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The characteristic energy of a relic dark matter interaction with a detector scales strongly with the
putative dark matter mass. Consequently, experimental search sensitivity at the lightest masses will always
come from interactions whose size is similar to noise fluctuations and low energy backgrounds in the
detector. In this paper, we correctly calculate the net change in measured differential event rate due to low
rate signal interactions that overlap in time with noise and backgrounds, accounting for both periods of time
when the signal is coincident with noise/backgrounds and for the decreased amount of time in which only
noise/backgrounds occur and we show that the introduction of random simulated signal events into the
continuous raw data stream (a form of “salting”) provides a correct and practical implementation to esti-
mate this net linear signal sensitivity. Unfortunately this does not apply to the situation with non negligible
pileups as we show through explicit examples. Consequently, this exclusion technique should be comple-
mented by less sensitive techniques that can separately exclude large rate, high pileup signal parameter
space. An analysis threshold above the Gaussian-like noise component of the measured differential rate
spectrum should also likely produce conservative limits. Though previous light mass dark matter searches
did not correctly account for decreased background only live time effects in their signal sensitivity,
conservative analysis choices likely protected their published limits from being nonconservative.
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I. INTRODUCTION

Detectors for direct detection of particle dark matter
(DM) record signals in time streams. In most cases, a
triggering algorithm is applied to select potentially inter-
esting signals from the continuous stream. Then, the signals
are processed to estimate the differential rate as a function
of measured energy, dR

dE0, and generate a DM sensitivity
estimate. Detectors have noise and backgrounds, and an
event with true energy deposition E produces a signal
reconstructed at energy E0 with a probability fðE0jEÞ.
Understanding fðE0jEÞ, i.e., the detector energy response,
is the core of an experiment.

For light mass DM, where the mass of the DM, MDM, is
much less than the mass of the target nuclei in the detector,
MN, the energy deposited in an elastic two-body nuclear

scattering interaction is E≲ 2M2
DMv

2
esc

MN
, where vesc is the escape

velocity for the Milky Way. This M2
DM dependence means

that signals for the lowest MDM are near or even below the
trigger threshold, E0

T . Specifically, it is possible that a DM
interaction with a true energy deposition below the trigger
threshold (E < E0

T) could occur in coincidence with a
positive random noise fluctuation, δE0, and thus be boosted
above the trigger threshold, Eþ δE0 ¼ E0 > E0

T . We want
to correctly derive the change in the measured differential
rate spectrum, dR

dE0, due to these interactions so that we can
correctly account for this sensitivity in our searches.
As we will elaborate in Sec. II, the net change in dR

dE0 is
due to both:

(i) the signal interacting with the detector in coinci-
dence with a large noise fluctuation or other
background.
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(ii) a decrease in the rate of large noise fluctuations/
backgrounds that are noncoincident with signal
interactions.

Not accounting for this latter effect can lead to overesti-
mation of the experimental sensitivity. For example, an
experiment must obviously have no sensitivity to a hypo-
thetical interaction that deposits identically zero true energy
in the detector. However, this E ¼ 0 event will have a
probability of being in coincidence with background
fluctuations δE0 > E0

t and thus will naively be boosted
above the trigger threshold. Only after accounting for both
of the effects above will dR

dE0 not have unphysical sensitivity
to E ¼ 0 interactions (Sec. II B 2).
Though we were motivated to understand noise boosting

originally in phonon detectors, this is a general problem
present in all detector technologies and in any search where
the signal is commingled, coincident, and of similar magni-
tude to the noise and background events. For example, a
light mass DM search with a p-type point contact germa-
nium ionization detector [1] attempted to search for noise-
boosted signals by simply Gaussian smearing the expected
DM spectrum without correctly restricting the boost and
thus potentially overestimated their DM sensitivity for light
mass DM.
We will first examine a simple scenario of ideal integrat-

ing detectors, and introduce the concept of the net differ-
ential signal response ΔfðE0jEÞ ¼ fðE0jEÞ − fðE0j0Þ in
Sec. II. In Sec. III, we will discuss the subtlety of estimating
ΔfðE0jEÞ when the experimental search data is contami-
nated with an unknown rate of signal interactions and
find that as long as the signal pileup rate is negligible, a
conservative interaction limit that is guaranteed to have a
larger expectation than the true signal rate can be estimated
using the net differential response. Unfortunately, we also
show that for a true signal with large pileup, limits are not
guaranteed to be conservative. Thus, limits based on the net
linear differential sensitivity should ideally be comple-
mented by other limit setting techniques which may be less
sensitive but are guaranteed to be conservative in the
pileup limit.
In Sec. IV, we will generalize the discussion to continu-

ous DM interaction spectra and demonstrate how conserv-
ativeness depends on true signal pileup in a toy example.
With this example as a guide, we propose that setting limits
based only upon measured energies that are above the
approximately Gaussian noise blob will likely produce
conservative limits, even though this is not strictly proven.
We will also discuss the likely conservativeness of analysis
strategies used in previous light mass DM direct detection
searches [2–5]. All of the above has been done with an ideal
integrating detector that is easy to understand. Thus, we
will generalize these concepts to experiments with con-
tinuous data streams that have more complicated event
timing information in Sec. V. We will refer to these
detectors as “waveform detectors.” In such waveform

devices, the concept of a signal interaction being in
“coincidence” with a large noise fluctuation is qualitative.
More rigorously, we should say that the time difference
between a large noise fluctuation and the true signal event
is small compared to the pulse width. Finally, in Sec. VI, we
will show that introducing a known rate of artificial random
signal events in the continuous raw data stream (pretrigger
“salting”) correctly estimates the net differential response.

II. DERIVATION FOR A DISCRETIZED
INTEGRATING DEVICE

In this section, we will suppress these subtleties and
think instead about the behavior of an idealized integrating
time-discretized detector like a CCD. In an idealized CCD,
for instance, the total integrated charge deposited in the
pixel is measured every Δt, after which the pixel is reset
and begins to integrate the charge for the next discrete
measurement. All measurements are recorded without a
trigger. We will assume that the timescale for energy
deposition is instantaneous and the time to measure and
reset is infinitesimal.

A. Single Dirac-Delta true energy deposition

The second simplification we will make, initially at least,
is that each and every interaction event produces an
identical true energy signal in the sensor, Es. Beyond
being easier to understand, this scenario has physical
relevance since it corresponds to bosonic DM absorption.
With these two simplifications, we can calculate the

expected differential rate of the measured energy E0 in
terms of:

(i) fðE0jE ¼ nsEsÞ≡ fðE0jnsEsÞ: the probability dis-
tribution of measured energy, E0, in the time interval
Δt given a true deposited energy of E ¼ nsEs from
ns signal interactions occurring in the same time
interval.

(ii) fðE0jE ¼ 0Þ≡ fðE0j0Þ: the probability distribution
of measured energy, E0, in the time interval Δt with
no signal interactions in the same time interval. This
is a subgroup of the previous definition. We empha-
size that this is everything that is not due to the
signal. It potentially includes backgrounds inter-
actions, calibration source interactions, all con-
volved with various noise sources.

(iii) Pðnsjλs ¼ RsΔtÞ: the Poissonian distribution for
having ns events within a time Δt with an average
number of interactions λs or equivalently an inter-
action rate of Rs.

Please note a few things. First, fðE0jnsEsÞ and fðE0j0Þ
are highly related. fðE0jnsEsÞ can be directly measured by
explicitly salting no-signal measurements that are pulled
from fðE0j0Þ. Explicitly, one would simply deposit ns
signals with energy Es in each and every measurement
period, Δt. More simply, for a perfectly linearly idealized
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integrating device where the energies of all the events that
occur within the Δt time bin just simply add

fðE0jnsEsÞ ¼ fðE0 − nsEsj0Þ: ð1Þ

Using these distributions, we can then write the expected
signal rate dR

dE0 as

dR
dE0 ðE0jSðEs; RsÞÞ ¼

1

Δt
fðE0jSðEs; RsÞÞ

¼ 1

Δt

X∞
ns¼0

PðnsjRsΔtÞfðE0jnsEsÞ: ð2Þ

We use SðEs; RsÞ to represent the signal model. For
simplicity, in the later sections, the parameters for the
signal model in context will only be explicitly written out
once, and then the model will be noted as S. This notation
allows us to easily generalize to more complex signal
models, which can produce a continuum of true energy
depositions, like DM scattering (see Sec. IV).
We explicitly highlight the seemingly obvious relation-

ship between the measured differential rate and the prob-
ability distribution of the measured energy, dR

dE0 ðE0jSÞ ¼
1
Δt fðE0jSÞ. In particular, this relationship means that
Δt
R
dE0 dR

dE0 ðE0jSÞ ¼ 1. By contrast, the integral of the
differential rate of the signal with respect to the true energy
deposition, dR

dE ðEjSÞ, is Δt
R
dE dR

dE ðEjSÞ ¼ λ, and is thus
not a probability distribution. To gain a deeper under-
standing for this difference, we look at the two limiting
cases. When there is no signal interaction at all,
Δt
R
dE dR

dE ðEjSÞ ¼ λs ¼ 0. However, the measured differ-
ential rate is clearly nonzero; it is a measure of the noise and
backgrounds. On the other hand, when λ ≫ 1, there is
significant pileup of multiple signal interactions in every
bin and dR

dE0 bears little resemblance to dR
dE.

Returning to Eq. (2), we split off and rewrite the ns ¼ 0
term using the fact that

P∞
ns¼0 PðnsÞ ¼ 1, and find

dR
dE0 ðE0jSÞ ¼ 1

Δt
fðE0j0Þ

 
1 −

X∞
ns¼1

PðnsjRsΔtÞ
!

