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Thermodynamics of fermionic excitations in heavy-quark QCD
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We investigate the thermodynamic properties of fermionic excitations in heavy-quark QCD on the lattice
with Wilson fermions. The grand potential is calculated analytically in the hopping parameter expansion
(HPE) on the basis of the cumulant expansion. Using the grand potential, we compute the quark number
susceptibilities and their ratios up to next-to-leading order in the HPE. The ratio of fourth- to second-order
susceptibilities is shown to be unity (nine) in the deconfined (confined) phase at the leading order.
Excitation properties of baryonic and quark modes in each phase are also investigated utilizing the
Boltzmann statistics. We obtain an analytic formula for the quark excitation energy in the deconfined phase,
while that for baryonic excitations in the confined phase is decomposed into flavor multiplets.
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I. INTRODUCTION

Thermal properties of heavy-mass excitations are gov-
erned by Boltzmann statistics, which results in their simple
description in thermodynamics. This applies to baryonic
excitations in quantum chromodynamics (QCD) below the
pseudocritical temperature 7', at zero baryon density. An
interesting outcome from it is that all even-order baryon-
number susceptibilities y2 (n€2N) are equivalent in
magnitude [1,2]. In fact, lattice-QCD numerical simula-
tions show that the ratio ¥% /% is consistent with unity well
below T, [1,3-7]. The lattice results also show that the
ratio suddenly drops from unity above T, indicating the
violation of this picture, i.e., the onset of the quark
deconfinement. Similar behaviors have been confirmed
in various mixed susceptibilities including strange and
charm degrees of freedom [5,8—10].

“Contact author: tohme @ruby.scphys.kyoto-u.ac.jp
Contact author: doi.takahiro.5d@kyoto-u.ac.jp
*Contact author: kitazawa@yukawa.kyoto-u.ac.jp
SContact author: krzysztof.redlich@uwr.edu.pl
IContact author: chihiro.sasaki @uwr.edu.pl

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2025,/112(9)/094515(10)

094515-1

In exploring thermodynamic properties of QCD, varying
the quark masses from the physical values provides a
valuable theoretical framework for gaining alternative
insights into the real world [11,12]. In the heavy-mass
limit, QCD reduces to SU(3) Yang-Mills (YM) theory. The
existence of a first-order phase transition separating the
confined and deconfined phases at nonzero temperature T
in this theory suggests that the excitations carrying quark
charges change suddenly from the baryonic ones to quarks
at T = T, in this limit. Besides, as the Boltzmann statistics
should be well applicable to quark excitations in the
deconfined phase owing to heavy quark masses, the
even-order gquark-number susceptibilities y, should be
equivalent, where y,, are related to baryon-number suscep-
tibilities as y, = 3"y2. On the other hand, for T < T the
quark charges will be carried by baryonic states and all
baryon-number susceptibilities are equivalent as in the case
of QCD with physical quark masses. Therefore, the higher
order susceptibilities are expected to change discontinu-
ously at T = T between the two asymptotic values.

In the present study, we examine the validity of this
picture in the heavy-mass limit of QCD, which we refer to
as heavy-quark QCD in what follows, based on the lattice-
QCD formulation with Wilson fermions. For large quark
masses, this formalism allows one to adopt the hopping-
parameter expansion (HPE), which corresponds to an
expansion of the quark action by the inverse quark masses.
With the aid of the cumulant expansion, we reorganize the

Published by the American Physical Society


https://orcid.org/0009-0004-5724-7888
https://orcid.org/0000-0002-5210-7649
https://orcid.org/0000-0002-2629-1710
https://orcid.org/0000-0003-4612-3375
https://ror.org/02kpeqv85
https://ror.org/0589kgd85
https://ror.org/01qradn92
https://ror.org/00yae6e25
https://ror.org/01dr6c206
https://ror.org/03t78wx29
https://crossmark.crossref.org/dialog/?doi=10.1103/f1w1-bymt&domain=pdf&date_stamp=2025-11-26
https://doi.org/10.1103/f1w1-bymt
https://doi.org/10.1103/f1w1-bymt
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

TOHME, DOI, KITAZAWA, REDLICH, and SASAKI

PHYS. REV. D 112, 094515 (2025)

HPE of the grand potential so that it is classified into terms
carrying different chemical-potential dependence, and cal-
culate several leading terms analytically. As a result, our
grand potential consists of the expectation values of the
gluonic operators in the heavy-mass limit, which are
numerically calculable in the Monte Carlo simulations of
SU(3) YM theory. The obtained result is quite convenient
for interpreting their physical meaning and calculating
susceptibilities. We notice that no assumptions are imposed
on the gluonic part in this manipulation.

