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Self-dual black holes in (2, 2) signature spacetime—XKlein space—have recently attracted interest in the
context of celestial holography. Motivated by this development, we investigate the structure of spacetime
near the horizons of these solutions. Focusing on the self-dual Schwarzschild-Taub-Newman-Unti-
Tamburino solution, we demonstrate that, near the Kleinian horizons, the geometry exhibits a local infinite-
dimensional symmetry generated by supertranslations and super-rotations. Establishing this result requires
refining and extending earlier analyses of asymptotic symmetries near null surfaces. We formulate the
appropriate boundary conditions, derive the infinite-dimensional algebra underlying the local symmetries,
and compute the associated Noether charges, finding them to be integrable. Finally, we discuss the
connection of our findings to recent observations in the literature regarding self-dual black holes in Klein
space, including the diffeomorphism relating static and stationary solutions.
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I. INTRODUCTION

In [1], an interesting study of black holes in Klein space
was initiated. There, the authors analyzed the analytic
continuation of the Lorentzian Kerr-Taub-Newman-Unti-
Tamburino (NUT) geometry to its Kleinian counterpart—a
stationary black hole with (2, 2) signature—characterized
by three parameters: the mass M, the NUT charge N, and
the angular momentum per unit mass a. It was shown that
the global structure of the Kleinian Kerr-Taub-NUT sol-
ution is captured by a toric Penrose diagram that closely
parallels that of its Lorentzian analog. A particularly
interesting case arises when the solution is self-dual, i.e.,
when the mass equals the NUT parameter (M = N). In this
case, it was demonstrated that the Kerr rotation parameter a
can be eliminated via a large diffeomorphism—a phenome-
non reminiscent of the Euclidean (0, 4) signature case, with
no direct analog in Lorentzian (1, 3) signature.

The analytic continuation from (1, 3) to (2, 2) signature
is naturally related to the analytic structure of the scattering
matrix in asymptotically flat spacetimes. In [1], it was
shown that the geometry of linearized Kleinian black holes
is encoded in the three-point scattering amplitudes of
gravitons and massive spinning particles in (2, 2) signature.
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This contrasts sharply with the Lorentzian case, where such
amplitudes vanish, highlighting a more direct connection
between gravitational backgrounds with (2, 2) signature
and scattering matrix problems.

Subsequent work further explored the role of Kleinian
self-dual black holes in celestial holography. In [2], the
two-dimensional states associated with linearized spinning
self-dual black holes in (2 +2) dimensions were con-
structed. These states are described by conformal primaries
defined on the celestial torus, and coherent states carrying
an infinite tower of wy,, charges were identified, estab-
lishing links with recent advances in scattering amplitudes
and celestial holography in curved backgrounds.

Scattering processes in the self-dual Taub-NUT space
have also been studied in [3], while scattering amplitudes
for black holes carrying NUT charge were discussed in [4].
In [5], the hidden large symmetries near black hole
horizons were examined through analytic continuation to
(2, 2) signature, revealing that the near-horizon region of
extremal black holes becomes a Kleinian static solution
with mass M and NUT charge N. Focusing on the self-dual
case (M = N) enabled a detailed analysis of approximate
and exact near-horizon symmetries. Further aspects of
Kleinian black holes have been explored in [6-8], and
self-dual solutions have been investigated in [9-11]; see
also [12,13] and references thereof.

Motivated by these developments, in this work we
investigate the spacetime structure near the horizons of
self-dual Schwarzschild-Taub-NUT solutions in Klein
space. We prove that, near the Kleinian horizons, the
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self-dual geometry exhibits a local infinite-dimensional
symmetry generated by a semidirect sum of the super-
translation algebra [14] and the Witt algebra that governs
super-rotations [15,16]. Establishing this result requires
refining and extending previous analyses of asymptotic
symmetries near null surfaces, in particular by generalizing
the fall-off conditions introduced in [17]. Near-horizon
symmetries similar to those discussed here have appeared
in various contexts [ 14-23]; see also [24,25]. The geometry
of spaces with NUT charge has been analyzed in [26], and
related boundary conditions were recently proposed in [27].
However, the case of self-dual black hole horizons in Klein
space differs fundamentally from those previously studied.

