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Theoretical approaches to QED scattering in strong fields typically treat the field as a fixed background
with simple spacetime dependence, such as a planewave. Twomajor challenges are therefore the inclusion of
backreaction (e.g., depletion of the field) and spatial geometry (e.g., focusing). We show here that a solution
to one problem can solve the other: even if particle wave functions in a chosen focused background are not
known, we show they can be constructed once depletion is accounted for. We demonstrate this by giving the
exact wave functions in a flying focus beam for which all energy is absorbed by particles scattering on it. In
addition we use the wave functions to obtain a simple expression for the nonlinear Compton scattering
amplitude, comparing with the plane wave case. Our methods thus open a new avenue of investigation in
which two previously challenging effects are simultaneously brought under analytic control.
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I. INTRODUCTION

Ultra-intense lasers now access the relativistic, quantum
regime of light-matter interactions [1,2], in which the
effective coupling of matter to the laser easily exceeds
unity. This strong field regime demands nonperturbative
methods, but typically restricts theory investigations to
simple laser models, in particular background (i.e., fixed)
plane waves. Two challenging problems are, accordingly, to
account analytically for focusing effects [3,4], and for
backreaction on the laser [5]. Focusing (i.e., spatial field
inhomogeneity) opens the door to richer scattering kin-
ematics [3,4,6–11], but turns the essential problem of
constructing the wave functions which describe particles
in the field from a first order ordinary differential equation
in the plane wave case to a typically intractable partial
differential equation. Depletion is conceptually more chal-
lenging, as the background field formalism assumes no
depletion from the outset, by definition. Accounting for
both focusing and beam depletion analytically is a signifi-
cant challenge.
However, in this paper we show that a solution to one of

these problems can actually solve both: including depletion
from the outset can drastically simplify the inclusion of

focusing effects. To show this, we construct exact wave
functions for particles in a totally depleting “flying focus”
beam, despite the fact that the wave functions in the
undepleted background (the analog of Volkov solutions
in plane waves [12]) are not known.
The focal spot of a flying focus laser can be tailored to

move at any speed, parallel or antiparallel to the beam; see
[13–16] for experimental realizations. As focused solutions
of Maxwell’s equations in vacuum, examples date back to
[17–19]. Models where the focus counter-propagates at the
speed of light, which we consider here, have been used to
discuss radiation formation time [20], radiation reaction
[21], and vacuum birefringence [22].
Experimental predictions are not the goal of this paper.

However, to illustrate that our methods provide insights
into the physics of focusing and depletion, we use our wave
functions to calculate the amplitude for photon emission
from a charged particle in a depleting flying focus beam,
and analyze the allowed harmonic ranges of the emitted
photons, comparing with the plane wave case. While
complete depletion of a beam by a single electron is not
experimentally relevant, this is a useful toy calculation
which demonstrates that our depleting flying focus model
(below) is a background beyond plane waves where exact
analytic amplitude computations are possible.

II. FROM DEPLETION TO FOCUSING

Consider the QED scattering amplitude

Sfi ¼ hout; βjSjα; ini; ð1Þ
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where S is the S-matrix, “in” and “out” label initial and
final collections of particles, while α and β label coherent
states of photons. These model initial and final-state
classical fields, given by the expectation value of the gauge
field in the coherent state. In QED this is used to model
(intense) laser fields [2]. Outside QED, coherent states have
recently been applied to the study of gravitational wave-
forms [23,24] and double copy [25].
It is known that Sfi in (1) is equal (up to normalization)

to the amplitude houtjS½A�jini where S½A� is the S-matrix
in the presence of a background Aμ [26,27]. This Aμ, a
solution of Maxwell’s equations in vacuum, is defined in
terms of the coherent states by

AμðxÞ ¼
Z
l
εsμðlÞαsðlÞe−il·x þ ε̄sμðlÞβ̄sðlÞeþil·x; ð2Þ

where the εsμðlÞ are polarization vectors in a chosen gauge
and the Fourier coefficients αsðlÞ and βsðlÞ give mode
occupancies for, respectively, incoming and outgoing
photons, helicity s ¼ �1 and momentum lμ. Taking αs ¼
βs then means assuming the presence of a field which is
unchanged by scattering—there is no backreaction on it. It
follows that some aspects of backreaction can be captured
by taking βs ≠ αs, i.e., allowing changes to the coherent
state. This idea has been used to model energy absorption
from classical fields (depletion), both in QED [28] and in
gravity [29,30]. Note that the corresponding background
(2) then becomes complex [28,31]. Not all aspects of
backreaction can be captured by a single final coherent state
[32], so we focus here on the simplest case of complete
depletion, where βs ¼ 0—that is, the initial coherent state
is completely absorbed during scattering. The complex
field (2) is naturally given by retaining only positive energy
(i.e., incoming) modes in the Fourier expansion of the
corresponding real field.
Now, any electromagnetic field strength Fμν can be