Using the analytic expression of the grand potential, we
reveal two important features of the fermionic excitations in
heavy-quark QCD on the lattice. First, we calculate the
HPE of the ratios of quark-number susceptibilities,
Ynan'/Xn» Up to next-to-leading order (NLO) for n’ € 2N.
We show that at the leading-order (LO) the ratio is exactly
one and 3" above and below T, respectively, as anticipated
from the aforementioned argument. We show that this
result is a direct consequence of the spontaneous symmetry
breaking of the Z; symmetry at 7 =T, in SUQ3) YM
theory. It will also be shown that the order of the NLO
terms is significantly high due to cancellations of the
expansion terms in the ratio as will be discussed in
Sec. I B.

Second, we explore properties of fermionic excitations in
the confined and deconfined phases in more detail using the
analytic formula of the grand potential and Boltzmann
statistics. We show that the excitation energy of quarks in
the deconfined phase is given by the sum of the pole mass
and the free energy of a single quark, the latter of which is
given by the Polyakov loop. We also relate the baryonic
excitations in the confined phase with the expectation
values of the loop operators having three temporal wind-
ings, and classify them into flavor multiplets. We show that
the excitation reduces to a simple picture in the strong
coupling limit, whereas our results are general and sus-
tained beyond this limit.

This paper is organised as follows. In Sec. II we
formulate the grand potential in heavy quark QCD based
on the cumulant expansion. In Sec. IIl we calculate the
quark-number susceptibilities up to the NLO in the HPE.
We then investigate excitation energies of the quark and
baryonic excitations in Sec. IV. We summarize our results
in Sec. V.

II. GRAND POTENTIAL IN HEAVY-QUARK QCD

A. Lattice action

We consider SU(N,) QCD with the number of colors
N, =3 on the lattice of size N3 x N, with the N;-flavor
Wilson fermion

50 =SS gl - H (5. )a (). (1)
f=1 s.¢

with the hopping matrix

+ (1+yy)e ™ Ul(s =453,  (2)

where U, (s) denotes the link variable with s being the
lattice site, a is the lattice spacing, and k; and py are the
hopping parameter and the chemical potential for the fth
flavor quark, respectively. The color and Dirac-spinor
indices are suppressed for simplicity in Eq. (2).
The hopping parameters are related to the bare quark
masses m, as Ky~ 1/(2am;) for large m [13], and hence
a small k; corresponds to a heavy mass. The chemical

potentials are attached to the temporal links U, and U jx via
exponential factors e [14]. In the following, we
assume the degenerated quark masses and the common
chemical potential for all flavors, i.e., K=K and p = Hg
whereas the generalization to nondegenerate cases is
straightforward.

The partition function of this system is expressed as

Z = /DUD(']qu_Ss_Sq
_/DUe_Sg+Nf1nDet<1_KH)’ (3)

with the gauge action S,, where Det denotes the determi-
nant over color, spinor, and spacetime indices. The factor
N; in the exponent arises from a summation over f in
Eq. (1). Throughout this study, the form of §, is not
specified, since the following discussion is independent of
Sg. On the Euclidean lattice, temperature is defined
asT=1/N,a.

Taking the heavy quark-mass limit, k — 0, QCD reduces
to the SU(3) YM theory. This theory is known to exhibit
a first-order phase transition at the critical temperature
T = T, characterized by the Z; center symmetry of the
SU(3) group. The phase at 7 > T is referred to as the
deconfined phase, where the center symmetry is sponta-
neously broken, while the symmetry is restored in the
confined phase at 7 < T.. With finite x, the fermion
determinant breaks the Z; symmetry explicitly, while the
first-order phase transition continues to exist until a critical
value is reached [15-17].

