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Complex-valued Feynman integrals in the imaginary time formalism and zero-temperature limit suffer
from particular types of infrared divergences that cannot be regulated by integration dimension alone.
Related problems leading to integration-order-dependent results are even further pronounced in
the presence of additional scales such as external momenta. This plays a noticeable role in systems
featuring fermionic degrees of freedom such as cold quantum chromodynamics, where loop integrals are
complexified by chemical potential(s). Working in the limit of vanishing temperature, we utilize novel
complex-valued extensions to bubble Feynman integrals and study momentum expansions of fermionic
loop integrals. The expansions are then used to illustrate the mechanisms of manifested discrepancies
between orders of integration, associated with the residue theorem. Finally, we address the issues by
introducing a representation avoiding the observed ambiguity and briefly overview classes of integrals
insensitive to problems from external momenta.
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I. INTRODUCTION

Despite their central role in (analytic) studies of quantum
field theories, higher-order correlation functions often con-
tain pathological infinities that need to be regulated (and
renormalized) in practical computations [1–4]. The most
popular such method in real-valued vacuum theories
at vanishing temperature, T ¼ 0, involves using the integra-
tion dimension as the sole regulator (d or D ¼ dþ 1 in
literature)1 [6–8]. In the context of thermal field theory,where
Lorentz symmetry is broken already in the path integral
description via both temperature and chemical potential, μ,
dimension acts as the definitive regulator present in the
spatial sector of the momentum integrations [9–11]. In this
work, we specifically focus on the imaginary-time descrip-
tion of thermal field theory at vanishing temperature,
characterized by the Euclidean metric. In this context, the
temporal sector of integrations does not formally introduce
an additional regulator to the explicitly one-dimensional
integration. However, in [12–14] infinitesimal temperature

has been observed to work as an effective (and necessary)
regulator pertaining to computations involving a nonvanish-
ing chemical potential, contributing to a complex-valued
scale (iμ).
The hierarchy jμj ≫ T ≃ 0 is characteristic of the com-

plex-valued system of integrals contributing to the perturba-
tive regime of the equation of state of cold quark matter
[15–17]. While structural similarities extend to scattering
amplitude computations involving complex-valuedmomenta
[18] andmasses [19,20], thiswork is categorically formulated
toward problems arising in the low-temperature description
of quantum chromodynamics (QCD). With the intent to
determine the viability of quark matter occurring in neutron
star cores, the perturbative regime ofQCDpressure is utilized
to constrain possible values of equation of state in more
reasonable densities [21,22]. Given the slow convergence of
the weak-coupling expansions associated with the QCD
pressure [23–25], the ongoing research extends to isolating
the coefficients in the order of Oðα3sÞ in terms of the strong
coupling [26–30]. The remaining unresolved contributions to
the coefficient of α3s consist of nonfactorizing four-loop
Feynman integrals.
In these exceedingly challenging computations, efficient

analytic computation strategies are required, with there
being a particular interest toward approaches involving the
residue theorem [12,16,31–33]. Residue-driven methods
are characterized by the strict T ¼ 0 temporal limit2 and the
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1The utility of dimensional regularization can be largely
attributed to the particularly attractive properties of Euler func-
tions in analytic continuation [5].

2The strict limit can be understood as the naive interpretation
of the vanishing temperature, where the Matsubara summation
becomes a temporal integral with a range of solid real line R.

PHYSICAL REVIEW D 112, 096016 (2025)

2470-0010=2025=112(9)=096016(49) 096016-1 Published by the American Physical Society

https://orcid.org/0009-0008-2954-1325
https://orcid.org/0000-0002-1546-3425
https://ror.org/040af2s02
https://crossmark.crossref.org/dialog/?doi=10.1103/f3ln-3sf8&domain=pdf&date_stamp=2025-11-12
https://doi.org/10.1103/f3ln-3sf8
https://doi.org/10.1103/f3ln-3sf8
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


corresponding integrations preceding spatial ones in order.
In general these methods have been observed to greatly
simplify the structures appearing in loop computations
[12,14,32], and their use is further underscored by their
prominent role in deriving multiloop results, extending to
three loops and beyond [16,30]. However, the intricacy and
scale of the related computation motivate the use of
sophisticated methods for evaluating the integrals, which
provide valuable cross-checks [13].
Here we continue studying the properties and utility of

residue-driven approaches and provide a careful comparison
by working in parallel using leading low-temperature limits
arising from Matsubara sums and Euler-Maclaurin formula
[12,14,15,34].We choose to predominantly work at the one-
loop level, as dictated by the earliest and therefore simplest
occurrence of an observed discrepancy between different
orders of integration in the presence of external momenta.
Such one-loop expressions, in particular polarization func-
tions, have contributed significantly to extracting results in
multiloop computations [27,28,30,35,36]. Working specifi-
cally using hierarchies assigned by hard thermal loop (HTL)
effective theories [37–44] to externalmomenta in the context
of finite density [10,11,26,33,45], we illustrate a novel
type of discrepancy by studying the simplest self-energy
(or polarization) function with internal fermionic lines.3

In particular, we emphasize that the mechanism studied
in this work leading to results dependent on integration
order is distinct from the one discussed in [12], which is
associated with fermionic poles with chemical potential(s)
as the exclusive scale(s). To further illustrate, let us first
express the set of Feynman bubble integrals discussed in
[12] at nonvanishing temperature using Matsubara sum
formalism:

XZf
P

1

P2α ≡ T
X∞
n¼−∞

Z
p

1

f½πTð2nþ 1Þ þ iμ�2 þ p2gα ; ð1Þ

where we utilize minimal subtraction scheme and regulate
the spatial dimension d such that

Z
p
≡
�
eγΛ2

4π

�3−d
2 1

ð2πÞd
I

dΩd

Z
∞

0

dppd−1: ð2Þ

Here fermionic (characterized by f) loop momenta are
written as Fourier modes in Matsubara formalism such that

p0;n ≡ ð2nþ 1ÞπT þ iμ: ð3Þ

In the case of T → 0 (temporal) integral computations, we
opt to use a convention p0;n → p0 þ iμ, where p0 is a
continuous real-valued integration variable.
In the context of this work and [12], the primary interest

lies with vanishing temperature limit, which can be studied
using Euler-Maclaurin formalism (for more details see
Appendix A) applied in the integration order shown above
(associated with the sought-after physical results [12,15]). To
reverse the order of integration in the same limit, the
Matsubara summation is rewritten using complex contours
and the residues of the Fermi-Dirac distribution function
nF½iβðp0 − iμÞ�,whereβ ¼ 1

T [see alsoEq. (13)].Notably, via
the strict T ¼ 0 limit the Fermi-Dirac distribution function
simplifies to a Heaviside step function θ½Imp0 − μ� for
μ > 0. Utilizing this limit and assuming α∈Zþ,

4 we can
interpret Eq. (1) as

XZf
P

1

P2α ↦
T→0þ

Z
p
iRes

�
1

½ðp0þ iμÞ2þp2�α
�

p0¼iðp−μÞ
; ð4Þ

where the residue is computed using semicircular complex
contour along the upper complex half-plane (for more details
see Appendix B). However, this strict implementation of a
limit does not necessarily include all physically relevant
contributions and can even lead to breakdown of integration-
order-independent results and, hence, consistency of loop
computations [1] if no remedy is applied.
Specifically in [12], it was observed that

lim
T→0þ

XZf
P

1

P2
¼

Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

�
p0¼iðp−μÞ

; ð5Þ

lim
T→0þ

XZf
P

1

P2α ≠
α≠1

Z
p
iRes

�
1

½ðp0 þ iμÞ2 þ p2�α
�

p0¼iðp−μÞ
;

ð6Þ

with the parametric agreement occurring serendipitously
through the convergent left-sided limit α → 1−. The cor-
responding discrepancy surfaces through the unaccounted
effects from the regime of an exceedingly small but
nonvanishing temperature. These are again pertinent to
the integration order on the right-hand side and the strict
T ¼ 0 limit applied carelessly onto the temporal distribu-
tion function.

3The four-loop integral contributions to QCD pressure are the
first to involve these discrepancies in the associated calculation
(pertaining for example to isolating divergent behavior). Notably
computations in the three-loop order do not require such care,
given that the crucial integral results are explicitly known at
nonvanishing temperature [15,30].

4We emphasize that the explicit residue prescription is well
defined only for integer values of the exponent parameter α.
However, as discussed in [12,14], the strict residue results can be
associated with specific contour lines in the complex plane,
yielding an interpretation to further real-valued parameters.
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In contrast, this work explicitly studies and observes a discrepancy occurring even concerning first-order fermionic poles
in the presence of real-valued external momenta Sν ¼ ðs0; s⃗Þ. The simplest example of this is

lim
T→0þ

XZf
P

1

P2ðP − SÞ2 ≠
X1
n¼0

Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμ − s0Þ2 þ q2

�
p0¼inðp−μÞþð1−nÞðiq−iμþs0Þ

ð7Þ

and is studied through momentum expansions in the hierarchy js0j; js⃗j ≪ μ and s0 ≠ 0 with the shorthand q ¼ jp⃗ − s⃗j. Of
particular note here is that the discrepancy extends to even the leading part of the expansion, implying that for arbitrary
hierarchy between components of Sν

X1
n¼0

Z
p
i lim
jSj→0þ

Res

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμ − s0Þ2 þ q2

�
p0¼inðp−μÞþð1−nÞðiq−iμþs0Þ

≠ lim
T→0þ

XZf
P

1

P4
: ð8Þ

However, fixing s0 ¼ 0, the two sides of (7) can be
shown to agree, given sufficient regularization (for details
see Secs. III A 1 and III B 1). The leading case of this
equality—agreement between the sides of Eq. (8)—was
previously discussed in [12]. The other extreme case (with
fixed s⃗ ¼ 0⃗) modifies the sides of Eq. (8) to explicitly
resemble the distinct solutions of bubble Feynman integrals
presented (also) in [12]. For a detailed description of the
differences between corresponding momentum expansions,
see Secs. III A 2 and III B 2.
We further extend the results of [12] by generalizing the

one-loop bubble integral (master) formulas of—the nota-
tion following that of [13,14]—

IαðμÞ≡ lim
T→0þ

XZf
P

1

P2α ; ð9Þ

Res½Iα�ðμÞ≡
Z
p
iRes

�
1

½ðp0þ iμÞ2þp2�α
�

p0¼iðp−μÞ
ð10Þ

to permit complex-valued chemical potentials (see
Sec. II B). The generalizations are then utilized to stream-
line the momentum expansions involving first simpler
subsets in Sec. III and the most general case in Sec. IV.
For their distinct values, see Eqs. (A8) and (B4) for a real-
valued chemical potential and Eqs. (18) and (26) for their
complex-valued generalizations.
To remove the discrepancy associated with the strict

T ¼ 0 residue prescription, we construct a modified tem-
poral integrand by utilizing the Fermi-Dirac distribution
function and Feynman parametrization (see Sec. III C).
This representation is then used to highlight the structural
problems of the naive application of standard residue
theorem in terms of the resulting (post-temporal integra-
tion) spatial integrands (for more details see Secs. III C and
IV C as well as Appendix E).

Many related results are further contextualized in the
Appendixes. Specifically, in Appendixes F and G, we
observe cases leading to identical results in either integra-
tion order, involving bosonic version of the left-hand side
of Eq. (7)—characterized by Im s0 ¼ μ—as well as a case
with an imaginary-valued external temporal momentum.
Lastly in Appendix H, we study the characteristics of
different temporal integration orders arising in the simplest
nontrivial two-loop Feynman integral.

II. MATHEMATICAL PREFACE

In this section, we provide further details to our
notation and conventions. With these we briefly review
a closely related set of problems of bubble loop integrals
(lacking external momenta), which has had a significant
impact on computation methods and definitions utilized
in this work.

A. Contour formalism

This work predominantly focuses on the properties of
finite-density integrals occurring at vanishing (infinitesi-
mally small) limit of temperature, where the chemical
potentials (and external momenta) dominate as scale(s).
Accordingly, most of our computations to follow are
performed utilizing carefully chosen integral limits
that are discussed in detail in [10,12–14]. In order to
avoid excessively lengthy expressions, we use the
following shorthand for complex contour expressions,
relevant to the vanishing temperature limits in our
computations: I

f

P
¼

I
f

p0

Z
p
; ð11Þ

I
f

p0

¼
I
γ

dp0

2π
; ð12Þ
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where the contour γ consists of four lines parallel to the real
axis such that γ¼ðiμþ iη−∞; iμþ iηÞ× ðiμþ iη; iμþ iηþ
∞Þ× ðiμ− iηþ∞; iμ− iηÞ× ðiμ− iη; iμ− iη−∞Þg or as
seen on the left-hand side of Fig. 1.
These divisions occurring at the imaginary axis corre-

spond to the natural split of the odd-valued Matsubara
summation of Eq. (1). The contour γ represents the minimal
rectangular shape enveloping all the first-order poles of the
Fermi-Dirac distribution function

ñFðp0Þ≡ nF½iβðp0 − iμÞ� ¼ 1

exp ½iβðp0 − iμÞ� þ 1
; ð13Þ

given as an equivalent set to that of the Matsubara
indices being summed over in the fermionic sum of
Eq. (1): fð2nþ 1ÞπT þ iμgn∈Z. As discussed in both
[12,13], the strict low-temperature limit of the Fermi-
Dirac distribution function is that of a step function such
that

ñFðp0Þ⟶T→0
θ½Imp0 − μ�; ð14Þ

which facilitates for a regular enough function5 fðp0Þ:

I
f

p0

ñFðp0Þfðp0Þ !T→0
�Z

iη

−∞þiη
þ
Z

∞þiη

iη

�
dp0

2π
fðp0 þ iμÞ

¼
�Z

0

−∞
þ
Z

∞

0

�
dp0

2π
fðp0 þ iμÞ

≡ P:V:
Z

∞

−∞

dp0

2π
fðp0 þ iμÞ: ð15Þ

To match the discussion of Eq. (1) with the steps of [13],
we denote the class of master integrals under scrutiny—
corresponding to the leading term in the low-temperature
expansion—as

IαðμÞ ¼ lim
T→0

I
f

P

ñFðp0Þ
ðP2Þα ð16Þ

or

Res½Iα�ðμÞ ¼
Z
p

I
f

p0

1

ðP2Þα limT→0
ñFðp0Þ; ð17Þ

with the challenges arising for corresponding integrand
fðp0Þ ¼ ðp2

0 þ p2Þ−α and discrepancies between integra-
tion orders deferred to Appendixes A and B concerning
a real-valued chemical potential μ∈R (originally pre-
sented somewhat similarly in [12]). The results of the
two master integrals are extended to general complex-
valued chemical potential, μ∈C, in the following
subsection.

B. Bubble integrals with
complex-valued chemical potential

Pertaining to our actual target integral containing exter-
nal momenta Sν ¼ ðs0; s⃗Þ, we find it exceedingly useful to

FIG. 1. Left: the line integral representation of the contour γ is described with blue solid lines. It resembles two solid lines parallel to
the real axis apart from the two removed points signified by the red dots along the imaginary axis. The thinly dotted black line indicates
the positions of the poles arising from the Fermi-Dirac distributions function. Note in particular that p0 ¼ iμ is not included in these
poles. Right: the addition of the two pairs of dashed line integrals does not change the result of the integration. The dashed blue lines are
placed at infinitely far along the real axis where the integrand is assumed to systematically vanish. The dashed purple lines are running in
opposite directions along the imaginary axis, and therefore canceling out, provided that the integrated function is holomorphic in the
integration contours. This facilitates the contour to be used for summation of the residues corresponding to the Fermi-Dirac distribution
function. The image is adapted from [13,14].

5Lack of divergences occurring inside the contour is sufficient
condition. However, as discussed in [12–14] corresponding
exclusion of specific boundary values may lead to wrong results.
Notably, for the one-loop master integral of Eq. (1) performing
spatial integration first leads to an well-behaved temporal
integrand entity (without any additional conditions), i.e. a desired
fðp0Þ.
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study first a generalization of the bubble integrals IαðμÞ and Res½Iα�ðμÞ discussed in [12] and Appendixes A and B.
Specifically, let μ∈C and consider the strict residue integral at T ¼ 0. Then we apply a suitable (as dictated by the real part
of chemical potential) semicircular contour covering a complex half-plane to find

Res½Iα�ðμÞjμ∈C ¼
X1
n¼0

θ½ð−1ÞnReμ�
Z
p
iRes

�
1

½ðp0 − Im μþ iReμ − ipÞðp0 − Im μþ iReμþ ipÞ�α
�
p0¼Im μ−iReμþð1−2nÞip

¼ −
�
eγΛ2

4π

�3−d
2 Γðα − 1

2
Þffiffiffi

π
p ð4πÞd2ΓðαÞΓðd

2
Þ
jReμjdþ1−2α

dþ 1 − 2α

¼ Res½Iα�ðjReμjÞ: ð18Þ

In the context of this work, the subset case of α ¼ 1,

Res½I1�ðjReμjÞ ¼ I1ðjReμjÞ; ð19Þ

is of particular interest, yielding a straightforward but
degenerate (in the complex sense) solution in terms of
the closed forms of real-valued master integrals given in
Eqs. (16) and (17). In the context of this parametric subset
case—extending to complex-valued chemical potentials—
we can show that integration in either order yields identical
results (or even with the formal leading term in the low-
temperature expansion) by utilizing similar steps to those
shown in Appendix A.
To demonstrate the agreement, let us begin by considering

IαðμÞjμ∈C

¼ lim
T→0þ

T
X∞
n¼−∞

Z
p

1

f½ð2nþ1ÞπT− Imμþ iReμ�2þp2gα ;

ð20Þ

the innermost spatial integral of which can be analytically
continued (for all α∈Rþ) to a scaled version of the Euler
beta function if ð2nþ 1ÞπT ≠ Im μ.6 Continuing with this
condition, we find a structurally similar result to that of the
μ > 0 case:

IαðμÞjμ∈C ¼
�
eγΛ2

4π

�3−d
2 Γðα − d

2
Þ

ð4πÞd2ΓðαÞ lim
T→0þ

T

×
X∞
n¼−∞

f½ð2nþ 1ÞπT þ iμ�2gd
2
−α: ð21Þ

Using next Euler-Maclaurin formulas [see Appendix A
and particularly Eqs. (A3)–(A5)], we can extract the
leading contribution from the temporal sum as an integral
equivalent with the structure arising from the strict

vanishing-temperature limit, begun with the spatial integra-
tion. Specifically, let p0 ≠ Im μ and write7

IαðμÞjμ∈C ¼P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0− Imμþ iReμÞ2þp2�α

¼
�
eγΛ2

4π

�3−d
2 Γðα− d

2
Þ

2πð4πÞd2ΓðαÞ

×

�Z
∞

0

dp0½ðp0þ iReμÞ2�d−2α2

þ
Z

Imμ

0

dp0½ðp0− iReμÞ2�d−2α2

þ
Z

∞

Imμ
dp0½ðp0− iReμÞ2�d−2α2

�
; ð22Þ

where we have performed a change of integration variables
such that

Z
0

−Imμ
dp0½ðp0þ iReμÞ2�d−2α2 ¼

Z
Imμ

0

dp0½ðp0− iReμÞ2�d−2α2 :

ð23Þ

By piecewise utilizing the partial integration result of

Z
b

a
dx½ðxþ AÞ2�k ¼ 1

2kþ 1
fðxþ AÞ½ðxþ AÞ2�kgx¼b

x¼a

ð24Þ

and (or) by noting that we are allowed to combine the latter
two integrals of Eq. (22),8 we find the full result as

6This condition onto temporal loop momentum manifests
unavoidably in the final results, even should one regulate the
expression using the exponent parameter α.

7For convenience and clarity, we have written the decom-
position here best aligned with Im μ > 0, but the other hierarchy
would lead to the same result, albeit with the second and first
integral being combined instead of the last two.

8The integrand receives a finite value at p0 ¼ Im μ, specifically
ðIm μ − iReμÞd−2α2 and the function is continuous over this point,
enabling a zero-width addition to the integration interval without
the result changing.
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IαðμÞjμ∈C ¼
�
eγΛ2

4π

�3−d
2 Γðα − d

2
Þ

2πð4πÞd2ΓðαÞ

×

�Z
∞

0

dp0½ðp0 þ iReμÞ2�d−2α2

þ
Z

∞

0

dp0½ðp0 − iReμÞ2�d−2α2

�

¼ −
�
eγΛ2

4π

�3−d
2 Γðα − d

2
Þ

2πð4πÞd2ΓðαÞ
iReμ

dþ 1 − 2α

×
	½ðiReμÞ2�d−2α2 − ½ð−iReμÞ2�d−2α2



; ð25Þ

which can be straightforwardly simplified using steps of
AppendixA to be given in terms of themaster integral IαðμÞ
such that

IαðμÞjμ∈C ¼ −
�
eγΛ2

4π

�3−d
2 1

ð4πÞd2ΓðαÞΓðd
2
þ 1 − αÞ

×
jReμjdþ1−2α

dþ 1 − 2α

¼ IαðjReμjÞ: ð26Þ

It is worth noting here that both approaches (orders of
integration) retain their master integral structure even when
moving to complex-valued chemical potentials—thus
keeping all the properties therein (specifically the means
of partial integration to derive the difference terms).
Furthermore, the result maintains the equality of integration
orders occurring for first-order poles of the propagator
integrand, notably with any placement of the vanishing-
temperature limit. The specific structures of Eqs. (18) and
(26) are exceedingly useful in studying the expansions
involved in Eq. (7), permitting us to compactly identify and
isolate structures in a well-defined manner.
Finally, we stress that too careless steps in integrations

or expansions can introduce spurious—even complex-
valued—contributions when deriving Eq. (26). To help
prevent such potential sources of mistakes, we have written
plainly and thoroughly discussed related computations in
Appendix C. We acknowledge that such problems naturally
extend to more intricate integral structures. Accordingly,
Appendix C discusses an additional example utilizing a
structure from Sec. III.

III. ASYMPTOTES OF THE EXTERNAL
MOMENTUM

In this section we begin studying the novel problem
associated with external momenta. As indicated earlier, we
limit ourselves to discussing structures of the form

J α1α2ðμ; s⃗; s0Þ≡ lim
T→0

XZf
P

1

P2α1ðP − SÞ2α2 ; ð27Þ

Res½J α1α2 �ðμ; s⃗; s0Þ≡
Z
p

I
f

p0

1

P2α1ðP − SÞ2α2 limT→0
ñFðp0Þ;

ð28Þ

for α1 ¼ α2 ¼ 1 (for more details involving the limits see
Appendix B and [12,14]). The propagators herein super-
ficially contain only first-order poles, seen to agree in any
order of limits and integrations for the case without external
momenta. In Sec. II B, this property was seen work
organically even with complex-valued chemical potentials.
However, in the following subsection we explicitly study
two simplified cases: (i) s⃗ ¼ 0⃗ and (ii) s0 ¼ 0.9 Before
comparing with different orders of integration, we start by
observing the leading parts of the power series utilizing
the residue theorem to recognize a systematic problem. In
the subsequent subsection we compute the expressions
in the reverse order of integration in alignment with the
leading terms of thermal sums, to be compared against the
results of the former subsection. In the final subsection, we
present a strategy that yields consistent results in any order
of integration, combining both Feynman parametrization
and the presence of distribution functions (at infinitesimal
temperature). Furthermore we remind the reader that the
physical motivation of our computation revolves around
such high-density systems that are characterized by the
hierarchy js0j; js⃗j ≪ μ (or jμj for general real-valued
chemical potential). While the divergences appearing in
js0j; js⃗j ≫ μ hierarchy can be seen to correspond to
renormalization [1,2], some divergences of the js0j; js⃗j≪ μ
hierarchy persist. These divergences are canceled against
HTL, where the cancellation of the divergences coincides
with the js0j; js⃗j ≪ μ hierarchy of the naive perturbation
theory [30,36]. Consequently, we do not compute results
tracing the well-known vacuum results of the form (working
in D ¼ dþ 1 spatial dimensions)

Z
P

1

P2ðP−SÞ2¼
�
eγΛ2

4π

�3−d
2 Γð2− dþ1

2
Þ

ð4πÞdþ1
2

Γðdþ1
2
−1Þ

Γðd−1Þ ðS2Þdþ1
2
−3

ð29Þ

and small corrections in the reverse hierarchy. While not
essential to the arguments here,wehave further addressed the
connection of the computation scheme to the standard
vacuum theory results in Appendix D.

