(ql> (124)

For a single dipole, the color factor simplifies to —iT%C, /2, and the result remains otherwise unchanged. In the collinear
limit, t — 0, s —» zQ? and u — (1 —2)Q?, we obtam
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u

Fi(l.lil—el—2)+1) %e,’;(ql), (125)

where the first term in the square bracket contributes a subleading pole due to the scale difference between the one-loop hard
function in Eq. (120) and the counterterm in Eq. (122). A conversion to the functions defined in [66] is obtained by using the
following relation between hypergeometric functions:

=T =P (1 + )5 (1 —2) + 2 - (-2

Fi(1,1:1
i( ST

—-&gl-2) SF (e,6,1 + ¢ 2), (126)
which gives f(z) = —2cp/e?,F,(1,1;1 — & 1 — ). In the soft-collinear limit, z — 1, Eq. (125) simplifies to Eq. (124).
The entire nonfactorizable contribution then comes from the term proportional to —2(1 — z),F, (1, 1; 1 — &; z), which can be
written as (1 —z)f;(1 — z)e?/cr. This agrees with the soft limit of Eqs. (4.2) and (4.18) in [66], up to color factors.
The collinear limit u — 0 of Eq. (123) is obtained from Eq. (125) by interchanging ¢ and u.

The Abelian contribution is symmetric in the particle momenta and color indices, and it factorizes on the leading-order

current. After subtracting off the Abelian counterterm in Eq. (122), we obtain

@ {1 T = T, T
167> u—+t

I‘(lab) (s,t,u) =

1 u

1@ - 16 (% - B )estan

i u
gS Fa 7 T T1m T1m Tlm T1m Pi P *
+ 2{T VPRI (Q2) — 2515 (s) — 2e13™ (1) + stI}™ (5.1, u)] <T__k)€ﬂ(‘11)

16

u

.17}, 20°14"(Q%) — 2513 (s) — 2uf§m(u)+us?im(u,s,t)]<pt' l;k> W), (127)

In the soft limit, Eq. (127) vanishes, in agreement with the non-Abelian structure of the soft-gluon current at one-loop order [22].

Inthe t — 0, s » z0?, u — (1 — z)Q? limit, Eq. (127) gives

: 3 2\ €
b =0 Iy CT oy dbe o u 2 3e P
Iga)(s,t,u)[—> @;g{T”,T”}iTi [2(—7> (,F (1, ;1= 1—2)=1)4+ (1 —z7%) <——> ] tl €:(q1).

Again, this can be converted to the conventions used in [66]
by means of Eq. (126).

3. Other contributions

In scalar QCD, there are also corrections to the scalar-
scalar interference, which involve an s-channel gluon
decaying into the two final-state scalars. These corrections
factorize on the two-gluon production process and are
individually gauge invariant. They do not appear in a spin
decomposition of the one-loop splitting amplitudes. The
bubble-type corrections to a color conserving hard function
are individually gauge invariant as well and vanish iden-
tically. We therefore find that Eqs. (117), (118), (123),
and (127) are the only relevant corrections to the dipole
radiators at one-loop level.

C. Composition of one-loop splitting functions

In this subsection we provide the main result on the one-
loop splitting functions. As in the tree-level case, we
perform a decomposition into scalar radiators, computed

[

in Sec. V B, and pure splitting remainders. We also quote
the actual splitting functions, which are obtained from the
splitting amplitudes computed in Sec. VA by interference
with the tree-level expressions.

In order to match the splitting functions to the scalar
radiators, we use the expressions for a color dipole and
employ color conservation. The Abelian and non-Abelian
one-loop scalar currents in the collinear limit are given by
Egs. (125) and (128). After subtracting the contributions
due to the hard vertex correction, and the counterterms in
Eq. (122), we find

t—0

Lagst) = 2

LT {(1 _Ofi(1-2)
2\ & M
”) et (q)

=26 (-5)

N2
(129)

for color triplet scalars, and
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I4a(s Z u) = 1671 2CA 1k[( _Z)f1(1_2)+2f1(1)

—2f2]< ) Pt, €u(q1)

for color octet scalars. These correspond to the scalar
components of Egs. (92) and (110), which are given in
Eqgs. (97) and (112) respectively. In particular, we find
the following relation which makes the correspondence
between the collinear limit of the multipole radiator and
the splitting amplitude in the axial gauge manifest [67],