B. Hopping parameter expansion

To investigate Eq. (3) for small «, it is convenient to
adopt the Taylor expansion of the fermion determinant for x
at k =0 [13],
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N¢lIn Det(1 — kH) = N¢Tr[In(1 — kH)]

o K‘l
= —Nf;TTr[Hl], (4)

where Tr denotes the trace over the same indices as Det in
Eq. (3). Equation (4) is called the HPE. Nonvanishing terms
on the far right-hand side correspond to the closed
trajectories on the lattice of length [ because of the trace
operation for the spacetime indices. Examples of the
trajectories and their explicit calculation are found in
Refs. [13,17-19].

The uy dependence of each closed trajectory on the far
right-hand side of Eq. (4) is classified by the winding
number k in the temporal direction, where positive (neg-
ative) k means the winding along the positive (negative)
temporal direction. The terms with k=0, i.e., those
without temporal windings, do not depend on g, as they
contain equal numbers of temporal links toward positive
and negative directions, and the exponential factors e*#a¢
cancel each other out. In contrast, the terms with k # 0
include |k|N, temporal links proportional to e*#¢“ that do
not cancel out. The terms with k windings are thus
proportional to e Ni#a® = ¢kia  with the dimensionless
chemical potential i = pq/T.

By factoring out the i, dependence, Eq. (4) is rewritten as

N¢ln Det(1 — xH)

Z ekt Ay, (5)

k=—00

!
K
Ak = —Nf Z TTF[HI]”‘]:(). (6)
1

k windings

Notice that the k dependence is encoded in Aj. From the
definition, it immediately follows that A_; = A,t. We notice
that the fermionic action (1) depends on efa besides .
Equation (5) is the double expansion of Eq. (1) with respect
to efa followed by «.

The leading-order contributions of the HPE of A, are
calculated as follows. First, since A, consists of loops
without temporal windings, its LO term is given by

—(2x) 4Nfz Z Retr P, (

s u<v

s)+0(°).  (7)

with the plaquette
Pyu(s) = Uu(s)U(s + ) Uj(s +D)UL(s),  (8)

where tr,, represents a trace over color indices and the NLO
terms arise from the Wilson loops of length six, which are
of order «% [18]. For k # 0, the shortest closed loop is the
straight k-winding loop along the temporal direction,
whose length is |k|N,. The LO term in Ay is thus of order

klN: and for k > 0 it reads [19]

(_1)k+1

Ay = (2K)"N 2N Ng Ly + O(kNH2) - (9)

where N, = 3, and

Li= o Sl (10)

is the k-winding Polyakov loop with the local Polyakov-
loop matrix

N,—1

=P ] Usls + /A = U@Usls +8) -+, (1)

at the space coordinate s, where P means the path-ordered
product as defined on the far right-hand side. The factor
(=1)* in Eq. (9) comes from the antiperiodic boundary
conditions for the fermion fields. The NLO terms in Eq. (9)
at order x*V*2 come from spatially bent Polyakov
loops [18].

Using Eq. (5), the partition function is represented as

7= /DUe‘Sg exp[ Z ekf‘qu]

k=—c0

2 {o[ 5 ) .

k=—00

with Z, = [DUe™5: and the bracket denotes the expect-
ation value defined by

= lim —/DUe‘S e, (13)

a—0,

where O is an operator composed of gauge degrees of
freedom. This expectation value reduces to that in the
SUB3) YM theory, (O) = [DUeS:0/Z,, in the Z,
symmetric phase. In the Z;-broken phase, on the other
hand, its meaning must be interpreted with care. Since the
fermion determinant in Eq. (3) explicitly breaks the Z;
symmetry for finite «, the expectation value must be taken
in one of the three symmetry-broken vacua of YM theory,
where (A;) takes real values. As a result, the expectation
values of Z5 variant operators in Eq. (12) can be nonzero in
the broken phase.

C. Cumulant expansion

The grand potential Q(T', ) is related to the partition
function (12) as

Q(T,uy) = -TIn Z. (14)
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Applying the cumulant expansion introduced in the
Appendix, Eq. (14) is calculated to be

QT.jy) = (1) +Q(Tp).  (15)

Q,(T) = -ThZ, (16)

AT (S )
Frae), o

where the cumulants (- -

. up to the third order are

given by
(Aide = (Ay). (18)
(Ailkj)e = (Aihj) = (A {A;)
= (A = (A)A; = (A)).  (19)
(A AE) = (A = (AD) (A = (M) (A = (AR))), (20)

and the sum on the far right-hand side in Eq. (17) is taken
over all possible combinations of non-negative integers m;.
See the Appendix for the derivation of Eq. (17) and the
general definition of the cumulants.

