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We investigate Cherenkov radiation in isotropic chiral matter using Carroll-Field-Jackiw electrody-
namics, with an axion angle linear in time, to describe a charge moving at constant velocity. By solving the
modified Maxwell’s equations in cylindrical coordinates and in the space-frequency domain, we derive
closed expressions for the circularly polarized electromagnetic fields contributing independently to the
radiation. The dispersion relations are obtained by imposing causality at a cylindrical surface at infinity,
ensuring outgoing waves. Contrary to initial suppositions, each spectral energy distribution is gauge
invariant and positive, describing radiation at a characteristic angle. We characterize the angles and identify
frequency ranges that allow for zero, one, or two Cherenkov cones. Notably, one sector of the model
enables threshold-free Cherenkov radiation from slowly moving charges. Our results agree with partial
findings in the nonrelativistic limit of earlier iterative analysis and clarify the regimes in which Cherenkov
radiation arises in isotropic chiral matter.
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I. INTRODUCTION

Since its discovery [1,2] and subsequent understanding
in terms of Maxwell’s equations [3], Cherenkov radiation
(CHR) has been instrumental in physics, with applications
spanning Cherenkov detectors [4–6], light sources [7–9],
and more recently medical imaging [10–12] and photo-
dynamic therapy [13–15]. Research in this area remains
vibrant, fitting within the broader theme of radiation
engineered via structured environments. Key settings
for current exploration include two-dimensional materi-
als, metamaterials, photonic crystals, and external fields.
For a detailed review, see, for example Refs. [16,17]. The
Cherenkov threshold imposes a fundamental restriction,
requiring the charge velocity to exceed the light velocity
in the medium. This typically necessitates high-energy
particles, often only available in high-energy accelerators.
In medical applications, the energy range is typically on
the order of MeV, whereas GeV-range energies are

required for charged particle identification in accelerators.
To overcome this limitation, a significant research
effort has focused on generating Cherenkov radiation with
low-speed charges, effectively creating threshold-free
Cherenkov radiation [9,18–20].
A further challenge in harnessing Cherenkov radiation is

the collinear propagation of the radiation and the particles
that produce it, making it difficult to isolate the Cherenkov
cone. This limitation has spurred research into reversed
Cherenkov radiation (RCHR) [21–23], a concept theoreti-
cally proposed by Veselago [24] using materials with
negative refractive index, also known as left-handed mate-
rials. The experimental realization of such metamaterials
[25] has enabled several observations of reversed
Cherenkov radiation [26–29]. Challenging earlier assump-
tions that negative refractive index materials were required,
recent studies have shown that RCHR can also occur in
natural materials with positive refractive indices. A key step
was taken in Ref. [30], which demonstrated the existence of
RCHR when a particle is incident perpendicularly to the
interface between vacuum and a topological insulator
(a magnetoelectric medium described by axion electrody-
namics). This phenomenon can be classified as an inter-
facial process, following the terminology of Ref. [20].
Additionally, Ref. [31] showed that RCHR can emerge in a
positive-index isotropic slab with optical gain.
Carroll-Field-Jackiw (CFJ) electrodynamics [32], a

specific case of axion electrodynamics [33,34], has been
extensively explored at least in two main contexts:
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high-energy physics models with Lorentz symmetry break-
ing [35–43], and condensed matter physics models dealing
with the electromagnetic response of magnetoelectric
media [30,44–50].
The axionic contribution is part of the photon sector of

the Standard–Model Extension (SME) [51,52], which
represents a minimal Lorentz- and CPT-violating modifi-
cation of electrodynamics. It alters photon dispersion and
allows forbidden processes such as vacuum Cherenkov
radiation and other exotic scattering phenomena [36–
38,53]. This contribution can also be radiatively induced
from the fermion sector of the SME [54,55] and establishes
a direct link between fundamental field-theoretic exten-
sions of the Standard Model and the effective Hamiltonians
that capture the electromagnetic response of topological
quantum materials like Weyl semimetals [56–58].
CFJ electrodynamics provides the effective electromag-

netic response of chiral matter and serves as a framework to
describe diverse systems such as Weyl semimetals [56,57],
quark-gluon plasmas [59], and dark matter [60]. Recently,
it has been shown that such a response can be realized in
realistic photonic systems whose magnetization rapidly
varies in time [61]. The distinctive optical and radiative
properties of such systems not only offer a playground to
study the chiral anomaly [62], but also allow exotic
phenomena as anomalous reflectance exceeding unity at
a finite frequency range for specific circularly polarized
light [63–65], and mechanisms to generate terahertz (THz)
circularly polarized light via Cherenkov radiation [66] and
ultrafast photocurrents [67], with potential applications in
spectroscopy [68].
We focus on the electrodynamics of isotropic chiral

matter, a specific instance of CFJ electrodynamics, which
extends standard electrodynamics by introducing a mag-
netoelectric coupling term in Ampère’s law, proportional to
σB. We stress that the term “chiral” here does not refer to
optical activity in reciprocal bi-isotropic (Pasteur) media
described by the constitutive relations D ¼ ϵEþ iξcB and
H ¼ μ−1Bþ iξcE [69,70], which has been extensively
studied both historically and in modern contexts
[71–76]. Instead, we focus on media exhibiting the chiral
anomaly, where the macroscopic manifestation appears
directly in Maxwell’s equations as a Lorentz-violating term
that produces an effective magnetic current σB, without
requiring explicit frequency dispersion or spatial nonlo-
cality, though such extensions are possible. For mono-
chromatic plane waves, isotropic CFJ electrodynamics
admits an equivalent description in terms of effective chiral
response with the identification σ ¼ 2ξcω. Standard chiral
media require ξc → 0 as ω → 0, whereas the magnetic
conductivity σ can persist in the static limit. Important
differences include the following: (i) bi-isotropic chiral
media are stable, while isotropic chiral matter may admit
unstable modes [77] and (ii) while reciprocal bi-isotropic
chiral media produce polarization rotation upon

transmission but not upon reflection [78], an isotropic
CFJ-type response can induce nonreciprocal effects such as
cross-polarized transmission and reflection at time inter-
faces [61].
We investigate radiation produced by a charge moving at

constant velocity v through isotropic chiral matter, a topic
previously explored in Refs. [79–87]. This problem is
complicated by the lack of gauge invariance in both local
energy density and the local Poynting vector, unlike
standard electrodynamics. Additionally, the local energy
density is not positive definite, and plane wave solutions
exhibit runaway modes with imaginary frequencies in the
dispersion relations. To address these challenges, we adopt
a fresh perspective, recognizing that plane waves are not the
propagating normal modes in our case. Instead, we focus
on determining the actual normal modes to properly assess
the problem. The unusual features of isotropic chiral
electrodynamics raise questions about its observable con-
sequences, particularly regarding radiation. Notably, there
is ongoing debate about “vacuum” Cherenkov radiation,
i.e., n ¼ 1, σ ≠ 0, with some studies suggesting instabil-
ities may prevent it due to cancellations between positive
and negative energy modes [79,80], while others report
observing high-energy radiation in this regime [83,86].
Motivated by this controversy, but going one step further,
we present an alternative derivation for Cherenkov radia-
tion in isotropic chiral materials with ϵ ≥ 1. Our approach
yields exact results for arbitrary σ and v, providing a
realistic description of CHR. To address the issue of

FIG. 1. Cherenkov radiation in conventional media and in
isotropic chiral matter. (a) Standard Cherenkov radiation for n ¼ffiffiffiffiffi
με

p
> 1 represented by the magenta cone. (b) Splitting of the

Cherenkov radiation in isotropic chiral matter with the same
material parameters ε, μ as in the conventional medium. The outer
and inner cones have different circular polarization. The standard
Cherenkov cone (magenta) is overlaid for comparison.
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imaginary frequencies, we employ a standard method in
electrodynamics: solvingMaxwell’s equations in the space-
frequency domain [88,89]. This involves performing a time
Fourier transform on all fields and operators, using only
real measurable frequencies. Our calculation closely fol-
lows the original method proposed in Ref. [3] for stan-
dard CHR.
We observe novel phenomena which lead to either a shift

or a splitting of the standard Cherenkov cone, where each
cone corresponds to a distinct circular polarization (see
Fig. 1). Also, we show that threshold-free Cherenkov
radiation is possible in isotropic chiral matter. Notably,
this encompasses the phenomenon of the so-called “vac-
uum” Cherenkov radiation.
A clarification on notation is needed. In studies examin-

ing Lorentz symmetry breaking in high energy physics,
such as Refs. [37,38], for example, modifications to
electrodynamics like CFJ electrodynamics are attributed
to the effects of Lorentz invariance violation in the standard
vacuum. Although our work involves chiral matter, in the
case n ¼ 1 and σ ≠ 0 we adopt the term “vacuum”
Cherenkov radiation for convenience, acknowledging this
terminology might be somewhat imprecise for our spe-
cific case.
This work presents a comprehensive and detailed

expansion of our recent letter [90], with the goal of
definitively resolving the question of Cherenkov radiation
in chiral matter.
The paper is organized as follows. Section II presents

Maxwell’s equations for isotropic chiral matter in CFJ
electrodynamics, along with the corresponding energy
and momentum densities. Although these local quantities
are gauge dependent, we demonstrate that their inte-
grated expressions are gauge independent, particularly
for the total radiated energy. This section makes contact
with Appendix E, which briefly discusses the main
differences between CFJ electrodynamics and bi-iso-
tropic electrodynamics, a well-established area of
research in electromagnetism. Section III focuses on
determining the dispersion relations, which yield two
polarization modes and provide explicit solutions for the
electromagnetic fields and potentials in cylindrical coor-
dinates. The details are collected in Appendix A.
Section IV describes the radiation process, concentrating
on the determination of the total energy radiated per unit
frequency and per unit length flowing across a cylindrical
surface at infinity. We determine the asymptotic behavior
of the fields, demanding outgoing waves across this
surface to preserve causality, which in turn determines
the conditions for nonzero CHR. The phase velocity of
each mode and the characteristic angle for each
Cherenkov cone are also determined, and various pos-
sibilities for the output radiation are discussed based on
the setup parameters. The calculations are detailed in
Appendix B. The nonrelativistic limit of our exact results

is presented in Sec. V. The primary goal is to validate
these results by comparing them with those previously
obtained in the literature using an iterative method that
starts from the nonrelativistic approximation for the
fields of a particle moving at constant velocity. We also
examine the z symmetry, a fundamental tool that under-
pins the results obtained using this iterative method. A
detailed expansion of the electromagnetic fields is
included in Appendix C. Some Fourier transforms
required in this section are collected in Appendix D.
In Sec. VI we explore the key features of CHR emitted by
an electron traversing a material with magneto-optic
properties similar to a Weyl semimetal, a prime example
of chiral matter. The paper closes with a summary and
conclusions in Sec. VII. Our notation for the electro-
magnetic fields, vector potentials and currents is as
follows: for vectors in the space-time domain we use
blackboard bold letters: V ¼ Vðx; tÞ, with components V i
(i ¼ 1, 2, 3). The Fourier transforms in time, i.e. the
vectors in the space-frequency domain are denoted by a
tilde over the blackboard bold symbol: Ṽ ¼ Ṽðx;ωÞ, with
components Ṽ i. In cylindrical coordinates with axial
symmetry we introduce the further splitting Ṽ iðx;ωÞ ¼
ei

ω
vzViðρ;ωÞ. With these conventions we can avoid writ-

ing explicitly the dependence either on ðx; tÞ or ðx;ωÞ in
each case, unless confusion arises.

II. MAXWELL’S EQUATIONS IN ISOTROPIC
CHIRAL MATTER

We consider isotropic chiral matter with permittivity ϵ,
permeability μ ¼ 1 and magnetoelectric susceptibility σ.
This model is directly connected with the low-energy
description of Weyl semimetals (WSMs). In fact, the
effective electrodynamics of WSMs is governed by axion
electrodynamics (also known as CFJ electrodynamics).
Thus, isotropic chiral matter provides a simplified but
physically motivated framework to capture the main
features of the electromagnetic response of WSMs. At
low energies, WSMs are described by fermionic quasipar-
ticles coupled to an axial background four-vector
bμ ¼ ðb0;bÞ, according to the Dirac-like action

SWSM ¼
Z

d4xψ̄ðiγμð∂μ − ieAμÞ − bμγ5γμÞψ ; ð1Þ

where bμ parametrizes the separation of the Weyl nodes,
with b giving their separation in momentum space and b0
their separation in energy [56–58]. This action corresponds
to a particular case of the SME [51,52], where bμ is one of
the coefficients that break Lorentz and CPT invariance.
Integrating out the fermions in (1) induces the effective CFJ
action

CHERENKOV RADIATION IN ISOTROPIC CHIRAL MATTER: … PHYS. REV. D 113, 016010 (2026)

016010-3



SCFJ ¼ S0 þ
e2

32π2

Z
d4xθðxÞϵμνρσFμνFρσ;

θðxÞ ¼ xμbμ ¼ b0t − b · r; ð2Þ

where S0 is the standard Maxwell’s action. Here, θðxÞ is the
so-called axion angle which encapsulates the microscopic
parameters of the WSM and governs anomalous transport
phenomena such as the anomalous Hall effect and the chiral
magnetic effect. A more complete description of realistic
WSMs requires including anisotropies and tilting of the
cones. This can be achieved by considering additional SME
coefficients, leading to the generalized action

S ¼
Z

d4xΨ̄ðΓμi∂μ −M − eΓμAμÞΨ; ð3Þ

with

Γμ ¼ γμþcμνγνþdμνγ5γν; M¼ aμγμþbμγ5γμ: ð4Þ

The set of SME coefficients faμ; bμ; cμν; dμνg can be
mapped onto the macroscopic parameters characterizing
Weyl semimetals, such as tilt and anisotropy of the Weyl
cones, as discussed in Ref. [91]. Integrating out the
fermions in this more general case again produces a
CFJ-type effective action, but now the coefficient is an
effective four-vector Bμ ¼ ðB0;BÞ, which is a function of
the SME parameters [91]. Thus, both the ideal case (only
bμ) and the anisotropic/tilted models, with bμ replaced by
Bμ, share the same CFJ structure, differing only in the
effective parameter controlling the axion angle. In the
following, we focus on the isotropic situation where only
the temporal component contributes. The axion angle then
reduces to

θðxÞ ¼ σt; σ ≡ b0 ðideal caseÞ or

σ ≡ B0 ðgeneral caseÞ: ð5Þ

Both identifications lead to the same axion electrodynam-
ics, so σ can be regarded as the chiral magnetic conductivity
governing the response of the medium.
From the action (2), together with the choice in (5), we

find that the electromagnetic response is described by the
following modified Maxwell’s equations in Gaussian units:

∇ · ϵE ¼ 4πρ̄; ∇ · B ¼ 0; ð6Þ

∇ × E ¼ −
1

c
∂B
∂t

; ∇ × B ¼ 4π

c
Jþ ϵ

c
∂E
∂t

þ σ

c
B; ð7Þ

where c is the speed of light in vacuum and we take μ ¼ 1.
The speed of light in the medium is c=n, with refractive
index n ¼ ffiffiffi

ϵ
p

. We assume ϵ to be constant within a finite
frequency range where this approximation holds, allowing

us to isolate the effects of the magnetoelectric parameter σ,
while noting that in real materials, permittivity and per-
meability typically exhibit frequency dependence. As a
matter of notation, we call isotropic chiral matter those
materials whose electromagnetic response is governed by
Eqs. (6) and (7), i.e. when the only additional parameter in
Maxwell equations, besides ϵ and μ, is the magnetoelectric
conductivity σ.
It is interesting to remark that the inhomogeneous

equations in (6) and (7) can be derived from the standard
Maxwell equations in media, in terms of D and H, by
inserting the constitutive relations

D ¼ ϵEþ θðxÞB; H ¼ B − θðxÞE; ð8Þ

with θðxÞ given by Eq. (5).
In Eqs. (6) and (7), we take the source to be a charge q

moving along the z axis with constant velocity v, with
charge density ρ̄ ¼ qδðxÞδðyÞδðz − vtÞ and current density
J ¼ ρ̄vk̂. As usual, it is convenient to introduce the
potentialsA andΦ such that B¼∇×A and E¼−∇Φ− 1

c
∂A
∂t .

