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We present an analysis of the radiative decay ϕ → γπ0π0 in a dispersive framework, where the two-pion
subsystem undergoes strong final-state interactions that cover the f0ð500Þ and f0ð980Þ regions. We employ
a coupled-channel Muskhelishvili-Omnès framework that allows for a consistent treatment of two scalar
resonances and crossed-channel singularities induced by the Born and vector-meson exchanges. We
explicitly verify the equivalence between the modified and standard Muskhelishvili-Omnès representations
for vector-meson pole contributions when the isoscalar Omnès matrix is chosen asymptotically bounded,
and we adopt the standard representation in decay kinematics. This yields, for the first time, a parameter-
free dispersive prediction for the kaon Born rescattering, which provides a dominant contribution. To
obtain a good fit to the KLOE and SND data, we employ a once-subtracted coupled-channel dispersion
relation with heavier left-hand cut contributions and two unknown subtraction constants. The results
demonstrate the consistency among the data for ππ scattering, γγ fusion, and ϕ radiative decay, thereby
validating the underlying dispersive formalism and the input used for the hadronic Omnès matrix and left-
hand cuts.
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I. INTRODUCTION

Radiative decays of light vector mesons into a photon
and two pseudoscalar mesons, V → γP1P2, provide a
distinct probe of the light scalar sector of QCD [1].
Among them, measurements of the ϕ → γπ0π0 and ϕ →
γπ0η channels were historically motivated by the expect-
ation that sufficiently precise data could reveal the nature of
the light scalar states f0ð980Þ and a0ð980Þ [2]. It later
turned out to be a challenging task due to the subtleties in
extracting the relevant resonance couplings [3] and the
observation that experimental information cannot clearly
distinguish between molecular and compact structures of
the scalars [4]. Notwithstanding this controversy, radiative
decays still provide additional insight into loosely con-
strained resonance properties of light scalar mesons beyond
the hadron-hadron and two-photon scattering processes. In
particular, for the a0ð980Þ resonance, a dispersive analysis
was performed for the related process ϕ → γπ0η, obtaining
a reasonable description of the data with only two fit
parameters [5].
In recent years, scattering amplitudes for photon-photon

fusion into one or more mesons have been extensively

analyzed in the context of the muon g − 2 [6–11], to
provide an improved data-driven dispersive estimate of the
contributions from hadronic light-by-light (HLbL) scatter-
ing [12–36]. The leading singular topology of the HLbL
tensor is generated by pseudoscalar poles, P ¼ π0; η; η0,
which are described by their P → γ�γ� transition form
factors [15,34,37,38]. After the pseudoscalar-pole contri-
butions, the next relevant singularities arise from two-
meson intermediate states, described by the subprocesses
γ�γ� → P1P2 within the dispersive framework in four-point
kinematics. The pion-box contribution was first evaluated
in Refs. [14,39], together with the ππS-wave rescattering
effect that accounts model-independently for the contribu-
tion from the lowest scalar state f0ð500Þ. The rescattering
formalism was later extended to cover the region of the
f0ð980Þ resonance [23], using a modified coupled-channel
Muskhelishvili-Omnès representation [40] with isoscalar
hadronic-matrix input for ππ=KK̄ taken from Ref. [41].
Due to the fundamental principles of analyticity, unitarity,
and crossing, a reliable amplitude for γ�γ → ππ, used as
input to HLbL scattering, is directly related to the radiative
decay ϕ → γπ0π0, in which the same S-wave rescattering
effect dominates at low energies. This makes the decay a
valuable testing ground for the underlying dispersive
formalism and hadronic input.
The radiative decay into neutral pion pairs ϕ → γπ0π0

has been measured at several experimental facilities
[42–45], and, in contrast to ϕ → γπþπ−, is free from the
initial- and final-state radiation contamination. Among
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these measurements, the π0π0 mass spectrum is dominated
by the data from KLOE [45], supplemented by the full
dataset from SND [44]. Additionally, a Dalitz-plot analysis
was performed by KLOE for the eþe− → γπ0π0 events
collected at a center-of-mass energy

ffiffiffi
s

p
≃Mϕ with about

30 times larger statistics [46]. The latter, however, includes
non-ϕ contributions (notably eþe− → ωπ0) and their inter-
ference. Since an unfolded, normalized Dalitz distribution
is not available, we do not include Ref. [46] and restrict
ourselves to the unfolded π0π0 mass spectra from
Refs. [44,45]. Apart from the kaon-loop model [47,48]
applied in Ref. [46] in a vector-meson-dominance form,
this process was analyzed in the chiral unitary approach
[49,50], linear sigma model [51,52], a formalism incorpo-
rating derivative interactions [53], and a general decom-
position of the underlying cross section [54].
Since the 0þþ scalar resonances f0ð500Þ and f0ð980Þ

appear in the line shape, a consistent treatment of the
coupled-channel ππ=KK̄ system is a prerequisite for
performing a first dispersive analysis of the decay
ϕ → γπ0π0. The appropriate framework is provided by
the Muskhelishvili-Omnès (MO) representation, originally
developed in the context of singular integral equations
[55,56] and now widely used to implement final-state
interactions in dispersive amplitude analyses. In this
approach, two-body unitarity determines the discontinuity
of the partial waves along the right-hand cut, which is
resummed by an Omnès function, or by an Omnès matrix in
the coupled-channel case. The remaining singularities, in
particular those generated by crossed-channel exchanges,
enter through left-hand-cut (LHC) inhomogeneities,
together with possible subtraction constants. This structure
is directly suited to ϕ → γπ0π0, since the decay amplitude
can be decomposed into ππ partial waves, while the
isoscalar S wave is strongly affected by ππ=KK̄ final-state
interactions in the f0ð500Þ and f0ð980Þ regions. The Born
terms and vector-meson exchanges provide the LHC input,
whereas the soft-photon theorem imposes the correspond-
ing kinematic constraint on the amplitude.
In this regard, two MO representations are available.

