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We investigate the connection between thermodynamic phase transitions and quasinormal modes
(QNMs) in charged black holes with a positive curvature constant, within the framework of F(R)-Euler-
Heisenberg gravity. Nonlinear electromagnetic fields lead to rich thermodynamic phase structures and
significantly affect the QNMs of massless scalar fields. By analyzing the QNM spectrum, we find that the
transition point marking the disappearance of the divergence in the QNM slope parameter K aligns with the
change of the thermodynamic phase structure described by the heat capacity, within the bounds of
computational uncertainty. This precise matching holds under variations of the curvature parameter and
charge. Furthermore, we show that a larger angular quantum number / diminishes this correspondence,
while a higher overtone number n restores it beyond a threshold. These findings demonstrate that
thermodynamic phase transitions of black holes carry embedded dynamical information, uncovering a
fundamental link between black hole thermodynamic and dynamical properties.
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I. INTRODUCTION

The thermodynamic properties of black holes reflect the
quantum nature of the black hole horizons. The relation
between the horizon area and the black hole entropy [1,2],
the effective temperature revealed by Hawking radiation
[3,4], and other related findings [5-8] all suggest that black
holes are not merely classical geometric structures, but
physical objects that may contain a large number of
quantum degrees of freedom. With these insights, black
hole thermodynamics becomes part of a broader theoretical
framework [9-11], serving as an important basis for
exploring the quantum nature of spacetime. After establish-
ing these basic frameworks of black hole thermodynamics,
studies on the phase transition of black holes have rapidly
developed. In an asymptotically flat background, black
holes exhibit thermodynamic phase transitions and rich
critical behaviors [12-14]. In the presence of a negative
cosmological constant—namely, the anti—de Sitter (AdS)
spacetime—charged black holes demonstrate van der
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Waals-like phase transition structures [15-27], which can
reveal physical insights related to quantum chaos and critical
phenomena by analogy with strongly correlated systems
[28-31], and, when connected to holography and transport,
can further refine phase structure and stability conditions in
the presence of higher-derivative corrections [32-38]. In de
Sitter (dS) spacetime, the presence of black hole horizons
and cosmological horizons renders the thermodynamic
properties more complicated. By considering the combined
contributions of all horizons, a global thermodynamic
framework can be constructed [39,40]; alternatively, by
focusing solely on the black hole event horizon, one can also
analyze its local thermodynamic stability and phase tran-
sition behavior [41,42]. Connections between gravitational
theories in dS spacetime and the dynamics of unstable
D-branes provide geometric perspectives on phase transi-
tions and critical behavior in dS backgrounds [43]. The rich
thermodynamic structures of black holes in various back-
grounds have attracted widespread attention. However, the
microscopic origin of these properties and the deep con-
nection between black hole geometry and quantum features
remain major open questions.

Quasinormal modes (QNMs) are regarded as the charac-
teristic “sound” of black holes under linear perturbations
[44]. With the spectrum encoding the fundamental physical
parameters of the spacetime and solely determined by
the background geometry, they are often referred to as the
“fingerprints” of black holes and provide a powerful tool for
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identifying specific spacetime structures. For more features
of QNMs, see the comprehensive review in Ref. [45]. In
gravitational wave observations, the ringdown phase domi-
nated by QNMs provides crucial insights into identifying the
type and parameters of black holes, and even for testing the
validity of general relativity [46—49]. From the perspective of
classical geometry, the high-frequency limit of the QNM
spectrum has been shown to be closely related to the
dynamics of unstable photon orbits, revealing a profound
link between wave behavior and geometric optics for both
static, spherically symmetric spacetimes [50-52] and axi-
symmetric spacetimes [53—-55]. Furthermore, in AdS space-
times, QNMs play an important role in holographic duality,
where they correspond to the poles of retarded Green’s
functions and encode information about thermalization rates
and quantum chaos [56—-58]. As a dynamical characteristic
of black holes, the study of QNMs can provide a wealth of
information about black holes.

In recent years, it has been suggested that QNMs may
encode information about the thermodynamic properties
of black holes [59-67]. The investigations began with
four-dimensional Reissner-Nordstrom (RN) black holes, in
which it was found that the first maximum of the real part
of the QNM frequencies coincides with the thermody-
namic critical point [59]. Although this correspondence
was later shown not to be universal, failing for Kerr black
holes, Schwarzschild-AdS (SAdS) black holes, and other
types of perturbations in RN backgrounds [60], the idea
that QNMs encode thermodynamic features has persisted
and been further developed. In RN-AdS backgrounds, a
dramatic change in the slope of QNM frequencies is
observed near the critical point of the van der Waals—like
phase transition [61]. With the inclusion of a dilaton field
or Weyl correction, the QNM frequencies also capture the
essence of black hole phase transitions [62,63]. In studies
of supercritical phase transition, QNMs exhibit correla-
tions with the crossover lines [64,65]. In various regular
black hole models whose QNMs show distinct features
from those of singular black holes, the consistency still
holds [66,67]. In critical gravity, black hole quasinormal
modes may exhibit sensitivity to structural parameters that
also affect the graybody factor [68]. All of these results
provide further support for the idea that QNMs may
encode thermodynamic information about black holes.
The consistency between QNMs and black hole thermo-
dynamics merits further investigation.

In this work, we focus on the F(R)-Euler-Heisenberg
black holes from a completely new perspective, exploring
the possible connection between their thermodynamic and
dynamical properties. Compared with previous studies, we
focus on the consistency between the transitions in the
QNMs’ behavior and the variations of the thermodynamic
phase structure, rather than solely on the phase transition
points. The presence of F(R) corrections and nonlinear
electromagnetic fields of Euler-Heisenberg theory enriches

the thermodynamic phase structure of the system [69]. After
computing the QNMs, analyzing their behavior, and relating
the results to the thermodynamic phase structure of the
black hole, we find a relationship between them. The
transition point of QNMs described by the slope parameter
coincides with the thermodynamic phase structure in the
black hole heat capacity, and this correspondence remains
under variations of other black hole parameters. In a word,
different QNM slope behavior may correspond to different
thermodynamic phase structures. In addition, an increase
in the angular quantum number / tends to suppress this
correspondence, whereas a higher overtone number 7 helps
to restore it. These results show that the dynamical features
of black holes are deeply imprinted in their thermodynamic
phase transitions, offering a novel perspective on the inter-
play between black hole dynamics and thermodynamics.