(130)

liml, (202 1. (1= 2)0%) =Py, (P 1),

plh).se

J—>gy(Pn‘11> (131)

Nl?—‘ N|>—-

lim/y 4(20%,1, (1 = 2)Q%) =

Pl = ca(-2) Ja-an0 -2

S12

The spin-dependent remainder is given by

1,
(P2 (py, pa)) =

1 /42 5
Gl 1+—=)(-£
A< +Nzc>< 512>

1. Quark initial state

The full one-loop quark splitting function is determined
by the product of Eq. (92) and the tree-level quark splitting
amplitude in Eq. (88), in analogy to Eq. (12),

P = e S P12 Ps(r )|

pol

8 (167:2)
g )

The spin-averaged unrenormalized one-loop quark splitting
function therefore reads

(132)

(Py(p1.pa)) = P (1o pa) + (PY2) (1)), (133)

where the scalar one-loop splitting function is given by the
product of Eq. (97) and a tree-level splitting amplitude,
cf. Eq. (13) (note that p7 = p3 = 0):

- NLZC (zf1(2) = 2f2)} Pii(p1.pa). (134)
1

- 10 =202 [ (P12

5o /2 (P a(p1.p)), (135)

which consists of two terms, one proportional to the purely fermionic tree-level contribution of the tree-level splitting
function given in Eq. (13) and a second, new spin structure first appearing at one loop,

f,1
(P (pr, pa)) =

<Pq—>q(pl’ p2)> - CF

= Cr(l - (1 =2)).

(1+2)z
-z

(136)

Hence, only the first term in the one-loop quark splitting function accounts for the semiclassical radiation pattern. As
expected, this includes the leading contribution in terms of combined explicit 1/¢, and implicit 1/(1 — z) singularities. All

other terms constitute the purely fermionic contribution.

2. Gluon initial state

The full one-loop gluon splitting tensors are determined from the polarization sum over the product of a one-loop
splitting amplitude with the respective tree-level amplitude, in analogy to the tree-level case discussed in Eq. (16),

) 167°
PN (p1. p2) = 2Re{2<e*ﬂ<pu>7>§,ﬁx<pl,p2>><7>§‘2x<p1,p2>e”<p12>>}( gff )

pol

(137)

S

Averaging over the polarizations of the initial-state gluon in the polarization sum over the product of Eq. (110) with the
tree-level splitting amplitude in Eq. (105) then yields the complete unrenormalized spin-averaged gluon-to-gluon splitting

function,

(Py(p1. pa)) =

g—»g (Pth) + Pg—»g)(Pz pi)+ <P§;—>g) (P1.p2)).

(138)
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where the adjoint scalar and vector tree-level splitting functions are defined in Eq. (29). The adjoint scalar one-loop splitting
function is given by the product of Eq. (112) and the tree-level adjoint scalar splitting amplitude as

2

P9 (1. pa) = C (—”—)S[u C DA = 2) 21 (2) — 20 (1. ).

S12
The remainder function is given by

2

(P (o pa) = € (— —)E[u SO =2+ 21 () = 20 (P (1. p2)

S12

Trn
(e (-
l1—¢

where we have introduced the purely spin-dependent component first appearing at one loop,

(v,1

(P (p1. pa)) = —Ci

(139)

€ 82
> m&@ﬁ?(mpz))’ (140)
1-2ex(1 =2). "

1-¢

The complete spin-averaged one-loop gluon-to-quark splitting tensor is determined from averaging over the polarizations of
the initial-state gluon in the polarization sum of the product of Eq. (104) with the tree-level splitting amplitude of Eq. (101).
It fully factorizes onto the tree-level splitting function in Eq. (20) and does not contain a scalar contribution. It reads

2

3(2—¢)

(Py(pr.p2)) = C (—”—)S[(zmz) F (1= 9fi(-2) - <2+m>fz>

S12

TRnf

4(1 —¢)e (142)

e (Ca ) e T e )

3. Singularity structure of the remainder functions

Here we summarize the singularity structure of the various
one-loop splitting functions introduced in Secs. VA and
V C. The kinematical limit where particle i becomes soft is
parametrized as p; — Ap;. We can use the relation

SE (L1 —e2) = (1 —2)7 175, F (e, —&;1 — &5 2)
= (1 —2)7'75(1 + €’Liy (z) + O(&?))
(143)

TABLE II. Limits of the various one-loop splitting functions
and their pure components. See the main text for details.