Equation (17) can be rewritten as

Q. (T, pug) o o
— T = Xot ; (eW/quw +e WﬂqX—w)
o)
=Xg+ ) _ (e + e™h)X,, (21)
w=1

where X,, contains the terms satisfying w = 3, km;. On
the second equality of Eq. (21), we used X_,, = X;, = X,,,
which follows from the time reversal symmetry. Examples
of the terms included in X, and X, are

1 1
Xo = (Ag)c + 2 (A§)e + (MA_y) + 2 (MAL) + -,
(22)

X = (A)e + (MoAp)e + (MA_ ) +---. (23)

Since the leading-order terms of X, and X; come from
(Ag). and (A;),, respectively, their HPEs are given by

Xo = Ne(20*D ) " (RetrePy, (s)) + O(®).  (24)

s u<v

X = 2N Ni(2)V (L) + O(kNF2). (25)

A similar manipulation for w = 2, 3 leads to
1
XZ = <A2>c + §<

= (26N {=NN¢(Ly) + 2NZNF(LT) }
+ (9(’(.2N,—0—2)7 (26)

A + O(2NiH)

1
X3 = <A3>C + <A2Al>c + ; <A?>C + O(K3N,+4)

ONN;
_ <2:<>3N'{—‘ (Ly) = 2NN (LaLy).
4N3N3
F R} + o), @)

As found in Egs. (25)~(27), X,,(w > 1) is of order "V,
while X, is of order x*.

We notice that X,, consists of the expectation values of
Z5 invariant operators when w is a multiple of three,
we€3Z, while in other cases, all operators are not Zj
invariant. In the confined phase where the Z; symmetry
remains unbroken, expectation values of all operators that
are not Z5 invariant must vanish, and we obtain X,, =0
unless w is a multiple of three. In contrast, X,, can be
nonzero for all w in the deconfined phase where the Z;
symmetry is spontaneously broken. These properties of X,
play a crucial role in later sections.

As the final remark of this section, we notice that X,, are
extensive variables, i.e., they are proportional to the spatial
volume V = N3a3. This property is guaranteed by the
extensivity of cumulants [2]. In fact, (L,L,). in Eq. (27),
for example, is rewritten using the translational symmetry as

L2L N2 z fp trfp )>

pr

Because (tr[¢p(s)?]tr£p(0)), will damp quickly at large |s|,
the sum over s in Eq. (28) gives a finite value that does not
depend on V. Equation (28) thus is proportional to V.

Htrtp(0))... (28)

III. QUARK-NUMBER SUSCEPTIBILITY

Now, let us investigate the thermal properties of heavy-
quark QCD using the grand potential (21). In this Section,
we focus on the quark-number susceptibilities

0" QT pq) 0" Qy(T. py)

T, =—-——"" =- , (29
which are related to the quark-number cumulants as
<Ng>c = V)(n(T’ ﬂq)’ (30)
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where the (Nj). are defined similarly to Eqs. (18)—(20)
with a replacement of A’s with the quark number N, [2].

It is known that y, (7T, u,) are sensitive to the quark
charge carried by quasiparticle excitations in the system
[1,2], especially when they are well described by the
Boltzmann statistics. In this case, and when all the
quasiparticles in the system carry an identical quark charge
Q, the ratios of y, (T, uq) satisfy simple relations

(NG )e /

)(n+n’(T’ﬂq) _ _ O 31
wpe 9 BV

n(T pg)

for positive and even n’ € 2N unless the denominators vanish.

A. Leading order

The quark-number susceptibilities in heavy-quark QCD
are calculated from Egs. (17) and (29) as

AT ) = j{jw"cwnxw, (32)

Cw,n = eWﬁq + (_])”e_Wﬁq7 (33)

where C,, ., = C,,, for n’ €2N.