decomposed into self-dual and anti-self-dual parts; these
are just the �i eigenspaces of the duality operation Fμν →
1
2
ϵμνρσFρσ (or E → B, B → −E). A complex field is

therefore one for which these two parts are not related
by complex conjugation. From this perspective, the sim-
plest example of a complex electromagnetic field is one
which is purely self-dual: a field in which only the self-dual
field strength is nonzero. Any such field automatically
solves the vacuum Maxwell equations (as they become
equivalent to the Bianchi identity), but self-dual field
configurations are in fact a classical integrable system,
and can be described by free analytic data [33–36]. What is
more, this integrability extends to the equations of motion
for massless fields coupled to self-dual backgrounds: the
wave functions of massless fields, charged with respect to a
self-dual background, are also determined by free analytic
data [35,37–39].

These theorems (typically stated in the language of
twistor theory [40,41]) make self-dual fields remarkably
tractable backgrounds, encoding interesting information
about limits of vacuum amplitudes [42] and enabling the
determination of exact wave functions and even higher-
loop and high-multiplicity scattering amplitudes in several
examples in both gauge theory and gravity [43–55].
Consequently, we look for a self-dual field which models
a totally depleting focused beam.

III. FROM PLANE WAVES TO FLYING FOCUS

Our first goal is to construct a flying focus beam
with a self-dual, positive frequency part. This will, follow-
ing the above, represent a focused beam completely
depleted during some interaction (to be chosen later).
We work throughout in light-front coordinates x� ¼
ðx0 � x3Þ= ffiffiffi

2
p

, x⊥ ¼ ðx1; x2Þ.
It is easily checked that any function φ of the form

φðxÞ ¼ fðσÞ
1þ ikxþ

; σ ≔ x− −
ik
2

x⊥x⊥
1þ ikxþ

; ð3Þ

with k > 0 constant, is a solution of the wave equation in
vacuum. Taking fðσÞ ∝ expð−iωσÞ for frequency ω > 0
gives a scalar flying focus wave with Gaussian focusing, in
which the focus moves in the opposite direction to the
phase velocity at the speed of light. We can extend this to a
solution of Maxwell’s equations as follows.
Following [56,57], define the “spin raising” operator

(vector indices in order þ;−;⊥)

Ôμ ¼
1ffiffiffi
2

p ð∂1 þ i∂2; 0; ∂−; i∂−Þ: ð4Þ

Acting with (4) on (3) produces the class of field

Aμ ¼
aðσÞ

1þ ikxþ

�
−ik

ϵ⊥x⊥
1þ ikxþ

; 0; ϵ⊥
�
; ð5Þ

in which aðσÞ is arbitrary and ϵ⊥ ¼ ð1; iÞ= ffiffiffi
2

p
. This is, as

can be checked directly, a self-dual solution of the vacuum
Maxwell equations. For the particular choice

aðσÞ ¼ E0

ω
e−iωσ; ð6Þ

Aμ is the positive frequency self-dual part of a circularly
polarized flying focus beam, frequency ω, focal width
w0 ¼ 1=

ffiffiffiffiffiffi
ωk

p
, and peak electric field E0=2, where the focal

spot counter-propagates at the speed of light with respect to
the phase velocity. Thus, Aμ with aðσÞ given by (6)
represents, as desired, a totally depleted flying focus beam.
For now, we will leave aðσÞ arbitrary, in which case the
more general solution (5) has been called a “focus wave”
[19]. There are many other flying focus solutions of
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Maxwell’s equations, see, e.g., [58,59] for beams with
orbital angular momentum and different focal velocities.
Let us develop some intuition for both the fields we

consider and the operator (4). Returning to the Fourier
representation of an arbitrary vacuum solution (2), we work
from here on in light-front gauge εs−ðlÞ ¼ 0, for which
εsμ¼ððl1þisl2Þ=l−;0;1;isÞ=

ffiffiffi
2

p
. This expression makes it

immediately clear that the effect of the spin-raising operator
on a scalar field is simply to insert, under its Fourier
integral, a photon polarization vector in light-front gauge.
In this way it lifts solutions of the wave equation to
solutions of Maxwell’s equations.
[Acting again with (4) on (5) produces a self-dual metric

perturbation solving the vacuum Einstein equations; this
allows us to extend our results to scattering in gravity, as
will appear elsewhere [60], and provides an intriguing link
between gravity and strong field QED.]
Turning now to the fields, we again consider (2). A real