9We additionally discuss s0 ¼ iμ corresponding to bosonic
poles in Appendix F and produce here the basic tools to discuss
such results with.
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We emphasize that any results we are looking for should
be categorically in alignment with exchange of the order
between the integrations and limits onto the external
momenta. Most notably, we utilize the following set of
(schematic) equalities:

lim
S→0

XZf
P

1

P2ðP − SÞ2 ¼ lim
S→0

XZf
P

1

P2ðP − SÞ2 ¼
XZf
P

1

P4
ð30Þ

as a necessary (but not sufficient) condition for a valid
integration result, specifically when T → 0þ. Additionally,
we want to remind the reader that while we do describe a

subset of results to be in agreement between different
methods pertaining to first-order poles, any integral with
second- or higher-order fermionic poles contains correc-
tions not accessible with conventional residue theorem as
discussed in [12] and in the previous section.

A. Residue results

Following the construction presented in Appendix B,
we perform the computation in the strict T ¼ 0 limit
utilizing a semicircle shaped contour covering half of
the complex plane and explicitly work with real-valued
μ.10 Denoting q ¼ jp⃗ − s⃗j, the integral given Eq. (28)
becomes

Res½J 11�ðμ; s⃗; s0Þ

¼ θðμÞ
Z
p

X1
n¼0

iRes

�
1

ðp0 þ iμþ ipÞðp0 þ iμ − ipÞðp0 þ iμ − s0 þ iqÞðp0 þ iμ − s0 − iqÞ
�
p0þiμ¼ð1−nÞipþnðiqþs0Þ

þ θð−μÞ
Z
p

X1
n¼0

iRes

�
1

ðp0 þ iμþ ipÞðp0 þ iμ − ipÞðp0 þ iμ − s0 þ iqÞðp0 þ iμ − s0 − iqÞ
�
p0þiμ¼ðn−1Þip−nðiqþs0Þ

¼
Z
p

�
θðp − jμjÞ

2p
1

ðip − s0Þ2 þ q2
þ θðq − jμ − Im s0jÞ

2q
1

ðiqþ s0Þ2 þ p2

�
; ð31Þ

where we initially work with s0 ∈C to enable the study of
bosonic propagator structures characterized by Im s0 ¼ μ
and structures involving distinct chemical potential when
Im s0 ≠ μ (as opposed to standard fermionic structures with
Im s0 ¼ 0). Additionally, we reiterate that the Heaviside step
function structures are associated with the semicircular
contour in either half-plane. In the main text we focus on
expressions with exclusively fermionic pole structures, for
which small-momentum expansions generate novel correc-
tion terms via delta functions, associated with infinitesimal
temperature. For computations involving bosonic poles or
two distinct chemical potentials, see Appendixes F and G,
respectively.
For explicit computations, it is not only useful, but also

common practice to symmetrize the latter part of the
integrand (separated by summation) with the former part.
Given that the spatial integration covers all of the Rd space,
we are entitled to write instead

Res½J 11�ðμ; s⃗; s0Þ ¼
Z
p

�
θðp − jμjÞ

2p
1

S2 − 2ips0 − 2psz

þ θðp − jμ − Im s0jÞ
2p

×
1

S2 þ 2ips0 þ 2psz

�
; ð32Þ

where the spatial external momentum was completely
removed from the Heaviside step functions via a linear

shift p⃗ → p⃗þ s⃗ and we utilized a compact expression for
the squared external four-momentum S2 ¼ s20 þ s2, as well
as the shorthand s≡ js⃗j. For integrals involving one
external momentum, the angular dependence (z) appears
solely from the dot product p⃗ · s⃗≡ psz. In further sections,
we utilize μ in place of jμj to simplify the steps (and as it
does not change any of the results). We additionally
emphasize that this type of symmetrization removes access
to the previously discussed delta function corrections from
expansions involving spatial external momentum.

1. Spatial expansion ⃗s ≠ 0⃗, s0 = 0

Let us begin with the case s0 ¼ 0 [applied to Eq. (31)],
the leading order of which (s → 0) was discussed in [12] as
an alternative means of deriving the result of I2ðμÞ:

lim
s→0

Res½J 11�ðμ; s⃗; 0Þ

≡
Z
p
lim
q→p

1

q2 − p2

�
−
θðq − μÞ

2q
þ θðp − μÞ

2p

�

¼
Z
p

1

2p
d
dp

�
−
θðp − μÞ

2p

�
¼ I2ðμÞ: ð33Þ

10For μ > 0 the upper and μ < 0 the lower. The μ ¼ 0 case
holds no interest for us, as it corresponds to the vacuum theory
result discussed above.
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As this result suggests, the leading order does agree with
the leading temperature expansion (and therefore the
opposite integration order). However, as discussed in
[12–14], the contributions from nonvanishing temperature
impact the distribution functions. Given that all the scales in
this simple one-loop integral are (initially) contained within
the step functions of Eq. (32), we can actually observe that
with suitable regularization the full expansion over s

μ is
observed to align with the opposite integration order (see
Sec. III B).
To address the above, we continue from the last line of

Eq. (32):

Res½J 11�ðμ; s⃗; 0Þ ¼
1

s

Z
p

θðp − μÞ
2p

�
1

2pzþ s
−

1

2pz − s

�

¼ −
Z
p

θðp − μÞ
p

1

4p2z2 − s2
ð34Þ

and note further that the conventional method of extracting
angular integrals [46–48] conforms to

Z
p
¼

�
eγΛ2

4π

�3−d
2 1

ð2πÞd
I

dΩd−1

×
Z

∞

0

dppd−1
Z

1

−1
dzð1 − z2Þd−32 : ð35Þ

Specifically looking into the angular integration regulated
solely by the dimension d, we note that the vanishing
external momentum limit is problematic. The associated
divergence can be seen by considering the angular inte-
gration in the neighborhood of origin z ¼ 0 by fixing
0 < η ≪ 1 and writing

Z
1

−1
dz

ð1 − z2Þd−32
4p2z2 − s2

↦
s¼0

Z
η

−η
dz

ð1 − z2Þd−32
4p2z2

¼ ∞: ð36Þ

This contradicts the convergent structure implied in
Eq. (33). The problem follows from the information
conveyed by a Dirac delta function being transferred to
the propagator via the introduced angular coordinate. The
observable problem logically follows from divergences
generated independent of the end points of radial integra-
tion and, hence, falling outside the effects of dimensional
regularization.
To employ expressions with angular coordinates prop-

erly, and hence allow the sought-after limits to be studied,
we introduce a modified spatial integration measure with
additional regulator exponent b such that

Z
R

p
≡

�
eγΛ2

4π

�3−d
2 1

ð2πÞd
I

dΩd−1

×
Z

∞

0

dppd−1lim
b→0

Z
1

−1
dzð1 − z2Þd−32 ðz2Þb: ð37Þ

Note that we introduce the limit for b → 0 in the
definition of the regulated integral. With this redefinition,
we are able to compute any angular integral admitting
negative monomial powers of the angular coordinate z,
analytically continuing Euler gamma functions pertaining
to values b → 0. Thus, we can produce the following
power series:

Res½J 11�ðμ; s⃗; 0Þ ¼
1

s

Z
R

p

θðp − μÞ
2p

�
1

2pzþ s
−

1

2pz − s

�

¼ −
X∞
n¼0

s2n
Z

R

p

θðp − μÞ
pð2pzÞ2þ2n : ð38Þ

Each individual term of this expansion is straightforward
to compute utilizing the following closed-form expression
for angular integrals:

Z
1

−1
dzð1 − z2Þd−32 ðz2Þa ¼ Γð1

2
þ aÞΓðd−1

2
Þ

Γðaþ d
2
Þ ; ð39Þ

where a > −1=2, but the result can be extended to real
values a ∉ f−N0 − 1

2
g ∪ f−N0 − d

2
g via analytic continu-

ation. Then the corresponding spatial integrals—on the
right-hand side of Eq. (38)—read

−
Z

R

p

θðp−μÞ
pð2pzÞ2þ2n ¼

�
eγΛ2

4π

�3−d
2 1

ð2πÞΓðd−1
2
Þð4πÞd−12

×
μd−3−2n

22nþ1ðd−3−2nÞ
Γð−1

2
−nÞΓðd−1

2
Þ

Γð−1−nþ d
2
Þ

¼ ð−1Þn
��

2nþ1

n

��
−1
I2þnðμÞ; ð40Þ

where we utilized the master integrals given in Eq. (A8)
to express the results in a compact manner and facilitate
straightforward comparison between different methods
(compare against results in Sec. III B). Thus, the full
power series expansion is given by

Res½J 11�ðμ; s⃗; 0Þ ¼
X∞
n¼0

ð−s2Þn
��

2nþ 1

n

��
−1
I2þnðμÞ:

ð41Þ

2. Temporal expansion ⃗s = 0⃗, s0 ≠ 0

Let us next consider the second subset of interest,
without a spatial component of external momentum and
with s0 assumed to be real. Using the residue calculation
result of (32), we straightforwardly obtain utilizing the
assumed hierarchy μ ≫ js0j:
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Res½J 11�ðμ; 0; s0Þ ¼
Z
p

θðp − μÞ
2p

1

ðip − s0Þ2 þ p2
þ
Z
p

θðp − μÞ
2p

1

ðipþ s0Þ2 þ p2

¼
Z
p

θðp − μÞ
4p

1

s0

�
1

−ipþ s0
2

−
1

−ip − s0
2

�

¼
Z
p

θðp − μÞ
4p

i
ps0

�X∞
n¼0

�
is0
p

�
n ð−1Þn − ð1Þn

2n

�

¼ −
�
eγΛ2

4π

�3−d
2 μd−2

2ð4πÞd2Γðd
2
Þ
i
s0

�X∞
n¼0

�
is0
μ

�
n ð−1Þn − ð1Þn
2nðd − 2 − nÞ

�

¼
X∞
n¼0

ð−s20Þn
��

2nþ 1

n

��
−1
Res½I2þn�ðμÞ; ð42Þ

where the last identity utilizes the strict T ¼ 0 master
integral structure of Eq. (B4). We specifically emphasize
that the leading-order result in the expansion does not
match the result presented in (30) but rather the corre-
sponding naive integral variant. This exemplifies how the
residue theorem breaks down even concerning specific set
of first-order pole problems. This discrepancy is addressed
and remedied in Sec. III C.

B. Spatial results

In this section we discuss computations utilizing the
Feynman parametrization

1

Aα1
1 Aα2

2

¼ Γðα1 þ α2Þ
Γðα1ÞΓðα1Þ

Z
1

0

dx
xα1−1ð1 − xÞα2−1

½xA1 þ ð1 − xÞA2�α1þα2
;

∀Ai ≠ 0; Reαi > 0; ð43Þ

which facilitate us to map the dual propagator structure
onto a complex-valued generalization of vacuum one-loop
integrals for initial spatial integration, following the idea
popularized (initially by Feynman [49]) by widespread
textbooks such as [2,4].11 To apply this, we need to study
the conditions (i) required by Feynman parametrization,
(ii) the new propagators structure sets onto the spatial
integration and (iii) how these conditions reflect onto the
final results. We systematically address the ordering of the
introduced parametric integration and the loop integrations
to justify the steps we take in each relevant subsection. The
organization of these computations follow that of the
previous Sec. III A. In addition to this, we emphasize that
given the presence of dimensional regularization and the
order of integration, we can and will systematically only

consider the leading thermal effect with the distribution
function taken to its step function limit. Accordingly all
temporal integrals are as a rule (in this subsection)
computed as the principal value integrals discussed
in Sec. II.

1. Spatial expansion ⃗s ≠ 0⃗, s0 = 0

To be able to consider the spatial integration in terms of
the common practices of dimensional regularization, per-
taining to

J 11ðμ; s⃗;0Þ¼P:V:
Z

∞

−∞

dp0

2π

×
Z
p

1

½ðp0þ iμÞ2þp2�½ðp0þ iμÞ2þjp⃗− s⃗j2� ;

ð44Þ

the convenience of analytic continuation from Euler
beta functions is only achievable from Feynman para-
metrization in conjunction with a suitable change of
integration variables enacted onto the two propagators.
The Feynman parametrization—in itself—sets rather
modest conditions onto the propagator elements (with
already fixed exponents). Specifically ∀ ðp0; pÞ∈
ðRnf0g;RdÞ these read

ðp0 þ iμÞ2 þ p2 ≠ 0; ð45Þ

ðp0 þ iμÞ2 þ jp⃗ − s⃗j2 ≠ 0: ð46Þ

A sufficient condition is therefore p0 ≠ 0, which
arises from the leading thermal integral part of the
fermionic Matsubara sum. Then given the presence of
dimensional regularization, we can justify exchanging the
order between the parametric integral and spatial integra-
tion (with the integration seen as explicitly finite and
Fubini’s theorem—or results independent of integration

11For complex-valued parameters fAkg a short derivation
utilizing the complex-valued generalization of Euler beta func-
tion is discussed in for example [14].
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order—therefore applicable). Thus, we seek to study

J 11ðμ; s⃗;0Þ¼P:V:
Z

∞

−∞

dp0

2π

×
Z
p

Z
1

0

dx
1

½jp⃗−xs⃗j2þðp0þ iμÞ2þxð1−xÞs2�2

¼P:V:
Z

∞

−∞

dp0

2π

×
Z

1

0

dx
Z
p

1

½p2þðp0þ iμÞ2þxð1−xÞs2�2 ;

ð47Þ
which we can interpret as a straightforward (scaled)
complex-valued extension of the Euler beta function
exactly when

ðp0 þ iμÞ2 þ xð1 − xÞs2 ∉ R−; ð48Þ

which notably again is satisfied ∀ p0 ≠ 0 [12]. Thus,
the spatial integral leads to the straightforward one-
loop vacuum result albeit with a complex-valued power
structure:

J 11ðμ; s⃗;0Þ¼P:V:
Z

∞

−∞

dp0

2π

Z
1

0

dx

×
Z
p

1

½jp⃗−xs⃗j2þðp0þ iμÞ2þxð1−xÞs2�2

¼
�
eγΛ2

4π

�3−d
2 Γð2− d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

×
Z

1

0

dx½ðp0þ iμÞ2þxð1−xÞs2�d−42 : ð49Þ

Given that the power function is regulated by the dimen-
sion,12 we can explicitly assume that either order of
integration yields finite and equal values and, therefore,
change again the order of integration. Thus, the temporal
integral at hand is a slight generalization of the cases studied
in Sec. II, with an added positive (quadratic) scale. By noting
that jp0 þ iμj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
0 þ μ2

p
, we can expand the power

function utilizing xð1−xÞs2
ðp0þiμÞ2 as the expansion parameter, given

that we work with the hierarchy μ ≫ s. This leads to each
term of the expansion being proportional to the temporal
integral representation of fInðμÞgn≥2, with n∈N.
Specifically, the expansion can be expressed such that

J 11ðμ; s⃗; 0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π
½ðp0 þ iμÞ2 þ xð1 − xÞs2�d−42

¼
X∞
n¼0

ð−s2Þnðn!Þ2ðnþ 1Þ!
ð2nþ 1Þ!n!

�
eγΛ2

4π

�4−d
2 Γð2þ n − d

2
Þ

ð4πÞd2Γð2þ nÞ ¼
X∞
n¼0

ð−s2Þnn!ðnþ 1Þ!
ð2nþ 1Þ! I2þnðμÞ

≡X∞
n¼0

��
2nþ 1

n

��
−1
ð−s2ÞnI2þnðμÞ: ð50Þ

2. Temporal expansion ⃗s = 0⃗, s0 ≠ 0

Studying instead the case without spatial component of
the external momentum, we note that while Feynman
parametrization is required to identify the initial spatial
integration as a complex-valued generalization of the Euler
beta function, no additional change of integration variable
is required. However, an additional condition is required to
facilitate the extension toward the beta function, structur-
ally in alignment with what we encountered in the
computation of Sec. II B.
Let us study the conditions explicitly and start by noting

that Feynman parametrization is well defined for

J 11ðμ;0;s0Þ¼ P:V:
Z

∞

−∞

dp0

2π

×
Z
p

1

½ðp0þ iμÞ2þp2�½ðp0þ iμ− s0Þ2þp2� ;

ð51Þ

if

ðp0 þ iμÞ2 þ p2 ≠ 0; ð52Þ

ðp0 þ iμ − s0Þ2 þ p2 ≠ 0: ð53Þ

Given that for the beta function integration, we fix p∈Rþ,
the resulting conditions read p0 ∉ f0; s0g. Assuming these
conditions, we find a Feynman parametrization such that

J 11ðμ;0;s0Þ¼P:V:
Z

∞

−∞

dp0

2π

×
Z
p

Z
1

0

dx
1

½p2þðp0þ iμ−xs0Þ2þxð1−xÞs20�2
:

ð54Þ

12The absence of a need for the regulated integral, following from
analytic continuation via Euler beta functions, provides a compel-
ling example of the well-defined nature of this integration order.
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We exchange the order of the spatial and parametric
integration; then the spatial integral converges to the
complex generalization of the Euler beta function for each
x if p0 − xs0 ≠ 0.13 Thus, we find

J 11ðμ;0;s0Þ¼
�
eγΛ2

4π

�3−d
2 Γð2− d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

×
Z

1

0

dx½ðp0þ iμ−xs0Þ2þxð1−xÞs20�
d−4
2 ;

ð55Þ

where the principal value temporal integral excludes the
following values: p0 ∉ f0; s0; xs0g as per the conditions for
each individual value of x. Again given the presence of
dimensional regularization, we can one final time exchange
the order of integration.
Following a similar approach as with the purely

spatial external momenta, we note immediately that

jp0 þ iμ− xs0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp0 − xs0Þ2 þ μ2

p
≫ xð1− xÞs20, which

enables us to expand the temporal integrand such that

J 11ðμ; 0; s0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxP:V:

×
Z

∞

−∞

dp0

2π
½ðp0 þ iμ − xs0Þ2�d−42

×

�
1þ xð1 − xÞs20

ðp0 þ iμ − xs0Þ2
�d−4

2

: ð56Þ

In a manner similar to the computation in Sec. II B [see
Eq. (22)], we note that the previously excluded values
p0 ∈ f0; s0g can be reinserted to the principal value
integration without altering the result (owing to dimen-
sional regularization), leading to the sought-after expansion
to be

J 11ðμ; 0; s0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π
½ðp0 þ iμ − xs0Þ2�d−42

�
1þ xð1 − xÞs20

ðp0 þ iμ − xs0Þ2
�d−4

2

¼
X∞
n¼0

ð−s20Þn
�Z

1

0

dx½xð1 − xÞ�n
��

eγΛ2

4π

�4−d
2 Γð2þ n − d

2
Þ

ð4πÞd2Γð1þ nÞ

×
Z

∞

0

dp0

2π

�
½ðp0 þ iμÞ2�d−4−2n2 þ ½ðp0 − iμÞ2�d−4−2n2

�

≡X∞
n¼0

��
2nþ 1

n

��
−1
ð−s20ÞnI2þnðμÞ; ð57Þ

leading to a result with equivalent coefficients to those of
Eq. (50) and even more notably in alignment with the
sought-after s0 → 0 limit of Eq. (30).

C. Comparison and remedy

In the previous two subsections, we have explicitly shown
the details of each integration order and their corresponding
results. As suggested already in Secs. III A 1 and III B 1, the
s0 ¼ 0 scenarios lead to explicitly equal results, as a direct
consequence of the Heaviside step functions serving fully
the role of the Fermi-Dirac distribution functions in equip-
ping and conveying all scales present of the computation
[compare Eqs. (41) and (50)]. However, as seen in Eqs. (42)
and (57), not only is each order of expansion different

between the two results, but also the strict T ¼ 0 residue
result yields an undesired result for the leading expression.
This explicitly suggests that the residue result is unable to
convey the results from nonvanishing (infinitesimal) tem-
perature unlike the opposite order of integration does (as
conveyed by the complex-valued extension of the Euler beta
integral).
To remedy this specific case and enable the use of the

residue theorem [leading to the sought-after expansion of
Eq. (57)], we suggest that two properties are explicitly
required from the modified residue integrand (i) inclusion
of the Fermi-Dirac distribution following the statements of
[12,14] and (ii) manifestly second-order pole in the leading
order of expansion. To achieve this, we suggest a simulta-
neous Feynman parametrization and inclusion of Fermi-
Dirac distribution (without strict T ¼ 0) prior to performing
the temporal integration:

13Again the alternative method is to regulate the exponent of
the propagator structure instead [13].
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P:V:
Z

∞

−∞

dp0

2π

1

½ðp0 þ iμÞ2 þ p2�½ðp0 þ iμ − s0Þ2 þ p2�

↦ lim
T→0

P:V:
Z

∞

−∞

dp0

2π

Z
1

0

dx
ñFðp0 þ iμÞ

½p2 þ ð1 − xÞðp0 þ iμÞ2 þ xðp0 þ iμ − s0Þ2�2

↦
Z

1

0

dxlim
T→0

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμ − xs0Þ2 þ p2 þ xð1 − xÞs20�2
�

p0¼i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs2

0

p
−iμþxs0

¼
Z

1

0

dxlim
T→0

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ p2 þ xð1 − xÞs20�2
�

p0¼i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs2

0

p
−iμ

; ð58Þ

wherein we note that the low-temperature limits of the
Fermi-Dirac distribution and its derivatives are insensitive
to real-valued shifts of the temporal coordinate such that

lim
T→0

ñðkÞF ðp0 þ iμ� jajÞ ¼ lim
T→0

ñðkÞF ðp0 þ iμÞ
¼ θðkÞðImp0 − μÞ; ð59Þ

which justifies the last equality. As discussed earlier,
Feynman parametrization sets the conditions p0 ∉ f0; s0g
onto the temporal integration. Inclusion of these conditions—
both at nonvanishing and vanishing temperature—is irrel-
evant to the convergence of the temporal integral studied
within the semicircular contour covering the upper complex
half-plane, which instead implies the conditionffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ xð1 − xÞs20
q

− μ > 0: ð60Þ

Thus, we find the target integrand to be well behaved (under
dimensional regularization and the cutoff condition) and can
continuewith the computation, interchanging the order of the
spatial and parametric integrations. Then adopting the fol-
lowing abbreviation:

n-Res

�
1

ðP−xSÞ4
�

≡ iRes

�
ñFðp0þ iμÞ

½ðp0þ iμÞ2þp2þxð1−xÞS2�2
�

p0¼i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞS2

p
−iμ

;

ð61Þ
the full formula is obtained through the mapping

Z
p
i
X1
n¼0

Res

�
1

½ðp0þ iμÞ2þp2�½ðp0þ iμ−s0Þ2þp2�
�
p0¼ip−iμþns0

↦
Z

1

0

dx
Z
p
lim
T→0

n-Res

�
1

ðP−xSÞ4
�
s¼0

: ð62Þ

Let us explicitly observe the most crucial aspects of this
integral construct.

(i) The first exchanges of integration order take place
between the temporal principal value integration at

nonvanishing temperature and the parametric inte-
gral, rather than between the naive residue integration
and the parametric integration. After the temporal
integration of Eq. (62) has been carried out, the
relevant small parameter expansion—with respect to
s0
μ—can be studied in any order of integration.

(ii) Once the second-order pole and the distribution
function are present, the temporal integral can be
interpreted faithfully through the semicircular con-
tour and the corresponding residue theorem result.

(iii) The differences from the strict T ¼ 0 residue theo-
rem result are in alignment with the nonvanishing
temperature derivation of I2ðμÞ in [12]. However,
here the systematic order-by-order corrections mani-

fest in each term of the
s2
0

μ2
power series (as is

demonstrated below).

1. Explicit expansions

Having introduced a suggested solution to the problem-
atic limit, let us next (i) establish that it produces the correct
expansion (for the case of s ¼ 0) and (ii) confirm that the
same strategy can be utilized to produce the sought-after
results also in the case of purely spatial external momenta
with s0 ¼ 0.
To study (i), following the convention of [13] we denote

ñ0Fðp0Þ ¼
d

dp0

nF½iβðp0 − iμÞ� ¼ iβn0F½iβðp0 − iμÞ� ð63Þ

and then identify innermost residue structure of Eq. (62) as

n-Res

�
1

ðP−xSÞ4
�
s¼0

¼−
βn0Fð−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs20

p
þβμÞ

4½p2þxð1−xÞs20�

þnFð−β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs20

p
þβμÞ

4½p2þxð1−xÞs20�
3
2

¼ 1

2p
d
dp

�
−
nFð−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs20

p þβμÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs20

p �
: ð64Þ
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Before performing any further steps, we Taylor expand this expression in terms of the small parameter xð1 − xÞs20 (≪ p)
and find

n-Res

�
1

ðP − xSÞ4
�
s¼0

¼
�
−

1

2p
d
dp

��X∞
n¼0

1

n!

��
d

d½xð1 − xÞs20�
�

n nFð−β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
þ βμÞ

2½p2 þ xð1 − xÞs20�
1
2

�
s0¼0

½xð1 − xÞs20�n
�

¼
�
−

1

2p
d
dp

��X∞
n¼0

1

n!

��
−

1

2p
d
dp

�
n nFð−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
þ βμÞ

2½p2 þ xð1 − xÞs20�
1
2

�
s0¼0

½−xð1 − xÞs20�n
�

¼
X∞
n¼0

1

n!