Both include LHC input from the Born contribution and
vector-meson exchanges. The modified approach [57]
requires only the unambiguous discontinuity of the
vector-exchange contributions as input, but leads to
numerically cumbersome integration contours in decay
kinematics. The standard representation [58], by contrast,
involves only a direct integration above threshold, but is
subject to a polynomial ambiguity in the treatment of vector
exchanges. To address these issues, for the S wave we
propose an alternative approach in which only the unam-
biguous vector-meson pole contribution is implemented in
the standard MO representation. We prove its equivalence
to the modified MO approach provided the Omnès matrix is
chosen asymptotically bounded, as in Refs. [30,41].

The remainder of the paper is structured as follows. After
introducing the kinematics and helicity amplitudes for ϕ →
γπ0π0 in line with Refs. [40,59], we present the dispersive
formalism in Sec. II by first incorporating the soft-photon
theorem [60]. We then describe the right-hand cut ππ=KK̄
S-wave dynamics by means of a two-channel Omnès
matrix, the LHCs, and different MO representations. We
fit the π0π0 line shape across the entire region and analyze
the compatibility of the spectrum data and the dispersive
constraints in Sec. III. Our conclusions and outlook are
presented in Sec. IV.

II. FORMALISM

A. Kinematics and helicity amplitudes

We choose the momentum convention for the
light meson decays as Vðq2Þ → γðq1ÞP1ðp1ÞP2ðp2Þ.
Accordingly, for the current process of interest, ϕ → γπ0π0,

q21 ¼ 0; q22 ≡ q2 ¼ M2
ϕ: ð1Þ

The center-of-mass frame is chosen as in Fig. 1, with the
scattering angle θ ¼ ∠ðq⃗1; p⃗1Þ. The Mandelstam variables
are defined as

s¼ðp1þp2Þ2; t¼ðp1þq1Þ2; u¼ðp2þq1Þ2; ð2Þ

and satisfy the relation sþ tþ u ¼ q2 þ 2M2
π0
.

The hadronic tensor Hμν is decomposed into a complete
set of invariant amplitudes Fiðs; tÞ [61–63],

Hμν ¼
X3
i¼1

Fiðs; tÞLμν
i ; ð3Þ

where explicit expressions for the tensors Lμν
i can be found,

for example, in Ref. [59]. The corresponding helicity
amplitudes are obtained by contracting the hadronic tensor
with polarization vectors,

e�μγ ðq1; λ1Þeνϕðq2; λ2ÞHμν ≡ eiðλ2−λ1ÞφHλ1λ2ðs; tÞ; ð4Þ

where λ1 and λ2 denote the helicities of the photon and the
ϕ meson, respectively. In total, three independent helicity
amplitudes Hþþ, Hþ−, and Hþ0 contribute to the process.

FIG. 1. Momentum convention in the π0π0 center-of-mass
frame.
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Assuming isospin conservation, only the isoscalar (I ¼ 0)
two-pion amplitude contributes to the decay ϕ → γπ0π0.
The isospin amplitude is therefore related to the charged-
and neutral-pion amplitudes by

H0
λ1λ2

¼ −
ffiffiffi
3

p
Hc

λ1λ2
¼ −

ffiffiffi
3

p
Hn

λ1λ2
: ð5Þ

Analogously for kaons, the helicity amplitudes with good
isospin, denoted by KI

λ1λ2
, are related to the charged

amplitudes as

 
K0

λ1λ2

K1
λ1λ2

!
¼

0
B@−

ffiffi
1
2

q
−

ffiffi
1
2

q
−

ffiffi
1
2

q ffiffi
1
2

q
1
CA
 
Kc

λ1λ2

Kn
λ1λ2

!
: ð6Þ

B. Partial-wave dispersion relations

It is convenient to perform a partial-wave expansion of
the helicity amplitudes [64],

HI
λ1λ2

ðs; tÞ ¼
X
J

ð2J þ 1ÞhIJ;λ1λ2ðsÞdJλ2−λ1;0ðθÞ;

KI
λ1λ2

ðs; tÞ ¼ 1ffiffiffi
2

p
X
J

ð2J þ 1ÞkIJ;λ1λ2ðsÞdJλ2−λ1;0ðθÞ; ð7Þ

where dJλ2−λ1;0ðθÞ denotes the Wigner rotation function, and
the normalization factor is chosen to ensure a consistent
unitarity relation for identical and nonidentical par-
ticles [57].
Before setting up dispersion relations, one needs to

identify the kinematic constraints of the helicity partial-
wave amplitudes hJ;λ1λ2ðsÞ [59]. For the dominant S-wave
contribution, the only constraint comes from the soft-
photon theorem [60], which implies the behavior

h00;þþðsÞjs→q2 ≃Oðs − q2Þ;
ðk00;þþðsÞ − k0;Born0;þþ ðsÞÞjs→q2 ≃Oðs − q2Þ; ð8Þ

since the Born contribution enters the KK̄ channel only
through the process ϕ → γKþK−. After enforcing the
kinematic constraints in Eq. (8), one can formulate MO
dispersion relations in two formally equivalent ways:
either by only subtracting the Born term from the
partial waves and treating the remaining LHC contri-
butions through their discontinuities (the modified
representation), or by incorporating the full LHC input
explicitly in the inhomogeneity (the standard represen-
tation). In the following, we approximate the LHCs
by the charged-kaon Born term and vector-meson
exchanges; any remaining LHC contributions are
assumed to be slowly varying in the physical region
and are absorbed into the subtraction procedure. In an