þ 1

Δt

X∞
ns¼1

PðnsjRsΔtÞfðE0jnsEsÞ

¼ dR
dE0 ðE0j0Þ

 
1 −

X∞
ns¼1

PðnsjRsΔtÞ
!

þ 1

Δt

X∞
ns¼1

PðnsjRsΔtÞfðE0jnsEsÞ ð3Þ

since dR
dE0 ðE0j0Þ ¼ 1

Δt fðE0j0Þ.

Equation (4) shows that signal interactions affect dR
dE0

in two distinct ways, both of which must be accounted
for. The second term, 1

Δt
P∞

ns¼1 PðnsjRsΔtÞfðE0jnsEsÞ,
accounts for the change in the differential rate distribution
from those time periods which have one or more signal
interactions. The dR

dE0 ðE0j0Þð1 −P∞
ns¼1 PðnsjRsΔtÞÞ term,

by contrast, accounts for the fact that as Rs increases, there
are fewer time periods without a signal interaction; there are
fewer time periods that are solely noise. In other words,
the presence of signal interactions decreases the live time
available for pure noise fluctuations to be recorded.
Grouping terms in Eq. (4) together by PðnsjRsΔtÞ, we

find that

dR
dE0 ðE0jSÞ ¼ dR

dE0 ðE0j0Þ þ 1

Δt

X∞
ns¼1

PðnsjRsΔtÞ

×
�
fðE0jnsEsÞ − fðE0j0Þ� ð4Þ

or equivalently by multiplying through by Δt, we estimate
the probability distribution for the measured E0 in each
integration period

fðE0jSÞ ¼ fðE0j0Þ þ
X∞
ns¼1

PðnsjRsΔtÞ

×
�
fðE0jnsEsÞ − fðE0j0Þ�: ð5Þ

Under the additional assumption that there is minimal
signal pileup, RsΔt ≪ 1, the dominant term in the sum is
ns ¼ 1 and this simplifies drastically to

dR
dE0 ðE0jSÞ ¼ dR

dE0 ðE0j0Þ þ Rs

�
fðE0jEsÞ − fðE0j0Þ� ð6Þ

or equivalently

fðE0jSÞ ¼ fðE0j0Þ þ RsΔt
�
fðE0jEsÞ − fðE0j0Þ�: ð7Þ

When written in this way, the term RsðfðE0jEsÞ −
fðE0j0ÞÞ should be thought of as the net change of the
differential rate due to a signal interaction with rate Rs and
energy Es. We define

ΔfðE0jEsÞ≡ fðE0jEsÞ − fðE0j0Þ ð8Þ

as the “net differential response” of the detector to an event
of true energy Es.
Equation (6) (and its nonlinear generalization in Eq. (4)

that accounts for signal pileup) is the core insight of this
paper. It describes how a signal that is overlapping with
background and noise affects the experimentally measured
differential rate, dR

dE0 ðE0jSÞ. Most importantly, correct mod-
eling of the ΔfðE0jEsÞ must occur no matter the statistical
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technique ultimately used to estimate experimental search
sensitivity.

B. A variety of test cases

We will discuss a series of intuitive test cases to
demonstrate that Eq. (6) and their DM high rate general-
izations [Eq. (4)] should be used rather than expressions
which do not account for the decrease in background only
time periods [Eq. (10)] in any analysis where there is a
significant noise/background event rate that overlaps with
the signal.

1. Bosonic DM search with a gaussian random noise

We will start with the ideal scenario, a detector for
bosonic DM absorption with Gaussian noise fluctuations.
In Fig. 1, there are 2 peaks visible in fðE0jSðEs ¼ 5σ; Rs ¼
0.1=ΔtÞÞ (red). The large peak centered at E0 ¼ 0 consists
of time frames that are not in coincidence with a signal
interaction; they are due to noise-only time frames. The
peak centered at E0 ¼ Es consists of time frames that have a
DM interaction in coincident with the noise.
Notice that the rate of events around zero is slightly less

for fðE0jSÞ than fðE0j0Þ because the former is only those
noise events that are anticoincident with the DM. Those
coincident with the DM have been up-shifted to being
centered around Es. This is a physical effect represented by
the fðE0j0Þð1 −P∞

ns¼1 PðnsjRsΔtÞÞ Equation (3) or equiv-
alently the −RsΔtfðE0j0Þ term in Eq. (7).
In experiments that search for signals which are well above

the noise peak, like LZ [6], CDMS-II [7], SuperCDMS
Soudan [8], EDELWEISS III [9], CRESST III [2] etc., it is
reasonable to not include fðE0j0Þ term since there is no or
very minimal overlap with fðE0jEsÞ. Thus, there exists an

analysis threshold that is above nearly the entirety of fðE0j0Þ
while being below the majority of fðE0jEsÞ. Consequently,
neglecting the decrease in the noise-only event rate has no
scientific significance in those experiments. By contrast, for
light mass DM searches where the signals are small, fðE0jEsÞ
can have significant overlap with fðE0j0Þ, and thus one must
use the net differential sensitivity.

2. Searches for dark matter where MDM → 0

As the mass of dark matter, MDM, approaches 0, the
maximum possible energy transferred to the detector also
approaches zero, Es → 0. As such, a necessary but cer-
tainly not sufficient condition for a valid DM search
analysis technique is that it has no sensitivity to DM
interactions in the limit as MDM → 0. Notice that Eq. (7)
naturally satisfies this condition

fðE0jSðEs → 0; RsÞÞ
¼ fðE0j0Þ þ RsΔt

�
fðE0jEs → 0Þ − fðE0j0Þ�

¼ fðE0j0Þ − RsΔt lim
Es→0

dfðE0j0Þ
dE0 Es þ � � �

¼ fðE0j0Þ: ð9Þ

In this limit, the measured distribution fðE0jSÞ is by
construction independent of Rs, and thus, the experiment
has absolutely no sensitivity to DM. By contrast, [2,3,5] did
not directly account for decreased noise only live time and
incorrectly estimated their sensitivity was

dRNoLT

dE0 ðE0jSðEs; RsÞÞ ¼
dR
dE0 ðE0j0Þ þ RsfðE0jEsÞ

or expressed by the measurement probability distribution as

fNoLTðE0jSðEs; RsÞÞ ¼ fðE0j0Þ þ RsΔtfðE0jEsÞ ð10Þ

where “NoLT” stands for no live-time correction. This
expression is no longer a proper probability distribution,
since the total probability is no longer unity. Additionally,
in the limit of Es → 0, this incorrect formulation calculates

fNoLTðE0jSðEs → 0; RsÞÞ ¼ fðE0j0Þ þ RsΔtfðE0jEs → 0Þ
¼ fðE0j0Þð1þ RsΔtÞ

a dependence of the differential rate on Rs. This is clearly
unphysical. It falsely claims that the number of high-energy
noise events increases with the DM interaction rate, even
though these interactions deposit zero energy, and thus each
of the historical analyses that used Eq. (10) [or more
precisely its generalized form for continuum signals found
in Eq. (36)] placed additional artificial constraints on their
analyses to mitigate these issues as discussed in Sec. IV D.

FIG. 1. Probability distribution functions for when fðE0; 0Þ
(yellow) is Gaussian distributed noise.The net change ΔfðE0jEsÞ
(purple) is fðE0jEsÞ (dashed green) subtracted by fðE0; 0Þ. The
DM signal energy Es ¼ 5σ, where σ is the Gaussian RMS. The
signal rate Rs ¼ 0.1=Δt.
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3. Effect of slowly varying non-Gaussian noise tails

Next, we consider the scenario where the no-signal
distribution has a non-Gaussian, monotonically decreasing
tail of unknown origin. This scenario is extremely pertinent
since the current generation of light mass DM searches based
on cryogenic calorimeters measures a poorly understood
near threshold background excess of this type [3,9,10].
For concreteness, we model this scenario with an expo-

nential plus a flat background, which qualitatively accounts
for the low energy excess backgrounds and environ-
mental radioactive backgrounds, that has been smeared
by Gaussian noise (Fig. 2).
In the tail region (gray in Fig. 2) of the noise spectrum,

the net sensitivity response (purple in Fig. 2) is found to
be significantly suppressed compared to fðE0jEsÞ (dashed
green). This is due to the fact that for small DM energy

depositions, Es, ΔfðE0jEsÞ ∼ − dfðE0j0Þ
dE0 Es þ…[Eq. (9)]; it

is proportional to the slope of fðE0j0Þ. Thus, coincidence
with a perfectly flat background tail cannot be used to
gain sensitivity to subthreshold signals. Again, the histor-
ically used, but incorrect, rate model of Eq. (36) over-
estimates signal sensitivity in this critical noise scenario.
This example, strongly motivates the use of the correct net
differential signal response function in future experiments
with such backgrounds so that the actual sensitivity can be
correctly estimated.