In Eq. (32), the order of X,, in the HPE is x"V:.
Therefore, the more dominant contributions in the HPE
are contained in X,, at smaller w. However, the terms with
larger w can give a larger contribution for large y, when
elaliNe > 1 even for small k. This is related to the fact that
ek are expansion parameters of the action (4) besides «.
In the following, we assume elfalxV: < 1 besides k < 1 to
ensure the convergence of Eq. (32).

At T > T, because of the spontaneous breaking of the
Z5 symmetry, the leading-order terms in Eq. (32) come
from w = 1 at order &,

1
7 CraXi + 0N, (34)

In(Topg) = v

where O(k*N') come from the terms with w > 2.
Equation (34) shows that

Zoen(Toig) = 2a(Topg) up to orderx™1, (35)
for ' €2N. For T < T, on the other hand, the leading-
order terms arise from w = 3 owing to the Z; symmetry,
which leads to
|

N.N

1
X = (2k)%N: {_C_f

(LsLy). + =

5

4
(L) -+ 2w

8 2
+ NN (5 (LoD + (LBL3) ) = NENRLaL), + 5

T (Tong) =3 7(Toug)  up to orderx™—1. (36)

From Egs. (35) and (36), we obtain

c { 1 (T > TC)a
3" (T <T,),
up to order x*V:~! in the HPE, except for the case where
both the denominator and numerator vanish. This relation
(37) also holds in the finite density system. Notice that
Eq. (37) is valid only for elxV < 1 to ensure the
convergence of the HPE, as mentioned above.

The result in Eq. (37) indicates that the quark charges
carried by elementary excitations are £1 and 43 above and
below T, respectively [1]. In other words, the quarks are
confined into baryonic excitations below T, while excita-
tions above T, are dominated by single-quark excitations. It
is notable that Eq. (37) is obtained as a direct consequence
of the Z5 symmetry. We will pursue this picture for further
exploration in the next section.

(V)
Ve

)(n+n’<T’ /"q) _
n(T. pg)

(37)

B. Next-to-leading order

We can extend the analysis of the ratios y,.,/y, to
NLO. In the deconfined phase for T > T, from Eq. (32)
the ratio up to the NLO is calculated to be

Xn+n' (T’/"q) / C2 n+n’ X2

EET o T = (2 =2 = Ok, (38

)(n(T,/’lq) ( ) Cl,n Xl ( ) ( )
X, N Nf<L%> —(L,)
X2 _ i Ne c O, (39
= N S (42),  (39)

for n’ €2N, where X,/X, is of order xV.. It is worth
emphasizing that the NLO of y,, (T, yq) is only of order «?
higher than the LO terms. However, all terms in X; cancel
with one another between the numerator and denominator
in the ratio, and this enhances the order of the NLO terms
significantly.

In the confined phase below T, from Eq. (36) the NLO
contributions are given by the ratio between X and X5 as

KXntn' (T, ﬂq)
n(T pq)

C6,n+n’ ﬁ

— 311’ 3n’ ontn' _on
i C., %,

+ O(x%N1),

(40)

2 4 1
L4L2>c + § <L§>c> - NgN:f” (<L4L%>c + g <L3L2Ll >c + 8 <L3>c>

N6N6< >]—|—(’)(K6N’+2), (41)
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where the order of the NLO terms is x°V:. Note that
Eq. (41), as well as Eqgs. (24)—(27), is valid for all N, > 2,
while Eq. (40) is valid only for N, = 3.

IV. EXCITATION ENERGIES

Next, we take a closer look at the properties of Eq. (17)
in connection with elementary excitations in the deconfined
and confined phases.

A. Lattice Boltzmann gas

For this purpose, we first consider the thermodynamics
of a lattice gas of heavy-mass fermions with degeneracy g.
When their mass is sufficiently large, fermionic excitations
on the lattice occur on a single lattice site without hopping
to neighboring sites. The quantum state of a single lattice
site is specified solely by the existence of excited fermions,
and its partition function is given by

Zsingle = (1 + e—(E—qﬂ)/T)g’ (42)
where E and ¢ are the excitation energy and a conserved
charge carried by a fermionic excitation, respectively,
whereas u is the chemical potential of the conserved charge.