unsubtracted form for the coupled ππ=KK̄I¼0 system,
the modified MO representation reads

 
h00;þþðsÞ
k00;þþðsÞ

!
¼
 

0

k0;Born0;þþ ðsÞ

!
þðs−q2ÞΩ0

0ðsÞ

×

"
−
Z

∞

4M2
π

ds0

π

ImðΩ0
0ðs0Þ−1Þ

ðs0−sÞðs0−q2Þ
�

0

k0;Born0;þþ ðs0Þ
�

þ
Z
CL

dz
π

Ω0
0ðzÞ−1

ðz−sÞðz−q2ÞDisc
 
h0;V0;þþðzÞ
k0;V0;þþðzÞ

!#
;

ð9Þ

where we set Mπ ¼ Mπþ in the isospin limit, and CL
denotes the integration contour along the vector-
exchange LHCs. The discontinuity of a general function
fðzÞ is defined as

DiscfðzÞ ¼ 1

2i
ðfðzþ iϵÞ − fðz − iϵÞÞ: ð10Þ

On the other hand, the standard MO representation is
given by

 
h00;þþðsÞ
k00;þþðsÞ

!
¼
 
h0;V0;þþðsÞ
k0;L0;þþðsÞ

!
þðs−q2ÞΩ0

0ðsÞ

×

"
−
Z

∞

4M2
π

ds0

π

ImðΩ0
0ðs0Þ−1Þ

ðs0−sÞðs0−q2Þ

 
h0;V0;þþðs0Þ
k0;L0;þþðs0Þ

!#
;

ð11Þ

where, in contrast to the modified MO representation,
the complete LHC contributions from Born and vector-
meson exchanges are absorbed into the terms labeled by
L≡ Bornþ V. In both representations, the Omnès
matrix encodes the hadronic scattering information
and is given by

Ω0
0ðsÞ ¼

 
Ω0

0ðsÞππ→ππ Ω0
0ðsÞππ→KK̄

Ω0
0ðsÞKK̄→ππ Ω0

0ðsÞKK̄→KK̄

!
: ð12Þ

It is constructed from a data-driven N=D analysis [41],
where the fit is performed using the latest Roy and
Roy-Steiner results for ππ → ππ [65] and ππ → KK̄
[66], respectively. The crucial difference of the present
work compared to other implementations is that it is
asymptotically bounded, i.e., it satisfies a once-subtracted
homogeneous equation,

Ω0
0ðsÞ ¼ 1þ s

π

Z
∞

4M2
π

ds0

s0
ImΩ0

0ðs0Þ
s0 − s

; ð13Þ
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which is advantageous for low-energy applications, since
it reduces the sensitivity of the MO dispersive integrals to
high-energy input. Next, we specify the input from the
LHCs in the following Subsection.

C. Left-hand cuts

In order to proceed with the dispersive representation,
one must specify the LHCs of the ϕ → γπ0π0 amplitude
(and analogously for the coupled ϕ → γKK̄ channels). In
general, these LHCs originate from crossed-channel hel-
icity amplitudes that exhibit singularities as functions of the
Mandelstam variables t and u. The leading singularity in
the coupled channel is given by the charged-kaon pole
(Born) term. Its contribution can be derived from scalar
QED via the effective Lagrangian

L ¼ igϕKþK−ϕμðKþð∂μK−Þ − K−ð∂μKþÞÞ
þ 2egϕKþK−ϕμAμKþK−; ð14Þ

where the coupling is related to the ϕ → KþK− decay
width by

Γϕ→KþK− ¼
g2ϕKþK−

48π
Mϕ

�
1 −

4M2
Kþ

M2
ϕ

�
3=2

: ð15Þ

Numerically, we find jgϕKþK− j ¼ 4.51ð2Þ, based on the
width from the Review of Particle Physics [67]. The partial-
wave projection of the Born term then yields

kc;Born0;þþ ðsÞ ¼ egϕKþK−
4M2

KþLKðsÞ − 2q2

s − q2
; ð16Þ

with

LKðsÞ ¼
1

σKþðsÞ ln
�
1þ σKþðsÞ
1 − σKþðsÞ

�
;

σKþðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
Kþ

s

s
: ð17Þ

The second class of LHCs is generated by vector-meson
exchange diagrams. For the process ϕ → γπ0π0, the
dominant contribution arises from ρ exchange, via
ϕ → ρπ → γπ0π0. For completeness, we also consider
the K�ð892Þ contribution in the coupled channel
ϕ → K�K̄ → γKK̄, although its numerical impact is found
to be subdominant. We begin by analyzing these contri-
butions within a Lagrangian-based approach and work
initially in the narrow-width approximation. This allows us
to capture the essential analytic structure of the vector-
exchange amplitudes, while effects associated with finite
widths are deferred to a later discussion. Using the
interaction Lagrangian

LVPγ ¼ eCVPγϵ
μναβFμν∂αPVβ; ð18Þ

the coupling CVPγ is related to the decay width V → Pγ via

ΓV→Pγ ¼
α

2
C2
VPγ

ðM2
V −M2

PÞ3
3M3

V
: ð19Þ

The relevant decay widths are taken from the PDG averages
[67] and are summarized in Table I, along with the
corresponding radiative couplings. In the numerical evalu-
ation for the ρ-exchange contribution, we use the branching
ratio of ρ0 → π0γ to obtain the isoscalar amplitude accord-
ing to Eq. (5).
In a similar vein, we introduce the Lagrangian for the