After briefly reviewing Kleinian black hole geometry in
Sec. II, we define in Sec. III the boundary conditions
appropriate for describing the near-horizon region and
derive the infinite-dimensional algebra governing the local
symmetries. In Sec. IV, we compute the associated Noether
charges, finding them to be integrable and expressible in
terms of the exponential integral function. In Sec. V, we
discuss the infinite-dimensional horizon symmetries and
their connection to recent observations regarding the
relationship between static and stationary solutions in
Klein space. Section VI contains our conclusions.

II. KLEINIAN BLACK HOLES

The usual Taub-NUT metric in Lorentzian (1, 3) sig-
nature reads

dr?
ds? = —f(r)(dt — 2N cos 0d¢)* + ——
L= 7
+ (r 4+ N?)(d6? + sin® Od¢p?), (2.1)
with
r?=2Mr—-N?> (r—r.)(r—r_)
= = 2.2
fr) P+ N? 2+ N? (22)
The metric has two horizons, located at
ry =M=+ \/M>+ N> (2.3)

Here, the Newton constant is set to 1.

It is well known that the above solution presents a Misner
string-type singularity at @ = 0 and 6 = 7. The singularity
in either one of the poles can be eliminated by performing
the change

t = t+ 2N cosb, (2.4)
the sign + corresponds to the solution without singularity
in the northern hemisphere (0 < 6 <7), while the sign —
corresponds to the solution without singularity in the
southern hemisphere (§> 6 > ). The change (2.4),

however, introduces a priodicity condition for ¢, with a
period 4zN.

The Taub-NUT solution (2.1) can be regarded as the
gravitational analog of a magnetic monopole, and the
periodicity in ¢ can be thought of as the gravitational
analog of the Dirac quantization condition, with the Misner
string corresponding to the Dirac string, and N being the
gravitomagnetic charge. The space constructed in this way
turns out to be spatially homogeneous and of topology
R x S3. It has spatial isometry SO(3), and thus is spheri-
cally symmetric. However, it contains closed timelike
curves. The Euclidean, (0, 4) signature version of it
represents the antonomasia of a gravitational instanton.

Here, we will be mostly concerned with the (2, 2)
signature version of the geometry (2.1) and (2.2). Spaces
with (2, 2) signature, often referred to as Klein spaces after
Felix Klein’s pioneering work in group theory and projec-
tive geometry, are frequently considered in the study of
scattering amplitudes, since they allow a wider variety
of couplings that are nonzero on shell. In the context
of celestial holography, it was shown in [1] that the
Schwarzschild-Taub-NUT metric with (2, 2) signature
admits an interpretation in terms of scattering amplitudes
in asymptotically R?>? spacetime. These spaces with
Kleinian signature also play an important role in the theory
of twistors and conformal geometry in four dimensions; see
also [28,29] for pioneering works. Our main motivation to
study this comes from recent applications to celestial
holography.

The Kleinian version of the self-dual Taub-NUT geom-
etry is obtained from (2.1) and (2.2) by performing the
following complex coordinate redefinition

t — it, 0 — ib, N — iN. (2.5)
The parameter N must also be Wick rotated in order to
satisfy the reality condition for the metric. The metric of the
Kleinian Taub-NUT spacetime obtained in this way takes
the form

dr?
2= -2 h 24—
dsy = f(r)(dt — 2N cosh 0d) +f(r)
— (©* = N?)(d6? + sinh? 0dg?),  (2.6)
where now
r?=2Mr+N*  (r—ry)(r—r_)
f(r) = 2N r2+— N2 (2.7)
with
re =M+ VM — N (2.8)

Hypersurfaces at r = r,. are null. They are the natural
continuation of the two horizons that the Lorentzian

064045-2



EXPLORING THE KLEINIAN HORIZONS

PHYS. REV. D 112, 064045 (2025)

solution has; so we will abuse terminology and refer to
them as “Kleinian horizons.”

Asking the metric (2.6) and (2.7) to be smooth on the
surfaces # = 0 and r = r,, in the generic case M # N,
yields the periodicity conditions

(t,p)~(t—4zN,p+2x), fromO=0

ri —N?
(t,¢) ~ t—|—471'r — o427 ), fromr=r_.. (2.9)
+ —_

A very special case is the self-dual configuration, which
corresponds to M = £+N. In this case,
r=M
M’

f(r) (2.10)

with a single nondegenerate horizon at r, = M. The metric
thus becomes

r—mM
r+ M
— (r* = M?)(d6* + sinh? 0d¢?).

