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Gravitational waves from spectator scalar fields

Marcos A. G. Garcia

Departamento de Fisica Teorica, Instituto de Fisica, Universidad Nacional Auténoma de México,
Ciudad de México 04510, Mexico

Sarunas Verner®'

Institute for Fundamental Theory, Physics Department, University of Florida,
Gainesville, Florida 32611, USA

® (Received 19 June 2025; accepted 29 June 2026; published 23 July 2026)

We propose a mechanism for gravitational wave (GW) production sourced by spectator scalar fields
during inflation. These fields, while not driving cosmic expansion, generate blue-tilted isocurvature
fluctuations that naturally satisfy current cosmic microwave background (CMB) constraints at large scales
while producing enhanced power spectra at smaller scales accessible to GW detectors. The resulting GW
spectrum spans an exceptionally broad frequency range from 10720 to 1 Hz, with amplitudes ranging from
Qgwh? ~ 1071 to 107 depending on the reheating temperature and spectator field mass. Observable
signals across multiple detector bands are possible in a restricted region of parameter space, m,/H; within
the isocurvature- and AN g-allowed window and T, such that the spectator either provides all of the dark
matter (stable case) or decays near matter-radiation equality (unstable case). Our analysis reveals multiple
complementary constraints on spectator field parameters. For a high reheating temperature of
T,n > 10'° GeV, GW-induced limits on the effective number of relativistic species (AN.y) require
m, 2 0.59H,, stronger than CMB isocurvature bounds alone (m, 2 0.54H;). The nonobservation of
primordial B-modes by Planck provides stronger constraints, m, 2 0.64H,, with projected LiteBIRD
sensitivity potentially reaching m, 2 0.67H;. This mechanism enables a unique multimessenger
probe of beyond the standard model physics during inflation, providing simultaneous constraints on
inflationary dynamics, dark matter production, and reheating through current and next-generation GW

experiments.

DOI: 10.1103/dxht-n25w

I. INTRODUCTION

Cosmic inflation remains the leading theoretical frame-
work addressing several fundamental problems in cosmol-
ogy, including the horizon problem, the flatness problem,
and the origin of large-scale structure [1-6]. Despite
extensive observational efforts, primordial B-modes,
expected imprints of tensor perturbations, have yet to be
detected, but they remain a pivotal observational target for
testing the inflationary paradigm [7,8]. Simple single-field
slow-roll models of inflation not only resolve these
fundamental issues but also predict an approximately
scale-invariant curvature power spectrum, consistent with
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current observational constraints from the cosmic micro-
wave background (CMB) [9] and large-scale structure
(LSS) surveys [10]. The curvature power spectrum mea-
sured by Planck gives AZ(k.)~2.1x 107 at the pivot
scale k, = 0.05 Mpc~! [9].

The existence of the Higgs scalar field in the standard
model (SM) [11,12] strongly motivates the presence of
other scalar fields, including spectator fields—fields
present during inflation that do not drive the expansion
and do not significantly influence its dynamics. Recent
studies [13,14] have shown that large isocurvature fluctua-
tions associated with spectator scalar fields can produce
significant and potentially observable gravitational wave
(GW) signals, while Ref. [15] demonstrated that stochastic
effects arising from these fields can independently generate
detectable GWSs. In contrast to Ref. [15], where the
isocurvature modes are solved using the superhorizon
stochastic fluctuations, in our setup the spectator is a
massive field with m; ~ O(H;), whose fluctuations arise
from gravitational particle production and are evolved
using adiabatic regularization of the energy-momentum
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tensor. This leads to a distinct dependence of the small-
scale spectrum on m and the reheating history, and allows
us to map the viable parameter space (masses, couplings,
and reheating temperature) consistent with both CMB and
GW constraints.

The fact that isocurvature perturbations can source
gravitational waves at second order, either directly or after
conversion into curvature perturbations, is by now well
established and has been reviewed in detail in Refs. [13,14].
Our scenario belongs to the second class identified there:
isocurvature fluctuations of a spectator sector are first
transferred into the total curvature perturbation and sub-
sequently source induced GWs. However, we extend the
general mechanism and consider the contribution arising
from the quantum perturbations and not just at a classical
level. Related works have explored GW production via
parametric resonance [16] and the connection to enhanced
curvature perturbations and primordial black hole forma-
tion [17,18].

Current Planck constraints limit the isocurvature power
spectrum contribution at the CMB pivot scale k, =
0.05 Mpc~! to [9],

& < 0.038(95% C.L.). (1)
AZ(k.) + Ag(k,)

This  implies for  the isocurvature  spectrum
A%(k,) < 8.3 x 107!, indicating that these perturbations
must be strongly suppressed at CMB scales. However, it is
possible for isocurvature perturbations to have a larger
amplitude at smaller scales beyond the reach of current
CMB experiments. Current constraints from CMB and LSS
primarily limit the curvature power spectrum across scales
in the range k ~ 107* — 1 Mpc~!, while scales smaller than
k > 1 Mpc~! remain largely unconstrained.

In this paper, we propose a novel mechanism for GW
production sourced by spectator scalar fields, incorporating
the complete evolution of isocurvature fluctuations from
inflation through reheating to the present day. Our analysis
combines analytical approximations with numerical calcu-
lations to capture the full cosmological history and reveals
that heavy spectator fields naturally produce blue-tilted
isocurvature spectra with distinctive observational signa-
tures spanning a broad frequency range from 1072° Hz to
1 Hz. This mechanism provides a powerful probe of
beyond the standard model physics applicable to various
spectator scalar field scenarios, including dark matter (DM)
candidates [19-28], curvaton models [29-32], axions [33—
36], and supersymmetric theories [37,38]. As GW
astronomy achieves unprecedented multiband sensitivity,
our framework establishes spectator field fluctuations as a
novel observational window into inflationary dynamics and
the poorly understood reheating epoch, with the broad
frequency coverage enabling multimessenger constraints
across pulsar timing arrays (PTAs) [39-42], space-based

interferometers
[46-48].'

The paper is organized as follows. In Sec. II, we
introduce the general model and theoretical framework.
In Sec. III, we describe the reheating dynamics. In Sec. 1V,
we discuss the evolution and decay of the spectator scalar
field. In Sec. V, we analyze the associated curvature and
isocurvature perturbations. In Sec. VI, we compute the
gravitational wave signals sourced by these perturbations.
Finally, we present our results and conclusions in Sec. VII.

[43-45], and ground-based detectors

II. FRAMEWORK

We adopt natural units, kg = 7 = ¢ = 1, with metric
signature (—, +,+,+). The homogeneous and isotropic
Friedmann-Robertson-Walker (FRW) metric is given by
ds* = a(n)*(—dn* + 8,;dx'dx’), where a(n) is the scale
factor and dn = dt/a denotes conformal time. The general
action for our theory is

S = / d*x\/=g BM%R - % (0,4)* = V(¢)

1

1 1
-5 07 ~ 3 = 30072 | @)

where g = detg,, is the determinant of the metric, Mp =
1//872Gy ~2.435 x 10'® GeV is the reduced Planck
mass, and R represents the Ricci scalar. Here, ¢ is the
inflaton field with potential V(¢), and y is the spectator
scalar field, with bare mass m,. The interaction term o¢)*y?
characterizes the coupling between the inflaton and the
spectator field. When considering the perturbations, we
decompose the scalar fields into homogeneous back-
grounds and perturbations as

p(t.x) = () +5h(t.x).  x(t.x) = 5x(t.x), (3)
that is, 7(¢) = 0 at the background level and &y denotes the
inhomogeneous spectator field. Starting in its vacuum state,
y 1is treated as a purely quantum field living on the
homogeneous FRW background, with its fluctuations
described by the canonically normalized mode functions
X (n) (see below and Appendix A for details).