VVP-type interaction,

LϕVP ¼ CϕVPϵ
μναβ

∂μϕν∂αPVβ: ð20Þ

For kinematically allowed channels, their couplings can be
extracted from the corresponding partial widths,

Γϕ→VP ¼ C2
ϕVP

96πM3
ϕ

λ3=2ðM2
ϕ;M

2
V;M

2
PÞ; ð21Þ

with the Källén function

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ acþ bcÞ: ð22Þ

The on-shell decays ϕ → K�K̄ are kinematically forbidden.
Nevertheless, K� exchange still contributes off shell in the
crossed channel and therefore generates a LHC.
Numerically, we take

jCϕK�Kj≡ jCϕK�þKþj ¼ jCϕK�0K0 j ≈ 10 GeV−1; ð23Þ

following Ref. [5], where these values were estimated by
applying Uð3Þ flavor symmetry and large-Nc arguments
within resonance chiral theory [68,69]. The coupling
Cϕρπ ≡ Cϕρ�π� ¼ Cϕρ0π0 is related to the decay process
ϕ → 3π. It gives jCϕρπj ¼ 1.18ð2Þ GeV−1 from the relation
Γϕ→3π ≈ 3Γϕ→ρ0π0 in the narrow-width limit, where the
uncertainty is propagated from the corresponding branch-
ing ratio [67]. The impact of finite-width effects and of
different parametrizations of the ρ propagator on this value

TABLE I. Partial decay widths from PDG [67] and the
extracted radiative couplings.

Decay Partial width (keV) Coupling (GeV−1)

ρþ → πþγ 67.1(7.5) jCρþπþγj ¼ 0.362ð20Þ
ρ0 → π0γ 69.3(11.8) jCρ0π0γj ¼ 0.366ð31Þ
K�þ → Kþγ 50.4(4.7) jCK�þKþγ j ¼ 0.418ð19Þ
K�0 → K0γ 116.4(10.0) jCK�0K0γj ¼ 0.635ð27Þ
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will be discussed in Sec. III. The resulting vector-exchange
contributions to the invariant amplitudes read

FV
1 ðs; tÞ ¼ −

eCVPγCϕVP

4

�
4t − q2

t −M2
V
þ ðt → uÞ

�
;

FV
2 ðs; tÞ ¼

eCVPγCϕVP

4

�
1

t −M2
V
þ 1

u −M2
V

�
;

FV
3 ðs; tÞ ¼

eCVPγCϕVP

2ðt − uÞ
�

1

u −M2
V
−

1

t −M2
V

�
: ð24Þ

The J ¼ 0 partial wave can then be projected from the
vector-exchange helicity amplitudes,

hV0;þþðsÞ ¼ eCVPγCϕVP

�
LVðsÞ
σPðsÞ

�
−M2

V þq2
�
M2

V −M2
P

s−q2

�
2
�

þq2
�
1

2
−
M2

V −M2
P

s−q2

�
þðs−q2Þ

�
; ð25Þ

where V is either ρ orK�, which implies that P is either π or
K accordingly. The logarithmic function LV is given by

LVðsÞ ¼ ln

�
M2

V − tþðsÞ
M2

V − t−ðsÞ
�
; ð26Þ

where

t�ðsÞ ¼ M2
P þ q2 − s

2
ð1� σPðsÞÞ: ð27Þ

We see that the vector-exchange invariant amplitudes
(24) contain t- and u-dependent terms in the numerators.
This off-shell dependence translates into a polynomial
ambiguity in the S-wave amplitude: different Lagrangian
realizations of vector-meson fields generate the last term in
Eq. (25) with opposite signs. The modified MO represen-
tation is therefore advantageous, as it is insensitive to this
ambiguity and depends only on the discontinuity along the
cut, albeit at the price of numerically cumbersome inte-
gration contours in decay kinematics. By contrast, the
standard MO representation is affected by this ambiguity.
We note, however, that the polynomial ambiguity can be
eliminated in the standard MO representation by restricting
to the pole part of vector exchange, i.e., by replacing t and u
in the numerators of Eq. (24) with M2

V . This point is
particularly important whenever one attempts to “isolate
rescattering” contribution by subtracting a vector-meson-
exchange contribution from the full amplitude. The result-
ing separation is representation independent only if the
subtraction is performed at the level of the vector-meson
pole part. Subtracting instead the full vector-meson-
exchange contribution in the modified MO representation
(as done, for example, in Ref. [70]) requires a reshuffling of
the subtraction polynomials within the MO representation.

In the following Section, we demonstrate the exact
equivalence of the S-wave results obtained with the two
representations once the vector-pole prescription is
adopted.

