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Localized chiral magnetic effect in equilibrium QCD
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We study the impact of a nonuniform magnetic background field on the chiral magnetic effect (CME) in
equilibrium QCD using lattice simulations with 2 + 1 flavors of dynamical staggered quarks at the physical
point. We show that in the presence of a nonuniform magnetic field the CME manifests itself via a localized
electromagnetic current density along the direction of the field, which integrates to zero over the full
volume. Our primary observable is the leading-order coefficient of the current in a chiral chemical potential
expansion, which we compute for various lattice spacings and extrapolate to the continuum limit. Our
findings demonstrate that, even though the global spatial average of the CME conductivity vanishes in
equilibrium, steady currents still exist locally. Thus, spatially modulated magnetic fields provide a possible
way of generating a nontrivial CME signal in equilibrium.
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I. INTRODUCTION

Heavy-ion collision (HIC) experiments provide an
exceptional environment to investigate strongly interacting
matter by exposing it to extreme conditions. A prime
example of effects arising in this context are anomalous
transport phenomena. These effects relate quantum anoma-
lies with electromagnetic fields and vorticities, producing a
series of nondissipative currents which are the subject of
extensive theoretical and experimental studies (see Ref. [1]
for a recent review). Being intimately related to anomalies,
these effects effectively probe the topological nature of the
vacuum of quantum chromodynamics (QCD).

The most celebrated among anomalous transport phe-
nomena is the chiral magnetic effect (CME): the generation
of an electromagnetic current in a magnetized and chirally
imbalanced system [2]. This effect is now understood as an
out-of-equilibrium phenomenon, which has been linked
with negative magnetoresistance in Dirac semimetals [3]
and is actively sought for in heavy-ion collision experi-
ments [4-6]. In systems in thermal equilibrium, a global
CME current is absent. This can be understood as a direct
consequence of the quantum-field-theoretical generaliza-
tion of Bloch’s theorem, which forbids global conserved
currents to flow in equilibrium [7]. On the quantum field
theory level, regularization plays a crucial role in the
absence of the CME current [8—12]. In lattice regularization
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for example, the use of a conserved vector current is of
particular importance [13].

The vast majority of studies of anomalous transport
effects, CME in particular, have focused on homogeneous
magnetic fields. However, the magnetic fields created in
heavy-ion collisions are far from being uniform [14]. These
inhomogeneous fields have already been shown to have a
sizeable effect on QCD observables [15]. In this paper, we
will use lattice QCD simulations to investigate the
impact of such magnetic fields on the chiral magnetic
effect. Lattice simulations have been widely used to study
anomalous transport effects [9,11,13,16-21], as well as to
investigate the role of nonuniform magnetic fields in
QCD [15,22] (see the review [23]), providing an ideal
framework to study the relation between these. The impact
of weak inhomogeneities on the CME has also been studied
within the Wigner-Weyl formalism in Ref. [24].

The chiral magnetic effect arises in general in the
presence of background magnetic fields B and a chiral
imbalance, parametrized by a chiral chemical potential 5.
Besides the inhomogeneity of the magnetic field, it is
realistic from a phenomenological point of view to consider
the chiral imbalance to be nonuniform as well. In this paper,
we will consider two scenarios including inhomogeneous
magnetic fields: one with a uniform chiral chemical
potential and one with us exhibiting a similar inhomoge-
neity as the magnetic field itself.

This paper is organized as follows: In Sec. II we discuss
the relevant observables that we compute to study the CME
as well as the details of the nonuniform magnetic back-
ground. This is followed by Sec. III, where we give the
details of our simulation setup. Our results in full QCD are
presented in Sec. IV for the homogeneous chiral imbalance,
while in Sec. V, we briefly explore the scenario with
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inhomogeneous 5. Finally, we conclude in Sec. VI. In a
series of appendices, we provide an analytical calculation
of our observable for free fermions, discuss the results with
free staggered fermions, and give the details of our lattice
implementations.

II. CME AND NONUNIFORM MAGNETIC FIELDS

Throughout this paper, we consider QCD in thermal
equilibrium, in the presence of a nonuniform background
magnetic field pointing in the third spatial direction. In
particular, we choose an x;-dependent profile of the form

B(x,) = Bcosh™(x,/€)e;. (1)

motivated by its analytical properties [25]. The parameter ¢
sets the width of the field profile and is chosen as ~0.6 fm
in our QCD simulations, in order to make contact with the
HIC situation [14]. Notice that the limit ¢ — oo corre-
sponds to the homogeneous profile. The profile (1) has
already been used in QCD models [26], as well as on the
lattice to study thermodynamics [15,22].
The continuum electromagnetic current is defined as

56 = > g (), @)

I

where f =u,d,s, ... labels the quark flavors, g, are the
corresponding electric charges and e is the elementary
electric charge. Similarly, we consider the axial current

Jus(x) = Zl/_/f(x)%]/s‘//f(x)’ (3)

!

associated with the total quark number, i.e., each quark
flavor contributes with unit weight in it. The chiral
chemical potential ys5, which parametrizes the chiral den-
sity, couples to the fourth component of Eq. (3). Below, we
will also consider the currents averaged over a space-time
slice, i.e., J,(x;) =T/L* [d*j,(x')8(x; — x}) and sim-
ilarly for J,5(x;).