Scaling behavior for 4 — 0

Function xs7}  Definition D2 = Aps P1 = Api
Péllz, Eq. (134) x /1—2—25/82 x 1_8/82

Pl Eq. (139) x 4722 /g2 o A7
<P£11_)>q> Eq. (133) x 1_2_25/82 x 2_1_5/82
<P£11_51)> Eq. (135) x /1_25/62 oc/l‘l“’/ez
<pél_)>g> Eq. (138) x A2 /g2

(P2 Eq. (140) o A7

(Pia) Bq. (142) o i/

to convert the hypergeometric functions in f to powers of z
and 1 — z, times a remainder that is finite for all values of z
and does not contribute subleading poles. This allows the
dominant scaling behavior in the soft limit to be extracted.
The results are given in Table II. Here we identify only the
leading singular structure in terms of combined explicit and
implicit poles.

VI. OUTLOOK

In this work we reexamined the tree-level and one-loop
splitting functions used to capture the infrared singular
behavior of QCD scattering amplitudes in next-to-next-to-
leading order QCD calculations and next-to-next-to-
leading logarithmic resummation. We made use of the fact
that variants of scalar QCD are minimal extensions of the
semiclassical approximation, and avoided any kinematical
approximations. We demonstrated that all QCD splitting
functions can be obtained from dipole radiator functions
computed in scalar QCD, combined with spin-dependent
remainders that exist only in splitting configurations and
have (sub-)subleading singularities in the kinematical
limits. Using the background field method to construct a
dipole approximation to scalar multipole radiators, we have
achieved the same decomposition at one-loop order.

The significance of this result is twofold. On the one hand,
we are able to show that neither the soft nor the collinear
kinematical limit is needed in order to derive universally
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applicable subtraction terms for higher-order calculations.
This is ultimately due to the fact that a semiclassical limit of
the theory must exist. On the other hand, we anticipate that
the results presented here will be used to devise a sub-
traction or resummation scheme which does not suffer from
overlaps between soft and collinear sectors, as well as
overlaps between single- and double-unresolved limits.
Such a scheme is urgently needed for example to construct
a fully differential parton shower at next-to-next-to-leading
logarithmic precision. For fixed-order calculations, the
reorganization and classification of infrared singularities
should aid the construction of a generic subtraction scheme
at NNLO precision that will have an improved convergence
compared to existing methods based on leading power
approximations in the soft regions.
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APPENDIX A: THE POLARIZATION TENSOR
IN AXTAL GAUGE

In this appendix we briefly recall the relation between the
gluon polarization tensor in a lightlike axial gauge and an
explicit sum over physical (i.e., transverse) gluon polar-
izations in the helicity formalism [65]. While this connection
is never explicitly used in the main text, we find it useful for
guiding the decomposition of splitting functions with
intermediate off-shell gluons, in particular Eq. (61).

For on-shell gluons, the lightlike axial gauge allows a
simple interpretation of Eq. (6) in terms of polarizations of
massless particles in the helicity formalism [65]3:

AL higher orders in the perturbative expansion, this identity
requires the four-dimensional helicity scheme [107,108].

1
d"(p.n) = api > Tr[priiy Py} = > _€i(p.a)es(p. i),
A=+ A==+

(A% |y*|p¥)

V2(a¥|p*)

Here P, = (1 £ y°)/2 are the left- and right-chiral projec-
tors. Equation (A1) allows one to relate our technique to the
helicity-formalism-based methods of Refs. [109,110]. For
off-shell vector bosons, one can use the shifted momentum
defined in Eq. (11), which leads to the following generali-
zation of Eq. (Al):

where €. (p, i) = (A1)

. o , i
" (p,n) =d"(p,n) + p°——
(p7)

= —d"(p,n)d,"(p, i) + p* T (A2)

We have implicitly used this relation in Eq. (7) to define the
collinear splitting functions. In the m-particle collinear limit,
k; — Jk;, 2 — 0, the second term on the right-hand side of
Eq. (A2) scales as A%. It can therefore be neglected in the
computation of the leading-power gluon splitting functions.
The factorized form of the first term allows us to absorb one
of the polarization tensors into the splitting amplitude, while
the other is associated with the gluon current produced by the
hard matrix element. Any ##-dependent contribution to the
gluon splitting function in Eq. (7) will then vanish upon
multiplication by this current and can therefore be dropped.
We use this particular feature of the collinear limit in
Sec. IVE?2.