The remainder of this paper is organized as follows: In
Sec. II, we introduce the geometry of the F(R)-Euler-
Heisenberg black hole and discuss its basic thermodynamic
properties. Section III is devoted to the computation and
analysis of QNMs. In Sec. IV, we explore the consistency
between the thermodynamic phase structure and the
behavior of QNMs, with particular attention to the influ-
ence of varying black hole parameters. Finally, in Sec. V,
we present our conclusions. Appendix A offers a brief
examination of the blackening factor, illustrating its struc-
tural features; Appendix B presents the detailed derivation
of the QNMSs’ computation using the pseudospectral
method; and Appendix C contains further discussions on
the effective potential and the Lyapunov exponent asso-
ciated with the black hole photon sphere.

II. BLACK HOLE GEOMETRY AND ITS
THERMODYNAMICS

In this section, we review the geometric structure and
thermodynamic properties of F(R)-Euler-Heisenberg black
holes. These solutions arise from nonlinear electrodynam-
ics and modified gravity theories, and they exhibit a richer
horizon structure and thermodynamic behavior. The gravi-
tational properties of black holes with nonlinear electro-
magnetic fields or F(R) gravity corrections have been
investigated, including their photon spheres, shadow for-
mation, and evaporation processes [70-72]. Using
the natural unit system G = ¢ = A = 1, the action in the
framework of F(R)-Euler-Heisenberg theory takes the
following form [69]:

Trw = ar [, ExVER) LX), (1)

where F(R) = R + f(R) is the rescaled gravitational
function in terms of the Ricci scalar R, and £(X,Y) is
the Lagrangian of the nonlinear electrodynamics theory,
which depends on the only two independent relativistic
invariants constructed with the Faraday tensor for the
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Maxwell field in four dimensions. It takes the form

A 72
in which 4 is the Euler-Heisenberg parameter, and X and Y
are the independent scalar and pseudoscalar, expressed as

1 1
X =—F,F"=-(B*-E?),
G EnF" =5 ( )
1
Y =F, F"=E-B, 3)

where E and B are the electric field strength and the
magnetic field strength, respectively, with F,, being the
Faraday electromagnetic tensor and * F* its dual, which is
defined by

1

“F, = 2V —9€upe k"7, €123 = —1,
11
) o — o g , €0123 — 1’ 4
e @)
where ¢€,,,, is completely antisymmetric and satisfies
€upe€?’ = —4!. The corresponding Einstein equations are
. guh(r) .
8”T/w = R;w(l +fR) - ”UT + (g;wvz - vyvv)fR’
(5)
. .. + _ df(R)
where R, is the Ricci curvature tensor, fz = =35 The

energy-momentum tensor 7, is given by

1 *

Tm/ = E(g;w'c - (‘CXF/w + 'CY F/M)Fz)’ (6)
while the subscript on £ stands for the derivative with
respect to the corresponding invariant. The variation with
respect to the electromagnetic four-potential A, yields the
electromagnetic field equations,

V (LxF* + Ly F*) = 0. (7)
One can introduce a Legendre dual description using the
antisymmetric tensor P,,, defined by
1.
dL(X,Y) = _EP dF,,. (8)
It reads as
oL
P = ZaF = —(LxF"™ + Ly*F™), 9)

uv

and the field equation in Eq. (7) can be written as

V, P =0. (10)
The two invariants of the tensor P, are

1 1 * v
P=—2P P O=-1P,/ P (11)

where *P* = % —ge""° P ,,. The structural function H is
[

H(P,O):—z F,, - L. (12)

Irrespective of the second-order and higher-order modes in

A, it can be expressed as

y) 7
H(P,()):P—EPz—?OZ. (13)

The energy-momentum tensor [Eq. (6)] can be written in
the P frame [69,73]:

1
Tﬂu:E(HPpgpuﬁd‘_guy(zPHP_FOHO_H))
1 3 72
=—((1-aP)PlP P—-2P2 - 202
471'(( A ) H uﬁ+g;w< 2/1 80>>v

(14)

while the subscript on H stands for the derivative with
respect to the corresponding invariant. The linear Maxwell
electrodynamics is recovered when 4 = 0.

The line element of the black hole takes a static,
spherical form:

dr?

h(r)

The theory requires the adoption of the traceless energy-
momentum tensor condition [74,75]. Assuming the scalar
curvature to be constant, R = R, = const. [76], the trace of
Eq. (5) can be written as

ds? = —h(r)de* + + r2(d6? +sin? 0d¢?),  (15)

Ro(1+ fr,) = 2(Ro + f(Ry)) = 0. (16)

in which fp = % | k=g, The F(R) term of the theory can
be characterized by the two parameters R, and fg . The
field equations in Eq. (5) can be reduced to

I
Ru(1+ f5,) = BER(1 + f) = 84T, (17)

For the nonlinear electromagnetic field, a suitable choice
of the electromagnetic tensor can be expressed as

q
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and the electromagnetic invariants P and O are fixed in

a

2
P = , 0=0, 19
2r4 ( )

in which the parameter ¢ is a parameter that matches the
total charge of the model. Based on the metric [Eq. (15)]
and the electric main tensor [Eq. (18)], the corresponding
field equations can be derived as follows:

! VQRO
eqt:Eq”’:rh(r)+h(r)+T_l

R
Eqyy = Eqyp = rh"(r) 4+ 2K (r) + %

1 30 ¢
SE A 20
+1+fR0 <4 7'7 +I"3 ( )

where Eq,,, Eq,,, Eqg, and Eq,, denote the four direc-
tional components (t¢, rr, 86, and ¢¢) of the field equations
in Eq. (5), respectively.