To study the chiral magnetic effect on the lattice, we
follow a similar approach as in our previous work [13],
except that the magnetic field is not assumed to be
homogeneous but is given by Eq. (1). To make contact
with the heavy-ion-collision-inspired setups described in
Sec. I, we define the most general form of the CME current
in the presence of magnetic fields and chiral chemical
potentials, where both depend on the x; coordinate. To
linear order in ps and in B, the current parallel to the
magnetic field reads

y(n)) = / ) deyens(xn — X)) — ) eBOx s (),

4)

involving the form factor ycyg. In our simulations, which
are performed at ps = 0,' it can be accessed via the first
derivative,

5(J3(x;))

Sps(x7) 1s=0

_ / A e (X1 = X1, —x")eB(x),  (5)

H(xy,x]) =

which describes the electromagnetic current generated at x,
due to a weak chiral imbalance present at x|. Note that
H(x;,x}) depends on both arguments separately due to the
breaking of translational invariance by the inhomogeneous
magnetic field.

The response to a homogeneous chiral imbalance fol-
lows from replacing ps(x) by ps in Eq. (4), resulting in the
integral of ycug over its second variable,

Comie(xi) = /deIIZCME(xl;x,I/>’ (6)

which we refer to as the CME coefficient. For the
homogeneous us setup, Eq. (5) simplifies to

a{J3(xy))

G(x)) = Opis

— [ ¥ Countr = el
(7)
which can also be constructed directly from Eq. (5) as

G(x;) = [dx{H(x;,x]). Equivalently, Eq. (7) in Fourier
space reads

us=0

G(Ql) = CCME(QI)eB(QI)- (8)

In the case of a homogeneous magnetic field, Eq. (7)
trivially reduces to the global effect, parametrized by a
single coefficient Ccyg, which coincides with the zero
momentum limit of Eq. (8), Ccyme(g; = 0). In Ref. [13], we
showed that Cyr = 0 in full QCD, in accordance with the
discussion in Sec. I and, in particular, with Bloch’s
theorem. As we will show below, this picture is not changed
by an inhomogeneous field. However, while Bloch’s
theorem forbids global currents to flow in equilibrium, it
allows the appearance of local currents, and hence non-
vanishing G and H. Such local, x;-dependent currents are
in the focus of our attention here. Our main discussion in
Sec. IV revolves around G, while the more general behavior
of H is discussed in Sec. V.

1Although simulations at nonzero chiral chemical potential are
free of the sign problem, there are technical difficulties that arise
when implementing ps in the staggered fermion formulation,
which is the reason why we consider the first derive of the current
with respect to ps. See [13] for a detailed discussion.
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We note that for simplicity, we normalize our QCD
results below by the overall proportionality factor
Caot = N Y- f(qy/e)?, where N, =3 is the number of
colors. In Appendixes A and B, where we consider one
colorless fermion flavor with charge e, this factor trivially
reduces to 1.

III. LATTICE SETUP

In our lattice QCD simulations, we consider 2 + 1
flavors of stout-smeared rooted staggered fermions with
physical masses. In this formalism, the partition function Z
can be written using the Euclidean path integral over the
gluon links U,

/DUexp —BS,)] [[det My (U. g7, mp)]V4, (9)
f

where the fermionic fields have already been integrated out
to yield the fermion determinant, = 6/¢> denotes the
inverse gauge coupling and m/ are the quark masses for
each flavor f = u, d, 5. In Eq. (9), §,, is the gluonic action,
for which we use a tree-level improved Symanzik action,
and M is the massive staggered Dirac operator, which
contains the twice-stout-smeared links and the quark
charges ¢,/2 =—-q, = —q, = ¢/3. The quark masses
are tuned to the physical point as a function of the lattice
spacing a [27].

The simulations are performed on a four-dimensional
lattice with N spatial and N, temporal points. The physical
spatial volume is given by V =1L%= (aN,)? and the
temperature by T = (aN,)™!. At a fixed temperature, the
continuum limit corresponds to N, — oco. Note that the
periodic spatial boundary conditions imply that the flux of
the magnetic field is quantized. For our specific profile (1),
this quantization condition takes the form [15],

3zN b
= cLanh(L/2¢)" where N, € Z. (10)
Furthermore, we note that our setup does not include
dynamical photons, i.e., the magnetic field is treated as a
classical background field.

The derivative (7)—and the functional derivative (5)—of
the current with respect to ps results in a current-axial
current correlator. We use the conserved (one-link) vector
current and the anomalous axial (three-link) current in the
staggered formulation [28]. We stress that for staggered
quarks, care has to be taken when evaluating the us
derivative of the current, for a tadpole term also appears.
The exact form of the observables is given in Appendix C,
and a detailed discussion on the currents can be found
in Ref. [13].