APPENDIX B: TREE-LEVEL RECURSION

In this appendix, we show how the Berends-Giele
recursion can be reformulated in terms of expressions for
a scalar theory and a spin-dependent remainder. Note that
this does not directly translate into a separation of scalar and
remainder components at the amplitude squared level.

1. The quark current at tree level

We begin the general discussion by deriving the structure
of the quark-gluon vertex in terms of scalar and magnetic
interactions. A similar approach was presented in [111].
Here we focus in particular on a suitable formulation in
terms of building blocks for higher-order scattering matrix
elements.

We use the color-dressed [77] Berends-Giele recursion
[74-76] to describe an off-shell (anti)quark of momentum
P by a current which is obtained from the propagator times
vertex for the interaction of a fermion of momentum pg
with a gluon of momentum p,. We sum over all partitions
{B.7} of the set of indices, a, into two disjoint subsets.”

*For details on the notation, see Ref. [77].
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The set of all possible partitions is denoted by P(a,2),

ﬁa tm : a a
Yi(pa, £m) = i—5———= > (=ig,T{r")J5i(p,)¥;(pp, £m)

a™ {Brie
P(a2)

gSTl]

= e > (pa+ pp)Iip,) + ic™ T4 (p,) Py = VI8 (p,) (P F m)¥;(pp. £m). (B1)

P a™ {Br}e
P(a2)

Here, ¥ is the (anti)quark current, and J, is a gluon current. These currents can be either on-shell or off-shell. The first term
in the square bracket on the right-hand side describes the interaction of the gluon field with the scalar current while the
second term represents the magnetic interaction. The third term plays a special role. If W¥;(p, £m) is an external wave
function, we can use the equation of motion to show that it vanishes, i.e., (# F m)¥;(p, £m) = 0. If ¥;(p, £m) is itself an
off-shell current, it is obtained as a sum of terms of the form of Eq. (B1). We can simplify the combined expression as

= g TEr T4 (p,) (B F m)¥(pp.km) = =TT "> piy Ja(ps) L (pe)¥;(pp. £m). (B2)

{prie {prie {prie
P(a2) P(a2) P(a2)

The factor y#y* on the right-hand side of this equation can be decomposed into two types of four-point vertices, by using the
relation y#y¥ = g"¥ — ic**. The first term gives the seagull vertex of the scalar theory for which Eq. (2) describes the single-
emission current. It is needed in order for this theory to satisfy the Ward identities. The second term vanishes in the complete
sum over partitions due to its antisymmetry. Using this methodology, we can separate the recursive formula into a scalar
piece and a spin-dependent remainder,

Wipa) =T3S =Ty gt P50 + SR T T3 00 9, ()
a {/M}G {os
(%2)
p 22( lgs U pﬁ pa) J (py)\Pj(pﬂ) (B3)
a MG
P(aZ)

We have made use of the Bose symmetry in the gluon fields to rewrite the sum over unordered gluon currents in the square
brackets into a sum over ordered partitions of the set y into two disjoint subsets. The complete set of such partitions is
denoted by OP(y,2). In an Abelian theory, this rearrangement would induce a simple symmetry factor in the seagull vertex,
consistent with the Feynman rules of scalar QED. Note that there is no seagull vertex for the magnetic interaction, which is a
consequence of the antisymmetry of o**.

2. The gluon current at tree level

Next we analyze the gluon current in the color-dressed Berends-Giele approach. It can be written as
Jii(pa) = Ti(pa) + Ti(pa). (B4)
where the gluon-induced contribution, J 4> arises from triple and quartic gluon interactions and is given by

- d o
Jo(pa) = 152 S (g pabeyn(y — ) + 2, 4 pp) — 20y + 0, (05 IE(P,)

a {Brie
0P(a2)

l“/ pa Z Z fahefecd gw:g/m' gl/()'g’l'/)) + facefedh (gb/)gm’ _ gwg/m)
Pi  ft e
0P(a2) OP(7.2)