�
−

1

2p
d
dp

�
nþ1 nF½−βðp − μÞ�

2p
½−xð1 − xÞs20�n; ð65Þ

where we noted that the xð1 − xÞs20 and p2 appear in an equal footing, so the derivative can be shifted to act on the p2 term
and consequently the condition s0 ¼ 0 can be set trivially. Studying the vanishing-temperature limit in conjunction with the
two remaining integrations, we can straightforwardly write this expansion in terms of the master integrals IαðμÞ of
Eq. (A8), by utilizing partial integration in alignment with Eq. (B10). This yields

Z
1

0

dx
Z
p
lim
T→0

n-Res

�
1

ðP − xSÞ4
�
s¼0

¼
Z

1

0

dx
Z
p

�X∞
n¼0

1

n!

�
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p
½−xð1 − xÞs20�n

�

¼
X∞
n¼0

I2þnðμÞð−s20Þn
��

2nþ 1

n

��
−1
; ð66Þ

with each term in the expansion in alignment with the reverse order of integration, seen in Eq. (57). We note that the same
result can be straightforwardly found by isolating the hypergeometric representation (see footnote 25) corresponding to the
low-temperature limit of the last line of Eq. (64):

Z
1

0

dx
Z
p

�
−

1

2p
d
dp

��
θð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
− μÞ

2½p2 þ xð1 − xÞs20�
1
2

�

¼
�
eγΛ2

4π

�3−d
2 ðd − 2Þ
2ð4πÞd2Γðd

2
Þ

Z
1

0

dx
Z

∞

0

dyy
d
2
−2
�
θðy − μ2 þ xð1 − xÞs20Þ
2½yþ xð1 − xÞs20�

1
2

�

¼ −
�
eγΛ2

4π

�3−d
2 ðd − 2Þ
2ð4πÞd2Γðd

2
Þ

Z
1

0

dx
ðμ2 − xð1 − xÞs20Þ

d−3
2

d − 3 2F1

�
1

2
;
3 − d
2

;
5 − d
2

;−
xð1 − xÞs20

μ2 − xð1 − xÞs20

�
ð67Þ

and through a Pfaff transformation [34] and expansion in the hierarchy xð1−xÞs2
0

μ2
≪ 1, we find

Z
1

0

dx
Z
p
lim
T→0

n-Res
�

1

ðP − xSÞ4
�
s¼0

¼ I2ðμÞ
Z

1

0

dx2F1

�
4 − d
2

;
3 − d
2

;
5 − d
2

;
xð1 − xÞs20

μ2

�

¼
X∞
n¼0

I2þnðμÞð−s20Þn
��

2nþ 1

n

��
−1
: ð68Þ

To study similarly the purely spatial external momenta, fs ≠ 0; s0 ¼ 0g, we note that the conditions of the Feynman
parametrization at the start of Sec. III B 1 are identical in this instance. The exchange of integration order between the
temporal and parametric integral is a well-defined operation under the semicircular contour ofZ

1

0

dxlim
T→0

Z
∞

−∞

dp0

2π

ñFðp0 þ iμÞ
½ðp0 þ iμÞ2 þ jp⃗ − xs⃗j2 þ xð1 − xÞs2�2 ; ð69Þ

which sets the condition (conveyed in parallel by the Fermi-Dirac distribution function)

jp⃗ − xs⃗j2 þ xð1 − xÞs2 − μ2 > 0: ð70Þ
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To simplify the following steps, let us first exchange the
integration order between the parametric (x) integration and
the spatial integration. Then we can utilize the integration
range of the spatial integration and perform a change of
variables such that p⃗ − xs⃗ ↦ p⃗. Thus, we can write the
result of the relevant temporal residue as

n-Res

�
1

ðP − xSÞ4
�
s0¼0

¼ −
βn0Fð−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs2

p
þ βμÞ

4½p2 þ xð1 − xÞs2�

þ nFð−β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs2

p
þ βμÞ

4½p2 þ xð1 − xÞs2�32

¼ 1

2p
d
dp

�
−
nFð−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs2

p
þ βμÞ

2½p2 þ xð1 − xÞs2�12
�
: ð71Þ

By observing that this result is structurally identical to the
temporal external momentum scenario apart from the
exchange s20 ↦ s2, we can immediately write the full
solution following steps similar to those given above:

Z
1

0

dx
Z
p
lim
T→0

n-Res

�
1

ðP − xSÞ4
�
s0¼0

¼
X∞
n¼0

��
2nþ 1

n

��
−1
ð−s2ÞnI2þnðμÞ; ð72Þ

yielding again a result in alignment with both Eqs. (41)
and (50).

2. Differences in residue expansions

Before moving to consider more general structures of
external momenta fSνgν, let us lastly study more explicitly
the impact of Feynman parametrization and the Fermi-
Dirac distribution on the power series solutions. In each
scenario, we isolate first the strict T ¼ 0 residue theorem
contributions, then consider the strict T ¼ 0 residue theo-
rem of the Feynman parametrized variant and lastly add
also the Fermi-Dirac contribution to fully include non-
vanishing temperature to the leading-order results.
Let us consider the s ¼ 0 scenario first. Neglecting both

Feynman parametrization and the distribution function, we
find via the residue theorem interpretation of the temporal
integral (once again using the semicircular contour on top
half of the complex plane)

i
X1
n¼0

Res

�
1

½ðp0þ iμÞ2þp2�½ðp0þ iμ− s0Þ2þp2�
�

p0¼−iμþipþns0

¼ θðp−μÞ
2p

1

−2ips0þ s20
þθðp−μÞ

2p
1

2ips0þ s20
¼ θðp−μÞ
pð4p2þ s20Þ

: ð73Þ

On the other hand, introducing the Feynman parametrization to the first line of Eq. (73), we findZ
1

0

dx iRes

�
1

½ðp0 þ iμÞ2 þ p2 þ xð1 − xÞs20�2
�

p0¼−iμþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs2

0

p ¼
Z

1

0

dx
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
− μ�

4½p2 þ xð1 − xÞs20�
3
2

; ð74Þ

wherein we can isolate the contributions of the above residue prescription straightforwardly by adding and subtracting the
corresponding Heaviside step function:Z

1

0

dx
θðp − μÞ

4½p2 þ xð1 − xÞs20�
3
2

þ
Z

1

0

dx
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
− μ� − θðp − μÞ

4½p2 þ xð1 − xÞs20�
3
2

¼ θðp − μÞ
pð4p2 þ s20Þ

þ
Z

1

0

dx
θ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ xð1 − xÞs20
p

− μ� − θðp − μÞ
4½p2 þ xð1 − xÞs20�

3
2

: ð75Þ

This result implies that Feynman parametrization (in isolation) introduces corrections from nonvanishing temperature, but
as seen from Eq. (64), the Fermi-Dirac distribution function is required for the missing subset proportional to Dirac delta
function at the limit of vanishing temperature:

Z
1

0

dx

(
n-Res

�
1

ðP − xSÞ4
�
s¼0

− iRes

�
1

½ðp0 þ iμÞ2 þ p2 þ xð1 − xÞs20�2
�

p0¼−iμþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þxð1−xÞs2

0

p
)

⟶
T→0

−
Z

1

0

dx
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
− μ�

4½p2 þ xð1 − xÞs20�
: ð76Þ
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Let us lastly comment, on the difference between naive
residue expression [of Eq. (73)] and the full infinitesimal-
temperature structure:

Z
1

0

dx lim
T→0þ

n-Res

�
1

ðP − xSÞ4
�
s¼0

−
θðp − μÞ

pð4p2 þ s20Þ

¼
Z

1

0

dx

�
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞs20

p
− μ� − θðp − μÞ

4½p2 þ xð1 − xÞs20�
3
2

−
δ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ xð1 − xÞs20
p

− μ�
4½p2 þ xð1 − xÞs20�

�
: ð77Þ

Each term herein—as seen through the s2
0

μ2
power series—is

directly proportional to δðp − μÞ or its derivatives (com-
puted utilizing partial integration). This is an indication of

how the strict residue expressions neglect all contributions
from the temperature regulation, as discussed first in [12].
While the second scenario (s ≠ s0 ¼ 0) can be found to be

formally in agreement with the leading temperature limit, the
strict residue computation was performed in Sec. III A 1 by
moving the external momentum fully from Heaviside step
functions to the propagator, leading to the need to introduce
additional regularization to evaluate the corresponding spatial
integrals. Such differences (lack and presence of Dirac delta
functions)makes comparing the two types of expansions (and
identifying equality through the integrand thereof) exceed-
ingly unpleasant. For this reason, we choose to instead work
with an implicit structure of q≡ jp⃗ − s⃗j generating a new
spatial expansion parameter q − p ¼ OðsÞ. Utilizing this
convention, we follow the steps shown directly above.
Studying the strict T ¼ 0 residue structure yields us a

simple subset of Eq. (31):

i
X1
n¼0

Res

�
1

½ðp0 þ iμÞ2 þ p2�½ðp0 þ iμÞ2 þ q2�
�

p0¼−iμþinpþið1−nÞq

¼ 1

q2 − p2

�
θðp − μÞ

2p
−
θðq − μÞ

2q

�
¼ θðp − μÞ

2pqðqþ pÞ −
θðq − μÞ − θðp − μÞ
2qðq − pÞðpþ qÞ ; ð78Þ

where we isolated a structure combining the sum of the individual residues by subtracting and adding the Heaviside step
function with explicit dependence on the loop momentum p. This is further motivated by noting that ∀p; q ≠ 0Z

1

0

dx
1

4½xp2 þ ð1 − xÞq2�32 ¼
1

2pqðpþ qÞ : ð79Þ

Utilizing this also for the Feynman parametrized T ¼ 0 residue computation, we find

Z
1

0

dx
Z

∞

−∞

dp0

2π

1

½ðp0þ iμÞ2þxp2þð1−xÞq2�2 ¼
Z

1

0

dx
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xp2þð1−xÞq2

p
−μ�

4½xp2þð1−xÞq2�32

¼ θðp−μÞ
2pqðqþpÞþ

Z
1

0

dx
θð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þð1−xÞðq2−p2Þ

p
−μÞ−θðp−μÞ

4½p2þð1−xÞðq2−p2Þ�32 ; ð80Þ

where we not only isolated the piece combining the two poles, but also rewrote the parametrized expressions to
contain structures proportional to the small expansion parameter q − p, specifically ð1 − xÞðq2 − p2Þ ¼
ð1 − xÞðpþ qÞðq − pÞ ¼ OðpsÞ. While q2 − p2 is significantly larger (and of different energy dimension) than
q − p ¼ OðsÞ, we recognize that it manifests alongside p2 in each functional structure. This facilitates the small

parameter expansion given by jq2−p2j
p2 ¼ OðspÞ, with p ≫ s. By directly computing the Feynman parametrized residue

equipped with the Fermi-Dirac distribution function, we find utilizing the above notation

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ xp2 þ ð1 − xÞq2�2
�
p0¼−iμþi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xp2þð1−xÞq2

p

¼ −
βn0F½−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
þ βμ�

4½p2 þ ð1 − xÞðq2 − p2Þ� þ nF½−β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
þ βμ�

4½p2 þ ð1 − xÞðq2 − p2Þ�32

⟶
T→0

−
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ� þ θ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�32 : ð81Þ
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We observe that when subtracting the terms not propor-
tional to δðp − μÞ from both the naive expression of (78)
and (81), the remainders match in each order ofOðp − qÞn:
Z

1

0

dx

�
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ� − θðp − μÞ

4½p2 þ ð1 − xÞðq2 − p2Þ�32

−
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�
�

¼ −
θ½p − μþ ðq − pÞ� − θðp − μÞ

2½pþ ðq − pÞ�ðq − pÞ½2pþ ðq − pÞ� : ð82Þ

This result comes with a rather amusing implication: inclu-
sion of Feynman parametrization (alone) to the strict T ¼ 0
residue theorem solution breaks the one-to-one correspon-
dence of the expansion to the one arising from the non-
vanishing temperature expansion. This emphasizes the
exceedingly interesting and nontrivial correspondence with
the Heaviside theta functions from the strict residue theorem
compensating in all orders of expansion for both theFeynman
parametrization and the low-temperature limit of Fermi-Dirac
distribution even on the level of integrands rather than just the
leading part observed in [12]. For a more complete study on
the power series structures above and equivalence thereof, we
refer an interested reader to Appendix E.

IV. FERMIONIC POLE STRUCTURES FROM
GENERAL EXTERNAL MOMENTUM

In this section, we perform three computations in
parallel14 involving arbitrary real-valued (apart from being
bound by chemical potential s; js0j ≪ μ) components of
external momenta following the concepts of the previous
section. Specifically, we compare the strict T ¼ 0 residue
result against one that is derived utilizing contributions
from nonvanishing temperature via both Feynman para-
metrization and the Fermi-Dirac distribution function. In a
manner similar to the extrema presented in Sec. III, we
extract expansions corresponding to each computation
method, and specific to the strict residue result at T ¼ 0,
we additionally need to study hierarchies between js0j and s
to find the corresponding closed-form result. This is in stark
contrast with how any order of loop integration involving
Feynman parametrized propagator structure at infinitesimal
temperature yields a consistent result, structurally indepen-
dent of any mutual hierarchy between components of the
external momentum.15 The distinct results between the

hierarchical naive residue strategy and the full leading-
order structure from infinitesimal temperature are qualita-
tively compared, and as a key observation following the
structure of Sec. III C 2, the two expansions contain only
partial overlap with terms involving both s0 and radial delta
functions δðp − μÞ (or its derivatives).16

A. Feynman parametrization at
infinitesimal temperature

Let ðp0þ iμÞ2þp2 ≠ 0 and ðp0þ iμ−s0Þ2þjp⃗− s⃗j2≠0.
Then we obtain

1

½ðp0 þ iμÞ2 þ p2�½ðp0 þ iμ − s0Þ2 þ jp⃗ − s⃗j2�
¼

Z
1

0

dx
½jp⃗ − xs⃗j2 þ ðp0 þ iμ − xs0Þ2 þ xð1 − xÞS2�2 ;

ð83Þ

where we again utilize the shorthand S2 ¼ s20 þ s2.
Considering first the integration order beginning with the
dimensionally regularized spatial integration, we need not
include the Fermi-Dirac distribution function to extract the
leading part of the expression at nonvanishing (infinitesimal)
temperature. In this order of integration, the conditions
from the Feynman parametrization and the spatial integra-
tion—p0 ≠ xs0 to each x individually17—are moved to the
temporal principal value integration directly. With the trivial
change of spatial integrationvariable, p⃗ − xs⃗ ↦ p⃗, we find a
result reminiscent of Eq. (55), which reads

J 11ðμ; s⃗;s0Þ¼
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π

×
Z
p

1

½jp⃗−xs⃗j2þðp0þ iμ−xs0Þ2þxð1−xÞS2�2

¼
�
eγΛ2

4π

�3−d
2 Γð2−d

2
Þ

ð4πÞd2
Z

1

0

dx

×P:V:
Z

∞

−∞

dp0

2π
½ðp0þ iμ−xs0Þ2þxð1−xÞS2�d−42 :

ð84Þ

We can observe that as a consequence of our assumptions
jp0 − xs0 þ iμj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp0 − xs0Þ2 þ μ2

p
> μ ≫ xð1 − xÞjSj,

which enables us to expand the power function straightfor-
wardly before performing either of the integrations. Similar
to the steps shown following Eq. (55), this leads—with only14The computation involving integration order starting with

spatial integration is essentially identical with the similarly
ordered computation utilizing the Fermi-Dirac distribution func-
tion and Feynman parametrization, so we need not bother writing
it separately.

15The hierarchy-free regularity of the reparametrized expres-
sion largely owes to the translation properties of the temporal
integration, leading all shifts to loop momenta being absorbed
[cf. Eq. (26)].

16This implies that thermal contributions (from distribution
functions) involving s0 are neglected in the strict residue
prescription. The details of this are more carefully discussed
in Sec. IV C.

17This is similar to how in Sec. III B 2 the convergence of
radial integrals onto the Euler beta function adjacent results could
be facilitated using constrained exponent parameters.
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xð1 − xÞs20 replaced by xð1 − xÞS2 in the expansion parameter—to the result

J 11ðμ; s⃗; s0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π
½ðp0 þ iμ − xs0Þ2�d−42

�
1þ xð1 − xÞS2

ðp0 þ iμ − xs0Þ2
�d−4

2

¼
X∞
n¼0

��
2nþ 1

n

��
−1
ð−S2ÞnI2þnðμÞ; ð85Þ

which we note to be symmetric with respect to s0 and s.
As a direct follow-up, we continue by confirming that the strict residue theorem applied to the Feynman parametrized

expression at nonvanishing temperature leads to identical result. Simplifying the parametric dependence of the loop
integrand akin to Eq. (58), we find ourselves with

Z
1

0

dx
Z
p
lim
T→0

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ jp⃗ − xs⃗j2 þ xð1 − xÞS2�
�
p0¼−iμþi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp⃗−xs⃗j2þxð1−xÞS2

p

¼
Z

1

0

dx
Z
p
lim
T→0

n-Res

�
1

ðP − xSÞ4
�
; ð86Þ

where we changed the loop integration variable as pre-
viously between the two lines. The residue operation sets
an explicit condition onto the radial integral of the form

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ xð1 − xÞS2

q
− μ > 0; ð87Þ

which is also enforced by the low-temperature limit of the
Fermi-Dirac distribution function (acting as a Heaviside
step function). The expression of Eq. (86) can be observed
to be structurally identical with that of Eq. (69) or in
alignment with Eq. (64), with the sole difference arising
from trivial substitutions in expansion parameters. Thus,
either following the steps below Eq. (64) for expansion or
seeking hypergeometric representation via steps onward
from Eq. (67), we find

Z
1

0

dx
Z
p
lim
T→0

n-Res

�
1

ðP − xSÞ4
�

¼
X∞
n¼0

��
2nþ 1

n

��
−1
ð−S2ÞnI2þnðμÞ; ð88Þ

in agreement—as expected—with Eq. (85).

B. Strict residue theorem at
vanishing temperature

To study the strict residue expressions, we start with
Eq. (32) and fix μ > 0 and Im s0 ¼ 0. Then the sought-after
integral reads

Z
p

θðp − μÞ
2p

�
1

2pðis0 þ szÞ þ S2
−

1

2pðis0 þ szÞ − S2

�

¼
Z
p

θðp − μÞ
4p2ðis0 þ szÞ

X∞
n¼0

�
S2

2pðis0 þ szÞ
�
n

½ð−1Þn − 1�

¼ −
Z
p

θðp − μÞ
p

X∞
n¼0

ðs20 þ s2Þ2nþ1

½4p2ð−s20 þ 2is0szþ s2z2Þ�nþ1

≡X∞
n¼0

Jnðμ; s; s0Þ; ð89Þ

where we utilize the hierarchy p ≫ jSj to consider
S2

pðis0þszÞ ¼ OðjSjp Þ as a proper expansion parameter. We

can easily observe that the clearly distinct coefficients
for s0 and s break the symmetry present in Eq. (88). Below
we will illustrate the details of how this takes place.
Permitting here the additional angular regulator b of

Sec. III A 1, we can extract either of the two asymptotes
studied in Secs. III A 1 and III A 2 by explicitly setting
either of the two parameters s or s0 to vanish. As such, for a
consistent result, we expect to be—and indeed are—able to
observe these result from the corresponding limits also after
the results with general external momentum have been
constructed.
Also given that the results characterized by subsequent

powers of μ become increasingly convoluted, let us
compute here explicitly the two leading orders, facilitating
explicit comparison against the results of previous sub-
section. Then let us start with the n ¼ 0 indexed term of
Eq. (89), given by

J0ðμ; s; s0Þ ¼ −
Z
p

θðp − μÞ
4p3

s20 þ s2

−s20 þ 2is0szþ s2z2
: ð90Þ
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To study properly study each part of expansions, we continue to utilize Eq. (39), which most notably enables us to study
(by construction) negative powers of z. We also remind the reader that all odd values of z powers are systematically
identified to vanish due to the symmetry of the angular integration, which here works to remove all imaginary components
of the expansions listed below. Some of the integrals diverge near z ¼ 0 and therefore the b regulator introduced in Eq. (37)
is used.
Let us begin with the mathematically improper expansion (given the possible values of the angular coordinate)

characterized by the hierarchy jszj > js0j and write the nonvanishing part of the expansion using indexation:

J0ðμ; s; s0Þ ¼ −
Z

R

p

θðp − μÞ
4p3z2

�
1þ s20

s2

��
1 −

s20
s2z2

þ 2is0
sz

�−1

¼ −
Z

R

p

θðp − μÞ
4p3z2

X∞
k¼0

�
−

s20
s2z2

�
k

ð2kþ 1Þ
�
1þ s20

s2

�
: ð91Þ

Let us also note that, despite there being temptation to close the Taylor series to find an expression such that

X∞
k¼0

�
−

s20
s2z2

�
k

ð2kþ 1Þ
�
1þ s20

s2

�
¼ ðs2z2 − s20Þðs2z2Þ

ðs20 þ s2z2Þ2
�
1þ s20

s2

�
; ð92Þ

we find that simplifications after performing the angular z integration give further insight to the structure of the terms.
Accordingly, we utilize Eq. (39) and the properties of Euler gamma function, leading straightforwardly to the solution

J0ðμ; s; s0Þ ¼ −
Z

R

p

θðp − μÞ
4p3z2

þ
�
eγΛ2

4π

�3−d
2 μd−3

4πð4πÞd−12
X∞
k¼1

�
−
s20
s2

�
k Γð1

2
− kÞ

Γðd
2
− kÞ

¼ I2ðμÞ þ ðd − 3Þ
Z

R

p

θðp − μÞ
4p3

��
1þ s20

s2z2

�−1
− 1

�

¼ I2ðμÞ − ðd − 3Þ
Z

R

p

θðp − μÞs20
4p3ðs20 þ s2z2Þ ; ð93Þ

where the expression on the last line has been recast to most easily correspond to the assumed hierarchy [and hence
extract the leading solution I2ðμÞ]. We again emphasize that the full expansion seen in the above steps is only
admissible with the utilized angular regularization, but the opposite expansion assuming js0j ≫ s is accessible without
it. The solution on the last line(s) can also be seen to generate equivalent js0j ≫ s expansion as one finds by directly
utilizing Eq. (89):

J0ðμ; s; s0Þ ¼
Z
p

θðp − μÞ
4p3

X∞
n¼0

�
1þ s2

s20

��
1 −

2isz
s0

−
s2z2

s20

�−1

¼
Z
p

θðp − μÞ
4p3

X∞
k¼0

�
−s2z2

s20

�
k

ð2kþ 1Þ
�
1þ s2

s20

�

¼ Res½I2ðμÞ� þ
�
eγΛ2

4π

�3−d
2 μd−3

4πð4πÞd−12
X∞
k¼1

�
−
s2

s20

�
k Γð1

2
þ kÞ

Γðd
2
þ kÞ

¼ Res½I2�ðμÞ þ ðd − 3Þ
Z
p

θðp − μÞs2z2
4p3ðs20 þ s2z2Þ : ð94Þ

It is trivial to discern that the workload of simplifying the coefficients of the descending powers of μ to closed-form
expressions is essentially a binomially growing process. For this purpose, we settle to illustrating the next-to-leading-
order computation of Eq. (89) in either hierarchy. Following the same kind of steps as above, the hierarchy jszj ≫ js0j
yields us
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J1ðμ;s;s0Þ¼−
Z

R

p

θðp−μÞs2
16p5z4

�
1þ s20

s2

�
3
�
1−

s20
s2z2

þ2is0
sz

�−2

¼−
Z

R

p

θðp−μÞ
16p5z4

X∞
n¼0

�
2nþ3

3

��
−

s20
s2z2

�
n
��

s2þ s60
s4

�
þ3

�
s20þ

s40
s2

��

¼−
S2

3
I3ðμÞ−

Z
R

p

θðp−μÞ
16p5

�
2ðd−5Þs20

z4
þðd−3Þðd−5Þs20

3

X∞
k¼0

�
−

s20
s2z2

�
kþ1

�
k−

3þk
z2

��

¼−
S2

3
I3ðμÞ−

2ðd−5Þs20
3

I3ðμÞ−
ðd−3Þðd−5Þs20

3

Z
R

p

θðp−μÞ
16p5

�
s40

ðs20þ s2z2Þ2
�
1−

1

z2

�
þ 3s20
ðs20þ s2z2Þz2

�
; ð95Þ

where the expression on the third row is found by simplifying the Euler functions arising from the angular z integrals
alongside with the indexed coefficients [cf. the first and second rows of Eq. (93)]. The opposite hierarchy of js0j ≫ s,
can be studied in identical manner and then be utilized to generate an equivalent closed-form result from the distinct
expansion of

J1ðμ;s;s0Þ¼−
Z
p

θðp−μÞs20
16p5

�
1þ s2

s20

�
3
�
1−

s2z2

s20
−
2isz
s0

�−2

¼−
Z
p

θðp−μÞ
16p5

X∞
n¼0

�
2nþ3

3

��
−
s2z2

s20

�
n
��

s20þ
s6

s40

�
þ3

�
s2þ s4

s20

��

¼−
S2

3
Res½I3�ðμÞ−

Z
p

θðp−μÞ
16p5

�
2ðd−5Þs2z2þðd−3Þðd−5Þs2

3

X∞
k¼0

�
−
s2z2

s20

�
kþ1

½k− ð3þkÞz2�
�

¼−
S2

3
Res½I3�ðμÞ−

Z
p

θðp−μÞ
16p5

�
2ðd−5Þs2z2þðd−3Þðd−5Þs2

3

�
s4z4

ðs20þ s2z2Þ2 ð1− z2Þþ 3s2z4

s20þ s2z2

��
: ð96Þ

However, the most significant structural information
can be noted by studying the leading-order solution seen
in either Eq. (93) or (94). While we do indeed see the
consistency of the residue results tending toward I2ðμÞ,
when s0 → 0 and Res½I2�ðμÞ, when s → 0, we again see
that this consistency goes against the behavior demanded
in Eq. (30). Furthermore, the external parts proportional
to d − 3 in either expansion introduce even more
problems in this regard. Specifically, for Eq. (30) to
hold, we should as well be able to fix for example
s0 ¼ 2s, which would explicitly lead to the residue
result of

J0ðμ; s; 2sÞ ¼ I2ðμÞ − ðd − 3Þ
Z
p

θðp − μÞ
p3ð4þ z2Þ : ð97Þ

This implies an explicit nonvanishing hypergeometric
excess term [of the same order in Oðμd−3Þ] in addition
to the sought-after low-temperature limit. Let us also
emphasize that the differences from the infinitesimal-
temperature expressions are consistently characterized
by overall d − 3 [see Eq. (93)] or ðd − 3Þðd − 5Þ [see
Eq. (95)] coefficients. This essentially ties the

corresponding integrands to being proportional to the
(derivatives of) Dirac delta functions δðp − μÞ. This
signifies that the parts of the expansions not proportional
to the delta functions are systematically identical in the
integrand level between the two approaches. Instead, the
parts associated with the delta function signify at least
partially distinct contributions, which explicitly match
for the s0 ¼ 0 case. For s0 ≠ 0, the tower of differences
between integration orders can be seen as s0 working as
a regulator in place of infinitesimal temperature or
dimension d.

