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The homotopy Lie or L∞ algebra encoding Yang-Mills theory is the tensor product of a color Lie algebra
with the kinematic C∞ algebra. We derive this C∞ algebra, via homotopy transfer, from a strict operator
algebra of a worldline theory, realized as an associative star product algebra. This gives a homotopy transfer
interpretation to worldline vertex operators introduced in previous work.
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I. INTRODUCTION

The kinematic algebra of Yang-Mills theory denotes a
conjectural structure suggested by the color-kinematics
duality discovered at the level of scattering amplitudes,
which in turn is the basis for the double copy construction
of gravity amplitudes as the square of gauge theory ampli-
tudes [1–3]. While these properties are well understood at
the level of on-shell objects like tree-level scattering
amplitudes, it was only more recently that significant
progress was made in finding a first-principle derivation
that is off-shell, local and gauge invariant [4–14]. In this,
the formulation of field theory in terms of homotopy
algebras is instrumental [15–18]. In particular, an algebraic
structure capturing color-kinematics duality was proposed
by Reiterer [19] and, being a homotopy generalization of a
Batalin-Vilkovisky (BV) algebra, was named BV□

∞, with□
referring to the d’Alembert wave operator. Except for
special theories and formulations [8,14,19], this BV□

∞
algebra is only partially understood.
Our goal in this paper is to make progress in finding a

general all-order description of this elusive algebra. One
would like to derive the BV□

∞ algebra, including its
infinitely many maps of ever increasing arity, from some-
thing simple, ideally an algebra that is strict in that all maps
or brackets are at most bilinear. Here we will follow an
approach that seems particularly promising to us, based on a
worldline QFT and its operator algebra. In fact, recently

three of us showed that part of the Yang-Mills kinematic
algebra can be derived from the strict algebra of vertex
operators associated to this worldline QFT [20]. (In this we
were greatly inspired by the work of Lian-Zuckermann and
Zeitlin [21–26].) However, these vertex operators were
unconventional, requiring nonlinear contributions, see also

]27,28 ] for the role of nonlinear vertex operators in world-
line theories.
In this paper we will show that the vertex operators of

[20], notably their nonlinear contributions, have an inter-
pretation in terms of homotopy transfer from a strictly
associative operator algebra. (See [29–35] for introductions
and applications of homotopy transfer.) In this the vertex
operators will be interpreted as the inclusion map that injects
the nonstrict color-stripped Yang-Mills homotopy algebra (a
C∞ algebra that is a subsector of the BV□

∞ algebra) into the
strict operator algebra. Concretely, we will define a strictly
associative algebra F based on a Moyal-Weyl-type star
product, using the methods of deformation quantization
[36–40], and then show that there is a homotopy transfer to
the kinematic spaceK. Apart from the vertex operators being
interpreted as the (nontrivial) inclusion map V ¼ I∶K → F ,
we have the projector Π∶F → K and the homotopy
H∶F → F . The star algebra is transported to K via:

μ2ðψ1;ψ2Þ ¼ ΠðVðψ1Þ⋆Vðψ2ÞÞ; ð1:1Þ
for ψ1;ψ2 ∈K, which yields (up to homotopy) the kinematic
C∞ product of Yang-Mills theory. Acting with V on this
equation and using the homotopy relation VΠ ¼ IΠ ¼
1F þ ½Q; H� one obtains

Vðμ2ðψ1;ψ2ÞÞ ¼ Vðψ1Þ⋆Vðψ2Þ
þ ½Q; H�ðVðψ1Þ⋆Vðψ2ÞÞ; ð1:2Þ

which gives a derived construction of the bilinear vertex
operator V2ðψ1;ψ2Þ ¼ HðVðψ1Þ⋆Vðψ2ÞÞ previously deter-
mined by hand in [20].
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Let us emphasize from the outset that the central goal
here is not so much to derive the C∞ algebra on the
kinematic space K of Yang-Mills theory from something
strict. This could simply be achieved by making Yang-Mills
theory cubic, say by introducing an auxiliary two-form
field. Rather, the goal is to do so in the context of the
worldline theory, as this has proven to provide the right
maps suggested by string theory, including the b-ghost to
be discussed below, which are instrumental for the under-
standing of the full BV□

∞ algebra. So far the derived
construction is restricted to the C∞ subsector, but we will
comment in the conclusions on possible strategies to
eventually capture the full kinematic algebra.
The rest of this paper is organized as follows. In Sec. II

we introduce the worldline theory and define its operator
algebra, which we realize as a star product algebra of
functions. Moreover, we define a state space on which this
algebra acts. In Sec. III we consider subspaces and ideals of
this operator algebra, which is needed to define the sub-
space onto which the homotopy transfer maps. This
homotopy transfer is spelled out in Sec. IV. We close with
an outlook in Sec. V.

II. WORLDLINE INSPIRED PHASE SPACE

In this section, we review the phase space of the bosonic
spinning particle, which has been treated in more detail in
[41]. We present the phase space of the gauge-fixed classical
theory, which is enriched with fermionic coordinates corre-
sponding to Becchi-Rouet-Stora-Tyutin (BRST) ghosts.
Quantization is performed through the deformation of the
pointwise product on phase space into a star product,
yielding an associative and noncommutative algebra on
the quantized phase space.

A. Classical phase space

The free bosonic spinning particle is described by the
following symplectic structure

Ssymp ¼
Z

dτ½pμẋμ þ ᾱμα̇
μ�; ð2:1Þ

in the Hamiltonian action. The phase space of the theory
contains, first of all, the bosonic canonical pairs of the
position and momentum of the particle, ðxμ; pνÞ, as well as
the worldline oscillators ðαμ; ᾱνÞ which generate spin
degrees of freedom. We denote spacetime indices with
Greek letters, which take values μ ¼ 0;…; D − 1. The
following phase space functions

H ≔ p2; L ≔ α · p; L̄ ≔ ᾱ · p; ð2:2Þ
form a first-class algebra of Hamiltonian constraints under
Poisson brackets. In the quantized theory, the operators
associated to these constraints form a contraction of the
slð2;RÞ subalgebra of the Virasoro algebra, as discussed in

[41], and more extensively in [42,43]. To ensure unitarity of
the quantum theory, we need to gauge these constraints,
yielding the action of the bosonic spinning particle

S ¼
Z

dτ½pμẋμ þ ᾱμα̇μ − eH − uL̄ − ūL�; ð2:3Þ

where e, u, and ū are Lagrange multipliers. For the purpose
of Hamiltonian BRST quantization, we assign to each
constraint a canonical pair of fermionic ghosts ðci; biÞ, with
i∈ f1; 2; 3g where ci ≔ ðC; c; C̄Þ and bi ≔ ðB̄; b;BÞ. Upon
gauge fixing e ¼ 1, u ¼ 0, and ū ¼ 0, the full action in
first-order form is given by