IV. HOMOGENEOUS CHIRAL CHEMICAL
POTENTIAL

In this section, we discuss the results for the x;
dependence of the CME correlator (7) for a homogeneous
us. For noninteracting fermions, G(x;) can be calculated
analytically, see Appendix A for further details. As a cross-
check of our lattice setup, we computed the correlator
for free staggered fermions as well. The continuum-
extrapolated lattice results were found to match the analytic
formula perfectly, serving as a validation of our lattice
setup. The details of the lattice calculation for free
staggered fermions are also discussed in Appendix B.

After this cross-check, we continue by turning on color
interactions and analyzing the results in full QCD. We take
into account both connected and disconnected contribu-
tions to the CME correlator. In Fig. 1, we show G(x;) as a
function of x; for different lattice spacings and a weak
magnetic field with profile width ¢ ~ 0.6 fm. The figure
shows that in this background, the CME correlator devel-
ops a nontrivial spatial structure, with the current flowing in
opposite directions in the center (x; ~ 0) and towards the
edges (|x;| = €). While the physical magnetic fields slightly
vary for fixed N, for the different ensembles, it is clear that
the qualitative behavior persists across different lattice
spacings. This behavior is similar to what we observed
in the free case (see Appendix B). The current profile
integrates to zero, implying that the global CME conduc-
tivity vanishes in equilibrium QCD, in agreement with our

x10~3
7.5
. T =113 MeV
50 4 G(@1)/eB - Ch N, =3
2.5
0.0 --m-E-remsl - =LA,
=25 1 norm. B(xz1)
—#- 24% x 6
=507 & 245«
—#- 28% x 10
757 & 36° x 12
1 1 I 1 1 1 1
-3 -2 -1 0 1 2 3
x1 (fm)
FIG. 1. Lattice data for the CME correlator in QCD as a

function of x; at T = 113 MeV and N, = 3 for different lattice
spacings. The connecting lines serve to guide the eye. For
comparison, the shaded area depicts the magnetic field profile
from Eq. (1) in an arbitrary normalization. Notice that the
different datasets are at slightly different physical B values
because of the change in physical volume.
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x10—3

eB (GeV?)
N 0.1
B 0.2
1 0.3

FIG. 2. Continuum limit of the CME correlator in QCD as a
function of x; at 7 = 155 MeV. The bands show this correlator at
three different magnetic field strengths: eB = 0.1, 0.2, 0.3, and
0.4 GeV?>.

earlier findings [13]. We stress that our observable depends
implicitly on the magnetic field profile.

Based on the results obtained on four different lattice
spacings and different weak magnetic fields, we carry out
the continuum extrapolation of G(x;), employing a multi-
dimensional spline fit in x;, a and eB with node points
generated via Monte Carlo, see the Supplemental Material.
In Fig. 2, we show the so obtained continuum limit of the
x;-dependent CME correlator for various values of eB.
Finally, in Fig. 3, we show the CME correlator at the center
(x; = 0) and near the edge (x; = 0.9 fm) as a function of
the magnetic field. As one can see, the B dependence is not
affected significantly by the temperature. In fact, the slope
at the origin is around —1/(2z2%) - 0.2 below, at, and slightly
above the transition temperature (for comparison, the
expected out-of-equilibrium conductivity coefficient is
1/(27%) [2]). To better understand this finding, we calcu-
lated the same observable in a hadron resonance gas-type
model that we discuss in Appendix A, see also [21]. The
model—consisting of noninteracting proton, £* and =~
baryon degrees of freedom—reproduces the 7' independ-
ence in the confined phase and predicts a nonzero value at
T = 0, also indicated in Fig. 3. Thus, the virtual baryon-
antibaryon pairs of the vacuum are affected by B (and ys)
even at zero temperature—similarly to other observables
like the pressure or the magnetization, see, e.g., [29].

Another interesting aspect of G(x,) is that the effects of
the magnetic field on the quark determinant in (9) are found
to be suppressed. This is analogous to what was found in
the case of electric currents induced by inhomogeneous

x10—3

29 G(z1 =09 fm)-ClL (GeV?)

G(z1 = 0.0 fm) - O (GeV?)

_5 I 1 I I 1 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6

eB (GeV?)

FIG.3. CME correlator in the continuum limit at x; = 0 fm and
atx; = 0.9 fm as a function of eB for temperatures below, at, and
above the crossover. The black dashed line corresponds to the
x; = 0 value of the correlator obtained in a hadron resonance gas
type model, see Appendix A for a detailed discussion.

magnetic fields according to Ampére’s law in QCD [22].
Negligible magnetic effects on the quark sea imply that the
CME correlator might also be computed on the lattice using
a computationally cheaper technique, the so-called valence
approximation, where the configurations are generated at
vanishing magnetic fields and the observable carries all the
B dependence. Here we did not rely on this approximation
but discuss its details in Appendix C.

V. BEYOND HOMOGENEOUS CHIRAL
CHEMICAL POTENTIALS

Next, we consider the situation with an inhomogeneous
chiral chemical potential us(x}). The induced current at
point x; is now given by the correlator H(x;,x}) from
Eq. (5). This generalized correlator allows us to get a
clearer picture of the role of us in the thermodynamic
system. In particular, if a parametrization of the chiral
imbalance profile is available, it permits a convolution
between this profile and the two-point function, yielding a
more realistic one-dimensional picture on how the CME
current might behave in experiments.