III. ESTIMATING THE SIGNAL RATE

Now that we understand theoretically how fðE0Þ, and
equivalently dR

dE0, varies with a known signal rate Rs of
true energy depositions Es in the linear [Eq. (6)] and non-
linear regimes [Eq. (4)], we can attempt to statistically

estimate an unknown measured signal rate in experimental
search data.
The first step, of course, is to simply measure

the potentially signal contaminated differential rate,cdR
dE0ðE0jSðEs; λs ¼ RsΔtÞÞÞ, where the S explicitly high-
lights that the measured search data is potentially con-
taminated by an unknown signal with rate Rs and true
energy deposition Es while the b communicates that this
is a statistical estimator. Specifically, we can count the
number of measurements, NE0 , with an estimated energy E0

within the range of ½E0 − ΔE0
2
; E0 þ ΔE

2
� over a time T total. In

the limit of small energy intervals, the estimator becomes

cdR
dE0 ðE0jSÞ≡ lim

ΔE0→0

NE0
��
E0 − ΔE0

2
; E0 þ ΔE

2

��
ΔE0T total

: ð11Þ

This estimator and the related estimator for f̂ðE0jSÞ are
both unbiased and consistent with the true value [11] since
their expectation matches the true value and therefore

h
cdR
dE0ðE0jSÞiΔt ¼ hf̂ðE0jSÞi

¼ fðE0j0Þ þ
X∞
ns¼1

PðnsjλsÞ

×
�
fðE0jnsEsÞ − fðE0j0Þ� ð12Þ

where the second equality follows from Eq. (5). To generate
an unbiased and consistent estimator of λs ¼ RsΔt from
Eq. (12) clearly requires an additional estimation of
backgroundþ noise distribution without any potential
signal contamination, fðE0j0Þ. If this is possible, then
f̂ðE0jnsEsÞ can be generated either by shifting the distri-
bution in the case of ideal linear integrating detectors,
f̂ðE0jnsEsÞ ¼ f̂ðE0 − nsEsj0Þ or via salting methods
[Eq. (1)]. With this additional knowledge, λ̂sðE0Þ is the
solution of

f̂ðE0jSÞ ¼ f̂ðE0j0Þ þ
X∞
ns¼1

Pðnsjλ̂sÞ
�
f̂ðE0jnsEsÞ − f̂ðE0j0Þ�

ð13Þ

which in the small pileup limit becomes

R̂sðE0jEsÞΔt ¼ λ̂sðE0Þ ¼ f̂ðE0jSÞ − f̂ðE0j0Þ
f̂ðE0jEsÞ − f̂ðE0j0Þ ð14Þ

where we have explicitly highlighted that R̂sðE0jEsÞ is a
function of E0. More complex estimators can be constructed
by an optimal weighted integration of R̂s over a range of E0
[12] or even using maximum likelihood methods, but they
basically share the same features as Eqs. (13) and (14).

FIG. 2. Same probability distributions as Fig. 1 but assuming a
non-Gaussian noise. The signal model here represents a case with
low DM energy, where Es ¼ σ and Rs ¼ 0.1=Δt. Gray highlights
the non-Gaussian noise and background region where ΔfðE0jEsÞ
is suppressed compared to fðE0jEsÞ. The flat background differ-
ential rate is 0.02=Δt=σ.
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A. The difficulties of measuring f ðE0j0Þ
Unfortunately, in a large class of experiments, it is

impossible to “turn off” the DM interaction signal to directly
measure fðE0j0Þ. High mass DM experiments like the noble
gas two phase TPCs, for example, depend upon a wealth of
event information (ionization and scintillation signal ampli-
tudes, position information) and an enormous amount of
calibration data to both separate the majority of backgrounds
and model the residual overlapping background fðE0j0Þ.
Unfortunately, the current generation of light DM matter
experiments have minimally understood indistinguishable
backgrounds (charge leakage [13,14], dark counts [15,16],
low energy event excess [2–4,17]) and thus an understanding
of fðE0j0Þ is currently impossible.

B. Measuring the net differential response

While in many cases fðE0j0Þ is not directly estimable
and thus a background subtracted signal rate is impossible,
one can still estimate the net differential response
ΔfðE0jEsÞ≡ fðE0jEsÞ − fðE0j0Þ [Eq. (8)] from potentially
contaminated search data in the no pileup limit.
To prove this let us take the probability distribution,

fðE0jSÞ, that is potentially contaminated by the signal
SðEs; λsÞ, and generate the distribution fðE0jSþ nsEsÞ
either by shifting the distribution in the case of ideal linear
integrating detectors, fðE0jSþ nsEsÞ ¼ fðE0 − nsEsjSÞ or
by explicitly adding a true energy deposition of nsEs to
the search data before measurement via salting [Eq. (1)].
Following from Eq. (12), we can relate these boosted signal

contaminated search distributions to that of the boosted
background-only distributions

fðE0jSþ nsEsÞ ¼ fðE0jnsEsÞ þ
X∞
ms¼1

PðmsjλsÞ

×
�
fðE0jðms þ nsÞEsÞ − fðE0jnsEsÞ

�
:

ð15Þ

Flipping Eqs. (12) and (15) to write fðE0j0Þ and
fðE0jnsEsÞ in terms of these measurable search distribu-
tions and a higher order signal pileup residuals, we find

fðE0j0Þ ¼ fðE0jSÞ −
X∞
ms¼1

PðmsjλsÞ
�
fðE0jmsEsÞ − fðE0j0Þ�

ð16Þ

and

fðE0jnsEsÞ ¼ fðE0jSþ nsEsÞ −
X∞
ms¼1

PðmsjλsÞ

×
�
fðE0jðns þmsÞEsÞ − fðE0jnsEsÞ

� ð17Þ

which we can then use to rewrite the unmeasurable net
differential sensitivities in Eq. (12) in terms of measurable
differences between signal-contaminated distributions and
unmeasurable signal pileup residuals

fðE0jSÞ ¼ fðE0j0Þ þ
X∞
ns¼1

PðnsjλsÞðfðE0jSþ nsEsÞ − fðE0jSÞÞ

−
X∞
ns¼1

X∞
ms¼1

PðnsjλsÞPðmsjλsÞ
�
fðE0jðms þ nsÞEsÞ − fðE0jnsEsÞ − fðE0jmsEsÞ þ fðE0j0Þ�: ð18Þ

If the unknown average signal interaction number in
each time bin, λs ¼ RsΔt, is already known to be ≪ 1,
then Eq. (18) can be Taylor expanded to first order λs and
we find

fðE0jSÞ ¼ fðE0j0Þ þ λsðfðE0jSþ EsÞ − fðE0jSÞÞ
¼ fðE0j0Þ þ λsΔfðE0jSþ EsÞ ð19Þ

where ΔfðE0jSþ EsÞ≡ fðE0jSþ EsÞ − fðE0jSÞ is the
measurable net differential signal sensitivity with potential
signal contamination. In other words, Eq. (19) specifically
shows that signal contamination does not significantly
affect the estimate of the net differential sensitivity in
the no-pileup regime.

C. Conservative upper bound in the
no-pileup regime

Using the result of the previous section, we can derive
in the no-pileup regime a conservative upper bound on the
presence of a signal, R̂lim, which requires no understanding
of the noise, backgrounds and possibly contaminating
signals S.
A conservative upper bound, R̂limðE0jEsÞ, can be

defined as

R̂lim ≡ 1

Δt
f̂ðE0jSÞcΔfðE0jSþ EsÞ

ð20Þ

whose value for large exposure becomes
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R̂limðE0jEsÞ⟶
T total⟶∞ 1

Δt
fðE0jSÞ

ΔfðE0jSþ EsÞ

¼ 1

Δt
fðE0j0Þ

ΔfðE0jSþ EsÞ
þ Rs: ð21Þ

Since fðE0j0Þ is non-negative everywhere,
limT total→∞ R̂lim ≥ Rs for all E0 where ΔfðE0jSþ EsÞ > 0

in the no pileup regime. It is conservative for all possible
background scenarios in the no-pileup regime. Of course,
more complex upper limits that are constructed by
weighted integration of R̂limðE0Þ taking into account the
various statistical penalties [12] will also be conservative.

D. Lack of conservativeness in the pileup
regime (λs ≫ 1)

In Sec. III C, we showed that when λs ≪ 1, R̂lim con-
servatively overestimates Rs for all possible background
scenarios. We did not, however, explicitly show that R̂lim
could be nonconservative and potentially underestimate Rs
in the pileup regime. Below are two important background
scenarios in which R̂lim unfortunately underestimates Rs.
They give us significant intuition into scenarios where we
can and cannot conservatively apply Eq. (21).
The absolute most challenging scenario to make

conservative is one where the measured search data spec-
trum is entirely due to dark matter signal interactions plus
Gaussian noise, NðE0jσÞ.
Therefore to calculate fðE0jSÞ we use Eq. (2) to allow

for the possibility of m signal coincidences within a single
time bin

fðE0jSÞ ¼
X∞
m¼0

PðmjλsÞNðE0 −mEsjσÞ

¼
X∞
m¼0

λms e−λs

m!
NðE0 −mEsjσÞ: ð22Þ

1. Nonconservative examples: λs ≫ 1 and gaussian
noise with σ ≪ Es

For the limit where σ ≪ Es, the signal contaminated
search data consists of isolated quantized peaks corre-
sponding to m DM coincidences in a single time bin.
fðE0jSþ EsÞ is found by shifting the fðE0jSÞ by Es

fðE0jSþ EsÞ ¼ fðE0 − EsjSÞ

¼
X∞
m¼0

λms e−λs

m!
NðE0 − ðmþ 1ÞEsjσÞ

¼
X∞
m¼1

λm−1
s e−λs

ðm − 1Þ!NðE0 −mEsjσÞ: ð23Þ

Finally, we can calculate the contaminated net differ-
ential sensitivity at Es

ΔfðE0jSþ EsÞ ¼ −e−λsNðE0jσÞ þ
X∞
m¼1

�
1 −

λs
m

�

×
λm−1
s e−λs

ðm − 1Þ!NðE0 −mEsjσÞ: ð24Þ

As shown in Fig. 3, for m < λs, ΔfðE0jSþ EsÞ is
negative, while for m > λs it is positive. This is a true
effect that is qualitatively similar to the fact that the
probability of measuring a bin with no DM interactions
decreases as we increase the signal rate (Sec. II B 1).
Integrating both fðE0jSþ EsÞ and ΔfðE0jSÞ over the
individual, discrete peaks we find that