+M

,
dt — 2M cosh 0d¢)? + ———dr?
( cosh 6dgp) +r—M r

dsk =
(2.11)

The periodicity conditions for this case change. Demanding
the (¢, r) plane to be free of conical singularity around
r = M demands ¢ have a period 8zM, while ¢ continues to
be periodic in 27; see below. The potential singularity at
0 =0 demands a period 4zM for t. Summarizing, the
following compatibility condition in the plane (7, ¢) is
obtained

(t, ) ~ (t +4zM, ¢ + 2x), (2.12)
with the coordinate ranges r € (—M, ), 0 € (0, o0). That
is to say, there are two spacelike coordinates, ¢ and r, with ¢
periodic and r being a noncompact semi-infinite direction.
And there are two timelike coordinates, ¢ and 0, with ¢
periodic and € being semi-infinite. This is exactly the
spacetime we will be involved with. Some properties of it
are in order:

(1) The Kleinian geometry (2.11) is Ricci flat but
exhibits a curvature singularity at r = —M. This
can be seen by computing the Kretschmann sca-
lar R,,,sR*™ = 96M?/(r + M)°.

(i1) Itis a self-dual solution to Einstein equations; i.e., its
Riemann tensor satisfies the relation sign(N)R
*Ryvep =5 €uwon R 45, With N = sign(N)M.

(iii) The geometry can be thought of as a fiber over
the three-dimensional warped—anti de Sitter space
(WAdS;) [30], which is closely related to the
near-horizon-extremal-kerr geometry [31,32] that
plays an important role in the Kerr/conformal field
theory correspondence [33]. The isometry group of
the Kleinian self-dual Taub-NUT is generated by

o =

four Killing vectors and is that of WAJS;,
ie., SL(2,R) x U(1).

(iv) The space (2.11) is asymptotically locally R>2,
Coordinates ¢ and ¢ correspond to two cycles for
M > 0. This yields a toric Penrose diagram whose
asymptotic behavior is solidary with the celestial
torus at null infinity; see [1]. The condition 8 > 0 is
needed for the cycle not to degenerate, which would
actually happen if § =0. The d¢ =0 sections
of the space in the large r limit behave like
ds3 ~dt* + dr? — r*d6*, which is a Lorentzian
three-dimensional locally S' x R"! flat space, with
one periodic and two semi-infinite directions.
The dr = df = 0 sections in the large r limit for
0 > 0 behave like the S' x S! torus ds3 ~df* +
r?sinh? Od¢? + ..., where the ellipsis stand for
O(r°) subleading terms in the g, and g,, compo-
nents. For § = 0, in contrast, the behavior is quite
different, as it collapses to the form (dr—
2M cosh 6d6)?.

(v) The dt = dr = 0 sections of the space (2.11), when
expanding near p=r— M ~0, yield the two-di-
mensional metric ds3 ~ 2Mp(d¢?* — d6*), which has
S! x R, constant-p foliations. On the other hand,
the df = d¢ = 0 sections, near the region r~ M,
yield the characteristic Euclidean semi-infinite
cigar form ds3 ~ H(p)dr* + dp*/H(p) with H(p) =
p/(2M), which demands the periodicity f =
4n/d,H(p) = 8zM in t in order to avoid conical
singularity at the tip p = 0. The topology of the (¢, p)
plane is that of R? with asymptotic behavior S' x R.
Last, the dt = d¢p = 0 sections yield the locally
flat  two-dimensional —metric ~ ds3~8M(dR?> —
R%’d(0/2)?), with RZ = p =r— M.

(vi) It was explicitly shown in [1] that the self-dual static
metric (2.11) is diffeomorphic to a stationary,
seemingly spinning version of it; see (5.1) below.
A particular case of this is the well-known relation
between Minkowski space and the massless limit of
the overspinning Kerr solution.

(vii) The metric (2.6) and (2.7) also exhibits symmetry
under the CPT type Z, transformations (N;t,¢) —
(=N;t,—¢), (N;t,¢p) = (=N;—t,¢), and (N;1,¢) —
(N;—t,—¢). The stationary metric has an additional
parity-odd Kerr-type parameter a.