Introducing the canonically normalized field X = ay,
and varying the action with respect to X, we obtain the
equation of motion,

1
my = mj + o> ——R. (4)

(B - a’m3)X =0, 6

'See Refs. [49,50] for scenarios with spectator fields that
provide tensor perturbations. Owing to their linear coupling to
metric tensor perturbations, such fields can generate a stochastic
background as large as Qgw ~ 1077, comparable to that sourced
by curvature perturbations.
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The Ricci scalar is given by
R=6(2H? + H), (5)

where H denotes the Hubble parameter. During slow-roll
inflation one has |H| < H? so that R ~ 12H7 > 0, where
H; is the inflationary scale. Therefore, the curvature
contribution in meq is negative, —R/6 ~ —2H?, which
can lead to the tachyonic excitation of the field mode
functions for small bare masses and large isocurvature
fluctuations [25,51-53]. For the present work, in all
numerical examples we require m2; > 0 and focus on
the range 0.5H; < m, where the spectator is sufficiently
heavy to avoid the tachyonic instability, keeping its con-
tribution to CMB-scale perturbations small, while still
generating a strongly blue isocurvature spectrum on the
small scales of interest.
We expand the field X in Fourier modes as

3
X %) = /(2(711'7)};26—“(-X [Xk(’?)&k + X]t(’?)&ik]’ (6)

where k is the comoving momentum, with |k| = k, and @,
and 21:( are the annihilation and creation operators, respec-
tively, that satisfy the canonical commutation relations:
[&k,fll/] = 6% (k —K') and [ay. ay] = [&L»&L] = 0. By
substituting the Fourier-decomposed field from Eq. (6)
into the equation of motion (4), we obtain the mode
equation,

X!+ w2X, =0, with o?=k+a*m%, (7)
where primes denote derivatives with respect to con-
formal time.

Evaluating GW signals from spectator scalar fields
requires careful treatment of their gravitational production
during and after inflation. This process determines the
energy density ratio between spectator and inflaton fields,
p,/pgy» Which critically influences isocurvature power
spectrum evolution as modes re-enter the horizon. We
solve the mode equations with initial conditions set by the
Bunch-Davies vacuum. In the early-time asymptotic limit,
n — —oo, modes deep inside the horizon (k > aH) evolve
in effectively flat Minkowski space with frequency w, = k,

motivating the vacuum state lim, ., X;(17) = ﬁe‘”‘”.

The comoving energy density of gravitationally produced
spectator scalar fields is computed as [24-26,54]:

o dk
= [ "SE)
k

0

_ k_3 wi(n)
27* a(n)

with E,(n) g, (8)

*For a detailed review on gravitational particle production, see
Ref. [24].

where the occupation number is given by
nk:%wk|a)ka—iX§€|2.3 We numerically evolve these
mode equations to track the complete energy density
evolution throughout cosmological history.

For concreteness, we adopt the T-model inflationary
potential [55]5:

V() = M4 [\/8 tanh ( \/641)14,) } 2, (9)

where the coupling is normalized to Planck observations
via A~ 37:2A§(k*)/N§. For N, = 55 e-folds, this yields
A=~2 x 107", spectral tilt n, ~0.963, and tensor-to-scalar
ratio r~0.004, which is highly favored by current
CMB measurements [9,56]. The parameter A determines
the inflaton mass at the potential minimum V(0), with

my = \/2AMp ~ 1.6 x 10> GeV. The Hubble parameter
at the horizon exit is given by H; = 1.5 x 103 GeV
(with ¢, =5.35Mp), and at the end of inflation,
Hey = 6.3 x 1012 GeV.

III. REHEATING DYNAMICS

The inflationary phase terminates once the expansion is
no longer accelerating and the inflaton ¢ departs from the
slow-roll approximation. From that moment on, ¢ begins
coherent oscillations about the minimum of its potential
V(¢). The energy stored in these oscillations is gradually
transferred to lighter fields, thereby reheating the Universe.
If the inflaton couples (directly or through mediators) to
SM degrees of freedom, this process efficiently populates a
relativistic plasma that thermalizes and provides the
initial conditions for standard big bang nucleosynthesis
[57-59].

In this work, we model reheating as a perturbative decay
of the homogeneous inflaton condensate reheating around a
quadratic minimum of the inflaton potential. Under this
assumption, the condensate remains coherent throughout
reheating, and nonlinear effects such as broad parametric
resonance of the decay products (preheating) can be

3This expression is computed in the late-time asymptotic
limit. The complete time-dependent evolution is provided
in Appendix A.

'We note that in computing gravitational particle production of
the spectator, we treat y as a quantum field on the homogeneous
FRW background and neglect scalar metric perturbations in its
mode equation. This is justified because the metric perturbations
are small and their feedback on the particle production rate is a
higher-order effect. The effect of scalar perturbations is fully
included at the level of the total curvature perturbation £, which
sources the induced tensor modes at second order following the
standard formalism.

>The results presented in this paper are mostly general and can
be applied to any plateaulike inflationary potential.
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neglected.6 The homogeneous background is then gov-
erned by the coupled Boltzmann equations

Pr +4Hpr = al'ypy, (11)

where p, and pg denote the inflaton and radiation energy
densities, respectively, Iy is the inflaton decay rate, and
‘H = aH is the conformal Hubble parameter. The expan-
sion rate is determined by the Friedmann constraint,

SHM3, = aX(py + pr)- (12)

We define the end of reheating as the time ¢, at which the
inflaton and radiation energy densities are equal,
Pyp(ten) = Pr(ten) = pren- The associated reheating tem-
perature 7', is obtained from the usual relation

2

30 grehT?eha (13)

pR<tre ) =

where g, is the effective number of relativistic degrees of
freedom at T'p,. For T, > m, we take g, = 427/4.

In the early stages of reheating, when a.q < a < @,
the radiation component is still subdominant and the
inflaton behaves as nonrelativistic matter,

%wz%(“)f (14)

Aend

where a.,q and p.,q denote the scale factor and total energy
density at the end of inflation. Inserting this matterlike
scaling into Eqgs. (11) and (12) yields a useful analytic
approximation for the build-up of the radiation bath during
reheating [63],

2 o Aeng \*[ [ a /2
PR(“)Z§\/3MPF¢Pend<7 dond —-1{. (15

At early times the bracket in Eq. (15) captures the growth of
pr driven by inflaton decays. At later times the radiation
density approaches the standard pg o« a*/? scaling driven
by inflaton decays, and eventually transitions to free-
radiation scaling pg  a™* once p4 has been sufficiently
depleted.