Since we aim at discussing radiation in this medium, we
write the corresponding local energy density U and the
local energy flux S,

U ¼ 1

8π
ðϵE2 þ B2Þ − 1

8π

σ

c
A · B;

S ¼ c
4π

E × Bþ σ

8π
ðA × E −ΦBÞ; ð9Þ

satisfying the conservation equation ∂tU þ ∇ · S ¼ 0 out-
side the sources.
Although the expressions (9) have two drawbacks—a

non-positive-definite local energy density and lack of
gauge invariance—at this stage, we verify that the relevant
physical quantities are indeed gauge invariant. We will
provide detailed expressions for these quantities after
obtaining the explicit solutions for the electromagnetic
fields and potentials.
A brief clarification on notation is in order. We use the

term “local” to describe the energy density and energy flux,
which are related to the local energy-momentum tensor Tμν

as U ¼ T00 and Si ¼ Ti0. These quantities can be derived
via the Noether theorem, yielding a local conservation
equation ∂μTμν ¼ 0 outside the sources. While local den-
sities like the energy-momentum tensor lack physical
meaning on their own, the associated conserved charges
are physically relevant. This is evident from the fact that the
energy-momentum tensor can be redefined as T̃μν such that

T̃μν ¼ Tμν þ ∂ρSμρν; ð10Þ

with Sμρν ¼ −Sρμν being an arbitrary tensor, antisymmetric
in its first two indices. This ensures that the modified tensor
T̃μν is also conserved, with the same conserved charges as
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the original tensor Tμν. This property enables the con-
struction of the symmetric energy-momentum tensor via
the Belinfante method and allows for a manifestly gauge-
invariant formulation of the canonical energy-momentum
tensor. Notably, a direct calculation of the latter, via
Noether’s theorem, yields non-gauge-invariant results
[88], but an appropriate choice of Sμρν can produce the
standard gauge-invariant expression. In other words, even if
the local energy-momentum tensor is not gauge invariant,
we require the corresponding charge, the total energy

E ¼
Z

d3xT00; ð11Þ

to be gauge invariant. This can be directly verified in our
case. Starting from Eq. (9), we focus on the potentially
problematic term and perform an infinitesimal gauge
transformation δGA ¼ ∇δΛ, yielding

δGE¼−
σ

8πc

Z
d3xðB ·∇δΛÞ¼−

σ

8πc

Z
d3xδΛ∇ ·B¼ 0;

ð12Þ

after integrating by parts and using ∇ · B ¼ 0.
Considering now the radiation regime, we introduce the

spectral distribution of the total radiated energy per unit
length, E, which originates from the total energy E flowing
across a closed surface E at infinity. This quantity is the
relevant gauge-invariant observable. We have

E ¼
Z þ∞

−∞
dt

I
S
dS n̂ · S: ð13Þ

Let us examine the conflicting term in the local energy flux
S, given in Eq. (9), which depends on the potentials.
Applying the full gauge transformation δGA¼∇δΛ; δGΦ¼
−1

c∂tδΛ to its contribution Ẽ to the total radiated energy,
we obtain

δGẼ ¼ σ

8π

Z þ∞

−∞
dt

I
S

�
ð∇δΛÞ × Eþ 1

c
ð∂tδΛÞB

�
· bndS:

ð14Þ
Assuming ðδΛBÞ vanishes at t ¼ �∞, we integrate the
second term on the right-hand side of Eq. (14) by parts in
time and apply Faraday’s law along with Gauss’s theorem,
obtaining

δGẼ ¼ σ

8π

Z þ∞

−∞
dt

I
S
ðð∇δΛÞ × Eþ δΛ∇ × EÞ · bndS

¼ σ

8π

Z þ∞

−∞
dt

Z
V
d3x∇ · V ; ð15Þ

where we denoted by V the vector in round brackets in the
second term of Eq. (15). Using standard vector identities, it

is a direct matter to show that ∇ · V ¼ 0, which proves the
gauge invariance of Ẽ.
In our case, we choose to work in cylindrical coordinates

ρ;ϕ; z and consider the surface S as an infinite cylinder
with axis along the z direction and radius ρ → ∞. Starting
from standard electrodynamics, i.e., σ ¼ 0, where we have
E ¼ ρ

Rþ∞
0

dω
2π

Rþ∞
−∞ dz ρ̂ · ReðcẼ� × B̃Þ, we need to include

the additional contributions of the local energy flux in (9).
Let us notice that we have just changed from the ðx; tÞ
domain to the ðx;ωÞ domain, in cylindrical coordinates.
After doing this, we can read the spectral distribution of the
total radiated energy per unit length,

E ¼ d2E
dωdz

; ð16Þ

to be discussed in detail in Sec. IV. Summarizing, we have
shown that the total energy flowing across a closed surface
at infinity is gauge invariant, despite the local energy flux S
being gauge dependent.
Aword of caution is in order to distinguish our case from

the well-studied electrodynamics in bi-isotropic chiral
media, as mentioned earlier in the Introduction. We
elaborate on this point further in Appendix E.

III. THE ELECTROMAGNETIC FIELDS IN
CHIRAL MATTER

In addition to our choice of cylindrical coordinates
ρ;ϕ; z, we work in the space-frequency domain, where
the sources are

ρ̄ðρ;z;ωÞ¼ q
v
δðρÞ
2πρ

ei
ω
vz; J̃x ¼ J̃y ¼ 0; J̃z¼ vρ̄; ð17Þ

as appropriate to the axial symmetry of the system. Before
going on, let us clarify the origin of the δðρÞ=2πρ in (17).
The source in the space-time domain is a charge q moving
at constant velocity v along the z axis, such that the charge
density is ρðx; tÞ ¼ qδðxÞδðyÞδðz − vtÞ. This yields the
time-Fourier transform ρ̄ðx;ωÞ ¼ q

c e
iωvzδðxÞδðyÞ. Now,

recalling that we have axial symmetry along the z axis
we have dxdy ¼ 2πρdρ, since all fields are independent of
the angular variable ϕ. This leads to the equivalence

δ2ðx⊥Þ ¼ δðxÞδðyÞ ¼ δðρÞ
2πρ, such that we obtain the result

1 when integrating δ2ðx⊥Þ over the whole ðx; yÞ space in
cylindrical coordinates. Then we recover the first expres-
sion in (17). The appearance of the factor ei

ω
vz in all the

sources of Maxwell equations in the space-frequency space
motivates us to implement the separation of variables,

Ṽ iðx;ωÞ¼ eikzViðx;y;ωÞ¼ eikzViðρ;ωÞ; k¼ω

v
; ð18Þ
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for all vector components. Incidentally, this yields ∂z ¼ ik
in our space.
Going back to the space-time domain we have

V iðx; tÞ ¼
Z þ∞

−∞

dω
2π

e−iωtṼ iðx;ωÞ

¼
Z þ∞

−∞

dω
2π

e−i
ω
vðz−vtÞViðρ;ωÞ; ð19Þ

so that the resulting functions in the space-time domain
depend upon ρ and the combination ðz − vtÞ.
Next we deal with Maxwell’s equations (6) and (7) in

this Fourier space, where we have ∂t ¼ −iω and ∂z ¼ þik.
In the following we take advantage of the factorization of
the fields in the form highlighted in Eq. (18), by displaying
only the contribution Viðρ;ωÞ for each component, to be
denoted by Vi, and implicitly assuming the dependence in
ðρ;ωÞ, unless confusion arises. In cylindrical coordinates
i∶ρ;ϕ; z. The corresponding solution of Maxwell’s equa-
tions is discussed in detail in Appendix A. Here we present
only the results.
The dispersion relation yielding the allowed magnitude

of the momenta Q in the ρ direction in the radiation
approximation is

Q4 − ðα2 þ γ2ÞQ2 þ α2γ2 −
n2ω2σ2

c4
¼ 0; ð20Þ

which is a quartic equation with solutions

Q2
νðωÞ ¼

ω2

v2
−
n2ω2

c2
−

σ2

2c2
þ ν

σ

2c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
;

ν ¼ �: ð21Þ

The modes ν ¼ þ; ðν ¼ −Þ describe circular polarization
in the plane perpendicular to the wave vector. The con-
ventions are as follows: ν ¼ þ correspond to negative
helicity waves (right circular polarization in the optics
convention) and ν ¼ − correspond to positive helicity
waves (left circular polarization in the optics convention).
This is discussed in detail in Appendix A 5.
The electromagnetic fields are calculated in detail in

Appendixes A 1 and A 2, yielding

Eρ ¼
ωΓ
c

ðQþΩþK1ðQþρÞ −Q−Ω−K1ðQ−ρÞÞ; ð22Þ

Eϕ ¼ −
iωΓ
c

ðQþK1ðQþρÞ −Q−K1ðQ−ρÞÞ; ð23Þ

Ez ¼ −
ivΓ
c

ðΩþQ2þK0ðQþρÞ −Ω−Q2
−K0ðQ−ρÞÞ; ð24Þ

Bρ ¼
iωΓ
v

ðQþK1ðQþρÞ −Q−K1ðQ−ρÞÞ ð25Þ

Bϕ ¼ Γ
vω

ðQþΩþðω2 − v2Q2þÞK1ðQþρÞ
−Q−Ω−ðω2 − v2Q2

−ÞK1ðQ−ρÞÞ; ð26Þ

Bz ¼ ΓðQ2þK0ðQþρÞ −Q2
−K0ðQ−ρÞÞ: ð27Þ

The notation is

α2 ¼ k2 −
ϵω2

c2
−
σ2

c2
; γ2 ¼ k2 −

ϵω2

c2
;

Γ ¼ 2q=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
; Ων ¼ kσ=ðQ2

ν − γ2Þc: ð28Þ

The electromagnetic potentials that enter in the calculation
of the spectral distribution of the total radiated energy per
unit length E are also obtained in Appendix A 3. First they
were calculated in the Lorenz gauge in Eq. (A57), but an
additional gauge transformation allowed us to obtain the
simpler result A ¼ − ic

ω E, with Φ ¼ 0. The explicit final
expressions are

Aρ ¼−iΓ
X
ν¼�

νQνΩνK1ðQνρÞ; Aϕ¼−Γ
X
ν¼�

νQνK1ðQνρÞ;

Az ¼−
vΓ
ω

X
ν¼�

νΩνQ2
νK0ðQνρÞ: ð29Þ

The vector potential in Eq. (29) satisfies ∇ ·A ¼ 0 when
ρ > 0, so that it is written in the Coulomb gauge outside the
sources.

IV. THE RADIATION ZONE

In this section we deal with the main subject of the paper:
the characterization of the Cherenkov radiation. As shown
in Sec. II the relevant physical quantity is total energy E
flowing across a closed surface S at infinity, given by
Eq. (13), and which is gauge invariant. Taking the surface S
as that of an infinite cylinder with axis along the z direction
and radius ρ → ∞, we have

E ¼ ρ

Z þ∞

0

dω
2π

Z þ∞

−∞
dz ρ̂

· Re

�
cE� ×Bþ σ

2
ðA� ×EþΦB�Þ

�
: ð30Þ

From the above equation we read the spectral distribution
of the total radiated energy per unit length, E ¼ d2E

dωdz,
yielding

E ¼ lim
ρ→∞

ρ

2π
Re

�
cE�

ϕBz − cE�
zBϕ

þ σ

2
ðAϕE�

z − AzE�
ϕ −ΦB�

ρÞ
�
; ð31Þ
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which is finally written in the space-frequency domain, as a
function of the fields (22)–(27) and (29).
Before delving into the details, we further verify gauge

invariance by demonstrating that the value of E in terms of
electromagnetic fields is identical in both the Coulomb
gauge (CG) and the Lorenz gauge (LG). Specifically, in the
Coulomb gauge (Φ ¼ 0;A ¼ − ic

ωE), we have

ECG ¼ lim
ρ→∞

ρ

2π
Re

�
cE�

ϕBz − cE�
zBϕ −

ic
ω

σ

2
ðEϕE�

z − EzE�
ϕÞ
�
;

ð32Þ

¼ lim
ρ→∞

ρ

2π
Re

�
cE�

ϕBz − cE�
zBϕ −

icσ
ω

EϕE�
z

�
: ð33Þ

In the Lorenz gauge Φ ≠ 0, and the relevant relations
are Aϕ ¼ − ic

ω Eϕ and Az ¼ − ic
ω Ez þ c

vΦ according to
Eq. (A57), respectively. Adding the remaining piece
proportional to Φ we obtain

ELG ¼ ECG −Φ
�
c
v
E�
ϕ þ B�

ρ

�
: ð34Þ

The first component of Faraday’s law in Eq. (A17), which
is evident in the solutions (23) and (25), yields
Bρ ¼ − c

v Eϕ. This relation renders the term proportional
to Φ equal to zero, confirming the equivalence.
To examine the conditions for nonzero radiation, we

consider the fields in the asymptotic region ρ → ∞.
Specifically, we aim to determine the frequency range that
permits radiation for a given set of parameters σ, n, v and to
identify the contribution of each polarization mode ν. The
fields in question are expressed in terms of modified Bessel
functions K0;1ðQρÞ, which exhibit the asymptotic behavior

lim
ρ→∞

K0;1ðQνρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
π

2Qνρ

r
e−Qνρ; ð35Þ

with Q2
ν given by Eq. (21).

We then enforce causality by imposing outgoing waves
at the cylindrical surface as ρ → ∞, which requires
choosing Qν ¼ −iQν, with Qν real and positive. Going
back to the dispersion relation (21) we factor a minus sign
and take Qν ¼ ffiffiffiffiffi

qν
p

, with

Q2
ν ¼ qν≡

�
n2ω2

c2
þ σ2

2c2
−ν

σ

2c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2þ4n2ω2

p �
−
ω2

v2
≥ 0:

ð36Þ

The final relation qν ≥ 0 determines the conditions under
which a particular polarization mode ν contributes to the
radiation and constitutes one of the main results of the
manuscript. At the risk of being repetitive we emphasize
that the existence of radiation depends fundamentally on qν

being positive. For example, if we start fromQ2
ν in Eq. (36),

set σ ¼ 0, and also neglect the term n2ω2

c2 wewill end up with
qν being negative, thus forbidding radiation.
Before obtaining a simplified expression for the radiation

condition (36), we first assess the contribution to the
spectral energy distribution of the two polarization modes,
ν ¼ �1. Our goal is to investigate the potential interference
between these modes by computing the quadratic products
in the fields given by Eq. (31). From the general structure of
the spectral energy density E we expect the result
E ¼ Eþ þ E− þ Eðþ;−Þ, where each E� can be read from
the expression (31) after substituting the respective fields
and potentials for each polarization ν ¼ �. The term Eðþ;−Þ
represents the interference between the two polarization
modes. These contributions are calculated in Appendix B,
using the asymptotic field expressions. Notably, the inter-
ference term vanishes exactly, indicating that the spectral
energy distribution is simply presented as the sum of the
two polarization modes. Since this is another important
result of this paper we provide a detailed algebraic proof of
this cancellation in the Appendix B. Given our earlier proof
of gauge invariance, which holds separately for each
polarization, the cancellation of Eðþ;−Þ implies that we
can effectively consider each polarization’s contribution
independently, i.e. we can effectively write S ¼ Sþ þ S−.
Specifically, the radiation from each polarization makes an
independent physical contribution to the spectral energy
distribution. As shown in the following, each polarization is
associated with a specific emission angle making them
experimentally distinguishable by varying the observation
angle, and resulting in the appearance of one cone, two
cones, or no cones in the spectrum. The calculation of Eν is
straightforward but tedious (see Appendix B), yielding the
following result:

Eν ¼
q2ω
2c2

�
1 −

1

n2β2
− ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
�
1þ 1

n2β2

��
≡ q2ω

c2
Ω; ð37Þ

where β ¼ v=c is the ratio of the velocity of the moving
charge over the velocity of the light in vacuum. Note that
the total spectral energy distribution E ¼ Eþ þ E− becomes
independent of the chiral parameter σ. However, this
property does not extend to the Cherenkov spectrum,
where the output of each cone in Eþ or E− must be
considered separately, and each of these contributions is
clearly dependent on σ.
As shown at the end of Appendix B, Eq. (37) can be

presented in the alternative form,

Eν ¼
q2ω
2c2

F νffiffiffiffiffiffiffiffiffiffiffiffi
1þ Σ2

4

q �
1 −

1

n2β2F ν
2

�
; ð38Þ
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which will prove useful in investigating the positivity
properties of Eν. We introduce the notation Σ ¼ σ

nω > 0

together with

F ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Σ2

4

r
− ν

Σ
2
¼ 1

2nω
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ; ð39Þ

where F ν, being of the form
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
� z with z real, is

always positive.
Now we calculate the phase velocity and the Cherenkov

angle at which radiation is emitted. In the radiation zone,
the fields in each polarization mode are proportional to
eiKν·r ¼ eiðQν ρþkzÞ, so that the wave vector is Kν ¼
Qν ρ̂þ kẑ, with

jKνj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ν þ k2
q

¼ 1

2c
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ ¼ nω

c
F ν;

ð40Þ

where we use Q2
ν ¼ qν from Eq. (36), together with

F ν > 0. The phase velocity of each mode ν is given by

vph;νðωÞ≡ ω

jKνðωÞj
¼ c

nF νðωÞ
; ð41Þ

and, correspondingly, the angle of the emitted radiation
with respect to the z axis is obtained as

cosΘν ¼
k

jKνj
¼ 1

nβF ν
; ð42Þ

where k ¼ ω=v ¼ ω=ðβcÞ. Imposing the reality condition
jcosΘνj ≤ 1 yields β ≥ 1=ðnF νðωÞÞ, or equivalently
v ≥ vph;νðωÞ, which is the condition for the charge to radiate
in polarization mode ν. In other words, a real Cherenkov
angle exists only when the speed of the moving charge
exceeds the phase velocity of the mode, v ≥ vph;νðωÞ.
In the low-frequency limit (ω→0) one has vph;þðωÞ→∞

and vph;−ðωÞ → 0. Therefore, for any fixed particle speed
v > 0 there exists a sufficiently small frequency range in
which v ≥ vph;−ðωÞ, realizing a threshold-free Cherenkov
emission window for the ν ¼ − mode. Notably, in the limit
σ → 0, both angles coalesce into the standard Cherenkov
angle ΘCh, satisfying cosΘCh¼1=ðβnÞ.
In the high-frequency limit (ω → ∞), one has F ν → 1

and Σ → 0. In this case, the phase velocity and the
Cherenkov angle reduce to their standard forms for each
mode,

vph;νðωÞ →
c
n
; cosΘν →

1

nβ
; ð43Þ

and the spectral energy density tends to one half of the
usual Cherenkov expression,

lim
ω→∞

Eν ¼
1

2

q2ω
c2

�
1 −

1

n2β2

�
; ð44Þ

so that the sum over both polarization modes reproduces
the conventional Frank-Tamm spectrum. In chiral matter,
such as Weyl semimetals or quark-gluon plasma, the
permittivity ϵ depends on the frequency [86,92], and
satisfies

lim
ω→∞

nðωÞ ¼ 1: ð45Þ

Therefore, the phase velocity tends to vphðωÞ → c, and
Cherenkov radiation becomes kinematically forbidden,
since no particle can move faster than c. Thus, the ω
dependence of ϵ introduces a natural high-frequency cutoff
in the theory, exactly as in the standard Cherenkov case,
thereby avoiding any ultraviolet divergence.
Next, we address the second issue in isotropic chiral

electrodynamics: whether the radiated energy is positive
definite. Although the general expression for energy
density in (9) does not guarantee positivity, it remains to
be seen whether positivity holds in specific cases.
Equation (42) enables us to re-express (38) as

Eν ¼
q2ω
2c2

F νffiffiffiffiffiffiffiffiffiffiffiffi
1þ Σ2

4

q sin2Θν: ð46Þ

This clearly demonstrates that the total radiated energy for
each polarization is positive, despite the uncertainties
arising from the first equation in (9).
With each polarization having a physically meaningful

and experimentally verifiable interpretation, we now exam-
ine in more detail the conditions for radiation occurrence,
as outlined in Eq. (36). As suggested earlier, a further
simplification arises since the term in round brackets in this
equation is the perfect square ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ2=4c2,

such that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ν þ k2
q

¼ 1

2c
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ; ð47Þ

where ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ ¼ 2nωF ν is positive definite.

This allows us to present Eq. (36) as

1

2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
≥
ω

v
þ νσ

2c
: ð48Þ

Let us emphasize that this condition is the same as that
required for the existence of real radiation angles Θν

defined in Eq. (42). Furthermore, a further rewriting of
Eq. (48) yields the final condition for radiation,

ωðn2β2 − 1Þ ≥ νσβ; ð49Þ
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where ω ≥ 0. The signs in the inequality (49) are properly
taken into account by considering the following two cases,
which define the contribution of the polarization modes:

(i) When n2β2 − 1 > 0, we have that v > c=n, i.e., we
are in the high-velocity regime. This condition can
only be satisfied for n > 1; that is, there is no
Cherenkov emission in vacuum (n ¼ 1) in this
regime. The inequality (49) yields

ω >
νσβ

ðn2β2 − 1Þ≡ νω0: ð50Þ

Thus the channel ν ¼ þ opens up when ω > ω0

while it is always open for ν ¼ −. In other words, we
always have one cone, ν ¼ −, together with a second
cone provided ω > ω0. From Eq. (37), it is interest-
ing to observe that when both polarization channels
are open the total emitted energy,

E ¼ Eþ þ E− ¼ q2ω
c2

�
1 −

1

n2β2

�
; ð51Þ

turns out to be independent of σ, and coincides
with that of the standard CHR in an isotropic media
with the same refraction index. However, each
separate mode is radiating at a different angle with
an explicit dependence on σ. It is a consistency
check to verify that the limit σ ¼ 0 yields ω0 ¼ 0
and Θþ ¼ Θ− ¼ ΘCh. Then, the total radiated
energy flows through the standard Cherenkov angle
ΘCh, and the spectral distribution is given by E in
Eq. (51), which reproduces the standard result for
CHR when n > 1.

(ii) When n2β2 − 1 < 0, we have that v < c=n, i.e., we
are in the low-velocity regime. This condition can be
satisfied for both n > 1 and n ¼ 1 (vacuum).
For n > 1, Eq. (49) demands

0 < ω < −
νσβ

1 − n2β2
¼ −νjω0j: ð52Þ

This can only be satisfied for ν ¼ −, and σ ≠ 0. This
sector of the model allows for the study of the most
sought-after threshold-free CHR [9,18–20].
For n ¼ 1 (vacuum), the condition becomes

0 < ω <
σβ

1 − β2
; ð53Þ

which again applies only to the ν ¼ − mode.
Observe that for σ ¼ 0, and for any value of n,
the allowed window for ω closes and there is no
radiation at all, as expected. Note that in this case,
for fixed ω, radiation only occurs if σ exceeds a
minimum value σmin ¼ ω

β ð1 − n2β2Þ. This threshold

depends linearly on ω, so at low frequencies it can be
small, allowing radiation even for weak chiral
coupling. However, as β → 0 the 1=β factor domi-
nates and makes σmin arbitrarily large. Thus, at very
low velocities the condition for radiation can only be
satisfied if σ is also very large. Therefore, a
simultaneous expansion of the electromagnetic
fields in small σ and small v, as done in Refs. [79–
81], automatically excludes the physical regime
where vacuum radiation could exist. Although tak-
ing the limit of smaller and smaller frequencies in
Eqs. (52) and (53) is perfectly legitimate, we recall
the obvious situation that when we reach ω≡ 0 we
fall into the static domain, where radiation is absent.

V. THE NONRELATIVISTIC LIMIT

In this section we give some details of the nonrelativistic
limit of our exact electromagnetic fields (22)–(27). We aim
to make contact with the iterative procedure developed in
Refs. [79–81] in terms of an expansion of the fields in
powers of σ and v in the spacetime domain. The successful
comparison with their results serves as a partial validation
of our calculations. Also we discuss the z parity introduced
in Refs. [79–81], that is the tool through which its authors
demonstrate the absence of vacuum CHR in this case.
Our starting point is a series expansion of the electro-

magnetic fields (22)–(27) in powers of σ, up to second
order, summarized in the Eqs. (C2)–(C7). The expansion
naturally falls in terms of Bessel functions with argument
ðρ

ffiffiffiffiffi
λ2

p
Þ, with λ2 ¼ ω2

v2 ð1 − n2v2

c2 Þ. This is consistent with the
fact that the limit σ ¼ 0 should reproduce the standard
CHR for the material case ϵ > 1. Recalling that radiation
emerges at ρ → ∞ only when the argument of the Bessel
functions is imaginary we should demand λ2 < 0, which
yields precisely the threshold condition that the velocity of
the particle must be larger than the velocity of light in the
medium c=

ffiffiffi
ϵ

p
. Going back to our general condition (36),

we identify
ffiffiffiffiffi
λ2

p
¼ i

ffiffiffiffiffi
qν

p
, where the ν dependence is absent

since we have expanded qν only to zeroth order in σ. Recall
qν > 0 is the condition for nonzero CHR. In this approxi-
mation the two Cherenkov cones coalesce so that we must
add the polarization contributions labeled by ν to obtain the
total fields in Eqs. (C2)–(C7). We verify that the only
nonzero terms are Bϕ together with Eρ and Ez. After
retaining only the dominant c2 contributions in the remain-
ing coefficients, we verify that these fields precisely match
those of the original Frank-Tamm calculation in cylindrical
coordinates. We comment in passing that the expansion in
Eqs. (C2)–(C7) will not shed any light regarding the
vacuum CHRwe find in our exact treatment. A perturbative
description of this radiation would require an expansion of
the fields such that the argument of the Bessel functions
ði ffiffiffiffiffi

qν
p

ρÞ includes the expansion of qν at least to first order
in σ.
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The nonrelativistic limit we require to make contact with
Refs. [79–81] is given in Eqs. (C8)–(C13) in the space
frequency domain. Additionally we need to invert the
Fourier transforms

F̃ iðx;kÞ¼eikzFiðρ;kÞ¼
Z þ∞

−∞
dteiωtF iðx;tÞ; k¼ω

v
; ð54Þ

for each component Fiðρ; kÞ of the fields obtained from our
nonrelativistic expansion of the fields. The inversion
produces

F iðx; tÞ ¼ v
Z þ∞

−∞

dk
2π

eikZFiðρ; kÞ; Z ¼ z − vt: ð55Þ

In order to make the comparison with Refs. [79–81] we still
need to transform between the cylindrical components
ðVρ; Vϕ; VzÞ and the spherical ones (Vr; Vθ; Vϕ), according
to the transformation

Vρ¼ sinθVrþ cosθVθ; Vz¼ cosθVr− sinθVθ; ð56Þ

recalling that Vϕ is unchanged. The inverse transformation
is obtained by changing: Vρ → Vr; Vz → Vθ; θ → −θ.

A. The zeroth order in σ

The nonrelativistic electromagnetic fields are those of a
charge that moves at constant velocity

E ¼ q
ϵ

R̂
R2

; B ¼ ϵ
v
c
× E; ð57Þ

written here in the coordinate system where the charge is
instantaneously at rest. Here R is the vector that joins
the instantaneous position of the charge (vt) with the
observation point r; and the z axis is chosen in direction
of the velocity v: Thus jRj ¼ R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ ðz − vtÞ2

p
and θ is the angle between v and R. We have
Z¼z−vt; ρ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p
; sinθ¼ρ=R; cosθ¼Z=R. The only

nonzero components of the electromagnetic fields are

Er ¼
q
ϵ

1

R2
; Bϕ ¼ qv

c
ρ

R3
; ð58Þ

yielding

Eρ ¼
q
ϵ

ρ

R3
; Ez ¼

q
ϵ

Z
R3

: ð59Þ

From the nonrelativistic expansions in Appendix C 2 we
have

Bϕ ¼ 2q
c
kK1ðkρÞ; Eρ ¼

2q
ϵv

kK1ðkρÞ;

Ez ¼ −
2iq
ϵv

kK0ðkρÞ: ð60Þ
Inserting the Fourier transforms according to Eq. (D9) we
recover the expressions (58) and (59).

B. Additional terms in the expansion

The iterative method proposed in Refs. [79–81] relies on
the following grounds: (1) an expansion of the fields in
powers of v and σ

E ¼
X∞
m;n¼0

Eðm;nÞ; B ¼
X∞
m;n¼0

Bðm;nÞ; ð61Þ

where each term with superscript ðm; nÞ is Oðσm; vnÞ; and
(2) since the fields of a particle moving with constant
velocity along the z axis depend on z − vt, it is possible to
set ∂z ¼ −v∂t and rewrite Maxwell’s equations as a chain
of iterations,

∇ · Eðm;nÞ ¼ 0; ∇ · Bðm;nÞ ¼ 0;

∇ × Eðm;nÞ ¼ v
∂Bðm;n−1Þ

∂z
;

∇ × Bðm;nÞ ¼ −v
∂Eðm;n−1Þ

∂z
þ σBðm−1;nÞ: ð62Þ

In this way, starting from the zeroth order approximation of
the fields given by (57) the subsequent contributions can be
obtained. Some of these iterations are shown in the first and
second columns of Table I indicating the reference of origin

TABLE I. The fields in the spacetime domain (second column) are written in spherical coordinates with

R ¼ x − vt; R ¼ jRj; cos θ ¼ ðz − vtÞ=R; sin θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
=R. The fields in the space-frequency domain (third column) are obtained

by Fourier transforming those in the second column and are presented in cylindrical coordinates. The parameter “k” in the cited
references corresponds to σ=2 in our conventions. Here we set c ¼ 1 and ϵ ¼ 1.

Field Function of ðx; tÞ Function of ðx;ωÞ Ref.

Bð0;1Þ qv sin θ
R2 ϕ̂ 2qkeikzK1ðkρÞϕ̂ [79]

Bð1;1Þ σ qv
2R ð2 cos θr̂ − sin θθ̂Þ σqeikzð½2K0ðkρÞ − ðkρÞK1ðkρÞ�k̂ − iðkρÞK0ðkρÞρ̂Þ [79]

Bð2;1Þ σ2 qv
2
sin θϕ̂ σ2qρeikzK0ðkρÞϕ̂ [80]

Eð2;2Þ −σ2 qv2

4
½ð3
2
cos2 θ − 1

2
Þr̂ − sin θ cos θθ̂� σ2qeikz ρ

4
ððωρÞK1ðkρÞρ̂þ iv½2K1ðkρÞ − ðkρÞK0ðkρÞ�k̂Þ [80]
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in the last column. Our aim is to compare these terms of the
expansion with the nonrelativistic expression we obtained
in Eqs. (C8)–(C13). To this end we calculate the Fourier
transform to the space-frequency domain of each contri-
bution, which we present in cylindrical coordinates in the
third column of Table I. Comparison with the correspond-
ing terms of the expansion in Appendix C gives perfect
agreement, just validating our results.
As noted in Ref. [79], the introduction of the parameter

σ=c, which has dimensions of one over length, enables the
possibility of fields decaying slower than 1=R2 at infinity.
Unfortunately, the proposed version of the iterative method
does not yield radiation at all. This can be clearly seen after
writing the fields in the coordinate (cylindrical)-frequency
domain, as shown for a few terms in the third column of
Table I. The generalization to second order in σ, carried in
Appendix C, results in an expansion of the fields in a series
of Bessel functions Kn with argument kρ. Since k ¼ ω=v
and ρ are real, the limit of these functions in the radiation
zone (ρ → ∞) is strictly zero due to the exponential decay
for the Bessel functions indicated in Eq. (C14), for all n.
Recall that nonzero radiation requires an expansion of the
fields in terms of Bessel functions Kn with imaginary
argument, as discussed in detail at the beginning of this
section. In this sense, the null radiation result reported in
Refs. [79–81] is correct, but it does not apply to Cherenkov
radiation.

