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We explore a higher-dimensional universe that is a product of Minkowski space and the nonorientable
Klein bottle. The topology explicitly breaks important symmetries, such as translational invariance and
(5þ 1)-dimensional CP invariance. Somewhat surprisingly, the (3þ 1)-dimensional cp of the Minkowski
space can also be broken by the Klein bottle, both explicitly and in the presence of a brane. The topology
enforces a background of fermion correlations that amounts to a condensate wall localized in the Klein
bottle. The wall acts as an order parameter for the broken symmetries. If a brane passes through the wall,
brane fermions that couple to the condensate are produced as quantified by the Bogoliubov coefficients for
a time-dependent mass. The scenario meets the conditions, including cp violation, to potentially generate
the matter-antimatter asymmetry of the universe.
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I. EXTRA DIMENSIONS IN COSMOLOGY

The Klein bottle [1] is an intriguing space to explore
nonorientable extra dimensions, as detailed in a preceding
paper [2]. Notably, the Klein bottle induces condensate
walls from bulk fields, a feature not seen in the torus, the
orientable counterpart [2–4].
In particular, a free, massless bulk fermion—the minimal

fermion with no new parameters introduced—contributes a
condensate wall with peaks around special axes: the flip
axis at the origin of the twisted identification and the axis
diametrically opposite the flip axis. Depending on the spin
of the bulk field, the energy density of the wall may
contribute to the cosmological constant, a possible signal of
hidden dimensions [2,5].

As well as generating condensates from bulk fields, the
Klein bottle topology explicitly breaks symmetries on the
covering space [2]. Although the local geometry is flat and
homogeneous, the topology explicitly breaks translational
invariance, leading to a condensate wall that varies across
the Klein bottle. The discrete symmetries C, P, and CP of
the Dirac equation can also be broken. A fermion trans-
ported once around the Möbius direction of the Klein bottle
flips chirality. There are various boundary conditions that
can be imposed on a fermion under this reflection.
Generally, they are either periodic or antiperiodic on the
covering torus [6]. Each of these boundary conditions
explicitly breaks a different set of symmetries. The sym-
metry breaking is again manifest in the condensate. Some
boundary conditions will explicitly break charge symmetry
and/or parity (and/or chirality). We review the explicitly
broken symmetries found in [2] and discuss the additional
possibility of spontaneous symmetry breaking.
Perhaps most intriguing, (5þ 1)-dimensional CP is

explicitly broken, with various physical implications,
including a possible source for the matter asymmetry in
the universe. Curiously, (3þ 1)-dimensional cp is also
broken, which is significant if the condensate couples to a
brane. For antiperiodic boundary conditions, (3þ 1)-
dimensional cp is explicitly broken while for periodic
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boundary conditions cp is broken by the location of
the brane.
In this sequel to [2,7–9], we explore the implications for

the early universe of the broken symmetries in the Klein
bottle. In particular, we imagine a (3þ 1)-D brane boosted
along the Klein bottle and calculate particle production of
(3þ 1)-D fermions as the brane passes through the con-
densate. The process we consider can lead to baryogenesis
via leptogenesis. As a byproduct, we find a general
expression for the Bogoliubov coefficients that quantify
the particle production for a brane fermion with a time-
dependent Dirac mass.
Further cosmological implications of the Klein bottle,

which we leave for study elsewhere, include dark matter
candidates that receive their mass from the condensate,
dark energy contributions from the same, and a condensate-
induced potential that can stabilize the volume of the Klein
bottle as well as bring the brane to rest.

II. THE KLEIN BOTTLE

A. Covering space and Γ matrices

We work in (5þ 1) dimensions composed of a (3þ 1)
Minkowski spacetime times a 2DKlein bottle,M ×K. We
adopt a mostly minus metric ðþ;−;−;−;−;−Þ for ease of
comparison with canonical particle physics convention.
The Dirac equation in (5þ 1) dimensions is ði=D −
m18Þψ ¼ 0 with positive and negative frequency modes
ψ on the covering space.
We build 8 × 8 ΓM matrices and a chirality operator

Γ̄ ¼ Γ0Γ1Γ2Γ3Γ4Γ5, using the notation M ¼ 0, 5 and
J ¼ 1, 5. The Γs obey the Clifford algebra

fΓM; ΓNg¼ 2ηMN18; ηMN ¼ diagð1;−1;−1;−1;−1;−1Þ:
ð1Þ

It follows that ðΓ0Þ2 ¼ 18 and Γ0 ¼ Γ0† while ðΓJÞ2 ¼ −18
and ΓJ ¼ −ΓJ†. Also Γ̄ ¼ Γ̄† and Γ̄2 ¼ 18. We will make
use of fΓN; Γ̄g ¼ 0. The explicit representation is

Γμ ¼ γμ ⊗ σ3 ¼
�
γμ 0

0 −γμ
�
;

Γ4 ¼ 14 ⊗ iσ1 ¼ i

�
0 14
14 0

�
;

Γ5 ¼ 14 ⊗ iσ2 ¼
�

0 14
−14 0

�
;

Γ̄ ¼ −γ̄ ⊗ σ3 ¼
�−γ̄ 0

0 γ̄

�
: ð2Þ

These are built with the (3þ 1) γ matrices which obey the
Clifford algebra fγμ; γνg ¼ 2ημ;ν14 with ðγ0Þ2 ¼ 14 and

ðγjÞ2 ¼ −14. With this convention γ0 ¼ γ0† and γj ¼ −γj†.
In the chiral basis

γμ¼
�

0 σμ

σ̄μ 0

�
with σμ¼ð12; σi Þ and σ̄μ¼ð12; −σi Þ:

ð3Þ

Just to have on hand for convenience, the Hermitian Pauli
matrices are

σ1¼
�
0 1

1 0

�
; σ2¼

�
0 −i
i 0

�
; σ3 ¼

�
1 0

0 −1
�
; ð4Þ

for which σi† ¼ σi, ðσiÞ2 ¼ 12, fσi; σjg ¼ 2δij12,
and ½σi; σj� ¼ 2iϵijkσk. The chiral γ will be called γ̄
instead of the conventional γ5 to avoid confusion with
the fifth dimension. We have γ̄ ¼ iγ0γ1γ2γ3 which is γ̄ ¼
diagð−1;−1; 1; 1Þ. Also γ̄ ¼ γ̄† and ðγ̄Þ2 ¼ 14 and γ̄ anti-
commutes with the others fγμ; γ̄g ¼ 0.

B. Klein bottle boundary conditions

We build a Klein bottle by identifying the sides of a
rectangle with a twist on traversing the x5 direction

ðxμ; x4; x5Þ ≈ ðxμ; x4 þ 2πr4; x5Þ;
ðxμ; x4; x5Þ ≈ ðxμ;−x4; x5 þ 2πr5Þ: ð5Þ

We introduce the notation for convenience,

x̃ ¼ ðxμ;−x4; x5 þ 2πr5Þ: ð6Þ

The Klein bottle is nonorientable. To accommodate spinors
in the Klein bottle, begin with the periodic modes on the
covering torus [10] of size ð2πr4; 2πð2r5ÞÞ:

ψðxÞ ¼ ψðxμ; x4 þ 2πr4; x5Þ; ð7Þ

ψðxÞ ¼ ψðxμ; x4; x5 þ 2ð2πr5ÞÞ; ð8Þ

of the form ψ ∼ e∓ik·x (on-shell) with

k4 ¼
n4
r4

; k5 ¼
n5
2r5

; n4; n5 ∈Z: ð9Þ

To determine which of these spinors descend to the Klein
bottle, we need to specify the boundary conditions imposed
in the twisted direction, of which there are a number of
possibilities. Consider, for example, the reflection of a
spinor upon being transported around x5. We denote the
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reflection operation by R4 and denote modes on the Klein
bottle by Ψ to distinguish from modes ψ on the covering
torus. The reflection matrix is

R4 ¼ Γ4Γ̄; ð10Þ

for which R4 ¼ R†
4. There is a notable phase ambiguity.

The fermion can be periodic under reflection, which we
will call Rþ

4 boundary conditions,

Rþ
4 ∶ ΨðxÞ ¼ R4Ψðx̃Þ; ð11Þ

using the notation of Eq. (6). Periodicity is ensured since
R2
4 ¼ 18, which on traversing x5 twice gives

ΨðxÞ ¼ Ψðxþ 4πr5δM5 Þ. The fermions can also be anti-
periodic, which we call R−

4 boundary conditions,

R−
4 ∶ ΨðxÞ ¼ iR4Ψðx̃Þ: ð12Þ

Antiperiodicity is assured since ðiR4Þ2 ¼ −18, which on
traversing x5 twice gives ΨðxÞ ¼ −Ψðxþ 4πr5δM5 Þ. For a
more thorough discussion of general phases see [2]. We
will be slightly cavalier with the notation and use R4 to
stand for both the operation and the matrix representation.
An additional possibility is that orientation reversal is

accompanied by charge conjugation ΨC ¼ CΨ�,

CRþ
4 ∶ ΨðxÞ ¼ CR4Ψ�ðx̃Þ: ð13Þ

(Note, we take C first then R4, so CR4 ¼ R4 ∘C.) The
charge conjugation matrix and CR4 are

C ¼ −iΓ2Γ4Γ̄ ¼ −iΓ2R4; ð14Þ

CR4 ¼ −iΓ2: ð15Þ

There is again a phase ambiguity, and indeed we use a
different phase than in our previous paper [2], which can be
consulted for a more general discussion of phases. With
these definitions,C2 ¼ 1 andC ¼ C†. We take note that for
any choice of phase

ðΨCÞC ¼ −Ψ; ð16Þ

and the CRþ
4 boundary conditions are always periodic on

the covering torus.
The boundary conditions are satisfied by mode solutions

of the form, due to the (anti)periodicity,

Rþ
4 ∶ ΨðxÞ ¼ 1ffiffiffi

2
p ðψðxÞ þ R4ψðx̃ÞÞ;

R−
4 ∶ ΨðxÞ ¼ 1ffiffiffi

2
p ðψðxÞ þ iR4ψðx̃ÞÞ;

CRþ
4 ∶ ΨðxÞ ¼ 1ffiffiffi

2
p ðψðxÞ þ CR4ψ

�ðx̃ÞÞ: ð17Þ

The full Kaluza-Klein (KK) spectrum of solutions was
presented in [2].
A note on chiral fermions. Since R4 does not commute

with Γ̄, we are unable to construct chiral fermions. Indeed,
the situation is a bit worse than the usual obstruction
present in compactifications of higher-dimensional theo-
ries. For instance, the left- or right-handed projection of a
mode on the Klein bottle is not itself a solution for the
reasons described above. Consequently, bulk fermions
cannot couple to a chiral gauge theory and must be singlets
under the standard model gauge interactions. This would
seem to preclude the three large dimensions from possess-
ing nonorientable topology if the standard model gauge
interactions are exact. To have chiral fermions, we therefore
assume they are confined to a (3þ 1)-D brane that lives in
the M ×K spacetime.