Equation (15) also allows one to read off characteristic
scales of the thermal history. The maximum temperature
T max Of the primordial plasma occurs at @,y = (8/3)*°deng

®For the T-model potential in Eq. (9), this regime is realized,
for instance, if reheating proceeds via two-body decays into
fermions with Yukawa couplings y < 1075 [60], or through
multibody decays in no-scale scenarios, as discussed in
Refs. [61,62].

and is approximately

5 /3\8/5
Tmax = § (g) \/ 3M%’F§$penda (16)

while the reheating temperature can be expressed in terms of
the decay rate as

P AN
Tren = <24> ; (17)
Sz Greh

reached when the scale factor has grown to

25 Pend )1/3
Arepy = (— Aeng.- (18)
Tel 121—‘{2/)M% en

These relations provide a convenient parametrization of the
reheating era in terms of the microscopic parameter Iy, (or,
equivalently, 7';,) and the inflationary initial condition pq.
In our numerical analysis, we solve Egs. (10)—(12) without
further approximation and treat I'j as a free parameter
controlling the duration of reheating and the subsequent
expansion history. This background evolution defines the
time-dependent FRW geometry in which the spectator field
is gravitationally produced and subsequently evolves. We
illustrate the background evolution in Fig. 1, which shows
the energy densities of the decaying inflaton, p, the visible-
sector radiation, pp, and the gravitationally produced spec-
tator field, p,, for a benchmark reheating temperature

T,en = 10"° GeV (see the discussion below).

IV. SPECTATOR FIELD DYNAMICS AND DECAY

Once the background evolution is fixed, the spectator
scalar y is treated as a purely quantum field with a
vanishing homogeneous expectation value. Its excitation
is entirely due to gravitational particle production in the
time-dependent FRW geometry. To describe this process,
we introduce the canonically normalized mode functions
X, and solve their equation of motion with Bunch-Davies
initial conditions deep inside the horizon during inflation.
The resulting X, () are then used in the renormalized
energy density expression, Eq. (8), which we evolve
numerically from the inflationary phase, through reheating,
and well into the subsequent radiation-dominated era. This
procedure captures the nonperturbative production of y
quanta and their subsequent redshifting over the entire
evolution.

The numerical solutions exhibit several distinct regimes.
During inflation, the effective mass m.; and the Hubble
rate vary slowly, and the spectator energy density is nearly
constant in time. In this regime, one must use the full
expression, Eq. (8), to accurately evaluate p,. After
inflation ends and the inflaton begins to oscillate, the
Hubble parameter decreases. Once H drops below m the
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Evolution of the inflaton energy density p,, visible-sector radiation pg, and the spectator density p, as functions of the number

of e-folds N, for a benchmark with reheating temperature T, = 10'3 GeV. The solid green curve tracks p, in the unstable
(curvatonlike) scenario, where the spectator is taken to decay into radiation once its fractional contribution reaches
£ (ta) = p(ta) [ pr(ts) = 1072, The dashed green curve shows the corresponding evolution in the stable (dark matter) case with

no decay.

relevant modes become adiabatic, and the produced y
quanta behave as a nonrelativistic gas. The comoving
number density approaches a constant, n){a3 ~ const., SO
that the spectator energy density subsequently scales as

pyxa, (19)

while the radiation bath sourced by inflaton decays red-
shifts as pg o« a™* after reheating. The energy density ratio
f, =p,/pr, therefore, grows with the scale factor during
radiation domination. Deep inside the horizon (k/a > H)
and once H < myy, when the background curvature is
negligible and the expansion is slow compared to the
oscillation frequency, gravitational particle production
effectively ceases and the comoving number density
n,a® becomes constant.

In the following, we consider two limiting scenarios for
the late-time fate of the spectator. In the unstable (curvaton-
like) case, we assume that y decays into visible radiation.
Rather than specifying a particular microphysical coupling,
we parametrize the decay by an effective width I', and
implement it as a sudden conversion of p, into radiation at a
decay time #, defined by H(t;) =T,. The key quantity
controlling the impact of the decay is the energy fraction
f,(ta) = p,(ta)/pr(t,). For generic choices of I, f,(t)
can range from O(1072) (a small entropy injection) to O(1)
(a curvatonlike scenario). In Fig. 1, we illustrate a bench-
mark in which we impose decay when f,(7,) = 1072. The
solid green curve follows p, up to 7,4, after which its energy
is added to pg, while the dashed green curve shows the
same evolution in the absence of decay.

In the stable (dark matter) case, we set I', = 0 and evolve
the spectator energy density without decay, allowing p, to
remain as an additional nonrelativistic component. The

normalization of p, in this scenario is fixed by the
gravitational production process described above. In our
parameter scans, we require that the relic abundance
generated in this way matches the observed dark matter
density at matter-radiation equality. The two cases, unstable
and stable, will lead to different induced gravitational wave
signals, which we analyze in detail in the following
sections.

V. CURVATURE AND ISOCURVATURE
POWER SPECTRA

We analyze metric perturbations in the Newtonian gauge
with line element

ds* = a*(n)[—(1 4 2®@)dn* + [(1 — 2®@)5;; + h;;]dx'dx’],
(20)

where @ represents scalar perturbations and £;; denotes
tensor perturbations satisfying the transverse-traceless con-
ditions il = 9;h"/ = 0. Primordial fluctuation dynamics are
governed by two gauge-invariant quantities: the curvature
perturbation { = —® — H8p/p’ on uniform-density hyper-
surfaces, and the isocurvature perturbation

5p, Spr

S=3(, - Cr)=—"——= —
(& =) p,+D, Pr+ Pr

, (21)

measuring entropy fluctuations between spectator field and
radiation components.” Here, Jp is the total density
perturbation, and p’ is the conformal time derivative of
the background energy density. For spectator scalar field y
with vanishing background value y = 0, the effective mass

"We assume the inflaton decays into radiation, thus Cp = Cr
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mZ; = m} + o> — L R determines the amplitude of quan-
tum fluctuations during inflation. When m; < H;, super-
horizon modes are efficiently excited, generating
substantial isocurvature perturbations that persist after
inflation ends. The statistical properties of these isocurva-
ture fluctuations are captured by the dimensionless power
spectrum, A% = %7)5(7], k), where Pg is defined through
the two-point correlation function (S(n,k)S(n,k’)) =
83 (k + K )Ps(n. k).

After expressing energy density fluctuations in terms of
the canonically normalized field X = ay, we can derive an
expression for the exact isocurvature spectrum, valid at all
times,

1 K
A%(n. k) :Wm/cﬁpHXHleW
X

+atm| X, PIX, P+ @ mi (X, X7) (X, X{)
+H.c.]}, (22)

where ¢ = |p — k|. In the late-time asymptotic limit,® an
analytical approximation to this expression can be con-
structed, based on the de Sitter solution of the mode
function equations in (7),

k o\ 2A k H 2A
AL(k) = A? In —ed) o (23)
kend aendHI HI

where A = 2m?;/3H? and kepg = AengH engs the mode that
leaves the horizon at the end of inflation [53,64] (see
Appendix B for more details on the derivation of the
isocurvature spectrum).9

We emphasize that throughout this work, we focus on the
regime meq ~ O(H;), which yields a strongly blue-tilted
isocurvature spectrum, see Fig. 5. For much lighter spec-
tators with m.; << Hj, the field behaves as a curvaton: its
fluctuations are nearly scale invariant, and if it later decays
into SM radiation it can dominate the adiabatic curvature
perturbation. This regime is tightly constrained by CMB
measurements of A; and n, and has been extensively
studied in the literature. We, therefore, do not consider
myy << Hy, which is primarily excluded by isocurvature
perturbation constraints. In all benchmarks shown, the
spectator contribution to Ag at the Planck pivot scale

remains well below the observed value.