In the following, we consider heavy fermions that satisfy
E £ qu > T. When the hopping of fermions is negligible,
one can also assume that the quantum states of individual
lattice sites are independent of one another. The partition
function of the total system of volume N3 thus reads

N3
Ziota = Z.

sngle» @nd the grand potential is calculated to be

Qg = —TInZoy = _TN; In Zsingle
= —gTN3In (1 4 e~ E-an)/T)
~ —gTN3e (E-am/T, (43)

where in the last line we used an approximation In(1 +
x) =~ x for small x, which is well justified for E — qu > T
corresponding to the Boltzmann statistics for heavy
fermions.

In relativistic systems, all particles have their associated
antiparticles with opposite charges. The grand potential in
this case thus reads

Qi = _gTN;c(eqﬂ/T + e_W/T)e_E/T' (44)

Notice that the derivatives of Eq. (43) give
Hnan' [ An = ¢"" . This result is consistent with Eq. (37) with
g =1 and 3 for deconfined and confined phases, respec-
tively. This agreement shows that the fermionic excitations
in heavy-quark QCD are indeed the lattice gas in Eq. (44).
In what follows, using this correspondence, we evaluate the
excitation energies above and below T..

B. Quark excitation energy at 7 > T
The grand potential (15) in the HPE at T > T reads

Q=00 + Q) + O, (45)
Q" = -T(InZ, + X,). (46)
Q) — —T(efa + e )X,
— ONNTNY (e 4 i) (2 )
= “2NN{TN3(efo + ) (200 23
+ O(xNit2), (47)

where Q) represents the Hq-independent term, and QW is
the leading-order term having y, dependence. Comparing
Eq. (47) with Eq. (44), one finds that QM ig regarded as the
thermodynamic potential of the lattice Boltzmann gas with
g =2N_.N;, g =1, and the excitation energy

£ -0 &)

— Th [(2K>NrN1N 32<trcfp(s)>} (48)

From the fact that the pole mass m. of the free Wilson
fermion is related to the hopping parameter as [13]

Myoed = In [1 +% (1 - l)] , (49)

K K

with k. = 1/8 for free fermions, we obtain In[(2x)"/] =
—Mypoie/ T in the heavy-mass limit k — 0. Equation (48) is
thus rewritten as

E =myy —Tln {ﬁZ(trCfp(s»} . (50

Since the second term is the free energy of a static quark on
the lattice [13], Eq. (50) is a reasonable result to state that
the excitation energy of a quark is given by the sum of the
pole mass and the free energy. The degeneracy factor
g = 2N Ny, of course, comes from the spin, color, and
flavor degrees of freedom of quarks. We notice that
(trep)/N, < 1 and thus the second term in Eq. (50) is
positive.

In Eq. (46), X, is interpreted as the modification of the
grand potential of the gluonic medium due to an interplay
with heavy quarks and the contribution of the mesonic
excitations. We notice that the order of X, is x*, which is
parametrically smaller than that of X;. This means that the
latter is invisible in the simple HPE of Q. Nevertheless, we
can obtain excitation properties of quarks, Eq. (50), by
focusing on the u, dependence.
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C. Baryonic excitation energy at 7 < T,

Next, we apply the same argument to the grand potential
at T < T.. In this case with N, =3, owing to the Zj
symmetry we obtain

Q = QO 1 Q6) 1 Ok, (51)

Q(3) — —T(e3f4q + e_3ﬁQ)X3
= —TN3(2c)*N1 (e 4 e73a)J + O(NF2),  (52)

(LoLy). | 4NINF (LY).
N3 3 N3

J 2NN (Ly)

N — 2NZN?

(53)

Here, uy dependence of Q) shows that this term is the
contribution of excitations having three quark charges, i.e.,
baryonic states, to the thermodynamic potential.

One subtlety in applying the same argument as the
previous subsection to Eq. (52) is that the baryonic
excitations have many resonance states, whose energy
spectrum would not be well separated even for heavy-
quark masses; see, for example, Ref. [20] and references
therein. Here, we denote their excitation energies and
degeneracy factors as E;, and g, respectively, where the
subscript b runs over the ground and all resonance states.
Following the hadron resonance gas model [21], we then
assume that the thermodynamic potential is given by the
sum of those of resonances, which are treated as indepen-
dent free lattice gas. Since Ej, 2 3my is large for k — 0,
the contribution of the baryonic excitations to the grand
potential in this picture reads

Qp = —-TNi(eWa + ™) >~ ge™/T. (54)
b € (baryons)

Comparing Eq. (54) with Egs. (44) and (52), one finds

Zghe_(Eb_?’mpole)/T — J, (55)
b

where we used my,./T = =N, In(2x). In Eq. (55),
Ej, —3my is interpreted as the binding energy of the
baryon b.