(viii) The null surface at r = M is geodesically complete
and so regular, and it corresponds to the analytic
continuation of the nondegenerated event horizon
that the Lorentzian geometry (2.1) exhibits at the
self-dual points N = +M. Below, we will prove that,
near these null surfaces, the Kleinian geometry
(2.11) exhibits infinite-dimensional symmetries.

In preparation for the analysis of near-horizon sym-

metries, we can write the self-dual metric (2.11) in a

suitable coordinate system. Introducing a radial coordinate
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p=r—M and an advance time v =2M(0+ logp —
log(2M)), the g,, component of the metric is found to
vanish, and thus the metric takes the form

p dv 2
dst = —L—(p+2M) (5~ Zdvd
%= = gy o+ 200) (557 =2 v
a4Mp (M P .
- = et + L o~5 ) dtd
p+2M<pe T ) ¢
_i_L 2 (P
p+2M p+2M

M
(p* +4Mp) (; e

2
+ ﬁe‘ﬁ) —plp+ 2M)>d¢2. (2.13)
Then, the nonzero components are
Goo =~ 51P r7)s
1
Gup = 9po = 1+ 537+ Op?),
1
= — O 2 N
Gu 2M/7+ (p?)
9ip = Gt = —Men + O(p),

Note that the induced metric on the self-dual Kleinian
Taub-NUT horizon will now depend on the advance time
coordinate v. In fact, the induced (1 + 1)-dimensional
metric on the constant-v foliations of the horizon, H, is
ds? = —2Memdtdp — 2M? endp? = Qupdx*dxB,  (2.15)
where we denoted x' =1, x> =¢, A,B =1, 2, which
means Q]l = O, le = Qz] = —Meﬁ, 922 = —2M261M
This explicit dependence of v will be important to under-
stand the functional form of the charges below.

III. NEAR-HORIZON SYMMETRY

We are interested in studying the asymptotic symmetries
of the Kleinian geometry near the horizon. To do so, we
need to describe the metric close to null surfaces. We will
choose a suitable set of coordinates such that the distance
from the horizon is measured by a radial coordinate p,
with » being the advanced time on H, and x* describing
the transversal (1 + 1)-dimensional spacetime. Typically,
the transversal constant-v sections of the horizon are
Euclidean; in the Kleinian case these sections are replaced
by Lorentzian surfaces.

Following the procedure described in [17], it is found
that the metric on the null surface must obey
(3.1)

9pp = 0, 9pA = 0, 9pv = L.

In order to satisfy (3.1) we assume that the corresponding
component of the metric admits the expansion

Gop=ap+0(p?),  ga,=Pap+0O(p?),

with a, 4,y independent of p. At the Kleinian horizon,
which is located at p = 0, the prescription (3.2) clearly
satisfies the conditions (3.1). Notice that (3.2) is more
relaxed than the near-horizon asymptotic conditions con-
sidered in [15] and [17]. The latter correspond to the
particular case a = ff, =y = 0. Weak asymptotic condi-
tions similar (3.2) were recently considered in [27].

For the other components of the metric we consider the
expansion

Goo ==2kp+0(p?),  goa=04p+O(p?),

9ap =Qup+wagp+O(p?). (3.3)

Functions a, f4, 7, k, 04, Q45 and w,p are assumed to
depend on v and x*, but are independent of p. Q,p is
assumed to be nondegenerate.

Given the above boundary conditions we solve the
asymptotic Killing equation for the asymptotic vector &.
That is to say, we look for the £ that preserve the boundary
conditions (3.2) and (3.3). This amounts to solve
[’fgpp = O(p2)7

ﬁ{fgpv = O(Pz)’ ‘CéjgpA = O(/’Q)v

(3.4)

where O(p) stands for a function of the form F (v, x*)p" or
subleading near p ~ 0. From these conditions, we obtain the
expansion in powers of p for each component of &; namely

Z
&= =50+ 00,
gt =14 = QY (0gf + Zpp)p + O(p?),

& =Z~(Zy +0,f)p +O(p?), (3.5)
where f, Z and Y4 are functions of v and x* that do not
depend on p. Preserving the boundary conditions (3.2)
demands L.g;; = 6g,; with i and j running over v and the
angular coordinates x*. This is expressed in terms of the
components of the metric as follows