C. The Z parity of the fields

References [79–81] disclosed that each spherical com-
ponent of the electric and magnetic fields in coordinate
space has definite Z parity under the change Z → −Z,
where each component is in coordinate space ðt;xÞ. These
properties are summarized in the top panel of Table II and
are correctly determined for the polarization independent
contributions to the electromagnetic fields whose compo-
nents fig we label with the additional subindex a ¼ 1.

When going from spherical to cylindrical coordinates via
Eq. (56), they translate into the bottom panel of Table II.
Next we are interested in determining the Z parity of

each field contribution in our series expansion, paying
special attention to the polarization dependent terms, i.e.
those proportional to ν, which were not considered in
Refs. [79–81]. Equation (55) tells us that this parity is fully
determined by the k dependence of the function Fðρ; kÞ of
the field. A glance at the nonrelativistic expansion in
Appendixes C and D reveals that this dependence has
the general form

Fðρ; kÞ ∼Wðp;qÞðρ; kÞ≡ kpKqðkρÞ; ð63Þ

where p and q are integers and Kq is a modified Bessel
function. The Fourier transform,

Wðp;qÞðx; tÞ ¼ v
Z þ∞

−∞

dk
2π

eikZWðp;qÞðρ; kÞ

¼ v
Z þ∞

−∞

dk
2π

eikZkpKqðkρÞ

¼ v
∂

i∂Z̄

Z þ∞

−∞

dk
2π

eikZkðp−1ÞKqðkρÞ

¼ v
∂

i∂Z
Wððp−1Þ;qÞðx; tÞ; ð64Þ

yields the relation

PðWðp;qÞðx; tÞÞ ¼ −PðWððp−1Þ;qÞðx; tÞÞ; ð65Þ

where we call PðXÞ the Z parity of the function X. That is
to say, for a given Bessel function (q fixed) we need to read
the Z parity from the explicit Fourier transform of only one
combination Wðp;qÞ, while the result for the remaining
powers of k is obtained from the relation (65). This allows
one to read the Z parity directly in the space-frequency
domain. Since our expansion includes modified Bessel
functions up to order q ¼ 2, we read the basic parities from
Eq. (D9) in the Appendix D:

PðK0ðkρÞÞ¼þ; PðK1ðkρÞÞ¼−; PðkK2ðkρÞÞ¼−:

ð66Þ

The explicit form of the fields in the frequency domain is
given in Appendix C, and we introduce the following
notation for any cylindrical component of the electric field:

½EðνÞ
ia �αðρ;kÞ; i∶ ρ;ϕ;z; a¼ 1;2; α¼ 0;1;2; ð67Þ

where a ¼ 1 denotes the contribution to the field indepen-
dent of the polarization ν, while a ¼ 2 refers to the
polarization dependent piece. The label α ¼ 0, 1, 2 indi-
cates the power of sigma in the component, i.e. its
proportionality to σ0; σ and σ2, respectively. The total

TABLE II. The Z parity of the polarization independent
contributions to the electric and magnetic fields, labeled by
the additional subindex a ¼ 1, in spherical coordinates (top
panel) [79–81], and in cylindrical coordinates (bottom panel).

Z parity

Field r θ ϕ

Ei1 þ − −
Bi1 − þ þ

Z parity

Field ρ ϕ z

Ei1 þ − −
Bi1 − þ þ
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electric field component in the polarization ν is

EðνÞ
i ¼ P

a;α½EðνÞ
ia �α. Similar notation is adopted for the

magnetic field.
Summarizing, just by inspection from the power expan-

sion of the fields in Appendix C, together with the relation
(65), plus the basic Fourier transforms (66) we can
determine the Z parity of each contribution.
We first focus on the ϕ components, which receive

contributions from both the electric and magnetic fields. In
Refs. [79–81], only the polarization–independent terms
(a ¼ 1) were analyzed, showing a definite Z parity. Our
analysis goes further by also including the polarization-
dependent contributions (a ¼ 2). The resulting Z parities
for all such components are summarized in Table III, where
one observes that, for instance, the electric field component
Eϕ contains three pieces with α ¼ 0, 1, 2: while the a ¼ 1

contribution has odd parity, the a ¼ 2 contributions have
even parity. A similar pattern occurs for the magnetic
components. Consequently, the full ϕ components of the
fields combine pieces with opposite Z parities, and there-
fore do not possess a definite Z parity, in contrast with the
assignments summarized in Table II.
We find a similar behavior for the remaining components

of the fields. In this case, the ρ and z components also
combine contributions with opposite Z parities, as sum-
marized in Table IV, where the top panel corresponds to the
ρ components and the bottom panel to the z components.

Recapping, the Z parity for the field components
reported in Refs. [79–81] corresponds to their polariza-
tion-independent contribution, resulting solely in type a ¼
1 fields. Comparison with Table II shows that the predicted
Z parity for all the a ¼ 1 components is correctly recovered
from our field expansions. Nevertheless, the radiation
output is described separately by each polarization mode,
which appears at each characteristic angle. We find that the

total fields EðνÞ
i ¼ P

a;α½EðνÞ
ia �α, BðνÞ

i ¼ P
a;α½BðνÞ

ia �α have no
definite Z parity, since the a ¼ 2 components have opposite
Z parity as compared to the a ¼ 1 ones. This invalidates the
symmetry argument for the absence of vacuum radiation
given in Refs. [79–81].
We can understand the failure of the proposed iterative

method to produce the necessary polarization-dependent
contributions due to the following. (i) The zeroth-order
terms in Eq. (57) are polarization independent, and so will
be subsequent iterations since there is no polarization
parameter that explicitly enters Maxwell’s equations.
Certainly, iteration in σ produces corrections to the polari-
zation-independent contributions, as can be verified in
Appendix C. (ii) The chain of iterative equations (62) is
designed to produce the total electric and magnetic fields at
any order, which in general are the sum of the two
polarizations. In fact, starting from our full solutions and
then performing a controlled expansion in small σ (see
Appendix C), we obtain both polarization-dependent and
polarization-independent contributions. However, when we
look for the total fields, the two polarizations must be added
together, and we find the cancellation of the polarization-
dependent terms in the retained order, leaving only the
polarization-independent contributions. In the nonrelativ-
istic regime, where no radiation is present anyway, this can
be observed from the expansions in Appendix C 2, veri-
fying that we get the same results for some of the total fields
calculated in Refs. [79–81].

VI. NUMERICAL ESTIMATIONS

Weyl semimetals are representatives of topological
matter presenting an effective electromagnetic response
described by CFJ electrodynamics [92–96]. However, most
of the known Weyl materials are characterized by param-
eters B0 ¼ σ and B ≠ 0. When inversion symmetry is
violated, while maintaining time-reversal symmetry, it is in
principle possible to engineer materials to set B ¼ 0,
yielding a truly isotropic chiral matter according to our
definition. The best possibility for engineering these Weyl
points is then by realizing a Weyl semimetal phase in a
noncentrosymmetric material (broken inversion symmetry)
that preserves time-reversal symmetry, and subsequently
using external tuning parameters (like applying strain,
external magnetic fields, or specific doping, for example)
to precisely control the position of the Weyl nodes relative
to the Fermi level. To the best of our knowledge the state of

TABLE III. Z parity of the ϕ components of the electric and
magnetic fields.

Field Z parity Field Z parity

½EðνÞ
ϕ2 �0 þ ½BðνÞ

ϕ1 �0 þ
½EðνÞ

ϕ1 �1 − ½BðνÞ
ϕ2 �1 −

½EðνÞ
ϕ2 �2 þ ½BðνÞ

ϕ1 �2 þ

TABLE IV. Z parity of the electric and magnetic fields, for the ρ
components (top panel) and the z components (bottom panel).

Field Z parity Field Z parity

½EðνÞ
ρ1 �0 þ ½BðνÞ

ρ2 �0 þ
½EðνÞ

ρ2 �1 − ½BðνÞ
ρ1 �1 −

½EðνÞ
ρ1 �2 þ ½BðνÞ

ρ2 �2 þ

Field Z parity Field Z parity

½EðνÞ
z1 �0 − ½BðνÞ

z2 �0 −

½EðνÞ
z2 �1 þ ½BðνÞ

z1 �1 þ
½EðνÞ

z1 �2 − ½BðνÞ
z2 �2 −
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the art in this direction is still very preliminary. On the
other hand, a theoretical possibility is suggested by the
work in Ref. [91], where it was shown that the vector B
can be tuned by introducing a tilting velocity and an
anisotropy matrix at each of the originally momentum-
separated Weyl cones with b ≠ 0. Dealing with any of
these two possibilities is beyond the scope of the present
work. Consequently, to illustrate the key aspects of
Cherenkov radiation for an electron propagating in iso-
tropic chiral matter, we are not in position to choose
parameters that correspond to an existing material.
Instead, we select some representatives from standard
WSMs. We take the following order of magnitude values:
σ ¼ 0.05 eV [93] and n ¼ 3, the latter corresponding to an
average refractive index reported for Weyl semimetals
TaAs and NbAs around a frequency of 1 eV [96], yielding
a threshold velocity βTH ¼ 1=3.
We begin by discussing the phase velocities vph;� as a

function of frequency, emphasizing that the condition for

nonzero radiation is β > βph;�. For the chosen parameters,
the phase velocities of the two polarization modes are
shown in Fig. 2. As ω → 0 one has βph;þðωÞ → ∞, while
βph;−ðωÞ → 0. On the other hand βph;�ðωÞ → βTH when
ω → ∞. Therefore, for charges moving at high velocities,
i.e., β > βTH, one always has β > βph;−ðωÞ for all ω > 0,
whereas β > βph;þðωÞ only when ω > ω0þðβÞ, with
ω0þðβÞ ¼ σβ=ðn2β2 − 1Þ. In other words, the mode
ν ¼ þ radiates only for ω > ω0þ, while the mode ν ¼ −
radiates always when β > βTH (see Fig. 2). By contrast,
when β < βTH, the mode ν ¼ þ is always suppressed.
Nevertheless, since βph;−ðωÞ → 0 when ω → 0, for any
fixed β > 0, there always exists a finite low-frequency
range 0 < ω < ω0−ðβÞ ¼ σβ=ð1 − n2β2Þ in which β >
βph;−ðωÞ such that radiation occurs. Moreover, this fre-
quency window narrows as β decreases, as shown in Fig. 2.
This latter scenario showcases a groundbreaking aspect of
CHR, dubbed threshold-free CHR, which offers a signifi-
cant advancement in the field.
Next, we illustrate the relationship between the frequency

range for nonzero CHR and the corresponding angles of the
Cherenkov cones. The spectral energy distribution for each
case is also plotted. In the high-velocity case (β > 1=n), the
Cherenkov angle for the ν ¼ −mode exists for allω > 0, so
this mode can radiate across the entire spectrum. In contrast,
the ν ¼ þ mode admits a real angle only above the critical
frequency ω0þðβÞ, in agreement with the phase-velocity
analysis. Figure 3(a) shows cosΘνðωÞ for both modes, and
Fig. 3(b) displays the spectral energy distribution for each
channel. For ω > ω0þðβÞ, once theþmode is activated, the
sumE−ðωÞ þ EþðωÞ coincideswith the standardCherenkov
result, which is consistent with Eq. (51).
For low velocities (β < 1=n), the Cherenkov angle for

the ν ¼ þ mode is nonexistent since cosΘþ ∉ ½0; 1�,
resulting in no radiation. In contrast, for the ν ¼ − mode
the Cherenkov angle exists only within the frequency range
0 < ω ≤ ω0−ðβÞ, i.e., precisely where 0 ≤ cosΘ− ≤ 1, as

FIG. 2. Plot of the dimensionless phase velocities vph;�=c ¼
βph;� as a function of frequency, for σ ¼ 0.05 eV and n ¼ 3.
Horizontal lines at βTH and at two example particle speeds
(β ¼ 0.45 and β ¼ 0.15) are shown for reference.

(a) (b)

FIG. 3. (a) Plot of cosΘ for the Cherenkov angles corresponding to the modes ν ¼ �, as a function of the frequency for β > 1=n.
(b) Plot of the spectral energy distribution for different contributions: each mode (Eþ and E−), the sum of both modes (Eþ þ E−), and the
standard CHR case (ECh). The parameters are n ¼ 3, σ ¼ 0.05 eV, and β ¼ 0.43.
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shown in Fig. 4(a), also in agreement with the phase-
velocity analysis. The spectral energy distribution E−ðωÞ
for the ν ¼ − mode is shown in Fig. 4(b). This behavior
contrasts with the standard case, where for β < 1=n no
Cherenkov radiation is allowed. This is an equivalent way
of showing that threshold-free CHR is possible in isotropic
chiral matter.
An alternative way of looking at the rise of the

Cherenkov cones is by rewriting the condition (42), which
determines them, as F ν cosΘν ¼ 1=nβ. The left-hand side
of this equation defines the function HνðΘÞ such that

HνðΘÞ≡ cosΘνð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Σ2=4

q
− νΣ=2Þ ¼ 1

nβ
: ð68Þ

For a given set of parametersω, n, σ each functionHνðΘÞ is
plotted as a function of Θ. Then, by sweeping horizontal
lines at values 1=nβ, the intersection with each HνðΘÞ
curve determines the allowed number of Cherenkov cones,
as shown in Fig. 5. Moving the horizontal line we identify
different regions where we have no Cherenkov radiation,
one Cherenkov cone, and two Cherenkov cones. For
reference we also plot the Standard Cherenkov radiation

(a) (b)

FIG. 4. (a) Plot of cosΘ for the Cherenkov angles corresponding to the modes ν ¼ �, as a function of the frequency for β < 1=n.
(b) Spectral energy distribution for the ν ¼ − mode. The parameters: n ¼ 3, σ ¼ 0.05 eV, β ¼ 0.25.

FIG. 5. Plot of the functionsHþðΘÞ (purple dashed line for the ν ¼ þmode),H−ðΘÞ (green dash-dotted line for the ν ¼ −mode), and
HChðΘÞ (red solid line for the standard case), for Σ ¼ 0.5; n ¼ 2. The horizontal lines labeled by β correspond to H ¼ 1=ðnβÞ on the
ordinate. The Cherenkov angles are given in radians.
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function HChðΘÞ ¼ cosΘ obtained when Σ ¼ 0. Table V
presents the values of the Cherenkov angles for various
velocities corresponding to this scenario.
From Eq. (42) we verify that in the limit of high

frequencies both Cherenkov angles Θν converge into the
standard result ΘCh, with cosΘCh ¼ 1=ðnβÞ. We aim to
investigate the rate at which this convergence process takes

place in order to get an idea of the angular sensitivity
required to distinguish between these angles, as a function
of different parameters of the theory. The correlation
between radiation angles and various particle velocities β >
βTH is shown in Fig. 6 as a function of frequency, revealing
the onset of the ν ¼ þ mode at the corresponding cutoff
frequency ω0. As the velocity increases the convergence of
both modes occurs more rapidly, thus diminishing the
angular sensitivity. However, this sensitivity can be
adjusted by varying either n or σ. Notably, increasing n,
while keeping β and σ fixed decreases the sensitivity, as
shown in the right panel of Fig. 7. In contrast, for fixed β
and n, increasing σ enhances the sensitivity. The latter
situation is shown in the left panel of Fig. 7.
A key figure of merit in the threshold-free CHR

(β < βTH) is the photon extraction efficiency per unit
length for the channel ν ¼ −, defined as [20,97]

η̃− ¼ dη−=dz ¼ E−=ðℏωEchÞ; ð69Þ

which can be interpreted as the total number of photons
emitted per unit length and per unit frequency divided by
the kinetic energy of the charge Ech ¼ mchc2ðγL − 1Þ. Here
γL is the standard Lorentz factor. In our case we obtain

η̃− ¼ f
1

ðγL − 1ÞΩ; f ¼ q2

c4ℏmch
; ð70Þ

where Ω is defined in Eq. (37), and the constant factor is
f ¼ 296.8½Wattm�−1. We observe that Ω is a slowly
varying function within the interval ω < ω0, decreasing
from 1 to 0 in the allowed frequency region, as illustrated in
Fig. 8. Notably, for small velocities, the frequency range is
narrower, and the curve rises more sharply to its maximum
value of 1.