+ fadefebe(go gt — g )L (pp) IS (ps) e (pe). (B3)

By summing over all partitions and relabeling gluon momenta, we can reduce this expression to the simple form
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. ., (Pa)
Ji(py) =i+

, 1 :
D) S (=) 7o ) = 587 0p = p | ()
a {!ir}e

P(a2

D) S 5 2 ace pets o g 1 () 1< () 4 p,)

Pz (s71€ (oere

P(a2) P(r.2)
lg C 2
) |: lgs ah(pﬁ +pa py =+ Zlgz{F Fd}ab‘l (pé) ( e):| (_duf (pa))‘],ﬁ(p/f)
" 435 T
d,(Pa)
— i N g f e (pp = p) 7T () TS (Py)- (B6)
a {Brte

OP(a2)

We have defined F¢, = if ach to make the radiation pattern explicit. The quark-induced contribution to the gluon current,

J,. is given by

J4(Pa)

Z‘P (py.£m)(=ig,T4r")¥;(pg. £m). (B7)

‘l {prie
P(a2)

We use the identity {7, ##}/(2pn) = 1, with n an auxiliary vector, to rewrite this in the following form:

. du(Pa) \— g .
Jz(pa) =it B lei(p}/? im)(_lgsTa)
a {Br}e
P(a2)

[y Poll + r”riﬂa Py’ +kpy”
2

2pan 2pan ] Py m) (B8)

Using y#n + ny* = 2n*, and working in an axial gauge (see the discussion in Sec. III), this expression simplifies to a purely
magnetic interaction between the pseudoparticle described by the gauge vector n and the actual fermion described by pj.
The complete gluon current then reads

Ji(pasnt) = 2 [ i9:F5,(Pp + Pa)Jo(Pys 1) + Zigﬁ{F‘lFd}abfé(pa,n)Jf(pe,n)} (=d.?(pas 1)) T} (P 1)
Pa 435 24
dy(Pasn) . FY, .
+ l% Z —19s 2]7 - py)y.g[m]/lg(pﬁv n)']f)'(py’ Vl)
a {Brie

P(a2)
ﬂiﬁfw + iGD/}ﬂ

2o+ )] )

- igsT?j(p/)' + py)/}‘i’i(p},)

The scalar parts of Egs. (B3) and (B9) are similar to the eikonal interaction Hamiltonians obtained, for example in [112,113],
but they include effects of kinematical recoil, which is essential when computing higher-point splitting functions.

APPENDIX C: ASYMMETRIC COMPONENT OF THE GLUON SPLITTING TENSOR

In this appendlx we derive the interference component of the gluon splitting tensor in Eq. (21). It is better understood by

contracting P’;_}Z] G )( P1, P>) with the polarization tensors for the decay of gluon 2. The definitions in Eq. (10) lead to

2 i _
S, (p1. p2)d™ (pait) = ———"+ ..., D*(py, pp.11) =
P12 22/212 P12

2 .
—2[7 + ..., (Cl)
12

where the ellipses represent terms proportional to 72# that vanish upon multiplication with d@”,(p, 1) for any momentum, p.
We can use these identities to simplify the interference contribution as
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47 p%ﬁy >0 a > >a p%ﬁa 4 > =\ JP >
- Z12P1,2—ﬁ Zzzlzpudp (P2, 71) + 24 2P~ 5, = d’(py, i) d”p(l’lz,”)d o(P2, 11). (C2)

2pian

P_Zif(i) (1. p2)d®, (P2 1) 5(pa. 71)
4CA ~a p%ﬁa ~p _ _ B
=2 e dve Ji)d" Ja)dP ,
s <leP1,2 2po 212D (P12, 7) p(p12 n)d’ ;(pa. 1)
4C4
2122 2 12
|
In the strongly ordered soft and collinear limits,

pi;d",(p, i) reduces to ot j» and we find that the sum of
asymmetric terms in Eq. (21) vanishes when combined
with a tensor that is symmetric in y and v. The complete
gluon splitting tensor is then effectively given by the sum of
squared diagrams that led to Eq. (22). This implies that the
first interference contributions arise at O(a?), i.e., beyond
the accuracy considered here.

APPENDIX D: ONE-LOOP INTEGRALS

In this section we collect the one-loop integrals required to
perform the calculations in the main text. Note that we have
extracted an overall factor in Eq. (87) that differs from some
of the previous literature by a factor of 1/(4x)?, leading to
the appearance of the same factor in the definitions below.