Leg,, = =25kp + 950> + O(p*). (3.6)
Legoa = 802p + 8900> + O(p°), (3.7)
Legap = 684p + Swapp + 59221;,02 + O(p?). (3.8)

From this, we get that Z and Y4 are obtained by solving the
equations

064045-4



EXPLORING THE KLEINIAN HORIZONS

PHYS. REV. D 112, 064045 (2025)

0,Z —«xZ =0,

This yields the following variations of the metric functions

Sk = YAOuK + 0, (Kf) + O2f = 0,0,Y4 + Z(0,7 — g — k7).
80, = 00, Y8 + YB0R0, + 0,04 — 2k0,f — 20,0, f + QBC0,(Qup)ocf + wap0,Y"
+Z(2g%] = a7 — Oay — R450,(Q5BC)).

0Qpp = Zwpp + f0,Q4p5 + LyQ4p,

Swpp = —wap0,f + 0,045 + Lywag + 0,0pf + O0p0sf =2V, Vpf + 22923 — Zywyp

Za
- 0,Qp + Pr0sZ + PposZ — Quc0p(ZQPBp) — Qpcos (ZQPBp).

This generalizes the results of [17] and reduces to it when o = 4, =y = 0.

We will assume that the prescription of the asymptotic
boundary condition near H is state-independent. This
implies that the asymptotic killing vectors do not depend
on the metric functions themselves. Then, from (3.9) we get

Z =0,

0,Y% = 0. (3.11)

From this assumption, Egs. (3.5) and (3.10) became

&= f+0(),
g =14 = Q%apfp + O(p?),
& =—=0,fp+O(p*), (3.12)
and then we obtain
Sk = YA,k + 0, (kf) + 02 f,
50, = Ly0, + 0,0, — 20, f —20,0,f

+QF€0,(Qup)cf,

0Qup = [0,Q4p + LyCQyp,

0wpp = —wap0,f + [O,wsp + Lywyp
4 0,05f + 050uf — 2V, V,f. (3.13)

By demanding the asymptotic behavior (3.11) on (3.5),
we recover the Killing vectors derived in [17]. The
modified Lie brackets of these asymptotic diffeomorphisms
are defined as

{&1.6) = L& — 66,8 + 6561, (3.14)
which closes the algebra of vectors
{6, 71, &(f.2)} = Sn(fin. Y1) (3.15)

where

ZQA + 6AZ + QABavYB - 0 (39)
2)
(3.10)
|
f12 :fla1;f2_f26vfl +Y1146Af2_Y1246Af13
Y, =YBogYs—YBopYi. (3.16)

Remarkably, we obtained a consistent closed algebra
having allowed for a more general behavior on the metric
components g,,, which now admit nontrivial O(p) terms.
This algebra contains supertranslations (f) in semidirect
sum with two copies of the Witt algebra (Y,).

Now, we can apply this technology to the solution of
Einstein equations we are interested in, namely the self-
dual Kleinian Taub-NUT solution (2.11). Performing, as in
(2.13), the change of coordinates

r=p+M, (3.17)
which suffices to realize the boundary conditions intro-
duced above, we are ready to express the metric in
coordinates (t,p, v, ), with v being the advanced time
on the surface r = M, the latter being mapped into p = 0.

We also have x! = ¢, x> = ¢. The asymptotic behavior thus
reads

2M 2M 2M
—2Me" M dtdgp — 2M?e"Mdgp* + O(p?).

1 1 1
ds%( =—pdv* + 2(1 +—p>dvdp + —— pdr®
(3.18)

Note that from the above expression we can read the
Kleinian analog to the surface gravity from the g(vlb) term,
namely x = ﬁ. This agrees with the analysis of the
periodicity of the coordinate € around p = 0. In fact,
defining the imaginary time 7= = 2Mi6f, we find that the
absence of conical singularity around r = M in the (@, r)
plane requires i¢ to have a period 4z, i.e., v to have a
period f = 27” = 8aM.

The form (3.18) is the very proof that, in the near-horizon
region, the Kleinian self-dual Schwarzschild-Taub-NUT
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solution exhibits the infinite-dimensional symmetry gen-
erated by the algebra (3.14)—(3.16). In the next section, we
will derive the Noether charges associated to these infinite
symmetry transformations.