TABLE V. Cherenkov angles for Σ ¼ 0.5 and n ¼ 2, as shown
in Fig. 5.

β Θþ (rad) ΘCh (rad) Θ− (rad)

0.45 0.0 0.0 0.520
0.60 0.0 0.585 0.862
0.75 0.547 0.841 1.023
0.90 0.779 0.981 1.122

FIG. 6. Emission angles Θν as a function of the frequency, for
different particle velocities. The parameters are σ ¼ 0.05 eV and
n ¼ 3, with β > βTH.

FIG. 7. Left: emission angles Θν as a function of the frequency, for different values of σ, with β ¼ 0.34 and n ¼ 3. Increasing σ
enhances the angular sensitivity, bringing the emission angles closer to the standard Cherenkov angle. Right: emission angles Θν as a
function of the frequency for different values of the refraction index n ¼ ffiffiffi

ϵ
p ¼ 3;

ffiffiffiffiffi
18

p
;

ffiffiffiffiffi
27

p
, with fixed velocity β ¼ 0.34 and

σ ¼ 0.05 eV. Increasing n reduces the angular sensitivity, bringing the emission angles closer to the standard Cherenkov angle.
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In other words, the strongest variations in η̃− arises from
the amplifying factor 1=ðγL − 1Þ, as illustrated schemati-
cally in Table VI. As this factor increases, CHR emission
from low-velocity charges is enhanced, at the cost of a
diminishing allowed frequency range. A relative enhance-
ment is determined by the ratio of the corresponding values
of η̃− at different velocities within a shared frequency
range. To facilitate a meaningful comparison with the
values of η̃− reported in Fig. 2 of Ref. [97] we observe
that in our case, when σ ¼ 0.05 eV, n ¼ 3 and β ¼ 0.43,
E− results of the order of 10−32–10−31 [J-s/m] in the
frequency range 0 < ω < 0.1 eV.

VII. SUMMARY AND CONCLUSIONS

We examine the CHR of a charge q moving at constant
velocity v ¼ vbk in isotropic chiral matter with ϵ ≥ 1, μ ¼ 1
and magnetoelectric parameter σ. The effective electro-
magnetic response of chiral matter is a restricted form of
Carroll-Field-Jackiw electrodynamics, with an axion angle
θðxÞ ¼ σt. This electrodynamics shows unexpected fea-
tures such as a local energy density which is not positive
definite, accompanied with an energy-momentum tensor
which is not gauge invariant. We have carefully addressed
these problematic issues in the manuscript.

As is well known, the local energy-momentum tensor
Tμν does not represent physical quantities, as it is subject to
redefinitions of the form T̃μν ¼ Tμν þ ∂ρSμρν, with Sμρν an
arbitrary tensor antisymmetric in its first two indices. The
physical quantities that remain invariant are the associated
integral charges: the total energy E in space and the total
energy flux across a closed surface at infinity. We have
demonstrated the gauge invariance of both charges in
Sec. II. Notably, while the Poynting vector S itself is
not gauge invariant, the total time-integrated energy flux
over a closed surface at infinity preserves gauge invariance.
This defines the observable spectral energy distribution E,
as given in Eq. (16), which plays a crucial role in our
analysis.
By solving the modified Maxwell’s equations (6) and (7)

in the space-frequency domain using cylindrical coordi-
nates, we derive closed-form expressions for the electro-
magnetic fields (22)–(27) and the potentials in the Coulomb
gauge (29). Each field is a superposition of two circular
polarizations, ν ¼ þ and ν ¼ −, corresponding to left- and
right-handed helicities respectively, which represent the
system’s normal modes. The detailed calculations and
helicity identification are presented in Appendix A. Each
circular polarization contributes independently and is
experimentally distinguishable through its angular emis-
sion pattern.
We then examine the radiation zone by considering an

infinite cylinder with its axis aligned with the particle
motion, focusing on the total radiated energy per unit
length E, which depends on the electromagnetic fields and
potentials. From its general expression (31), the same
values of E are obtained in both the Coulomb gauge
Eq. (A61) and the Lorenz gauge Eq. (A57), thus providing
an additional proof of gauge invariance.
Next we impose causality by requiring outgoing waves

as ρ → ∞. This condition yields the final constraint for the
existence of CHR in each polarization mode, given by
Eq. (36), which determines the allowed frequency range for
a given set of parameters. This relation generalizes the
standard threshold condition for CHR when σ ¼ 0.
The asymptotic expressions for the fields are given in

Eqs. (B3)–(B8), which enable the explicit calculation of the
spectral energy distribution E. Notably, we find that
interference effects, codified in Eþ;−, exactly cancel, as
detailed in Appendix B. Consequently, E reduces to an
independent superposition of the two polarization
modes: E ¼ Eþ þ E−.
Effectively, this means we can consider S ¼ Sþ þ S−,

such that our proof of gauge invariance remains valid for
each polarization, providing independent physical signifi-
cance to each mode. The spectral energy distribution for
each polarization Eν is given in alternative forms in
Eqs. (37) and (38), as closed expressions in the parameters
σ and v.

FIG. 8. The function ΩðωÞ for the charge velocities β1 ¼ 0.01,
β2 ¼ 0.10 and β3 ¼ 0.25, with n ¼ 3 and σ ¼ 0.05 eV.

TABLE VI. The amplification factor 1=ðγL − 1Þ for different
charge velocities, together with the corresponding maximum
allowed frequency ω0 and the resulting value of hη̃−i given by η̃−
calculated at Ω ¼ 1.

β 0.01 0.10 0.25

1=ðγL − 1Þ 2 × 104 2 × 102 30
ω0 [meV] 0.5 5.5 29
hη̃−i½Wattm�−1 6 × 106 6 × 104 9 × 103
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The expression for the spectral energy distribution of
each mode, given by Eq. (38), can be expressed in terms of
the angle Θν as shown in Eq. (46). This formulation
provides a direct proof that both Eν are positive, thereby
resolving the issue posed by the nonpositive definiteness of
the local energy density in the general case.
The threshold condition (36) can be further simplified to

(49), providing a straightforward basis for determining the
contributions of the polarization modes. Based on this
relation, we proceed to examine the frequency range
for excitation in each mode for a given set of parameters
n, σ and v.
One way to determine the conditions for radiation is

to require that the particle velocity β exceeds the phase
velocity (41) of the wave. This is illustrated in Fig. 2 which
shows that when ω → 0 one has βph;þðωÞ → ∞, while
βph;−ðωÞ → 0. On the other hand, when ω → ∞, we have
both βph;�ðωÞ→ βTH ¼ 1=n. Therefore, for charges moving
at high velocities, i.e., β > βTH, the whole frequency region
ω > 0 allows radiation for the polarization ν ¼ −. On the
contrary, for the polarization ν ¼ þ, β > βph;þðωÞ is
restricted to the interval ω > ω0þ, where ω0þ results from
the intersection between the growing phase velocity
βph;þðωÞ and the charge velocity. In other words, the mode
ν ¼ þ radiates only for ω > ω0þ, while the mode ν ¼ −
radiates always when β > βTH. In the limit σ → 0, this set of
conditions reduces to the standard Cherenkov threshold,
providing a clear consistency check with the standard case.
On the other hand, in the low velocity regime, β < βTH,

the mode ν ¼ þ is always suppressed. Nevertheless, there
always exists a finite low-frequency range 0 < ω < ω0− in
which β > βph;−ðωÞ such that radiation occurs. The fre-
quency ω0− results from the intersection of the decreasing
sector of βph;−ðωÞ with the charge velocity. Moreover, this
frequency window narrows as β decreases. This latter
scenario showcases a groundbreaking aspect of CHR,
dubbed threshold-free CHR, which offers a significant
advancement in the field.
A further argument for the independent contribution of

each polarization to radiation lies in their experimental
distinguishability, marked by distinct emission angles that
reflect the characteristic cones of CHR.We find at most two
cones, determined by the angles (42), whose existence
depends on fulfilling the condition cosΘν < 1 in this
equation—a condition that coincidentally matches the
requirement for satisfying the dispersion relation (36).
The functions cosΘν in Eq. (42) have the following
behavior as functions of the frequency: cosΘþ is a
decreasing function such that limω→0 cosΘþ → ∞ and
limω→∞ cosΘþ ¼ 1=ðnβÞ. On the other hand cosΘ− is
an increasing function which starts at zero when ω ¼ 0 and
goes to the limit 1=ðnβÞ when ω → ∞.
Then, an alternative way to determine when emission is

allowed for each polarization, is to plot the right-hand side
of Eq. (42) in terms of the frequency and look for the range

where the curve is below one. For the high-velocity case
(nβ > 1) this is shown in the left panel of Fig. 3. Again we
observe that the polarization ν ¼ − is allowed for all
frequencies, while the mode ν ¼ þ is excited only for
frequencies larger than ω0þ. The right panel of Fig. 3 shows
the spectral energy distribution for each polarization,
together with their sum when both polarizations are
excited. This sum equals the spectral energy distribution
of standard CHR (σ ¼ 0) with the same remaining param-
eters. We regard this property as a mathematical curiosity
that does not imply any cancellation between the radiation
emitted by each cone, which occurs at distinct angles. In
other words, in this case we observe two Cherenkov cones
when ω > ω0þ and only one cone when ω < ω0þ.
The most notable situation arises in the low-velocity

limit βn < 1, where radiation is completely forbidden in
the standard case with σ ¼ 0. The polarization ν ¼ þ is
also forbidden in this case, since cosΘþ > 1 for all
frequencies. However, since 0 < cosΘ− < 1=ðnβÞ, with
1=ðnβÞ > 1, we can always find a range of frequencies 0 ≤
ω ≤ ω0− such that cosΘ− < 1, thus opening a frequency
window for radiation. This is shown in the left panel of
Fig. 4. In other words, this sector of the model allows for
the study of the most sought-after threshold-free CHR
arising from slowly moving charges [9,18–20]. This
includes the specific scenario with n ¼ 1 and σ ≠ 0, which
is commonly referred to as “vacuum” CHR in the literature.
Our calculation confirms that this “vacuum” CHR is indeed
excited within the frequency range 0 < ω < σβ=ð1 − β2Þ.
The spectral energy density for the allowed polarization
ν ¼ − is plotted in the right panel of Fig. 4.
A two-cone structure in radiation is also known to occur

in bi-isotropic chiral media exhibiting optical activity,
where the splitting arises from the distinct refractive indices
for circular polarizations [98,99]. While the physical origin
in those cases is different from ours, this analogy supports
the experimental relevance of our predictions. It would be
interesting to explore whether known modifications of the
radiation processes in optically active media, such as the
fields of a uniformly moving charge, transition radiation, or
Cherenkov radiation in chiral waveguides [100–102], also
admit counterparts in isotropic chiral matter. In Appendix E
we include a brief review of electrodynamics in bi-isotropic
media emphasizing the similarities and differences with our
approach.
Let us focus now on fixed frequency and rewrite the

condition (42) as HνðΘÞ ¼ F ν cosΘν ¼ 1=ðnβÞ. In Fig. 5
we plot H�ðΘÞ together with the standard HðChÞ as a
function of the angle. Now, the intersection of these curves
with horizontal lines at different values of 1=ðnβÞ deter-
mines the allowed Cherenkov angles in each case. This is
shown in Fig. 5, and the values of the Cherenkov angles are
summarized in Table V. The pattern of zero, one or two
Cherenkov cones is again apparent.
As previously noted, both Cherenkov angles Θν con-

verge to the standard result ΘCh in the high-frequency limit.
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To estimate the angular sensitivity required to distinguish
between these angles as a function of different parameters,
it is insightful to examine the rate of this convergence. The
correlation between radiation angles and various particle
velocities β > βTH is illustrated in Fig. 6 as a function of
frequency. As the velocity increases the convergence of
both modes occurs more rapidly, thus diminishing the
angular sensitivity. However, this sensitivity can be
adjusted by varying either n or σ. Notably, increasing n,
while keeping β and σ fixed decreases the sensitivity, as
shown in the right panel of Fig. 7. In contrast, for fixed β
and n, increasing σ enhances the sensitivity. The latter
situation is shown in the left panel of Fig. 7.
A key figure of merit in the threshold-free CHR (β < βTH)

is the photon extraction efficiency per unit length η̃− [20,97],
which can be interpreted as the total number of photons
emitted per unit length and per unit frequency divided by the
kinetic energy of the charge. In our case, this parameter is
proportional to the product of the rapidly varying factor
1=ðγL − 1Þ and the slowly varying factor Ω, where γL is the
Lorentz factor of the charge. In Fig. 8 we plot 0 < Ω < 1 in
the allowed frequency interval, for different charge veloc-
ities. We observe that for small velocities, the frequency
range is narrower, and the curve rises more sharply to its
maximum value of 1. In other words, the strongest variations
in η̃− arise from the amplifying factor 1=ðγL − 1Þ, as
illustrated schematically in TableVI. As this factor increases,
CHR emission from low-velocity charges is enhanced, but at
the cost of a reduced allowed frequency range.
Finally, in Sec. V we discuss the nonrelativistic limit of

our exact electromagnetic fields (22)–(27). From
Eqs. (C2)–(C7) we start by considering the expansion of
the fields up to order σ2. This yields the argument in the
Bessel functions to be ðρ

ffiffiffiffiffi
λ2

p
Þ, where λ2 ¼ ω2

v2 ð1 − n2v2

c2 Þ is
of order zero in σ, when compared with the exact
expression for Qν in (36). Recalling that CHR emerges
only when the argument of the Bessel functions is imagi-
nary, we conclude that this expansion, even being σ
dependent, cannot tell us anything about σ ≠ 0 CHR. At
most we can obtain approximate expressions for standard
CHR demanding λ2 < 0, which precisely yield the thresh-
old condition v2 > c2=n2. In other words, to obtain some
information about σ ≠ 0 CHR we would need to keep an
expansion of Qν at least to order σ in the argument of the
Bessel functions. We aim to establish contact with the
iterative procedure outlined in Refs. [79–81], which relies
on a nonrelativistic approximation. This approach expands
fields in powers σ and v within the spacetime domain. To
this end we consider an additional restriction on our
previous expansion by keeping only the dominant c2 terms
in the coefficients of the Bessel functions and setting
λ ¼ ω

v ¼ k. In this case the argument ðkρÞ of the Bessel
functions is positive, thus precluding radiation as discussed
in Sec. V B. Despite this, we focus upon the resulting
expression for the nonrelativistic expressions for the fields

that can be found inEqs. (C8)–(C13).As a partial verification
of our results, we compare with explicit calculations of the
fields performed in the iterative method. We take the
expressions for some of the calculated fields in the spacetime
domain, indicated in the second column of Table I (with the
corresponding reference in the last column), and calculate
the time-Fourier transform shown in the third column of
the table. We then compare these results with our expansion
in powers of σ obtained in Eqs. (C8)–(C13) for the
nonrelativistic limit, finding perfect agreement. This con-
sistency check provides partial validation of our calculations.
We also discuss theZ-parity concept introduced inRefs. [79–
81], which these authors use to demonstrate the absence of
“vacuum” CHR. After reformulating the parity transforma-
tion rules for cylindrical electromagnetic field components
(Table II), we propose a straightforward algorithm to directly
determine each component’s parity in the frequency domain,
based on Eqs. (65) and (66). The resulting Z parities for
the nonrelativistic fields (C8)–(C13) are summarized in
Tables III and IV. We observe a critical inconsistency:
within a given component, the Z parity of the polariza-
tion-dependent contribution (labeled by the subscript a ¼ 2)
is always opposite to that of the corresponding polarization-
independent contribution (a ¼ 1). Consequently, the non-
relativistic field components lack definite Z parity due to the
mixing of a ¼ 1 and a ¼ 2 contributions. This finding
undermines the criteria used in Refs. [79–81] to establish
the nonexistence of “vacuum” CHR, which relies on
assigning a definite Z parity to each field component.
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APPENDIX A: SOLUTION OF MAXWELL’S
EQUATIONS