In Fig. 4, we show the result for H(x;, x| ) for a system of
free fermions and for full QCD. In the latter case, we
neglected the disconnected contributions, which were
merely found to enhance the noise, see Appendix C for
further details. The plots reveal more details about the local
CME currents generated at different coordinates and the
cancellations taking place in the global current. The latter
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FIG. 4. Left panel: heat plot of the correlator H(x1, x|) normalized by eB in the free case in the x; — x| plane for m/T =1 on a
40° x 10 lattice. The color scheme is shown on a logarithmic scale for the absolute value of the observable from 0.015 to 107*, and a
linear scale from the latter to 0. Red (blue) colors indicate the sign of the correlator. The projections on the top and right axes correspond
to integrating over x} and x,, respectively. Right panel: the connected part of the same observable in QCD at 7 = 113 MeV ona 24> x 6
lattice. To highlight the main features of the heat plot, the data was smoothed via a bicubic interpolation.

can be understood by integrating over one of the two
coordinates of H(xy,x}).

On the one hand, the sum over x| corresponds to
integrating out the spatial dependence of J45, coming from
is. As shown in the projection on the top axis of Fig. 4, this
leads to a homogeneous ps effect and agrees with the
profiles that we computed before, see Fig. 1. On the other
hand, summing over the x; coordinate corresponds to the
zero-momentum component of J3 (projection on the right
axis in Fig. 4), which vanishes due to Bloch’s theorem.

VI. CONCLUSIONS

In this paper, we studied the local spatial structure of the
chiral magnetic effect in equilibrium QCD with non-uni-
form magnetic background fields using first-principles
lattice simulations. We found that in this setup—in contrast
to the situation with homogeneous magnetic fields—non-
zero electromagnetic currents flow in equilibrium. These
CME currents are such that their spatial average vanishes,
giving zero global current. Therefore, our results corrobo-
rate our earlier findings [13] that the global CME vanishes
in equilibrium, and demonstrate a novel behavior of the

We note that Bloch’s theorem [7] holds in the infinite volume
limit. On a finite volume, we find that the sum of the profile in x;
does give a nonzero signal, even though it is 4 orders of
magnitude smaller than the one obtained by summing over x}.
This signal is similar to the one found for the quark condensate in
[30], and vanishes in the thermodynamic limit.

chiral magnetic currents in the presence of nonuniform
magnetic fields. From the theoretical point of view, it is
intriguing to observe that the CME signal is realized as
soon as the generalized Bloch theorem is circumvented
by considering local currents instead of global ones.
Regarding experiments, such inhomogeneous magnetic
fields and local currents are certainly more realistic for
off-central heavy-ion collisions.

Specifically, we analyzed the CME correlator, i.e., the
current produced at x due to a chiral imbalance at x” and the
inhomogeneous magnetic field. This correlator can be
convoluted with a given ansatz for the chiral chemical
potential profile to predict the spatial dependence of the
induced current. Moreover, using the axial susceptibility ys,
the relationship between the chiral imbalance ns and the
chiral chemical potential can also be constructed as
ns = ysps. Using our results for ys determined in
Ref. [13], this allows one to predict CME signatures for
a given fluctuation of chirality, leading to a more realistic
description of the chiral magnetic current, albeit still in
equilibrium. This, alongside our one-dimensional profiles,
may be used to guide future phenomenological studies of
the CME in the presence of nonuniform magnetic fields.

Due to the highly inhomogeneous fields in HIC, our
findings suggest that a signature of the CME may be hidden
when looking at global observables, therefore constructing
new ones sensitive to local signals, e.g., by implementing
strict acceptance cuts in pseudorapidity or resolving higher
harmonics in the azimuthal angle, might be necessary. Such
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signals could display the existence of topologically non-
trivial fluctuations in the QCD matter produced in relativ-
istic collisions.

Finally, we stress that in this work we focused exclu-
sively on the static CME, present in QCD in equilibrium. In
contrast, time-dependent responses, generated by a time-
dependent chiral imbalance, give rise to the out-of-equi-
librium CME, which is more challenging to study using
Euclidean lattice simulations, as these necessitate analytic
continuation of Euclidean correlators [11,31].
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APPENDIX A: FREE FERMIONS
WITH PAULI-VILLARS REGULARIZATION

In this appendix, we calculate the CME coefficient
required to construct the current signal in an inhomo-
geneous background magnetic field for a single, colorless
fermion flavor with mass m and charge e. We carry out the
calculation in Fourier space and obtain Cyg(g,) as used in
Eq. (8). In principle, the calculation outlined could also be
used for the more general case, where the chiral chemical
potential is also space dependent, but here we only
concentrate on the momentum dependence corresponding
to the inhomogeneity of the magnetic field.