S ¼
Z

dτ½pμẋμ þ ᾱμα̇μ − biċi − p2�: ð2:4Þ

All in all, we identify our graded phase space to be
P ≔ R4Dj6, meaning that we have 4D bosonic coordinates,
with D being the dimension of spacetime, and 6 fermionic
ones. We describe this space with coordinates ðXA; PAÞ,
where

XA ≔ ðxμ; αν; c; C;BÞ; PA ≔ ðpμ; ᾱν; b; B̄; C̄Þ: ð2:5Þ

Capital Latin indices will from now on run over the phase
space coordinates. Note that PA ¼ 0 is a Lagrangian
submanifold of the phase space P, which we will use in
order to define our state space. However, any such choice
will lead to an equivalent quantization of the theory.
The phase spaceP naturally admits aZ2 grading, induced

by the fermionic or bosonic nature of each coordinate. In
fact, the theory possesses a Uð1ÞG ×Uð1ÞJ symmetry. The
Uð1ÞG sector comes from further refining our grading by
assigning ghost numbers G as GðciÞ ¼ þ1, GðbiÞ ¼ −1,
while choosing all bosonic coordinates to have degree zero.
We denote indices of the ghost or antighost multiplets with
lowercase Latin letters i and j.
Furthermore, the Uð1ÞJ symmetry is related to another

charge J , which is such that J ðxμ; pμ; c; bÞ ¼ 0, while
J ðαμ; C;BÞ ¼ þ1 and J ðᾱμ; C̄; B̄Þ ¼ −1. The ghost and
antighost triplets, ci and bi, are thus organized with
decreasing and increasing charge J , respectively. We
can also reorganize our coordinates as am ≔ ðB; αμ; CÞ
with J ¼ 1, ām ≔ ðC̄; ᾱμ; B̄Þ with J ¼ −1. We also have
the Uð1ÞJ singlets xμ, pμ, c, and b. We represent indices of
the charge multiplets with lowercase Latin letters starting
with m. The Uð1ÞJ symmetry expresses the invariance of
the action (2.4) under simultaneously transforming am →
eiθam and ām → e−iθam.
We restrict the class of functions on phase space to the

subspace

O ≔ C∞ðRDÞ½pμ; am; ān; c; b�; ð2:6Þ
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of polynomials in fpμ; am; ān; c; bg with coefficients that
are smooth functions of xμ. This space is naturally equipped
with the usual pointwise product of functions, which defines
the graded commutative algebra ðO; ·Þ. Simultaneously, it
can be imbued with a Poisson bracket, defined as

fF;Gg ≔ ð−1ÞGðXÞF ∂⃖

∂XA

∂⃗

∂PA
G − F

∂⃖

∂PA

∂⃗

∂XA G; ð2:7Þ

where the right- and left-derivatives are related by

F ∂⃖

∂XA ¼ ð−1ÞXðFþ1Þ ∂F
∂XA, and from now on we will use the

short-hand notation ð−1ÞGðFÞ ≡ ð−1ÞF. With these conven-
tions, the canonical Poisson bracket is fPA; XBg ¼ −δBA,
which is the inverse of the symplectic structure given
through the action (2.4). The algebra ðO; f−;−gÞ is a
graded Poisson algebra.
The gauge fixed theory features a BRST symmetry, with

an associated BRST charge of ghost number þ1. This
charge is given as

Q ≔ cp2 þ ðC̄αμ þ CᾱμÞpμ − CC̄b: ð2:8Þ

We can use this charge to construct a nilpotent differential
as the Hamiltonian vector field fQ;−g, given that
fQ;Qg ¼ 0. This is a degree þ1 differential that turns
ðO; f−;−g; fQ;−gÞ into a differential graded Poisson
algebra. In particular, ðO; fQ;−gÞ is a chain complex
and its cohomology encodes the classical observables of
the theory.
Note that, at this point, we can assign mass dimension

to the phase space variables. Demanding that the BRST
charge is dimensionless, ½Q� ¼ 0, and knowing that
½pμ� ¼ þ1, ½xμ� ¼ −1, as well as the requirement of
antighosts to have the opposite mass dimension than the
corresponding ghosts, we get the following assignments1:

½c� ¼ −2; ½b� ¼ þ2; ð2:9Þ

½C� ¼ ½C̄� ¼ þ1 ½B� ¼ ½B̄� ¼ −1; ð2:10Þ

½αμ� ¼ ½ᾱμ� ¼ 0: ð2:11Þ

B. Deformation quantization

To quantize our theory, we deform the graded commu-
tative algebra ðO; ·Þ into a noncommutative graded algebra
ðO;⋆Þ. The new algebra is equipped with a star product, a
bilinear map

⋆∶O ×O → O; ðF;GÞ ↦ F⋆G ≔
X
n≥0

ℏnLnðF;GÞ;

ð2:12Þ

where we take ℏ to be a general complex number. This
product has the following properties:

(i) It is associative: ðF⋆GÞ⋆H ¼ F⋆ðG⋆HÞ for
F;G;H∈O,

(ii) There is a unit element, 1⋆F ¼ F⋆1 ¼ F,
(iii) The map L0 is the pointwise product,

L0ðF;GÞ ¼ F ·G,
(iv) The map L1 is related to the Poisson bracket:

L1ðF;GÞ − ð−1ÞFGL1ðG;FÞ ¼ ifF;Gg.
As the algebra ðO;⋆Þ is associative, one can further define
a graded Lie bracket by introducing the graded star
commutator

½F;G�⋆ ≔ F⋆G − ð−1ÞFGG⋆F: ð2:13Þ

One recovers the classical algebra by taking the classical
limit, ℏ → 0:

lim
ℏ→0

F⋆G ¼ F ·G; lim
ℏ→0

1

iℏ
½F;G�⋆ ¼ fF;Gg: ð2:14Þ

We can use the star commutator in order to define a (left)
adjoint action of ðO;⋆Þ on itself. Given W;F∈O, we
define

W∶O ⟶ O; WðFÞ ≔ ½W;F�⋆; ð2:15Þ

so that W ∈EndðOÞ is a derivation of the star product.
The choice of star product for the algebra of functions

in deformation quantization is equivalent to a choice of
ordering for operators in the canonical formalism. We will
elaborate on the relation of the two quantization schemes
further below. We first exemplify the relevant concepts for
the simplest case of a two-dimensional bosonic phase
space, with coordinates ðX;PÞ, and then give their concrete
realizations for our model of interest. Two typical choices
for the star product are the Weyl-Moyal product ⋆w and the
normal ordered product ⋆n, given by

F⋆wG ≔ F exp

�
−
iℏ
2

�
∂⃖

∂P
∂⃗

∂X
−

∂⃖

∂X
∂⃗

∂P

��
G;

F⋆nG ≔ F exp

�
−iℏ

∂⃖

∂P
∂⃗

∂X

�
G; ð2:16Þ

where FðX;PÞ and GðX;PÞ are functions on phase space.
Notice that, when acting on functions that are polynomials
in P, the above exponentials truncate at some finite order
and the star product closes on polynomials of finite, but
arbitrary, order. This ensures that the space O is closed