*We use the “late-time asymptotic limit” [25,53] to denote the
regime in which both m.; > H and k/a > H for the modes of
interest, so that the expansion is slow compared to the oscillation
frequency and the mode functions approach their Minkowski
form.

’An alternative analytical approximation is given by AZ S(k) ~
20(2 = 2A) sin (zA) ()" [15,27,53,64-66], though thls form

does not fully capture the transition from inflation to the matter-
dominated epoch.

Our analysis reveals a key feature: the isocurvature
spectrum exhibits exponential sensitivity to the ratio
mege/H ;. Small increases in this ratio dramatically suppress
isocurvature perturbations at large scales, producing a
strongly blue-tilted spectrum that naturally satisfies
CMB constraints at observable scales (k, = 0.05 Mpc™!)
while maintaining significant power at smaller scales where
GW production occurs.

After inflation, as the Universe transitions to radiation
domination, the total curvature perturbation receives con-
tributions from both radiation (originating from inflaton
decay) and the spectator field,

4pRZ:R =+ 35;55;(

&= - 24
4pr +3p, 24)

Here, { and ¢, denote the individual curvature perturba-
tions associated with the radiation and spectator compo-
nents, respectively, defined by ¢, =-® — Hép,/p; for
i =R, y. Before reheating, {, describes the curvature
perturbation of the inflaton condensate. After reheating,
we identify {r with the curvature perturbation of the
radiation fluid sourced by the inflaton decay products
and use this as the adiabatic component. Using the
isocurvature perturbation S = 3({, — {g), we can express
the total curvature perturbation as

Py fy
4R+3-S €R+4+3fl (25)

=0+
where f, =p,/pr is the energy density ratio. Since
radiation and matterlike spectator fields scale differently
with expansion (pg o< a™*, Py & a~?), this ratio increases as
f, o a until the spectator field decays, creating a scale-
dependent modulation of the curvature power spectrum.
Assuming statistical independence between inflaton and
spectator field fluctuations, the total curvature power
spectrum becomes

AZ=A2 4 (P >2A2, 2
¢ Cr + <4pR + 3ﬁ)( S ( 6)
where  AX(k) =4SP (k) and  (C(K)(K)=
63) (k + K')P;(k), with A% (k) and A%(k) defined analo-
gously. For modes re-entering the horizon at different
epochs, this density ratio creates a scale-dependent enhance-
ment. A mode with wave number k re-enters when k = aH,
allowing us to relate f,(f) to scale k through
f,(t) = f)((td)(k—,j), where k,; is the wave number of the
mode re-entering at the spectator field decay time ¢,.

This leads to a distinctive piecewise curvature power
spectrum [15],
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FIG. 2. Curvature power spectra for selected spectator field masses and couplings. Each panel shows four reheating temperatures, with
the highest corresponding to instantaneous reheating, d,, = denq. The spectrum exhibits a characteristic peak at k, (corresponding to
spectator field decay), with red-tilted suppression at smaller scales where f, < 1 and Ag = (ky/k)*A%/16. Background curves indicate
current and projected sensitivities: CMB spectral distortion experiments (PIXIE and Super-PIXIE [67,68]), PTA constraints on
enhanced dark matter substructure [69], and GW observatories (SKA [42,70,71], LISA [43,72], and BBO [44,73]). Here, we fix the
spectator decay rate I', and vary the inflaton decay rate I'y, so that each curve corresponds to a different reheating temperature T, while

the decay time 7, (and hence k) is held fixed.

2
2 (k) + (%) A2K). k< kg

fy(ta)(ka/k) )2
AgR(k) + (m) A%(k), k> kd-

(27)

The resulting spectrum exhibits a characteristic peak at kg,
with position depending on reheating temperature, followed
by a red-tilted region at smaller scales. In the examples
shown here, we fix I', (and hence 7, and k;) and vary the
inflaton decay rate I, or equivalently the reheating temper-
ature 7,. Changing T, modifies the expansion history
between the end of inflation and ¢, thereby shifting the
position and height of the peak in k-space. Figure 2
illustrates this dependence of Ag(k) on T, for fixed
spectator parameters. These enhanced scalar perturbations
directly source GWs through nonlinear interaction, as we
demonstrate in the following section. The complete iso-
curvature power spectrum for various spectator field masses
and couplings o is presented in Appendix B.

VI. GRAVITATIONAL WAVES FROM
ISOCURVATURE PERTURBATIONS

Enhanced scalar perturbations from spectator fields
source secondary GWs through nonlinear gravitational
interactions. The tensor perturbation equation in Fourier
space is

h3(n.k) + 21 (n. k) + Kh;(n. k) = S;(n. k). (28)

where h, represents the two polarization modes of GWs,
and

hij(’%x) = Z;/

A

ij

3
b e (k) (. K),

d
(27.[)3/2 ) (29)

where ¢%,(k) is the corresponding polarization tensors.

The source term directly couples to the isocurvature
perturbations through the gauge-invariant Poisson equation
V20 =3p,/2M},  with  S;(n.k) ~ [d®pp?|k —p|?

®(n,p)®(n. k —p) ~ [ &*pdp,(n.p)3p,(n.k —p). The
gravitational wave power spectrum is defined as
(hy(n, %)y (1, K')) = 8,76 (k + K')P;(n, k) with

dimensionless spectrum A3(n, k) = kK*P,(n, k) /2. The
present-day gravitational wave energy density is

Qawh* = 1k 2A2,
12 aoHO h

where a, is the present-day scale factor, H, =
100k km/s/Mpc is the present-day Hubble parameter,
and A? =", A? represents the total power across both
polarization states.

One can then show that if one imposes statistical
homogeneity and isotropy on the perturbation Jp, that
arises in the source term S, it leads to A7 ~ (h;h;)~
(818:) ~ (8p,6p,6p,6p,) ~ (6p,0p,)*, where we assume
that there is no significant presence of primordial non-
Gaussianities as perturbative corrections to the Gaussian
statistics [74]. Therefore, we derive

(30)
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Gravitational wave spectra for two spectator field scenarios. Left: stable spectator field constituting dark matter through purely

gravitational production. The labeled values m, /H; ={0.50,0.53,0.57,0.60,0.63,0.67} correspond to the colored dots on the Q, =
Qpy teal curve of Fig. 4. Right: unstable spectator field decaying near matter-radiation equality in a high reheating scenario
(T,en =~ 10" GeV). Background curves show current and projected sensitivities for CMB experiments [68,75-79], PTAs [39-42], and

space/ground-based interferometers [43—48,80-83].

k+
A§_0xk2/ dpp/ !
_p

- 2k*(p* + g )+ (P —4*)%)?
p'q

X dqq

x A5(p)A%(q)- (31)

This expression directly relates the GW spectrum to the
isocurvature power spectrum, creating a distinctive obser-
vational signature of spectator field dynamics. The com-
plete derivation and the numerical factor C are provided in
Appendix C.