C. Explicitly broken discrete symmetries

The fermion boundary conditions break some of the
discrete symmetries we had on the covering space as
summarized in Table I and detailed in [2]. The massive
Dirac equation is symmetric under C and P as well as under
reflection in any given direction, RJ ¼ ΓJΓ̄. We can ask if
these transformations map solutions out of the solu-
tion space.
For instance, with Rþ

4 boundary condition,

Rþ
4 ∶ ΨðxÞ ¼ R4Ψðx̃Þ; ð18Þ

a Klein bottle mode in the solution space is mapped under
parity P to a new mode

TABLE I. The boundary conditions explicitly break some
symmetries on the covering space. Aþ indicates the symmetry
is preserved, a − that the symmetry is broken. We note that
P123 ¼ iR1R2R3 and so P ¼ Γ0 ¼ R1R2R3R4R5 ¼ −iP123R4R5.
In the final row, this phase difference accounts for the breaking of
P but not P123R4R5. In general, the final row is very dependent on
phase choices in the definition of C. The results for arbitrary
phase are summarized in [2].

P123 R4 R5 P C eiαΓ̄

Rþ
4 ∶ ΨðxÞ ¼ R4Ψðx̃Þ − þ − þ − −

R−
4 ∶ ΨðxÞ ¼ iR4Ψðx̃Þ − þ þ − þ −

CRþ
4 ∶ΨðxÞ ¼ CR4Ψ�ðx̃Þ − − þ − − þ
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Ψ0ðxÞ ¼ PΨðt;−xJÞ ¼ Γ0Ψðt;−xJÞ
¼ Γ0R4Ψðt;−xj; x4;−x5 þ 2πr5Þ
¼ R4Γ0Ψðt;−xj; x4;−x5 þ 2πr5Þ
¼ R4Ψ0ðx̃Þ; ð19Þ

from which we conclude that the parity transformed field
obeys the boundary condition and therefore is also a
solution.
However, for the C transformed field,

Ψ0ðxÞ ¼ CΨ�ðxÞ ¼ CR�
4Ψ�ðx̃Þ

¼ −R4CΨ�ðx̃Þ
¼ −R4Ψ0ðx̃Þ
≠ R4Ψ0ðx̃Þ; ð20Þ

from which we conclude that the C transformed field does
not obey the boundary condition and therefore is not a
solution. The Rþ

4 boundary condition preserves P but
explicitly breaks C as well as CP.
Following the same logic for R−

4 , we find P is explicitly
broken while C is preserved. Again, the important combi-
nation CP is broken [2].
For massless fermions, the Dirac equation is also chirally

symmetric, under transformations of the field by Γ̄,
Ψ0 ¼ eiαΓ̄Ψ. We can ask if chiral symmetry for massless
fermions is preserved. (More accurately, chiral rotations
when broken are broken to the Z2 subgroup α∈ f0; πg for
R�
4 .) The results for the various boundary conditions and

symmetries are tabulated in Table I.
In Sec. IV C, we will be interested in coupling to a

(3þ 1)-D brane, so we also tabulate the outcomes for a
(3þ 1)-dimensional parity, P123 ¼ iR1R2R3. The phase is
chosen so that P2

123 ¼ 18.

III. THE CONDENSATE WALL

In the torus, the two-point correlator encodes the free
propagation of a fermion through space. However, for the
Klein bottle, the vacuum supports a self-consistent back-
ground of fermionic condensates in the absence of an
external source. The correlator thereby acquires an addi-
tional, position-dependent expectation value even at coinci-
dent points. This nonzero expectation value is the fermion
condensate, which we calculate here.
To keep the scope manageable, we will work with Rþ

4

boundary conditions. (The correlators were calculated for
all three boundary conditions using different methods in
[2].) To isolate the condensate, we express the correlator in
terms of the free propagator and the condensate wall:

hΨðxÞΨ̄ðx0Þi ¼ ST2ðx; x0Þ þ iΓ̄Wðx; x0Þ; ð21Þ

where our notation exploits the fact that the free propagator
is the same as the free propagator on the torus and the wall
W is the unique contribution to the condensate. This
decomposition and the Γ dependence are a bit of foreshad-
owing, as is the depiction in Fig. 1.
In addition to x̃ defined in Eq. (6), we introduce the

notation

˜̃x ¼ ðxμ;−x4; x5 − 2πr5Þ;
k̃ ¼ ðkμ;−k4; k5Þ; ð22Þ

for which we have the useful combinations

k · ðx̃ − x̃0Þ ¼ k̃ · ðx − x0Þ;
k · ðx̃ − x0Þ ¼ k̃ · ðx − ˜̃x0Þ: ð23Þ

We will consider Rþ
4 boundary conditions for which the

modes can be decomposed as

ΨðxÞ ¼ 1ffiffiffi
2

p ðψðxÞ þ R4ψðx̃ÞÞ;

Ψ̄ðx0Þ ¼ 1ffiffiffi
2

p ðψ̄ðx0Þ þ ψ̄ðx̃0ÞR†
4Þ: ð24Þ

The condensate in terms of modes on the covering torus is
then

2hΨðxÞΨ̄ðx0Þi ¼ hψðxÞψ̄ðx0Þi þ R4hψðx̃Þψ̄ðx̃0ÞiR†
4

þ hψðxÞψ̄ðx̃0ÞiR†
4 þ R4hψðx̃Þψ̄ðx0Þi:

The first term is the propagator on the covering torus. The
second term is

FIG. 1. The condensate wall as a function of x4 and x5.
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R4hψðx̃Þψ̄ðx̃0ÞiR†
4 ¼