FðmjSÞ ¼ λms e−λs

m!
ð25Þ

and

ΔFðmjSþ EsÞ ¼
�
1 −

λs
m

�
λm−1
s e−λs

ðm − 1Þ! ð26Þ

FIG. 3. Left: probability distributions for the case where there is DM contamination of the background data (see text). Here, the
unknown true dark matter rate λs ¼ 1.5, and the net response is negative at the single Es peak. Right: limit set by Eq. (27). The gray line
indicates the true DM background rate. The limit is conservative only when 1.5Es < E0 < 2.5Es.
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form ≥ 1 and generate a limit from each peak using Eq. (20)

R̂limðmjEsÞ⟶
TTotal→∞ 1

Δt
FðmjSÞ

ΔFðmjSþ EsÞ
¼ Rs

m − λs
ð27Þ

and thus only the peak where 0 ≤ m − λs ≤ 1 is conser-
vative and overestimates Rs. All peaks withm − λs ≥ 1will
underestimate Rs and be nonconservative.
This example highlights that a small signal first order

taylor expansion of fðE0jSÞ is obviously not accurate when
the signal rate is large enough to produce significant pileup.
A slightly deeper statement, is that in the small signal limit,
fðE0jSÞ is a good approximation to fðE0j0Þ (Eq. (16) and
fðE0jSþ EsÞ is a good approximation to fðE0jEsÞ
[Eq. (17)]. At high interaction rates, this simply is not true.

2. λs ≫ 1 with Gaussian noise where σ ≫ Es

The previous example is quite specific to idealized
integrating detectors with a Dirac-delta signal because
pileup in waveform detectors will not produce a quantized
spectrum. However, it emphasizes that even in the most
ideal scenarios, signal pileup can lead to nonconservative
limits.
By contrast, the opposite limit where λs ≫ 1 and

σ ≫ Es remains qualitatively similar for waveform
detectors and thus significantly guides our intuition. In
this limit, the Poissonian signal distribution can be well
approximated as an off-centered Gaussian distribution,
NðE0 − λEsjσs ¼

ffiffiffiffi
λs

p
EsÞ. Then when convoluted with

Gaussian noise spectrum the various m signal event
coincidences gets smeared and strongly overlap leading
to a smooth, nonquantized distribution

fðE0jSÞ ¼ N
	
E0 − λsEsjσ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2o þ λsE2

s

q 

; ð28Þ

where σo is the original detector resolution without any
events. Since Es ≪ σ, ΔfðE0jSþ EsÞ ∼ − ∂fðE0jSÞ

∂E0 Es and
therefore

R̂lim ¼ −1
ΔtEs

fðE0jSÞ
∂fðE0jEsÞ

∂E0
¼ −1

ΔtEs

1
∂ ln fðE0jSÞ

∂E0
: ð29Þ

Plugging in Eq. (28), we find that

R̂limðE0jEsÞÞ⟶
TTotal→∞ σ2o

ΔtEsðE0 − λsEsÞ
þ Rs

E0
Es
− λs

ð30Þ

and we end up again with the unfortunate conclusion that
if the underlying Gaussian noise is dominated by Poisson
noise fluctuations of the signal (i.e., σ2o ≪ λsE2

s), then
RlimðE0jEsÞ will underestimate Rs by the factor E0

Es
− λs.

This explicit test case really highlights the most impor-
tant scenario for which using the net linear differential
signal response [Eq. (21)] to set an upper limit can be
nonconservative; high signal pileup (λs ≫ 1) is largely
indistinguishable from noise fluctuations and thus there is
no way to determine if the signal is being boosted by true
noise/background instead of other pileup signal interactions
when Es ≪ σ. To both determine the relevant conservative
range precisely and set conservative limits on signals where
Es ≪ σ, we suggest using methods that set signal limits
based upon the noise distribution itself [18].

IV. GENERALIZATION TO A SPECTRUM
OF ENERGY DEPOSITION

In the previous two sections, we have worked with the
case where the putative signal was expected to deposit a
single true energy in the detector, e.g., to take the example
of DM, a simple Bosonic DM interaction. This simplified
the calculation and allowed us to gain intuition. In this
section, we extend the discussion to the general case of
DM interactions with a continuous true energy deposition
spectrum.

A. The case for a generic dark matter interaction

Before we consider a generic DM interaction, let us first
consider the signal model of multiple discrete true energies
Esi, with rate Rsi respectively. We would have to take into
account not only the pileups between the same energies as
in Eq. (5), but also pileups between different energy Esi and
Esj, and triple pileups between Esi; Esj, and Esk, and so on.
The formulas get rapidly out off hand but we can notice that
any of these pileup terms are at least of order two either in
RsiΔt≡ λsi or products of several rates λsi; λsj;…, which
are also at least of order two in rates. Therefore, if we limit
ourselves to the first-order terms in rates, which is the case
of negligible pileups, Eq. (7) becomes

fðE0jSðfEsi; RsigÞÞ ¼ fðE0j0Þ þ
X
i

RsiΔt

×
�
fðE0jEsiÞ − fðE0j0Þ�: ð31Þ

Now, in the no pileup approximation, for interaction
processes that produce a continuum of energy depositions/
signal magnitudes as found in DM scattering, one can
easily generalize Eqs. (7) and (31) by simply integrating
over the true energy, Es

fðE0jSðMs;σsÞÞ ¼ fðE0j0ÞþΔt
Z

dEs
dR
dEs

�
EsjSðMs;σsÞ

�
×
�
fðE0jEsÞ−fðE0j0Þ�þ� � � ð32Þ

where dR
dEs

ðEsjSÞ is the differential rate of DM with mass
Ms at the true but unknown cross section σs. The common
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practice is to calculate DM spectrum shape dR
dEs

ðEsjSÞ=RðSÞ
at an arbitrary reference cross section σ0, and move the linear
dependence on σs to the total signal rate RsðSðMs; σsÞÞ

fðE0jSðMs; σsÞÞ ¼ fðE0j0Þ þ RsðSðMs; σsÞÞΔt

×
Z

dEs

dR
dEs

ðEsjSðMs; σ0ÞÞ
RðSðMs; σ0ÞÞ

× ðfðE0jEsÞ − fðE0j0ÞÞ þ � � �
¼ fðE0j0Þ þ RsΔtΔfðE0jsðMsÞÞ þ � � �

ð33Þ

In essence, in Eq. (33) we are simply weighting the various
ΔfðE0jEsÞ by the shape of the true recoil spectrum to
calculate ΔfðE0jsðMsÞÞ, the net differential sensitivity for a
single elastic scatter with mass Ms. sðMsÞ is the generali-
zation of salting with a true energy deposition Es, where
one salts with true energy deposition distribution whose
shape is parametrized by the DM mass, Ms. As with
Eq. (6), this equation is only valid in the limit of minimal
signal pileup, ðλs ¼ RsΔt ≪ 1).
Just as for the case of bosonic DM, one can also estimate

the true net differential signal sensitivity by measuring the
potentially signal-contaminated distributions, provided the
true λs ≪ 1

fðE0jSðMs; σsÞÞ ¼ fðE0j0Þ þ RsðSðMs; σsÞÞΔt
Z

dEs

dR
dEs

ðEsjSðMs; σ0ÞÞ
RðSðMs; σ0ÞÞ

�
fðE0jSðMs; σsÞ þEsÞ− fðE0jSðMs; σsÞÞ

�þ � � �

¼ fðE0j0Þ þ RsΔtΔfðE0jSðMs; σsÞ þ sÞ þ � � � ð34Þ

where the dropped higher order terms scale as λ2s or greater.
This equation can be understood as the generalization of
Eq. (19). And the DM signal upper limit can be estimated in
the same form as Eq. (20).

B. Simulated light mass dark matter search

In order to give a semirealistic example of what a DM
search could look like, we explore a scenario with 50 MeV
DM from a standard halo velocity distribution that interacts
via scalar nuclear elastic scattering with a 5.6 × 10−33 cm2

cross section using a 10 g Si ideal integrating detector that
has an intrinsic Gaussian noise of 1 eVrms. The same event
and backgrounds are observed with two different integra-
tion times, one at 100 μs per frame and one ×100 slower,
at 10 ms per frame. The resulting difference in λs creates
drastically different measured experimental differential
rates and transitions us from having noise-boosted limits
that are guaranteed to be conservative (Sec. III C) to the
high pileup regime where it is possible that the derived
limits could be nonconservative (Sec. III D).
The true energy differential signal rate, dRdE ðEjSðMs; σnÞÞ,

where S represents the unknown signals from DM of
Ms ¼ 50 MeV and σn ¼ 5.6 × 10−33 cm2, is shown in
Fig. 4 scaled by the integration time Δt. We explicitly
note that unlike dR

dE0 ðE0ÞΔt ¼ fðE0Þ that has an integral of 1,
the integral of dR

dE ðEjSÞΔt is λs and therefore is not a
probability distribution function. The signal cross section
was purposefully chosen such that λs ¼ 0.02 for the
detector with the faster integration time (left) and 2.0 for
the detector with the slower integration time (right). The
true energy background differential rate, dR

dE ðEjBÞ, was
chosen to be qualitatively similar in shape to the low energy

excess [10] commonly seen in the current generation light
mass DM calorimeters but scaled to not completely
dominate the signal.
Next, we construct the experimentally measured prob-