1The only constraint for the mass dimension for αμ, ᾱμ, C, C̄ is
that they should satisfy ½C� þ ½ᾱμ� ¼ ½C̄� þ ½αμ� ¼ −1, from de-
manding ½Q� ¼ 0, as well as that ½αμ� þ ½ᾱμ� ¼ 0 from ½S� ¼ 0.
There are other choices for the specific mass dimensions of these
variables which are consistent, but they are all equivalent.
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under the star product. With the above choices, the identity
element is the constant function 1.
The product ⋆w treats X and P on equal footing and is

related to the Weyl (symmetric) ordering of position and
momentum operators in canonical quantization. The prod-
uct ⋆n, in which we take only X-derivatives of G and
P-derivatives of F, is related to the normal ordering at the
level of operators, where all momenta are moved to the
right. The two star products provide isomorphic realiza-
tions of the algebra of operators. They can be mapped to
one another via

eGðF⋆wHÞ ¼ ðeGFÞ⋆nðeGHÞ; G ¼ −
iℏ
2
∂X∂P; ð2:17Þ

where eG essentially takes Wick contractions. This is most
commonly seen in quantum field theory, where the equiv-
alent of (2.17) reexpresses time-ordered products of oper-
ators into normal-ordered ones, via Wick’s theorem.
We can now define the states of the theory to be functions

on a Lagrangian submanifold of the phase space. With the
polarization ðX;PÞ of phase space coordinates, we can for
example choose states to be given by functions of X. The
space of states H then carries a representation of the star
algebra of functions: given a function FðX;PÞ on phase
space, we can construct an operator ρðFÞ∶H → H, whose
action on a state ϕðXÞ we denote as ρðF;ϕÞ∈H. The
requirement that ρ furnishes a representation of the star
algebra amounts to

ρðFÞ ∘ ρðGÞ ¼ ρðF⋆GÞ: ð2:18Þ

Depending on the choice of star product, the representation
map is different. In normal ordering one simply has

ρnðF;ϕÞ ≔ ðF⋆nϕÞjP¼0; ð2:19Þ

which obeys (2.18) because ⋆n does not take P-derivatives
of the right argument. To use the Weyl-Moyal product,
instead, one has to employ the isomorphism (2.17) to define
the representation

ρwðF;ϕÞ ≔ ½eGðF⋆wϕÞ�jP¼0: ð2:20Þ

Going back to our actual model, for the purposes of this
paper we will use a star product that implements a mix of
Weyl and normal ordering. Specifically, we use ⋆w for the
J ¼ 0 variables, while we employ ⋆n for the J ¼ �1
variables. To that end, we introduce the product

F⋆G ≔ F exp

�
−
iℏ
2
ð∂⃖p · ∂⃗x − ∂⃖x · ∂⃗p þ ∂⃖b ∂⃗c

þ ∂⃖c ∂⃗bÞ − iℏ∂⃖ā · ∂⃗a

�
G; ð2:21Þ

where we recall that F and G are functions of the graded
coordinates XA¼ðxμ;c;amÞ and momenta PA¼ðpμ;b; āmÞ.
The star product above is the one we refer to when using the
symbol ⋆ from now on. We define the graded associative
algebra Oq ≔ ðO;⋆Þ, that is the space of functions (2.6)
endowed with the star product (2.21).
For the corresponding state space H, we choose func-

tions ϕðXÞ which are smooth functions of xμ and poly-
nomials in am and c, i.e.,

H ≔ C∞ðRDÞ½am; c�; ð2:22Þ

which is indeed the subspace of O that does not depend on
the momenta PA. Given the mixed form of the star product
(2.21), the action of the star algebra Oq on H is given by

ρðF;ϕÞ ≔ ½eGðF⋆ϕÞ�jPA¼0; ð2:23Þ

where we now extend G to

G ≔ −
iℏ
2
ð∂x · ∂p þ ∂c∂bÞ; ð2:24Þ

in agreement with the Weyl representation (2.20) for the
J ¼ 0 variables. Because of the algebra isomorphism
ρ∶ Oq → EndðHÞ, we often refer to Oq as the operator
algebra, although elements in Oq are functions on the
phase space. Similarly, since ρðFÞ is an operator acting on
H, we will often use the notation

ρðFÞ≡ F̂∈EndðHÞ; F∈Oq: ð2:25Þ

The graded star commutators computed through (2.21)
are the usual ones imposed through canonical quantization,
meaning that

½PA; XB�⋆ ¼ −iℏδBA: ð2:26Þ

In the following we will set −iℏ ¼ 1, so that ½PA;−�⋆ ¼
∂XA without phase factors. With this normalization, both
gradings under Uð1ÞG and Uð1ÞJ are counted by the
⋆-vector fields G and J , respectively, generated by the
functions

G ≔ cbþ CB̄ þ C̄B≡ cibi;

J ≔ αμᾱμ þ CB̄ þ BC̄≡ amām; ð2:27Þ

such that

G ≔ ½G;−�⋆ ¼ ci
∂

∂ci
− bi

∂

∂bi
;

J ≔ ½J;−�⋆ ¼ am
∂

∂am
− ām

∂

∂ām
; ð2:28Þ
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yield GðciÞ ¼ þci, GðbiÞ ¼ −bi, J ðamÞ ¼ þam, and
J ðāmÞ ¼ −ām, as desired.
Moreover, since the BRST charge (2.8) remains nilpo-

tent in the quantized theory, i.e., it obeys Q⋆Q≡
1
2
½Q;Q�⋆ ¼ 0, we can endow both the operator algebra

Oq and the state space H with differentials given by

Q ≔ ½Q;−�⋆ ∈EndðOqÞ; Q̂ ≔ ρðQÞ∈EndðHÞ; ð2:29Þ
thus making Oq into a differential graded algebra and
H into a chain complex.
To summarize, we have identified the state spaceH of the

bosonic spinning particle as the spaceH ¼ C∞ðRDÞ½am; c�.
We introduced the graded associative algebra Oq ¼ ðO;⋆Þ
on the quantized phase space through a deformation of the
pointwise product into a noncommutative star product. The
algebra Oq is additionally a Lie algebra under star commu-
tator, which one can use to define an adjoint action on itself.
Finally, using the appropriate representation (2.23), we
defined the action of Oq on states in H.