X
w4

X
w5

Z
d6k
ð2πÞ6

iR4ð=kþmÞR†
4

k2 −m2 þ iϵ
e−ik·ðx̃−x̃0Þe−ik42πw4r4e−ik54πw5r5

¼
X
w4

X
w5

Z
d6k
ð2πÞ6

ið=̃kþmÞ
k2 −m2 þ iϵ

e−ik̃·ðx−x0Þe−ik42πw4r4e−ik54πw5r5

¼
X
w4

X
w5

Z
d6k
ð2πÞ6

ið=kþmÞ
k2 −m2 þ iϵ

e−ik·ðx−x0Þe−ik42πw4r4e−ik54πw5r5 ;

having used R4=kR
†
4 ¼ =̃k and R4R

†
4 ¼ 18. In the last step we redefine k4 → −k4 and w4 → −w4. This conspires with the first

term to give the free propagator for hΨðxÞΨ̄ðx0Þi, which matches that on the covering torus, ST2ðx; x0Þ. We hereafter drop
this toroidal contribution, which will vanish on taking the trace in the bilinear built from the condensate, and focus on the
new contribution from the Klein bottle. For the two last terms in 2hΨΨ̄i, we have hψðxÞψ̄ðx̃0ÞiR†

4 þ R4hψðx̃Þψ̄ðx0Þi

¼
X
w4

X
w5

�Z
d6k
ð2πÞ6

i
k2 −m2 þ iϵ

ðð=kþmÞe−ik·ðx−x̃0ÞR†
4 þ R4ð=kþmÞe−ik·ðx̃−x0ÞÞ

�
e−ik42πw4r4e−ik54πw5r5

¼
X
w4

X
w5

�Z
d6k
ð2πÞ6

i
k2 −m2 þ iϵ

ðð=kþmÞe−ik·ðx−x̃0Þ þ ð=̃kþmÞe−ik̃·ðx− ˜̃x0ÞÞR4

�
e−ik42πw4r4e−ik54πw5r5

¼
X
w4

X
w5

�Z
d6k
ð2πÞ6

i
k2 −m2 þ iϵ

ðð=kþmÞe−ik·ðx−x̃0Þ þ ð=kþmÞe−ik·ðx− ˜̃x0ÞÞR4

�
e−ik42πw4r4e−ik54πw5r5

¼ ði=DþmÞR4

X
w4

X
w5

�Z
d6k
ð2πÞ6

i
k2 −m2 þ iϵ

ðe−ik·ðx−x̃0Þ þ e−ik·ðx− ˜̃x0ÞÞ
�
e−ik42πw4r4e−ik54πw5r5

where R†
4 ¼ R4 and we have used Eq. (23). Since the sums are over all w5, we can shift to w5 → −w5 with no affect on the

second term in parentheses. Then, to consolidate the expression, we write

2hΨðxÞΨ̄ðx0Þi ¼ ði=DþmÞR4

X
w4

X
w5

ðDFðx − X̃0Þ þDFðx − ˜̃X0ÞÞ; ð25Þ

where DF is the (5þ 1)-D scalar propagator and we define

X̃0 ¼ ðx0μ;−x04 þ 2πw4r4; x05 þ 2πð2w5 þ 1Þr5Þ;
˜̃X0 ¼ ðx0μ;−x04 þ 2πw4r4; x05 − 2πð2w5 þ 1Þr5Þ: ð26Þ

In the coincident limit x → x0, only the ∂4;5 terms survive, giving

2hΨðxÞΨ̄ðx0Þi ¼
X
w4

X
w5

ðiΓ4
∂4 þ iΓ5

∂5 þmÞR4ðDFðx − X̃0Þ þDFðx − ˜̃X0ÞÞ

¼ i
X
w4

X
w5

�
Γ4

ðx4 − X̃0
4Þ

r
þ Γ5

ðx5 − X̃0
5Þ

r

�
R4∂rDFðx − X̃0Þ

× i
X
w4

X
w5

�
Γ4

ðx4 − ˜̃X0
4Þ

r
þ Γ5

ðx5 − ˜̃X0
5Þ

r

�
R4∂rDFðx − ˜̃X0Þ

þ
X
w4

X
w5

mR4ðDFðx − X̃0Þ þDFðx − ˜̃X0ÞÞ: ð27Þ

In the limit of x0 → x, ðx5 − ˜̃X0
5Þ ¼ 2πðw5 þ 1Þr5 ¼ −ðx5 − X̃0

5Þ and the terms proportional to Γ5 cancel. Going over to the
massless case to make this simpler,
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DFðx − X̃0Þ ¼
Z

d6k
ð2πÞ6

i
k2 þ iϵ

e−ik·ðx−X̃0Þ

¼ 1

4π3

�
1

ðx − X̃0Þ · ðx − X̃0Þ
�

2

: ð28Þ

In the limit x0 → x, DFðx − X̃0Þ ¼ DFðx − ˜̃X0Þ ¼ DFðrÞ:

DFðrÞ ¼
1

4π3
1

r4
;

r2 ¼ ð2x4 − 2πw4r4Þ2 þ ð2πðw5 þ 1Þr5Þ2: ð29Þ

We then have

hΨΨ̄ðxÞi ¼ −
i
π3

Γ4R4

X
w4

X
w5

ð2x4 − 2πw4r4Þ
r6

: ð30Þ

We consolidate these results as

Rþ
4 ∶ ðm¼ 0Þ hΨΨ̄ðxÞi¼−iWðx4ÞΓ4R4¼ iWðx4ÞΓ̄ ð31Þ

with the wall coefficient defined as

Wðx4Þ¼
1

π3
X
w4

X
w5

ð2x4−2πw4r4Þ
ðð2x4−2πw4r4Þ2þð2πð2w5þ1Þr5Þ2Þ3

:

ð32Þ

The condensate is forced to zero at x4 ¼ 0 because the
sum is odd in w4. The condensate is also forced to zero on
the edges, x4 ¼ �πr4, as can be seen by shifting to
w0
4 ¼ w4 ∓ 1, respectively, so that the sum will be odd

and exactly zero on those axes.