To gain further insight into the baryon spectrum, we now
focus on the Ny dependence of Eq. (53), which is given by
the polynomial of N; up to the third order. To understand
this N; dependence, we remark that all baryonic states in
our system belong to one of the flavor multiplets of the
flavor SU(N;) symmetry. The direct product of flavor
composition of baryons is decomposed as

Ny @ Ny @ Ny = Rs @ Rys @ Ryp ® Ry, (56)

where Rg, Ry, Rya, and R, represent the completely
symmetric, mixed-symmetric, mixed-antisymmetric, and

completely antisymmetric representations, respectively.
Their dimensions are [22]

ds = n4+2C3, dy = y,Cs, (57)
for Ry and R,, and
dys = dya = dy = 2N,~+1C3’ (58)

for Ry;s and Ry, . One can thus decompose the sum over all
baryons in Eq. (55) into those belonging to each flavor
multiplet as

Jr — Zgbe_(Eh_Smpole)/T

ber

(r=S,M,A), (59)

where we do not distinguish MS and MA because they
form a single multiplet together with the mixed symmetry
of other degrees of freedom [22].

To understand the N; dependence of Eq. (59), we point
out that the excitation energies E;, as well as the spin and
angular-momentum structure, in each multiplet should be
independent of N;. This statement would be justified by the
fact that baryonic states in our system are excited so rarely
that they can be regarded as noninteracting with one
another. Hence, their properties should be determined
solely by the flavor composition in a single excitation.
This means that e~(E+=37)/T js N, independent. On the
other hand, the degeneracy g, in the representation R, must
be proportional to d, owing to the flavor symmetry.
Therefore, N; dependence of Eq. (59) comes only from
d,, while J,/d, is Ny independent. Rewriting Eq. (55) as

J J J
J:dsd—erdMﬁerAd—i

Js Jm Ja
= N+2C3 d_s +2y8,4+1C3 dy +5,C3 a0 (60)
and comparing the N; dependence of Eq. (60) with that of
Eq. (53), one finds that J,/d, are given by

Js 2N.(Lj) (LyLy), 4N7(L})
2= SNBSS (o)
Im 2N (Ls;) 8N7(L}),
dy 3 N3 N (62)
Ja 2N (Lj) 5 (LoLy). | 4NZ(L3). 63
a3 N TNty (63

In Eqgs. (61)—(63), we have succeeded in decomposing
the grand potential into those of individual flavor multip-
lets. It is worthwhile to notice that the contribution from the
completely antisymmetric channel is mandatory in this
decomposition. This result is interesting because there are
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no candidates for such baryons in the experimentally
observed baryons in the light-quark sector composed of
u, d, s quarks [23].

Finally, to make a qualitative estimate of the values of
Egs. (61)—(63), let us calculate them in the strong-coupling
limit of the gluonic action Sg. In this case, all link variables
are independent and their distribution is uniform in the
Haar space of SU(3). Therefore, (L,L,), and (L3), are
given by the spatially overlapping terms, i.e.,

C

<L2L1>c _ 1
Ny NIV

> (e [Ce(s)uetr(s),  (64)

(L3)e

1 3
N—i = WZS:«HCKP(S)) > (65)

Moreover, because of the uniform distribution in the Haar
space, their expectation values are analytically calculated
using the identity

1
/ dUU o Upy U, = ygabcga’b’c” (66)

for U € SU(3) as

(L) _ 1 (LLy)e_ 1 (L _ 1 o
T By A v R R
Substituting these values into Egs. (61)—(63) yields
Jg Jm Ja
5y, M2, 2—=0. 68
ds du da (68)

Therefore, J, vanishes in this case. The values of Jg and
Jy suggest that there exists only a single baryonic state
with Ey, — mpg . = 0 in these channels with the degeneracy
factors gy = 4dg and gy = 2d);, respectively. The factors
four and two are interpreted as the spin degeneracy, since
the spins of color-singlet zero angular-momentum baryons
in S and M multiplets are s = 3/2 and 1/2, respectively,
from the Pauli principle.