C. Differential operators

We now relate the above construction in terms of the star
algebra of functions to differential operators, which are the
more usual representation of abstract operator algebras in
quantum mechanics. The representations given in (2.19)
and (2.20) can be viewed as maps

Oq ⟶ EndðHÞ;
F ↦ F̂; ð2:30Þ

where on the left hand sideOq is equipped with either⋆n or
⋆w. The formula for the star product shows that for a
function F∈Oq, the operator F̂∈EndðHÞ is actually a
differential operator on the algebraH. This means that F̂ is
of the form

F̂ ¼
Xn
i¼0

FA1…Ai
∂

∂XA1
� � � ∂

∂XAi
: ð2:31Þ

Here, the first term in the sum (i.e., i ¼ 0) acts via left
multiplication. The number n is called the order of the
operator F̂, which is finite but can be arbitrarily large. The
algebra of all differential operators onH is called DiffðHÞ,
and it is a subalgebra of EndðHÞ.
Since any F∈Oq is polynomial in momenta, the map

F ↦ F̂ is an isomorphism of associative algebras, given by
the ρ in (2.25). This isomorphism is such that when
expanding F̂ in powers of ℏ

F̂ ¼
X
k≥0

ℏkF̂k; ð2:32Þ

the operator F̂k is an order k differential operator.

We can think of a quantization procedure onO as a choice
of isomorphism of vector spaces O → DiffðHÞ, with the
condition that a function of the form FA1…AkðXÞPA1

� � �PAk

gets mapped to

FA1…AkðXÞ ∂

∂XA1
� � � ∂

∂XAk
þ lower order terms: ð2:33Þ

The isomorphism of vector spaces then induces a product ⋆
on O induced by the composition product on DiffðHÞ. The
products ⋆n and ⋆w could be derived in this way. For
example, the isomorphism reproducing ⋆w maps xμpν to
xμ∂ν þ 1

2
δμν , while ⋆n is reproduced by mapping xμpν

to xμ∂ν.
We can also talk about the order of a differential operator

with respect to ⋆. Although higher order operators with
respect to noncommutative products can be defined [44],
for us it is important that the commutatorW ≔ ½W;−�⋆, for
W ∈Oq, is a derivation of ⋆, but not necessarily of the
pointwise product.

III. STATE SPACE DECOMPOSITION AND
OPERATOR ALGEBRA QUOTIENTS

In this section, we decompose the state space H of the
bosonic spinning particle into sectors of different spin,
focusing on the spin-1 sectorH1. Within the corresponding
operator algebra, we identify an ideal I under star product,
which corresponds to the annihilator of the spaceH1. In the
coming sections, our goal will be to relate a special
subalgebra of Oq=I to the C∞ structure appearing in
Yang-Mills theory upon color stripping.

A. The spin-1 sector and its operator algebra

We now introduce gradings for the state space H asso-
ciated with the Uð1ÞG and Uð1ÞJ symmetries of the theory.
The grading by ghost number is implemented on H by the
operator

Ĝ ≔ ρðGÞ ¼ c
∂

∂c
þ C

∂

∂C
− B

∂

∂B
: ð3:1Þ

We can decompose the space of states as the bounded
direct sum H ¼⊕2

k¼−1 Hk, where elements ψk of Hk have
homogeneous ghost number Ĝ ¼ k. We also define the
operator Ĵ associated with the Uð1ÞJ charge as

Ĵ ≔ ρðJÞ ¼ am
∂

∂am
; ð3:2Þ

which counts the number of am modes in a state. This
grading induces a decomposition forH that is bounded from
below, since the coordinates XA ¼ ðxμ; c; amÞ have positive
or zero charge. We thus obtain
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H ¼ ⨁
∞

j¼0

⨁
2

k¼−1
Hj;k: ð3:3Þ

The differential on H is Q̂, which is nilpotent and has
ghost number þ1, as inherited from the charge Q. This
means that ½Ĝ; Q̂� ¼ Q̂. The differential is also neutral
under Uð1ÞJ , since ½Ĵ; Q̂� ¼ 0. Thus, Q̂ maps between
sectors of the state space with ghost number differing by
one, but with the same Uð1ÞJ charge, as

Q̂∶Hj;k → Hj;kþ1: ð3:4Þ

As such, ðHj; Q̂Þ is a chain complex for every j, with
Hj ≔⊕2

k¼−1 Hj;k. The physical content of its cohomology
is a tower of free massless particles of spins ranging from
j to one or zero, decreasing in steps of 2, see e.g., [41] for
details.
We now set j ¼ 1, limiting ourselves to the space H1.

This space is related to free Yang-Mills theory, since the
cohomology of ðH1; Q̂Þ contains a single massless spin-1
particle. A general element of H1 is a function ψðXÞ of the
form

ψðXÞ ¼ ψmðx; cÞam: ð3:5Þ

The operator algebra Oq has a subalgebra of functions F
with Uð1ÞJ charge equal to zero, given by the subspace
kerJ ⊂ Oq. Under the map ρ, this subalgebra gives rise to
diagonal operators in H, in that

ρjkerJ ∶ Hj → Hj ∀ j; ð3:6Þ

which, in particular, are endomorphisms of H1. We recall
from (2.28) that

J ¼ am∂am − ām∂ām ¼ Na − Nā; ð3:7Þ

where we defined the separate number operators Na ≔
am∂am and Nā ≔ ām∂ām . Using this, we can write a general
function F in kerJ as

F ¼
X∞
k¼0

FðkÞ; NaðFðkÞÞ ¼ NāðFðkÞÞ ¼ kFðkÞ;

FðkÞ ¼ Fn1…nk
m1…mkðx; p; c; bÞam1…amk ān1…ānk : ð3:8Þ

A crucial remark is that any F̂ðkÞ ≡ ρðFðkÞÞ with k > 1

annihilates any element of H1, since any ψðXÞ∈H1 is
linear in am, while

F̂ðkÞ ¼ F̂n1…nk
m1…mka

m1…amk
∂

∂an1
…

∂

∂ank
; ð3:9Þ

which can be derived from (2.21) and (2.23). We thus see
that the annihilator ofH1 is isomorphic (through the map ρ)

to the space of functions in kerJ with k > 1, which we
denote byI. Moreover, the subspaceI is a two-sided ideal
of kerJ , meaning that for every F∈ kerJ one has

I⋆F ⊂ I; F⋆I ⊂ I: ð3:10Þ

This can be proven as follows: given two functions Fðk1Þ
and Fðk2Þ in kerJ , with Nā ¼ k1 and Nā ¼ k2, respec-
tively, their star product decomposes as

Fðk1Þ⋆Fðk2Þ ¼ Fðk1þk2Þ þ Fðk1þk2−1Þ þ � � � þ Fðmaxðk1;k2ÞÞ;

ð3:11Þ

so that, if either k1 or k2 is larger than 1, all terms in the
right-hand side of (3.11) have Nā > 1 and thus belong to
the ideal.
We are thus led to define the quotient space R obtained

by modding out the ideal from the space kerJ ⊂ Oq

R ≔
kerJ
I

: ð3:12Þ

The spaceR is thus effectively the space of operators acting
nontrivially on H1. Given that the elements of I are the
functions in kerJ with Nā > 1, one can define a projector
that picks the obvious representatives in the equivalence
classes in R:

PR

 X∞
k¼0

FðkÞ

!
≔ Fð0Þ þ Fð1Þ: ð3:13Þ

Notice that the ideal is the kernel of this projector:
I ¼ kerPR. Although R is defined as the quotient space
(3.12), we will practically work with the representatives
(3.13) and project again the results after taking the star
product, which is equivalent to using a projected product
⋆R defined by

F⋆RG ≔ PRðF⋆GÞ; ∀ F;G∈ ImPR; ð3:14Þ

so that ðImPR;⋆RÞ is also an associative algebra, but we
will never write PR or ⋆R explicitly.