C. Comparison

Let us finally study the two computation strategies in a
manner similar to the discussion in Sec. III C 2. Given
that we identified all the relevant integrand level
differences of the expansions, Eqs. (88) and (89), to take
place in such parts that are characterized by spatial delta
functions, we work utilizing the shorthand q≡ jp⃗ − s⃗j
and q − p as the small spatial expansion parameters. Then
the spatial integrand from the prior temporal residue
integration reads

MOMENTUM EXPANSIONS IN FINITE-DENSITY … PHYS. REV. D 112, 096016 (2025)

096016-19



X1
n¼0

iRes

�
1

½ðp0 þ iμÞ2 þ p2�½ðp0 þ iμ − s0Þ2 þ q2�
�
p0¼−iμþinpþð1−nÞðs0þiqÞ

¼ θðp − μÞ
2p

1

ðip − s0Þ2 þ q2
þ θðq − μÞ

2q
1

ðiqþ s0Þ2 þ p2

¼ θðp − μÞ
�
1

2p
1

ðip − s0Þ2 þ q2
þ 1

2q
1

ðiqþ s0Þ2 þ p2

�
þ θðq − μÞ − θðp − μÞ

2q
1

ðiqþ s0Þ2 þ p2

¼ ðpþ qÞθðp − μÞ
2pq½ðpþ qÞ2 þ s20�

þ θðq − μÞ − θðp − μÞ
2q

1

ðiqþ s0Þ2 þ p2
; ð98Þ

where we again note that by extension of Eq. (79),

Z
1

0

dx

4½xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�
3
2

¼ ðpþ qÞ
2pq½ðpþ qÞ2 þ s20�

; ð99Þ

we can observe parts proportional to θðp − μÞ to be (fully) in common parts between the two expansions. The remaining

(partially distinct) terms are notably proportional to differentiated Dirac delta functions δðkÞðp − μÞ, and utilizing the

expansion parameters fq − p; s0g we can write them such that

θðq − μÞ − θðp − μÞ
2q

1

ðiqþ s0Þ2 þ p2
¼ θ½p − μþ ðq − pÞ� − θðp − μÞ

2½pþ ðq − pÞ�
1

½iðq − pÞ þ s0�½2ipþ iðq − pÞ þ s0�
: ð100Þ

When expanding this structure, we encounter two specific properties: terms that are purely imaginary and terms that

manifest via a chosen hierarchy between expansion parameters, either js0j > jp − qj or js0j < jp − qj.
Neither of these properties occurs in the full infinitesimal-temperature Feynman-parametrized integration scheme. To

illustrate, we explicitly find the corresponding spatial integrand via

1

½ðp0 þ iμÞ2 þ p2�½ðp0 þ iμ − s0Þ2 þ q2� ↦
Z

1

0

dx
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�2
ð101Þ

and calculate the corresponding p0 integral with the residue theorem

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�2
�
p0¼−iμþi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xp2þð1−xÞq2þxð1−xÞs2

0

p

¼ −
βn0F½−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xp2 þ ð1 − xÞq2 þ xð1 − xÞs20

p
þ βμ�

4½xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�
þ nF½−β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xp2 þ ð1 − xÞq2 þ xð1 − xÞs20

p
þ βμ�

4½xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�
3
2

⟶
T→0

θðp − μÞ
4½xp2 þ ð1 − xÞq2 þ xð1 − xÞs20�

3
2

−
δ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20
p

− μ�
4½p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20�

þ θ½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20

p
− μ� − θðp − μÞ

4½p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20�
3
2

; ð102Þ

where in the last step we have not only taken the explicit vanishing-temperature limit, but also isolated the parts explicitly
proportional to θðp − μÞ that fully overlap between Eqs. (98) and (102). Furthermore, we again emphasize that the two
expansion parameters can be expanded individually, leading only to real-valued terms, albeit the expansion is enacted using
more convoluted expressions. Specifically, the expansion parameters are equipped with additional prefactors such that
xð1 − xÞs20 and ð1 − xÞðq2 − p2Þ ¼ ð1 − xÞ½2pþ ðq − pÞ�ðq − pÞ. While we will mostly avoid explicit discussions of the
expansions, let us note that in alignment with previous sections and Appendix E, we can straightforwardly write the
expanded (and parametrically integrated) spatial integrand implicitly—utilizing Eq. (65)—as
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Z
1

0

dx

(
−
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20�
þ θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20�
3
2

)

¼
Z

1

0

dx
X∞
n¼0

ð−1Þn
n!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�
½ð1 − xÞðq2 − p2Þ þ xð1 − xÞs20�n

¼
X∞
n¼0

Xn
k¼0

ð−1Þnn!
ð2n − kþ 1Þ!k!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�
ðq2 − p2Þkðs20Þn−k; ð103Þ

for which the differentiated distribution term has been
explicitly written in Eq. (E10).
Given our earlier observations concerning the differences

of the two expansion schemes, to isolate terms in common
between Eq. (100) and the bottom row of Eq. (102), we
begin by isolating the minimal set of imaginary and scale
hierarchy-dependent parts of Eq. (100). To illustrate this,
we can write

−
θðq − μÞ − θðp − μÞ

2q
1

½ðq − pÞ − is0�½pþ q − is0�

¼ −
θðq − μÞ − θðp − μÞ

q − p
1

ðpþ qÞ2 þ s20

þ θðq − μÞ − θðp − μÞ
2q

1

ðpþ qÞ2 þ s20

−
is0½θðq − μÞ − θðp − μÞ�

ðq − pÞ½ðq − pÞ − is0�½ðpþ qÞ2 þ s20�
; ð104Þ

where the bottom row contains exclusively terms that
are either generated by scale hierarchy from the structure
½ðq − pÞ − is0�−1 or are imaginary. Thus, we find all
interesting parts on the second to last row, and to alleviate
the effort in comparison, we should reinsert parts propor-
tional to θðp − μÞ and express terms utilizing any propor-
tionality to Feynman parametrization formula in Eq. (99):

pþq
2pq½ðpþqÞ2þ s20�

�
θðp−μÞ−2pq½θðq−μÞ−θðp−μÞ�

ðpþqÞðq−pÞ

þp½θðq−μÞ−θðp−μÞ�
pþq

�
: ð105Þ

All individual terms in the expansion(s) can be expressed as

θðnÞðp − μÞðs20Þlðq − pÞj
pk ð106Þ

for n∈Zþ. Then Eq. (105) constrains parameters j; l∈N0

such that j ≥ n − 1 and k ≥ 2lþ j − nþ 3. Equation (102)
[or Eq. (103)] sets the constraints more loosely, instead

demanding 0 ≤ j and 2þ l ≤ k—or alternatively introduc-
ing additional parametric region characterized by 0 ≤ j <
n − 1 and 2þ l ≤ k < 2lþ j − nþ 3.
Interestingly, all terms generated by Eq. (105) are

contained in the same small parameter expansion of
Eq. (102), in other words it can be seen as a subset
characterized by the constrains given above. We also refer
the reader to Appendix E, for an illustration of simpler
subset problem as an indication of how the terms match one
another.

D. Summary

First, the strict residue prescription at T ¼ 0 fails to take
into consideration all contributions from nonvanishing
temperature. This breakdown manifests most clearly in
the subset case of s0 ≠ s ¼ 0, where all terms of the
expansion with (spatial) integrands corresponding to the
Dirac delta function (and its derivatives) δðp − μÞ are
exclusive to the Feynman parametrized expression at
nonvanishing temperature. The terms without s0 compo-
nents align perfectly with either computation method, but
only as a consequence of the Heaviside step function acting
identically (in terms of contained scales) to the correct low-
temperature limit of the Fermi-Dirac distribution function.
For the case with all nonvanishing external momentum

scales fs0; sg, the two hierarchies obey either js0j > s or
js0j < jszj. The hierarchies lead in the strict T ¼ 0 limit to a
tower of s0-dependent terms that share partial similarities
with thermal corrections from the Feynman parametrized
expressions, essentially with all the hierarchy free real-
valued parts of the naive residue expansion occurring also
in the Feynman parametrized expression at infinitesimal
temperature. We again emphasize that the expansions are
not fully distinct, but any two fermionic poles that can
overlap (as facilitated by a small temporal shift s0) generate
a numerably infinite set of distinct expansion terms
between the two strategies.
Most damningly, characteristic to the leading-order

contributions to any expansion containing s0 for the strict
residue theorem, Eq. (30) cannot be achieved. Despite the
above, we acknowledge that the strict residue theorem has
self-consistent expansions when utilizing the angular gen-
eralization of dimensional regularization (this is to say that
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the small parameter expansions lead to equivalent analytic
continuations in either hierarchy).
As for the Feynman parametrization scheme, it estab-

lishes itself through multiple noteworthy qualities empha-
sizing its role as the definitive approach to study fermionic
overlapping poles at nonvanishing temperature. First, let us
note that Feynman parametrization is essential to comput-
ing the spatial integrations prior to the temporal ones and
that the scheme facilitates the correct way of studying
expansions and the leading temperature behavior particular
to this order of integrations.18 In addition to this, the scheme
yields identical results in any ordering of the loop integrals
(spatial to temporal or temporal to spatial). These results
facilitate the exchange of the order of integration and
(external momentum) limit(s) as described by Eq. (30).
To contrast the computation strategies, we also empha-

size that the two residue methods agree—in the context of
the fermionic example—only when the strict T ¼ 0 residue
prescription yields the correct leading term as Eq. (30), i.e.
with scales fs0 ¼ 0; s > 0g. Specific to the Feynman
parametrization scheme, we also observe a correct expan-
sion (much akin to the vacuum theories) independent of any
mutual hierarchy of fs0; sg, explicitly absent from the strict
residue approach.

Lastly, let us note that while the bosonic counterpart of the
studied integral is not the focus of this work, the properties of
related expansions do not carry over from the fully fermionic
study. Specifically, for a case with one bosonic and one
fermionic propagator, the poles cannot overlap, and hence
the residue theorem automatically predicts the leading order
correctly. This reliability extends to general small parameter
expansions in terms of external loop momenta. For illus-
trative computations, we direct the reader to Appendix F.

V. CONCLUSIONS

In this work, we have highlighted a previously over-
looked ambiguity related to integration orders in finite-
density perturbative computations. This ambiguity emerges
even (or particularly) in one-loop Feynman integrals con-
taining external momenta, Sν ¼ ðs0; s⃗Þ. It becomes par-
ticularly apparent when comparing the leading-order
contributions in the following set of integrals:

lim
T→0þ

XZf
P

lim
jSj→0þ

1

P2ðP − SÞ2 ¼ I2ðμÞ; ð107Þ

lim
jSj→0þ

lim
T→0þ

XZf
P

1

P2ðP − SÞ2 ↦ P:V:
Z

∞

−∞

dp0

2π
lim

jSj→0þ

Z
p

1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμ − s0Þ2 þ jp⃗ − s⃗j2 ¼ I2ðμÞ; ð108Þ

and

lim
jSj→0þ

lim
T→0þ

XZf
P

1

P2ðP−SÞ2↦
Z
p

lim
jSj→0þ

Z
∞

−∞

dp0

2π

1

ðp0þ iμÞ2þp2

1

ðp0þ iμ− s0Þ2þjp⃗− s⃗j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
iRes

�
1

ðp0þiμÞ2þp2
1

ðp0þiμ−s0Þ2þjp⃗−s⃗j2



≠ I2ðμÞ; ð109Þ

specifically assuming that ∃ c∈Rþ, a fixed parameter, for which js0j ≥ cs. We also observe that—in line with [12]—fixing
s0 ¼ 0 does not exhibit any ambiguity such that

lim
s→0þ

lim
T→0þ

XZf
P

1

P2ðP − SÞ2
����
s0¼0

↦
Z
p
lim
s→0þ

Z
∞

−∞

dp0

2π

1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμÞ2 þ jp⃗ − s⃗j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
iRes

�
1

ðp0þiμÞ2þp2
1

ðp0þiμÞ2þjp⃗−s⃗j2



¼ I2ðμÞ: ð110Þ

Moreover, this absence of ambiguity persists to all orders in the small parameter expansion ðsμÞ2n as discussed in Sec. III C.
This behavior is in sharp contrast with the case of s0 ≠ 0 and s ¼ 0. In that scenario, the full small parameter expansions

18As noted in [12], the order of integration with spatial prior to temporal is viewed as a legitimate means of extracting the
dimensionally regulated leading temperature behavior, given that the spatial integration can be performed at nonvanishing temperature at
no additional complexity and with only minimal constraints set on the outermost thermal Matsubara sums (as well as due to the general
assumption that the correct analytic continuation facilitates any integration order).
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with respect s0μ match between integration orders only in the
sense of coefficients multiplying respective master integral
structures in the expansions [see Eqs. (42) and (57)]. We
further emphasize that the types of hierarchies discussed
here are most notably prevalent in the context of HTL (or
hard dense loop) computations.
The observed discrepancy is conceptually in line with the

problems presented in [12]. Accordingly, a generalization
of the bubble Feynman integral results presented therein
(see Sec. II B) contribute significantly to our computations.
More precisely, the discrepancy is associated with the
application of the residue theorem to studying temporal
real-valued shifts separating fermionic poles. Such shifts
can replace the infinitesimally small temperature or the
integration dimension d as an infrared regulator, leading to
undesired results even in the leading order of momentum
expansions. This manifests most prominently in the subset
case discussed above, with s ¼ 0 and s0 ≠ 0, where the
overlap between fermionic poles is not accessible using
standard residue approach at vanishing temperature. While
we have kept the examples at one-loop order, similar issues
organically appear in further loop orders. Furthermore we
note that no thermally generated discrepancies are seen in
the results for cases involving poles that cannot overlap or
should the overlap be bosonic (for more related discussion
see Appendixes F and G).
The fermionic ambiguity can be remedied by explicitly

reintroducing the Fermi-Dirac distribution function to the
computations alongside utilizing Feynman parametrization
for any fermionic poles that can overlap. This computation
scheme casts the simplest one-loop structure to a form
such that

XZf
P

1

P2ðP−SÞ2

↦
Z

1

0

dx
Z
p

I
f

p0

ñFðp0Þ
½ðp0−xs0Þ2þjp⃗−xs⃗j2þxð1−xÞS2�2 ;

ð111Þ

where ñFðp0Þ≡ nF½iβðp0 − iμÞ�. The corresponding low-
temperature limits are schematically given byZ

1

0

dxP:V:
Z

∞

−∞

dp0

2π
lim
T→0þ

Z
p

ñFðp0þ iμÞ
½ðp0þ iμÞ2þp2þxð1−xÞS2�2

ð112Þ

andZ
1

0

dx
Z
p
lim
T→0þ

iRes

�
ñFðp0 þ iμÞ

½ðp0 þ iμÞ2 þ p2 þ xð1 − xÞS2�2
�
;

ð113Þ

which have been shown to yield equivalent results in
Secs. III and IV. This approach is structurally straightfor-
ward to generalize to arbitrary number of propagators (and
further loop orders), yielding reliable access to the full
physically interesting momentum expansions thereof. We
also refer the reader to Appendix E and Sec. IV C for a
somewhat detailed overview on the spatial integrands
generated by expressions of the form seen in Eq. (113)
and its strict T ¼ 0 residue theorem counterparts.
Finally, let us briefly comment on two interpretations

outside the presence of conventional external momenta.
First, we note that should a temporal momentum in place of
s0 (acting as a external momentum at one-loop computa-
tion) be a loop momentum, any corrections of the form
Oðs2n0 Þ ¼ OðT2nÞ are comparable to terms that are removed
from the leading low-temperature limit of the Euler-
Maclaurin formula in Eq. (A4). This—alongside the
assumed hierarchy js0j ≪ μ—can be used to justify not
only to consider computations of Sec. IV B using hierarchy

js0j ≤ s, but to also reject all terms of the form ðs20s2Þ
n
as

thermally subleading. Through this kind of reasoning, the
corresponding thermally leading expansions—now con-
taining exclusively spatial components of external momen-
tum—would match as discussed in Sec. III C. However,
extending this to actual multiloop computations is counter-
productive, given that fermionic temporal loop momenta
play a major role in evaluating bubble Feynman inte-
grals [13,14].
Thus, let us instead discuss how the observed discrep-

ancies—and in particular the structures they coincide
with—affect the results obtained using the standard residue
theorem in evaluation of multiloop bubble Feynman
integrals. To illustrate this, we consider the simple example
of the sunset integral with two fermionic loop momenta
fPν; Qκg. The corresponding integral is given by

S111ðμÞ ¼ lim
T→0þ

XZf
P;Q

1

P2Q2ðP −QÞ2 ð114Þ

and has been explicitly shown to yield the physically
motivated (correct) result using the standard residue theo-
rem at vanishing temperature (see for example [13]). In our
analysis, we observed that by recasting the expressions to
be given in terms of potentially problematic temporal
integrands (with pathologically overlapping fermionic
poles) does not affect the resulting (post-temporal integra-
tion) spatial integrand. Notably all structural differences
canceled out without any application of symmetries
between the spatial loop momenta (for more details see
Appendix H). Similar to the sunset integral we note that
significant number of other multiloop Feynman integrals
without external scales have been shown to agree with the
results from strict T ¼ 0 residue theorem [15]. These
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structures are systematically characterized by the corre-
sponding fermionic poles being exclusively first order (and
consequent symmetries between loop momenta) [12]. As
such we recognize that sufficiently simple and symmetric
bubble integrals do not manifest even intermediate excess
terms from the fermionic pole overlap. However, we
propose further research into the full extent of the observed
problematic effects in bubble Feynman integral expressions
involving asymmetry between loop momenta.
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APPENDIX A: SPATIAL REGULATION
AND EULER-MACLAURIN FORMULAS

Let us fix μ∈Rþ—but note that in the example
computation one retains symmetry μ ↔ −μ—and begin
by considering the integration order starting with the
dimensionally regularized spatial integration and keeping
the thermal sum intact:

IαðμÞ ¼ lim
T→0þ

T
X∞
n¼−∞

Z
p

1

f½ð2nþ 1ÞπT þ iμ�2 þ p2gα :

ðA1Þ

The spatial integral herein is an analytic continuation of the
Euler beta function on the complex plane—as argued in
[12,14]—and is finite when regulated by the dimension19 d
if ð2nþ 1ÞπT ≠ 0 or equivalently T ≠ 0. Thus, for any
nonvanishing T, we find

IαðμÞ ¼
�
eγΛ2

4π

�3−d
2 Γðα − d

2
Þ

ð4πÞd2 lim
T→0þ

T

×
X∞
n¼−∞

f½ð2nþ 1ÞπT þ iμ�2gd
2
−α: ðA2Þ

Following the schematic of [10,14], we can write

T
X∞
n¼−∞

f½ð2nþ 1ÞπT þ iμ�2gd−2α
2

¼ 2TðπTÞd−2αRe
�X∞
n¼0

��
nþ iμ

πT

�
2
�d−2α

2

− 2d−2α
X∞
n¼0

��
nþ iμ

2πT

�
2
�d−2α

2

�
; ðA3Þ

wherewe have utilized the real part operator to signify a sum
between complex conjugates. A closed-form expression for
these sums can be found in terms of Hurwitz zeta function
[15], but here we are more enticed to extract the zero-
temperature limit. The Euler-Maclaurin formula allows us to
write an asymptotic expansion of a summation with a
corresponding integral as the leading term such that [34]

X∞
n¼0

fðnÞ ¼
Z

∞

0

dnfðnÞ þ fð0Þ þ fð∞Þ
2

þ
X∞
k¼1

B2k

ð2kÞ! ðf
ð2k−1Þð∞Þ − fð2k−1Þð0ÞÞ; ðA4Þ

where Bk corresponds to Bernoulli numbers. With the
average being already thermally suppressed in the case of
interest, considering only the foremost integral part on the
right-hand side is sufficient, leaving us with

T
X∞
n¼−∞

f½ð2nþ 1ÞπT þ iμ�2gd−2α
2

¼ 2TðπTÞd−2αRe
�Z

∞

0

dn

��
nþ iμ

πT

�
2
�d−2α

2

− 2d−2α
Z

∞

0

dn

��
nþ iμ

2πT

�
2
�d−2α

2

�
þOðTÞ

¼ 1

π

Z
∞

0

dn

��
1 −

1

2

�
f½nþ iμ�2gd−2α

2

þ
�
1 −

1

2

�
f½n − iμ�2gd−2α

2

�
þOðTÞ: ðA5Þ

On the last row we have chosen to express the real part
explicitly in terms of complex conjugates to better convey
further steps.
To compute such quadratic integrals, we utilize partial

integration—justified and facilitated by dimensional regu-
larization of the parameter d—and findZ

b

a
dx½ðxþ AÞ2�k ¼ 1

2kþ 1
fðxþ AÞ½ðxþ AÞ2�kgx¼b

x¼a:

ðA6Þ

Applying this closed-form expression carefully, the low-
temperature limit of the Matsubara summation in Eq. (A3)
becomes

19If the exponent α is utilized as an additional regulator such
that α < 1, even a vanishing temperature permits analytic
continuation. This, however, formally excludes all integer values
for powers of denominators and makes all relevant algebra
convoluted (including any comparison to results from the residue
theorem) [12,14].
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lim
T→0þ

T
X∞
n¼−∞

f½ð2nþ1ÞπTþ iμ�2gd−2α
2 ¼−

iμ
dþ1−2α

1

2π
½ðiμÞd−2α− ð−iμÞd−2α�

¼−
μdþ1−2α

dþ1−2α

1

2π

�
exp

�
iπ
dþ1−2α

2

�
þ exp

�
−iπ

dþ1−2α

2

��

×

�
¼μ∈R−

jμjdþ1−2α

dþ1−2α

1

2π

�
exp

�
iπ
dþ1−2α

2

�
þ exp

�
−iπ

dþ1−2α

2

���
; ðA7Þ

where in the last row we have written the generalization
for the formula to also include negative values of μ.
Utilizing Euler’s reflection formula [34], we can write
the full result as

IαðμÞ¼−
�
eγΛ2

4π

�3−d
2 Γðα− d

2
Þ

ð4πÞd2ΓðαÞ
μdþ1−2α

dþ1−2α

1

2π

×

�
exp

�
iπ
dþ1−2α

2

�
þ exp

�
−iπ

dþ1−2α

2

��

¼−
�
eγΛ2

4π

�3−d
2 1

ð4πÞd2ΓðαÞΓðd
2
þ1−αÞ

μdþ1−2α

dþ1−2α
:

ðA8Þ

Owing to dimensional regularization, this result can be
observed to align with the strict limit of the distribution
function after the spatial integral has been performed:

P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0 þ iμÞ2 þ p2�α

¼
�
eγΛ2

4π

�3−d
2 Γðα − d

2
Þ

ð4πÞd2ΓðαÞ
1

π
Re

�Z
∞

0

dp0½ðp0 þ iμÞ2�d−2α2

�
¼ IαðμÞ; ðA9Þ

as seen easily upon comparing the integral structure against
that of Eq. (A5). In alignment with the last row of Eq. (A7),
we emphasize that, for a more general value μ∈R, this
result would be straightforwardly extend to IαðjμjÞ.