(fixed) plane wave is given by the choice of Fourier
coefficients βsðlÞ ¼ αsðlÞ ∼ δ2ðl⊥Þl−asðl−Þ for some
temporal wave profile as. The focused fields (5) are given
simply by (i) restricting to only positive helicity modes,
s ¼ 1, and (ii) broadening the transverse delta functions of
the plane wave Fourier coefficients into Gaussians of finite
width proportional to kl− [18]. Doing so, the l⊥ integrals
in (2) become Gaussian, so can be performed, and the l−
integral becomes a simple Fourier transform, yielding the
real field Aμ ¼ Aμ þA⋆

μ with Aμ as in (5). The important
point is just that the flying focus beam (6) we consider is a
deformation of a plane wave by the parameter k, so
comparison with plane waves will be immediate upon
taking the k → 0 limit. This will considerably aid the
physical interpretation of our results.
Finally, we note that the form of the gauge field Aμ and

its electromagnetic field strength F μν ¼ ∂μAν − ∂νAμ offer
some hint that scattering amplitudes computed in this self-
dual background may be remarkably simple: it is easy to
show that A2 ¼ 0 and F μσF σ

ν ¼ 0, so there are few
invariants which can be constructed from the field, and
on which physical results could depend.

IV. PARTICLE WAVE FUNCTIONS
IN FLYING FOCUS BEAMS

We turn now to the construction of wave functions in the
flying focus model (5)–(6) which describe initial and final-
state particles. We make two simplifications which allow us
to focus on the key message and present compact results.
First, we assume that the scattered particles are ultra-
relativistic, so that their mass can be neglected, but we
make no assumption on the relative strength of the flying
focus background, so our calculations apply equally to
strong and weak fields. Second, we work in scalar, rather
than spinor, QED.
As such, the desired wave functions are solutions of the

Klein-Gordon equation D2ϕ ¼ 0, where the covariant

derivative is Dμ ¼ ∂μ − ieAμ. A famous example is the
Volkov solution for (real) plane wave backgrounds [12]. In
the case of the depleting flying focus, withAμ given by (5),
theorems (cf., [35,37–39]) tied to the self-duality of this
field guarantee that exact, explicit solutions to this wave
equation must exist. Indeed, we find that the wave function
of an incoming (scalar) electron, momentum pμ, is
described by

ϕðxÞ ¼ e−iS

1þ ikxþ
; ð7Þ

in which S is, writing p≡ ϵ⊥p⊥,

S ¼ p⊥x⊥ þ pþxþ

1þ ikxþ
þ p−σ þ ep

pþ

Z
σ
dsaðsÞ: ð8Þ

This wave function is remarkably simple, considering
that it describes a particle interacting with, and absorbing
energy from, a focused field. The Volkov solution for a
(depleting) plane wave is recovered as k → 0. The wave
function for an outgoing electron, momentum qμ, is
obtained as usual by solving the conjugate equation D̄2ϕ̄ ¼
0 where D̄μ ¼ ∂μ þ ieAμ (note the background is not
conjugated). The solution is given simply by sending
pμ → −qμ in (8).
These wave functions have familiar properties: for

instance, it is easily checked that S is a Hamilton-Jacobi
action obeying ð∂Sþ eAÞ2 ¼ 0, and that the current,

jμðxÞ ¼ ϕ̄Dμϕ − ϕD̄μϕ̄; ð9Þ

is conserved as expected, ∂μjμðxÞ ¼ 0.

V. NONLINEAR COMPTON SCATTERING

Our next goal is to show that our wave functions can be
used in practical calculations and yield clear, accessible
results. We will demonstrate this via the simplest nontrivial
example, namely the calculation of the amplitude for
nonlinear Compton scattering, that is, photon emission
from a charge interacting with an intense laser, see [61,62]
for past and future experiments, respectively. (Clearly, it is
unlikely that an entire beam will be absorbed by a single
electron emitting a single photon. We present this calcu-
lation as a proof-of-principle—more phenomenologically
relevant calculations will be presented elsewhere.)
We consider an electron scattering from momentum pμ

to qμ on the beam (5) and (6), totally depleting it, and
emitting a photon of momentum lμ and helicity s. The
Feynman rules for scalar QED yield the corresponding
scattering amplitude as

Sfi ¼ e
Z

d4xeil·xε̄μsðlÞjμðxÞ; ð10Þ

in which jμðxÞ is the conserved current (9).