We start by writing down the axial vector-vector-
vector three-point correlator depending on two external
momenta,

_ Trly,rs(K+ m)r (K + 4+ m)r,(K+ 4 + 7 +m,)]
Z / (K +q)* =

(K? —m?)

where we use Pauli-Villars (PV) regularization for QED
following the textbook [32], see also Ref. [12]. This
involves the physical fermion s =0 with ¢y =1 and
mj =m?, as well as the regulator fields s >0 with
cip=—c3=—1, mi, =m?+A* and m3 = m?* + 2A%.
The continuum limit entails taking A — oco. We also used
the notation [, for a Matsubara summation and spatial

integration over the loop momentum K = (iw,,, l?), with w,,
being the fermionic Matsubara frequencies at temperature
T.
. A .

The.thre.e—pomt correlator TYY (p + ¢, g, p) is the one
appearing in the U, (1) anomaly: the famous formula can
be recovered by contracting I'4)Y with p# + g*. Here,
however, a different combination is relevant: we need to set
the external momentum of the axial leg to zero to ensure the

2511m —Zko%

+{r. g} < {p.p})

(A1)

mi)((K +q+ p)* —m3)

|
homogeneity of ys. In order to represent the equilibrium
solution, we need to consider nonzero spatial momentum g
with g = 0. To further simplify the calculation, we restrict
ourselves to the case where the current and the magnetic
field point in the x5 direction. We choose a gauge for the
magnetic field where only A, # 0. Hence, for the x,
dependence we want to model, only a nonvanishing ¢,
is needed. All in all, for the momentum-dependent coef-
ficient appearing in Eq. (8), we need to evaluate

CCME(QI) 023 (0 q1>—q1)- (A2)

Evaluating the trace and taking the proper limits in Eq. (A1)
yields

ki +q,

CCME 61 1

Zc TZ/ <(21n]; [(KZ

m)*((K +q)* —=m3)  (K* -

m%)((K—f—CI) _m%) ko= lwn.
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The summation over Matsubara frequencies leads to the Fermi-Dirac distribution np(x) = (exp(x/T) + 1)~! and its
derivative. After performing the angular integrals, we find

1< /oo <m2(1/2 —np(Ey)) K > (2k — ¢;)?
Cy dkk| — 2L e — o (E) ) log s
7 2 £, gz, ") o8 g )

CCME(‘]]) == (A4)

where we introduced E; ; = /k* + m2. The remaining integral over k can be carried out for the PV regulator fields, that is
s > 0. The infinitely heavy fermions do not contribute to the 7" dependence, while in the vacuum their contribution is
equivalent to taking g, — 0, since the integral only depends on ¢, /m;. This zero-momentum limit for the regulator fields

produces —1/(27?). Our final formula for the momentum-dependent coefficient reads

1 1

2k - q1 )2 (AS)

6CME(‘I1) ==

with the physical energy E; = E}, which agrees with the
results of Ref. [8] obtained in a slightly different way. The
final integral has to be performed numerically. We note that
the homogeneous magnetic field limit, thatis g; — 0, results
in a vanishing coefficient through a double cancellation: the
nonzero temperature part is zero separately for the physical
fermion, while the vacuum term cancels due to the con-
tribution of the PV fields. This confirms our previous
findings regarding the vanishing of the CME current in
equilibrium with homogeneous magnetic fields [13].

The inverse Fourier transform of Eq. (8), using Comr(q;)
from Eq. (AS) and the specific magnetic profile, yields the
CME correlator G(x;). This is shown by the black dashed
line in Fig. 6 below.

One interesting observation is that the PV fields con-
tribute only a constant shift to Ceyg(g;). In other words,
their contribution is a Dirac ¢ in coordinate space. This
explains the shape of G(x;) in Fig. 6, where one can

0.020
— p+It+E-
§  lattice results
_. 0015
1S
Q
X
2 0.010 4 fi
—~Q
NS
O
D
|
0.005 4
0.000 T T T T T T T
60 80 100 120 140 160 180 200
T (MeV)
FIG. 5. Prediction of the baryon gas model for the negative

slope of the correlator with respect to the magnetic field at
x; = 0, compared to the full QCD Ilattice results.

o 2(1/2 = np(E 2
_Z_T/ dkk<m ( / 3nF( k))_k_zn}?(Ek)> IOg(72,
27° 2m*q; Jo E; E} (2k + q1)

|

recognize the sum of a sharp negative peak and a broader
positive one. The former is the contribution of the regulator
fields, for which the contact nature of Ceyg(x;) o 6(x;)
results in a current profile directly proportional to eB(x;).
In turn, for the physical fermion, the nontrivial ¢; depend-
ence results in a smeared reaction to the magnetic profile in
coordinate space.

The above calculation also allows us to build a naive low
temperature model consisting of noninteracting spin-1/2
charged baryon degrees of freedom. Including independent
contributions for the protons as well as the ** and =~
baryons (masses taken from the PDG [33]) yields an almost
temperature independent result up to 7 =~ 160 MeV. In
Fig. 5 we display the lattice results for the negative of the

x10~2
1.0 4 G(z1)/eB - Cy}; m/T =1
0.5 4
0.0 +
Cont. limit
norm. B(x;)
—0.5 4w 943 X 6
- 323 x 8
—&- 40° x 10
—1.0 4 = a8 x 12
—#- 56° x 14 \ ,'
== Analytic \Y]
1 1 1 1 1
—0.4 —0.2 0.0 0.2 0.4
x1/L

FIG. 6. Lattice data and continuum extrapolation of the CME
correlator with eB/T? = 14.14 and €T = 1/3, normalized by the
magnetic field, for free fermions. The analytical result is
recovered in the continuum limit, confirming the validity of
our setup. For comparison, the shaded area depicts the magnetic
field profile in arbitrary normalization.
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slope 0G(x; = 0)/d(eB) at the center, and compare it to the
baryon gas model. We find that the two are consistent
within 2 standard deviations of the lattice data.