The explicit form of the blackening factor i(r) is finally
given by [69]

Ryr? 1 2 gt
M) =1-"0- 20 ¢ L=50s) @)
r 12 1+ fgr, \r= 207

in which R, is a constant scalar curvature, R = R, =
constant; m stands for the black hole’s geometric mass;

fr, = % | r=r,> 9 1 @ parameter that matches the total

charge of the model; and 4 is the Euler-Heisenberg
parameter. By imposing the gauge condition fz =0
together with Ry, = 4A, the modified gravity solution
naturally reduces to the standard black hole solution in
general relativity with a cosmological constant A. The sign
of Ry, which is directly linked to the sign of the cosmo-
logical constant A, determines the underlying spacetime
structure—specifically, whether the background geometry
is asymptotically dS (R, > 0) or AdS (R, < 0). Setting the
Euler-Heisenberg parameter 4 = 0, the nonlinear electro-
magnetic correction would vanish, and the system recovers
the RN black hole solution with a cosmological con-
stant with the gauge condition fr =0 and R, = 4A.
Throughout the rest of this paper, we focus on the case
Ry, > 0, which corresponds to a positive cosmological
constant.

Through the imposition of 4(r) = 0 at the black hole
event horizon r = r,, the mass parameter m, can be
expressed as

1 q° Aq?
— = — Ryr - )
mo= =g+ o (1-50) @

1.5
—_—h = 0.49
1.0 rhn = 0.8
r'h = 1.94
S
E 0.5 - Th = 3
0.0 e
-0.5
0.0 05 1.0 .5 20 25 3.0 35
r
FIG. 1. The blackening factor h(r) of F(R)-Euler-Heisenberg

black holes with Ry =1, ¢ = 0.5, 1= 0.03, and fy = 0.1 for
different ry, values. The red dashed line does not correspond to an
actual black hole solution, while the black dashed line marks the
event horizon radius r;, of the black hole solution.

The blackening factor structure for Ry > 0 is shown in
Fig. 1, where up to four distinct horizons may exist (the
yellow curve). From large to small, the first one is the
cosmological horizon r,, followed by the black hole event
horizon r;, (the black dashed line), and two inner horizons
—r; and ry, respectively. More discussions about the effect
of the parameters on the black hole geometry are shown in
Appendix A. As shown in Fig. 1, the black hole exhibits
two distinct limits. One of them is the extremal black hole
limit corresponding to the case of the green line, where the
inner horizon coincides with the black hole horizon,
Th = I} = Fexweme- 1he other one is the Nariai limit,
corresponding to the case of the blue line where the
cosmological horizon coincides with the black hole hori-
Zon, 1y, = I'e = I'narai L/7]- Beyond these limits, the sol-
ution no longer represents a black hole, as indicated by the
red dashed line.

We restrict our attention to the thermodynamic behavior
of the event horizon to analyze the local properties of the
black hole. The Hawking temperature can be represented as

1dh(r)
4z dr rer,
1 R 2 Aq°
= S0y T (M _4). (23
drry  16m  167(1+ fr )i \ 7

The specific behavior of the Hawking temperature is
illustrated in Fig. 2, showing that it remains positive
between the two limits, corresponding to physically real-
izable black holes. Outside the limits, the black hole
solutions do not possess physical significance.

It is useful to define a rescaled radius 7, of the black hole
event horizon to facilitate subsequent calculations and
analyses:

?h _ T'h — Textreme . (24)
I'Nariai — Textreme
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0.05 S=na(l+fr)ri. (25)
: The physical charge Q and the electromagnetic potential @
i are given as follows:
Extremal Limit i Q =q,
: 0 oo d Aq*
O = / dr(=F,) = / arp, Tt _ 4 <1 - q4>.

~0.05 . y oP 107
26
0 1 2 ( )
T'h By means of the Ashtekar-Magnon-Das (AMD) approach

[78,79], the total mass of the black hole can also be

FIG. 2. The Hawking temperature 7 as a function of the black obtained as

hole event horizon r, with Ry =1, ¢ =0.5, 1 =0.03, and

Sr, = 0.1. The two black dashed lines represent the Nariai limit mo(1+ fr,)
0

and the extremal limit, respectively, where the Hawking temper- M = 2

ature drops to zero, T = 0. 4 2.4

Aq* —20q°r

1
= (1+ fr)rn(Rory —12) — 2078

3 (27)

in which 7. eme Stands for the extremal black hole limit,
and 7y stands for the Nariai limit. In this way, the black ~ These results are consistent with the first law of black hole

hole behaviors can be described within the interval  thermodynamics,
71 € [0, 1], while discarding the solutions that lack physical

relevance. dM = TdS + @dQ. (28)
For the other thermodynamic quantities, the associated
entropy of black holes is The heat capacity is given in the form

Co — T(§> B 283 (47*(1 +fR0)Q2 —4n(1 + fg,)S + RyS?) —2x*A(1 +fR0)3Q4S (29)
7 Nor/) T+ fr,) 0 + (= 1272(1 + fr,)OF + 4n(1 + fg,)S + RoS?)
and the Helmholtz free energy is expressed as
P TS VST fr, RyS*? . VEQ*\/T+ [ (6087 = 77220%(1 + fg,)?) (30)

+
4/ 48732 /T+ fg, 8055/2

Figure 3 illustrates that the thermodynamic phase structures described by heat capacity C, display different behaviors
under different black hole parameters. When the value of 4 is small, as shown in Fig. 3(a), the nonlinear part of the
electromagnetic field has little effect, and the heat capacity is primarily determined by the linear contribution, showing a
structure similar to that of those simply charged black holes. As A increases, the influence of the nonlinear coupling terms
becomes increasingly significant. A heat capacity structure with two divergence points emerges, as shown in Fig. 3(b), and
eventually, when the system is fully dominated by the nonlinear terms, a continuous and always negative heat capacity
behavior appears, as shown in Fig. 3(c). In other words, with the inclusion of the nonlinear coupling terms in Euler-
Heisenberg theory and their increasing impact on the system, the black hole heat capacity progressively reveals two

s (a) A=0.1 S (b) 1=0.3 5 () 1=0.5
A @] A
g 0 g 0 g 0
-5 -5 -5
-10 -10 -10
00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0
7 P 7