APPENDIX B: TEMPORAL INTEGRATION
AND THE RESIDUE THEOREM

The conventional residue methods in finite-density
computations are characterized by

(i) the strict T → 0 limit applied onto the distribution
function before either of the integrals has been
performed,

(ii) the temporal integration performed prior to spatial
integration, and

(iii) the solid line extension to the temporal integration
interval [12,14,32].

Working initially using the leading limit of the Euler-
Maclaurin formula, the relevantmapping to the conventional

residue expression can be written such that

P:V:
Z

∞

−∞

dp0

2π
fðp0; pÞ⟼

Z
∞

−∞

dp0

2π
fðp0; pÞ; ðB1Þ

wherein the previously removed p0 ¼ 0 value is included
and the target function of interest reads

fðp0; pÞ ¼
1

½ðp0 þ iμÞ2 þ p2�α : ðB2Þ

As discussed in [12,14], the residue approach necessi-
tates the exclusion of particular values of radial loop
momenta. Continuing with the above fðp0; pÞ admitting
now values p0 ∈R, the corresponding spatial integral readsZ

p

1

½ðp0 þ iμÞ2 þ p2�α ↦
p0¼0

Z
p

1

ðp2 − μ2Þα ; ðB3Þ

where explicit convergence requires the assumption p ≠ μ
if α ≥ 1. Superficially this is resolved by the selection
criteria of the residues, as the actual computation is
performed utilizing a semicircular residue contour on the
upper complex half-plane of Fig. 2 [with only upper line
integrals parallel to real axis contributing in Eq. (11);
cf. Eq. (B8)].
Now performing the corresponding residue computa-

tion (prior to spatial integration), one finds for α∈Zþ
(with the parameter constrained by the residue prescrip-
tion) [12,14]

Res½Iα�ðμÞ≡
Z
p
iRes

�
1

½ðp0þ iμ− ipÞðp0þ iμþ ipÞ�α
�
p0¼−iμþip

¼ð−1Þα−1ð2α−2Þ!
½ðα−1Þ!�2

Z
p

iθðp−μÞ
ð2ipÞ2α−1

¼−
�
eγΛ2

4π

�3−d
2 Γðα− 1

2
Þffiffiffi

π
p ð4πÞd2ΓðαÞΓðd

2
Þ
μdþ1−2α

dþ1−2α
;

ðB4Þ

where the factor of θðp − μÞ is introduced by the require-
ment that the pole must lie in inside the integration
contour as required by the residue theorem. We can
observe this result to agree with Eq. (A8) only when
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α ¼ 1.20 Note also that this result must by definition (and
the steps leading to the closed-form solution) obey the
symmetry μ ↔ −μ, similar to the result of IαðμÞ. Thus,
the extensions to μ∈R reads Res½Iα�ðjμjÞ. We can also
relate the two different result to one another by writing for
n∈Zþ

InðμÞ ¼
ð−1Þn
2n − 3

ð1 − d
2
Þn−1

ð− 1
2
Þn−1

Res½InðμÞ�; ðB5Þ

where we use the Pochhammer symbol convention (for
n∈N0) of

ðaÞn ¼
1

a − 1

Yn
k¼0

ðaþ k − 1Þ ðB6Þ

to provide the result compactly.
Furthermore, it was shown in [12] that the two results

differ by a set of terms originating from the neighborhood
of p ¼ μ. These surface terms arise through partial inte-
gration enacted on the highest (sole) order structure
resulting in agreement with either integration order, as

exemplified by

P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0 þ iμÞ2 þ p2�2

¼ −
Z
p

d
dp2

�Z
∞

−∞

dp0

2π

1

ðp0 þ iμÞ2 þ p2

�
Residue

: ðB7Þ

This result was also observed and argued to align with
common residue theorem enacted on an integrand still
equipped with the Fermi-Dirac distribution function—
associated with nonvanishing temperature—such thatI

f

P

ñFðp0Þ
P4

¼
Z
p

Z
∞þiμþiη

−∞þiμþiη

dp0

2π

ñFðp0Þ
P4

þOðe−βηÞ

⟶
T→0

Z
p
lim
T→0

iRes

�
ñFðp0þ iμÞ

½ðp0þ iμ− ipÞðp0þ iμþ ipÞ�2
�
p0¼−iμþip

:

ðB8Þ

Herein the difference term between the nonvanishing and
strict vanishing temperature expressions is generated by the
derivative of the distribution function [12], explicitly a
nascent delta function given by

1

4T cosh2½p−μ
2T �

≡ δ2Tðp − μÞ: ðB9Þ

Higher-order poles can be similarly associated to multiple
derivatives of the distribution function at nonvanishing
temperature and easiest interpreted through partial integra-
tion (with the weak derivative interpretation facilitated
again by the regulated dimension d) of expressions such
that

P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0 þ iμÞ2 þ p2�1þn

¼ ð−1Þn
n!

Z
p

�
d

dp2

�
n
�Z

∞

−∞

dp0

2π

1

ðp0 þ iμÞ2 þ p2

�
Residue

:

ðB10Þ

Notably, closing the contour on the complex half-plane
introduces a factor of θðp − μÞ before the differentiation,
which in turn produces terms proportional to δðp − μÞ and
its derivatives compared to the naive residue result.

APPENDIX C: AVOIDABLE SOURCES OF
MISTAKES IN EXPANSIONS

An interesting tangent of Eqs. (22) and (26) is that
careless expansions can generate false subleading behavior
of the order OðIm μÞ for the hierarchy Im μ ≪ Reμ. To

FIG. 2. In the strict residue approach at T ¼ 0 the thermally
suppressed part of image 1 is removed, and thus only the upper
line integral—above the black dotted poles of the Fermi-Dirac
distribution function—remains, indicated by the blue solid line
above. We emphasize that the blue solid line includes every point
along its length, in particular the previously excluded point
Reðp0Þ ¼ 0. The line integral is studied in conjunction with an
added semicircular arc—the red line in image above—covering
the upper half of complex plane, specifically above the line
parallel to real axis Imðp0Þ ¼ iμþ iη and therefore avoiding the
black dotted line. Here η > T is an arbitrarily small regulator
needed to treat the low-temperature limit properly and can be
removed completely after the vanishing-temperature limit has
been taken. The residue theorem is then studied within the
corresponding closed contour.

20The result IαðμÞ of Eq. (A8) is the physical structure of
interest given that it corresponds to the true leading behavior with
the vanishing temperature limit applied after the loop integration.
(Because the vanishing temperature limit is taken as late as
possible, the true limit of finite T result is obtained.)
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illustrate, note that jp0þ iReμj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
0þðReμÞ2

p
≫ j Imμj,

and expand the temporal integrand (post spatial integration)
directly naively to find

½ðp0 þ iReμ − Im μÞ2�d−2α2

¼ ½ðp0 þ iReμÞ2�d−2α2

X∞
n¼0

ð2α − dÞn
n!

�
Im μ

p0 þ iReμ

�
n

¼
X∞
n¼0

ð2α − dÞn
n!

½ðp0 þ iReμÞ2�d−2α2
−⌈n

2
⌉

× ðp0 þ iReμÞ2⌈n2⌉−nðIm μÞn; ðC1Þ

where we utilize ceiling operators to compactly write
quadratic elements in terms of both the dimensionally
regulated sector and terms from the expansion. To move
forward, we again utilize Eq. (24) and its differentiated
version:Z

b

a
dxðxþ AÞ½ðxþ AÞ2�k−1 ¼ 1

2k
f½ðxþ AÞ2�kgx¼b

x¼a: ðC2Þ

Thus, integrating each individual part (for additional
discussion see also appendixes of [13]) of this expansion
(again utilizing Euler-Maclaurin formula to extract the
leading behavior) leads to

P:V:
Z

∞

−∞

dp0

2π

X∞
n¼0

ð2α − dÞn
n!

½ðp0 þ iReμÞ2�d−2α2
−⌈n

2
⌉

× ðp0 þ iReμÞ2⌈n2⌉−nðIm μÞn

¼ −
X∞
n¼0

ð−iÞnð2α − dÞn
ðnÞ!ðdþ 1 − 2α − nÞ

jReμjdþ1−2α−nðIm μÞn
Γðα − d

2
ÞΓðd

2
þ 1 − αÞ :

ðC3Þ

This (structurally false) result is equivalent with a gener-
alization to μ∈C utilizing the following mapping21:

IαðjReμjÞ⟼IαðjReμj þ i Im μÞ; ðC4Þ

corresponding to a substitution of a complex-valued scale
directly to the real-valued result naively.22 Between the two
computations the agreement is only reached in the leading
order of the expansion with respect to Im μ

Reμ. The mechanism
of how this direct expansion fails to produce the (numeri-
cally confirmable) correct result relates to how Eq. (23)
can be seen to hold, facilitated by a change of variables

p0 ↦ −p0 (a property also hereditary from the Matsubara
summation). Instead, in the naive integration (associated
with the explicit expansion) the change of integration
variable would be interpreted (again falsely) to add also
a complex-valued phase factor to the second integral. Let us
also further note that the solution for real-valued μ, as seen
in Eq. (A7), explicitly manifests the symmetry between
μ ↔ −μ, which is lost in the naive (and false) generaliza-
tion scheme of Eq. (C4).
The issues taking place in the direct generalization of the

μ∈Rþ result can also be observed by studying the
complex-valued temporal integration ofZ

∞

0

dp0

2π
f½ðp0 þ iμÞ2�d−2α2 þ ½ðp0 − iμÞ2�d−2α2 g; ðC5Þ

where the integration range has been achieved using a
change of the temporal integration variable such that
p0 ↦ −p0. Computing this integral directly for a positive
μ yields a closed-form result such that

−
iμ

2πðdþ 1 − 2αÞ ½½ðiμÞ
2�d−2α2 − ½ð−iμÞ2�d−2α2 �; ðC6Þ

which was further simplified in [12,13] by regulating both
of the complex-valued power function parameters such that
both i2 and ð−iÞ2 were assumed to belong to the same
branch of complex numbers. Formally, one could write for
example i ↦ exp ½iπ

2
ð1 − κÞ� to signify this. However,

given any Im μ ≠ 0, this kind of simultaneous regulation
is no longer possible for both iμ and −iμ, with the squared
value of one of them leading to a complex value in another
branch. Thus, the naive generalization following Eq. (C4)
relies on the complex-conjugate symmetry between i2 and
ð−iÞ2 to be applied in the one branch facilitating the (false)
result in the formZ

∞

0

dp0

2π
f½ðp0 þ iμÞ2�d−2α2 þ ½ðp0 − iμÞ2�d−2α2 g

↦ −
μdþ1−2α

2πðdþ 1 − 2αÞ · 2 cos
�
πðdþ 1 − 2αÞ

2

�
ðC7Þ

for Reμ > 0.
This type of issue describes a general challenge of

dealing with real-valued scales associated with the tempo-
ral loop momentum and expansions thereof. Notably this
problem extends also to the integral of primary interest,
with too careless expansions not only leading to false
results, but even introducing explicitly imaginary terms to
fully real-valued dimensionally regularized integral(s).
In this context, let us continue by looking again at

J 11ðμ; 0; s0Þ as given in Eq. (54). By utilizing partial
fraction decomposition, we can compute the following
spatial integral:

21Note that, as can be seen from Eq. (25), a prefactor of
Γðα − d=2Þ=½ð4πÞd=2ΓðαÞ� needs to be inserted to Eq. (C3)
for IαðμÞ.

22Specifically, this implies for Reμ > 0 a substitution of the
form Reμ ↦ μ, while for Reμ < 0 the substitution reads
Reμ ↦ μ�.
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J 11ðμ;0;s0Þ

¼
Z
p

1

ðp0þ iμÞ2þp2

1

ðp0þ iμ−s0Þ2þp2

¼
�
eγΛ2

4π

�3−d
2 Γð1− d

2
Þ

ð4πÞd2
½ðp0þ iμÞ2�d2−1− ½ðp0þ iμ− s0Þ2�d2−1

ðp0þ iμ− s0Þ2− ðp0þ iμÞ2
ðC8Þ

to find a temporal integrand. Then expanding it directly
through real-valued scales s0 (alongside loop momenta),
we find a false expansion characterized by imaginary terms
and wrong coefficients after performing the temporal
principal value integral.23 While the leading, nonvanishing
Oðs00Þ term does agree with the Feynman parametrized
result, a notable difference is found by considering the now
nonvanishing Oðs0Þ term of the misleading expansion.
Utilizing Eq. (C2) we find

�
eγΛ2

4π

�3−d
2 Γð3− d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π
ðp0þ iμÞ½ðp0þ iμÞ2�d2−3s0

¼−
i
2

�
eγΛ2

4π

�3−d
2 μd−4s0
ð4πÞd2Γðd

2
−1Þ

¼ I2ðμþ is0Þ−I2ðμÞ
2

þOðs20Þ: ðC9Þ

On the last line we identified the expression through the
leading-order structure I2ðμÞ, where we again—for con-
venience—work with the assumption μ > 0 (most of the
time the extension is achieved with the mapping μ ↦ jμj).
Specifically, we can again associate the difference from
desired result to a complex-valued scale insertion (enacted
on one of the propagators), albeit due to its more difficult
structure the full expansion cannot be given as easily as
earlier. In contrast with this issue, Feynman parametrization

enables us to treat complex phases carefully (see Sec. III).
This is most notably seen in cancellations of overlapping
pieces, via changes of variables p0 ↦ −p0, not introducing
excess imaginary structures. We emphasize that all imagi-
nary contributions are absent even from the results arising
from the results of the strict T ¼ 0 residue theorem (applied
prior to spatial integrations).

APPENDIX D: CAUCHY THEOREM
AND VACUUM RESULTS

Let us briefly note also that agreement with the results
from T ¼ μ ¼ 0 theories or the leading js0j; js⃗j ≫ μ term is
straightforward to extract utilizing the Cauchy theorem
prescription introduced in [12,13]. Specifically, denoting
the vacuum D ¼ dþ 1 dimensional integration such that

Z
P
≡
�
eγΛ2

4π

�4−D
2

Z
RD

dDP
ð2πÞd ðD1Þ

and the standard vacuum result can be computed via
straightforward dimensional regularization such that

J 11ð0; s⃗; s0Þ

¼
Z
P

1

P2ðP − SÞ2 ¼
Z

1

0

dx
Z
P

1

½P2 þ xð1 − xÞS2�2

¼
�
eγΛ2

4π

�4−D
2 Γð2 − D

2
ÞðS2ÞD2−2

ð4πÞD
Z

1

0

dx½xð1 − xÞ�D2−2

¼
�
eγΛ2

4π

�4−D
2 Γð2 − D

2
ÞΓ2ðD

2
− 1Þ

ð4πÞDΓðD − 2Þ ðS2ÞD2−2 ðD2Þ

which we can straightforwardly identify to agree with the
partition to distinct temporal and spatial integration(s):

J 11ð0; s⃗; s0Þ ¼
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π

Z
p

1

½p2 þ ðp0 − xs0Þ2 þ xð1 − xÞS2�2

¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxP:V:
Z

∞

−∞

dp0

2π
½ðp0Þ2 þ xð1 − xÞS2�d2−2

¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
ÞðS2Þdþ1

2
−2

ð4πÞd2
�Z

1

0

dxx
dþ1
2
−2ð1 − xÞdþ1

2
−2
� Z

∞

0

dy
2π

y−
1
2

ð1þ yÞ2−d
2

¼
�
eγΛ2

4π

�4−D
2 Γð2 − D

2
ÞΓ2ðD

2
− 1Þ

ð4πÞDΓðD − 2Þ ðS2ÞD2−2: ðD3Þ

23None of the subleading terms are in line with the thermal corrections from the Feynman parametrized expression, which facilitates
the changes of integration variables to be carried out without added complex phases (as discussed at the end of Sec. II).
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To extract this solution of our Feynman parametrized
expression of Eq. (84)

J 11ð0; s⃗;s0Þ¼
�
eγΛ2

4π

�3−d
2 Γð2− d

2
Þ

ð4πÞd2
Z

1

0

dx

×P:V:
Z

∞

−∞

dp0

2π
½ðp0þ iμ−xs0Þ2

þxð1−xÞS2�d−42

≡
�
eγΛ2

4π

�3−d
2 Γð2− d

2
Þ

ð4πÞd2
Z

1

0

dx

×P:V:
Z

∞

−∞

dp0

2π
½ðp0þ iμÞ2þxð1−xÞS2�d−42

ðD4Þ
where we have noted that the only meaningful split of the
principal value integral occurs at p0 ≠ xs0 and perform a
change of integration variable to move the point of interest
to p0 ¼ 0. Utilizing Cauchy theorem to write the split
temporal integral in terms of line integrals parallel and
perpendicular to the real axis, we can writeZ

∞

0

dp0

2π
½ðp0 � iμÞ2 þ xð1 − xÞS2�d2−2

¼
Z

∞

0

dp0

2π
½p2

0 þ xð1 − xÞS2�d2−2

−
Z �iμ

0

dp0

2π
½p2

0 þ xð1 − xÞS2�d2−2: ðD5Þ

Thus, extracting the pieces (via the Cauchy theorem)
parallel to the real axis, we find explicitly the steps
presented in Eq. (D3). By expanding the terms parallel
to the imaginary axis naively by setting S2

p2
0

as the expansion

parameter, and integrating carefully, we find the full
expansion presented in Eq. (88). Specifically this repre-
sentation (utilizing conventions of [13]) reads

−
�
eγΛ2

4π

�3−d
2 Γð2− d

2
Þ

ð4πÞd2
X∞
n¼0

ð−1Þnð2− d
2
Þn

n!
·2Re

×

�Z
iμ

0

dp0

2π
½ðp0Þ2�d−4−2n2

�Z
1

0

dx½xð1−xÞ�nðS2Þn: ðD6Þ

APPENDIX E: POWER SERIES COMPARISON

In this section we study the equivalence of the naive
residue result, as well as the method of introducing
Feynman parametrization and the finite-temperature effect.
In order to compare the series expressions on either side of
the equality presented in Eq. (82) we find it convenient to
actually take a step back and reintroduce the well-behaved
naive expansion without delta function contributions to
both sides.

1. Representations

Accordingly, we find it more compelling to rather
look into

Z
1

0

dx

�
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�32

−
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�
�

¼ θðp − μÞ
2p½pþ ðq − pÞ�½2pþ ðq − pÞ�

−
θ½p − μþ ðq − pÞ� − θðp − μÞ

2½pþ ðq − pÞ�ðq − pÞ½2pþ ðq − pÞ� ; ðE1Þ

where we immediately applied reverse Feynman paramet-
rization on the representation of the term moved from the
left-hand side to the right:

θðp − μÞ
2p½pþ ðq − pÞ�½2pþ ðq − pÞ�

¼
Z

1

0

dx
θðp − μÞ

4½p2 þ ð1 − xÞðq2 − p2Þ�32 : ðE2Þ

The immediate utility here is the explicit expansion in terms
of the expansion parameter ð1 − xÞðq2 − p2Þ, yielding us

1

2p½pþ ðq − pÞ�½2pþ ðq − pÞ�

¼
X∞
k¼0

ð−1Þkð3
2
Þk

4p3ðkþ 1Þ!
ðq2 − p2Þk

p2k

¼
X∞
k¼0

ð−1Þkð2kþ 1Þ!!
22þkp3ðkþ 1Þ!

ðq2 − p2Þk
p2k ; ðE3Þ

where we have performed the parametric integral after
the expansion. This representation serves us exceedingly
well given that we can express all the other terms arising
from the expanded Heaviside function in terms of this
expression:

−
θ½p − μþ ðq − pÞ� − θðp − μÞ

2½pþ ðq − pÞ�ðq − pÞ½2pþ ðq − pÞ�

¼ −
Z

1

0

dx
X∞
n¼0

pδðnÞðp − μÞðp − qÞn
4ðnþ 1Þ!½p2 þ ð1 − xÞðq2 − p2Þ�32 :

ðE4Þ

The most notable remaining hurdle is the left-hand side of
Eq. (E1) and specifically the expansion of the distribution
functions. However, having restored the full integrand
structure, we can utilize the differentiation formulas of
Sec. III [see Eqs. (65) and (71)] and write the following
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representation:

Z
1

0

dx

�
θ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�32

−
δ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ ð1 − xÞðq2 − p2Þ

p
− μ�

4½p2 þ ð1 − xÞðq2 − p2Þ�
�

¼
X∞
n¼0

ð−1Þn
n!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�

×
�Z

1

0

dxð1 − xÞn
�
ðq2 − p2Þn

¼
X∞
n¼0

ð−1Þn
ðnþ 1Þ!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�
ðq2 − p2Þn:

ðE5Þ

While this expression was previously utilized exclusively
through partial integration, here we aim to apply the
derivatives directly to find a closed-form summation of
distributions to replace the implicit expression inside the
square brackets. For this purpose let us study the following
expression containing nþ 1 consecutive operations:

ð−1Þnþ1

�
d
dp

1

2p
þ 1

2p

��
d
dp

1

2p
þ 1

2p

�
� � �

�
d
dp

1

2p
þ 1

2p

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

nþ1

;

ðE6Þ

where each differential operator acts on the full previous
integrand. To adjust it better to our problem, we may just as
well add an additional 1

2p operator at the front and observe
specifically

ð−1Þnþ1

2p

�
d
dp

1

2p
þ 1

2p

��
d
dp

1

2p
þ 1

2p

�
� � �

�
d
dp

1

2p
þ 1

2p

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

nþ1

¼ 1

2nþ2

�ð2nþ1Þ!!
p2nþ3

−
ð2nþ1Þ!!
p2nþ2

þnð2n−1Þ!!
p2nþ1

−
ðn−1Þð2n−1Þ!!

3p2n þ���ð−1Þ
nnðnþ1Þ
2pnþ3

þð−1Þnþ1

pnþ2

�

¼ 1

2nþ2

Xnþ1

k¼0

ð−1Þkð2nþ2−kÞ!
ð2nþ2−2kÞ!!k!p2nþ3−k : ðE7Þ

Let us note that this (as well as many further summation
formulas) is straightforward to prove via induction. For the
purpose of illustrating this, we define a closely related
expression without the prefactor such that

Tn≡ ð−1Þnþ1

×

�
d
dp

1

2p
þ 1

2p

��
d
dp

1

2p
þ 1

2p

�
� � �

�
d
dp

1

2p
þ 1

2p

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

nþ1

¼ 1

2nþ1

Xnþ1

k¼0

ð−1Þkð2nþ2−kÞ!
ð2nþ2−2kÞ!!k!p2nþ2−k : ðE8Þ

Then, we can observe the formula to work for n ¼ 1
trivially. Assuming it holds for an arbitrary integer n, we
can easily show

−
�

d
dp

1

2p
þ 1

2p

�
Tn

¼−
1

2nþ2

Xnþ1

k¼0

ð−1Þkð2nþ2−kÞ!
k!ð2nþ2−2kÞ!! p−2n−3þk

�
1−

2nþ3−k
p

�

¼ ð−1Þnþ2

2nþ2pnþ2
þ ð2nþ4Þ!
2nþ2ð2nþ4Þ!!p2nþ4

−
1

2nþ2

Xn
k¼0

ð−1Þk
� ð2nþ3−kÞ!
ðkþ1Þ!ð2nþ2−2kÞ!!

�
p−2n−3þk

¼ 1

2nþ2

Xnþ2

k¼0

ð−1Þkð2nþ4−kÞ!
k!ð2nþ4−2kÞ!!

1

p2nþ4−k ¼Tnþ1: ðE9Þ

We note that this operator formula exactly represents the
action inside the square brackets of Eq. (E5), with each
power of p associated with specific derivative of Heaviside
step function. This allows us to identify explicitly��

−
1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�

¼ 1

2nþ2

Xnþ1

k¼0

ð−1Þkð2nþ 2 − kÞ!
k!ð2nþ 2 − 2kÞ!!

θðkÞðp − μÞ
p2nþ3−k ; ðE10Þ

where we emphasize that the summation is carried over k
times differentiated Heaviside step functions.