Thus, contrary to standard B =0 thermodynamic
observables, our correlator does not vanish at 7 = 0. As
mentioned in the main text, this is because virtual particle-
antiparticle pairs that exist in the quantum vacuum are
sensitive to the magnetic field (and the chiral chemical
potential) and can contribute to G(x;). In this sense the
correlator is similar to the magnetization, which is also
nonzero at B > 0 and T = 0, owing to the spin and angular
momentum carried by virtual particle pairs, see, e.g., [29].

APPENDIX B: FREE FERMIONS ON THE
LATTICE

In this appendix we turn to the lattice discretization of
Eq. (7) for noninteracting fermions. We again consider one
colorless quark flavor with charge e and mass m. We will
cross-check our lattice approach against the Pauli-Villars
regularization discussed in Appendix A. The results for free
fermions also reveal information about the high temper-
ature limit of QCD, where it can be described in terms of a
gas of free massless fermions.

For the lattice calculation, we use the exact eigensystem
of the staggered Dirac operator, reconstructing the required
matrix elements to calculate G(x;). This approach has the
advantage of not relying on stochastic estimators for the
traces, yielding an exact result for the x; dependence of the
operator. For more details on the exact diagonalization,
see Ref. [13].

Figure 6 shows an example of the continuum extrapo-
lation of the CME correlator for m/T =1, N, =2 and
aspect ratio LT = 4. The latter choice was found to be
sufficiently close to the thermodynamic limit so that finite
volume effects are negligible. The continuum limit agrees
with the analytical calculation, validating our lattice imple-
mentation. The x; integral of G(x;) is found to vanish—in
other words, G(ql =0) =0, confirming that no global
CME current flows in equilibrium.

Next, we discuss how the CME correlator is affected by
the details of the magnetic profile. In Fig. 7, we show the
impact of changing the magnitude (top panel) and the
profile width (bottom panel) of the magnetic field. The
middle point (x; = 0) scales linearly for weak B, a behavior
that is found to persist in QCD as well (see Fig. 3 in the
main text). Increasing e, the shape of the CME correlator
flattens, until a homogeneous B field is reached for € — .
In this limit, we see that the correlator vanishes identically
for every x;, confirming our earlier findings [13].

The vanishing of the global CME can be also understood
in momentum space. In Fig. 8, we show the Fourier
transform of the CME coefficient Ccyg(g;). In this plot,
the role of the regulator is most transparent. As we have
seen in Appendix A, the Pauli-Villars regulator fields
contribute —1/(22?), and this value is approached in the

0.1 4 G(a1)/T? - Oy
0.0 4 menepEE "&EIE‘F.%_-_.__;; H
0.0 -
014 = N, = -
—&— N, =2 —0.2 4 ]
= N, =3
—0.2 1 N, = —04
0.05 ~
0.00 + :;:;5::::_:-" “m _F::::::;:;:;:
—0.0% 7 —&— T — Ll
- T =1
=010 { = T =1/2
T =1/3
-0.15 T T . i :
—04 —0.2 0.0 0.2 0.4

FIG. 7. Top panel: CME correlator for free fermions as a
function of x,/L for different values of N,. The results corre-
spond to a 323 x 8 lattice with m/T = 1 and T = 1/3. The inset
shows the magnetic field dependence of the central point. Bottom
plot: € dependence of the CME correlator, calculated on a 32% x 8
lattice with m/T =1 and N, = 2. Notice that the current
vanishes in the limit of homogeneous magnetic fields, i.e.,
€ — o0.

x 102
0 -
_1 -
C(p)
_2 -
Cont. limit
—_—— —1/2r%) O\ B e
_3 -
B 248 6
- 325 x 8
A - 40% x 10
- B 483 % 12
B 563 x 14
—— Analytic
— D e ————————————————
1 1 1 1 1 1
0 2 4 6 8 10
@ L/(2m)
FIG. 8. Fourier transform of the CME coefficient as a function

of the momentum for different lattice sizes. The solid line
represents the analytical result. In the infinite-momentum limit,
the result converges to —1/(2z2), which arises purely from the
Pauli-Villars regulator fields in the analytic calculation.

034508-8



LOCALIZED CHIRAL MAGNETIC EFFECT IN EQUILIBRIUM ...