1. The electromagnetic fields outside the sources

In obvious notation for the components of the fields in
cylindrical coordinates we find the following results. We
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look for an equation for the electric field outside the
sources, recalling that ∂t ¼ −iω, ∂ϕ ¼ 0 and ∂z ¼ ik. To
this end we take the curl of Faraday’s law, and use
Ampère’s law in the resulting contribution ∇ ×B,
obtaining

∇ × ð∇ × EÞ ¼ −
ϵ

c2
∂
2
tE −

σ

c2
∂tB: ðA1Þ

Finally, applying Faraday’s law once again in the last term
of Eq. (A1), and going to the frequency-space domain we
arrive at

∇ × ð∇ × ẼÞ ¼ ϵω2

c2
Ẽþ σ

c
ð∇ × ẼÞ; ðA2Þ

which decouples the electric field. Expressing the compo-
nents of the curl in cylindrical coordinates, and omitting the
z dependence in the exponential eikz, it is a direct matter to
obtain the following equations for each component of
Eq. (A2) in the (ρ, ω) space:

ρ component∶ ∂ρEz ¼
i
k

�
k2 −

ϵω2

c2

�
Eρ −

σ

c
Eϕ; ðA3Þ

ϕ component∶
σ

c
∂ρEz ¼ ∂ρ

�
1

ρ
∂ρðρEϕÞ

�
−
�
k2 −

ϵω2

c2

�
Eϕ

þ iσk
c

Eρ; ðA4Þ

z component∶
1

ρ
∂ρ

�
ikρEρ − ρ∂ρEz −

σ

c
ρEϕ

�
¼ ϵω2

c2
Ez:

ðA5Þ

Next we eliminate ∂ρEz from Eqs. (A3) and (A4) finding
a first equation that couples Eρ and Eϕ,

ðρ2∂2ρ þ ρ∂ρ − ð1þ ρ2α2ÞÞEϕ ¼ −
iϵω2σ

kc3
ρ2Eρ; ðA6Þ

where we denote

α2 ¼ k2 −
ϵω2

c2
−
σ2

c2
: ðA7Þ

Going back to Gauss’s law we express Ez as a function
of Eρ:

Ez ¼
i
k
1

ρ
∂ρðρEρÞ; ðA8Þ

which is subsequently substituted into Eq. (A3), yielding

ðρ2∂2ρ þ ρ∂ρ − ð1þ ρ2γ2ÞÞEρ ¼
ikσ
c

ρ2Eϕ; ðA9Þ

with

γ2 ¼ k2 −
ϵω2

c2
: ðA10Þ

The next task is to solve the coupled system of Eqs. (A6)
and (A9). The operators in the left-hand side of both
equations are identified as those corresponding to a
modified Bessel function of order 1, which motivates us
to take Eϕ and Eρ as linear combinations of the independent
solutions K1 and I1 [103]. The boundary conditions at ρ →
0 as well as those at ρ → ∞ force us to include only K1 as
part of the solution and to reject the contribution of I1. In
this way we take

Eϕ ¼ XK1ðQρÞ; Eρ ¼ YK1ðQρÞ: ðA11Þ

Substituting in Eqs. (A6) and (A9) and using the relations
among the derivatives of the modified Bessel functions we
obtain the matrix equation�

Q2 − α2 in2ω2σ
kc3

− ikσ
c Q2 − γ2

��
X

Y

�
¼

�
0

0

�
; ðA12Þ

which provides the dispersion relation

Q4 − ðα2 þ γ2ÞQ2 þ α2γ2 −
n2ω2σ2

c4
¼ 0; ðA13Þ

yielding the allowed momenta Q of the solution. This is a
quartic equation with solutions

Q2
νðωÞ¼

ω2

v2
−
n2ω2

c2
−

σ2

2c2
þν

σ

2c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2þ4n2ω2

p
; ν¼�;

ðA14Þ

where we used k ¼ ω=v. In our conventions, the modes
ν ¼ þ; ðν ¼ −Þ describe left (right) circular polarization in
the plane perpendicular to the wave vector.
Having imposed the zero determinant condition in (A12)

we obtain the relation Yν ¼ iΩνXν between the coefficients
Xν and Yν, with

Ων ¼ kσ=ðQ2
ν − γ2Þc: ðA15Þ

In this way the electric field results in

Eϕ ¼
X
ν¼�

XνK1ðQνρÞ; Eρ ¼ i
X
ν¼�

ΩνXνK1ðQνρÞ;

Ez ¼
1

k

X
ν¼�

ΩνQνXνK0ðQνρÞ; ðA16Þ

where the expression for Ez is obtained from Eq. (A8). The
magnetic field components are given in terms of the electric
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field via Faraday’s law,

Bρ¼−
c
v
Eϕ; Bz¼−

ic
kρv

∂ρðρEϕÞ; Bϕ¼
c
v
Eρþ

ic
kv

∂ρEz:

ðA17Þ

Equation (A17) for the magnetic field give

Bϕ ¼ i
c
v

X
ν¼�

�
1−

Q2
ν

k2

�
XνΩνK1ðQνρÞ;

Bρ ¼−
c
v

X
ν¼�

XνK1ðQνρÞ; Bz ¼ i
c
ω

X
ν¼�

QνXνK0ðQνρÞ:

ðA18Þ

2. The boundary conditions

The last step in the calculation of the electromagnetic
fields is to determine the coefficients Xν. We do this by
imposing the boundary conditions at ρ → 0, where the
sources are located. To this end we apply the integral form
of Gauss and Ampère’s laws in the space-frequency
domain.
Starting from the Gauss law, we have

ϵ

I
∂V

Ẽ · bndS ¼ 4π

Z
V
ρ̄d3x: ðA19Þ

We consider a Gaussian surface consisting of a cylinder of
radius ρ ¼ a → 0 and length h along the z axis, so the
surface ∂V is divided into the mantle of the cylinder and
two circular caps: cap 1 to the left and cap 2 to the right.
The splitting of the integral (A19) yields

−
Z
cap 1

Ẽzρdρdϕþ
Z
cap 2

Ẽzρdρdϕþ
Z
mantle

ẼρRdϕdz

¼ 4π

Z
dρdϕdz ρ

q
2πvρ

δðρÞeiωvz

¼ 4πq
vϵ

Z
dz ei

ω
vz: ðA20Þ

Note that the integrals over the caps are not trivial since
Ẽz ¼ Ezei

ω
vz. In fact, from the last Eq. (A16) we have in

generalZ
Ẽzρdρdϕ¼

2πei
ω
vz

k

X
ν¼�

ΩνQνXν

Z
a

0

K0ðQνρÞρdρ; ðA21Þ

¼ 2πei
ω
vz

k

X
ν¼�

ΩνQνXν

�
1 −QνaK1ðQνaÞ

Q2
ν

�
: ðA22Þ

Since a → 0 and lima→0K1ðQνaÞ ¼ 1=ðQνaÞ we findR
Ẽzρdρdϕ ¼ 0 in each cap. Thus the remaining

contribution from Gauss’s law is only from the mantle
where ρ ¼ a, yielding

a
Z

EρðρÞeiωvzdϕ dz

¼ 2iπa
X
ν¼�

ΩνXνK1ðQνaÞ
Z

dz ei
ω
vz

¼ 4πq
vϵ

Z
dz ei

ω
vz; ðA23Þ

2iπa
X
ν¼�

ΩνXν
1

Qνa
¼ 4πq

vϵ
: ðA24Þ

In the above we have substituted the expression for
Eρðρ;ωÞ from Eq. (A16) together with the a → 0 limit
of K1ðQνaÞ. The result provides a first relation between the
coefficients X1 and X2:

i
ΩþXþ
Qþ

þ i
Ω−X−

Q−
¼ 2q

vϵ
: ðA25Þ

A second equation to determine the coefficients is obtained
from Ampère’s law,I

∂S
B̃ · dl ¼ 4π

c

Z
S
J̃ · n̂ dS: ðA26Þ

We consider the Amperian loop as a circle of radius ρ ¼
a → 0 perpendicularly centered on the trajectory of the
moving particle, such that dl ¼ a dϕ ϕ̂ and n̂ dS ¼bz ρdρ dϕ. Then Eq. (A26) reads asZ

B̃ϕadϕ¼ ei
ω
vz2πaBϕ

¼ 4π

c

Z
q

2πρ
δðρÞeiωvzρdρdϕ¼ 4πq

c
ei

ω
vz;

aBϕ ¼
2q
c
: ðA27Þ

From the expression for Bϕ in (A18) together with the zero
limit for K1, we get

a
ic
vω2

X
ν¼�

XνΩνðω2 − v2Q2
νÞ

1

Qνa
¼ 2q

c
; ðA28Þ

which yields the second required equation,

iXþΩþ
ω2−v2Q2þ

Qþ
þ iX−Ω−

ω2−v2Q2
−

Q−
¼ 2qvω2

c2
: ðA29Þ

The system (A25)–(A29) yields the solutions

R. MARTÍNEZ VON DOSSOW et al. PHYS. REV. D 113, 016010 (2026)

016010-20



Xþ ¼ −
iω
c
ΓQþ; X− ¼ iω

c
ΓQ−;

Γ ¼ 2q=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
: ðA30Þ

The final expressions for the electric and magnetic fields
are obtained by substituting these coefficients in Eqs. (A16)
and (A18) with the results

Eρ ¼
ωΓ
c

ðQþΩþK1ðQþρÞ −Q−Ω−K1ðQ−ρÞÞ; ðA31Þ

Eϕ ¼ −
iωΓ
c

ðQþK1ðQþρÞ −Q−K1ðQ−ρÞÞ; ðA32Þ

Ez ¼ −
ivΓ
c

ðΩþQ2þK0ðQþρÞ −Ω−Q2
−K0ðQ−ρÞÞ; ðA33Þ

Bρ ¼
iωΓ
v

ðQþK1ðQþρÞ −Q−K1ðQ−ρÞÞ; ðA34Þ

Bϕ ¼ Γ
vω

ðQþΩþðω2 − v2Q2þÞK1ðQþρÞ
−Q−Ω−ðω2 − v2Q2

−ÞK1ðQ−ρÞÞ; ðA35Þ

Bz ¼ ΓðQ2þK0ðQþρÞ −Q2
−K0ðQ−ρÞÞ: ðA36Þ

3. The electromagnetic potentials

To evaluate the local energy flux S we require the
electromagnetic potentials Φ and A. Starting from the
relation between the electric field and the potentials
E ¼ −∇Φ − 1

c ∂tA, we next compute the scalar potential
in the Lorenz gauge ∇ ·A ¼ − ϵ

c ∂tΦ. Imposing the Gauss
law leads to the following equation for the scalar potential:

−∇2Φþ ϵ

c2
∂
2
tΦ ¼ 4π

ϵ
ρ: ðA37Þ

Passing to the ðω;kÞ Fourier space, we obtain�
k2 −

ϵω2

c2

�
Φðk;ωÞ ¼ 2q

ϵ
δðω − kzvÞ: ðA38Þ

Transforming back to frequency space we write

Φðρ; z;ωÞ ¼ 2q
ϵ

Z
d2k⊥dkz
ð2πÞ3

δðω − kzvÞ
k2⊥ þ k2z − ϵω2

c2
eik⊥·ρeikzz

¼ 2q
ϵv

ei
ω
vz

Z
d2k⊥
ð2πÞ3

1

k2⊥ þ γ2
eik⊥·ρ; ðA39Þ

where we have integrated over kz and defined

γ2 ¼ ω2

v2

�
1 −

ϵv2

c2

�
: ðA40Þ

This is a real quantity that can be either positive or negative.
Before dealing with this issue we can still proceed in
general by doing the angular integration in (A39) recalling
that

J0ðpρÞ ¼
Z

2π

0

dϕ
2π

eipρ cosϕ: ðA41Þ

We obtain

Φðρ; z;ωÞ ¼ 2q
ϵv

ei
ω
vz

Z
∞

0

pdp
ð2πÞ2

J0ðpρÞ
p2 þ γ2

; ðA42Þ

with p ¼ jk⊥j. Next we manage to enlarge the integration
range of p from −∞ to þ∞. To this end we consider the
following identities involving the Hankel functions

Hð1;2Þ
0 ðxÞ:

J0ðxÞ¼
1

2
ðHð1Þ

0 ðxÞþHð2Þ
0 ðxÞÞ; Hð1Þ

0 ðeiπxÞ¼−Hð2Þ
0 ðxÞ;
ðA43Þ

which allows us to write J0 as

J0ðpρÞ ¼
1

2
ðHð1Þ

0 ðpρÞ −Hð1Þ
0 ð−pρÞÞ: ðA44Þ

Substituting back in (A42) and making the change of
variables p → −p in the second contribution from (A44)
we arrive at

Φðρ; z;ωÞ ¼ q
ϵv

eikz
Z þ∞

−∞

pdp
ð2πÞ2

Hð1Þ
0 ðpρÞ

p2 þ γ2
: ðA45Þ

Since Hð1Þ
0 ðzÞ has a logarithmic branch point singularity at

z ¼ 0 it is necessary to determine an adequate integration
path. Guided by the Sommerfeld identity (see for example
Refs. [104,105]) we choose the so-called Sommerfeld
integration path ΓS, depicted in Fig. 9, which takes proper
care of causality.
In addition we close the integration path in the upper-half

plane because we have

Hð1Þ
0 ðzÞ →

ffiffiffiffiffi
2

πz

r
eiðz−π

4
Þ; ðA46Þ

when jzj → ∞. Now we are in a condition to deal with the
integral (A45) using Cauchy’s theorem in the circuit
determined by ΓS, having already made sure that the
semicircle at infinity does not contribute.
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Next we consider separately the two cases
γ2 ¼ sjγ2j≡ sδ2, where s ¼ �1 is the sing of γ2

and δ ¼ þ
ffiffiffiffiffiffiffi
jγ2j

p
> 0.

a. Case s= + ; γ2 > 0

The integral we have to consider is

I1 ¼
I
ΓS

pdp
ð2πÞ2

Hð1Þ
0 ðpρÞ

p2 þ δ2
; ðA47Þ

where we introduce the decomposition

1

p2 þ δ2
¼ 1

2p

�
1

pþ iδ
þ 1

p − iδ

�
: ðA48Þ

We identify p ¼ iδ as the only pole contributing to
Cauchy’s theorem so that

I1 ¼
i
4π

Hð1Þ
0 ðiδρÞ: ðA49Þ

This yields the potential

Φ1ðρ; z;ωÞ ¼
i
4π

�
q
ϵv

ei
ω
vz

�
Hð1Þ

0 ðiδρÞ

¼ 1

2π2

�
q
ϵv

ei
ω
vz

�
K0ðδρÞ; ðA50Þ

where the last expression is obtained from the identity

K0ðzÞ ¼
iπ
2
Hð1Þ

0 ðizÞ; −π < arg z ≤
π

2
: ðA51Þ

We observe that the result (A50) coincides with a direct
calculation of this integral which proceeds straightfor-
wardly due to the absence of poles in the real axis p.

b. Case s= − ; γ2 < 0

In this case, the integral to be considered is

I2 ¼
I
ΓS

pdp
ð2πÞ2

Hð1Þ
0 ðpρÞ
p2 − δ2

; ðA52Þ

and we proceed in complete analogy to the previous case.
The decomposition now yields

1

p2 − δ2
¼ 1

2p

�
1

pþ δ
þ 1

p − δ

�
; ðA53Þ

which singles out the only contribution of the pole at
p ¼ þδ. Now, the result for the potential is

Φ2ðρ; z;ωÞ ¼
i
4π

�
q
ϵv

ei
ω
vz

�
Hð1Þ

0 ðδρÞ

¼ 1

2π2

�
q
ϵv

ei
ω
vz

�
K0ð−iδρÞ: ðA54Þ

Expressions (A50) and (A54) can be unified such that the
potential for arbitrary real γ2 reads as