2. First comparisons

As the very first observation of Eq. (E10), we can
identify k ¼ 0 to yield in conjunction with Eq. (E5) an
exactly identical power series expansion as seen to arise
from Eq. (E3). This is to say the leading orders between the
sides of Eq. (E1) match trivially.
Furthermore, the coefficient corresponding to k ¼ 1 is

identical with that of k ¼ 0 in Eq. (E10), apart from being
multiplied once by −p. This can be directly seen to occur
also by comparing the expressions in the right-hand sides of
Eqs. (E2) and (E4). Thus, the first two orders of expansion
(with respect to the distributions) have been observed to
explicitly match without any additional computations.
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To be able to deal with the order proportional to
δð1Þðp − μÞ, we need to introduce the scale p − q explicitly
to the expansion. Specifically this requires us to split the
previous expansion parameter such that q2 − p2 ¼ ½2pþ
ðq − pÞ�ðq − pÞ, where p ≫ jðq − pÞj. For the right-hand
side of Eq. (E1), we can immediately identify from Eq. (E3)
that the corresponding expression reads in terms of the
previous expansions:

−
pδð1Þðp − μÞðq − pÞ

4p½pþ ðq − pÞ�½2pþ ðq − pÞ�

¼ −
pδð1Þðp − μÞðq − pÞ

2

×
X∞
n¼0

ð−1Þnð2nþ 1Þ!!
22þnp3ðnþ 1Þ!

f½2pþ ðq − pÞ�ðq − pÞgn
p2n :

ðE11Þ

The left-hand sidewe can identify using again Eq. (E5) as

X∞
n¼0

ð−1Þn
ðnþ 1Þ!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�
ðq2 − p2Þn

↦
k¼2

−
X∞
n¼1

ð−1Þn
ðnþ 1Þ!

½2pðq − pÞ þ ðq − pÞ2�n
2nþ2p2nþ1

×
ð2nÞ!δð1Þðp − μÞ
2!ð2n − 2Þ!! : ðE12Þ

To subtract these two expressions from one another effi-
ciently, order by order in terms of the new expansion
parameter q − p to explicitly show their equivalence, we
need to first change the indexation of the latter equation such
that it starts with n ¼ 0 (to align with the former) and utilize
the binomial formula on both expressions. We conveniently
divide the subtraction to commonly indexed terms in the
binomial summation as follows:

−
ð−1Þnð2nþ 1Þ!!
2nþ3ðnþ 2Þ!

1

p2nþ2

Xn
k¼0

�
2ðnþ 1Þ

�
nþ 1

k

�

− ðnþ 2Þ
�
n
k

��
ð2pÞn−kðq − pÞnþ1þk ðE13Þ

and the single excess part from ðq2 − p2Þnþ1:

−
ð−1Þnðnþ 1Þð2nþ 1Þ!!

2nþ3ðnþ 2Þ!
ðq − pÞ2nþ2

p2nþ3
: ðE14Þ

Upon summing both these structures over n ≥ 0, cancella-
tions occur for any O½ðp − qÞj�, with the above term
summed up to n ¼ j − 1 and the latter for n ¼ j

2
− 1 for

an even j ¼ 2l (with the odd powers not affected). To
illustrate, note that the indices n contributing to the odd

powers ðq − pÞ2jþ1 can be determined by fixing nþ 1þ
k ¼ 2jþ 1 and substituting the extrema of the index k:

0 ¼ 2j − n ⇒ n ¼ 2j; ðE15Þ

n ¼ 2j − n ⇒ n ¼ j: ðE16Þ

Thus, all the terms contributing to the odd powers of
ðp − qÞ2jþ1 can be written such that

O½ðp−qÞ2jþ1�∋−
ðq−pÞ2jþ1

p2jþ2

X2j
n¼j

ð−1Þnð2nþ1Þ!!
22j−nþ3ðnþ2Þ!

×

�
2ðnþ1Þ

�
nþ1

2j−n

�
− ðnþ2Þ

�
n

2j−n

��

¼−
ðq−pÞ2jþ1

p2jþ2

Xj

n¼0

ð−1Þnþjð2nþ2jþ1Þ!!
2j−nþ3ðj−nÞ!ð2nÞ!

×

�
2ðnþ jþ1Þ

ð2nþ1Þðnþ jþ2Þ−
1

ðnþ jþ1Þ
�
;

ðE17Þ
where the summation identically vanishes for all j∈N0,
which can be seen through the associated (observed) non-
trivial sum identities

−
Xj

n¼0

�
2nþ 2jþ 2

j − n; 2nþ 1; nþ jþ 1

� ð−1Þj−nð−1Þ2nþ1

nþ jþ 2
¼ 1;

ðE18Þ

−
Xj

n¼0

ð−1Þj−nð−1Þ2nþ1

�
2nþ2jþ2

j−n;2nþ1;nþ jþ1

�
¼ 22jþ1;

ðE19Þ
Xj

n¼0

ð−1Þj−nð−1Þ2n
�

2nþ 2jþ 1

j − n; 2n; nþ jþ 1

�
¼ 22jþ1 − 1:

ðE20Þ

Here all the rows utilize the compact representation of
coefficients in trinomials generated by ð1 − 1 − 1Þ2nþ2jþ1

(and corresponding Pascal pyramid) on the left-hand side.
For even powers of ðq − pÞ2j we find instead via a

similar substitution k ¼ 2j − n − 1 the following index
subsets for n summation of the subtraction sum in
Eq. (E13):

0 ¼ 2j − n − 1 ⇒ n ¼ 2j − 1; ðE21Þ

n − 1 ¼ 2j − n − 1 ⇒ n ¼ j; ðE22Þ

where we note that the index k ¼ n would only contribute
to odd powers ðp − qÞ2jþ1, and hence the limit is fixed to
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k ¼ n − 1. For the contributions from Eq. (E14), we fix 2nþ 2 ¼ 2j ⇒ n ¼ j − 1. Combining all these terms, we find

O½ðp − qÞ2j� ∋ −
ðq − pÞ2j
p2jþ1

X2j−1
n¼j

ð−1Þnð2nþ 1Þ!!
22j−nþ2ðnþ 2Þ!

�
2ðnþ 1Þ

�
nþ 1

2j − n − 1

�
− ðnþ 2Þ

�
n

2j − n − 1

��

−
ðq − pÞ2j
p2jþ1

ð−1Þj−1jð2j − 1Þ!!
2jþ2ðjþ 1Þ!

¼ −
ðq − pÞ2j
p2jþ1

Xj−1
n¼0

ð−1Þnþjð2nþ 2jþ 1Þ!!
2j−nþ2ðj − n − 1Þ!ð2nþ 1Þ!

�
2ðnþ jþ 1Þ

ð2nþ 2Þðnþ jþ 2Þ −
1

ðnþ jþ 1Þ
�

−
ðq − pÞ2j
p2jþ1

ð−1Þj−1jð2j − 1Þ!!
2jþ2ðjþ 1Þ! ; ðE23Þ

where the coefficients corresponding to each j∈N0 vanish
identically, as indicated by the observed sum identities
parallel to Eqs. (E18)–(E20):

Xj

n¼0

ð−1Þj−nð−1Þ2n
�

2nþ 2j
j − n; 2n; nþ j

�
1

nþ jþ 1
¼ 1;

ðE24Þ

Xj

n¼0

ð−1Þj−nð−1Þ2n
�

2nþ 2j
j − n; 2n; nþ j

�
¼ 22j; ðE25Þ

Xj−1
n¼0

ð−1Þj−n−1ð−1Þ2nþ1

�
2nþ2jþ1

j−n−1;2nþ1;nþ jþ1

�
¼ 1−22j: ðE26Þ

Thus, we can move forward, with the expansions propor-
tional to δð1Þðp − μÞ in Eq. (E1) being equivalent.

3. Arbitrary order

To address terms contributing to the part of the power
series characterized by an arbitrary derivative of Heaviside
step function θðbÞðp − μÞ, we approach similar to the
example above. Here we note that the steps leading up
to terms replacing those given in Eqs. (E13) and (E14)

remain identical. Amajor difference (albeit trivial) is seenwith
the structure in place of Eq. (E14), though, with in total b − 1
terms appearing instead of just the one earlier. Their impact is
alsomoregeneral,with atmost ⌈ b−1

2
⌉ terms contributing to the

cancellations of terms proportional to powers of ðq − pÞj,
where j ≥ b − 1. The contributions arising from the terms
akin to those in Eq. (E13) can—in alignment—be seen to
contribute to each power of ðq − pÞ2jþ1 via exactly jþ 1 −
bþ bb

2
c terms, and for powers ðq − pÞ2j via j − bþ ⌈ b

2
⌉

terms in total, as we will demonstrate below.
To begin with, the all contributions proportional to the

arbitrary derivative of Heaviside step function θðbÞðp − μÞ
on the right-hand side of Eq. (E1) for all b ≥ 1
[cf. Eq. (E14)] as follows:

−
pθðbÞðp − μÞðq − pÞb−1

2ðb!Þp½pþ ðq − pÞ�½2pþ ðq − pÞ�

¼ −
pθðbÞðp − μÞðq − pÞb−1

b!

×
X∞
n¼0

ð−1Þnð2nþ 1Þ!!
22þnp3ðnþ 1Þ!

f½2pþ ðq − pÞ�ðq − pÞgn
p2n :

ðE27Þ

The corresponding expression on the left-hand side of
Eq. (E1) can be written such that

X∞
n¼0

ð−1Þn
ðnþ 1Þ!

��
−

1

2p
d
dp

�
nþ1 θðp − μÞ

2p

�
½2pðq − pÞ þ ðq − pÞ2�n

¼
X∞
n¼0

ð−1Þn
ðnþ 1Þ!

½2pðq − pÞ þ ðq − pÞ2�n
2nþ2p2nþ3

Xnþ1

k¼0

ð−1Þkð2nþ 2 − kÞ!
k!ð2nþ 2 − 2kÞ!! θðkÞðp − μÞpk

↦
k¼b X∞

n¼b−1

ð−1Þnþb

ðnþ 1Þ!
½2pðq − pÞ þ ðq − pÞ2�n

2nþ2p2nþ3−b
ð2nþ 2 − bÞ!

b!ð2nþ 2 − 2bÞ!! θ
ðbÞðp − μÞ

¼
X∞
n¼0

ð−1Þn−1ðq − pÞnþb−1

ðnþ bÞ!
½2pþ ðq − pÞ�nþb−1

2nþbþ1p2nþbþ1

ð2nþ bÞ!
b!ð2nÞ!! θðbÞðp − μÞ; ðE28Þ
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where we adjusted the expression on the lowest row to
align through indexation (through the starting value n ¼ 0)
with Eq. (E27). Expanding the powers of ðq2 − p2Þn and
ðq2 − p2Þnþb−1, we subtract these expressions from one
another and find first the expression containing the first
nþ 1 terms of either binomial expansion via [cf. Eq. (E13)]

ð−1Þn−1
2nþ2ðnþbÞ!b!

1

p2nþ2

Xn
k¼0

�ð2nþbÞ!
ð2nÞ!!

�
nþb−1

k

�

−
ðnþbÞ!
ðnþ1Þ!

ð2nþ2Þ!
ð2nþ2Þ!!

n
k

�
ð2pÞn−kðq−pÞkþnþb−1 ðE29Þ

and additionally the b − 1 terms in excess arising from the
binomial expansion of ðq2 − p2Þnþb−1 given by

ð−1Þn−1
2nþ3ðnþ bÞ!b!

1

p2nþ3

Xb−2
k¼0

ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

kþ nþ 1

�

×

�
1

2p

�
k
ðq − pÞ2nþbþk; ðE30Þ

which we have reindexed such that summation begins from
k ¼ 0. Summing each of these two expressions over n∈N0,
we find the former expression of Eq. (E29) to contribute to
each power of ðp − qÞj with terms up to n ¼ j − bþ 1
(corresponding to k ¼ 0), while the latter expression of
Eq. (E30) has at most ⌈ b−1

2
⌉ terms contributing to each order

ðp − qÞj, and occurrences of each contribution—associated
with index k—are situated at fnjj − 2n ¼ bþ kg, with
the very first additions contributing to ðq − pÞb (the next-
to-leading order of the expansion). We emphasize that
the contributions (pertaining to the 2n explicitly) are
split separately to two distinct lists: those for even powers
ðq − pÞ2j and those for odd powers ðq − pÞ2jþ1 as seen also
in the example of the previous subsection.
To determine which terms from Eq. (E29) contribute to

the odd powers 2jþ 1, we fix k ¼ 2j − n − bþ 2 and note
that the summation limits—in alignment with those of
Eqs. (E17) and (E23)—arise from the limiting values of
0 ≤ k ≤ n or the closest indices able to generate the odd
value of 2jþ 1. The upper limit to the relevant values of n

arises from k ¼ 0 such that

0 ¼ 2j − n − bþ 2 ⇒ n ¼ 2j − bþ 2; ðE31Þ

while the lower limit corresponds to either of the following
two equations depending on the even or odd nature of the
integer variable b:

n ¼b¼2l
2j−n−bþ2⇒ n¼ j−

b−2

2
¼ jþ1− l; ðE32Þ

n − 1 ¼b¼2lþ1
2j − n − bþ 2 ⇒ n ¼ j −

b − 3

2
¼ jþ 1 − l:

ðE33Þ

These can be condensed by writing the lower limit
[corresponding again to ðq − pÞ2jþ1] as follows:

n ¼ jþ 1 −
�
b
2

�
: ðE34Þ

For even powers of ðq − pÞ2j, we instead fix
k ¼ 2j − n − bþ 1. The corresponding upper limit of
index n is again found by setting k ¼ 0 and yields

0 ¼ 2j − n − bþ 1 ⇒ n ¼ 2j − bþ 1; ðE35Þ

while the lower limit reads

n ¼ jþ 1 − ⌈b
2
⌉; ðE36Þ

where we have already taken into account the specifics
involving both the even and odd values of b.
We note that is also convenient to split the expression of

Eq. (E30) into two distinct structures, with the one
containing solely even powers 2k and the other one odd
powers 2k − 1 from the sole summation. These read

ð−1Þn−1
2nþ3ðnþ bÞ!b!

1

p2nþ3

Xb−2
k¼0

ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

kþ nþ 1

��
1

2p

�
k
ðq − pÞ2nþbþk

¼ ð−1Þn−1
2nþ3ðnþ bÞ!b!

1

p2nþ3

Xbb−22 c

k¼0

ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

2kþ nþ 1

��
1

2p

�
2k
ðq − pÞ2nþbþ2k

þ ð−1Þn−1
2nþ3ðnþ bÞ!b!

1

p2nþ3

X⌈b−22 ⌉

k¼1

ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

2kþ n

��
1

2p

�
2k−1

ðq − pÞ2nþbþ2k−1; ðE37Þ
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and their mutually distinct contributions to powers ðq − pÞj
is determined by the even or odd nature of b. Specifically,
b determines which of the two summations contributes
to terms ðq − pÞ2jþ1, directing the other summation to
ðq − pÞ2j. Furthermore, we need to determine which k
indices contribute to each computation. For this purpose we
move the k summation (notably independent of the n
summation) outward and fix n to produce the sought-after
power of ðq − pÞj.
Let us list the four different combinations here. First let b

be even. Then ðq − pÞ2jþ1 is contributed to by the last row
of Eq. (E37) and we can demand 2nþ bþ 2k − 1 ¼
2jþ 1. This implies that terms attributed to k can be
present at the order ðq − pÞ2jþ1 only if ∃ n ≥ 0 such that
k ¼ j − nþ 1 − b

2
. This equation implies specifically that

any k ≤ jþ 1 − b
2
is acceptable which—along with original

limits—combines to 1 ≤ k ≤ min ðjþ 1 − b
2
; ⌈ b−2

2
⌉Þ

simultaneously. Then note that the second to last row of
Eq. (E37) contributes to ðq − pÞ2j. Now demanding

2nþ bþ 2k ¼ 2j, we find attributable terms if ∃ n such
that k ¼ j − n − b

2
. Now the full limitations (following

previous reasoning) read 0 ≤ k ≤ min ðj − b
2
; bb−2

2
cÞ.

Let us next assume instead that b is odd. Now the powers
which the summations contribute to are reversed from
above. Specifically, for ðq − pÞ2jþ1, this fixes index k
such that k ¼ j − n − b−1

2
, which implies the condition

0 ≤ k ≤ min ðj − b−1
2
; bb−2

2
cÞ. The remaining summation

aligned with ðq−pÞ2j enforces the equation k¼ j−n− b−1
2
.

This implies the full condition such that 1 ≤ k ≤ min
ðj − b−1

2
; ⌈ b−2

2
⌉Þ.

To summarize the summation limits onto Eq. (E37), for
ðq − pÞ2jþ1 we find ⌈ bþ1

2
⌉ − bbþ1

2
c ≤ k ≤ min ðj − bb−1

2
c;

bb−2
2
cÞ. Similarly for ðq − pÞ2j the limits for k summation

read ⌈ b
2
⌉ − bb

2
c ≤ k ≤ min ðj − bb

2
c; ⌈ b−2

2
⌉Þ.

Following the reasoning dissected above, let us list the
terms contributing to each power of ðq − pÞj. First, we can
write all contributions to odd powers such that

O½ðp − qÞ2jþ1�

∋ −
ðq − pÞ2jþ1

ð2pÞ2jþ4−b

X2j−bþ2

n¼jþ1−bb
2
c

ð−2Þn
ðnþ bÞ!b!

�ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

2jþ 2 − n − b

�
−
ðnþ bÞ!
ðnþ 1Þ!

ð2nþ 2Þ!
ð2nþ 2Þ!!

�
n

2jþ 2 − n − b

��

þ ðq − pÞ2jþ1

p2jþ4−b

Xminðj−bb−1
2
c;bb−2

2
cÞ

k¼⌈bþ1
2
⌉−bbþ1

2
c

ð−1Þj−k−bbþ1
2
cð2j − 2kþ 1þ ⌈ bþ1

2
⌉ − bbþ1

2
cÞ!

2jþkþ3−bb
2
cðj − kþ ⌈ bþ1

2
⌉Þ!b!ð2j − 2k − 2bb−1

2
cÞ!!

�
j − kþ ⌈ b−1

2
⌉

jþ kþ 1 − ⌈ b−1
2
⌉

�
; ðE38Þ

where we combined the two different scenarios corresponding to even and odd values of b on the last line. Utilizing similar
conventions, the even powers can be written as

O½ðp − qÞ2j�

∋ −
ðq − pÞ2j
ð2pÞ2j−bþ3

X2j−bþ1

n¼jþ1−⌈b
2
⌉

ð−2Þn
ðnþ bÞ!b!

�ð2nþ bÞ!
ð2nÞ!!

�
nþ b − 1

2j − n − bþ 1

�
−
ðnþ bÞ!
ðnþ 1Þ!

ð2nþ 2Þ!
ð2nþ 2Þ!!

�
n

2j − n − bþ 1

��

þ ðq − pÞ2j
p2j−bþ3

Xmin ðj−bb
2
c;⌈b−2

2
⌉Þ

k¼⌈b
2
⌉−bb

2
c

ð−1Þj−k−1−bb2cð2j − 2kþ ⌈ b
2
⌉ − bb

2
cÞ!

2jþkþ3−⌈b
2
⌉ðj − kþ bbþ1

2
cÞ!b!ð2j − 2k − 2bb

2
cÞ!!

�
j − kþ bb−1

2
c

jþ k − bb−1
2
c
�
: ðE39Þ

As previously, every single coefficient of powers ðq − pÞj can be observed to vanish (a formal proof via induction or
combinatorics is deferred to another research paper). The implication of the general formula is clear: the two computation
schemes are equivalent on integrand level and not just integral level. This aligns with and extends the assumptions and
statements made earlier in [12] and has effectively led to this rather neat list of nontrivial summation identities.

APPENDIX F: BOSONIC PROPAGATORS

In this appendix, we briefly demonstrate that strict residue theorem is sufficient approach to describe the bosonic variant
of the fermionic one-loop example of the main text. Specifically, we walk through multiple subset examples and compute
(at least) the leading behavior utilizing two different integration orders (again to recognize equal results). Here, even more
than in the fermionic examples, it can be explicitly seen how much the strict T ¼ 0 residue theorem simplifies the
computations, even at the one-loop order, and we aim to justify its general usage (as opposed to the fully fermionic
counterpart).
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To streamline compactly communicate the following computations we introduce the following notation:

Bα1α2ðμ; s⃗; s0Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0 þ iμÞ2 þ p2�α1
1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�α2 ; ðF1Þ

Res½Bα1α2 �ðμ; s⃗; s0Þ ¼
Z
p
iRes

�
1

½ðp0 þ iμÞ2 þ p2�α1
1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�α2
�
; ðF2Þ

where we are most interested in cases involving fα1 ¼ 1; α2 ∈Zþg.24

1. Simplest scenario

Let us begin by studying the leading structure of

Res½B11�ðμ; 0; 0Þ ¼
Z
p
i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

p2
0 þ p2

�
p0¼−inμþip

; ðF3Þ

lacking formal external momenta, through the residue approach at strict T ¼ 0 limit. By straightforward steps—involving
simple changes of integration variables—continuing from Eq. (32), we find

Res½B11�ðμ; 0; 0Þ ¼
1

μ

Z
p

1

2p

�
θðp − μÞ
2p − μ

−
1

2pþ μ

�

¼
�
eγΛ2

4π

�3−d
2 μd−3

2ð4πÞd2Γðd
2
Þ

�Z
∞

1

dppd−3

1 − 1
2p

−
1

2d−2

Z
∞

0

dppd−2

1þ p

�

¼
�
eγΛ2

4π

�3−d
2 μd−3

2ð4πÞd2Γðd
2
Þ

�Z
1

0

dyy1−d

1 − y
2

−
1

2d−2

Z
∞

0

dppd−2

1þ p

�

¼
�
eγΛ2

4π

�3−d
2 μd−3

2d−1ð4πÞd2Γðd
2
Þ

�
B

�
1

2
; 2 − d; 0

�
− Γðd − 1ÞΓð2 − dÞ

�
; ðF4Þ

where we have expressed the hypergeometric integral25—characterized by integration interval x∈ ð0; 1Þ—from the second
to last row in terms of an incomplete beta function26 on the last row. The formal constraints for convergence of this
expression can be easily discerned from the latter Euler beta function (multiplication of two Euler gamma functions),
implying that 1 < d < 2. However, the closed-form expressions utilized here easily enable analytic continuation
to d∈RþnN.
With the first closed-form result in place, let us next illustrate how the opposite,

B11ðμ; 0; 0Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμÞ2 þ p2

1

p2
0 þ p2

; ðF5Þ

integration order leads to the exact same result. Specifically, applying first the dimensionally regularized spatial integration,
we need not write the distribution function and instead consider directly the outermost temporal integral as the principal
value integration discussed in the main text sections. We additionally note that given the lack of small expansion parameters
and external spatial momenta, Feynman parametrization is essentially optional, and one can equivalently use partial fraction
decomposition to find

B11ðμ; 0; 0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1 − ðp2

0Þ
d
2
−1

p2
0 − ðp0 þ iμÞ2 ; ðF6Þ

24We note that from the preceding discussion, α1 ≥ 2 would experience some discrepancy between the results, as can be seen by
setting for example α1 ¼ 2, α2 ¼ 0. The choice used here is therefore to study the effects of the bosonic propagator.

25Integral representation of hypergeometric function reads
R
1
0 dxx

b−1ð1 − xÞc−b−1ð1 − zxÞ−a ¼ ΓðcÞ
Γðc−bÞΓðbÞ 2F1½a; b; c; z� [34].

26Integral representation of incomplete beta function reads
R
z
0 dxx

a−1ð1 − xÞb−1 ¼ Bðz; a; bÞ [34].
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which is valid for all p0 ≠ 0. Then the remaining temporal integration (note again the split at p0 ¼ 0) reads

B11ðμ; 0; 0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
Z

∞

0

dp0

2π

�½ðp0 þ iμÞ2�d2−1 − ðp2
0Þ

d
2
−1

p2
0 − ðp0 þ iμÞ2 þ ½ðp0 − iμÞ2�d2−1 − ðp2

0Þ
d
2
−1

p2
0 − ðp0 − iμÞ2

�

¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
1

2iμ

Z
∞

0

dp0

2π

�
−
½ðp0 þ iμÞ2�d2−1 − ðp2

0Þ
d
2
−1

pþ iμ
2

þ ½ðp0 − iμÞ2�d2−1 − ðp2
0Þ

d
2
−1

p0 −
iμ
2

�
: ðF7Þ

The most efficient method to extract the hypergeometric presentation hereof is to perform Feynman parametrization now
acting on linear power terms of p0. Writing all expressions carefully in the temporal integration interval p0 ∈ ð0;∞Þ, we
find the temporal integral to be given such that

1

2iμ

Z
∞

0

dp0

2π

�
−
½ðp0 þ iμÞ2�d2−1 − ðp2

0Þ
d
2
−1

p0 þ iμ
2

þ ½ðp0 − iμÞ2�d2−1 − ðp2
0Þ

d
2
−1

p0 −
iμ
2

�

¼ ð2 − dÞ
Z

1

0

dxð1 − xÞ1−d
Z

∞

0

idp0

4πμ

��
p0 þ

�
1 −

x
2

�
iμ

�
d−3

−
�
p0 þ

ixμ
2

�
d−3

�

− ð2 − dÞ
Z

1

0

dxð1 − xÞ1−d
Z

∞

0

idp0

4πμ

��
p0 −

�
1 −

x
2

�
iμ

�
d−3

−
�
p0 −

ixμ
2

�
d−3

�

¼ 2μd−3

4π
sin

��
1 −

d
2

�
π

��Z
1

0

dxð1 − xÞ1−d
�
1 −

x
2

�
d−2

−
1

2d−2

Z
1

0

dxð1 − xÞ1−dxd−2
�
: ðF8Þ

After utilizing Euler’s reflection formula and hypergeo-
metric formulas from [34], we find

B11ðμ; 0; 0Þ ¼
�
eγΛ2

4π

�3−d
2 μd−3

2d−1ð4πÞd2Γðd
2
Þ

�
B
�
1

2
; 2 − d; 0

�

− Γð2 − dÞΓðd − 1Þ
�
; ðF9Þ

which explicitly agrees with the result presented
in Eq. (F4).