IV. NOETHER CHARGES

Without additional assumptions about the behavior of
the fields, we are able to compute the charge variation.
Starting from expression (24) in [17], we get

1

JoE] = E/ (aﬂx)w\/_—g [_é:bvﬂh +EV W+ E VR

RV (VA ~ V)~ (u > w) |, (A1)

where h,, is the metric variation &g, and £ is an
asymptotic Killing vector. (dzx)lw stands for the compo-
nent pv of the integration measure written as a 2-form. The
symbol ¢ means that the charge is in general nonintegrable.

Unlike previous works in which the choice dx = 0 was
made, here we will not make any assumption about such
functional variation. Then, for Y4 =0, from the first
equation of (3.12) we have the relation

Sk = 0,(kf + 0,f). (4.2)

In the specific case we are dealing with, by defining

h,, = 6Mdyg,, we can compute each term in (3.13)
explicitly; namely

1
EVHh = m e"PM f5M,

gyvo_hlm — 4;‘;2 €v/2Mf5M,

1
&V = o e"PMf5M,
—oM
pvven =2 = "M (f 1+ AMO, )M,
BIVHE, =0,
WV g = 0 (4.3)

where f is a function of ¢, ¢ and ». Taking all this into
account, we obtain the supertranslation charge variation

30l =g | Pr(=s(x0)
+ (v =2M)o,f(x,v)) %5M, (4.4)

with x4 = {t,¢}, A = 1, 2, d*x = dtd¢; H, refers to the
constant-v sections of H. This charge is integrable and,
provided f is chosen adequately, it is finite. The expression

for the charge Q can easily be written in terms of the
exponential integral function

(4.5)

although its form is not particularly illuminating. In
computing Q one typically assumes that the function f
is independent of M. However, one can also consider a case
such as f(v) = e, which yields a charge that is linear in

v and reminiscent of the Wald entropy charge,
with 9,0 = A2 £
T

Note that the expression (4.4) for 6Q happens to be v
dependent, and so Q is not conserved. This is an aspect
inherited from the fact that we are integrating over a surface
that explicitly depends on ». In other words, the metric
induced on the constant-v slices of H is, in turn, v
dependent. The appearance of nonconserved charges in
the context of asymptotic symmetries in asymptotically flat
spacetimes is not new. In the case of Bondi-Metzner-Sachs
(BMS) symmetries and their generalizations, this non-
conservation is associated with outflows, which can be
interpreted as gravitational radiation. In the case of the
spaces considered here, the interpretation is considerably
less clear. The inherent difficulty of conceiving solutions in
Klein space, especially when it involves null surfaces that
are the analytic continuation of event horizons, makes the
task of coming up with an interpretation of the charges and
their dynamics very complicated. We hope to return to this
problem later. In this work, we limit ourselves to analyzing
the geometric aspects of the region close to the Kleinian
horizons and, with this, demonstrate the existence of
infinite-dimensional symmetries there.

An alternative computation of the charge can be per-
formed by using the expression (25) in [17], where (4.1) is
already evaluated on the specific configuration of the self-
dual Taub-NUT geometry (3.1). This yields

FOLf. YA] = lé—ﬂ L Px {2 16V — 20,16V G

£ 2£0,6V 0 — % V@

— QACQBPYY, QpdQp + YAS(0,V/Q) |,

(4.6)
where Q = —det Q5 = M2ei. For our metric, and taking
YA = 0, this yields

VG = % QM —v)éM,  §0,/Q) =0. (4.7)

Using that
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. 1.
VO(QABQED — QACQBEP)), O p 6y = e (2M — ),
and
~ v v
0,67/ 0 = — i M.
we get

50lf) = =g | alrtrn)

+(2M = )9, f(x, 1)) %(m, (4.8)

which exactly matches (4.4).