VII. RESULTS AND DISCUSSION

Before describing the spectra in detail we note that, as
anticipated on general grounds, scalar-induced GWs from a
stable spectator are generically small because p, /pi < 1
throughout radiation domination. An observable signal
requires the peak of the matter perturbation to sit at scales
not far above k., which restricts meg/H; to the narrow
window allowed by isocurvature and AN constraints, and
additionally requires 7', tuned so that thz = 0.12. The
benchmarks shown below should, therefore, be read as
illustrating the best-case observable scenarios rather than
generic predictions.

We demonstrate that heavy spectator fields with effective
masses near the Hubble scale (m.; ~ H;) naturally gen-
erate blue-tilted isocurvature spectra with spectral indices
A ~2m%;/3H? (typically A ~0.25-0.50), producing
observable GWs across frequencies from 1072° to 1 Hz.
Our analysis combines analytical approximations with
numerical evolution of spectator field dynamics, employing
normal-ordered energy density operators and regularized

momentum integrals to capture the complete gravitational
production mechanism.

For each benchmark shown below in Fig. 3, the under-
lying spectator energy fraction can be read off Fig. 1 (for
the representative cases shown there), the corresponding
isocurvature spectrum from Fig. 5, and, for the 6 = 0 stable
case, the position relative to the isocurvature, AN, r, and
overclosure bounds from Fig. 4.

Two distinct phenomenological regimes emerge depend-
ing on reheating temperature 7., and spectator field
evolution.

For dark matter production scenarios (7, < 10 TeV),
stable spectator fields produce suppressed amplitudes with

scaling o Tr_ei/ ? and

QGWh2 X {

In curvatonlike scenarios with high reheating temperatures
(Tyen > 107 GeV), spectator fields decay before matter-
radiation equality, leading to

kK*\=21n%(k/H,),
kK*=%In?(k/H,),

k< arehHrehv (32)
k > arehHreh'

K*A\=21n2 (k/H,).

K*\=41n?(k/H)),
with GW amplitude scaling Tﬁ/h Both scenarios share
identical large-scale behavior but differ at small scales,
where gravitational production shows stronger suppression
due to the absence of spectator field decay enhancement.

The GW spectra exhibit rich phenomenology depending
on the inflaton-spectator coupling. For purely gravitational
production (¢ = 0), spectra are universally red-tilted for
potentially detectable amplitudes. For dark matter produc-
tion scenarios, the left panel of Fig. 3 demonstrates that

k<< ayH,,
Qawh? { AT (33)
k> ade,
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FIG. 4. Parameter space for purely gravitational production of
heavy spectator fields [6 =0, f,(z,) = 1], with inflationary
Hubble rate H; = 1.5 x 103 GeV fixed by the T-model nor-
malization. The colored dots correspond to benchmark values
from the left panel of Fig. 3. Excluded regions: CMB isocurvature
bounds (purple, m, <0.54H; ~8.4 x 10'? GeV), ANy from
GW backgrounds (gray), nonobservation of primordial B-modes
by Planck/BICEP2/Keck (red), and projected LiteBIRD sensi-
tivity (orange). The teal curve marks Q)(h2 = 0.12 with over-
production (underproduction) to the right (left). The viable region
for an observable stable-spectator GW signal lies on the teal curve
within the white wedge.

purely gravitational production can account for the observed
relic abundance Qpy 2> = 0.12 while generating detectable
GW signals. Spectator masses mX/H, ={0.50,0.53,0.57,
0.60,0.63,0.67} correspond to reheating temperatures
Ten = {700, 876, 1096, 1360, 1680,2071} GeV, respec-
tively. This dark matter boundary (teal curve in Fig. 4)
separates parameter regions producing over- or under-abun-
dance relative to observations.

Nonzero coupling introduces additional complexity:
small couplings (/4 < 0.036) maintain red-tilted spectra,
intermediate values (0.036 < /4 < 0.04) produce peaked
spectra with maxima around f =~ 107> Hz, while larger
couplings (¢/4 > 0.04) generate blue-tilted infrared behav-
ior for m, = 1072 H 4. The right panel of Fig. 3 shows that
for instantaneous reheating at 7T, = 10> GeV and
m,/He,q = 1072, the coupling range 0.036 <o/A <
0.040 produces correlated signatures across CMB experi-
ments, PTAs, and space-based interferometers.

Parameter space constraints from multiple observations
are summarized in Fig. 4. CMB isocurvature bounds ex-
clude spectator masses m, <0.54H; ~8.4 x 10'> GeV,
while our GW analysis reveals stronger constraints through
AN < 0.28 bounds that exclude combinations of small
masses and high reheating temperatures [75], requiring
m, 2 0.59H; ~9.1 x 10'> GeV for T, ~ 10" GeV. The
nonobservation of primordial B-modes by Planck/BICEP2/
Keck [75,84] further constrains m, 2 0.64H; ~ 10'3 GeV
except at very low reheating temperatures. Future CMB
observatories like LiteBIRD [78] will probe remaining
viable parameter space, with projected sensitivities

reaching m, 2 0.67H; ~ 1.1 x 10" GeV. We note that
Qowh* « (H;/Mp)* at fixed m,/H;, o, and Ty.
Furthermore, for fixed m,/H; and T\, increasing ¢ shifts
the constraint contours of Fig. 4 toward smaller m,,.

Our analysis reveals that spectator field isocurvature
perturbations provide a novel probe of the elusive reheating
epoch, as GW amplitudes depend strongly on reheating
temperature. Future detection or nondetection could yield
the first direct observational constraints on postinflationary
thermalization. The broad frequency coverage, spanning
1 nHz (accessible to SKA [42], NANOGrav [39],
and EPTA [40,41]) through 1-10 Hz (e.g., u-Ares [83],
AION [80], and AEDGE [81]) to 1 kHz (Einstein
Telescope [47] and Cosmic Explorer [48]), makes multi-
band GW astronomy essential for characterizing these
signatures.

Spectator fields bridge multiple frontiers in fundamental
physics, connecting inflation with dark matter production
while probing nonstandard thermal histories and potential
beyond-standard-model coupling structures. We identify
parameter space “sweet spots” (e.g., m,/H; ~0.6-0.7 for
purely gravitational production with ¢ = 0) where signals
satisfy current constraints yet remain detectable by future
experiments, providing concrete observational targets.

Our results show that significant induced GWs from
spectator fields require (i) effective masses mq/H; 2 0.5,
(ii) sufficiently large gravitational production to increase
the energy density of the spectator scalar field, and
(iii) specific choices of reheating and decay rates. For
example, the dark matter benchmark in Fig. 3 (left) relies
on low reheating temperatures, whereas the benchmark in
Fig. 3 (right) assumes an unstable spectator that decays near
matter-radiation equality, corresponding to a very small
ratio I', /m,,. These assumptions are chosen to maximize
the induced GW signal and illustrate what is in principle
possible, rather than representing the typical behavior of
generic spectator models. As next-generation experiments
achieve unprecedented sensitivity, from CMB-HD target-
ing ANg; = 0.014 and LiteBIRD probing » > 0.001 [78]
to BBO reaching Qgwh? ~ 10716 — 10717 [44], these sig-
nals could provide unique insights into beyond the standard
model physics at 10'3-10'> GeV energy scales, dark matter
production mechanisms, and the thermal history between
inflation and big bang nucleosynthesis. The blue-tilted
spectra naturally avoid problematic infrared divergences
that plague inflation scenarios, while our combined
analytical-numerical methodology establishes a robust
framework for interpreting data from this emerging multi-
messenger window into the primordial universe.
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APPENDIX A: REGULARIZATION AND
RENORMALIZATION OF ENERGY DENSITY

This appendix details the regularization and renormal-
ization procedure for the spectator field energy density
p,(n), addressing ultraviolet divergences that arise from
high-momentum field modes in the curved spacetime
background. The treatment requires both systematic regu-
larization of divergent integrals and renormalization
through normal ordering with respect to the appropriate
vacuum state.