PHYS. REV. D 112, 034508 (2025)

infinite momentum limit. Together with this contribution,
the total CME coefficient vanishes at zero momentum.
Notice that the higher momentum components are increas-
ingly more difficult to extract on the lattice, since large
momenta cannot be resolved at finite lattice spacing. To
determine the continuum limit, we fitted the data by
including lattice artifacts up to quartic order in the lattice
spacing and excluding the coarsest lattice. The systematic
error was estimated by performing similar fits, considering
O(a?) lattice artifacts and including all data points. The so
defined error is shown by the yellow band in Fig. 8. It is
found to overlap with the analytical result, demonstrating
again that finite volume effects in the Ilattice results
are small.

APPENDIX C: LATTICE IMPLEMENTATIONS
AND VALENCE APPROXIMATION

In this appendix, we examine the valence and sea
contributions to the impact of the magnetic field in the
CME and introduce the valence approximation. Moreover,
we specify the details of our implementation of the CME
correlators introduced in the main text.

In the expectation value of any fermionic operator A with
respect to the rooted staggered partition function, the
dependence on the magnetic field enters in two distinct
ways: in the operator (valence contribution) and in the
fermion determinant (sea contribution),

e P
(A) = / DU%l;[[deth(B)]l/“A(B). 1)

The B dependence in the operator appears via quark
propagators M;I(B). Thus, in a perturbative language,
the valence effect arises due to the coupling of the magnetic
field to the valence quark propagator, while the sea effect is
due to the coupling to virtual quark loops. More specifi-
cally, the valence contribution reads

e PSs
(Al /DUmg[deth(B — 0)]1/4A(B).

(C2)
Conversely, the sea contribution corresponds to setting

B = 0 in the operator, but keeping it in the determinants,
|

e P

(A)sea = / DU%I;[[deth(B)]'/“A(B =0).

(C3)

For weak magnetic fields, expectation values (A) can be
approximately decomposed into their valence (A)*¥ and
sea (A)? contributions. For expectation values that are odd
in the magnetic field—Ilike the CME current or the CME
correlators—this weak-field leading-order additivity rela-
tion takes the form [22],

(A) = (A) + (A= + O(BY). (C4)

We note that for expectation values even in B, a similar
decomposition can also be derived [22]. Often one finds
empirically that the valence contribution dominates this
sum so that (A) ~ (A)"¥ at leading order. This is the valence
approximation, which we investigate below for the CME
correlator as observable.

To do so, we give a detailed definition of our observ-
ables: the current and the CME correlators. In the staggered
formalism, the electric current expectation value reads

V) = 513 30 2 (1P TIMF (B))), (C3)
f

where the trace entails sums over color and space-time
coordinates and P, denotes a projector to the slice of the
lattice, where the first spatial coordinate equals x;. In

Eq. (C5), the staggered Dirac matrices r/ appear. For their
explicit form in the presence of B and yus, see Ref. [13].
We will also need the staggered equivalents of the y,ys
matrices [28],

1
I/, = 3 > €upapTHTATY. (C6)

pap

Its v = 4 component couples to ys in the Dirac operator in
an exponential form [13].

To obtain the correlator H(x, x{) given in Eq. (5), we
need to perform the functional derivative of (C5) with
respect to ys(x)). The chiral chemical potential appears in
M]?' , in the determinants under the expectation value, in the

normalization Z(B), as well as in r/ [13]. Altogether, we
arrive at

T 1 /
(s, 4) = 57 3§ Sy (TP M BT 81,
; I

f
g (Te[P, DM (BYP, Tl (B)]), + qf<Tr [Px, %Mﬂm} >] .
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Here we used that (/5(x;)) vanishes at ps = 0, leaving
the three terms on the right-hand side, which we refer to as
disconnected, connected and tadpole terms, respectively.
For clarity, in Eq. (C7) we indicated that the expectation
values are to be evaluated at nonzero B. The so calculated
observable is shown in Fig. 4 of the main text, except that in
the QCD case we ignored the disconnected contribution to
it, which was merely found to dominate the statistical errors
(see below).

Summing over the x| coordinate (i.e., the coordinate
corresponding to the ps insertion) in (C7) yields the
correlator G(x;), in accordance with Eq. (7). The valence
approximations, H"¥(x,x}) and G*¥(x;) of these corre-
lators are obtained with the same operators evaluated at
B =0, i.e., using the B = 0 ensemble of gauge configu-
rations, just like in the general case (C2). Moreover, we also
consider the correlator without the disconnected term
(evaluated at B > 0), i.e., just the second and third terms
in Eq. (C7), and G+ cajculated from it.

In Fig. 9 we compare G(x,), G*¥(x,) and G +tadp (x )
in QCD for two different temperatures and magnetic fields.
In both cases we observe a remarkable agreement among
all three quantities, which we found to hold for all other
simulation points as well. Interestingly, we observed the
valence approximation to be valid even in the strong-field
regime. In fact, we verified the approximate equality
between the full and valence observables for magnetic
fields as strong as eB/T?>~83 at T = 113 MeV, and
eB/T? ~ 114 at T = 155 MeV.

-3
1.5 <10
G(z1)/eB
1.0
0.5
0.0
—0.5 A
1.0 -
0 T =113 MeV
—15 1 & fun By =3
—&— valence
—2.0 T T T T
-2 —1 0 1 2

FIG. 9. Comparison between the full correlator G(x;), its
valence contribution G¥¥(x;) and the full correlator without
disconnected contributions, G+ (x ) for a given magnetic
field strength at low T (upper plot) and at the crossover
temperature (lower plot). The correlators are normalized by
the magnetic field.