ability with the true signal and background events hitting
the detector, fðE0jSÞ (red). For the fast integrating detector,
λs is small, and the first order Taylor expansion formu-
lation, Eq. (34), can be used. For the slowly integrating
detector, a continuum true energy deposition generalized
form of Eq. (4) is needed since there is significant signal
pileup. To highlight the changes in the spectrum from the
signal interaction, we also plot the unmeasurable back-
ground-only distribution, fðE0j0Þ (yellow).
The high energy tail of fðE0jSÞ and fðE0j0Þ for both

detectors is simply a convolution of the noise point spread
function (σ ¼ 1 eV) with the true dR

dE ðEjBÞ. Since the
background event distribution is relatively slowly varying
compared to the noise energy scale, fðE0jSÞ and fðE0j0Þ ∼
dR
dE ðEjBÞΔt in the high energy range.
At low measured energies, there are substantial

differences in the performance of the two detectors. For
the quick detector, differences between fðE0jSÞ and fðE0j0Þ
do exist but are difficult to see since only 2% of the bins
have a signal interaction, and even then, a single signal
interaction event has an average energy deposition ∼σ. For
the slow detector, however, there is a significant noise
broadening for fðE0jSÞ due to DM signal shot noise as
derived and discussed in Sec. III D 2 compared to fðE0j0Þ.
Positive portions of the linear net differential sensitivity

for DM nuclear scattering, ΔfðE0jSþ sÞ [Eq. (34)] with
Ms ¼ 50 MeV are shown in solid black, and the resulting
sensitivity limits shown in Fig. 5 are produced with the
generalization of Eq. (20)
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R̂lim ≡ 1

Δt
f̂ðE0jSÞcΔfðE0jSþ sÞ

: ð35Þ

For the fast detector with minimal pileup, the resulting
limits (solid black) are found to be conservative at all mea-
sured energies as proven in Sec. III C. By contrast, for the
slow detector with λs ¼ 2, the resulting limits are actually
smaller than the true signal rate in the range from 2.5 eV to
7 eV, illustrating the danger and nonconservativeness of
using limit estimators that assume minimal pileup.

C. Techniques to guarantee the conservativeness
for all background and signal scenarios

We have now given explicit examples where the calcu-
lated limit will be lower than the true rate for various
Dirac-delta (Sec. III D) and continuous spectra signals
(Sec. IV B) in scenarios when the measured differential
rate is dominated by true signal pileup. The most elegant
way to guarantee conservativeness of this limit estimator
is to first exclude the problematic high signal pileup
space with a less sensitive but manifestly conservative
estimator. For example, [18], and further improvements on
this concept [19], set absolutely conservative limits on the
noise distribution itself.
Alternatively, we can constrain the measured energy

estimator domain from which we can build our limit
estimator. As shown in Fig. 5, problematic nonconservative
performance of the estimator (3 eV ∼ 7 eV) occurs in the

energy range where the measured differential rate is
dominated by Gaussian noise from true signal pileup.
If one constrains the domain of limit generation only to
non-Gaussian regions only, the resulting limit should be
conservative.
We also emphasize that the exclusion regions produced

by linear net differential sensitivity analyses should include
the pileup rate as an upper contour edge.

D. Conservativeness of previous experiments

As discussed earlier, Eq. (34) was not used to estimate dR
dE0

in recent noise boosting analyses. Instead the CPDv1 DM
search [3], the EDELWEISS search [5], and the CRESST
searches [2,4] did not account for the decrease in nonsignal
live-time and used

fNoLTðE0jSðMs; σsÞÞ ¼ fðE0j0Þ þ RsðSðMs; σsÞÞΔt

×
Z

dEs

dR
dEs

ðEsjSðMs; σ0ÞÞ
RðSðMs; σ0ÞÞ

× fðE0jSðMs; σsÞ þ EsÞ
¼ fðE00Þ þ RsΔtfðE0jSþ sÞ ð36Þ

which will overestimate signal sensitivity when there is
significant overlap between fðE0jSÞ and fðE0j0Þ. This can
be explicitly seen in the example DM search shown in
Fig. 5 where fðE0jSþ sÞ has been plotted (dotted black)
and can be compared to the net differential sensitivity,

FIG. 4. A realistic detector background spectrum without dark matter, yellow, fðE0j0Þ, and with the presence of unknown DM signals,
red, fðE0jSÞ. The background spectrum is shown in gray. The unknown signal, blue, is from 50 MeV nuclear recoil DM with
σn ¼ 5.6 × 10−33 cm2 scattering in a 10 g silicon detector. The resulting expected signal per integration time, λs, is 0.02 (2) for the fast
(slow) integration time. The detected DM spectrum dR=dE0, black, is estimated using different methods. The solid black line uses the
correct net differential rate change proposed in this work, Eq. (34), the dotted black line uses the smearing without signal live-time
correction, Eq. (36), and the dashed line is smeared assuming Gaussian baseline fluctuation and truncated at 3σ, Eq. (37).
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ΔfðE0jSþ sÞ (solid black). As discussed in Sec. II B 3, for
signals with small energy depositions (like in this example

for a 50 MeV DM nuclear recoil) ΔfðE0jSþ sÞ ∝ dfðE0jSÞ
dE0

and thus in the relatively flat non-Gaussian outlier tail
region ΔfðE0jSþ sÞ is correctly suppressed and fðE0jSÞ
substantially overestimates sensitivity.
Since this danger was partially understood, each of these

searches employed additional ad hoc constraints on the
amount of noise boosting. To take one example, [3]
required that the boosted measured energy, E0, is no more
than 3σ higher than the true energy E

f3σ limðE0jSðMs; σsÞÞ ¼ fðE0j0Þ þ RsðSðMs; σsÞÞΔt

×
Z

dEs

dR
dEs

ðEsjSðMs; σ0ÞÞ
RðSðMs; σ0ÞÞ

× fðE0jEsÞHðEs þ 3σ − E0Þ; ð37Þ

whereH is the Heaviside step function. The resulting limits
can be seen in Fig. 5 (dotted black) for the case of 50 MeV
DM nuclear elastic scattering. For this specific scenario, the
3σ constraint in combination with the 4.5σ trigger threshold
means, by construction, there is absolutely no experimental
sensitivity to all signals with an energy deposition below
1.5σ. This combination of trigger thresholds and cuts is
designed to guarantee that the experiment did not over-
estimate its sensitivity to very light mass DM, but it is
overly conservative for the lightest DM models, and the
transition to limits based on the net differential sensitivity
will produce stronger but still conservative DM limits.

We can also attempt to assess the conservativeness of these
historical searches for higher mass DM where Es > 1.5σ.
For E0 > 4.5σ, fðE0j0Þ is relatively small. Therefore,
ΔfðE0jEsÞ ¼ fðE0jEsÞ − fðE0jSÞ ∼ fðE0jEsÞ as long as
Es > 1.5σ. Consequently not accounting for the decreased
no signal live-time, should not be problematic for high mass
DM nuclear recoil scatters with an average hEi > 1.5σ. The
conservativeness of the intermediate cross over range is less
clear. Potentially there is a small mass range in which only a
very small fraction of the hypothetical DM nuclear scatters
are above 1.5σ. In this small mass region, the approxima-
tions made could theoretically overestimate DM sensitivity.
However, since it is known that the signal in this range is
dominated by a time varying nonionizing background
source that is not DM [2], these limits are almost certainly
conservative in this intermediate range as well. For [4,5] the
actual post hoc cuts and trigger thresholds are quantitatively
different and even a bit more conservative, but qualitatively
their performance is identical.
In the future, all near threshold signal searches should

really build exclusion contours from the net differential
sensitivity to maximize their small signal sensitivity while
still guaranteeing conservativeness for all signal sizes as
long as there is minimal pileup.

V. UNDERSTANDING WAVEFORM DETECTORS

So far, we have correctly calculated dR
dE0 as a function of

Rs for only an idealized integrating time-binned detector
like a CCD. In this section, we will qualitatively discuss the
steps in turning a continuous time stream from an wave-
form detector into a set of events above a trigger threshold,

FIG. 5. Limit of dark matter rate as a function of the measured energy E0 with respect to the true DM background rate, assuming
infinite exposure. Line styles are the same as in Fig. 4. Limits in the left figure are conservative. In the right figure, long frame time
results in λs > 1, and the limits are underestimated at certain E0.
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and show that the simplified model we developed is still
qualitatively accurate. In particular, the fact that an increase
in signal rate both increases the rate of noiseþ signal
coincidence and decreases the noise-only event rate is
simply a consequence of the fact that the total data acqui-
sition time is fixed regardless of detector subtleties.
A modern readout that maximizes signal to noise will

take an analog continuous stream of data, demix the stream
if necessary, Nyquist filter, and then digitize the stream
at a high enough rate that nearly the entire information
content of the signal remains with high fidelity (a good
rule of thumb is that the Nyquist frequency is at least ×10
larger than the fundamental dynamical poles of the signal
referenced to detector output for small signals and ∼×10
than the largest dynamical pole for optimum large signal
fidelity). An acausal optimum filter or matched filter is
then applied to this digitized stream to calculate a signal
amplitude estimator for an event that occurs at t, E0ðtÞ.
A trigger algorithm will then go through this time stream

and find regions where E0 > E0
t, the trigger threshold

energy. Each above-threshold region is then converted
to a discrete number of energy depositions occurring at
precise times. The simplest possible trigger algorithm, for
example, is to associate a single signal event with each
above threshold region that has a signal amplitude estima-
tor, E0, and an event time estimator, t0 that occurs at the
relative maximum of E0ðtÞ in the above threshold region.
After acquiring the triggered regions, various addi-

tional selections are made to cull events that are not
consistent with high-quality signal events (pileups, satu-
rated events, events occurring in periods of poor detector
performance, events with pulse shapes inconsistent with
true signal events, etc.).