We emphasize that Eq. (68) is the result obtained in the
strong coupling limit. Our results Egs. (61)—(63) are not
constrained by this condition when the expectation values
are calculated in SU(3) YM theory. It is worthwhile
mentioning that the local Polyakov-loop matrix £p(s) in
the confined phase is known to be almost randomly
distributed in the Haar space [24,25]. This suggests that
Eq. (68) may give a good estimate even in more realistic
situations. To obtain quantitative results, we need the
Monte Carlo simulations of the expectation values, which
are left for future study.

V. SUMMARY

In this paper, we have investigated the thermodynamic
properties of excitations carrying quark charges in heavy-
quark QCD based on the HPE. We have calculated the
grand potential in the HPE with the aid of the cumulant
expansion. We derived an analytic expression of the grand
potential classified by the chemical potential dependence.

Using the grand potential thus obtained, we have
computed the quark-number susceptibilities and their ratios
analytically up to NLO of the HPE. We have shown that the
ratio of fourth- to second-order susceptibilities becomes
unity in the deconfined phase and nine in the confined
phase at leading order. It is also shown that the order of
NLO terms, «V:, is significantly high due to the strong
cancelation in the ratio.

We have also investigated the properties of thermal
excitations in both the deconfined and confined phases.
Comparing the grand potential with that of the lattice
Boltzmann gas, we have shown that the fermionic excita-
tions in the deconfined phase are the quarks having the
excitation energy (50). In the confined phase, on the other
hand, excitations are dominated by baryonic states carrying
the quark charge +3. We obtained a relation that their
excitation energies and degeneracies must satisfy, and
decomposed it into flavor multiplets. We have also argued
that the baryonic states in the strong-coupling limit are
given by a simple form.

The expectation values of the loop operators that
appeared in these results are calculable in Monte Carlo
simulations of SU(3) Yang-Mills theory. It is interesting to
measure them numerically for further investigation of the
fermionic excitations in heavy-quark QCD both in the
confined and deconfined phases. The extension of the
analysis to higher-order terms in the HPE is another
interesting future project. This would allow us to study
fermionic excitations around the critical point in heavy-
quark QCD [16,17].
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APPENDIX: CUMULANT EXPANSION

In this appendix, after introducing the cumulant expan-
sion in Sec. A 1, we derive Eq. (17).

1. Cumulant and cumulant expansion

Let P(x) be a probability distribution function of a
continuous stochastic variable x, which satisfies the nor-
malization condition [ dxP(x) = 1. Cumulants of x are
defined as

. (A1)

(o= gunle)e)

where throughout this Appendix (---), represents the

expectation value with respect to P(x)
(= [ axfp). (a2)

Equation (A1) implies that

(A3)

m=1

Substituting € = 1, we obtain the cumulant expansion

(")
= A4
n; p (A4)
provided the convergence of the expansion at 6 = 1.
For the probability distribution P(x;,x,, ..., xy) for N

multiple stochastic variables xi,...,xy, the (mixed)

cumulants are defined as

m my o™
<x1 I " XN >c agml o aemN <6Xp Z gkxk>

’

Plo

=0
(AS)

where 0 = (01, ...,0y). From Eq. (A5), the cumulant

expansion for this case is given by

ln<exp ;kak>1) = ) mzm <(91X1)’:1 !. .. .- .(ZA]/\])C!N)’nN>C
= <HZ (Q'Z’j > (A6)

2. Derivation of Eq. (17)

Now, let us apply the cumulant expansion to Eq. (12).
We define the cumulants of A as

<AZ"1 .. .AZ:kn>C
AL 0"Mkn
— ex E JA , A7
S < pL__oo ¢ k]>' o A

where the bracket (- - -) is defined in Eq. (13). Their explicit
forms up to the third order are shown in Egs. (18)—(20).
Using Eq. (A7), the same procedure as the derivation of
Eq. (A6) with assignments 6, and x; with e and A,
respectively, leads to Eq. (17).
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