FIG. 3. Three distinct profiles of the heat capacity C, as a function of the rescaled horizon radius 7, under variation of the Euler-Heisenberg
parameter 4, in which (a) 4 = 0.1, (b) 4 = 0.3, and (c) 4 = 0.5, while the other parameters are fixed as Ry = 1, Q = 0.5, fg, = 0.1.
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qualitatively distinct structural behaviors. Hence, we focus
our study on the emergence of these new structures.
Specifically, we compute the critical value of A at which
the new structure appears between Figs. 3(a) and 3(b), and
we take it as a reference point for the subsequent analysis.

III. QNMS OF THE F(R)-EULER-HEISENBERG
BLACK HOLES

In this section, we adopt a different perspective and
investigate the dynamical properties of the F(R)-Euler-
Heisenberg black holes through the computation of QNMs.
More precisely, we will focus on massless scalar field
perturbations, with the numerical computation carried out
through the pseudospectral method.

From the general static and spherically symmetric metric
[Eq. (15)], the Klein-Gordon equation can be derived as

1
N
Performing the separation of variables W(¢,r,60,¢) =
e Y, (0, ) @, we obtain

Ow 9,(v/=99"0,¥) = 0. (31)

Y @Vl =0
V) =) () )

where r, is the tortoise coordinate defined as dr, = ,f('—j),
and V (r) is the effective potential.

By transforming into the ingoing Eddington-Finkelstein
coordinate ¥ =t + r, and applying a coordinate trans-

formation u = 1/r, the metric becomes

1 1
ds? = h(u)di? — ?df)du t (d6? +sin>0d¢?),  (33)

and the equation becomes

(Z(1 4+ &)u + 2iw)y + (=2iwu — u*h" )y’ — udhy" =0,
(34)

in which the prime ’ stands for %, and the time-dependent
coordinates are eliminated.

Setting the black hole horizon and the cosmological
horizon to be u = u, and u = u., the boundary conditions
can be imposed in the pseudospectral method. Specifically,
at the black hole horizon u = u;, the ingoing boundary
condition requires transforming the wavelike function y
into a special form such that the outgoing mode becomes
divergent or highly oscillatory, making it unsuitable for
pseudospectral representation, while the ingoing mode

remains regular and can be accurately captured. A similar
treatment applies at the cosmological horizon u = u, for
enforcing the purely outgoing boundary condition. Under
these conditions, the wavelike function y must take the
following form:

_ 72}(0 _1)
y=(u- uc)( we S g, (35)

where ¢ is a newly introduced undetermined function.
Performing another coordinate transformation, v =
(u—u.)/(u, —u;.), by which the independent variable
would be restricted to v€(0,1), we can finally obtain
the final form of the equation,

2
Ao(0) S5 + (0B (0) + Bo(r)) 52

+(@?Cy(v) +i0Cy (v) + Co(v))p =0, (36)

which is suitable for solving via the pseudospectral method,
with the explicit forms of Ay(v), B(v), By(v), Cy(v),
C,(v), and Cy(v) provided in Appendix B. The corre-
sponding QNMs can now be obtained by specifying the
black hole parameters Ry, Q, fr,, 4, and 7, and solving the
equations accordingly. Specifically, we adopt the same
prescription of rescaled black hole horizon radius in the
analysis of QNMs, as mentioned in the preceding dis-
cussion of thermodynamics, restricting the computation to
those black holes that are thermodynamically well defined
and physically meaningful. The numerical calculations
follow the discussion in [80].

Figure 4 describes the QNMs for the case with zero
angular quantum number (/ = 0) obtained by the pseudo-
spectral method. The figures show the real part wg and the
imaginary part w; of the QNM frequencies versus the
rescaled horizon radius 7,. The numerical results show that
the imaginary parts of the QNM frequencies are negative
for the scalar field perturbation. That is to say, all these
modes exhibit exponential decay over time, suggesting that
a F(R)-Euler-Heisenberg black hole remains stable under
linear perturbations. Furthermore, it can also be observed
that the absolute value of the imaginary part of the QNM
frequencies increases with the overtone number 7. In other
words, the higher the overtone, the faster the decay,
whereas the fundamental mode (n = 0) has the longest
lifetime. These results all confirm the linear stability of the
F(R)-Euler-Heisenberg black hole spacetime.

We now analyze the effects induced by the variation of
the Euler-Heisenberg parameter A. For a small value of 4,
the QNMs behave as shown in Fig. 4(a). Specifically, when
the overtone number equals or exceeds the critical value—
namely, n > 1—both the real and imaginary parts of the
QNM frequencies gradually become oscillatory functions
as the black hole approaches the extremal limit 7, = 0.
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@al)A=0.1

—_ n:O
021 >~ n=1
5., F) =2
o1ty < n=3
0.0 \
00 02 04 06 08 10
7h
b A4=02 Ca=0
0.27\\ —
~ _n=2
S0
: N n=3
| \
00}
00 02 04 06 08 10
7h
06fc1=03
0.5
0.4
503
0.1
0.0 —
00 02 04 06 08 10
7

0.0f@2) 1= 0.1
-0.2
-0.4 —_n=0
_-0.6 _
208 n=
-1.0 _n=2
-1.2 _
~1.4 n=3
00 02 04 06 08 1.0
7h
0.0
-0.5
3-1.0
-1.5
-2.0
00 02 04 06 08 1.0
7

0.2

FIG. 4. The real part wg and the imaginary part w; of the QNM frequencies as a function of the rescaled horizon radius 7, with [ = 0.
The specific black hole parameter settings are (a) 1 = 0.1, (b) 4 = 0.2, and (c) 4 = 0.3, while the other parameters are fixed as Ry = 1,

0 =05, fg, = 0.1.