A. Optimum filter signal amplitude estimator

The simplest optimum or matched filter [20] generates a
signal amplitude estimator for an event occurring at t with
the highest signal-to-noise ratio on an experimental trace,
YðωÞ, provided that

(i) the noise is stationary, Gaussian distributed and
characterized by a measured noise variance, σ2ðωÞ.

(ii) the signal shape is constant for all events regardless
of size and is well modeled by a template, TðωÞ.

(iii) at most, there exists only a single event within
the trace.

A derivation for the optimal estimator follows from
maximizing the probability likelihood or equivalently
minimizing the χ2 of the residual

χ2 ¼
X
ω

�
Y�ðωÞ − E0T�ðωÞejωt�σðωÞ−2

×
�
YðωÞ − E0TðωÞe−jωt� ð38Þ

with respect to E0 if the event time is known (as in the case
during detector calibration with an LED pulse) and the
resulting best-fit amplitude is

E0ðtÞ ¼
P

ωT
†ðωÞσðωÞ−2YðωÞejωtP

ωT
†ðωÞσðωÞ−2TðωÞ : ð39Þ

To understand how a hypothetical true signal impacts
E0ðtÞ, we can replace Y with the sum of a noise trace, Yn,
and a true signal event that occurs at time ts with amplitude
Es and pulse shape TðωÞ as shown graphically in Fig. 6.
After optimum filtering, we find

FIG. 6. Optimal filter example: A small true signal event (green, scaled by 10) is in coincidence with various noise fluctuations (black),
producing the summed coincidence trace (Red). The top panel shows traces before optimal filtering, while the bottom panel displays the
traces after optimal filtering. In the bottom panel, the black trace is E0

nðtÞ and the green trace is Esρðjt − tsjÞ (scaled by x10). Finally, the
red curve is the optimum filter output of the salted trace, which shows the behavior that we derived in Eq. (40).
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E0ðtÞ ¼
P

ωT
†ðωÞσðωÞ−2ðYn þ EsTðωÞe−jωtsÞejωtP

ωT
†ðωÞσðωÞ−2TðωÞ

¼
P

ωT
†ðωÞσðωÞ−2YnejωtP

ωT
†ðωÞσðωÞ−2TðωÞ

þ Es

P
ωT

†ðωÞσðωÞ−2TðωÞejωðt−tsÞP
ωT

†ðωÞσðωÞ−2TðωÞ
¼ E0

nðtÞ þ Esρðjt − tsjÞ ð40Þ

where E0
nðtÞ is the noise only trace energy estimator and

ρðjt − tsjÞ is the normalized weighting function which
encapsulates how a true signal at ts affects E0 at t. ρ’s beha-
vior largely depends upon the precise noise and template
used. However, there are two completely general proper-
ties. First, at t ¼ ts, ρð0Þ ¼ 1. Second, jρðjt − tsjÞj <¼ 1
for all t. The former means that when estimating E0ðt ¼ tsÞ
the filter behaves like the perfect simplistic discrete
integrator: E0ðtsÞ ¼ E0

nðtsÞ þ Es. For all other t (t ≠ ts),
the effect of the signal is attenuated.
If the noise and template have no peaks in the frequency

space, then additionally ρðjt − tsjÞ decreases monotonically
with jt − tsj and ρðjt − tsjÞ effectively defines a qualitative
digitization scale ΔtOF below which the noise and signal
qualitatively sum, and above which the change is qualita-
tively negligible. This behavior is qualitatively similar to
the boxcar function response of the idealized integrating
detector (CCD) we used in Sec. II where an event at time ts
is sensed without attenuation by the time bin in which it is
located but does not affect measurements of other time bins

ρCCDðt; tsÞ ¼

8><
>:

0 for ts < tj
1 for tj < ts < tjþ1

0 for tjþ1 < ts:

ð41Þ

Somewhat surprisingly, ρðtÞ is also the Pearson
correlation coefficient (the normalized autocorrelation
function) for the optimum filtered traces, and thus ρ is a
measurement of the correlation timescale on the noise,
E0
nðtÞ. If two random times, t1 and t2, are close temporally

(jt1 − t2j < ΔtOF), then E0
nðt1Þ and E0

nðt2Þ will be strongly
correlated. By contrast, for jt1 − t2j > ΔtOF, E0

nðt1Þ and
E0
nðt2Þ will become increasingly weakly correlated as the

time difference increases. This is again qualitatively like
the idealized CCD where the noise in the j and jþ 1 bins
are uncorrelated. In summary, an waveform detector acts
qualitatively similar to the idealized integrating detector
with an effective ΔtOF and thus the intuition that we
developed with idealized integrating detectors is still valid.
There are two more nonintuitive deviations from perfect

qualitative correspondence to the idealized integrating
detector that we regularly encounter when implementing
optimum filters. First, as foreshadowed above, sharp peaks
at a given frequency in the noise or signal template, for

example, a large 60 Hz peak due to EMI pickup, will
produce a ρðjt − tsjÞ that is nonmonotonic and has multiple
relative minima or “echoes.” Second, we regularly find that
our DC noise is significantly larger than our AC noise
terms. In fact, we usually artificially set the DC noise to ∞
to minimize propagation of very long timescale changes in
the detector equilibrium into our energy estimator. This
lack of a DC term in the optimum filter means that the
time average of the weighting function, hρðjt − tsjÞit ¼ 0.
Consequently, for jt1 − t2j ≫ ΔtOF, hρðt1 − t2Þi < 0;
counter-intuitively, the addition of a positive true signal
far from a noise peak will actually slightly decrease E0.

B. Choosing trace length for the optimum filter

To our knowledge, there is not a clear optimization
strategy for choosing the trace length, T trace, used in
generating the optimum filter. On the one hand, larger
T trace gives one greater frequency resolution and thus the
optimum filter has improved ability to optimally weight
different frequencies for improved sensitivity which is
extremely useful in removing sharp environmental noise
peaks like 60 Hz. On the other hand, larger trace lengths
mean a higher probability of pileup of both signal and
background events which breaks one of the assumptions
required for optimality of the estimator. Thus, the total
background rate and the needed calibration rate set a soft
upper bound on T trace since having 1=T trace ⪆ to the
signalþ backgroundþ calibration rate will significantly
increase the complexity and/or the live time loss.
Consequently, T trace, is commonly chosen to be the shortest
possible length that does not significantly degrade the
resolution (by say ∼5%).

C. Estimating event time in trigger algorithm

Finally and most importantly, the distillation of E0ðtÞ into
an event time estimate has no direct waveform in an
integrating detector and thus it unfortunately adds signifi-
cant additional complexity that must be at least qualita-
tively understood. If neither the event time nor amplitude is
known for the signal, the χ2 is minimized with respect to

both E0 and t. Since ∂χ2

∂t ¼ 0 occurs at the relative extrema of
E0ðtÞ, the standard event time estimation is at the maximum
E0ðtÞ in some fixed time window Tmerge after the trigger
goes above the trigger threshold.
We want to specifically emphasize that selecting the

maximum from a random distribution is an explicitly
nonlinear algorithm and thus its effects must be at mini-
mum qualitatively modeled and understood. Since only one
event is recorded within the Tmerge window, the larger the
Tmerge, the higher the probability of not triggering on an
event either due to pileup with a larger event or a larger
noise fluctuation within the merge window. Thus, in some
ways Tmerge acts as dead time. However, it is truly
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qualitatively different than a hardware-enforced trigger
dead period; bigger events are more likely to be tagged
and smaller events are more likely to be untagged.
Minimizing these effects would suggest a smaller Tmerge

on the scale of ΔtOF. On the other hand, sharp deweighting
of noise peaks in frequency space will tend to generate
oscillation in the time domain, which for large enough
pulses can be above the trigger threshold and thus generate
echoes. If Tmerge ∼ ΔtOF ≪ T trace, these echoes will be
outside the merge window and will be triggered and tagged
as real events; there is no perfect choice for simplistic
trigger algorithms.