We begin with the stress-energy tensor for the spectator
field y, derived from the action via \/—_gT,%) =

26(\/ _gﬁ){)/dgﬂl/ [85],
1 1
130 =YVt =598 (V) (V) + 59 (3 00?2
(A1)
In the FRW background, the 00 component becomes
1
76 (1.%) = 35 [ + (Vo) + a*(m} + o)) (A2)

Using the field redefinition X = ay and the relation
7 = a (X' = HX), we obtain

1
703 = 505 | 007+ (97 - 2h0xx

2 a’R 2 2.2 yv2
+ H —? X —|—a meffX s (AS)

where H = a’/a is the conformal Hubble parameter and R
is the Ricci scalar.
We expand the rescaled field X in Fourier modes,

xox) = [ ﬁ X+ Xymal]. (Ad)

where a; and &Z satisfy canonical commutation relations,

a,a)]=6%) (k—K'), and [a;,a.]=a],a}]=0.

(A5)
The mode functions X;(#) evolve according to

X (n) + wi(m) Xy (n) =0, (A6)
with w?(n7) = k* 4+ a*(n)m2,(n7) and Wronskian normali-
zation X; X" — X; X = i.

To handle ultraviolet divergences, we employ adiabatic
regularization based on the Wentzel-Kramers-Brillouin
expansion. We introduce the adiabatic basis functions

B e—i f” widn
fi(n) = W

and express the mode functions through Bogoliubov
coefficients,

(A7)

Xi(n) = ar(n)fe(n) + Be(n) S5 (n). (A8)
with the corresponding derivative
Xi(n) = —iayfar(n) fr(n) = B fr ()], (A9)

where |a;|*> — |Bi|> = 1 preserves canonical commutation
relations. We define time-dependent ladder operators
through the Bogoliubov transformation,

A(n) = ax(n)a +ﬁi(’7)5f_kv
AT (n) = (g + ap(m)a’,. (A10)

The adiabatic vacuum |0) is defined by A;|0) = O for all k.
The vacuum is normalized such that (0|0) = 1.

The inverse Bogoliubov transformation allows us to
express the original operators in terms of the adiabatic
ladder operators,

o = ajA, — BiAT,,
N T
a_x = Ak = PrAy- (Al1)
Substituting these relations into the field expansion, we can

express the rescaled field and its derivative directly in terms
of the adiabatic basis,

3
xx) = [ ﬁk 0D AL+ F100AL].

3 :
X == / ﬁe‘“‘"‘wk [FemA = FitmAL].

(A12)
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+

Using the Bogoliubov transformation with rotated ladder operators A;, A” wApandA'

energy tensor for the spectator field can be expressed as

the 00 component of the stress-

1 [ dPkd¥K
T (. x) = o / N [By(k, K)AAy + By (k. KNAAT, + Bs(k, k)AL Ap + By(k k)AL, AT ], (A13)

The coefficient functions B;(k, k') encode the field dynamics and curvature coupling effects,

Buk k) = [ (i + F)io + ) = ¥+ @iy = | ) el (A14)
Bk ) = [ (i = )i =) = k¥ + iy = | £ ). (a15)
Bk ) = [t = )i~ 1) = + iy = ] it (A16)
Bk k) = [ (i = )i =) = ¥+ @iy = | Fy )i (A17)

This expression contains ultraviolet divergences that arise from high-momentum mode contributions where the adiabatic
approximation breaks down. Renormalization through normal ordering with respect to the adiabatic vacuum state is

required to extract finite results [24,51]. The procedure involves expressing the rotated operators A, and Al « in terms of the

original operators a; and al . using the inverse Bogoliubov transformation from Eq. (A10). The resulting normal-ordered
expressions are as follows:

cagay = aray + a;pid® (k + k), (A18)
:akaik, = aik,ak —B?6%) (k + k'), (A19)
:aT_k,ak = aT_k,ak — 263 (k + k'), (A20)
ralyal =a’ ,a) + apd® (k +K). (A21)

After normal ordering with respect to the adiabatic vacuum state and taking the vacuum expectation value, the
renormalized energy density becomes

) = T 013):) = 51 [ G510 (k=R = Calk =B = Calk AR + otk N, (A22)

where the C;(k) coefficients arise from the normal ordering transformation and are linear combinations of the B;(k, k')
terms, given by

C, (k. K
Cy(k, K
Cy(k K
Calk K

Bl k, k’ apoy + Bz(k, k/

(k. k) afy + By (kK )ay i + By
By (k, k) frs + By(k, K

(k. k')

(k. ')

(
akaz, + B3<k, k’)/}kﬁ*/ + 84
ﬁk’ﬁ]t + 83 (k, k’)aZak/ + B4
a;:/ﬂ,t + 33 (k, k’)azﬁz/ + 84

k. K)pibr
k, k’)az/ﬂk,
k. K)ap.
k, koo, (A23)

Bl k, k/ (lk//}]t + Bz(k, k/

)
)
)
) = Bi(k, K)Bify + Ba(k, K

~— — ~—
o~ o~ o~ —

Using the explicit forms of the Bogoliubov coefficients,

0} X, +iX),

!
(Dka - le
o = br =

, =—, A24
2w f i 2w f k ( )
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the normal-ordered energy density can be expressed directly in terms of the mode functions,

1 dk , a’R . . 1 a’R
Py (1) = W/W [|kak — X[ + <H2 - T) [ X[* = H(X X} + X X)) — 20, <H2 - T)] (A25)

APPENDIX B: ISOCURVATURE COMPUTATION

This section provides the detailed derivation of the isocurvature power spectrum used in the main text. The isocurvature
power spectrum is computed from the two-point correlation function of energy density fluctuations,

(6p,(n.x)8p, (n.¥)) = (:p,(n.X)::p,(n.¥) ) = py(n). (B1)

The normal-ordered product of energy density operators can be expressed as

0, (1.X): 29, (0. y) = =T (0. %) :Tg0 (.y)
1 [ PkdK . .
= m W [C] (k, k/):akak/: +C2(k, k’):akaik/: +C3(k, k’):a_kak/: +C4(k, k’):aika_k/:]

d3qd3q/ /N - . N . o A . Ne T T .
| “aap [Ci(q.q"):agay: +Co(q.q') agal i +Cs5(q. q'):alqay: +Cylg.q'):alqal 2],

(B2)
where the coefficients C;(k, k") are given by Eq. (A23). When taking the vacuum expectation value, most terms vanish due

to the normal ordering, except for specific combinations that create particle pairs. The surviving terms correspond to
contractions between creation and annihilation operators,