As shown in Fig. 1, there are two double-bumped walls
around these axes, x4 ¼ 0 and x4 ¼ �πr4, which are
special locations where the infinite images are those of a
simple torus and translational symmetry is restored.1

Figure 2 depicts the pattern of images for the Klein bottle
and also shows that the pattern of images reduces to those
for a torus on these special axes. The modes w4 ¼ −1, 0, 1
capture the dominant features of both hills. Including both
walls to lowest order gives

Wðx4Þ ≈
1

π3

"
ð2x4Þ

ðð2x4Þ2 þ ð2πr5Þ2Þ3

þ ð2x4 ∓ 2πr4Þ
ðð2x4 ∓ 2πr4Þ2 þ ð2πr5Þ2Þ3

#
ð34Þ

(which is odd and vanishes on integration over the Klein
bottle). The first term has a maximum at x4max ¼ πffiffi

5
p r5, so

we will take r4 > πffiffi
5

p r5 for the sake of argument. In Fig. 1,

we show the wall for r4 ¼ 4r5. As r4 ≫ r5, the distance
between the peaks at the origin and those on the x4 ¼ �πr4
edges becomes longer and flatter.
The pseudoscalar bilinear with a nonzero vev for the

condensate from the Rþ
4 boundary conditions is

hΨ̄iΓ̄Ψi¼−iTrðΓ̄hΨΨ̄iÞ¼Wðx4ÞTrðΓ̄ Γ̄Þ¼ 8Wðx4Þ ð35Þ

FIG. 2. Klein bottle tilings of the plane. The horizontal axis is x4 and the vertical axis is x5. The flip axis is indicated by the faint
vertical blue line bisecting the tiles. Left: if a star is arbitrarily off the flip axis, there are a series of images in a T2 of size 2πðr4; 2r5Þ and
there is a second series of images in all the shaded cells at −x4 as well as all of its images in a T2 of size 2πðr4; 2r5Þ. Right: for a star
located on the flip axis, all images look like those in a T2 of size 2πðr4; r5Þ. The same would be true for the images of a star located at the
identified points x4 ¼ �πr4. We find the condensate vanishes exactly on, and is centered around, these two special axes: the flip axis at
x4 ¼ 0 and the identified axes x4 ¼ �πr4.

1In other words, translations in the x4 direction

Ψ0ðxÞ ¼ Ψðxμ; x4 þ a; x5Þ ð33Þ
are broken to the Z2 subgroup a∈ f0; πr4g.

GREENE, KABAT, LEVIN, and PORRATI PHYS. REV. D 113, 063576 (2026)

063576-6



as summarized in Table II. As expected, the condensate
respects the same symmetries that the boundary conditions
do in Table I. All other attempts to construct scalars or
pseudoscalars would vanish on taking the trace. All toroidal
contributions also vanish on taking the trace.
Similarly, from CRþ

4 boundary conditions, a pseudosca-
lar bilinear with a nonvanishing vev, hΨ̄CiΓ̄Ψi ¼ 8Wðx4Þ,
can be constructed from the condensate hΨΨ̄Ci with
Ψ̄C ¼ ΨTC†Γ0. As above, all other attempts to construct
scalars or pseudoscalars would vanish on taking the trace.
The bilinear and condensate wall for R−

4 boundary
conditions are found in [2]. It is interesting that the periodic

boundary conditions lead to a wall that is antisymmetric in
x4. Conversely, the antiperiodic boundary conditions lead
to a wall that is symmetric in x4.

IV. LEPTOGENESIS AND BARYOGENESIS

The condensates can be put to good use to explain the
excess of matter over antimatter. By introducing a 3D brane
moving inside the Klein bottle and coupling a brane
fermion to the bulk fermion, we can meet Sakharov’s three
conditions for successful baryogenesis [11]: (i) Baryon
number violation, (ii) cp violation, and (iii) out-of-equi-
librium dynamics.
As the brane moves through the condensate walls, the

mass term varies sharply, which leads to the production of
brane fermions as we show explicitly in Sec. IV B. The
production mechanism is a strictly out-of-equilibrium con-
dition. Additionally, there can be lepton number violating
mass terms so that leptogenesis can accompany the bursts of
particle production. The standard model on the brane then
provides the baryon number violation through B − L
conserving processes. The location of the brane breaks
translation symmetry, which in turn leads to spontaneous
breaking of certain cp symmetries, as we discuss below.

A. Brane fermion masses

We consider brane-bulk couplings in which the bulk
condensate provides a position-dependent mass to brane
fermions. The standard definitions for charge conjugation c
and parity p in 3þ 1 dimensions are

c∶ fðxÞ → −iγ2f�ðxÞ;
p∶ fðxÞ → γ0fðt;−x1;−x2;−x3Þ: ð36Þ

The properties of the bilinear Ψ̄iΓ̄Ψ are summarized in
Table III. The properties of various bilinears in f are
summarized in Table IV. Finally, the properties of various
mass terms are summarized in Table V.