As an intermediate step to full modeling of an waveform
detector with an optimum filter trigger, let us follow [5] and
qualitatively model the effects of the trigger algorithm
searching for the maximum E0 throughout a Tmerge. To do
this, we will take our idealized integrating detector, but
rather than store the measured signal in every bin, we will
instead store only the maximum measured energy in every
N adjacent bins, which models a Tmerge ¼ NΔtOF. For
simplicity, we will also assume that the signal pileup
probability, λs ¼ RsΔtOF, is small.
Redoing our original derivation for dR

dE0 in Eq. (2) with a
Tmerge window, we find

dR
dE0 ðE0jSðEs; RsÞÞ ≈

1

NΔtOF

�
Pð0jRsNΔtOFÞfmaxðE0j0Þ þ Pð1jRsNΔtOFÞfmaxðE0jEsÞ

�
≈

1

NΔtOF

�ð1 − RsNΔtÞfmaxðE0j0Þ þ ðRsNΔtÞfmaxðE0jEsÞ
�

≈
1

NΔtOF
fmaxðE0j0Þ þ Rs

�
fmaxðE0jEsÞ − fmaxðE0j0Þ�; ð42Þ

where fmaxðE0j0Þ is the probability distribution of the
maximum of the measured energies in N bins, none of
which have a signal interaction. Though it can be calculated
directly, it is perhaps easiest to first calculate its cumulative
distribution function, which is the probability that each and
every bin has as energy < E0

FmaxðE0j0Þ ¼ FðE0j0ÞN ð43Þ

where FðE0j0Þ is the CDF of the individual bin energy
distribution with no signal events and therefore

fmaxðE0j0Þ ¼ dFmaxðE0j0Þ
dE0

¼ NfðE0j0ÞFðE0j0ÞN−1: ð44Þ

In these equations (43) and (44) we have made the
simplifying assumptions that the E0 measurement in differ-
ent ΔtOF intervals are independent and that the signal
appears only in one of these intervals. This is approx-
imately true with our choice of the time interval ΔtOF and
thus these distributions are accurate enough to give
qualitative insight into an optimal filter with Tmerge > ΔtOF.
These approximations allowed us to use the standard

methods to derive the probability distribution of maxima of
independent random variables.
In Fig. 7, fmaxðE0j0Þ is shown for a wide variety of

merge window sizes for a normally distributed fðE0j0Þ.
Following from Eq. (44), we find that for E0 where
FðE0j0Þ < N−1=ðN−1Þ, fmaxðE0j0Þ < fðE0j0Þ: the likelihood
not triggering on the small noise/background event
increases with increasing N as intuitively expected and

shown in the figure. Simply put, to have a low-energy
noise/background event in the maximum distribution
requires a low-energy noise/background event in every
bin. On the other hand, the probability of sampling a higher
outlier tail event goes up substantially: in the limit as
FðE0j0Þ → 1, fmaxðE0j0Þ ¼ NfðE0j0Þ.
Likewise, FmaxðE0jEsÞ can be derived by recognizing

that the bin with the signal event and theN − 1 bins without
the signal event must all have energies < E0,

FmaxðE0jEsÞ ¼ FðE0jEsÞFðE0j0ÞN−1 ð45Þ

and therefore

FIG. 7. A normally distributed fðE0j0Þ in black, and the
resultant fmaxðE0j0Þ for N ¼ 10 (red), 100 (green), and
1000 (blue).
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fmaxðE0jEsÞ ¼
dFmaxðE0jEsÞ

dE0

¼ fðE0jEsÞFðE0j0ÞN−1 þ FðE0jEsÞðN − 1Þ
× fðE0j0ÞFðE0j0ÞN−2: ð46Þ

Because only the maximum of the N bins is stored, there is
a substantial probability that a time bin with a true signal
whose amplitude is small compared to the noise fluctuation

(i.e., when FðEsj0Þ < 1Þ will be unrecorded because
there will be a larger noise/background fluctuation in one
of the other N − 1 bins. By contrast, for large ampli-
tude signals, FðEsj0Þ ≈ 1, fmaxðE0jEsÞ ≈ fðE0jEsÞ. This
matches our intuition: large merge windows will tend to
suppress the probability that the trigger algorithm finds
small true signals.
Writing the measured differential rate [Eq. (42)] in terms

of fðE0j0Þ using Eqs. (44) and (46) we find

dR
dE0 ðE0jSÞ ¼ 1

ΔtOF
fðE0j0ÞFðE0j0ÞN−1 þ RsFðE0j0ÞN−1

�
½fðE0jEsÞ − fðE0j0Þ� þ ½FðE0jEsÞ − FðE0j0Þ� ðN − 1ÞfðE0j0Þ

FðE0j0Þ
�
:

ð47Þ

Due to the facts that FðE0j0ÞÞN−1 < 1 and ½FðE0jEsÞ −
FðE0j0Þ� < 0 always, the net differential sensitivity is
always suppressed by a large merging window, though,
of course, the sensitivity loss is most egregious for small
signals. Consequently, we strongly recommend one uses
the smallest feasible merge window when searching for
signals that comingle with noise. However, when searching
for large signals where there is no overlap with the noise
distribution as occurs in high mass dark matter searches
when FðEsj0Þ ∼ 1, Eq. (42) simplifies back to the expected

lim
FðEsj0Þ→1

dR
dE0 ðE0jSÞ ¼ 1

ΔtOF
fðE0j0Þ þ RsfðE0jEsÞ: ð48Þ

VI. MEASURING POTENTIALLY
CONTAMINATED NET DIFFERENTIAL SIGNALS

IN ANALOG DETECTORS WITH SALTING

In Sec. III, we showed that conservative limits on signal
interaction rates could be estimated from the measurable
potentially signal contaminated background distribution
fðE0jSÞ and the measurable potentially contaminated net
differential signal sensitivity ΔfðE0jSþ sÞ ¼ fðE0jSþ sÞ−
fðE0jSÞ for an idealized integrating detector in the no true
signal pileup regime. Then in Sec. V, we showed that ana-
log detectors with a continuous time stream were qualita-
tively similar to the idealized integrating detectors and thus
all of our intuition remains intact and we should be able to
follow a similar procedure to produce conservative signal
rate limits. Unfortunately, the quantitative detailed differ-
ences require a change in approach. Specifically:

(i) In analog detectors, the correlation time ΔtOF and
even the concept of coincidence are qualitative
concepts. Consequently, the simplistic relationship
that dR

dE0 ¼ 1
Δt fðE0Þ is not rigorously correct. As a

consequence, we will work directly with the differ-
ential rates such as dR

dE0 ðE0jSÞ.

(ii) Triggering and merging algorithms are all funda-
mentally nonlinear. As a result, dR

dE0 ðE0jSþ EsÞ ≠
dR
dE0 ðE0 − EsjSÞ. In Sec. V, we did produce a quali-
tatively accurate, but very simplistic model of these
nonlinear effects for a specific trigger algorithm but
using this model for sensitivity estimates would
certainly incur some systematic modeling error.

What remains true for analog detectors is that the
dependence of the search differential rate, dR

dE0 ðE0jSÞ, on
the signal rate can be Taylor expanded to first order in the
signal rate as long as the true signal pileup rate is small

dR
dE0 ðE0jSðfRsi; EsigÞÞ ¼

dR
dE0 ðE0j0Þ þ

X
i

RsiΔfðE0jEsiÞ

þ � � � ð49Þ

Here, we have again made explicit that S describes the
potential superposition of signals of various true energies
(the sum can also include integration over true energies).
This expresses that, in the no-pileup limit, both the increase
in measured energy differential rate and the dead time it
imposes on the noise and background differential rate are
both proportional to Rsi. The constant of proportionality
is as before, the net differential sensitivity for a signal of
that true energy. We keep the same notation, ΔfðE0jEsiÞ,
although it is no longer a simplistic, easily written differ-
ence between f’s.
Following the same logical arguments that led to

Eqs. (19) and (34), we show that salting the signal contami-
nated search data can be used to estimate ΔfðE0jEsiÞ with
an accuracy sufficient for approximation to first order in the
rate used in Eq. (49).
Specifically, let us add a known random rate rs of events

with true energy Es to the raw analog search data stream
before the triggering algorithm. To first order in rates, the
salted events behave in the same way as the signal events Si
and Eq. (49) becomes
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dR
dE0 ðE0jSðfRsi; EsigÞ þ sðrs; EsÞÞ

¼ dR
dE0 ðE0j0Þ þ

X
i

RsiΔfðE0jEsiÞ þ rsΔfðE0jEsÞ

¼ dR
dE0 ðE0jSðfEsi; RsigÞÞ þ rsΔfðE0jEsÞ: ð50Þ

Therefore, to first order in signal rates the net differential
sensitivity

ΔfðE0jEsÞ ¼
dR
dE0 ðE0jSþ sÞ − dR

dE0 ðE0jSÞ
rs

ð51Þ

can be estimated from the salting rate normalized difference
between the measured salted and unsalted differential rates

cΔfðE0jSþ EsÞ ¼
cdR
dE0ðE0jSþ sÞ −cdRdE0ðE0jSÞ

rs
: ð52Þ

This result makes intuitive sense. The difference between
the postanalysis differential rates between the salted and
nonsalted searches is the net effect of the salted signal
interaction. At small signal rates, the probability of pileup
between salt and potential signals is negligible, and the
theoretical and salted differential sensitivity are essentially
the same.
This equation is valid for arbitrary rs under the limit of

rsΔtOF ≪ 1. The choice of rs does not affect the result, as it
scales simultaneously in the denominator and numerator of
Eq. (52). It should not be confused with the potential DM
signal rate Rs. In practice, a high rs may be desired for
computational efficiency. As we have full control of the
salting process, one can force the Monte Carlo process to
avoid salt-salt pileup. This procedure also avoids the
subtlety of estimating ΔtOF.
Notice that this salting scheme requires no definition of

any ad hoc effective coincidence timescale. In fact, this
scheme never attempts to explicitly define if the trigger is
coincident or not coincident with the salted signal (which
we know is a simplification since the weighting function,
ρ, is a continuum and thus the concept of coincidence is
also a continuum). Additionally, since the data is salted
before the triggering algorithm, all subtleties, nonlinear-
ities, and quirks of this algorithm are by construction
accounted for, even if the algorithm is challenging to
understand.
If an estimate of the no-signal differential rate, dR

dE0 ðE0j0Þ
is possible, then background subtracted estimators for the
signal interaction rate can be constructed using Eq. (52) to
estimate the ΔfðE0jEsÞ.
If we do not have enough confidence to estimate

no-signal differential rates, one can obtain in the no-pileup
assumption a conservative upper limit for a putative signal
in the following way. We salt separately for each energy.

This salting will be repeated on the raw data stream

(not cumulatively) to estimate cΔfðE0jSþ EsÞ of each
different Es. Then, following Eq. (34), we convolve the
net differential response of each true energy with the

true DM spectrum shape to estimate cΔfðE0jSþ sðMsÞÞ.
Finally, we set a conservative upper limit to the DM signal
rate similarly as Eq. (20).