(€ (k.K)Ca(q. ¢ arapalea’ ) = Ci(k K)Calg.q') [67) (k + )5 (k' +q') + 6% (k +q')5% (k' +q)].  (B3)

Performing the integrals with respect to ¢ and ¢’, we will be left with the contribution that is proportional to
Cy (k. K)Cy(—k, —K') 4 C; (k, K')C4(—K', —k). Therefore, we find that the full isocurvature expression is given by'°

3 3 3
720n) 245 2x @n) | (2xy

’R
X (Xk/Xk// <a2m§ff - k/k” + <H2 - %)) + X;C’X/” - H(Xk//X;(’ + Xk’X;w))

2R ! / ! /
X (XZ/XZ// <a2m§ff - k/k” + <H2 - %)) + X*/Xz// - H(X]t”XIt’ + X*/XZ”)> . (B4)
After performing integrals and relabeling k' — p, we find
11K &p a’R
Ag(n. k) = %ﬁz—ﬂz/w (Xqu (azmgff -pq+ <H2 - T)) + X, X — HX), X, + XpXZ))
a’R

(3 (g = pa (720 ) ) Xy w0+ X)), (85)

where ¢ = |p — K|[. In the late-time asymptotic limit where the spacetime approaches Minkowski (H — 0, R — 0) and for
modes with pg < a’m2;, the isocurvature power spectrum simplifies to

Here, we relabeled k — k' and k' — k.
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FIG.5. Isocurvature power spectrum for the spectator field y for pure minimal gravitational production (left), and for a fixed mass with

varying inflaton coupling (right). Each mass parameter (left panel) and coupling strength (right panel) is represented by a different color.
Here, Ny, = 76.5 e-folds of inflation. The vertical dashed lines show the positions of the present horizon scale (ky = 1.4 x 10™20k,4)
and the Planck pivot scale (k, = 3.2 x 107%*k,,q). The horizontal dotted line represents the current upper bound on isocurvature

perturbations from Planck, A% ~ 8.3 x 10~!! at the Planck pivot scale.

83K =
U = )

which matches previous results [25,53]. This asymptotic
expression provides a good approximation for estimating
the isocurvature power spectrum at CMB scales. However,
for a complete analysis across all scales, particularly at
small scales relevant for gravitational wave signatures, we
employ the full expression (B5) and evolve it numerically
throughout the cosmological history.

Figure 5 shows the numerical isocurvature power
spectrum for both purely gravitational production (¢ = 0)
and scenarios with nonzero inflaton-spectator coupling

(o #0).

APPENDIX C: GRAVITATIONAL WAVE
SPECTRUM

This appendix details how scalar perturbations from
spectator fields source secondary gravitational waves at
second order in perturbation theory [6,86,87]. We review
the general formalism and examine how the evolving
isocurvature power spectrum influences the scalar potential
®, which subsequently sources tensor perturbations /;;.

Working in the Newtonian gauge with the perturbed line
element from Eq. (20), the equation of motion for secon-
dary gravitational waves sourced by scalar perturbations
is [87]

4 il X 21X 12+ a2m§,eff[(xpx;;*)(qug) +H.c],

/d3p [|X;7|2|X£I|2 + a4m)(,eff

(B6)

[
2

. o Vehy oo 2
hi;+3Hh;;— 2 ¢ P 4aaq)ahq)+M_%aa6)(ab6)( ,

(C1)

where P?;’ is the transverse-traceless projection operator
and Jy represents spectator field fluctuations. The inflaton
perturbation ¢ is negligible compared to the spectator field
contribution since py > p, during the relevant epoch.

We work in the Newtonian gauge for scalar perturba-
tions, with the line element defined in Eq. (20). The
equation of motion for secondary GWs sourced by scalar
perturbations is given by [87]

) VP 2
hl}+3thj_ 5] =a P?j 4aa®ab¢+Waa5)(ab5)( ’
a P

(C2)

where P?}’ is the projection operator, and dy represents the
dark matter fluctuations. Here, we neglected the d¢ con-
tribution since it is negligible compared to y at the back-
ground level. Converting to conformal time using
dt = adn, the equation becomes
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2
Y, + 2Hh; = Vh;; = ng{@aq)abCD + M—%aa)(ab)(}’

(C3)

where primes denote derivatives with respect to conformal
time #n. The gravitational wave source consists of two
distinct contributions:

Scalar potential term (40,90, ®). This arises from the
nonlinear evolution of curvature perturbations enhanced by
isocurvature fluctuations. The scalar potential @ is related
to density perturbations through the Poisson equation,
creating a direct link between the isocurvature power
spectrum and gravitational wave production.

Direct field fluctuations (ﬁ 0,x0py). This term re-
presents direct coupling of spectator field gradients to
the gravitational wave equation. However, this contribution
typically generates very high-frequency signals that fall
outside the sensitivity range of current gravitational wave
detectors and would require specialized resonant cavity
experiments for detection.

For the present analysis, we focus exclusively on
gravitational waves induced by the scalar potential term,
which dominates in the frequency ranges accessible to
pulsar timing arrays, space-based interferometers, and
ground-based detectors. The computation of the resulting
gravitational wave spectrum is detailed in the main text. To
compute the tensor perturbations 4;; and resulting gravi-
tational wave spectra, we transform to Fourier space and
employ Green’s function methods. The energy density
fluctuations are decomposed as

&Pk ‘
3p, (1. x) —/—e"""‘ép){(ﬂ,k).

(27)3/2 (C4)

Using the gauge-invariant Poisson equation V?® =
8p,/(2M3%) and projecting onto the transverse-traceless
polarization tensors e’}j(k) the gravitational wave equation
becomes

hy 2 () +2Hhy ,(n) + K*hy ;(n) = S;(n.k), (Cs)
|

3 3
(h(n, k)R (1, ko)) ~ /(;ﬂ%(;ﬂ%

<5p)((q1)5p;((kl - ql)(sp)((qZ)ép)((kZ - q2)>

where the source term S,(n, k) is given by

&p a* & paq,
S, (n, k) :_/(271)3M—‘}, pzc(;z

4

op, (1. p)dp,(11.q).

(Co)

To solve the inhomogeneous differential Eq. (CS5), we
construct the retarded Green’s function from two linearly
independent solutions &, (7, k) and h,(n, k) of the homo-
geneous equation,

1

) = Why, . i) (R (n)ha(77) — Ry (1) ha(n)]. (CT)

gk (’7’ ﬁ

where the Green’s function satisfies

Gx(n.71) + 2HGy (n.77) + K*Gi (n.71) = 8(n — 7). (C8)
The Wronskian determinant ensures the proper normali-
zation,

W(hy. ha.it) = By (i) ho(77) — Iy ()RS (7). (C9)
With vanishing initial conditions &, (n;, k) = h(n;, k) =0
at some early time 7; before significant source contribution,
the particular solution is obtained through convolution,

mink) = [ digen s @10, (€10)

i

This formulation provides the foundation for our numerical
computation of the gravitational wave amplitude &, (n, k),
from which we derive the energy density spectrum Qg (k)
presented in the main text.