TABLE III. Transformation of the Rþ
4 bilinear under various

charge-parity transformations. These are CP ¼ CΓ0,
CP123 ¼ CiR1R2R3, CP1234 ¼ CP123R4, and CP1235 ¼
CP123R5. The symbol × indicates an explicit breaking of the
symmetry by the boundary conditions.

B.C. Bilinear CP CP123 CP1234 CP1235

Rþ
4 Ψ̄iΓ̄Ψ ✗ Ψ̄iΓ̄Ψj−x⃗ −Ψ̄iΓ̄Ψj−x⃗;−x4 ✗

TABLE IV. (3þ 1)-dimensional cp transformation of brane
bilinears in f.

f̄f f̄iγ̄f ðf̄cf þ f̄fcÞ ðf̄cf − f̄fcÞ
þ − þ −

TABLE V. Spontaneous (3þ 1)-dimensional cp violation. Various Hermitian interactions between a brane
fermion and a bulk fermion subject to Rþ

4 boundary conditions on the Klein bottle are shown. Each interaction leads
to a mass term for the brane fermion through the condensate. Both g and mf ¼ 8Wðx4Þ are real. The columns
tabulate lepton number violation; the interaction’s transformation under cpþ CP123; the interaction’s trans-
formation under cpþ CP1234; the mass term from the vev of the bulk bilinear; and finally the subsequent cp
character of the mass term. Aþ indicates the symmetry is preserved and a− that the symmetry is broken. The second
and fourth rows have a cpþ CP invariance that is spontaneously broken by the brane.

Interaction ΔL cpþ CP123 cpþ CP1234 Mass term cp

−gf̄fðΨ̄iΓ̄ΨÞ No þ − −f̄fmf þ
−gf̄iγ̄fðΨ̄iΓ̄ΨÞ No − þ −f̄iγ̄fmf −
− g

2
ðf̄cf þ f̄fcÞðΨ̄iΓ̄ΨÞ Yes þ − − 1

2
ðf̄cf þ f̄fcÞmf þ

− ig
2
ðf̄cf − f̄fcÞðΨ̄iΓ̄ΨÞ Yes − þ − 1

2
ðf̄cf − f̄fcÞimf −

TABLE II. The first three columns are the boundary condition,
the corresponding condensate, and its explicit value. The con-
densate has the same symmetries tabulated in Table I.

B.C. Condensate Value Bilinear hBilineari
Rþ
4 hΨΨ̄i −iWðx4ÞΓ4R4 Ψ̄iΓ̄Ψ 8Wðx4Þ

CRþ
4 hΨΨ̄Ci −iWðx4ÞΓ4R4 Ψ̄CiΓ̄Ψ 8Wðx4Þ
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Of these, the most interesting is the Majorana interaction

LMaj ¼ −
ig
2
ðf̄cf − f̄fcÞðΨ̄iΓ̄ΨÞ; ð37Þ

where g is real. The term allows for lepton number
violation, which is needed for baryogenesis. The interac-
tion is cp even under f → fcp when combined with the
CP1234 ¼ CP123R4 symmetry.
This symmetry is spontaneously broken by the location

of the brane, as is evident from the mass term generated by
the vev of the bilinear,

LMaj →
1

2
ðf̄cf − f̄fcÞimf; ð38Þ

which is odd under f → fcpj−x⃗. The real parameter

mf ¼ ghΨ̄ Γ̄ Ψi ¼ −igTrðΓ̄hΨΨ̄iÞ ¼ 8gWðx4Þ ð39Þ

leads to the imaginary mass imf. If the brane is at x4 ¼ 0

(or the identified edges x4 ¼ �πr4), then the mass vanishes
and the symmetry is restored. If the brane is not located on
these two special axes, then the mass term appears to a
brane observer to be cp violating. This mass term now
introduces two of the key elements needed for leptogenesis,
lepton number violation, and cp violation.

B. Particle production from brane motion
through the wall

If the brane is boosted in the 4-direction with position
xb4 ¼ v4t, then as the brane moves through the condensate
wall there will be bursts of particle production on the sharp
slopes near x4 ∼ 0 and x4 ∼�πr4. Although above we
consider a variety of masses, here we will just treat f as a
solution to the ordinary Dirac equation with a Dirac mass in
order to streamline the calculation for the particle produc-
tion. We will simplify by imposing r4 ≫ r5 and just
consider scattering through the wall around the origin
for which

mf ¼ 8g
π3

�
2v4t
r6

�
ð40Þ

with r2 ¼ ð2x4Þ2 þ ð2πr5Þ2 from Eq. (29) with w4 ¼
w5 ¼ 0. We expect a maximum of mf at x4 ¼ πr5=

ffiffiffi
5

p
,

as shown in Fig. 3.
To begin, we expand in the Fourier modes fk:

fðxÞ ¼
Z

d3k
ð2πÞ3 e

ik·x
X
s

ðak;sfuk;s þ b†−k;sf
v
−k;sÞ; ð41Þ

dropping the cumbersome s notation hereafter. The time-
dependent spinor modes fu;v�kðtÞ are solutions to the Dirac
equation with a time-dependent mass. Expressing the Dirac

equation as a Schrödinger equation for the modes gives

iḟkðtÞ ¼ HðtÞfkðtÞ: ð42Þ

Both fuk and fv−k satisfy this Schrödinger equation with the
Hermitian Hamiltonian

HðtÞ ¼ γ0ðγ ·kþmfðtÞ14Þ ¼
 

−k · σ mfðtÞ12
mfðtÞ12 k · σ

!
;