SCATTERING WITH TOTAL DEPLETION IN STRONG, … PHYS. REV. D 111, 125005 (2025)

125005-3



Our goal is to perform the integrals in (10). The apparent
additional difficulty that all quantities become complex
points, happily, to its own resolution: we can exploit the
possibility of deforming the integrals in the complex plane.
We begin by displacing the x− contour by the nontrivial
part of σ, and integrating along the line

x− → x− þ ik
2

x⊥x⊥
1þ ikxþ

; x− ∈R: ð11Þ

This is valid provided the new contour does not cross any
singularities of aðσÞ—for the flying focus beam (6), we
only need to avoid the pole at xþ ¼ i=k, and we will see
shortly that this is easy to control. Due to the photon wave
function in (10), this choice of contour renders the x⊥
integralsGaussian. We therefore proceed by rotating the x⊥
contours in the complex plane, effectively changing var-
iables to y⊥ ¼ x⊥=ð1þ ikxþÞ. The transverse integrals
then produce

ð2πÞ2 e
−
ðqþl−pÞ2⊥

2kl−

2kl−π
≕ δ̂2reg:ðqþ l − pÞ: ð12Þ

As the notation suggests, this is a regulated delta func-
tion which, in the plane wave limit k → 0, becomes
ð2πÞ2δ2⊥ðqþ l − pÞ, recovering transverse momentum
conservation. Thus we see that the same Gaussian spread
which turns a plane wave into a flying focus also generates
a Gaussian spread in scattered particle momenta.
Next, the xþ integral can also be performed exactly, by

changing variables from xþ to z ¼ xþ=ð1þ ikxþÞ, and
integrating along real z. The singularity at i=k in the
complex xþ plane then becomes the point at infinity in
the complex z plane, and the integral over z gives (2π times)
a delta function setting,

qþ → q⋆þ ≔ pþ −
ðp⊥ − q⊥Þ2

2l−
; ð13Þ

for the outgoing electron momentum.
At this stage only the x− integral remains and, exactly as

in a (real) plane wave, should only be expected to be
tractable for certain profiles aðσÞ. Nevertheless, we can still
make a further general statement—independent of the form
of aðσÞ, the amplitude for emission of a negative helicity
photon is a boundary term, which vanishes upon regulari-
zation [63]. This is physically reasonable, since the electron
has absorbed only positive helicity photons from the
background. Thus, only the amplitude for emission of a
positive helicity photon is nontrivial; this is given by,
writing δ̂ðxÞ ≔ 2πδðxÞ,

Sfi ¼ 2iel−δ̂ðqþ − q⋆þÞδ̂2reg:ðqþ l − pÞ

×

�
pqþ − qpþ
ðp − qÞ2

� Z
dx−eiΦðx−Þ; ð14Þ

where all dependence on the wave profile is contained in

Φðx−Þ ¼ ðlþq−pÞ−x−þ e

�
q
qþ

−
p
pþ

�Z
x−

dsaðsÞ: ð15Þ

Details of the remaining integral in (14) depend on aðσÞ,
again as for real fields, where different techniques are used
to analyze amplitudes in, e.g., monochromatic fields [64]
constant crossed fields [65], pulsed plane waves [63,66],
and wave trains [67]. For the flying focus beam (6),
we perform the integral by simply expanding the field-
dependent part of the exponential as a power series, upon
which the integral immediately returnsZ

dxeiΦðxÞ

¼
X∞
n¼0

δ̂ððlþq−pÞ− −nωÞ
n!

�
eE0

ω2

�
p
pþ

−
q
qþ

��
n
: ð16Þ

This sum has the same structure as that found in a
monochromatic plane wave (depleting or not); as for that
case, the nonlinear Compton amplitude splits into a sum of
“harmonic” contributions [64], in which the light-front
momentum transfer is a multiple of the driving field
frequency ω. This structure persists in, e.g., the photon
emission spectrum, where delta functions are removed by
integrating out final electron states and the sum over n
converges, as proven in [68]. (Considering a finite wave
train instead of a genuinely monochromatic field broadens
the delta comb in (16) into a multislit interference pattern,
see [67].) The only real difference compared to the well-
studied real plane wave case is that there is no “mass shift”
[26] in our wave functions, amplitude, or harmonics, for
either the depleting flying focus or depleting plane wave.
This is physically reasonable—the mass shift imprint in the
photon spectrum [69,70] is inherited from periodicity in
the background [26,71], but this periodicity must be lost as
the background is depleted.