This result is fully consistent with the behavior of simply
charged black holes (RN black holes [60] and Kerr black
holes [81]). As A gradually increases, it can first be
observed that, as shown in Fig. 4(b), the oscillatory part
develops a structure with dramatic changes, which would
not appear in the QNMs of other types of black holes. Such
dramatic structural changes indicate that the QNM spec-
trum undergoes a drastic global transformation at this stage.
At the stage shown in Fig. 4(c), the oscillatory behavior
completely disappears. In other words, as the Euler-
Heisenberg parameter A increases, the nonlinear electro-
magnetic effects begin to influence the near-extremal limit
of the QNMs, leading to an overall change in the black hole
dynamics as described by its QNMs. All of these phenom-
ena depicted in the figures, structural transitions and newly
emerging patterns, closely resemble those observed in the
study of heat capacity.

In summary, for F(R)-Euler-Heisenberg black holes,
there exist distinctive properties not only in the thermo-
dynamics behavior of their heat capacity, but also in the
dynamical behavior of their QNMs.

IV. ANALYSIS OF THE CONSISTENCY BETWEEN
QNMS AND HEAT CAPACITY

In the previous two sections, we have found that F(R)-
Euler-Heisenberg black holes exhibit novel structures in
both their QNM behavior and heat capacity structures. It is
therefore worthwhile to investigate the possible correlation
between these two aspects. Introducing the slope parameter
K to characterize the variation of QNMs and taking the
Euler-Heisenberg parameter A as a reference to compare the
QNM results with the corresponding thermodynamic
behavior, we examine how changes in other black hole
parameters affect this correspondence, and we analyze the
impact of varying the angular quantum number / and the
overtone number n in the QNMs.

We first focus on the zero mode (n = 0) with the angular
quantum number taking / = 0 and set a slope parameter K
[59], taking 7, as the implicit variable:

. da)I/d?h

~ dog/d7, (37)
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Similarly to the analysis of the heat capacity, one can
draw the slope parameter K versus the rescaled horizon
radius 7, and investigate the variation of its structure by
increasing the Euler-Heisenberg parameter A in the same
way. As shown in Fig. 5, structural differences emerge near
the limit 7, = 0. Specifically, there are three distinct
structures: one with a single divergence point, with the
other two types of structures on either side of it.

Interestingly, if we calculate the critical value of the black
hole parameters where the transitions between different
structures occur, one can find a notable numerical match.
To be more precise, the transition from the structures of heat
capacity between Figs. 3(a) and 3(b) occurs at 4 = 0.225,
with the other black hole parameters taking the values
Ry=1, 0=05, and fg =0.1; at the same time, the
transition from the structures of QNMs between Figs. 5(b)
and 5(c) takes place at 4 = 0.232 under the same black hole
parameter settings. It follows that the critical value of 1 at
which one of the phase structure transitions occurs is nearly
equal to the critical value at which one of the structural
transitions takes place in the QNMSs; moreover, the

0.0 0.2 0.4 0.6 0.8 1.0
T
LD 4=0.2
—1H0
~ -2
-3
-4 ]
0.0 0.2 0.4 0.6 0.8 1.0
Th
1 i ] ] i 3
Na 1=0.3
-1
~ -2
-3
-4 ]
0.0 0.2 0.4 0.6 0.8 1.0
Th
FIG. 5. Three distinct profiles of the QNM frequencies’ slope
K= j:;}i//‘éi"h as a function of the rescaled horizon radius 7, under

the variation of A. Specifically, the panels show the full range [0, 1]
of 7,, while the small panel in (b) corresponds to the region
[0, 0.1], where structural transitions occur. The detailed parameter
settings are Ry =1, O =0.5, fR0 =0.1, and (a) 1=0.1,
(b) A =10.2, and (c) 4 =0.3.

discrepancy is only 3.4% and could be regarded as computa-
tional error, assuming that the agreement is not simply due to
a numerical coincidence.

A. Relative error parameter

The computation can be extended to the entire 4 — fg,
plane with fixed values of Q and R,,. We still take the Euler-
Heisenberg parameter A as the comparison quantity and
compute the critical values of 1 corresponding to each
transition by fixing different values of fg . As shown in
Fig. 6, there are two critical curves derived independently
from the QNMs and the heat capacity computations that
nearly coincide, indicating a concrete consistency between
them. Specifically, the “QNMs line” and “C, line” re-
present the structure transitions observed in the analyses of
the QNMs and the black hole heat capacities, respectively,
and the numbers “1” and “2” represent the first and second
transitions, respectively, as the value of the Euler-
Heisenberg parameter 4 increases.

To further investigate the consistency, we set a relative
error parameter to be

A; = (Ac.onms — Aec,)/ecys (38)

in which Ac gnms and Ac ¢ , Tepresent the related critical
values of A to the transitions in the QNMs and the heat
capacities under fixed choices of other parameters, respec-
tively. In this way, we are able to analyze the effects on this
consistency of all other black hole parameters, including
Ry, Q, and fg, .

It is demonstrated in Fig. 7 how the relative error A,
responds to changes in the black hole parameters f , Ry,

0.30
o Cpline

QNMs line 2
+ QNMs line 1

0.25
0.20
~0.15
0.10
0.05

0.00 —
0 1 2 } )

fRo

FIG. 6. Three kinds of structure transitions under the param-
eters setting Ry = 1 and Q = 1/2, in which the parameter f, is
varied from O to a value where the corresponding critical A
becomes sufficiently close to zero and its variation becomes
negligible: specifically, 41 data points within the range from
0 to 4 are selected as reference values. The different curves
represent the critical values of A at which different structural
transitions occur, for heat capacity and QNMs.
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(a)
O i

0.05

4,

« Ry=2

-0.05

(b)
0.05 /..v"‘"" Y
0=1/3
-
g 0 L~ 0=1/5
-0.05
. . rreere
0 1 2 3 4

FIG.7. The influences on the relative error A as a function of f while varying the parameter (a) R, with fixed Q = % and (b) Q with
fixed Ry = 1. The sign of the relative error A, reflects the relationship between the two critical values. Specifically, A, > 0 indicates that