HðtÞ2 ¼
 
ω2
k12 0

0 ω2
k12

!
; ω2

k ¼ k2 þmfðtÞ2; ð43Þ

and instantaneous eigenvectors

HðtÞuk ¼ ωkðtÞuk; HðtÞv−k ¼ −ωkðtÞv−k;
u†kHðtÞ ¼ ωkðtÞu†k; v†−kHðtÞ ¼ −ωkðtÞv†−k: ð44Þ

However, the instantaneous eigenvectors are not neces-
sarily solutions to the time-dependent Dirac equation.
Using orthogonality and normalizing [12]

u†kuk¼1; v†−kv−k¼1; ūkvk¼0; u†kv−k¼0; ð45Þ

although generally, u†kvk ≠ 0. This normalization is con-
sistent with (41).
We expand mode solutions to the time-dependent Dirac

equation (42) in terms of the instantaneous eigenvectors
and the Bogoliubov coefficients αk, βk [13]:

fuk;s ¼ αkuk þ βkv−k: ð46Þ

There are two sets of Bogoliubov coefficients, one for
s ¼ 1=2 and one for s ¼ −1=2, though we will continue to
suppress the s index. Feeding this into (42) gives

iα̇kukþ iβ̇kv−kþ iαku̇kþ iβkv̇−k ¼ αkωkuk−βkωkv−k:

ð47Þ

�4 �2 2 4
t

�3

�2

�1

1

2

3

FIG. 3. mf versus t with g ¼ 1=2, v4 ¼ 1=2, and 2πr5 ¼ 0.4.
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Using orthogonality with u†k isolates α̇k while orthogon-
ality with v†−k isolates β̇k:

iα̇k þ iαku
†
ku̇k þ iβku

†
kv̇−k ¼ αkωk;

iβ̇k þ iαkv
†
−ku̇k þ iβkv

†
−kv̇−k ¼ −βkωk: ð48Þ

To find v†−ku̇k and similar combinations we multiply the
time derivative of Huk ¼ ωkuk with v†−k, which gives

v†−kḢðtÞuk þ v†−kHðtÞu̇k ¼ ω̇kv
†
−kuk þ ωkv

†
−ku̇k;

v†−kḢðtÞuk − ωkv
†
−ku̇k ¼ ωkv

†
−ku̇k; ð49Þ

having used v†−kHðtÞ ¼ ðHðtÞv−kÞ† ¼ −ωkv
†
−k for real ωk

from Eq. (44). Solving, we have

v†−ku̇k ¼ 1

2ωk
v†−kḢðtÞuk: ð50Þ

We can push this a bit further with an operator related to the
helicity operator

hk ¼ k · S ¼ 1

2

�
k · σ 0

0 k · σ

�
: ð51Þ

Reviving the s index, we note that

hkuk;s ¼ skuk;s; hkvk;s ¼ −skvk;s; ð52Þ

where s ¼ � 1
2
and by k we mean the magnitude of the

3-momentum, k ¼ jkj. We will use this and reexpress

HðtÞ ¼ 2γ̄hk þ γ0mf: ð53Þ

We simplify the following:

v†−kḢðtÞuk ¼ ṁfv
†
−kγ

0uk ¼ ṁf

ωk
v†−kγ

0Huk

¼ ṁf

ωk
v†−k;sγ

02γ̄hkuk;s ¼
2skṁf

ωk
v†−k;sγ

0γ̄uk;s

¼ 2skṁf

ωk
v†−k;sv−k;s ¼ � kṁf

ωk
: ð54Þ

We used 2s ¼ �1 and

v−k;s ¼ γ0γ̄uk;s; ð55Þ

which is consistent with Eq. (44). Again, the upper sign
corresponds to s ¼ 1=2 while the lower sign corresponds
to s ¼ −1=2.

The combinations we need are

v†−ku̇k ¼ 1

2ωk
v†−kḢðtÞuk ¼ � kṁf

2ω2
k
;

u†kv̇−k ¼ −
1

2ωk
u†kḢðtÞv−k ¼ ∓ kṁf

2ω2
k
;

v†−kv̇−k ¼ u†ku̇k ¼ 0: ð56Þ

The final line amounts to a gauge choice for an arbitrary
phase. Using this in (48)

α̇k ¼ −iωk αk � βkk
ṁf

2ω2
k
;

β̇k ¼ iωk βk ∓ αkk
ṁf

2ω2
k
: ð57Þ

These are often easier to integrate numerically but we could
also shift the Bogoliubov coefficients to separate out the
fast oscillations,

αk ¼ α̃k e
−i
R

t
ωðt0Þdt0 ;

βk ¼ β̃k e
i
R

t
ωðt0Þdt0 : ð58Þ

Using ṁf=ωk ¼ ω̇k=mf, we have the general result for the
evolution of the Bogoliubov coefficients for a fermion with
a time-dependent mass:

˙̃αk ¼ � β̃k

�
k
mf

�
ω̇k

2ωk
e2i
R

t
ωðt0Þdt0 ;

˙̃βk ¼ ∓ α̃k

�
k
mf

�
ω̇k

2ωk
e−2i

R
t
ωðt0Þdt0 ; ð59Þ

with jαkj2 þ jβkj2 ¼ 1. Again, the upper sign is for
s ¼ 1=2 while the lower sign is for s ¼ −1=2.
As compared to the more familiar scalar equations for

which jαkj2 − jβkj2 ¼ 1,

˙̃αk ¼ β̃k
ω̇k

2ωk
e2i
R

t
ωðt0Þdt0 ;