2. Leading contributions of raised bosonic poles

Let us next consider another case without explicit
external momenta, characterized by second-order bosonic
poles such that

B12ðμ;0;0Þ¼P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0þ iμÞ2þp2

1

½p2
0þp2�2

ðF10Þ

and

Res½B12�ðμ; 0; 0Þ ¼
Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

1

½p2
0 þ p2�2

�
:

ðF11Þ

This direct comparison is motivated by the discussion
presented in [13], wherein it was stated that the residue

approach works equally well for any power of bosonic
propagator, when studying the sunset integral. In
Appendix F 5, we address this in a more complete
sense, but here we will preface such discussion by explicit
results showing equivalence between the two integration
orders.
Again, we begin by performing the temporal integrations

through the residue theorem at T ¼ 0, which leads us to

Res½B12�ðμ;0;0Þ¼
Z
p

�
θðp−μÞ

2p
1

½−ðp−μÞ2þp2�2

−
1

4μ2p3
þ 1

2μ2pðμþ2pÞ2
�

¼
Z
p

1

8pμ2

�
θðp−μÞ
ðp− μ

2
Þ2 þ

1

ðpþ μ
2
Þ2
�
; ðF12Þ

where we have removed the middle contribution on the first
row, given that it vanishes in dimensional regularization.
The two resulting spatial integrals share a great deal of
structural resemblance with those seen in Eq. (F4), which
extends also to the corresponding special function repre-
sentations. Indeed, utilizing the same representation, we
find

Z
p

1

8pμ2
1

ðpþ μ
2
Þ2 ¼ −

�
eγΛ2

4π

�3−d
2 21−dðd − 2Þμd−5

ð4πÞd2

×
Γðd − 1ÞΓð2 − dÞ

Γðd
2
Þ ; ðF13Þ
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Z
p

1

8pμ2
θðp − μÞ
ðp − μ

2
Þ2 ¼

�
eγΛ2

4π

�3−d
2 μd−5

4ð4πÞd2Γðd
2
Þ

�
2þ 23−dðd − 2ÞB

�
1

2
; 3 − d; 0

��
: ðF14Þ

In a manner similar to the previous subsection, let us study the opposite integration order by first utilizing partial fraction
decomposition on the integrand. Then integrating the spatially, we find

B12ðμ; 0; 0Þ ¼ ð−iÞP:V:
Z

∞

−∞

dp0

2π

Z
p

1

2μ

1

p0 þ iμ
2

�
1

p2
0 þ p2

−
1

ðp0 þ iμÞ2 þ p2

�
1

p2
0 þ p2

¼ ð−iÞP:V:
Z

∞

−∞

dp0

2π

1

2μ

1

p0 þ iμ
2

Z
p

1

ðp2
0 þ p2Þ2

þ P:V:
Z

∞

−∞

dp0

2π

1

4μ2

�
1

p0 þ iμ
2

�
2
Z
p

�
1

p2
0 þ p2

−
1

ðp0 þ iμÞ2 þ p2

�

¼ ð−iÞP:V:
Z

∞

−∞

dp0

2π

1

2μ

1

p0 þ iμ
2

�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þðp2

0Þ
d−4
2

ð4πÞd2

þ P:V:
Z

∞

−∞

dp0

2π

1

4μ2

�
1

p0 þ iμ
2

�
2
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 fðp2
0Þ

d−2
2 − ½ðp0 þ iμÞ2�d−22 g: ðF15Þ

Similar to the previous subsection, we both perform Feynman parametrization utilizing linear scales of the temporal
momentum and express the resulting temporal integrations side by side in the interval p0 ∈ ð0;∞Þ. After the temporal
integrations, we are left with

B12ðμ; 0; 0Þ ¼ −
i

4πμ

�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ3−d
��

iμx
2

�
d−4

−
�
−
iμx
2

�
d−4

�

þ ð2 − dÞ
8πμ2

�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ1−dx
��

iμx
2

�
d−3

þ
�
−
iμx
2

�
d−3

�

−
ð2 − dÞ
8πμ2

�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ1−dx
���

1 −
x
2

�
iμ

�
d−3

þ
�
−
�
1 −

x
2

�
iμ

�
d−3

�
: ðF16Þ

Utilizing Euler’s reflection formula and beta function integral representations, we can straightforwardly associate the
components of the above to Eqs. (F13) and (F14) such that

−
i

4πμ

�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ3−d
��

iμx
2

�
d−4

−
�
−
iμx
2

�
d−4

�

¼ −2 ·
�
eγΛ2

4π

�3−d
2 21−dðd − 2Þμd−5

ð4πÞd2
Γðd − 1ÞΓð2 − dÞ

Γðd
2
Þ ; ðF17Þ

ð2 − dÞ
8πμ2

�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ1−dx
��

iμx
2

�
d−3

þ
�
−
iμx
2

�
d−3

�

¼ þ
�
eγΛ2

4π

�3−d
2 21−dðd − 2Þμd−5

ð4πÞd2
Γðd − 1ÞΓð2 − dÞ

Γðd
2
Þ ; ðF18Þ

−
ð2 − dÞ
8πμ2

�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2
Z

1

0

dxð1 − xÞ1−dx
���

1 −
x
2

�
iμ

�
d−3

þ
�
−
�
1 −

x
2

�
iμ

�
d−3

�

¼
�
eγΛ2

4π

�3−d
2 μd−5

4ð4πÞd2Γðd
2
Þ

�
2þ 23−dðd − 2ÞB

�
1

2
; 3 − d; 0

��
: ðF19Þ
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Here we emphasized the relevant multiplicative differences
to the expressions from the residue prescription by
extracting any such factors at the front of the right-hand
side in all these equations. By summing these, it is trivial to
see that the results are equivalent. This is again a nontrivial
example of systematic behavior that extends to any
arbitrary power of the bosonic propagator.

3. Extension to bosonic temporal external momenta

Let us return to consider first order bosonic poles, with
now an added temporal shift such that

B11ðμ; 0; k0Þ ¼ P:V:
Z

∞

−∞

dp0

2π

×
Z
p

1

ðp0 þ iμÞ2 þ p2

1

½ðp0 − k0Þ2 þ p2�
ðF20Þ

and

Res½B11�ðμ;0;k0Þ

¼
Z
p
iRes

�
1

ðp0þ iμÞ2þp2

1

½ðp0−k0Þ2þp2�
�
: ðF21Þ

Carrying now out the strict T ¼ 0 residue prescription,
we find in alignment with Eq. (32) the spatial integrals
such that

Res½B11�ðμ; 0; k0Þ

¼ 1

μ − ik0

Z
p

�
θðp − μÞ

2p
1

2p − μþ ik0
−

1

2p
1

2pþ μ − ik0

�

¼ 1

μ

�
1 −

ik0
μ

�
−1 Z

p

�
θðp − μÞ

2pð2p − μÞ
�
1þ ik0

2p − μ

�
−1

−
1

2pð2pþ μÞ
�
1 −

ik0
2pþ μ

�
−1
�
; ðF22Þ

where we have in anticipation of further steps explicitly
written the well-defined binomial power expressions for
generation of subleading contributions proportional to
Oðkn0Þ. Given that the computation—specifically in the
opposite integration order—becomes somewhat convo-
luted, we are satisfied by confirming the equivalence of
results in the first subleading order of Oðk0Þ. These read

Res½B11�ðμ; 0; k0Þ

¼ 1

μ

�
1þ ik0

μ

�Z
p

�
θðp − μÞ

2p
1

2p − μ
−

1

2p
1

2pþ μ

�

−
ik0
μ

Z
p

�
θðp − μÞ

2pð2p − μÞ2 þ
1

2pð2pþ μÞ2
�

¼
�
1þ ik0

μ

�Z
p
iRes

�
1

½ðp0 þ iμÞ2 þ p2�½p2
0 þ p2�

�

− ik0μ
Z
p
iRes

�
1

½ðp0 þ iμÞ2 þ p2�½p2
0 þ p2�2

�
; ðF23Þ

where on the lowest row we have implicitly associated the
terms to those discussed in previous two subsections,
specifically for the former those seen in Eqs. (F4),
(F13), and (F14), respectively.
Let us then consider the reverse order of integration

again beginning with the computation by partial fraction
decomposition. Performing afterward the spatial integrat-
ing we find

B11ðμ; 0; k0Þ

¼
�
eγΛ2

4π

�3−d
2

P:V:

×
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1 − ½ðp0 − k0�2Þd2−1

ðp0 − k0Þ2 − ðp0 þ iμÞ2

¼ i
2ðμ − ik0Þ

�
eγΛ2

4π

�3−d
2

P:V:

×
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1 − ½ðp0 − k0Þ2�d2−1

ðp0 þ iμ
2
Þ − k0

2

:

ðF24Þ
For the purpose of properly isolating the subleading con-
tributions, let us evaluate separately the two terms in the
numerator detached from one another by the minus sign,
½ðp0 þ iμÞ2�d2−1 − ½ðp0 − k0Þ2�d2−1. First considering the lat-
ter, the most convenient way to approach the expansion is to
move all k0 dependence to the denominator by performing a
change of integration variable p0 ↦ p0 þ k0, which addi-
tionally moves the original position of the split in temporal
integration. Then, we can reexpress the terms up to Oðk0Þ
such that

−
i

2ðμ − ik0Þ
�
eγΛ2

4π

�3−d
2

P:V:
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 − k0Þ2�d2−1
p0 þ iμ−k0

2

¼ −
�
1þ ik0

μ

�
i
2μ

�
eγΛ2

4π

�3−d
2

P:V:
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0Þ2�d2−1
p0 þ iμ

2

þ ik0μ ·
1

4μ2

�
eγΛ2

4π

�3−d
2

�Z
∞

0

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0Þ2�d2−1
ðp0 þ iμ

2
Þ2 þ

Z
∞

0

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0Þ2�d2−1
ðp0 −

iμ
2
Þ2
�
: ðF25Þ
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The remaining contributions from Eq. (F24) can be directly expanded to yield instead

i
2ðμ − ik0Þ

�
eγΛ2

4π

�3−d
2

P:V:
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1
p0 þ iμ−k0

2

¼
�
1þ ik0

μ

�
i
2μ

�
eγΛ2

4π

�3−d
2

P:V:
Z

∞

−∞

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1

p0 þ iμ
2

þ ik0μ ·
1

4μ2

�
eγΛ2

4π

�3−d
2

�Z
∞

0

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1
ðp0 þ iμ

2
Þ2 þ

Z
∞

0

dp0

2π

Γð1 − d
2
Þ

ð4πÞd2
½ðp0 þ iμÞ2�d2−1

ðp0 −
iμ
2
Þ2

�
: ðF26Þ

Combining these two expressions and comparing them against Eqs. (F8), (F18), and (F19), we can immediately recognize the
equivalence to Eq. (F23) without any further computations. We again emphasize that this equivalence can be confirmed to
extend to any arbitrary power of the temporal external momentum in the corresponding expansion.

4. Extension to spatial external momenta

We recognize that it is somewhat obvious that the spatial external momenta only contribute in ways that are respected in
both integration orders (specifically referring to the residue approach), given that the distribution functions in full absorb the
added scales. However, for the sake of completeness, we choose to be explicit and write below the most first subleading
contributions and find them to be indeed equal through either computation scheme. Thus, let us begin by defining the
integral of interest as

B11ðμ; s⃗; 0Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμÞ2 þ p2

1

p2
0 þ jp⃗ − s⃗j2 ðF27Þ

and

Res½B11�ðμ; s⃗; 0Þ ¼
Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

1

p2
0 þ jp⃗ − s⃗j2

�
: ðF28Þ

Then following Eq. (32), we can explicitly write the spatial integrand for all orders ofOðsnÞ. To perform the expansion, we

utilize the fact that s ≪ μ and therefore jθðp − μ∓μ
2
Þ 2psz�s2

2pμ�μ2
j ≪ 1. By noting that any order proportional to odd power of the

angular coordinate z has to vanish, we find the first nonvanishing subleading terms at Oðs2Þ by writing

Res½B11�ðμ; s⃗; 0Þ ¼
Z
p

�
θðp − μÞ

2p
1

−ðp − μÞ2 þ jp⃗ − s⃗j2 þ
θðjp⃗ − s⃗jÞ
2jp⃗ − s⃗j

1

−ðjp⃗ − s⃗j þ μÞ2 þ p2

�

¼
Z
p

θðp − μÞ
2p

1

2p − μ

�
1 −

2psz − s2

2pμ − μ2

�−1
−
Z
p

1

2p
1

2pμþ μ2

�
1þ 2pszþ s2

2pμþ μ2

�−1

¼ 1

μ

Z
p

1

2p

�
θðp − μÞ
2p − μ

−
1

2pþ μ

�
− s2

Z
p

�
θðp − μÞ

2p
1

ð2pμ − μ2Þ2 −
1

2p
1

ð2pμþ μ2Þ2
�

þ s2
Z
p

�
θðp − μÞ

2p
4p2z2

ð2pμ − μ2Þ3 −
1

2p
4p2z2

ð2pμþ μ2Þ3
�
þOðs4Þ: ðF29Þ

The terms on the second to last row can be found explicitly from Eqs. (F4), (F13), and (F14). Thus the sole additional
contributions (containing explicit angular dependence) can be computed straightforwardly using Eq. (39), which leads to

Z
p

θðp − μÞ
2p

4p2z2

ð2pμ − μ2Þ3 ¼
�
eγΛ2

4π

�3−d
2 μd−5

πð4πÞd−12 Γðd−1
2
Þ

�Z
1

−1
dzð1 − z2Þ3−d2 z2

� Z
∞

1

dp
pd

4ðp − 1
2
Þ3

¼
�
eγΛ2

4π

�3−d
2 μd−5

4ð4πÞd2Γðd
2
þ 1Þ

�
2þ dþ 21−ddðd − 1ÞB

�
1

2
; 2 − d; 0

��
ðF30Þ
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and

−
Z
p

1

2p
4p2z2

ð2pμþ μ2Þ3 ¼
�
eγΛ2

4π

�3−d
2 μd−5

πð4πÞd−12 Γðd−1
2
Þ

�Z
1

−1
dzð1 − z2Þ3−d2 z2

� Z
∞

0

dp
pd

2dðpþ 1Þ3

¼ −
�
eγΛ2

4π

�3−d
2 μd−5Γðdþ 1ÞΓð2 − dÞ

21þdð4πÞd2Γðd
2
þ 1Þ : ðF31Þ

To compute the spatial integration first, we must begin with Feynman parametrization enacted onto the two propagator
elements. We follow this up naturally with the spatial integration, leading to

B11ðμ; s⃗; 0Þ ¼
�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

Z
1

0

dx½xðp0 þ iμÞ2 þ ð1 − xÞp2
0 þ xð1 − xÞs2�d2−2: ðF32Þ

Before carrying out the temporal integration (or parametric integration), one should expand the power function, specifically
noting that xð1 − xÞs2 < jxðp0 þ iμÞ2 þ ð1 − xÞp2

0j if p0 ≠ 0. This allows us to extract the two leading structures such that

�
eγΛ2

4π

�3−d
2 Γð2 − d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

Z
1

0

dx½xðp0 þ iμÞ2 þ ð1 − xÞp2
0 þ xð1 − xÞs2�d2−2

¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

1

2iμ
1

p0 þ iμ
2

½ðp2
0Þ

d−2
2 − ½ðp0 þ iμÞ2�d−22 �

−
�
eγΛ2

4π

�3−d
2 Γð3 − d

2
Þ

ð4πÞd2 P:V:
Z

∞

−∞

dp0

2π

Z
1

0

dx½xðp0 þ iμÞ þ ð1 − xÞp2
0�

d
2
−3xð1 − xÞs2: ðF33Þ

Here the subleading part can be further simplified by performing the Feynman parametrization explicitly, which leads to the
following temporal integrand:

Z
1

0

dxxð1 − xÞ½xðp0 þ iμÞ2 þ ð1 − xÞp2
0�

d−6
2

¼ −
2½ðp0 þ iμÞ2�d−42

½ðp0 þ iμÞ2 − p2
0�3

�½ðp0 þ iμÞp0�2
d − 4

−
ðp0 þ iμÞ2½ðp0 þ iμÞ2 þ p2

0�
d − 2

þ ðp0 þ iμÞ4
d

�

þ 2½ðp0Þ2�d−42
½ðp0 þ iμÞ2 − p2

0�3
�½ðp0 þ iμÞp0�2

d − 4
−
ðp0Þ2½ðp0 þ iμÞ2 þ p2

0�
d − 2

þ ðp0Þ4
d

�
: ðF34Þ

The simplifications from this expression are easiest carried out by recasting all numerator expressions to be given in terms of
the scale under the effect of the d-dependent power. Explicitly this means that all numerator expressions in the second to last
row are written in terms of p0 þ iμ, specifically p2

0 ¼ ðp0 þ iμÞ2 − 2iμðp0 þ iμÞ − μ2. In the last row, the numerator
exclusively utilizes p0 and thus we would write ðp0 þ iμÞ2 ¼ p2

0 þ 2iμp0 − μ2. After these simplifications, the remaining
temporal integration is carried out after the Feynman parametrization of the integrand—leading to the divisors combining
with the numerators as linear shifts. We note that all these steps are straightforward and follow the steps carried out in
Appendixes F 2 and F 3, but given how lengthy the computation is, we are satisfied to note that the result explicit agrees
with those listed in Eqs. (F29)–(F31). Similar to this first subleading contribution, one can straightforwardly find agreement
up to any order of Oðs2nÞ.

5. General raised poles and vanishing delta function contributions

We have demonstrated through studying the lowest subleading orders the behavior such that B11ðμ; s⃗; s0Þ ¼
Res½B11�ðμ; s⃗; s0Þ or
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P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμÞ2 þ p2

1

ðp0 − s0Þ2 þ jp⃗ − s⃗j2

¼
Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 − s0Þ2 þ jp⃗ − s⃗j2
�
p0¼inðp−μÞþið1−nÞjp⃗−s⃗j

; ðF35Þ

which explicitly does extend to all orders of the small parameter expansion with respect to s
μ and

s0
μ . Furthermore, we showed

that B12ðμ; 0; 0Þ ¼ Res½B12�ðμ; 0; 0Þ or

P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμÞ2 þ p2

1

½p2
0 þ p2�2 ¼

Z
p
iRes

�
1

ðp0 þ iμÞ2 þ p2

1

½p2
0 þ p2�2

�
p0¼inðp−μÞþið1−nÞp

; ðF36Þ

which exemplifies a more general behavior of equivalence taking place with any arbitrary integer power of the bosonic
propagator. Here, we argue how and why this extends even to allow further scales such as small external momenta. To this
end, letm∈Zþ, and consider the steps of showing agreement between the lines of the following (so-far-unproven) identity:

B1mðμ; s⃗; s0Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμÞ2 þ p2

1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�m

¼
Z
p
i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�m
�

p0¼inðp−μÞþð1−nÞðs0þijp⃗−s⃗jÞ
: ðF37Þ

First let us look back to Eq. (F12), where we note that on the integrand level, there is an excess term besides the structures
that match between the results of integration orders. That difference term, however, vanishes as a scaleless integral in
dimensional regularization such that Z

p

1

4μ2p3
¼ 0: ðF38Þ

Let us next illustrate that a similar property of belonging to the kernel of spatial integration characterizes also any thermal
contributions that residue theorem at strict T ¼ 0 neglects. For this purpose, we study the lowest-order case of raised
bosonic poles. Noting that since the bosonic and fermionic poles are distinct, we can find the leading-temperature-related
corrections by adding fermionic distribution function (without any need to implement any additional Feynman
parametrizations). This leads to

B12ðμ; s⃗; s0Þ ¼
Z
p
lim
T→0þ

i
X1
n¼0

Res

�
nFðiβp0Þ

ðp0 þ iμÞ2 þ p2

1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�2
�

p0¼inðp−μÞþð1−nÞðs0þijp⃗−s⃗jÞ

¼
Z
p
i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�2
�

p0¼inðp−μÞþð1−nÞðs0þijp⃗−s⃗jÞ

−
Z
p

δðjp⃗ − s⃗jÞ
4jp⃗ − s⃗j2

1

ðs0 þ ijp⃗ − s⃗j þ iμÞ2 þ p2
ðF39Þ

or, equivalently, following [12] through differentiation of the lowest-order residue we find

B12ðμ; s⃗; s0Þ ¼ −
Z
p

lim
q→jp⃗−s⃗j

d
dq2

i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 − s0Þ2 þ q2

�
p0¼inðp−μÞþð1−nÞðs0þiqÞ

¼
Z
p
i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

½ðp0 − s0Þ2 þ jp⃗ − s⃗j2�2
�

p0¼inðp−μÞþð1−nÞðs0þijp⃗−s⃗jÞ

−
Z
p

δðjp⃗ − s⃗jÞ
4jp⃗ − s⃗j2

1

ðs0 þ ijp⃗ − s⃗j þ iμÞ2 þ p2
: ðF40Þ
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The last row of either equation above corresponds to the
difference term from the strict residue theorem expression
at T ¼ 0. To study the relevant spatial integral, let external
momentum sk act as a small shift and perform (again) a
change of integration variables such that dpk ¼ dqk, where
q⃗þ s⃗ ¼ p⃗. Now, we can write

−
Z
p

δðjp⃗ − s⃗jÞ
4jp⃗ − s⃗j2

1

ðs0 þ ijp⃗ − s⃗j þ iμÞ2 þ p2

¼ −
Z
q

δðqÞ
4q2

1

ðs0 þ iqþ iμÞ2 þ jq⃗þ s⃗j2 : ðF41Þ

Given that the right-hand side is directly proportional to
scaleless radial integral, we can recognize that it indeed
vanishes in dimensional regularization such thatZ

∞

0

dqδðqÞqd−3fðq⃗; s⃗; s0; μÞ

¼ fð0⃗; s⃗; s0; μÞlim
q→0

qd−3 ¼dim reg
0; ðF42Þ

where it is assumed that fðq⃗; s⃗; s0; μÞ is independent of the
dimension d and jfð0⃗; s⃗; s0; μÞj is convergent. Then the
vanishing result is achieved when the dimension is kept
implicit until after integration (allowing dimensional regu-
larization to take place).
For a n∈Zþ exponent to the bosonic propagator, the

nonvanishing temperature prescription would introduce
n − 1 boundary terms in addition to the naive residue at
T ¼ 0, leading up to a set of corrections such that

Xn−2
k¼0

δðkÞðqÞ
qnþk fkðq⃗; s⃗; s0; μÞ ðF43Þ

with each of them vanishing in radial dimensional regu-
larization whenever the spatial integral is carried out. Given
that the inclusion of thermal distribution functions acts as a
bridge between the two integration orders and that the first-
order pole integral yields identical values in either inte-
gration order, we can indeed deduce that the statement of
Eq. (F37) is valid.