D. Analytic structure of the left-hand cuts

For spacelike virtuality q2 < 0, the singularities of the
discussed LHCs appear only on the negative real axis. As a
consequence, right- and left-hand cuts are well separated so
that Watson’s theorem [71] is manifest in the elastic region.
The situation changes when we move to the decay region
with timelike virtuality—special attention needs to be paid
to evaluating dispersive integrals in line with the underlying
analytic structure.
For the kc;Born0;þþ amplitude, in addition to featuring a cut

along the negative real axis inherited from the analytic
structure of LKðsÞ,

ImLKðsÞ ¼
π

σKþðsÞ θð−sÞ; ð28Þ

it shows a pole singularity at s ¼ q2 as dictated by the soft-
photon theorem [cf. Eq. (16)]. Contrary to the scenarios of
spacelike photon virtualities [12,40,59,72], this pole sits on
top of the unitarity cut in the kinematics of the ϕ radiative
decay, in which q2 > 4M2

π . Accordingly, a consistent
implementation should be achieved via the analytic con-
tinuation q2 → q2 þ iϵ, a prescription that moves the pole
away from the unitarity cut.
In contrast to the Born term, the vector-exchange

amplitude hV0;þþ vanishes for s → q2. Moreover, its singu-
larity is determined by the function LV , which has two
logarithmic branch points. Their positions can be deter-
mined from the condition that the argument of the function
LV becomes negative,

t�ðsÞ ¼ M2
V: ð29Þ

Solving Eq. (29) for the variable s, we find the branch
points

s�¼q2−
M2

V −M2
P

2M2
V

�
q2þM2

V −M2
P�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðq2;M2

V;M
2
PÞ

q �
:

ð30Þ

To define the branch cuts, one notices thatMV serves as an
effective threshold for the t-channel singularities. Also, it is
convenient to rewrite the Källén function as

λðq2;M2
V;M

2
PÞ ¼ ðq2 − ðMV þMPÞ2Þ

× ðq2 − ðMV −MPÞ2Þ: ð31Þ

Then, we determine three different situations (see also the
discussion detailed in Ref. [58]): for q2 ≤ ðMV −MPÞ2,
both branch points s� are real and negative. The structure
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of each cut can be determined by varying MV , leading to
two segments ð−∞; s−� and ½sþ; 0�. In the region
ðMV −MPÞ2 < q2 < ðMV þMPÞ2, the square root of the
Källén function generates an imaginary part and s� become
complex: the resulting cuts consist of the negative real axis
as well as complex-plane contours. For q2 ≥ ðMV þMPÞ2,
s� become real again, and both are located above the
unitarity cut 4M2

P.
The decay kinematics of ϕ → ρπ → γπ0π0 belongs to the

third case, where the LHCs overlap with the unitarity cut. In
detail, the q2 þ iϵ prescription renders the LHCs well
separated from the unitarity cut, thereby allowing the
application of the two MO representations without further
contour deformations.
As both the Born and vector-exchange contributions

generate cuts that overlap with the unitarity cut for the ϕ →
γπ0π0 process, Watson’s theorem is violated so that the
phase of the amplitude deviates from the ππ elastic
scattering phase shift [73]. Furthermore, applications of
the MO representations should comply with the over-
lapping cut structure, which is realized differently in
different approaches [57,58]. In the modified representa-
tion, one should perform the dispersive integral along the
LHCs that extend into the complex plane, with a consis-
tently defined discontinuity that can be first tested for the
S-wave amplitude (25) itself before taking it as input to the
complete representation (9). Alternatively, for the standard
approach, one should choose the correct form of the
logarithmic function (26) above the unitarity threshold in
Eq. (11). This can be tested by comparison with a
dispersive reconstruction of the triangle diagram
[58,74,75], where the discontinuity of the standard scalar
loop function C0ðsÞ turns out to be proportional to the
logarithmic term in the S-wave projected vector-exchange
amplitude (25).
With these specifics in mind, we continue to verify the

equivalence between the two approaches for the vector-pole
contributions. For clarity, we work with the single-channel
reduced case of the representations [57,58], while the
generalization to coupled channels is straightforward. It
is easy to derive that both representations are equivalent if
the following conditions are satisfied:

hV0;þþðsÞ
ðs − q2ÞΩ0

0ðsÞ
¼
Z

∞

4M2
π

ds0

π

Im ðΩ0
0ðs0Þ−1ÞhV0;þþðs0Þ

ðs0 − sÞðs0 − q2Þ

þ
Z
CL

dz
π

Ω0
0ðzÞ−1DiscðhV0;þþðzÞÞ
ðz − sÞðz − q2Þ : ð32Þ

For an Omnès matrix that behaves asΩ0
0ðsÞ ∼ s0 for large s,

this condition is exactly satisfied if we retain only the
vector-pole contribution in the standard representation,
since the pole piece itself fulfills

hV-pole0;þþ ðsÞ ¼ ðs − q2Þ
Z
CL

dz
π

DiscðhV0;þþðzÞÞ
ðz − sÞðz − q2Þ : ð33Þ

The closed-form expression for hV-pole0;þþ ðsÞ is obtained by
dropping the term proportional to ðs − q2Þ in hV0;þþðsÞ
given in Eq. (25). For Omnès matrices that asymptotically
drop faster than constants, additional subtractions need to
be introduced to ensure convergence of the dispersive
integrals. One can verify that the equivalence still holds
up to subtraction constants regardless of the number of
subtractions. Therefore, this leads to a consistent definition
of vector-pole contributions in the standard approach that is
equivalent to the result in the modified method. Setting the
couplings to unity, the ρ-pole contribution and its disper-
sive evaluation following Eq. (33) for the kinematics of
ϕ → γπ0π0 is shown in Fig. 2.
Normally, the finite widths of the exchange vector

mesons have a limited effect on LHCs for spacelike
virtuality. However, in the decay region, finite widths of
exchange resonances can no longer be ignored, especially
when the resonance production becomes kinematically
allowed for large enough q2. This is exactly the case for
the ϕ → γπ0π0 process, where the decay ϕ → ρπ is
physically allowed as a two-body effective description of
the ϕ → 3π decay process [76–78].
A simple solution to this issue is to introduce the

widths of vector mesons through the modification
MV → MV − iΓV=2, which also separates the overlapping
cuts. More generally, to preserve a better analytic behavior
of resonance propagators, one can resort to dispersively
improved variants of Breit-Wigner (BW) parametrizations
[70,79,80]. We follow this prescription and apply an
energy-dependent width to the ρ propagator,