˙̃βk ¼ α̃k
ω̇k

2ωk
e−2i

R
t
ωðt0Þdt0 ; ð60Þ

the fermion equations have a relative sign difference and a
factor of k=mf.
In the far past, the instantaneous eigenmodes are

solutions to the massless Dirac equation and correspond
to a well-defined vacuum. In the far future, the instanta-
neous eigenmodes are again solutions to the massless Dirac
equation and the Bogoliubov coefficients account for the
mismatch in early- and late-time modes. The number
density of particles created is given by nk ¼ jβkj2 at late
times. We show in Fig. 4 the numerically integrated

KLEIN BOTTLE COSMOLOGY PHYS. REV. D 113, 063576 (2026)

063576-9



nk ¼ jβkj2, which we expect to always be less than 1 due to
fermi statistics. Notice that there is a large spike around
t ¼ 0 when ṁf=ω2

k is a maximum. This suggests a non-
adiabatic burst of particle production. We should get this
burst twice per orbit as the brane hits two walls forN orbits.
The accumulated phase could delay the peak to just after
t ¼ 0 if the peak is not sharp.
The energy density is

ρ ¼ gs

Z
d3kωknk; ð61Þ

where g2 ¼ 2 accounts for the two spin states. As we have
assumed that the Klein bottle geometry has been stabilized,
the only source for this energy production is a reduction in
the brane’s kinetic energy, which will decrease with each
new instance of particle production. Eventually the brane
will come to rest and particle production will end. The final
mass of the brane fermion will depend on the resting place
of the braneworld in the Klein bottle.

C. Implications for cosmology

We have seen that there are bursts of particle production
as the brane passes through the condensate wall. To place
this in the larger cosmological context, we consider the
conditions needed to create the universe’s observed matter
asymmetry. The cp violating phases in the standard model
Lagrangian are too small to meet the demands of baryo-
genesis, which requires an asymmetry today of

η ¼ nB − nB̄
s

∼ 10−1ϵ ∼ 8.6 × 10−11; ð62Þ

where the numerator is the difference between the baryon
number density and the antibaryon number density and the
denominator is the entropy density of the universe [14]. The
cp violation is quantified in the parameter ϵ, which can be
related to elements in the fermion mass matrices, for
instance.
The Klein bottle condensate can contribute new sources

of cp violation and thereby revive baryogenesis. We have

set up all of the ingredients for leptogenesis, which
customarily generates a lepton asymmetry as a byproduct
of out-of-equilibrium decays of a heavy right-handed
neutrino. The condensate potentially rewrites leptogenesis
by providing a spontaneously cp violating Majorana mass
matrix for multiple right-handed neutrinos,

−
1

2
f̄cMfðΨ̄iΓ̄ΨÞ þ H:c: ð63Þ

where M is a matrix built out of complex couplings to the
condensate Mij ¼ yijhΨī Γ̄Ψi for multiple bulk fermions.
The Majorana mass matrix above is a module in lepto-
genesis that could also include Dirac mass terms as well as
other non-cp violating mass terms. It is worth noting that
the condensate can also introduce cp violation in the decays
of the heavy neutrino that lead to leptogenesis. The standard
model can then do the rest, transforming lepton number
violation into baryon number violation with B − L con-
serving sphaleron transitions active at T > 100 GeV.
Typical mass ranges for leptogenesis can be as high as

ML ∼ 109 − 1014 GeV: ð64Þ

As the brane sweeps through the wall, there would be bursts
of production of heavy right-handed neutrinos, whose mass
peaks at around

ML ∼ g
1

r55
ð65Þ

with the units of ½g� ∼ ½r5�4, which translates to a size for the
space in the range

r5 ∼ 10−23 − 10−28 cm: ð66Þ

If the brane comes to rest near the bottom of the wall, then
these same neutrinos contribute to dark matter, which in a
CDM WIMP scenario typically have masses in the range

M ∼ 1 GeV − 10 TeV ð67Þ

�2 �1 1 2 3
t
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FIG. 4. The particle number density for a given spin as a function of time and for a range of modes. The parameters are g ¼ 1=2,
v4 ¼ 1=2 with 2πr5 ¼ 1 on the left and 2πr5 ¼ 0.4 on the right.
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if the brane resting place is very near the origin of the wall,
x4b ∼ 10−6 − 10−14r5. Equivalently, the brane could come
to rest between walls, roughly x4b ∼ 102 – 103r5. Our
ambitions do not extend to naturalness, technical or
otherwise.
We mention that through the dependence on the brane

location, the magnitude of the cp violation varies as the
brane moves and the velocity changes. The cp violation is
also dynamical on cosmological timescales if the size of the
internal dimensions is dynamical, with the maximum of the
wall function scaling as r−55 . That flexibility allows for a
landscape of possibilities that would impact the early
universe yet evade detection in the low-energy physics
of today. It would be intriguing to apply this novel
topological mechanism for cp violation to other important
quandaries, such as the strong cp problem.
While we leave the complex details of this novel

baryogenesis proposal for further study, we conclude by
emphasizing the key ingredients of the scenario:
(1) nonequilibrium particle production due to brane

motion through the wall,

(2) spontaneous cp violation in the neutrino Majorana
mass matrix,

(3) early universe, heavy, fermion for leptogenesis,
(4) lighter, but still heavy, neutrinos as CDM candidates.
The braneworld proves valuable since the scenario

meets all three of Sakharov’s conditions for baryogenesis.
However, if baryogenesis can transpire in the full higher-
dimensional spacetime, we could also exploit the explicit
breaking of (5þ 1)-dimensional CP in the Klein bottle.
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