Φðρ; z;ωÞ ¼ q
ϵv

ei
ω
vz

I
ΓS

kdk
ð2πÞ2

Hð1Þ
0 ðkρÞ

k2 þ γ2

¼ 1

2π2

�
q
ϵv

ei
ω
vz

�
K0ðγsρÞ; ðA55Þ

with the notation

γs ¼ s3=2
ffiffiffiffiffiffiffi
jγ2j

q
; eiπ ¼ −1: ðA56Þ

4. The vector potential

Knowing the scalar potential and the components of the
electric field, we can determine the components of the
vector potential through the relation Ã ¼ −i cω ðẼþ ∇ΦÞ.
We obtain

Aρ¼−
ic
ω
Eρþ

icqγs
2ϵωvπ2

K1ðγsρÞ; Aϕ¼−
ic
ω
Eϕ;

Az¼−
ic
ω
Ezþ

ckq
2ϵωvπ2

K0ðγsρÞ; k¼ω

v
: ðA57Þ

To simplify the expressions for the electromagnetic poten-
tials, we perform a gauge transformation with parameter

Λ ¼ iqc
2ϵπ2vω

K0ðγsρÞ ¼
ic
ω
Φ; ðA58Þ

which is designed to obtain Φ0 ¼ 0. This can be immedi-
ately verified via the standard transformations

FIG. 9. Sommerfeld integration path ΓS.
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Φ0 ¼ Φ −
1

c
∂tΛ; A0

i ¼ Ai þ ∂iΛ: ðA59Þ

The remaining components of the vector potential reduce to

A0
ρ ¼ Aρ þ ∂ρΛ ¼ −

ic
ω
Eρ; A0

ϕ ¼ Aϕ ¼ −
ic
ω
Eϕ;

A0
z ¼ Az þ ∂zΛ ¼ −

ic
ω
Ez: ðA60Þ

Summarizing, in the new gauge we have Φ0 ¼ 0 and
A0
i ¼ − ic

ω Ei. Therefore ∂iA0
i ¼ 0 outside the sources

(ρ > 0), as adequate for the radiation regime. We recognize
that now we are working in the Coulomb gauge. For
simplicity, we drop the primes in the potentials and express
them in terms of the previously obtained solutions for the
electromagnetic fields. The final results are

Aρ¼−iΓ
X
ν¼�

νQνΩνK1ðQνρÞ; Aϕ¼−Γ
X
ν¼�

νQνK1ðQνρÞ;

Az¼−
vΓ
ω

X
ν¼�

νΩνQ2
νK0ðQνρÞ; Φ¼0: ðA61Þ

Let us emphasize that the scalar potential (A55) ultimately
plays no role in the calculation, but we have presented its
detailed derivation to show that the choice of the Coulomb
gauge rest on a firm basis.

5. The polarization of each mode

Let us start by recalling the components of the electric
field for each polarization ν:

Eρ;ν¼ ν
ωΓ
c
QνΩνK1ðQνρÞ; Eϕ;ν¼−iν

ωΓ
c
QνK1ðQνρÞ;

Ez;ν ¼−iν
ωΓ
ck

Q2
νΩνK0ðQνρÞ; ðA62Þ

where we are not writing the factor eikz which goes together
with each component. Here we have

Γ¼ 2qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2þ4n2ω2

p ; Ων¼
kσ

cðQ2
ν−γ2Þ; γ2¼k2

�
1−

ϵv2

c2

�
:

ðA63Þ

In the asymptotic region ρ → ∞, the modified Bessel
functions behave as

K0;1ðQνρÞ ∼
ffiffiffiffiffiffiffiffiffiffiffi
π

2Qνρ

r
e−Qνρ: ðA64Þ

For causal propagation, we have chosen Qν ¼ −iQν, with
Qν > 0 real. In cylindrical coordinates the asymptotic
electric field then reads as

Ẽνðx;ωÞ ¼ ν
ωΓ
c

ffiffiffiffiffiffiffiffiffiffi
iπQν

2ρ

s �
ϕ̂ − i

kσ
cðQ2

ν þ γ2ÞPν

�
× expfiQνρþ ikzg; ðA65Þ

where we introduce the transverse vector

Pν ¼ ρ̂ −
Qν

k
ẑ; Pν ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ν þ k2
p

k
P̂ν; ðA66Þ

which satisfies Kν · Pν ¼ 0, where the propagation vector
is Kν ¼ Qνρ̂þ kẑ. Then we have

Ẽνðx;ωÞ¼ ν
ωΓ
c

ffiffiffiffiffiffiffiffiffiffi
iπQν

2ρ

s �
ϕ̂− i

kσ
cðQ2

νþ γ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

νþk2
p

k
P̂ν

�
×exp iQνρþ ikz: ðA67Þ

From Eq. (36) together with the definition of γ we readily
obtain

ðQ2
ν þ γ2Þ ¼ σ

2c2
ðσ − ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ: ðA68Þ

Recalling Eq. (47) we haveffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ν þ k2
q

¼ −
ν

2c
ðσ − ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ; ðA69Þ

which yields

kσ
cðQ2

ν þ γ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

ν þ k2
p

k
¼ −ν: ðA70Þ

Finally, the electric field becomes

Ẽνðx;ωÞ ¼ i
ωΓ
c

ffiffiffiffiffiffiffiffiffiffi
iπQν

2ρ

s
ðP̂ν − iνϕ̂Þ expfiQνρþ ikzg:

ðA71Þ

We verify that

P̂ν × ϕ̂ ¼ K̂ν; ðA72Þ

such that P̂ν; ϕ̂; K̂ν constitutes a right-handed orthogonal
set of unit vectors. The plane ðP̂ν, ϕ̂) is perpendicular to the
propagation vector so that Eq. (A71) indicates that each
mode ν ¼ �1 corresponds to a circularly polarized electric
field. Following the conventions of [88] we identify the
mode ν ¼ þ as having left-handed helicity, which corre-
sponds to a right circular polarization in the optics con-
vention. Conversely, the mode ν ¼ − is identified as having
right-handed helicity, being described as left circular
polarization in the optics convention.
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APPENDIX B: CALCULATION OF THE
SPECTRAL DISTRIBUTION OF THE TOTAL
RADIATED ENERGY PER UNIT LENGTH E

We start from the expression (31) for the spectral energy
distribution

E¼ lim
ρ→∞

ρ

2π
Re½cE�

ϕBz−cE�
zBϕþ

σ

2
ðE�

zAϕ−E�
ϕAzÞ�; ðB1Þ

and calculate the far-field limit Qνρ → ∞ of the required
fields using the asymptotic behavior

K0;1ð−iQνρÞ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

−2iQνρ

r
eiQνρ; ðB2Þ

with Qν real and positive. Due to the trivial dependence of
the fields in eikz, the z dependence cancels out, and in
Eq. (B1) we just write the ρ dependent factor for simplicity:

E�
ϕ ¼ −

ωΓ
c

ffiffiffiffiffiffiffi
π

2iρ

r
ð

ffiffiffiffiffiffiffi
Qþ

p
eiQþρ −

ffiffiffiffiffiffiffi
Q−

p
eiQ−ρÞ; ðB3Þ

E�
z ¼−

ivΓ
c

ffiffiffiffiffiffiffi
π

2iρ

r
ðΩþQþ

ffiffiffiffiffiffiffi
Qþ

p
eiQþρ−Ω−Q−

ffiffiffiffiffiffiffi
Q−

p
eiQ−ρÞ;

ðB4Þ

Bϕ ¼ −
iΓ
vω

ffiffiffiffiffiffiffiffiffiffi
π

−2iρ

r
ðΩþðω2 þ v2Q2þÞ

ffiffiffiffiffiffiffi
Qþ

p
e−iQþρ

−Ω−ðω2 þ v2Q2
−Þ

ffiffiffiffiffiffiffi
Q−

p
e−iQ−ρÞ; ðB5Þ

Bz¼−Γ
ffiffiffiffiffiffiffiffiffiffi
π

−2iρ

r
ðQþ

ffiffiffiffiffiffiffi
Qþ

p
e−iQþρ−Q−

ffiffiffiffiffiffiffi
Q−

p
e−iQ−ρÞ; ðB6Þ

Aϕ ¼ iΓ
ffiffiffiffiffiffiffiffiffiffi
π

−2iρ

r
ð

ffiffiffiffiffiffiffi
Qþ

p
e−iQþρ −

ffiffiffiffiffiffiffi
Q−

p
e−iQ−ρÞ; ðB7Þ

Az¼
vΓ
ω

ffiffiffiffiffiffiffiffiffiffi
π

−2iρ

r
ðΩþQþ

ffiffiffiffiffiffiffi
Qþ

p
e−iQþρ−Ω−Q−

ffiffiffiffiffiffiffi
Q−

p
e−iQ−ρÞ:

ðB8Þ

Each term in (B1) contains products of exponentials of the
form e�iQλρ. When the modes coincide, these contributions
combine to one, while for different modes, the product
yields a factor of e�iðQ1−Q2Þρ. Moreover, calculating the
required products reveals that the only surviving complex
factors are in the exponentials. In this way, when taking the
real part we find that all mixed terms appear with a cosine
factor. The resulting products in Eq. (B1) are

Re½cE�
ϕBz� ¼

πΓ2

2ρ
ωðQ2þ þQ2

− −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
ðQþ þQ−Þ cos½ðQþ −Q−Þρ�Þ; ðB9Þ

Re½−cE�
zBϕ� ¼

πΓ2

2ρ

1

ω
ðΩ2þQ2þðω2 þ v2Q2þÞ þΩ2

−Q2
−ðω2 þ v2Q2

−Þ

− ΩþΩ−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
ðQþðω2 þ v2Q2

−Þ þQ−ðω2 þ v2Q2þÞÞ cos½ðQþ −Q−Þρ�Þ; ðB10Þ

Re

�
σ

2
AϕE�

z

�
¼ πΓ2

2ρ

σv
2c

ðΩþQ2þ þΩ−Q2
− −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
ðΩþQþ þ Ω−Q−Þ cos½ðQþ −Q−Þρ�Þ; ðB11Þ

Re

�
−
σ

2
AzE�

ϕ

�
¼ πΓ2

2ρ

σv
2c

ðΩþQ2þ þ Ω−Q2
− −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
ðΩþQþ þ Ω−Q−Þ cos½ðQþ −Q−Þρ�Þ: ðB12Þ

Let us observe that all the products are symmetric under the interchange ðþ ↔ −Þ. We observe that the equality between the
Eqs. (B11) and (B12) is a direct consequence of our choice of potentials in the Coulomb gauge. In fact we have taken
Aϕ ¼ − ic

ω Eϕ and Az ¼ − ic
ω Ez. Substituting the electromagnetic potentials in the corresponding left-hand sides, we have

Re
�
σ

2
AϕE�

z

�
¼ −Re

�
σ

2

ic
ω
EϕE�

z

�
; Re

�
−
σ

2
AzE�

ϕ

�
¼ Re

�
σ

2

ic
ω
EzE�

ϕ

�
: ðB13Þ

The equality arises by recalling that ReðzÞ ¼ Reðz�Þ in the right-hand side of the second equation in (B13), which
reproduces the left-hand side of the first equation.
Taking the sum of Eqs. (B9) to (B12) yields E ¼ Eþ þ E− þ Eðþ;−Þ from Eq. (B1). Isolating the term proportional to

cos½ðQþ −Q−Þρ� we can read each of the polarization contributions Eν together with the interference term Eðþ;−Þ. The
results are
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Eðþ;−Þ ¼ −
Γ2

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QþQ−

p
cos½ðQþ −Q−Þρ�

×

�
ωðQþ þQ−Þ þ

1

ω
ΩþΩ−ðQþðω2 þ v2Q2

−Þ þQ−ðω2 þ v2Q2þÞÞ þ σ
v
c
ðΩþQþ þ Ω−Q−Þ

�
; ðB14Þ

Eν ¼
Γ2

4

�
ωQ2

ν þ
1

ω
Ω2

νQ2
νðω2 þ v2Q2

νÞ þ vσΩνQ2
ν

�
; ðB15Þ

respectively. The next step is to simplify the expressions (B14) and (B15) substituting the explicit expressions for Γ; Ων; Qν

which we recall again at this stage:

Γ ¼ 2qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p ; Ων ¼ −
kσ

ðQ2
ν þ γ2Þc ; γ2 ¼ k2

�
1 −

n2v2

c2

�
; ðB16Þ

Q2
ν ¼

�
n2ω2

c2
þ σ2

2c2
− ν

σ

2c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p �
−
ω2

v2
≥ 0: ðB17Þ

Let us collect some additional relations stemming from the above definitions which will be useful in the following.
We observe that the round bracket in Q2

ν is a perfect square:�
n2ω2

c2
þ σ2

2c2
− ν

σ

2c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p �
¼ 1

4c2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ2; ðB18Þ

as can be immediately verified. Recalling k ¼ ω=v we obtain

ðω2 þ v2Q2
νÞ ¼ v2ðQ2

ν þ k2Þ ¼ v2

4c2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ2: ðB19Þ

Next we consider the combination ðQ2
ν þ γ2Þ which simplifies to

Q2
ν þ γ2 ¼ σ

2c2
ðσ − ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ: ðB20Þ

This provides a direct calculation of the product

ðQ2þ þ γ2ÞðQ2
− þ γ2Þ ¼ −

σ2n2ω2

c4
; ðB21Þ

together with

ΩþΩ− ¼ −
c2

n2v2
: ðB22Þ

Inserting the required expressions into Eq. (B14) and using Mathematica yields the result Eðþ;−Þ ¼ 0, indicating that no
mixing occurs between the polarization modes ν. This cancellation is not due to averaging on fast oscillations, but arises
from the exact algebraic structure. Consequently, the spectral distribution of the total radiated energy per unit length
separates cleanly into the contributions from each individual mode:

E ¼ Eþ þ E−: ðB23Þ

Since this result is of great relevance for the correct interpretation of our results we provide an algebraic proof of Eðþ;−Þ ¼ 0.
We start from Eq. (B14) and focus on the square bracket, which we rewrite as the sum of two factors F� of Q�=ω

Fþ
Qþ
ω

þF−
Q−

ω
≡
�
ω2þΩþΩ−ðω2þv2Q2

−Þþσ
v
c
ωΩþ

�
Qþ
ω

þ
�
ω2þΩþΩ−ðω2þv2Q2þÞþσ

v
c
ωΩ−

�
Q−

ω
: ðB24Þ
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Next we separately calculate each coefficient F�. Let us start with Fþ and let us follow the indicated steps, where we use
most of the previous definitions and relations between Eqs. (B18) and (B22):

Fþ ¼
�
ω2 þΩþΩ−ðω2 þ v2Q2

−Þ þ σ
v
c
ωΩþ

�
;

¼ ω2 þ
�
−

c2

n2v2

��
v2

4c2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2

�
þ σ

v
c
ω

�
−

kσ
ðQ2þ þ γ2Þc

�
;

¼ ω2 −
1

4n2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2 − σ2ω2

c2
1

ðQ2þ þ γ2Þ ;

¼ ω2 −
1

4n2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2 − 2σc2ω2

1

ðσ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ ;

¼ ω2 −
1

4n2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2 − 2σc2ω2

c2
1

ðσ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ
ðσ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ

ðσ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ ;

¼ ω2 −
1

4n2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2 − 2σω2

ðσ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
Þ

ð−4n2ω2Þ ;

¼ ω2 −
1

4n2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ σÞ2 þ σ2

2n2
þ σ

2n2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
: ðB25Þ

Expanding the square in the last equation we obtain Fþ ¼ 0. The analogous calculation shows F− ¼ 0, thus yielding the
final result Eðþ;−Þ ¼ 0.