AC4QNMS > ﬂc_cQ, whereas Aﬂ. <0 1mphes /’{C.QNMS < ﬂc}cg.

and @, confirming that the universal correspondence
remains robust across different parameter choices. Each
individual curve in the figure describes the effect on the
relative error A; of the parameter f , while their combi-
nation further reveals the effects of the parameters R, and
0, respectively. It can be seen that the value of A; may take
positive or negative values in different cases, implying that
there is no strict ordering between the two critical values of
A. Specifically, for varying fp , the value of A, increases
with increasing f, and gradually approaches a stable limit;
for varying Ry, the value of A, increases with decreasing
Ry; and for varying Q, the value of A, increases with
increasing Q. Actually, based on Egs. (21) and (22), these
variations, including an increase in f , a decrease in R, or
an increase in Q, also result in another effect, a contraction
of the parameter space of /—or in other words, a decrease
in all critical values of 1. Consequently, the relative error A
is essentially determined by the scaling of the parameter
space of A, or the magnitude of the critical value of A,
although it originates from variations in different black hole
parameters.

B. Angular and overtone number effects

In some recent studies, quantum effects in gravitational
theories have been found to be obscured by increasing the
angular quantum number of QNMs [82]. We now consider
the influence of the angular quantum number / and the
overtone number #n on the QNMs, and begin with different
overtone numbers n with the angular quantum number
fixed in [ = 0.

It has been discussed that the QNM spectrum of the
F(R)-Euler-Heisenberg black holes exhibits structural
changes as the black hole parameters vary. In this context,
an increase in the overtone number may lead to different
variations of the QNM frequencies, especially the oscil-
latory part with the overtone number equaling or exceeding
the critical value, as illustrated in Fig. 4. Consequently, the
curves of the QNM slope K as a function of the rescaled
horizon radius 7, are significantly altered, as shown in
Fig. 8. However, there still exist structure transitions when
the black hole parameters are varied.

To facilitate further analysis, we now define a new
parameter Ny;,, which characterizes the number of diver-
gence points in the specific K — 7y, curve:

Ngiy = the number of divergence points in the specific K-7, curve.

In this way, we can investigate the influence of the overtone
number n by continuously varying the value of A and
scanning the corresponding values of Ng;,.

The results are described in Fig. 9. It is shown that the
oscillatory behavior in the QNM frequencies caused by
increasing the overtone number 7 indeed lead to a signifi-
cant increase in the number of divergence points. However,
it can also be observed that, near the critical parameters
associated with the thermodynamic phase structure tran-
sitions in the black hole heat capacity discussed before, not
only does the structure of the QNM spectrum undergo a
transformation (the corresponding positions have been

|

marked with cross signs in the figure), but the characteristic
structural change in the slope K still persists. This is
consistent with the results discussed above for the case of
n = 0, and it is reasonable to consider that the consistency
observed between the structure transitions in heat capacity
and in the slope of QNMs persists even when the overtone
number 7 is varied.

Following the same methodology, we can further analyze
the effects induced by varying the angular quantum number
to [ > 1. It is known that in certain cases, the effects of
increasing the angular quantum number may obscure some
specific behaviors of the black hole system [82], which is
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FIG. 8.

dog /d7y,

The QNMs frequencies slope K = doi/dh o 3 function of the rescaled horizon radius 7;, under variation of the overtone

number 7 and the Euler-Heisenberg parameter 1 with the other parameters fixed on Ry = 1, @ = 0.5, f, = 0.1 and [ = 0. The different
values of the parameters among the figures are (a) n =0, (b) n = 1, (c) n =2 and (1) 1 = 0.15, (2) A = 0.23, (3) 1 = 0.3, respectively.

FIG. 9. The number of divergence points Ng;, in the specific
K — 7, curve as a function of the Euler-Heisenberg parameter A
under variation of the overtone number n with the other
parameters fixed on Ry =1, QO =0.5, fRO =0.1, and [ =0.
The cross marks in the figure indicate that the corresponding
K — 7, curves exhibit dramatic changes mentioned in Fig. 4(b).
The black dashed line indicates the corresponding critical value
of 1 taking 4 = 0.225, at which the heat capacity undergoes a
structural transition under the same parameter settings, while the
blue-shaded region represents the area where the absolute value
of the relative error A, is less than 10%.

also the case in the QNMs. As shown in Fig. 10, with the
increase in /, the structural transitions characterized by the
number of divergence points Ny, disappear for small
values of the overtone number n. However, at this stage,
if we try varying the overtone number, an interesting
phenomenon will emerge. As n increases, the previously
obscured numerical variations in Ny, reemerge, and the
reemerging variations are similar to the results observed in
[ = 0. Moreover, for larger values of /, it can be found that
the minimum value of n at which this numerical variation
reemerges is required to be larger. This indicates that there
exists a competitive relationship between the angular
quantum number / and the overtone number n in their
effect on the behavior of QNMs, and the consistency
between heat capacity and QNMs always persists intrinsi-
cally, although it may sometimes be obscured.

To uncover the underlying origin of this correspondence,
we carried out a series of further investigations. In
asymptotically AdS spacetimes, the Lyapunov exponent
of the photon sphere has been verified to serve as a probe of
thermodynamic phases [83-93]. Besides this, the effective
potential base on the research between the QNMs of RNdS
black holes and their Davies points [94,95] also serves the
possible relationship between the black hole dynamics and
thermodynamics. Specifically, we expand the calculations
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FIG. 10. The number of divergence points N, as a function of the Euler-Heisenberg parameter A under variation of the angular
quantum number / and the overtone number n with the other parameters fixed on Ry = 1, Q = 0.5, and f Ry = 0.1, in which the angular
quantum number / takes the value (a) [ = 1 and (b) / = 2. The cross marks in the figure indicate that the corresponding K — 7, curves
exhibit discrete jump-like behaviors. The black dashed line indicates the corresponding critical value of A at which the heat capacity
undergoes a structural transition under the same parameter settings, while the blue-shaded region represents the area where the absolute

value of the relative error A is less than 10%.

to the situation that we are considering, the F(R)-Euler-
Heisenberg black hole with Ry > 0, and the results are
presented in detail in Appendix C. However, in asymp-
totically flat and de Sitter backgrounds, such correspond-
ences are neither sufficiently clear nor widely validated.
Clarifying the deeper physical mechanisms still warrants
further and deeper investigation.