VI. HARMONIC SPECTRA

The simplest physical observables to extract from the
amplitude (14)–(16) are the allowed emitted photon
frequencies. These are determined by the support of the
delta functions in (14) and (16), as is familiar from the
plane wave case [64]. We solve

l− þ q− − p− ¼ nω ð17Þ

for integer n, with q evaluated on the support of the delta
functions, taking p⊥ ¼ p− ¼ 0 but pþ ≠ 0, corresponding
to a head-on collision for simplicity. In the plane wave
limit, momentum conservation fixes q⊥ ¼ −l⊥ and qþ ¼
pþ − lþ (with or without depletion). Converting back to
Cartesian coordinates for clarity, (17) then determines the
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emitted photon frequency l0 as a function of the scattering
angle θ:

l0 → lpw ¼ n
ffiffiffi
2

p
ω

1 − cos θ þ nω
pþ

ð1þ cos θÞ ; ð18Þ

as is well known.
In a flying focus beam, on the other hand, the lack of

transverse momentum conservation, (12), means that the
emitted photon frequency in each harmonic is not uniquely
determined by the scattering angle. We therefore consider,
in the spirit of recent experiments [72–74], observations of
both particles and emitted photons, scattered in particular
directions. Again for a head-on collision, we select electron
momenta of the form q⊥ ¼ −l⊥ þ r⊥ with r⊥l⊥ ¼ 0; that
is, electrons scattered into kinematic regimes impossible in
the plane wave case. The exponential suppression factor
(12) (which is what replaces the transverse delta functions)
effectively imposes the restriction r2⊥ ≲ 2kl−. Taking this
as an upper bound and solving (17), we find that the emitted
frequencies lie between lpw and�

1 −
k
pþ

�
lpw: ð19Þ

This is illustrated in Fig. 1, upper panel.

Other kinematics and observation angles allow richer
structures. For example, we could also look for photons
scattered in the same transverse directions as in the plane
wave case, but with other energies, such that

q⊥ ∈
�
−l⊥

�
1 −

ffiffiffiffiffiffi
k
lþ

s �
;−l⊥

�
1þ

ffiffiffiffiffiffi
k
lþ

s ��
; ð20Þ

in which the range is again effectively imposed by (12). In
this case (17) reduces to a quadratic equation, the solutions
to which are plotted in Fig. 1, lower panel.

VII. CONCLUSIONS

We have shown that modelling beam depletion via self-
dual backgrounds can open the door to the inclusion of
focusing effects in strong field QED. We demonstrated this
explicitly for the flying focus beam (5) and (6) and
complete depletion, providing exact particle wave functions
in the depleting beam, despite the fact that the analog of
Volkov solutions for the undepleted background are not
known. These are the only known exact solutions of an
equation of motion in any type of flying focus background.
We used our wave functions to obtain the nonlinear
Compton amplitude in the depleting flying focus beam,
and extracted physical information on the emitted photon
spectrum. Despite having a complex background, the wave
functions and amplitude are easy to analyze and have
sensible properties. Our results thus provide a concrete
example of the potentially broad application of self-dual
backgrounds to the modelling of real physical effects.
Turning to future work, we observe that the complete-

depletion amplitude for scattering without emission van-
ishes in our approach, as is evident from its Feynman
diagram expansion: momentum conservation forbids an
electron from only absorbing photons, it must also emit.
Again, this is physically sensible and independent of loop
order, suggesting that the inclusion of depletion may have
implications for the Ritus-Narozhnyi conjecture [75–78].
We will explore this elsewhere. It would also be good to
relax the idealizations we made in order to demonstrate the
essential ideas here, e.g., neglecting spin, and to explore
other beam models. As a final example, it is easy to check
that Aμ ¼ fðx−Þð0; 0; x1 þ ix2; ix1 − x2Þ, for f an arbitrary
complex function, is the self-dual version of an electro-
magnetic vortex [79]. Scattering in the vortex is not
necessarily phenomenologically relevant, but it would be
intriguing to study nevertheless, due both to its solvability
and its close links to gravity [80].
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FIG. 1. Allowed photon frequencies l0 as a function of
emission angle θ and harmonic numbers (n∈ 1…4 to illustrate).
Solid black lines show the plane wave result, in which l0 is
uniquely determined by θ at each n. Coloured bands show the
harmonic ranges in a flying focus beam, assuming the effective
width determined by (12). Top: for electron momenta determined
as below (17) we see spectral broadening of the harmonics, with
dashed lines indicating the effective cutoff (19). Here pþ=ω ¼
5=3 and k=ω ¼ 1=3. Bottom: for kinematics as in (20) we see
both spectral broadening around the plane wave limit for θ ≃ 0
and, at θ ≃ π, a distinct shift away from the plane wave results, the
size of which increases with n and k. Here k=ω ¼ 1=12; other
parameters as above.
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