1. Scalar basis integrals

. d4—2£k 1
1 = 167%u* /
2lon) = 16w (27)* >k (k= py = pa2)?

e (Ve (Y,
e(1=2e) \ spp 1-2e\ spp) "%
(D1)

ilm( ) 16 2,2¢ / d4_26k 1
S = JT
3 ) @a R k= )2 k= p1 — pa)?

N A VA
& S12 S12 S12 S12

The corresponding integrals needed for the computation in
lightlike axial gauge are given by [66]

n a2k 1
Jo(s 167% % / ,
2(512) a7 (k= pr = pa) ()

The standard scalar bubble and triangle integrals used in _ I (_ :‘4_2 > ‘ £y (D3)
Sec. V are given by [114] n(pi+p2) \ s ’
|
R d4—2£k i 2\ €
Ji(s10. 2 :167z2,u2€/ = - <——> f1(2). D4
1612 2) (27)* 2 k2 (k = p1)*(k = py = p2)*(kn) n(p1 + p2)si S12 1) (D4)
In addition, we need the two-mass triangle and one-mass box integrals [114,115]
N icr 1 U\ ¢ U\ ¢
12m 1) = — A — | = s D5
s =5 (-5) - (5] (DS)
Alm(stu)—ZicFl _sru EF e el — el —— + _tu EF —e,—gl—gl1- !
AT st/pt) 20T T s+ st/pr) 20T T o t+4u
(s+u)(t+u) \¢ st
|- F|--&l-61——"—7T7—]|. D6
(ot re) (et -e - i (o)

2. Tensor integrals

The tensor one-loop integrals needed for the computation of the splitting functions in Sec. VA are given by [66]

a2k k-

o) = 653 |

()" K (k = pi = p2)?

:_2(11.—828) <_£>Ef2(pl ) (b7)

054031-33



JOHN M. CAMPBELL et al. PHYS. REV. D 113, 054031 (2026)

. &2k 23
(s 1672 25/ ,
Zb( 12) (2”)4—25 kz(k— P - p2)2
. 2
e H S12 p
— v 14 . D
e (el ) FACEICERI RN TR RS (08)
and
N d**k k* i w\e [1—¢ €
Iﬂ —16228/ = | = = ”’ D9
3a(S12) 7 (2”)4_28 kz(k—pl)z(k—pl —p2)2 S ( 512) /2 [1 _28171 - 281’2} (D9)
. d*-2k 23
I/W 16 2,,2¢e
5p(512) = 16774 /(zﬂ_)4—25‘kz(k_ p)2(k—p,—pa)?
: 2\ €
__t(_~ € v 2= u,_ €
T < s12> f2 [““24(1 Zo( =200 T2 22 PP T o Z o) P02
e2—¢) u u
- -\ 7 v v D1
&2k Kk ke

jK};U s _ 1671.2”28/
se (512) (2m)* > K (k= p1)* (k= p1 = p2)?

(Y[ @eaBe) L (-
__§<_E> fz[z(l—zs)@—zs)plplpl_2(1 26)(3 - 20 PEP2PE
— (3_8)8 ( Kot p¥ L pf pt pk - p¥ pk ﬂ)_ (2_8)< _8)8

2(1—26)(3—2¢) V12D T PARPY T PIPAPY) =5 (1 oy (1 2 26) (3 - 26

] (PSP Py + Phpips + pipiph)

+s e (Pig"™ + Pig™ + pig™) +s - (P5g™ + Phg™ + p5g™)
Z4(1—e)(1-2¢)(3—2¢) ! ! ! 24(1-2¢)(3-2¢) 2 2 20
(D11)
The required light-cone bubble integrals read
N >k k*
Jll =16 2 25/
o) =1 | 2 k= py = pa)itin)
: 2\ &
i U € S12 1
_ _r — + o n*|, D12
n(pi + p2) ( 312) fz[ 1 -2 1+ 72) 2n(py + pa) 1 —2¢ ] (B12)
d4—25k JH kY

jﬂl/(s ): 16n,2’u25/ :
o ) K (k = py — p2)(kn)