Next, we follow the methodology developed in
Refs. [74,88-90]. We assume statistical homogeneity and
isotropy of the spectator field density perturbations Jp, that
appear in the gravitational wave source term (C6). With
vanishing mean (dp,) = 0, the two-point correlation func-
tion of induced gravitational waves can be expressed as

(C11)

This expression involves a four-point correlation function of density perturbations, which contains both Gaussian and non-
Gaussian contributions. The four-point correlation function can be decomposed into disconnected and connected parts,
<6p;((k1)5p;((k2)5p)((k3)5p)((k4)> = <5p)((k1)5p)((k2)6p;((k3)5p;((k4)>d + <5p;((k1)5p;((k2)6p)((k3)6p)((k4)>cv (C12)

where the disconnected part represents the Gaussian contribution and the connected part captures non-Gaussian effects.
These contributions are given by
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(8p,(k1)3p,(K2)8p, (K3)0p,(k4)). = 63 (ky + ko + ks + ky)T (K, Ky K3, Ky),

and

(C13)

<6p)((k1 )5p;((k2)5p)((k3)5p)(<k4)>d = <5p;((k1)5p)((k2)> <5p)((k3)5p)((k4)>

+(0p, (k2)0p, (K3)) (Sp, (Ka)Op, (K1) + (3p, (K1) p, (K3)) (0p, (K2)0p, (K4)).

Here, 7 (k{, k,, k3, Kky) is the connected trispectrum, and
the two-point function is defined as
(00, (k1)8p, (kp)) = 6% (k| + ka)pyPs(k;).  (C15)
For spectator field models with weak primordial non-
Gaussianities, we treat the connected contribution as a
small perturbative correction to the dominant Gaussian

statistics. The gravitational wave power spectrum accord-
ingly splits as

(C14)

|
where the Gaussian piece arises from products of two-point
functions (disconnected diagrams) and the non-Gaussian
piece encodes contributions from the primordial trispec-
trum (connected diagrams). Since the connected contribu-
tion is typically subdominant for the parameter ranges of
interest, we focus on computing the Gaussian contribution.
A comprehensive analysis including non-Gaussian effects
is provided in Ref. [74].

The Gaussian approximation requires evaluating the
disconnected part of the four-point correlation function

appearing in Eq. (C11),
Pi(k) = Py(k)|a + P (k)] (C16)

(6p,(a1)0p, (k1 = q1)3p,(q2)p, (K2 — q2)) 4 = (3p,(d1)dp, (K1 — q1))(p,(q2)dp, (K, — q2))
+ (0p, (k1 — q1)dp,(q2))(0p, (k, — q2)dp,(q;))

+ (09, (d1)0p,(42)) (Op, (K1 = 1) p, (k2 — @2)).- (C17)

When substituting the explicit form of the two-point functions, certain terms generate contributions proportional to 5 (k)
and 50 (k). These zero-momentum modes correspond to unphysical infrared divergences that must be regularized. Since
we are interested in gravitational waves with finite momentum &y, k, # 0, these terms can be consistently dropped. After
this regularization procedure, the physical contribution to the disconnected four-point function becomes

(p,(q1)0p, (ki1 —d1)0p,(q2)p, (k2 —q2)) 4 =60 (k| +Kk)[6%(q; +¢2) +6% (k; +q,—q, 123 Ps(a1)Ps(|ki —qi]).
(C18)

The gravitational wave two-point correlation function is obtained by convolving the source correlations with the
appropriate Green’s functions,

(hi(n.k)h;(n. ky)) = An dm An dnaGi (1.11)Gx (n.12) (S1(m1. K1) S5 (12, K2)). (C19)
where the source two-point function is given by
(S;(n1,k1)S;(m2. k) = QEZ%))“ ag\%))é‘/ (;;?31/2 (zdjz)q32/2 q%%i(lk_l ’qqllz%ﬁi(k;’_q;;z
X T s(m)7T s(m2)(6p,(a1)0p, (k1 — a11)dp,(q2)0p, (k2 = qa))- (C20)
Here, we used the property that we found from the numerical analysis,
A3(n. k) = Ts()Ag(k), (k< aH), (C21)
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where 7 (1) represents a time-dependent transfer function.
The gravitational wave polarization structure is encoded in
the projection factor,

0:(k.q) = &;(k)qiq; = —¢] (k) (k —q);q;.  (C22)

where sfj(k) are the transverse-traceless polarization ten-

sors satisfying eij (k)k; = 0. For computational conven-

ience, we choose coordinates with k = # and parametrize
q = ¢(sin O cos ¢, sin @ sin ¢, cos #). The projection factors
for the two polarization states become

2
q- .
—~_sin%6 cos

0, (k.q) = ;) (2¢).
0.(k,q) = j;snﬁe sin(2¢). (C23)

The projection factors possess useful symmetry properties
that simplify the momentum integrals. Because ¢;(k) is
orthogonal to k, we find

Q/{(kv q) = Qﬂ(k’q—’_Ck)? (C24)

for any constant c. Q;(k, q) is symmetric under k — —k
and q — —q,

0,(k.q) = 0,(-k.q) = Q;(k, —q) = 0;(-k.—q).
(C25)
The GW power spectrum can be expressed as

(hy (0. %) hy (. K')) = 6,6 (k + K')P; (. k), (C26)

where the dimensionless power spectrum is given by

3

AZ(n.k) = 22

Pi(n, k). (C27)

The gravitational wave energy density is conventionally
expressed as a fraction of the critical density p. = 3H>M?3,

_ 1 dpgw
T 3MZH?>dInk’

Qcw (k) (C28)

where pgw 1s the gravitational wave energy density. The
relationship between the dimensionless power spectrum
and the energy density parameter is

! (W) 2;&. (C29)

Qaw(k) = T

For comparison with observational constraints, we evaluate
the spectrum at the present epoch. Using the present-day
Hubble parameter H, = 100hkms™! Mpc~! and scale
factor ay, the observable gravitational wave energy density

becomes
2
() 25

where Y, A? = A? is the total GW power spectrum across
both polarization states.

The complete dimensionless gravitational wave power
spectrum can be expressed in factorized form as

1
12

k
apH,

Qaw o (k) (C30)

N a(N' / / 272
A2(k. N) :zE / AN'G (N, N/)TS(N/)< (N )II:I(N ))Z(Hfgl(vfl‘;LQ } (k) = C(k,N) x g(K),  (C31)
where
T b kp (k= 2K (p2 4+ ¢) + (p* — ¢%)%)?
o) =4 [“app [ daq e A3 (P)AYa). (5

The gravitational wave energy density spectrum becomes

(

This factorization separates the time-dependent gravita-
tional wave growth from the momentum-space structure
determined by the isocurvature spectrum. The calculation is
performed using the number of e-folds N as the time

1

k
Qcw.s = -

aH>2Ag(k, N)=Z(k.N)g(k). (C33)

023551-

|
variable, which provides computational advantages during
the inflationary and postinflationary epochs where the scale
factor evolves exponentially. Correspondingly, G, (N, N’)
represents the Green’s function expressed in e-fold time
rather than conformal time. The normalization of g(k)
includes appropriate factors of k to ensure dimensional
consistency, specifically, the k> prefactor in Eq. (C32)
renders g(k) dimensionless while preserving the correct
scaling behavior of the gravitational wave spectrum.
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