APPENDIX G: DISTINCT CHEMICAL
POTENTIALS

In this appendix, we discuss an extension to the formulas
of the previous appendix, with two explicitly distinct
chemical potentials in the two propagator structures of
the desired one-loop integral:

Cα1α2ðμ1; μ2Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

½ðp0 þ iμ1Þ2 þ p2�α1

×
1

½ðp0 þ iμ2Þ2 þ p2�α2 ðG1Þ

and

Res½Cα1α2 �ðμ1; μ2Þ ¼
Z
p
iRes

�
1

½ðp0 þ iμ1Þ2 þ p2�α1

×
1

½ðp0 þ iμ2Þ2 þ p2�α2
�
; ðG2Þ

where we specifically study parameters α1 ¼ α2 ¼ 1.
We emphasize that while we do not explicitly consider

extensions to external spatial momenta q⃗ ¼ p⃗ − s⃗ here,
such cases would align with all the statements discussed
here and previously about the special cases in Secs. III A 1
and III B 1 as well as Appendix F 4. This specifically refers
to how in all these cases the Heaviside step functions fully
carry out the role of Fermi-Dirac distribution functions of
infinitesimal temperature, and accordingly either integra-
tion order yields equivalent results. However, any raised
propagator powers—outside of those affecting purely
bosonic poles—break this property and require either
spatial differentiation or an explicit Fermi-Dirac distribu-
tion to be implemented as part of the calculations [12].
Our demonstrative calculations go through two cases

involving two signatures of chemical potentials: one with
both positive and the other with one of each sign. The
remaining case with both chemical potentials assigned to
negative values can be trivially associated with a case with
only positive values due to the quadratic symmetry of
ðp0 þ iμÞ2 as well as the range of temporal momenta being
(almost) full real line.

1. Two positive chemical potentials

For the purpose of this computation we fix μ1 ≥ μ2 > 0
without any true loss of generality. Then, let us utilize the
residue theorem onto the integrand of Eq. (G2) along the
upper half of the complex plane to find

Res½C11�ðμ1; μ2Þ

¼
Z
p

�
θðp − μ1Þ

2p
1

ðip − iμ1 þ iμ2Þ2 þ p2

þ θðp − μ2Þ
2p

1

ðip − iμ2 þ iμ1Þ2 þ p2

�

¼ 1

μ1 − μ2

Z
p

�
θðp − μ1Þ

2p
1

2p − ðμ1 − μ2Þ

−
θðp − μ2Þ

2p
1

2pþ ðμ1 − μ2Þ
�
: ðG3Þ

The remaining spatial integrals can be computed straight-
forwardly by utilizing the following formula:
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Z
∞

μ�

dppd−2

p ∓ μþ−μ−
2

¼ μd−2�
2 − d 2F1

�
1; 2 − d; 3 − d;� μþ − μ−

2μ�

�

¼ 1

2 − d

�
μþ þ μ−

2

�
d−2

2F1

�
2 − d; 2 − d; 3 − d;

∓ ðμþ − μ−Þ
μþ þ μ−

�
; ðG4Þ

where the second equality is achieved using a Pfaff transformation [34]. Via substitutions μþ ¼ μ1 and μ− ¼ μ2, we can
write the full solution as

Res½C11�ðμ1; μ2Þ ¼
�
eγΛ2

4π

�3−d
2 ðμ1 þ μ2Þd−2
2d−1ð4πÞd2Γðd

2
Þðμ1 − μ2Þð2 − dÞ 2F1

�
2 − d; 2 − d; 3 − d;

μ2 − μ1
μ1 þ μ2

�
þ ðμ1 ↔ μ2Þ: ðG5Þ

Then let us continue with opposite integration order, in alignment of how Eq. (G1) has been written. Following previously
established strategy, we again begin with utilizing partial fraction decomposition (or, equivalently, Feynman para-
metrization) before spatial integration. After this, we can write each remaining temporal integral in the range of p0 ∈ ð0;∞Þ
leading stepwise to

C11ðμ1; μ2Þ ¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 Re

�Z
∞

0

dp0

π

½ðp0 þ iμ2Þ2�d2−1 − ½ðp0 þ iμ1Þ2�d2−1
ðp0 þ iμ1Þ2 − ðp0 þ iμ2Þ2

�

¼ −
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 Re

�
1

2iðμ2 − μ1Þ
Z

∞

0

dp0

π

½ðp0 þ iμ2Þ2�d2−1 − ½ðp0 þ iμ1Þ2�d2−1
p0 þ iðμ1þμ2Þ

2

�
; ðG6Þ

where we again utilize the real part operator. We further continue by using Feynman parametrization enacted on the linear
scales of the form p0 þ c · iμ. Then leaving out the preamble of ½eγΛ2=ð4πÞ�3−d2 ð4πÞ−d

2Γð1 − d
2
Þ, we find

− Re

�
iðd − 2Þ
2ðμ2 − μ1Þ

Z
1

0

dxx1−d
Z

∞

0

dp0

π

�
p0 þ

i
2
ðμ1 þ μ2 − xμ1 þ xμ2Þ

�
d−3

�
þ ðμ1 ↔ μ2Þ

¼ sin ½ð1 − d
2
Þπ�

2d−1πðμ2 − μ1Þ
Z

1

0

dxx1−dðμ1 þ μ2 − xμ1 þ xμ2Þd−2 þ ðμ1 ↔ μ2Þ: ðG7Þ

Utilizing this structure, we can write the full solution as

C11ðμ1; μ2Þ ¼
�
eγΛ2

4π

�3−d
2 ðμ1 þ μ2Þd−2
2d−1ð4πÞd2Γðd

2
Þðμ2 − μ1Þ

Z
1

0

dxx1−d
�
1 − x

μ1 − μ2
μ1 þ μ2

�
d−2

þ ðμ1 ↔ μ2Þ

¼
�
eγΛ2

4π

�3−d
2 ðμ1 þ μ2Þd−2
2d−1ð4πÞd2Γðd

2
Þðμ1 − μ2Þð2 − dÞ 2F1

�
2 − d; 2 − d; 3 − d;

μ2 − μ1
μ1 þ μ2

�
þ ðμ1 ↔ μ2Þ: ðG8Þ

This is—as expected—in alignment with the result from the strict residue theorem applied to the integrand in the opposite
integration order.

2. One positive and one negative chemical potential

For the purpose of removing ambiguity from the following steps, we redefine the integrand of interest such that

C11ðμ1;−μ2Þ ¼ P:V:
Z

∞

−∞

dp0

2π

Z
p

1

ðp0 þ iμ1Þ2 þ p2

1

ðp0 − iμ2Þ2 þ p2
; ðG9Þ

Res½C11�ðμ1;−μ2Þ ¼
Z
p
iRes

�
1

ðp0 þ iμ1Þ2 þ p2

1

ðp0 − iμ2Þ2 þ p2

�
; ðG10Þ

where we work in the hierarchy μ1 ≥ μ2 > 0 (with the opposite hierarchy trivial to show using similar steps). Following the
same order of computations as above, let us first consider the integration order that starts with strict residue theorem.
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We begin with performing residues along the upper half-plane (of the complex plane) to find the spatial integrand as

Res½C11�ðμ1;−μ2Þ ¼
Z
p

1

2pðμ1 þ μ2Þ
�

θðp − μ1Þ
2p − ðμ1 þ μ2Þ

−
1

2pþ ðμ1 þ μ2Þ
þ θðμ2 − pÞ
2p − ðμ1 þ μ2Þ

�
; ðG11Þ

where we emphasize the structural difference from the result in Eq. (G3) specifically seen in the very last term proportional
to θðμ2 − pÞ. Each of these is somewhat straightforward to write in terms of widely known special functions. They read
from left to right

Z
p

1

2pðμ1 þ μ2Þ
θðp − μ1Þ

2p − ðμ1 þ μ2Þ
¼

�
eγΛ2

4π

�3−d
2 μd−21

2ð4πÞd2Γðd
2
Þðμ1 þ μ2Þð2 − dÞ 2F1

�
1; 2 − d; 3 − d;

μ1 þ μ2
2μ1

�
; ðG12Þ

1

4ðμ1 þ μ2Þ
Z
p

1

p
1

pþ μ1þμ2
2

¼
�
eγΛ2

4π

�3−d
2 Γð2 − dÞΓðd − 1Þ

2d−1ð4πÞd2Γðd
2
Þ ðμ1 þ μ2Þd−3; ðG13Þ

and

−
Z
p

1

2pðμ1 þ μ2Þ
θðμ2 − pÞ

2p − ðμ1 þ μ2Þ
¼

�
eγΛ2

4π

�3−d
2 μd−12

ð4πÞd2Γðd
2
Þðμ1 þ μ2Þ2ðd − 1Þ 2F1

�
1; d − 1; d;

2μ2
μ1 þ μ2

�
: ðG14Þ

Then let us compute the corresponding integral in reverse order of integration and confirm the equivalence of the results.
Again beginning with partial fraction decomposition of the integrand, we continue by writing the temporal integration to
real positive range and find

C11ðμ1;−μ2Þ ¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 Re

�Z
∞

0

dp0

π

½ðp0 − iμ2Þ2�d2−1 − ½ðp0 þ iμ1Þ2�d2−1
ðp0 þ iμ1Þ2 − ðp0 − iμ2Þ2

�

¼
�
eγΛ2

4π

�3−d
2 Γð1 − d

2
Þ

ð4πÞd2 Re

�
1

2iðμ1 þ μ2Þ
Z

∞

0

dp0

π

½ðp0 − iμ2Þ2�d2−1 − ½ðp0 þ iμ1Þ2�d2−1
p0 þ iðμ1−μ2Þ

2

�
: ðG15Þ

By considering the parts of the temporal integrand after the preamble ½eγΛ2=ð4πÞ�3−d2 ð4πÞ−d
2Γð1 − d

2
Þ, we find via Feynman

parametrization (essentially following the same strategy as in previous subsection)

−
ðd − 2Þ

2ðμ1 þ μ2Þ
Im

�Z
1

0

dxx1−d
Z

∞

0

dp0

π

�
p0 þ

i
2
ðμ1 − μ2 − xμ1 − xμ2Þ

�
d−3

�

þ ðd − 2Þ
2ðμ1 þ μ2Þ

Im

�Z
1

0

dxx1−d
Z

∞

0

dp0

π

�
p0 þ

i
2
ðμ1 − μ2 þ xμ2 þ xμ1Þ

�
d−3

�

¼ ðμ1 þ μ2Þd−3
2π

Im

�Z
1

0

dxx1−d
�
i
2

�
μ1 − μ2
μ1 þ μ2

− x

��
d−2

�

−
ðμ1 þ μ2Þd−3

4πi
Im

�Z
1

0

dxx1−d
�
i
2

�
μ1 − μ2
μ1 þ μ2

þ x
��

d−2
�
: ðG16Þ

Here the hypergeometric integral of the lower term only contains positive scales in the chosen hierarchy and accordingly can
be studied in a liberal manner. Specifically, we can write the part of the full integral it contributes to as
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�
eγΛ2

4π

�3−d
2 ðμ1 þ μ2Þd−3Γð1 − d

2
Þ sin ½ð1 − d

2
Þπ�

2d−1πð4πÞd2
Z

1

0

dxx1−d
�
μ1 − μ2
μ1 þ μ2

þ x

�
d−2

¼
�
eγΛ2

4π

�3−d
2 ðμ1 − μ2Þd−2
2d−1ðμ1 þ μ2Þð4πÞd2Γðd2Þ

Z
1

0

dxx1−d
�
1þ μ1 þ μ2

μ1 − μ2
x

�
d−2

¼
�
eγΛ2

4π

�3−d
2 μd−21

2ð4πÞd2Γðd
2
Þðμ1 þ μ2Þð2 − dÞ 2F1

�
1; 2 − d; 3 − d;

μ1 þ μ2
2μ1

�
; ðG17Þ

where the last equality follows from a Pfaff transform of
hypergeometric functions. The last form is chosen to show
how this result matches exactly with that of Eq. (G12).
The second to last row of Eq. (G16) should be split in

two to efficiently extract its special function representation.
Specifically, its parametric integral is split here such that
x∈ ð0; μ1−μ2μ1þμ2

Þ characterizes part (a) and x∈ ðμ1−μ2μ1þμ2
; 1Þ char-

acterizes part (b). Thus, part (a) reads

−
�
eγΛ2

4π

�3−d
2 ðμ1þμ2Þd−3
2d−1ð4πÞd2Γðd

2
Þ

Z μ1−μ2
μ1þμ2

0

dxx1−d
�
μ1−μ2
μ1þμ2

−x

�
d−2

¼−
�
eγΛ2

4π

�3−d
2 Γð2−dÞΓðd−1Þ

2d−1ð4πÞd2Γðd
2
Þ ðμ1þμ2Þd−3; ðG18Þ

which perfectly aligns with Eq. (G13). The remaining
hypergeometric structure reads

−
�
eγΛ2

4π

�3−d
2 ðμ1þμ2Þd−3
2d−1ð4πÞd2Γðd

2
Þ

Z
1

μ1−μ2
μ1þμ2

dxx1−d
�
x−

μ1−μ2
μ1þμ2

�
d−2

¼−
�
eγΛ2

4π

�3−d
2 ðμ1þμ2Þd−3
2d−1ð4πÞd2Γðd

2
Þ

×
Z 2μ2

μ1þμ2

0

dy

�
yþ μ1−μ2

μ1þμ2

�
1−d

yd−2

¼
�
eγΛ2

4π

�3−d
2 μd−12

ð4πÞd2Γðd
2
Þðμ1þμ2Þ2ðd−1Þ

× 2F1

�
1;d−1;d;

2μ2
μ1þμ2

�
; ðG19Þ

where we have identified the result as equivalent to
Eq. (G14) after performing a Pfaff transform. Thus, the
two integration orders do indeed yield identical results.

APPENDIX H: SUNSET INTEGRAL

In this appendix we discuss the mechanism of a specific
example where the residue theorem yields the sought-
after result in loop computations, despite the previously
established issues associated with particular temporal
integrand structures. Before studying explicitly integrands
in terms of the strict residue theorem approach at
vanishing temperature, let us briefly emphasize that in
bubble Feynman integrals, all temporal momenta can be
considered to be proportional to temperature. Pertaining
specifically to hierarchy where the absolute value of
temporal scale is smaller than the chemical potential,
all contributions proportional to a positive power of such a
scale could be seen as thermally subleading. With the
observed differences arising from the temporal scales
(see Sec. IV C) and the thermally subleading interpretation
as justification, removing s0 dependence completely can
be seen as a means to match results from different
integration orders in multiloop computations. However,
this would somewhat misleadingly imply factorization
in the temporal coordinates, for which reason we will
instead look more closely to explicit multiloop residue
computations.
Specifically, we study spatial integrands of so-called

sunset integral at vanishing temperature:

S111ðμÞ ¼
Z
p;q

Z
∞

−∞

dp0dq0
ð2πÞ2

1

ðp0 þ iμÞ2 þ p2

1

ðq0 þ iμÞ2 þ q2
1

ðp0 − q0Þ2 þ jp⃗ − q⃗j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
iRes½ 1

ðp0þiμÞ2þp2
1

ðq0þiμÞ2þq2
1

ðp0−q0Þ2þjp⃗−q⃗j2�

ðH1Þ

in terms of different residue prescriptions (here we emphasize the convention of the temporal integrals indicating the range
as a solid real line). First we utilize literature [13] to identify an integrand that leads to the sought-after value for the full
integral and compare that against the established one-loop properties from this work. Second we forcefully recast the
integrand and temporal integration order to introduce a possibly problematic one-loop structure and follow up by showing
that the present symmetries remove any possible excess terms in the integrand.
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1. Conventional computation

Let us then consider the residue prescription of the sunset integral presented in Eq. (H1) explicitly. Specifically, we
consider such an integration order, in which the temporal integrations are performed prior to any of the spatial ones. To keep
the discussion simpler, we omit the spatial integrals and focus solely on the temporal ones. There is no informational
difference in choosing either of the temporal loop momenta first. Thus, beginning with the p0 momentum and working on
the upper half of the complex plane, we find

i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 − q0Þ2 þ jp⃗ − q⃗j2
�
p0¼inðp−μÞþð1−nÞðq0þijp⃗−q⃗jÞ

¼ θðp − μÞ
2p

1

ðq0 þ iμ − ipÞ2 þ jp⃗ − q⃗j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
SA

þ 1

2jp⃗ − q⃗j
1

ðq0 þ iμþ ijp⃗ − q⃗jÞ2 þ p2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
SB

: ðH2Þ

Here we note that the relevant integrand contains exclusively first-order poles and has both a fermionic and a bosonic
propagator. This specific structure was noted in Appendix F to be fully encompassed by the residue prescription, as far as
the expansions with respect to scales akin to external momenta are concerned. Accordingly, this can be seen as a
nonproblematic temporal integral to consider as an intermediate step. Also from this point onward, we compactify the steps
by utilizing the following shorthand: k≡ jp⃗ − q⃗j.
Let us move forward by considering the first part of the result in Eq. (H2); again working in the upper complex half-plane,

we find (now using Kronecker delta function to compress the substitutions)

iRes

�
SA

ðq0 þ iμÞ2 þ q2

�
¼ i

X2
n¼0

Res

�
1

2p
θðp − μÞ

ðq0 þ iμÞ2 þ q2
1

ðq0 þ iμ − ipÞ2 þ k2

�
p0¼iδnðq−μÞþiδn−1ðkþp−μÞþiδn−1ðp−k−μÞ

¼ θðq − μÞ
4pq

θðp − μÞ
ðiq − ipÞ2 þ k2

þ θðpþ k − μÞ
4pk

θðp − μÞ
ðipþ ikÞ2 þ q2

−
θðp − μ − kÞ

4pk
θðp − μÞ

ðip − ikÞ2 þ q2

¼ θðq − μÞ
4pq

θðp − μÞ
ðiq − ipÞ2 þ k2

þ θðp − μÞ
4pk

1

ðipþ ikÞ2 þ q2
−
θðp − μ − kÞ

4pk
1

ðip − ikÞ2 þ q2
; ðH3Þ

where we have simplified the expression using only the most constraining Heaviside step functions on the last line. We
additionally note that the integrand is a slight generalization to those discussed in Appendix G, albeit of the type which can
be still seen to lead to equivalent results given that all the scales are fully contained in the Heaviside step functions. This is to
say, the integrand contains specifically no real-valued temporal shifts but two fermionic propagators with two distinct
chemical potentials, which are again to be considered well-behaving integrals for finding physically interesting results using
the residue theorem.
Looking lastly at the remaining contributions from Eq. (H2), we find with explicitly similar steps and reasoning the

following result:

iRes

�
SB

ðq0 þ iμÞ2 þ q2

�
¼ i

X1
n¼0

Res

�
1

2k
1

ðq0 þ iμÞ2 þ q2
1

ðq0 þ iμþ ikÞ2 þ p2

�
p0¼ið1−nÞðq−μÞþinðp−k−μÞ

¼ θðq − μÞ
4qk

1

ðiqþ ikÞ2 þ p2
þ 1

4pk
θðp − μ − kÞ

ðip − ikÞ2 þ q2
; ðH4Þ

where the integrand is again found to be a well-behaving type of fermionic expression with two fermionic propagators, in
alignment with Eq. (H3). Adding all the pieces together, we find in total

H1 ≡ θðp − μÞθðq − μÞ
4pq

1

ðiq − ipÞ2 þ k2
þ θðq − μÞ

4qk
1

ðiqþ ikÞ2 þ p2
þ θðp − μÞ

4pk
1

ðipþ ikÞ2 þ q2
; ðH5Þ

or, after substituting back k ¼ jp⃗ − q⃗j,
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H1≡θðp−μÞθðq−μÞ
4pq

1

ðiq− ipÞ2þjp⃗− q⃗j2þ
θðq−μÞ
4qjp⃗− q⃗j

1

ðiqþ ijp⃗− q⃗jÞ2þp2
þ θðp−μÞ
4pjp⃗− q⃗j

1

ðipþ ijp⃗− q⃗jÞ2þq2
; ðH6Þ

which notably aligns with Eq. (2.5) of [32]. While we do not discuss in detail further simplifications, we note that by
recasting the Heaviside step functions such that θðp − μÞ ¼ 1 − θðμ − pÞ, two pieces that vanish in dimensional
regularization can be found, with the only nonvanishing part characterized by proportionality to θðμ − pÞθðμ − qÞ [seen
in Eq. (H5) as the part proportional to θðp − μÞθðq − μÞ]. Additionally, we again emphasize that this residue result has been
shown to agree with independent methods of derivation; for more details about this result and the integration-by-parts (IBP)
derivations, see for example [13,14].

2. Pathological representation and integration order

Let us next study the stability of the residue operation in this type of bubble Feynman integral, by specifically introducing
structurally distinct orders of temporal integration. First, let us rewrite the sunset integral such that

1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμ − k0Þ2 þ q2
1

k20 þ jp⃗ − q⃗j2 ; ðH7Þ

where we have formally written the bosonic temporal momentum as the second temporal loop momentum. Also we
continue to use the shorthand k ¼ jp⃗ − q⃗j to abbreviate the steps to follow and introduced the change of variable
q0 ¼ p0 − k0. First let us begin by performing the fermionic temporal loop integral as residue such that

i
X1
n¼0

Res

�
1

ðp0 þ iμÞ2 þ p2

1

ðp0 þ iμ − k0Þ2 þ q2

�
p0¼ð1−nÞiðp−μÞþnðk0þiq−iμÞ

¼ θðp − μÞ
2p

1

ðk0 − ipÞ2 þ q2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
SC

þ θðq − μÞ
2q

1

ðk0 þ iqÞ2 þ p2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
SD

; ðH8Þ

where we specifically note that the temporal integrand is a type that we have observed to fail to describe the sought-after
physical behavior through the residue theorem for expansions of external momenta (see Secs. III and IV). Following this
notion, we expect to see something different manifesting in the spatial integrand. Continuing with the bosonic residue, we
find

iRes

�
SC

k20 þ k2

�
¼ i

X2
n¼0

Res

�
1

k20 þ k2
θðp − μÞ

2p
1

ðk0 − ipÞ2 þ q2

�
k0¼iδnkþiδn−1ðpþqÞþiδn−2ðp−qÞ

¼ θðp − μÞ
4pk

1

ðip − ikÞ2 þ q2
−
θðp − μÞθðp − qÞ

4pq
1

ðip − iqÞ2 þ k2
þ θðp − μÞ

4pq
1

ðiqþ ipÞ2 þ k2
ðH9Þ

and

iRes

�
SC

k20 þ k2

�
¼ i

X1
n¼0

Res

�
1

k20 þ k2
θðq − μÞ

2q
1

ðk0 þ iqÞ2 þ p2

�
k0¼ið1−nÞkþnðip−iqÞ

¼ θðq − μÞ
4qk

1

ðikþ iqÞ2 þ p2
þ θðq − μÞθðp − qÞ

4pq
1

ðip − iqÞ2 þ k2
; ðH10Þ

where we note that both the temporal integrands were nonproblematic structures discussed in Appendix F 1. These combine
to yield

H2 ≡ θðp − μÞ
4pk

1

ðip − ikÞ2 þ q2
þ θðp − μÞ

4pq

�
1

ðipþ iqÞ2 þ k2
−

1

ðip − iqÞ2 þ k2

�

þ θðp − μÞθðq − μÞ
4pq

1

ðip − iqÞ2 þ k2
þ θðq − μÞ

4qk
1

ðikþ iqÞ2 þ p2
; ðH11Þ
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from which we can additionally subtract the sought-after
value of Eq. (H5) to find the difference term as

H2−H1¼
θðp−μÞ
4pk

�
1

ðip− ikÞ2þq2
−

1

ðipþ ikÞ2þq2

�

þθðp−μÞ
4pq

�
1

ðipþ iqÞ2þk2
−

1

ðip− iqÞ2þk2

�
:

ðH12Þ

We can simplify this by studying the subtractions inside
square brackets. Specifically, we observe that

θðp − μÞ
4pk

�
1

ðip − ikÞ2 þ q2
−

1

ðipþ ikÞ2 þ q2

�

¼ −
θðp − μÞ
4pk

4pk
ðp2 þ k2 − q2Þ2 − 4p2k2

¼ −
θðp − μÞ

ðk2 − p2 − q2Þ2 − 4p2q2
ðH13Þ

and

−
θðp − μÞ
4pq

�
1

ðip − iqÞ2 þ k2
−

1

ðipþ iqÞ2 þ k2

�

¼ θðp − μÞ
ðk2 − p2 − q2Þ2 − 4p2q2

; ðH14Þ

which mutually cancel out. However, let us additionally
note that, even should these terms not cancel one another,
they would furthermore vanish in dimensional regulariza-
tion. This is easily seen upon denoting k2 − p2 − q2 ¼
−2p⃗ · q⃗ ¼ −2pqz and then writing

−
Z
p;q

θðp−μÞ
ðk2−p2−q2Þ2−4p2q2

¼ 1

4

�Z
p

θðp−μÞ
p2ð1− z2Þ

�Z
q

1

q2
:

ðH15Þ

Upon applying dimensional regularization, the denomina-
tor structure

1

pq½ðip − iqÞ2 þ k2� ¼
1

2p2q2ð1 − zÞ ðH16Þ

can be explicitly carried out, pertaining to radial integra-
tions with respect to p, q and the angular integration with
respect to z. Thus, we observe that the (post-temporal)
spatial integrands contain no structural differences for two-
loop bubbles (containing only loop momenta) even when
the previously pathological pole structures are integrated
over. This can be easily observed to persist even in the
opposite (temporal) order of integration.
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