V. ON THE SPINNING GEOMETRY

In [1], the authors presented a set of coordinates that
maps the self-dual Kleinian Schwarzschild-Taub-NUT
spacetime into the Kleinian Kerr-Taub-NUT spacetime
with M = +N for arbitrary Kerr parameter a. That is to
say, the static and the stationary self-dual Kleinian con-
figurations turn out to be diffeomorphic. Specifically, the
authors of [1] showed that the Kleinian Taub-NUT space

M
ds =" +M dr? = (> = M?)(d6? + sinh? 0dg?)
-
I M G~ oM cosh 0dg)? (5.1)
M cos ’ '

when the transformation

0 0 |F—M-a
tanh- =tanh— /[~~~ "% (52
anhy =t o\ e 0P

is performed, becomes the self-dual Kleinian Kerr-Taub-
NUT space

r=r+acoshé@,

d 2 : h2 o
ds} = 2(2 - d6”2> Y adr — Pdg)?
A 2
+ < (dr+ Adg) (5.3)
with
Y =7r?-(M+ acosh@)?, (5.4)
A=(r-M)?-a (5.5)
A = —asinh> @ — 2M cosh @, (5.6)
P=7r?-M>-d. (5.7)

Then, it is natural to ask whether such transformation
corresponds to one of the diffeomorphisms that preserve

the asymptotic behavior of the Kleinian self-dual Taub-
NUT metric near the horizon, namely those in (3.12). To
see whether this is the case, we can define the new
coordinates ' and @' as an expansion on the parameter

a, like X" =x" _ + ag" + ---. The inverse of (5.2) for

r > M reads o
/=M 47 +6(r.0)),
tanh%/ = tanhg \/ 2a - ((:__Aﬂj;(cloihi:l; 9®)(r 9)7 (5.8)
with
©%(r,0) = 4a> + (r — N)?> —4a(r — M) coshd (5.9)

which, expressed in terms of coordinates p and v, turns out
to be generated by the Killing vector

/2M —v/2M
Er= /M EA .fp:_MeU e’

P aM

p.

(5.10)

This vector is singular at p = 0, which is the location of
the horizon of the solution with a = 0. In fact, the diffeo-
morphism that brings the static self-dual metric into its
stationary form changes the location of the horizon, while
the latter is preserved by diffeomorphisms (5.2). The
presence of an order O(p") or greater in the component
& makes it clear that Killing vector & belongs to a class
different from that of the near-horizon asymptotic Killing
vectors discussed above.

VI. CONCLUSIONS

In this paper, we have been involved in the study of
geometries with Klein signature; more precisely, with the
analytical extension of the self-dual Schwarzschild-Taub-
NUT solution to the (2, 2) signature. These geometries have
recently been considered in the framework of celestial
holography, where they have been related to three-point
scattering amplitudes in asymptotically, locally R*>? spaces.
Here, motivated by these applications, we set out to analyze
the geometry near the event horizons of self-dual Kleinian
black holes. To do so, we generalized the analysis in [15] of
the infinite-dimensional symmetries of the region near the
event horizons and extended it to the case of Kleinian
horizons of self-dual solutions. The structure of these
horizons required one to prescribe a set of asymptotic
conditions more relaxed than those usually considered,
cf. [17]. Despite this, we found that the Kleinian horizons
of self-dual black holes exhibit an infinite-dimensional
near-horizon symmetry, which is generated by both an
algebra of supertranslations and super-rotations. Relaxed
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asymptotic conditions similar to those considered here were
independently studied in [27], and the symmetries of the
self-dual black hole were studied for different boundary
conditions in [26]. For the case of self-dual Kleinian
horizons, we calculated the supertranslation charges asso-
ciated, which, remarkably, turned out to be integrable.
Since the charge calculation is carried out on horizon
sections that are dependent on the null time defined over
them, the charges inherit an advanced time dependence. We
also considered stationary Kerr-Taub-NUT solutions,
which in the case of the self-dual solution with signature
(2, 2) are diffeomorphically equivalent to the static version.
We thus compared the diffeomorphism linking both sol-
utions and those asymptotic diffeomorphisms that preserve
the near-horizon geometry. The main result of this paper is
that, even with the generalization of the near-horizon
asymptotic conditions necessary to describe self-dual
solution horizons in Klein space, the spacetime geometry

near these horizons exhibits an infinite-dimensional sym-
metry resembling the BMS algebra. The interpretation of
the charges associated with these symmetries, however, is
conceptually elusive, and it would be necessary to study a
dynamic process—for example, similar to the one studied
in [18] but adapted to the Kleinian case—in order to
advance in the understanding of the physical meaning of
these symmetries and their associated quantities. We plan to
address this problem in the near future.
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