B. Decomposition of the differential

We now present in more detail the structure of the operator
Q ¼ ½Q;−�⋆, which is the differential on the operator
algebras Oq and R. We first introduce the following
decomposition of Q

Q ¼ γ þ δ; γ ¼ dþ σ þ Δ; ð3:15Þ

where we present its components explicitly as differential
operators in DiffðOqÞ, with respect to the pointwise
product, as
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d ≔ Cμ
∂μ; ð3:16Þ

σ ≔ Cðp · ∂α þ b∂BÞ − C̄ðp · ∂ᾱ þ b∂B̄Þ −M∂c; ð3:17Þ

Δ ≔
1

2
ðC∂μα þ C̄∂μᾱÞ∂μ; ð3:18Þ

δ ≔ p2
∂b þ α · p∂B þ ᾱ · p∂B̄

þ 1

2
½αμ∂μ∂B − ᾱμ∂μ∂B̄ − C∂B∂c − C̄∂B̄∂c� þ

1

4
□∂b;

ð3:19Þ

where we defined

Cμ ≔ Cᾱμ þ C̄αμ þ 2cpμ; M ≔ CC̄: ð3:20Þ

The split of Q into the operators γ and δ comes from
refining the ghost degree into pure ghost and pure antighost
number, such that G ¼ Ngh − Nagh. The ghost and antighost
counting operators can be expressed as differential oper-
ators in the following way

Ngh ≔ ci
∂

∂ci
; Nagh ≔ bi

∂

∂bi
; ð3:21Þ

in agreement with (2.28), where we imply summation over
the ghost and antighost multiplets respectively. This refine-
ment of the ghost degree assigns

NghðγÞ ¼ þ1; NaghðγÞ ¼ 0;

NghðδÞ ¼ 0; NaghðδÞ ¼ −1: ð3:22Þ

Therefore, the split is induced by either pure ghost or pure
antighost number. Expanding the Q2 ¼ 0 condition into

0 ¼ γ2 þ δ2 þ ½γ; δ�; ð3:23Þ

we see that the three terms above have, for instance, pure
ghost number þ2, 0 and þ1, respectively, and must thus
vanish separately. This implies that both γ and δ are
nilpotent differentials that commute with each other: γ2 ¼
δ2 ¼ ½γ; δ� ¼ 0.
The introduction of pure ghost and antighost number

grading leads us to a decomposition of Oq, depending on
whether operators contain antighost variables

Oq ≡Oq;b ⊕ Oq;c;

Oq;b ≔ fF∈OqjNaghðFÞ > 0g;
Oq;c ≔ fF∈OqjNaghðFÞ ¼ 0g: ð3:24Þ

While the subspace Oq;b is not closed under star product,
the space Oq;c is, and forms a subalgebra. The differential
on Oq;c is γ, in that QðOq;cÞ≡ γðOq;cÞ. The pure ghost

number grading is inherited by the subspaces kerJ as well
as R, leading to the spaces kerJ c and Rc. As for the star
product, when performing computations in R or Rc we
always pick the representatives (3.13) but omit the projec-
tor PR, implying that all results are presented up to
elements in the ideal I.
The differential γ can be further split into dþ σ, which

are first-order differential operators, andΔ, which is second
order. We have separated d and σ based on their derivative
structure: d contains spacetime derivatives ∂

∂xμ, while σ does
not. One can further verify that these operators are
themselves nilpotent differentials: d2 ¼ σ2 ¼ Δ2 ¼ 0 and
that they commute with one another.

IV. HOMOTOPY TRANSFER TO THE C∞
ALGEBRA OF YANG-MILLS

In this section, we briefly review the C∞ algebra of
Yang-Mills theory and its relation to the spin-one sector of
the state space H1. Elements of the algebra are generated
from the vacuum of H1 through the action of vertex
operators as presented in [20]. The functions corresponding
to these operators define the algebra ðF ;Q;⋆Þ, a strict
differential, associative and noncommutative algebra which
contains all Yang-Mills vertex operators and is homotopy
equivalent to the C∞ algebra of the theory.

A. A subalgebra for Yang-Mills vertex operators

Perturbative Yang-Mills theory, upon stripping off color
degrees of freedom, exhibits a C∞ algebra structure
[7,18,24]. A C∞ algebra consists of a graded vector space
K endowed with a collection of multilinear maps mn∶
K⊗n → K. It is a generalization of a differential graded
commutative algebra, where the map m1 serves as a
differential and the bilinear product m2 is graded commu-
tative, but associative only up to homotopy.
In the case of Yang-Mills theory, the underlying vector

space is isomorphic to a suspension (degree shift) of the
state space H1

K ¼ ⨁
3

i¼0

Ki; Ki ≔ H1;i−1: ð4:1Þ

As explained in more detail in [20], elements ofK are given
as states in H1 by

λ ≔ λðxÞB ∈ K0; ð4:2Þ

A ≔ AμðxÞαμ þ φðxÞcB ∈ K1; ð4:3Þ

E ≔ EμðxÞcαμ þ EðxÞC ∈ K2; ð4:4Þ

N ≔ NðxÞcC ∈ K3; ð4:5Þ
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which corresponds to the Yang-Mills theory for a gauge
boson Aμ equipped with an auxiliary scalar field φ as
presented in [7,41]. In the following, we will denote generic
elements of K as ψ , intended as functions ψðXÞ∈H1.
The differential map m1 for this algebra is given through

the action of the BRST operator on states in H1 as

m1 ≡ Q̂ ¼ c□þ
�
C

∂

∂αμ
þ αμ

∂

∂B

�
∂μ − C

∂

∂B
∂

∂c
; ð4:6Þ

which is derived from the map ρ (2.23). Therefore, color-
stripped Yang-Mills theory is encoded in the chain complex