R̂lim ≡
cdR
dE0ðE0jSÞcΔfðE0jSþ sðMsÞÞ

: ð53Þ

VII. CONCLUSION

Previous light mass dark matter searches that set
limits on dark matter interaction rates by searching for
interactions whose subthreshold true energy depositions
were boosted above threshold by being in coincidence
with large positive noise fluctuations did not account for
the decreased nonsignal affected live-time in their detector.
To guarantee limit conservativeness while incorrectly
modeling their experimental sensitivity, they added addi-
tional post hoc cuts that substantially decreased their
sensitivity.
In this paper, we explicitly derive the net differential

sensitivity estimator for idealized integrating detectors and
show that it would give conservative interaction limits for
all possible background scenarios, provided that the true
interaction signal rate produced minimal signal-signal
pileup. Furthermore, we propose two ways to ameliorate
this limitation: first exclude the high signal pileup space
with a conservative estimator [18], or restrict the limit-
setting domain of the energy estimator to the non-Gaussian
spectrum region only.
We also showed that waveform detectors that produce a

continuous time stream of data are qualitatively similar to
idealized time discretized integrating detectors like CCDs
in so far as there exists an effective timescale, ΔtOF, below
which noise is strongly correlated and signal interactions
roughly add to the noise fluctuation, and above which noise
is uncorrelated and signal interactions do not affect the
noise and thus all of our intuition regarding estimating
interaction rates in the linear regime remain valid, as long as
one takes into account nonlinearities introduced by the
triggering algorithm. This is most easily done by salting the
raw data stream.
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Billard, A. Broniatowski, P. Camus, A. Cazes, M. Chapellier
et al., Searching for low-mass dark matter particles with a
massive Ge bolometer operated above ground, Phys. Rev. D
99, 082003 (2019).

[6] J. Aalbers, D. Akerib, C. Akerlof, A. Al Musalhi, F. Alder,
A. Alqahtani, S. Alsum, C. Amarasinghe, A. Ames, T.
Anderson et al., First dark matter search results from the
Lux-Zeplin (LZ) experiment, Phys. Rev. Lett. 131, 041002
(2023).

[7] R. Agnese, Z. Ahmed, A. Anderson, S. Arrenberg, D.
Balakishiyeva, R. Basu Thakur, D. Bauer, J. Billard, A.
Borgland, D. Brandt et al., Silicon detector dark matter
results from the final exposure of CDMS II, Phys. Rev. Lett.
111, 251301 (2013).

[8] R. Agnese, T. Aralis, T. Aramaki, I. Arnquist, E. Azadbakht,
W. Baker, S. Banik, D. Barker, D. Bauer, T. Binder et al.,
First dark matter constraints from a superCDMS single-
charge sensitive detector, Phys. Rev. Lett. 121, 051301
(2018).

[9] L. Hehn et al., Improved EDELWEISS-III sensitivity for
low-mass WIMPs using a profile likelihood approach, Eur.
Phys. J. C 76, 548 (2016).

[10] P. Adari, A. A. Aguilar-Arevalo, D. Amidei, G. Angloher,
E. Armengaud, C. Augier, L. Balogh, S. Banik, D. Baxter,
C. Beaufort et al., Excess workshop: Descriptions of rising
low-energy spectra, SciPost Phys. Proc. 9, 001 (2022).

[11] M. Kendall and A. Stuart, The Advances Theory of Satistics,
2nd ed. (Charles Griffin and Company Limited, London,
1967), Vol. 2.

[12] S. Yellin, Finding an upper limit in the presence of an
unknown background, Phys. Rev. D 66, 032005 (2002).

[13] A. Aguilar-Arevalo, I. Arnquist, N. Avalos, L. Barak, D.
Baxter, X. Bertou, I. Bloch, A. Botti, M. Cababie, G.
Cancelo et al., Confirmation of the spectral excess in
DAMIC at SNOLAB with skipper CCDS, Phys. Rev. D
109, 062007 (2024).

[14] M. Albakry, I. Alkhatib, D. Amaral, T. Aralis, T. Aramaki, I.
Arnquist, I. Ataee Langroudy, E. Azadbakht, S. Banik, C.
Bathurst et al., Investigating the sources of low-energy
events in a superCDMS-HVEV detector, Phys. Rev. D 105,
112006 (2022).

[15] P. Agnes, I. F. d.M. Albuquerque, T. Alexander, A. Alton,
G. Araujo, D.M. Asner, M. Ave, H. O. Back, B. Baldin,
G. Batignani et al., Low-mass dark matter search with the
DarkSide-50 experiment, Phys. Rev. Lett. 121, 081307 (2018).

[16] D. Akerib, S. Alsum, H. Araújo, X. Bai, J. Balajthy, A.
Baxter, E. Bernard, A. Bernstein, T. Biesiadzinski, E.
Boulton et al., Investigation of background electron emis-
sion in the LUX detector, Phys. Rev. D 102, 092004 (2020).

[17] R. Anthony-Petersen, A. Biekert, R. Bunker, C. L. Chang,
Y.-Y. Chang, L. Chaplinsky, E. Fascione, C. W. Fink, M.
Garcia-Sciveres, R. Germond et al., A stress-induced source
of phonon bursts and quasiparticle poisoning, Nat. Com-
mun. 15, 6444 (2024).

[18] A. Das, N. Kurinsky, and R. K. Leane, Dark matter induced
power in quantum devices, Phys. Rev. Lett. 132, 121801
(2024).

[19] X. Li and M. Pyle, Constrain dark matter interactions with
noise power.

[20] L. A. Zadeh and J. R. Ragazzini, Optimum filters for the
detection of signals in noise, Proc. IRE 40, 1223 (1952).

[21] X. Li, 2025, https://github.com/xinranli1993/Differential
RateWithNoiseFluctuations.

MODELING THE DIFFERENTIAL RATE FOR SIGNAL … PHYS. REV. D 112, 092007 (2025)

092007-17

https://doi.org/10.1103/PhysRevD.105.052005
https://doi.org/10.1103/PhysRevD.105.052005
https://doi.org/10.1103/PhysRevD.100.102002
https://doi.org/10.1103/PhysRevD.100.102002
https://doi.org/10.1103/PhysRevLett.127.061801
https://doi.org/10.1103/PhysRevD.110.083038
https://doi.org/10.1103/PhysRevD.99.082003
https://doi.org/10.1103/PhysRevD.99.082003
https://doi.org/10.1103/PhysRevLett.131.041002
https://doi.org/10.1103/PhysRevLett.131.041002
https://doi.org/10.1103/PhysRevLett.111.251301
https://doi.org/10.1103/PhysRevLett.111.251301
https://doi.org/10.1103/PhysRevLett.121.051301
https://doi.org/10.1103/PhysRevLett.121.051301
https://doi.org/10.1140/epjc/s10052-016-4388-y
https://doi.org/10.1140/epjc/s10052-016-4388-y
https://doi.org/10.21468/SciPostPhysProc.9.001
https://doi.org/10.1103/PhysRevD.66.032005
https://doi.org/10.1103/PhysRevD.109.062007
https://doi.org/10.1103/PhysRevD.109.062007
https://doi.org/10.1103/PhysRevD.105.112006
https://doi.org/10.1103/PhysRevD.105.112006
https://doi.org/10.1103/PhysRevLett.121.081307
https://doi.org/10.1103/PhysRevD.102.092004
https://doi.org/10.1038/s41467-024-50173-8
https://doi.org/10.1038/s41467-024-50173-8
https://doi.org/10.1103/PhysRevLett.132.121801
https://doi.org/10.1103/PhysRevLett.132.121801
https://doi.org/10.1109/JRPROC.1952.274117
https://github.com/xinranli1993/DifferentialRateWithNoiseFluctuations
https://github.com/xinranli1993/DifferentialRateWithNoiseFluctuations
https://github.com/xinranli1993/DifferentialRateWithNoiseFluctuations

	Modeling the differential rate for signal interactions in coincidence with noise fluctuations or large rate backgrounds
	I. INTRODUCTION
	II. DERIVATION FOR A DISCRETIZED INTEGRATING DEVICE
	A. Single Dirac-Delta true energy deposition
	B. A variety of test cases
	1. Bosonic DM search with a gaussian random noise
	2. Searches for dark matter where MDM&rarr;0
	3. Effect of slowly varying non-Gaussian noise tails


	III. ESTIMATING THE SIGNAL RATE
	A. The difficulties of measuring f(E&prime;|0)
	B. Measuring the net differential response
	C. Conservative upper bound in the no-pileup regime
	D. Lack of conservativeness in the pileup regime (&lambda;s&Gt;1)
	1. Nonconservative examples: &lambda;s&Gt;1 and gaussian noise with &sigma;&Lt;Es
	2. &lambda;s&Gt;1 with Gaussian noise where &sigma;&Gt;Es


	IV. GENERALIZATION TO A SPECTRUM OF ENERGY DEPOSITION
	A. The case for a generic dark matter interaction
	B. Simulated light mass dark matter search
	C. Techniques to guarantee the conservativeness for all background and signal scenarios
	D. Conservativeness of previous experiments

	V. UNDERSTANDING WAVEFORM DETECTORS
	A. Optimum filter signal amplitude estimator
	B. Choosing trace length for the optimum filter
	C. Estimating event time in trigger algorithm

	VI. MEASURING POTENTIALLY CONTAMINATED NET DIFFERENTIAL SIGNALS IN ANALOG DETECTORS WITH SALTING
	VII. CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