V. CONCLUSIONS

In this work, we studied the properties of QNMs of the
massless scalar field perturbation for charged black holes in
the F(R)-Euler-Heisenberg theory, which involves the
setup of F(R) gravity with nonlinear electrodynamic fields,
and we have also compared it with the black hole heat
capacity at fixed charge. Our findings uncover a new
correspondence between the structural behavior of
QNMs and the structure of the heat capacity, suggesting
the possible existence of a new connection between black
hole thermodynamics and dynamics.

We first investigated the behavior of heat capacity and
QNMs through varying parameter settings, and found that
the critical point where the heat capacity changes from
single to double divergence nearly coincides with the point
where the slope parameter K of QNMs transitions from
divergent to continuous and smooth behavior. Specifically,
we choose the critical value of the Euler-Heisenberg
parameter A obtained from the structural transition for
comparison. By varying the values of the other three
parameters—Ry, f , and Q—we analyzed the numerical
consistency of this correspondence, and the result shows
that this consistency is widely present, including the case
reducing to the standard Euler-Heisenberg-dS black hole
limit (when f, = 0 and Ry, = 4A with positive value). We
calculated the relative error A, between the critical values

of A at which the two different transitions occur, and further
analyzed how the relative error is affected by individually
varying the remaining parameters. We found that parameter
space scaling induced by variations in different directions
has a consistent effect on the relative error, indicating that
the error is most likely of numerical origin.

We investigated the influence of changing the character-
istics of the QNMs, the angular quantum number / and the
overtone number n, and found a competitive relationship
between them. Specifically, the consistency between the
QNMs and the thermodynamic phase structure transitions
still exists, and at the same time, a larger angular quantum
number [/ tends to obscure the consistency, while a larger
overtone number n tends to produce the opposite effect. In
other words, the competitive relationship between n and /
leads to the result that for each specific value of the angular
quantum number /, the consistency tends to be obscured
when 7 is small, but it reemerges when n exceeds a certain
critical value.

For future work, investigating the QNMs of other types of
perturbations would be an interesting direction, as it would
not only test the validity of the aforementioned conclusions,
but also allow us to examine the relationship between the
angular quantum number and the overtone number in this
phenomenon. It is also valuable to extend this work to
include rotating black holes, which would be more realistic
and could exhibit additional interesting features, and to
examine whether our conclusions hold universally across
different black hole backgrounds. Alternatively, one could
investigate the relationship between black hole dynamics
and thermodynamics in other contexts. It is also a natural
and meaningful future direction to extend these results
toward gravitational wave astronomy. Since QNMs can
already be extracted from ringdown signals in gravitational
wave observations, and recent progress suggests that certain
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FIG. 11.  The blackening factor A(r) of the F(R)-Euler-Heisenberg black holes, varying f, and 1. The dashed curves are for RN-dS
black holes (1 = 0 and fp, = 0). (a) Different values of f . (b),(c) Different values of the Euler-Heisenberg parameter A. These are for

fixed values of my =1, Ry = 1.

thermodynamic properties may already be verifiable
through these astronomy signals [96-102], exploring
whether the transitions measured from gravitational wave
observations correlate with thermodynamic properties
would potentially enrich black hole physics. Such future
directions could offer potential insights into the connection
between black hole thermodynamics and dynamics, pos-
sibly leading to new tests of fundamental physics.
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APPENDIX A: F(R)-EULER-HEISENBERG
BLACK HOLE GEOMETRY

The variation of the blackening factor 4(r) of the F(R)-
Euler-Heisenberg black hole [Eq. (21)] is illustrated under
different parameter changes in Fig. 11. As discussed
previously, there may be two, three, or even four horizons,
with one of them being the cosmological horizon. For f , as
shown in Fig. 11(a), the variation mainly influences the
region inside the black hole event horizon. As f  gradually

|

AO(”) = _uévz(”c + Up¥ — ”cv)3h(uc + Uy — ucv) (h/(”c))z’

increases, the maximum value of i(r) inside the black hole
event horizon decreases, and the two inner horizons of the
black hole, r; and ry, gradually approach each other. Without
considering the effect of fz —i.e., taking fz = 0 as shown
in Figs. 11(b) and 11(c), the variation of the Euler-
Heisenberg parameter A significantly influences the behavior
of the blackening factor /(r) at very small values of r. As
A increases, h(r) decreases rapidly. However, outside this
regime, the black hole structure is almost identical to that of
an RN-dS black hole with the same charge and mass (the
dashed red curves).

Such results are expected, since the sign of the nonlinear
part of the electromagnetic term in Eq. (21) is opposite to
that of the linear part, and the power of r in it is —6. Hence,
the nonlinear term directly affects the behavior and diver-
gence direction of A(r) in the very small-r regime, while
small variations of f hardly affect the structure, for which
it only appears as a coefficient of the electromagnetic term
in the form 1/(1 + fg ). The blackening factor A(r) can
thus be divided into three regimes: the region where the
nonlinear electromagnetic term dominates at very small r,
the region where the linear electromagnetic term dominates
at moderately small r, and the region where the mass term
and the cosmological parameter dominate at large r. The
dominant behavior of the solution is still governed by linear
theory.

APPENDIX B: CHEBYSHEV PSEUDOSPECTRAL
METHOD

The expressions for the coefficient of Eq. (36) are as
follows:

(B1)

BO(U) = u‘c‘v(uc(_l + U) - ubv)z(uc + U — ucv)(h/(uc))z[zh(uc + uyv — ucv)

+ (_ub + ”c)yh/(”c + upv — uc”)]?