FIG. 2. Real and imaginary parts of the ρ-pole LHC (couplings
set to unity) from the explicit expression and from the dispersive
representation (33). The integrals are evaluated along the com-
plex cuts (see, e.g., Ref. [58]). Two evaluations fall on top of each
other, while the sharp behavior at s� is due to the narrow width.
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ΓρðtÞ ¼ θðt − 4M2
πÞ

γρ→ππðtÞ
γρ→ππðM2

ρÞ
fðtÞΓρ;

γρ→ππðtÞ ¼
ðt − 4M2

πÞ3=2
t

; ð34Þ

where Γρ is the total width of the ρmeson. The introduction
of the barrier factor [81,82],

fðtÞ¼
ffiffi
t

p
Mρ

M2
ρ−4M2

πþ4p2
R

t−4M2
πþ4p2

R
; pR¼202.4MeV; ð35Þ

ensures better convergence of the integral for the dispersive
ρ propagator,

Pdisp
ρ ðtÞ ¼

Z
∞

4M2
π

dx
π

ImPBW
ρ ðxÞ

x − t
;

ImPBW
ρ ðxÞ ¼ Nρ

ffiffiffi
x

p
ΓρðxÞ

ðM2
ρ − xÞ2 þ xΓρðxÞ2

; ð36Þ

where 4M2
π is the threshold for the ρ → ππ decay process,

and the factor Nρ is introduced to ensure the normalization

Z
∞

4M2
π

dx
π
ImPBW

ρ ðxÞ ¼ 1: ð37Þ

In practice, an integration cutoff
ffiffiffiffiffiffiffi
scut

p ¼ 2.0ð2Þ GeV is
introduced to avoid unphysical higher-energy contribu-
tions, and its variation is taken as a source of systematic
uncertainty. Finally, we also consider a spectral form
determined by the P-wave Omnès function Ω1

1ðsÞ to
account for ππ final-state interactions, using the phase-
shift input from Ref. [83]. By construction, it satisfies the
dispersion relation

Ω1
1ðsÞ ¼

Z
∞

4M2
π

dx
π

ImΩ1
1ðxÞ

x − s
; ð38Þ

with the integral to be evaluated with a cutoff, consistent
with the dispersive BW form.
To update the vector-exchange contributions in accor-

dance with resonance widths, we observe that the propa-
gator terms in the invariant amplitudes (24) should be
replaced by the finite-width ρ propagators, and Eq. (29)
should be modified as follows:

t�ðsÞ ¼ t; t ≥ tthr; ð39Þ

where tthr is the threshold of the unitarity cut in the t
channel, e.g., tthr ¼ 4M2

π for the ρ-exchange contribution.
The total contribution can then be obtained from a spectral
integral; for instance, in the dispersively improved BW
parametrization,

hV;disp0;þþ ðsÞ ¼
Z

∞

tthr

dx
π
ImPBW

ρ ðxÞhV-pole0;þþ ðs; xÞ; ð40Þ

which convolutes the narrow-width amplitude of the
resonance propagator (with effective mass x) with its
spectral form of the imaginary part. Here hV-pole0;þþ ðs; xÞ is
defined as the pole part of the narrow-width expression in
Eq. (25) with the replacement M2

V → x everywhere.

III. NUMERICAL RESULTS

In this Section, we present the numerical results of our
analysis, including the unsubtracted prediction for the Born
rescattering term, once-subtracted fits to the ϕ → γπ0π0

experimental data, and the estimate of the branching ratio.
The differential branching fraction for ϕ → γπ0π0 is

given in terms of the three helicity amplitudes as

dΓϕ→γπ0π0

Γϕd
ffiffiffi
s

p ¼
ðq2−sÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s−4M2

π0

q
384π3q3Γϕ

×
1

2

Z
1

−1
dz

×
	
jHþþðs;zÞj2þjHþ−ðs;zÞj2þjHþ0ðs;zÞj2



;

ð41Þ

where z ¼ cos θ, Γϕ is the total decay width of the ϕmeson,
and s is the invariant mass squared of the π0π0 subsystem.
The dominant S-wave contribution is entirely contained
in the Hþþ amplitude, while the effects of higher partial
waves are approximated by the tree-level ρ-pole
contribution.1

We first consider the unsubtracted representation and use
it to obtain a parameter-free prediction for the Born-
rescattering contribution. As in the case of γð�Þγ� → ππ,
the kaon Born term leads to a rapidly convergent dispersive
integral, whereas vector-pole contributions typically require
additional subtractions for a stable numerical treatment. As
shown in the top panel of Fig. 3, the rescattering driven by
the kaon-pole term provides a dominant contribution (with
its uncertainty dominated by the Omnès input [41]), largely
reproducing the observed enhancement near the f0ð980Þ
region. However, the amplitude overestimates the strength in
the low-energy region around f0ð500Þ, indicating the need
for additional LHC contributions.
To estimate the effect, we evaluate the sum-rule (SR)

values of the Born contribution at s ¼ 0, 
aBornSR

bBornSR

!
¼−

Z
∞

4M2
π

ds0

π

ImðΩ0
0ðs0Þ−1Þ

s0ðs0−q2Þ
�

0

k0;Born0;þþ ðs0Þ
�
: ð42Þ

1We also estimated the kaon Born rescattering contribution in
the D wave using the newly evaluated coupled-channel D-wave
Omnès input of Ref. [84] and found it to be negligible over the
full ππ spectrum.
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For the top and bottom rows, we obtain the central values

aBornSR ¼ ð−0.15þ 0.12iÞ GeV−2;

bBornSR ¼ −0.77 GeV−2: ð43Þ

The sizable imaginary part of aBornSR in the pion channel
reflects a violation of Watson’s theorem. If we instead
determine these values from a fit to the data [44,45], we
find the shifts