The physical meaning of this chain complex is the
following: the fields of our theory, Aμ and φ, are contained
in the elementA∈K1, at ghost number 0. At ghost number
−1, so in the space K0, we find gauge parameters, which
induce gauge transformations given asm1ðλÞ. The action of
the differential on fields results in (linearized) equations of
motion, which live in the spaceK2 and have the form (4.4).
Finally, the gauge symmetry leads to relations between the
equations of motion themselves, the Noether identities,
which are given bym1ðEÞ and will be elements ofK3 of the
form (4.5). We further assign target space mass dimension
to fλ; Aμ;φ; E; Eμ; Ng as follows: ½λ� ¼ 0, ½Aμ� ¼ 1,
½φ� ¼ 2, ½Eμ� ¼ 3, ½E� ¼ 2, ½N� ¼ 4. The absence of mass
parameters in the theory helps in controlling locality of all
the maps to be defined in the following.
A different point of view on this algebra was introduced

in [20]. The space H1, hence K, contains a “vacuum state”
represented by the function ψvacðXÞ ¼ B. This state is
interpreted as a constant gauge parameter in K0 and obeys
m1ðψvacÞ ¼ 0. As a closed element of degree 0, it belongs
to the cohomology ofm1. Arbitrary elements of K can then
be generated from the vacuum by applying suitable vertex
operators, in the sense

ψ ¼ ρðVðψÞ;BÞ ¼ V̂ðψÞψvac ∈H1; ð4:7Þ

where VðψÞ is a function in Rc ⊂ Oq. Since the vacuum
ψvac belongs to H1, the vertex operators must be elements
of kerJ and have GðVðψÞÞ ¼ jψ j, where j · j is the degree
in K. We further demand V to be a chain map between
ðEndðKÞ; m1Þ and ðRc;QÞ, meaning that, for ψ ∈K

QðVðψÞÞ ¼ Vðm1ðψÞÞ: ð4:8Þ

These requirements lead to the following functions VðψÞ
for elements of K of different degrees:

VðλÞ ¼ λðxÞ;
VðAÞ ¼ CμAμðxÞ þ CμνfμνðxÞ þ cðφðxÞ − ∂

μAμðxÞÞ;
VðEÞ ¼ MEðxÞ þMμ

∂μEðxÞ þ M̃μðEμ − ∂μEÞ;
VðN Þ ¼ eNðxÞ; ð4:9Þ

where fμν ¼ ∂μAν − ∂νAμ is the Abelian field strength, and
we introduced the following notation for specific elements
of Rc,

Cμν ≔ 2cα½μᾱν�; ð4:10Þ

Mμ ≔ cðC̄αμ þ CᾱμÞ; ð4:11Þ

M̃μ ≔ cðC̄αμ − CᾱμÞ; ð4:12Þ

e ≔ cCC̄: ð4:13Þ

As remarked, all of these vertex operators belong to
Rc ⊂ R, meaning that they contain no dependence on
the bi, equivalently NaghVðψÞ ¼ 0 for all ψ ∈K. Moreover,
all of their x-dependence is given through polynomials in
fci; αμ; ᾱμ; pμg with coefficients in C∞ðRDÞ. Given the
target space mass dimensions, all VðψÞ have total mass
dimension zero.
These vertex operators do not form a closed subalgebra of

ðRc;Q;⋆Þ. We now seek their minimal extension to a set of
operators that create elements of K from the vacuum ψvac,
while simultaneously forming a closed algebra under ⋆ and
Q. We identify the following such elements within Rc:

F0 ¼ λðxÞ; ð4:14Þ

F1 ¼ CμAμðxÞ þ CμνBμνðxÞ þ cπðxÞ; ð4:15Þ

F2 ¼ MwðxÞ þMμwμðxÞ þ M̃μw̃μðxÞ þMμνwμνðxÞ;
ð4:16Þ

F3 ¼ eNðxÞ þ eμNμðxÞ; ð4:17Þ
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where we further defined

Mμν ≔
1

2
CμCν ¼ 2cp½μðC̄αν� þ Cᾱν�Þ; ð4:18Þ

eμ ≔ epμ: ð4:19Þ

These elements span a space F ≔ C∞ðRDÞ½BF �, where
BF is the following basis:

BF ≔ f1; c; Cμ; Cμν;M;Mμ;M̃μ;Mμν; e; eμg: ð4:20Þ

The space F inherits the grading of Rc ⊂ Oq and we have
F ¼⊕3

i¼0 F i, with the Fi of (4.14)–(4.17) belonging to the
space F i.
We can now check that F is closed under ⋆ by

computing the products at each degree to be

F0;1⋆F0;2 ¼ λ1λ2; ð4:21Þ

F0⋆F1 ¼ CμðλAμÞ þ CμνðλBμνÞ þ cðπ − A · ∂Þλ; ð4:22Þ

F0⋆F2 ¼ MðλwÞ þMμðwμ þ wμν∂
νÞλ

þ M̃μðλw̃μÞ þMμνðλwμνÞ; ð4:23Þ

F0⋆F3 ¼ e
�
Nλ −

1

2
Nμ

∂μλ

�
þ eμðλNμÞ; ð4:24Þ

F1;1⋆F1;2 ¼ MA1 · A2

þ 2Mμ½Að1 · ∂A2Þμ − Aν
ð1B2Þνμ þ π½1A2�μ�

þ 2MμνA1μA2ν þ 2M̃μAν
½1B2�νμ; ð4:25Þ

F1⋆F2 ¼ e½ðπ þ A · ∂Þw − Aμðwμ þ w̃μÞ þ ∂
μAνwμν�

þ 2eμðAμw − wμνAνÞ: ð4:26Þ

The star product in F is still not commutative, with graded
commutators given by

½F0; F1�⋆ ¼ −2cA · ∂λ; ð4:27Þ

½F0; F2�⋆ ¼ 2Mμwμν∂
νλ; ð4:28Þ

½F0; F3�⋆ ¼ −eNμ
∂μλ; ð4:29Þ

½F1;1; F1;2�⋆ ¼ 2MA1 · A2

þ 4MμðAð1∂ · A2Þμ − Aν
ð1B2ÞνμÞ; ð4:30Þ

½F1; F2�⋆ ¼ 2eAμð∂μw − wμÞ − 2eμwμνAν: ð4:31Þ

We further verify that F is closed under the action of the
differential Q

QðF0Þ ¼ Cμ
∂μλ; ð4:32Þ

QðF1Þ ¼ −Mπ −Mμ
∂μπ − M̃μ

∂
νBμν

þMμνðfμν − BμνÞ; ð4:33Þ

QðF2Þ ¼ 2eμð∂μw − wμÞ − e∂μw̃μ: ð4:34Þ
In conclusion, ðF ;Q;⋆Þ defines a differential graded
associative algebra. Since all basis elements of F are in
Rc, the effective differential on the space is γ. We remark
that, if one would interpret the x-dependent functions at
degree þ1 as the field content of a theory, it would be a
theory with a vector field Aμ, as well as a scalar field π and
two-form Bμν as auxiliary fields. This suggests that the
minimal extension of the algebra of worldline vertex
operators (4.9) that is closed under Q and ⋆ is related
to a generalization of first order Yang-Mills theory.
We will now show how the basis elements of F are

connected to the cohomology of the differential σ, and that
the latter encodes the “spectrum” of the physical sector of
the theory. Since σ is insensitive to the x − dependence, it is
sufficient to compute it on the span of the basis C½BF � with
x-independent coefficients, yielding