A similar calculation for Eq. (B15) produces

Eν ¼
q2ω
2c2

�
1 −

1

n2β2
− ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
�
1þ 1

n2β2

��
; ðB26Þ

where β ¼ v=c is the ratio of the velocity of the moving charge over the velocity of the light in vacuum.
Finally we rewrite Eq. (B26) such that the positivity of Eν is evident. On one hand we consider the following chain of

steps starting from (B26):

Eν ¼
q2ω
2c2

�
1 − ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p −
1

n2β2

�
1þ ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
��

;

¼ q2ω
2c2

�
1 − ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
��

1 −
1

n2β2

ð1þ ν σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2þ4n2ω2

p Þ
ð1 − ν σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ2þ4n2ω2
p Þ

�
;

¼ q2ω
2c2

�
1 − ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
��

1 −
1

n2β2
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
þ νσÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ

�
;

¼ q2ω
2c2

�
1 − ν

σffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
��

1 −
q

n2β2
4n2ω2

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ2

�
;

¼ q2ω
2c2

�
1 − ν

σ

2nω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2

4n2ω2 þ 1

q ��
1 −

1

n2β2
1

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2

4n2ω2 þ 1

q
− ν σ

2nωÞ
2

�
: ðB27Þ

Recalling the definition Σ ¼ σ
nω, we rewrite

Eν ¼
q2ω
2c2

�
1 − ν

Σ=2ffiffiffiffiffiffiffiffiffiffiffiffi
Σ2

4
þ 1

q ��
1 −

1

n2β2
1

ð
ffiffiffiffiffiffiffiffiffiffiffiffi
Σ2

4
þ 1

q
− ν Σ

2
Þ2
�
: ðB28Þ

On the other hand, from Eqs. (40) and (42) we recall the expression
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cosΘν ¼
2ω

βð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 þ 4n2ω2

p
− νσÞ ¼

1

nβ
1

ð
ffiffiffiffiffiffiffiffiffiffiffiffi
Σ2

4
þ 1

q
− ν Σ

2
Þ
; ðB29Þ

in terms of which we can replace the square bracket in Eq. (B28) by 1 − cos2Θν ¼ sin2Θν yielding the final result

Eν ¼
q2ω
2c2

�
1 − ν

Σ=2ffiffiffiffiffiffiffiffiffiffiffiffi
Σ2

4
þ 1

q �
sin2Θν: ðB30Þ

The numerator in the round bracket of Eq. (B30) is of the form ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
− νzÞ, with z ¼ Σ=2 real, which is positive

for all z. Then, it becomes evident that Eν is always positive in spite the doubts sparking from the initial
expressions (9).

APPENDIX C: EXPANSION OF THE FIELDS IN POWERS OF σ

1. General expansion

We present the expansion to order σ2 of our general expressions for the electric and magnetic fields in each polarization ν.
Taking

λ2 ¼
�
ω2

v2
−
ϵω2

c2

�
ðC1Þ

we obtain

Bρν¼ iν
qω

v
ffiffiffiffiffiffiffiffi
ϵω2

p λK1ðρλÞ−
iqρω
2c2v

K0ðρλÞσþiν
qω3

8c4v3ðϵω2Þ3=2
�
−
c4þ3c2v2ϵ−v2ϵ2ρ2ω2

λ
K1ðρλÞþ2c2v2ϵρK2ðρλÞ

�
σ2; ðC2Þ

Bϕν ¼
q
c
λK1ðρλÞ þ ν

q
2c3

ffiffiffiffiffiffiffiffi
ϵω2

p �
−
ðc2 − 3v2ϵÞ

ϵv2λ
K1ðρλÞ − ρK2ðρλÞ

�
σ

þ q
8c5

�
−
ð8c2 − ϵρ2ω2Þ

λ
K1ðρλÞ þ 4c2ρK2ðρλÞ

�
σ2; ðC3Þ

Bzν ¼ ν
qðc2 − v2ϵÞ

ffiffiffiffiffiffiffiffi
ϵω2

p

c2v2ϵ
K0ðρλÞ þ

q
2c2

½2K0ðρλÞ − ρλK1ðρλÞ�σ

þ ν
q

8c4v2
ffiffiffiffiffiffiffiffi
ϵω2

p
�
ð−3c2v2 − c4=ϵþ v2ϵρ2ω2ÞK0ðρλÞ þ

2ðc2 − 2v2ϵÞρω2

λ
K1ðρλÞ

�
σ2; ðC4Þ

Eρν ¼
q
vϵ

λK1ðρλÞ þ ν
q

2c2v3ϵ2

ffiffiffiffiffiffiffiffi
ϵω2

p �ðc2 þ v2ϵÞ
λ

K1ðρλÞ − v2ϵρK2ðρλÞ
�
σ þ qρ2ω2

8c4vλ
K1ðρλÞσ2; ðC5Þ

Eϕν¼−iν
qω

c
ffiffiffiffiffiffiffiffi
ϵω2

p λK1ðρλÞþ
iqρω
2c3

K0ðρλÞσþ iν
qω3

8c5ðϵω2Þ3=2
�ðc4þ3c2v2ϵ−v2ϵ2ρ2ω2Þ

v2λ
K1ðρλÞ−2c2ϵρK2ðρλÞ

�
σ2; ðC6Þ

Ezν ¼ −
iqðc2 − v2ϵÞω

c2v2ϵ
K0ðρλÞ þ iν

qω

2c2
ffiffiffiffiffiffiffiffi
ϵω2

p
�
−
ðc2 þ v2ϵÞ

ϵv2
K0ðρλÞ þ ρλK1ðρλÞ

�
σ þ iqρω

8c4

�
−ρK0ðρλÞ þ

2

λ
K1ðρλÞ

�
σ2:

ðC7Þ
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2. The nonrelativistic approximation

Looking back, we can understand from the outset why the
iterative method employed in Refs. [79–81] produces a null
result for radiation, regardless of the fact that the polarization
terms were missed. In fact, after expanding the theory in
powers of σ in the space-frequency domain, we are left with

k ¼ ω
v as the only parameter with dimensions of 1 over

length, that inevitable appears as the combination kρ in the
argument of the Bessel functions. This is indeed verified by
keeping the dominant c2 terms in the coefficients of the
Bessel functions and setting λ ¼ ω

v ¼ k in the expansion
indicated in the previous section, C 1. This yields

EðνÞ
ρ ¼ q

ϵv
kK1ðkρÞ þ ν

q

2c2v2
ffiffiffiffiffi
ϵ3

p σðc2K1ðkρÞ − v2ϵρkK2ðkρÞÞ þ
qρ2v
8c4

σ2kK1ðkρÞ; ðC8Þ

EðνÞ
ϕ ¼ −ν

iq
c

ffiffiffi
ϵ

p kK1ðkρÞ þ
iqρv
2c3

σkK0ðkρÞ þ ν
iq

8c3
ffiffiffiffiffi
ϵ3

p σ2
�
c2

v2
1

k
K1ðkρÞ − 2ϵρK2ðkρÞ

�
; ðC9Þ

EðνÞ
z ¼ −

iq
ϵv

kK0ðkρÞ − ν
iq

2c2
ffiffiffi
ϵ

p σ

�
c2

v2ϵ
K0ðkρÞ − ρkK1ðkρÞ

�
−
iqρv
8c4

σ2ðρkK0ðkρÞ − 2K1ðkρÞÞ; ðC10Þ

BðνÞ
ρ ¼ ν

iq
v

ffiffiffi
ϵ

p kK1ðkρÞ −
iqρ
2c2

σkK0ðkρÞ − ν
iq

8c2v3
ffiffiffiffiffi
ϵ3

p σ2
�
c2

1

k
K1ðkρÞ − 2v2ϵρK2ðkρÞ

�
; ðC11Þ

BðνÞ
ϕ ¼ kq

c
K1ðkρÞ − ν

qv
ffiffiffi
ϵ

p
2c3

σ

�
c2

v2ϵ
K1ðkρÞ − ρkK2ðkρÞ

�
þ qρ
2c3

σ2K0ðkρÞ ðC12Þ

BðνÞ
z ¼ ν

q
vϵ

kK0ðkρÞ þ
q
2c2

σð2K0ðkρÞ − ρkK1ðkρÞÞ − ν
q

8c2v
ffiffiffiffiffi
ϵ3

p σ2
�
c2

v2
1

k
K0ðkρÞ − 2ρϵK1ðkρÞ

�
: ðC13Þ

These expressions are consistent with the results obtained
in Table I. Noting that k is real and recalling the asymptotic
form of the Bessel functions for real arguments,

lim
ρ→∞

KnðkρÞ ¼
ffiffiffiffiffiffiffiffi
π

2kρ

r
e−kρ; ðC14Þ

we realize that all fields in the above expansion decay
exponentially to zero in the far-away region yielding zero
radiation, even though the polarization-dependent terms are
included.

APPENDIX D: THE FOURIER TRANSFORM OF
THE BESSEL FUNCTIONS

The following integral representation of the Bessel
functions Z þ∞

−∞
du

e−iku

ðρ2 þ u2Þ1=2 ¼ 2K0ðkρÞ; ðD1Þ

Z þ∞

−∞
du

ue−iku

ðρ2 þ u2Þ1=2 ¼ −2iρK1ðkρÞ; ðD2Þ

Z þ∞

−∞
du

e−iku

ðρ2 þ u2Þ3=2 ¼ 2
k
ρ
K1ðkρÞ; ðD3Þ

Z þ∞

−∞
du

ue−iku

ðρ2 þ u2Þ3=2 ¼ −2ikK0ðkρÞ; ðD4Þ

Z þ∞

−∞
du

u2e−iku

ðρ2 þ u2Þ3=2 ¼ 2K0ðkρÞ − 2ðkρÞK1ðkρÞ; ðD5Þ

Z þ∞

−∞
du

u3e−iku

ðρ2 þ u2Þ3=2 ¼ 2iρð−K1ðkρÞ þ ðkρÞK0ðkρÞÞ;

ðD6Þ

together with the recurrence relation

Ψðn−1ÞðzÞ−Ψðnþ1ÞðzÞ¼
2n
z
ΨðnÞðzÞ; ΨðnÞðzÞ¼ eiπnKn

ðD7Þ

allows a direct calculation of the Fourier transforms
required in the manuscript, according to the expression

Fðρ; tÞ ¼ v
Z þ∞

−∞

dk
2π

eikZFðρ; kÞ: ðD8Þ

Some results for the Fourier transform according to
Eq. (55) are
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K0ðkρÞ→
v
2

1

R
; kK0ðkρÞ→

iv
2

Z
R3

; K1ðkρÞ→
iv
2

Z
ρR

kK1ðkρÞ→
v
2

ρ

R3
; kK2ðkρÞ→ iv

�
1

2R3
−

1

ρ2R

�
Z: ðD9Þ

APPENDIX E: A BRIEF ON THE
ELECTRODYNAMICS OF BIREFRINGENT

CHIRAL MEDIA

As noted in Eq. (8), Maxwell equations for isotropic
chiral matter (6) and (7) can be derived from the con-
stitutive relations

D ¼ ϵEþ θðxÞB; H ¼ ϵB − θðxÞE; ðE1Þ

with θðxÞ ¼ σt. At first sight they are very similar to those
of a bi-isotropic chiral media, also known as Pasteur-type
medium, which has been extensively studied by the
electromagnetic community [69,106]. In this Appendix
we aim to highlight the similarities and differences between
both electrodynamics.
To begin with, let us mention that chiral media are

modeled by calculating the electromagnetic response of an
assembly of macroscopic chiral objects (those that cannot
be brought into congruence with their mirror image by
translation and rotation) randomly embedded in a dielectric
[107]. The resulting constitutive relations in frequency
space, valid only for harmonic time-dependent fields are

D̃ ¼ ϵẼþ iξcH̃; B̃ ¼ μH̃ − iξcẼ; ðE2Þ

in the by now standard notation of Refs. [69,108]. Taking
E and B as the fundamental fields we can re-express them
as

D̃ ¼ ðϵ − ξ2cÞẼþ iξcB̃; H̃ ¼ B̃þ iξcẼ; ðE3Þ

where ξc is a real parameter typically dependent on the
frequency. This is distinct from chiral matter described in
Eq. (E1), which involves a constant frequency independent
parameter σ.
Our use of the term “isotropic chiral matter” refers not to

the bi-isotropic chiral medium of classical electrodynamics,
but to matter whose electromagnetic response is described
by the CFJ model according to Eqs. (6) and (7). CFJ
electrodynamics was introduced also in the context of the
SME [51,52] and later studied in effective models of Weyl
semimetals and other systems exhibiting the chiral
anomaly. In high-energy physics, the term chiral matter
does not refer to media exhibiting optical chirality, but
typically denotes matter which displays a chiral anomaly.
As briefly sketched in Sec. II, CFJ electrodynamics
emerges after integrating the fermions in a Dirac-like

action, coupled to the electromagnetic field, that models
the microscopic description of electrons in the material,
and it is valid for arbitrary spacetime dependent fields.
Furthermore, the parameter σ is obtained from the lattice
characteristics of the medium. This leads to fundamentally
different field dynamics and dispersion relations, which we
have explored analytically in the space-frequency domain.
Isotropic chiral matter behaves similarly to an optical

chiral medium only under specific plane-wave conditions,
and also exhibits additional nonreciprocal effects and
admits unstable modes, leading to physical consequences
fundamentally different from those of standard bi-isotropic
chiral media.
In the following we present a relation between such

electrodynamics. It is only possible to perform a bridge
between both theories using the constitutive relations (E1),
if we go to the frequency domain and consider only
monochromatic plane-wave excitations, together with the
condition ξc ≪ ϵ. We start from Ampere’s law (7), which
takes the form

∇× B̃ðx;ωÞþ iω
c
ϵẼðx;ωÞ−1

c
σB̃ðx;ωÞ¼4π

c
J̃ðx;ωÞ ðE4Þ

in frequency space. Next, inspired by the constitutive
relation (E3) for bi-isotropic media, we seek for solutions
of the form

D̃ðx;ωÞ ¼ ϵẼðx;ωÞ þ iξcðωÞB̃ðx;ωÞ;
H̃ðx;ωÞ ¼ B̃ðx;ωÞ þ iξcðωÞẼðx;ωÞ; ðE5Þ

with the parameter ξcðωÞ to be determined. Substituting in
∇ × H̃þ ðiω=cÞD̃ ¼ ð4π=cÞJ̃, using Faraday’s law and
comparing with Eq. (E4) we obtain

ξc ¼
1

2

σ

ω
: ðE6Þ

Even though the map (E6) exists, the underlying physics
and effects in each medium are different. For example, the
dispersion relation for a plane wave excitation in CFJ
electrodynamics is (ϵ ¼ μ ¼ 1)

ω2 ¼ jkj2 þ ν
σ

c
jkj; ðE7Þ

where it is easy to see that one of the polarizations, ν ¼ −1,
is unstable as it could yield imaginary frequencies that
could potentially lead to exponentially growing modes.
However, we consider this situation irrelevant for our
purposes since plane waves are not the normal modes of
the Cherenkov radiation we are investigating. Nonetheless,
this property of plane waves in CFJ electrodynamics is in
stark difference with the stable dispersion relation in bi-
isotropic chiral media,
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ω ¼ νξck� k
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2c

q
: ðE8Þ

Another important difference is that the chiral response ξc
of bi-isotropic chiral media is intrinsically frequency
dependent and should vanish in the static limit, whereas
σ is a constant parameter depending on the microscopic
structure of the medium as in effective models of Weyl
semimetals, for example. Besides, the relation (E6) implies
ξc → ∞ in the static case, so that the connection between
the theories in (E6) is at most formal. Moreover, the
response of isotropic chiral matter given in (E1) can be
viewed as arising from a time-dependent Tellegen media
[109], which induces nonreciprocal behavior at the boun-
daries. For instance, while bi-isotropic chiral media do not
produce polarization rotation upon reflection (see Chapter 1
of [78]), time-varying slabs of isotropic chiral matter can

yield cross-polarized reflection due to nonreciprocal time-
interface effects (see Supplemental Material of [61]).
Finally, while the Lagrangian formalism provides a power-

ful and concise framework to capture the underlying electro-
dynamics, it also has known limitations: incorporating
realistic features such as material losses or strong dispersion
quickly becomes cumbersome. Indeed, early works on axion
electrodynamics often employed the Lagrangian approach
[110], whereas more detailed treatments, especially in con-
densed matter systems, tend to adopt effective Hamiltonians
or phenomenological constitutive models [111].
Summarizing, our restricted version of CFJ electrody-

namics does not rely on constitutive relations with spatial or
frequency dispersion. Instead, the modified terms appear
directly in Maxwell’s equations as an effective current
derived from the action.
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