ΔaBornfit ¼ ð0.34ð1Þ − 0.12ð1ÞiÞ GeV−2;

ΔbBornfit ¼ −0.48ð3Þ GeV−2: ð44Þ

A strong violation of the sum rule with a sign change in the
pion channel demonstrates the necessity of higher LHCs, in

particular the ρ-pole contribution, which also generates
imaginary parts below threshold.
To include vector-pole contributions as additional LHCs,

we should fix the relative signs of the product of couplings
entering the ρ and K� poles to determine how these
contributions interfere with the Born term (and with each
other). In this regard, symmetry arguments are usually
applied to fix the relative signs of the couplings in different
contributions (see, e.g., Ref. [5] for ϕ → γπ0η). Instead, we
relax the signs of the Born and vector-pole (ρ and K�)
contributions and test the sensitivity of the data to the
relative signs of these LHCs. The combination favored by
the comparison between the unsubtracted representation
and the data produces the same relative signs as those
implied by the symmetry arguments.2

After fixing the relative signs, we introduce a once-
subtracted representation to incorporate better convergent
vector-pole contributions,

 
h00;þþðsÞ
k00;þþðsÞ

!
¼
 
h0;ρ0;þþðsÞ
k0;L0;þþðsÞ

!
þ ðs − q2ÞΩ0

0ðsÞ
"�

a

b

�

−
s − s0
π

Z
∞

4M2
π

ds0

s0 − s0

Im ðΩ0
0ðs0Þ−1Þ

ðs0 − sÞðs0 − q2Þ

×

 
h0;ρ0;þþðs0Þ
k0;L0;þþðs0Þ

!#
; ð45Þ

where a and b are two subtraction constants. In the
following, we consider three implementations of the ρ-
meson width in the pole term: a simple complex-mass
prescription, a dispersively improved BW representation of
Eq. (36), and a P-wave Omnès function Ω1

1ðsÞ.
Consistently for each choice, the coupling Cϕρπ is extracted
from the ϕ → 3π decay width, yielding 0.84(1), 0.79(1),
and 0.80(1) (all in GeV−1), respectively. These values
supersede the narrow-width estimate quoted in Sec. II.
The impact of these implementations will be assessed in
our fits.
To proceed, we note that a bin-by-bin reweighting

procedure should be considered because of its importance
for radiative experiments. The KLOE analysis chose a
universal bin width of 20 MeV [45], while SND used a
wider bin width of 100 MeV for energies below 700 MeV
[44]. The finite bin-width effect can be taken into account
by performing a bin average

1

ΔEi

Z
EiþΔEi=2

Ei−ΔEi=2
d
ffiffiffi
s

p
×
dΓϕ→γπ0π0

Γϕd
ffiffiffi
s

p ð46Þ

FIG. 3. Differential branching ratio for ϕ → γπ0π0 as a function
of the two-pion invariant mass

ffiffiffi
s

p
. The top panel shows the

prediction for the Born rescattering contribution. The bottom
panel shows the final fit to the data: the black band represents the
fit uncertainty alone, and the grey band denotes the total
uncertainty. The S-wave contribution is indicated by the dashed
line. Data points excluded from the fit are shown as open circles.

2Adopting gϕKþK− > 0 as our convention, the products of
couplings entering the left-hand cut contributions are
CϕρπCρπγ < 0, CϕK�0K0CK�0K0γ < 0, and CϕK�þKþCK�þKþγ > 0.
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in the minimization. In practice, we implement the bin
reweighting using a numerically efficient iterative solution
[85–88], which is shown to be equivalent to a bin-averaging
correction.
Taking into account finite bin widths, we then test the

compatibility of the KLOE [45] and SND [44] data with
our dispersive representation, choosing s0 ¼ 0 without loss
of generality. We find that five data points cannot be
described in a statistically acceptable way in our dispersive
approach, even when allowing for two complex subtraction
constants or a twice-subtracted representation. Among
them, three energy bins in the range 480–540 MeV dictate
the observed inconclusive dip structure [1,45]. The mass
spectrum at these energies yields an almost vanishing
signal, while the associated uncertainties were estimated
to be rather small. In this part of the spectrum, our
dispersive description cannot reproduce the data within
errors, yielding a contribution of χ2 > 15 from each bin. In
the measurement of Ref. [45], the data below 650 MeV may
be affected by an incomplete treatment of the coherent
background from the eþe− → ωπ0 → γπ0π0 process [48],
which indicates underestimated uncertainties.3 Furthermore,

the two-kaon threshold region between KþK− and K0K0

undergoes an enhancement of isospin-breaking effects
[89,90]. Since our hadronic input is constructed under the
assumption of isospin symmetry, we refrain from including
this region in our analysis. This removes one data point from
KLOE [45] and one from SND [44].
After excluding these problematic outliers, we find a

good description of the two-pion mass spectrum using the
once-subtracted representation (45), with two real subtrac-
tion constants a and b. The subtraction constants are fitted
to the data and are shown in Table II for three different
implementations of the finite width. As already observed in
the original publication [45], the fit is sensitive to the
strength of the ρπ term, and the spectrum prefers a smaller
normalization. We find the same behavior, namely that a

smaller Cϕρπ coupling produces a better fit result, while the
details of the spectral form only have a subdominant effect.
We choose the best fit as our central result and show it in the
bottom panel of Fig. 3. The differences among different fits
are considered as a source of systematics, while the total
systematic uncertainty is dominated by the coupled-channel
Omnès input [41]. Finally, we find from our central fit