Altogether, these findings demonstrate that the sea effect
is strongly suppressed compared to the valence one in this
observable and, moreover, the disconnected terms—con-
tributing the most to the noise—are also negligible. Since
the valence approximation significantly reduces the com-
putational costs, this approximation is suitable for studies
involving more expensive fermion actions, such as Wilson,
domain-wall, and overlap fermions, in the presence of
background magnetic fields.

APPENDIX D: MULTIDIMENSIONAL
CONTINUUM LIMIT

In this section, we give the details of our continuum limit
approach based on [34-36], which we used to obtain the
results for the CME correlator G in Figs. 2 and 3 from the
main text. In Table I, we provide the details of the
ensembles used in our dynamical QCD simulations at
the physical point.

We use a bivariate quartic spline with lattice spacing
dependent coefficients to obtain an interpolation of our data
over the x; —eB plane at nonzero lattice spacings and
towards the continuum limit. Each temperature is treated
separately, in the following way. First of all, we exploit the
parity symmetry G(x;) = G(—x;) of the correlator, which
enhances our statistics, as well as allows the interpolation to
be restricted to the range x; € [-L/2, 0]. We define a usual
spline function on a grid of node points, and fit its value at
each node by minimizing the usual sum of weighted
squared residuals. Specifically, the spline value at each
point is determined by two parameters: a constant and a
term linear in @?. This way, we account for the a
dependence in the fits and hence allow the combined
use of data with different lattice spacings, assuming that
all datasets are in the proper scaling regime.

TABLE I. Ensembles used in the QCD simulations to obtain

the continuum limits presented in the main text.

T [MeV] N3 x N, p N,

113 16> x 6 3.450 1,2,3,4
243 x 6 3.450 1,2,3,4
243 x 8 3.546 1,2,3,4,6,8,10
283 x 10 3.623 1,2,3,4,6,8,10
323 x 12 3.690 1,2,3,4,6,8,10

155 16> x 6 3.555 1,2,3,4
243 x 6 3.555 1,2,3,4
243 x 8 3.657 1,2,3,4,6,8,10
283 x 10 3.742 1,2,3,4,6,8,10
323 x 12 3.817 1,2,3,4,6,8,10

162 16®> x 6 3.570 1,2,3,4,6,8
243 x 8 3.673 1,2,3,4,6,8,10
283 x 10 3.759 1,2,3,4,6,8,10
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283x 10
363 x 12

163x 6 o
243x 8 °

-== spl. Ny=10 °
=== spl. Ny =12 °

== spl. N:=6
—== spl. N;=8

T=155 MeV

G(eB, a2) x cik

0.030
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0.015 6)_2800
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FIG. 10. Lattice data for the CME correlator in the eB — a®
plane at the point x; = 0 and T = 155 MeV for different values
of N,. The green band corresponds to the continuum limit,
whereas the dashed lines are the splines at each value of N,.

The fit procedure takes statistical fluctuations into account
using the jackknife method, and at the same time smoothens
out local outliers. To account for possible systematic errors
arising from the choice of node points, we utilize a
Monte Carlo routine to generate dozens of different grids
with different number and placement of the node points. Our
final interpolating function is then combined from each of the
Monte Carlo samples based on the Akaike information
criterion [37], which takes into account the goodness of
the fit as well as the number of free parameters. In this fashion,
we create a model-independent interpolation of the data, in
addition to carrying out the continuum limit.

In Fig. 10, we show a two-dimensional slice of the
interpolating surface at the point x; = 0 in the eB — a?
plane alongside the corresponding lattice data. Notice that
we excluded the lattice data for N, = 6 beyond N, = 4, in
order to remain in the scaling region. The surface shows the

o 16°%x6 e 283x10 --- spl.Nt=6 --- spl.N;=10
o 243x8 e 363x12 --- spl.N;=8 —-- spl. N;=12
T=155 MeV

0.030 2~
-3 2

FIG. 11. Lattice data for the CME correlator in the x; — a®

plane at N, =2 and T = 155 MeV for different N,. The green
band corresponds to the continuum limit at eB = 0.3 GeV?,
whereas the dashed lines are the splines at each value of N,. Due
to the slightly different volumes, the value of N;, = 2 corresponds
to slightly different values of eB for some lattices, indicated in the
plot.

approach towards the continuum limit, N2 — 0. The green
band of Fig. 10 is also shown up to eB < 0.6 GeV? in
Fig. 2 from the main text. In turn, in Fig. 11, we visualize
the same fit on a different slice, with the lattice data in the
x; —a® plane. Notice that here the individual lattice
ensembles enter the combined fit at slightly different
magnetic field values.

To summarize, our method allows for the simultaneous
interpolation of the data together with the continuum
extrapolation, the reduction of contributions from localized
statistical fluctuations as well as overcoming the difficulty
associated with having access to different physical mag-
netic fields depending on the volume of each lattice.
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