_ i w2\ ¢ s £ , € u B
~n(p, —|—p2)( S12) fZ[ 241 -e)(1 _2€>9” 2(1-2¢) (p1+ p2)"(p1 + p2)

S12 2 1 pp _ S12 £ o -
+ <n(p1 +p2)) 4(1—8)(1—2£)n n(p +p2)4(1—8)(1_28)((l71 + p)fn + (p1 + pa) )}

(D13)
The required light-cone triangle integrals are (note that there is a typo in Eq. (3.15) of [66])
N >k k#
J5(s12,2) = 167%u% /
e (2272 K2 (k = p1)*(k = py = pa)? (kn)

—_; w 2f, —z2f1(2) _ S12 2f> = f1(2)
N 2n(p]+p2)s,2< 312> [l() 1-z P2 2n(py+p)) 1-z ' (D14)
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. a2k 2
T (s 7)) = 1671'2/,{28/
5 (512:2) () Rk = pr (k= pr = pa)(kn)
i

2\ €
H
i e ——— (— —> |:C5gglw + Cs1i PPy + Csnphps + Csia (P ps + piph)

n(pr+p2)si \ Sp
+ Cs1,(pi{n” + pin*) + Csy, (phn* + psn*) + Csnn"n”] (D15)
with the coefficients
b4 1 l1—¢

C5g=S12<4(1_2£)(1_Z)f1(Z)—2(1_2€)(1_Z)f2), Csiy :mfl(z)v

_ (1-g)Z? e+ (1-2¢e)z
Cs22 = 2(1-2¢)(1 - Z)Zf‘(z) T (1-2¢)(1 - )Zfz’

B (1-¢)z l—¢
Csip = —mfl(z) mfzv

. S12 _ € £
CS‘"‘2n<pl+p2>< 2(1—2e><1—z>f‘(z)+<1—2s><1—z)fz)’

_ e (L _(zek L l-e
C52n_2n(p1—|—p2)< (1—28)< )2f1( ) (1—28)(1—2)2][2)’
S12 2 l—¢ 2—e—2
= (o) Grmaai— O~ o) (D16)

APPENDIX E: EXPLICITLY GAUGE-DEPENDENT PARTS OF
THREE-PARTICLE OFF-SHELL CURRENTS

The one-to-three gluon-to-quark splitting tensor is given by Eq. (42). Its explicitly i-dependent component reads

Y1 Y
phv(nab.i) CyTg 513 {P1,23” + Pl {3123 23 S 2 1}
sz si3l—z

N (Ph P2> P3) = -

moad 2 (22 + 23) P137t
Phait” + phsitt [25123 3, 2spl-z 523] S123 nn”
(22 + 23)P123it 1(1=21) (p123n)?

$23

—|—(2<—>3)}. (E1)

$23 21 $23 4 S12

The one-to-three all-gluon splitting tensor is given by Eq. (43). Its explicitly 7-dependent component is given by

;u/ i

g—>ggg(1’1, P2, P%)

v nn
P+ P 1~ esinsting

_
=G P13t 23 s,
+l~?l14,23’7” + Pl {3123812 < 1-4z(1-z) " (I-z)(-2z) z3(2-3z) " 1 -2z >
Pinht 523813 \2(1 = 2)(1 — 22) 2212, a(l—z1)  2(1-z)
5123 ( 1 -4z (1-z) +Zs(1 —2z) +Z1(2 - 3Z1)> _ S123523 <(1 — 3+ 25)(1-2z3) 2z )
52321 \2(1 = 21)(1 = 22) 2 2(1—z) S13512 275(1 = 2p)(1 — z3) -2z
s123 ( 1 —2,(1=2z)  2-5z,+62 2(B-2z5) 3-55+75 1- 2z2>}
513 \222(1 = 22)(1 — 23) 2212y 2(1-z)(1-z22)  z(l-2) 23
B 1 1 r‘z/‘ﬁi’ i [ 535 Zz+2Z]Z3+s23<9(1_Z2)+1+6ZQZ3_Z%(1+8Z2)_18Z2+11>
z21(1 —z1) z3 (p1o3ft)? [4s1253 1 —23 -2 2(1 —2)(1 —z3)
2 2
+ Séﬁz? <812 + —(1 332)—('—121)@)) + 2ss_1233 C_—@ —1+4z ) + iﬁ (1- zl)] } + (5 permutations). (E2)
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