Brðϕ → γπ0π0Þ ¼ Γϕ→γπ0π0

Γϕ
¼ 1.13ð3Þð5Þ × 10−4; ð47Þ

where the first uncertainty is statistical (including the scale
factor), and the second is systematic. The branching ratio is
consistent with the PDG average 1.13ð6Þ × 10−4 [67].

IV. CONCLUSIONS AND OUTLOOK

We have presented a dispersive analysis of the radiative
decay ϕ → γπ0π0, using a coupled-channel Muskhelishvili-
Omnès framework that satisfies analyticity and unitarity
constraints. By combining the ππ=KK̄I¼0 S-wave hadronic
input with a consistent treatment of the left-hand cuts from
the kaon pole and the ρ and K� vector-meson poles, we
have demonstrated the consistency between the data from
hadronic scattering and the radiative decay ϕ → γπ0π0, and
validated both the Omnès input and the dispersive formal-
ism employed in this work and in γð�Þγ� → ππ. The latter
serves as key input for precision Monte-Carlo simulations
of two-photon processes at eþe− colliders, as implemented
in HadroTOPS [91].
As a first outcome of our analysis, we provided a

parameter-free prediction for the kaon-pole contribution
based on the unsubtracted representation. The charged-
kaon left-hand cut derived from scalar QED and the
effective Lagrangian completely fixes the S-wave Born
amplitude kc;Born0;þþ ðs; q2Þ, once gϕKþK− is determined from
ϕ → KþK−. This yields a dispersive estimate of the kaon-
loop contribution commonly modeled in the literature. The
kaon pole already recovers the two-pion spectrum in the
f0ð980Þ region to a large extent, analogous to the tradi-
tional kaon-loop result, but with analyticity and coupled-
channel unitarity imposed by construction.
As a further outcome of our analysis, we obtained a good

description of the KLOE and SND spectra [44,45] with
only two real subtraction constants, suggesting that the
combined effect of the kaon-pole left-hand cut and the
vector-meson contributions already captures the dominant
dynamics of the decay. In principle, the subtraction con-
stants in our dispersive analysis could be further con-
strained by the higher-precision measurement of Ref. [46].
However, its analysis was performed with a folded vector-
meson-dominance description of the full Dalitz plot of
eþe− → γπ0π0, focusing on the interpretation of the nature
of f0ð980Þ. As a consequence, the published fit results are
inherently model dependent and cannot be directly used for

TABLE II. Fits to the differential branching fraction for
ϕ → γπ0π0. Fit 1 uses Mρ → Mρ − iΓρ=2; Fit 2 employs the
dispersive propagator of Eq. (36); Fit 3 uses the spectral
representation derived from the P-wave Omnès function. Here
d.o.f. denotes degrees of freedom.

Fits Fit 1 Fit 2 Fit 3

χ2=d:o:f: 68.0=49 55.9=49 61.6=49
¼ 1.39 ¼ 1.14 ¼ 1.26

p-value 3.7% 23.1% 10.7%
aðGeV−2Þ 0.36(1) 0.36(1) 0.37(1)
bðGeV−2Þ −1.72ð4Þ −1.73ð4Þ −1.75ð4Þ

3Given this situation of the low-energy data, we refrain from
putting strong constraints on the amplitude at low energy. If we
instead impose an Adler zero, the reduced chi squared of the fit in
Table II deteriorates to χ2=d:o:f: ∼ 3.5.
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a dispersive treatment of the ϕ → γπ0π0 process.
Nevertheless, provided that the Dalitz-plot data of
Ref. [46] are available, a combined dispersive treatment
of ϕ → γπ0π0 and the ω → π0γ� transition form factor in
the scattering region could offer a refined Dalitz analysis
fulfilling analyticity and unitarity constraints.
Another key ingredient of our analysis is the explicit

verification of the equivalence between the modified and
standard Muskhelishvili-Omnès representations for vector-
meson pole contributions, once the pole prescription is
chosen such that the dispersive integrals converge. This
supports the use of the standard representation in decay
kinematics, while removing the subtlety of an ambiguous
polynomial term and retaining the underlying analytic
structure with overlapping left- and right-hand cuts.
Therefore, the alternative treatment in the current analysis
can be straightforwardly extended to related radiative
decays. In particular, the analysis of the channel ϕ →
γπ0η provides an independent probe of the scalar-isovector
sector [92]. In that case, our demonstration of its equiv-
alence to the modified approach in ϕ → γπ0π0 will be
further tested in ϕ → γπ0η, which has so far only been

investigated within a modified representation [5]. Another
natural extension concerns the heavy quarkonium decay
J=ψ → γπ0π0. The current study provides a test of the
dispersive framework needed to treat such processes in
decay kinematics, including the coupled-channel dynamics
and crossed-channel singularities within available phase
space. A detailed analysis of the low-energy spectra of
J=ψ → γπ0π0 [93] and related channels along these lines is
in progress [94].
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