(B2)

Bl(v) = _Zugv(uc(_l + 7}) - ubv)h/(uc)[z(uc(_l + 7)) - ubv)zh(uc + Upv — ucv)

+ ug(_ub + uc)vh/(uc)}7

(B3)
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Co(v) = ut (ue + upv — ucv) W (ue)?[=2(ue (=1 4+ v) — upv)*h(ue + upyv — uv)

+ (ub - uc)v(l(] + l)(ub - uc)v + (uc + upv — ucv)zh/(uc + uyv — MCU))],

(B4)

G (7}) = zugh/(uc)[:;(”c(_l + 7}) - ubv)Sh(”c + upv — uc”)

+ (up — ”c)”(”%(“c + 2upv = 2u v)h'(ue) + (ue + upv — ”c”)3h/(”c + upv — ucw))),

Co(v) = =4(uc(=1 4 v) = upv)[(uc(=1 4 v) = up)*h(ue + upv — ucv) + 1 (—up + ue) vh'(uc)],

where u, = 1/r, and u, = 1/r, are the black hole event
horizon and the cosmological horizon, respectively; v =
(u — u.)/(uy, — u,) is a transformed coordinate; and h(u) is
the blackening factor expressed as a function of u; while the
prime  stands for i

In this expression, A, B, and C correspond to the
coefficients of the derivatives of the second, first, and
zeroth order of ¢ with respect to v, and the subscripts 0, 1,
and 2 indicate their dependence on @°, iw', and @?,
respectively. Expanding » on the Chebyshev grid
p={v; =cos(&),j=0,1,2,...,N}, with N being the
freely chosen total number of nodes, and denoting the
corresponding ¢, first-order derivatives dg/dv, and
second-order derivatives d’>¢/dv? in terms of Chebyshev
spectral modes DO, Dl, and Dz, respectively, the differ-
ential equation Eq. (36) can thus be transformed into a
matrix equation,

(ApDs + BoD, + CoDy) +iw(B\ Dy + C,Dy) + 0 C,D,
=0, (B7)

in which AO, By, By, C,, Cy, and C’O are the correspondent
matrices of Ay(?), By (D), B2(D), Co(D), C1(D), and Cy(D),
respectively. The problem of solving QNM frequencies is
now transformed into a matrix eigenvalue problem, which
can be easily solved numerically.

APPENDIX C: LYAPUNOV EXPONENTS AND
EFFECTIVE POTENTIAL

In this section, we present the Lyapunov exponent of
the photon sphere and the effective potential of the QNMs’
Klein-Gordon equation, attempting to verify the relation-
ship between QNMs and their thermodynamics. Although
these quantities do not exhibit a direct connection with the
transitions of the thermodynamic phase structure, they still
serve as valuable references and merit further investigation
in future work.

We start from the line element of a static, spherically
symmetric black hole, ds? = —h(r)di® + {5 + r2dQ>.
The corresponding Lagrangian for a test particle on the
equatorial plane (6 = z/2) is

(BS)

(B6)

",.2

o .
L =g, =< |-h(r)i* + 7

29?7 (C1
: . G
The associated conserved quantities are E = h(r)f,
L = r2¢. The radial equation then becomes

2
i’2+Veff(r) =0, Veir(r) = —E2+h(r) (i_z_”)
(C2)

where # = 0 corresponds to null geodesics, and n =1
corresponds to timelike geodesics.
Setting n = 0, the effective potential for photons sim-

plifies to Ve (r) = —E? +’;—22h(r). The photon’s circular
orbit is determined by

d Veff o

Veir(r) =0, dr

0. (C3)

From V. =0, we obtain the constraint f—; = @ The
condition for extremizing V. yields the photon-sphere
equation — Lr(r) + I (r) = 0, and the root gives the photon
sphere radius r = rp.

For null geodesics, the Lyapunov exponent describing
the instability of the photon orbit is

Ve (r ph>

A =1/ — - .
L 212

(C4)
This formula is used throughout the main text when
evaluating the dynamical instability of photon circular orbits
and comparing with thermodynamic phase structures.

The specific computational results are shown in Fig. 12.
We find that, unlike some previous results in AdS back-
grounds, the Lyapunov exponent does not signal thermo-
dynamic phase transitions in the system and does not
exhibit any apparent connection with changes in the
thermodynamic phase structure.

For the QNMs’ effective potential, the function is

V() = htr) (272 E),

(C5)
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FIG. 12. Lyapunov exponents versus black hole temperature under different values of the Euler-Heisenberg parameter A. The values of
Aare 0.1, 0.2, and 0.3, respectively. The red dashed line stands for 1 = 0.225, the transition value of 1 between different capacity phase

structures. The other parameters are fixed on Ry = 1, Q = 0.5, and f, = 0.1.
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FIG. 13.

rescaled horizon radius defined by 7, = (rNariai — n)/ (FNariai —

Sr, =0.1and (2) A =10.1, (b) 1 =0.2, (c) A =0.3.

which is from Eq. (32). Fixing the angular quantum number
[ =0, we plotted the effective potential with different
values of the Euler-Heisenberg parameter 4, as shown in
Fig. 13. The results show no direct significant change. In
particular, the three different values of A correspond to the
three distinct heat capacity structures shown in Fig. 3.
However, these differences are not visible in the plotted

0.05
Vetr

0.00

Color map indicates the magnitude of effective potential Vg (r, 7,,) with the angular quantum number / = 0, where 7, is the
Textreme)- Lhe other parameters are fixed on Ry =1, Q = 0.5 and

maps in Fig. 13, as the behaviors appear nearly indistin-
guishable at the graphical level.

We believe that the correspondence observed in the
manuscript between the transition of QNM behavior and
the change in the thermodynamic phase structure may be
caused by additional underlying physical mechanisms that
have not yet been fully understood.
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