σð1Þ ¼ 0;

σðCμÞ ¼ 0; σðCμνÞ ¼ −Mμν; σðcÞ ¼ −M;

σðM̃μÞ ¼ 0; σðMμÞ ¼ −2eμ;

σðeÞ ¼ 0; ð4:35Þ
where we omitted σ on exact elements, such as M and
Mμν, since it is obviously zero. It turns out that the
elements of BF split into a subspace in the σ-cohomology,
generated by f1; Cμ;M̃μ; eg, plus the trivial pairs

σðcÞ þM ¼ 0; σðMμÞ þ 2eμ ¼ 0;

σðCμνÞ þMμν ¼ 0: ð4:36Þ
We can now make the observation that physical objects,

meaning Aμ with its gauge parameter, together with the
corresponding equation of motion and Noether identity,
appear with a basis element that is in cohomology. On the
contrary, the auxiliary fields π and Bμν and their associated
elements in other degrees appear with basis elements that
form trivial pairs. The underlying reason is that the
auxiliary scalar field and two-form can be integrated out
from the theory in a local way, without altering its physical
content. In fact, in the next subsection we will relate the C∞
algebra of color stripped Yang-Mills theory to the star
algebra of F via a local homotopy transfer.

B. Homotopy transfer from F to K

We will now perform homotopy transfer between the
chain complexes ðF ;QÞ and ðK; m1Þ by constructing a
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quasi-isomorphism between the two algebras. Such a map
is the natural morphism between homotopy algebras, the
existence of which guarantees that the algebras have
isomorphic cohomologies. In physics terms, these algebras
describe theories with an equivalent physical content at the
perturbative level. For more details on homotopy transfer,
we refer the reader to [32–34].
To perform homotopy transfer between the chain com-

plexes, we need to construct the diagram in Fig. 1.

In essence, we need to first introduce a projection
Π∶F → K, as well as an inclusion I∶K → F which are
chain maps between their differentials

Π ∘Q ¼ m1 ∘Π; Q ∘ I ¼ I ∘m1: ð4:37Þ

The projection and inclusion maps are then required to be
inverting each other up to corrections by a mapH∶F → F ,
meaning that

Π ∘ I ¼ 1K; I ∘Π ¼ 1F þQH þHQ: ð4:38Þ

If this holds, the homotopy transfer theorem ensures that if
ðF ;⋆Þ has a homotopy associative (or A∞) structure, then
so should ðK; m1Þ, with higher maps μn that can be
constructed using the homotopy data ðΠ; I; HÞ. Note that
in this case, ðF ;⋆Þ is a strict associative algebra, meaning it
is a special case of an A∞ algebra where all products of arity
greater than two vanish. Even so, the resulting algebra after
homotopy transfer is expected to be only associative up to
homotopy.
For the projector Π∶F → K ≃H1, we take the action of

the operator ρðFÞ on the vacuum

Π∶F → K; ΠðFÞ ≔ ρðF;ψvacÞ; ð4:39Þ

where ρ is the representation of ðOq;⋆Þ on states in H as
defined in (2.23) and we recall that ψvacðXÞ ¼ B. To verify
that the chain map condition holds we first compute

m1ðΠðFÞÞ ¼ ρðQ;ΠðFÞÞ ¼ ρðQ; ρðF;ψvacÞÞ
¼ ρðQ⋆F;ψvacÞ; ð4:40Þ

where we used the algebra morphism property (2.18). We
now write Q⋆F ¼ ½Q;F�⋆ þ ð−1ÞFF⋆Q and make use of
(2.18) again to obtain

ρðQ⋆F;ψvacÞ ¼ ρð½Q;F�⋆;ψvacÞ þ ð−1ÞFρðF; ρðQ;ψvacÞÞ
¼ ρðQðFÞ;ψvacÞ ¼ ΠðQðFÞÞ; ð4:41Þ

which concludes the proof, upon recognizing that
ρðQ;ψvacÞ≡m1ðψvacÞ ¼ 0. The explicit action of the
projection on the general elements Fi of F is

ΠðF0Þ ¼ λB; ð4:42Þ

ΠðF1Þ ¼ Aμα
μ þ cBðπ þ ∂ · AÞ; ð4:43Þ

ΠðF2Þ ¼ cαμðwμ þ w̃μ − ∂
νwμνÞ þ Cw; ð4:44Þ

ΠðF3Þ ¼ cC
�
N þ 1

2
∂
μNμ

�
: ð4:45Þ

On the other hand, the natural way to include elements ofK
as given in (4.2)–(4.5) in F is through the corresponding
vertex operators, so we have I ≡ V, with VðψÞ given in
(4.9), and the chain map condition for I is the prop-
erty (4.8).
Coming to the homotopy map, the defining relation (4.38)

implies that it needs to have ghost number −1 and Uð1ÞJ
charge zero. We also require mass dimension ½H� ¼ 0, since
this is the case for all functions VðψÞ as well as for the
differentialQ. Since this map is in EndðF Þ, it is not expected
to depend on any of the bi. We identify the map

H ≔ ᾱ · ∂p∂C̄; ð4:46Þ

which fulfills all previously listed requirements and satisfies
(4.38), as can be shown by direct computation

ðIΠ − 1ÞF0 ¼ 0 ¼ HQF0;

ðIΠ − 1ÞF1 ¼ Cμνðfμν − BμνÞ ¼ ðHQþQHÞF1;

ðIΠ − 1ÞF2 ¼ Mμð∂μw − wμÞ − M̃μð∂μw − wμ þ ∂
νwμνÞ

−Mμνwμν ¼ ðHQþQHÞF2;

ðIΠ − 1ÞF3 ¼
1

2
e∂μNμ − eμNμ ¼ QHF3: ð4:47Þ

The homotopy H acts trivially on the x-dependent part of
elements of F , but relates different basis elements as

HðMμνÞ ¼ Cμν; HðeμÞ ¼ 1

2
ðMμ − M̃μÞ: ð4:48Þ

Essentially, comparing with the trivial pairs (4.36), we see
that H is the map that inverts the action of σ on the specific
basis elements that appear along with the auxiliary two-form
and its related objects in other degrees of the chain complex.
As a result, H implements the process of integrating out
of Bμν.

FIG. 1. Homotopy transfer from F to K.
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We have thus verified that the homotopy data ðΠ; I; HÞ
define a quasi-isomorphism between the chain complexes
ðF ;QÞ and ðK; m1Þ. Note that the choice of homotopy is in
general not unique, however the map we present seems to
be the minimal choice achieving the desired homotopy
transfer. We now use the homotopy data to construct the
2-product of ðK; m1Þ out of the original product ⋆. Note
that, since the star product is associative, but not commu-
tative, we do not expect the transferred product to be the
one of the C∞ algebra of Yang-Mills (as presented for
example in [20]), but an A∞ product μ2, given by

μ2 ≔ Π ∘⋆ ∘ ðI ⊗ IÞ: ð4:49Þ

The explicit form of this product on different sectors ofK is
the following

μ2ðλ1; λ2Þ ¼ λ1λ2; ð4:50Þ

μ2ðλ;AÞ ¼ ðλAμÞαμ þ ðλφÞcB ¼ μ2ðA; λÞ − 2A · ∂λcB;

ð4:51Þ

μ2ðλ; EÞ ¼ ðλEμÞcαμ þ λEC ¼ μ2ðE; λÞ; ð4:52Þ

μ2ðλ;N Þ ¼ ðλNÞcC ¼ μ2ðN ; λÞ: ð4:53Þ

μ2ðA1;A2Þ ¼ ðA1 · A2ÞC
þ 2ðφ½1A2�μ þ 2A½1 · ∂A2�μ þ ∂μA1 · A2Þcαμ;

ð4:54Þ

μ2ðA; EÞ ¼ ðφEþ 2A · ∂E − AμEμÞcC ¼ μ2ðE;AÞ;
ð4:55Þ

and it is identical to the μ2 computed in [20] from the
composition of two vertex operators acting on the vacuum
state. Applying the inclusion map I ≡ V as given in (4.9) to
the products μ2 of two elements ψ1, ψ2 ∈K, we find that

Vðμ2ðψ1;ψ2ÞÞ ¼ Vðψ1Þ⋆Vðψ2Þ þ ∂V2ðψ1;ψ2Þ; ð4:56Þ

where we defined

V2ðψ1;ψ2Þ ≔ HðVðψ1Þ⋆Vðψ2ÞÞ;
∂V2ðψ1;ψ2Þ ≔ QV2ðψ1;ψ2Þ þ V2ðm1ðψ1Þ;ψ2Þ

þ ð−1Þψ1V2ðψ1; m1ðψ2ÞÞ: ð4:57Þ

This bilinear map V2 coincides with the bilinear vertex
operator which was defined in [20]. We now showed that
this object is derived through the homotopy transfer of
ðF ;Q;⋆Þ to ðK; m1; μ2Þ.

In [20], it was also shown that μ2 can be mapped to a
commutative product m2 on K via

m2ðψ1;ψ2Þ ≔ μ2ðψ1;ψ2Þ þm1ðf2ðψ1;ψ2ÞÞ
þ f2ðm1ðψ1Þ;ψ2Þ
þ ð−1Þψ1f2ðψ1; m1ðψ2ÞÞ: ð4:58Þ

Since the shift is exact, the two products are homotopy
equivalent, with homotopy f2 given in [20]. In fact, idþ f2
is an isomorphism of A∞ algebras, so that ðK; m2;…Þ is a
C∞ algebra, the one which describes color stripped Yang-
Mills theory. We can show that the relation between μ2 and
the commutative m2 in K also descends from an analogous
relation in F : to this end, consider the symmetrization of
the star product

M2ðF1; F2Þ ≔
1

2
ðF1⋆F2 þ ð−1ÞF1F2F2⋆F1Þ: ð4:59Þ

One can construct a degree −1 graded antisymmetric map
N2∶ F⊗2 → F such that

M2ðF1; F2Þ ¼ F1⋆F2 þQN2ðF1; F2Þ
þ N2ðQF1; F2Þ
þ ð−1ÞF1N2ðF1;QF2Þ; ð4:60Þ

meaning that the star product onF is commutative up to the
homotopy N2. On the other hand, the product M2 is only
associative up to homotopy and idþ N2 is an isomorphism
of A∞ algebras. The general form of this map is

N2ðF1; F2Þ ¼
1

4
∂c∂pF1 · ∂pF2; ð4:61Þ

with the following explicit form at each degree

N2ðF1;1; F1;2Þ ¼ cA1 · A2;

N2ðF1; F2Þ ¼ MμAρwρμ;

N2ðF1; F3Þ ¼
1

2
eAμNμ: ð4:62Þ

The homotopy for commutativity N2 can then be projected
to K, yielding f2 as

f2 ¼ Π ∘N2 ∘ ðI ⊗ IÞ: ð4:63Þ

In conclusion, we have established the following rela-
tions between our different algebras:
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In this diagram, horizontal arrows are homotopy equiv-
alences between products, while vertical maps represent
quasi-isomorphisms under homotopy transfer. The right-
most arrow indeed represents a homotopy transfer akin to
the one we presented in this section, mapping between
C∞ algebras in that case.

V. OUTLOOK

In this paper, we have established that the C∞ algebra of
color-stripped Yang-Mills theory is homotopy equivalent to
a strict algebra of quantum worldline operators. In doing so,
we have clarified how the nonlinear vertex operators
introduced in [20] arise from the standard formulas for
homotopy transfer. We view these results as partial progress
toward clarifying the origin of the kinematic algebra of
gauge theories. The main challenge, however, lies still
ahead: the C∞ algebra of Yang-Mills theory constitutes
only the first layer of the much richer, and much more
complicated, off-shell kinematic algebra, the BV□

∞ algebra
identified by Reiterer in [19].
In this respect, the first ingredient to go beyond the

C∞ sector is a second nilpotent differential of degree −1.
This operator plays the role of a BV Laplacian and defines
the bracket of the kinematic algebra as its associated BV
antibracket. In our worldline setting, the homotopy BV
Laplacian is given by the antighost b, which acts as a
simple degree shift in the space of states K carrying the
C∞ algebra structure. Despite its simplicity, determining its
order with respect to m2 is highly nontrivial, given that the
latter is not a pointwise product. This has been a major
hurdle in the recent attempts to explicitly construct the
kinematic BV□

∞ algebra.

To simplify this state of affairs, a possible route would be
to find an analogous operator at the level of the quantized
phase space, since it is generally simpler to determine the
order of an operator with respect to⋆. The antighost b itself
is a coordinate of the phase space, so a natural ansatz for
such an operator would be the adjoint action ½b;−�⋆ ¼ ∂

∂c,
which is a derivation of ⋆, i.e., it is first order with respect
to⋆. However, ∂

∂c is not an endomorphism of the subalgebra
F , meaning that ½b;F �⋆⊈F . Nevertheless, given the
established homotopy equivalence with K, b on K can
be transported to an endomorphism in F . To this end one
first views b as an operator b̂ acting on K and then defines

bF ≔ I ∘ b̂ ∘Π∈EndðF Þ: ð5:1Þ

It remains to be seen whether this operator, or perhaps a
suitable modification of it, will help simplify the BV□

∞
algebra.
More generally, part of the main challenge is to guess

what the proper algebraic structure is that in its ‘strict’ form
captures all of color-kinematics duality. For instance, one
may speculate that the framework of factorization algebras
may be useful, as there are very simple such algebras that
are quasi-isomorphic to the kind of ⋆ product algebras that
are at the heart of the present results [45]. We plan to
explore these and other directions in the future.
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