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The absence of global symmetries in a quantum gravity theory often requires the introduction of (new)
symmetry-breaking defects, which appear as singular objects in the low-energy description. This has been
formalized in the cobordism conjecture, which further relates the asymptotics of these defects to nontrivial
deformation classes of the effective theory. In this work we investigate the symmetry-breaking defects for
theories with a discrete symmetry G encoded in the bordism groups Ωξ

2ðBGÞ and, in particular, its subclass
described in terms of the homology groups H2ðBG;ZÞ. Contrary to expectations, we find that the defects
are naturally described in terms of networks of codimension-two objects rather than isolated objects in
codimension three. While in special situations linking configurations of defects are sufficient, our
strategy generically predicts the existence of junctions, thus suggesting an extended applicability of the
cobordism conjecture. We demonstrate the viability of this approach in four-dimensional supergravity
theories originating from string andM theory with a discrete Heisenberg group acting on its axionic degrees
of freedom.

DOI: 10.1103/dk2b-rgkf

I. INTRODUCTION

Black holes and holographic theories provide strong
evidence that global symmetries are absent in a theory of
quantum gravity, see, e.g., [1–8]. Thus, symmetries should
be either gauged or broken below the quantum gravity
scale. The interplay between symmetries and conserved
charges offers another perspective; in the presence of a
global symmetry, the theory splits into various discon-
nected sectors labeled by their global charge. In this
interpretation, gauging imposes consistency constraint
(such as Gauss’s law) that forbids certain sectors, while
the breaking of a symmetry introduces connections
between the formerly disconnected sectors. This logic
has been made precise in the cobordism conjecture [9],
which demands that quantum gravity theories (in D
dimensions) should not allow for any nontrivial deforma-
tion classes, mathematically described by bordism groups

ΩQG
k ¼ 0; 0 < k < D: ð1:1Þ

In particular, this requires that one can always deform
the theory to nothing, and there can be no conserved
symmetry charges.
While the gauging of global symmetries is an interesting

subject in its own right, it typically leads to the introduction
of other potentially dangerous conserved charges, see, e.g.,
[10,11], and we will focus on symmetry breaking. Since we
do not have the knowledge of the full structure of quantum
gravity, we instead determine the nontrivial deformation
classes of a low-energy effective theory described by the
bordism groups Ωξ

kðBGÞ, where ξ refers to the required
structures on the tangent bundle of spacetime and BG
allows for gauge fields of the symmetry group G.1 If these
groups are nontrivial, we need to introduce new effects,
beyond the low-energy effective theory, that trivialize them.
Typically, these are described by symmetry-breaking
defects of codimension (kþ 1), which have the nontrivial
deformation class as asymptotic geometry. Indeed, this
strategy has been successfully applied in various theories
and produced various surprises, see, e.g., [16,20–28].
In this work, we investigate oriented and spin manifolds

with a discrete symmetry group G, which often appear in
gravitational theories. These discrete symmetries can
include dualities, large diffeomorphisms of internal spaces
after compactification, as well as continuous symmetries
which are broken to a discrete subgroup at low energies.
The presence of such symmetries immediately produces
viable candidates for extended objects in codimension two,
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1These two pieces can also mix, leading to so-called twisted
tangential structures, see [12–19] for some examples.
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defined by the symmetry transformation a∈G experienced
when looping around the object, see Fig. 1. However, for
the absence of conserved charges only a subset of them is
required, as captured by the associated bordism group in
one dimension,

Ωξ
1ðBGÞ ¼ Ωξ

1ðptÞ ⊕ H1ðBGÞ ¼ Ωξ
1ðptÞ ⊕ AbðGÞ: ð1:2Þ

The first part describes purely gravitational conserved
charges encoded in Ωξ

1ðptÞ and is of less interest to us in
this work. The charges induced by the nontrivial discrete
symmetries are encoded in the first group homology
H1ðBG;ZÞ given by the Abelianization of G,

AbðGÞ ¼ G
½G;G� : ð1:3Þ

As discussed, for example, in [29], the reason for this
reduction of necessary defects is that all elements that can
be written as a product of commutators can be bounded by
smooth, but topologically nontrivial, spacetime configura-
tions, i.e., gravitational solitons and do not require the
introduction of (new) singular objects.
Continuing this strategy for higher-dimensional defor-

mation classes Ωξ
kðBGÞ one expects to find further sym-

metry-breaking defects in codimension (kþ 1). Here, we
will focus on the next step, k ¼ 2, for which one has

0 → Ωξ
2ðptÞ ⊕ H1

�
BG; Ωξ

1ðptÞ
�

→ Ωξ
2ðBGÞ → H2ðBGÞ → 0; ð1:4Þ

which can be deduced from the associated Atiyah-
Hirzebruch spectral sequence, see, e.g., [30,31]. We see
that the second group homology H2ðBG;ZÞ naturally
appears. These nontrivial deformation classes can be
described by G gauge field backgrounds on genus-g
Riemann surfaces Σg, with g ≥ 1. This poses a challenge
for our understanding of the dimensionality of the sym-
metry-breaking defect, which would appear to be codi-
mension two rather than codimension three, by filling the

Riemann surface without metric singularity, see Fig. 2.2

Indeed this behavior already appeared in [32] where the
symmetry group SLð3;ZÞ is perfect, i.e., its Abelianization
is trivial, but codimension-two defects are revived through
the nontriviality of ΩSpin

2 ðBGÞ.
In the present work, we will resolve this mismatch by

identifying the obstruction to a deformation to nothing, not
as the individual monodromies, but their collective inter-
play. In particular, we see that the codimension-two defect
does not appear isolated but has to pass through other G
transition functions, producing the codimension-three fea-
tures expected. This also manifests on the level of the
symmetry-breaking defects, which appear in nontrivial
brane networks. For a very simple example consider an
element of H2ðBG;ZÞ which can be detected on a two
torus, i.e., going around the two basis one cycles one
encounters the monodromies a and b, which necessarily
have to commute. Filling the interior of the torus, one needs
to include a codimension-two a defect winding around the
nontrivial one cycle of the solid torus. However, equally
well, we could “fill” the outside by introducing a codi-
mension-two b defect passing “through the hole” of the
torus. Doing both fillings at the same time, we find a
configuration of an a defect linking a b defect, which poses
an obstruction to finding a pure gravitational spacetime
without any defects. See Fig. 2 for an illustration.
In general, not all elements in H2ðBG;ZÞ can be

detected by a two torus and some require higher-genus
Riemann surfaces. In these cases, while one still has the
equivalence of filling the inside or outside by defects that
link each other, one uncovers brane networks even as the

FIG. 1. Sketch of how a circle S1a supporting a transition
function given by a∈G as one winds around it requires a
codimension-two defect implementing such monodromy in order
to be described as a boundary.

FIG. 2. Filling of the inside and outside of a two torus with
transition functions a and b, such that ½a; b� ¼ 1. Embedded in
S3 ≃ R3 ∪ f∞g, the inclusion of two codimension-two defects
implementing said monodromies is needed. Note that the two
defects are linked, with total linking number 1. The arrows on a
given g∈G transition function denote the direction of imple-
mentation (i.e., going in the arrow direction results in a g
transformation, while opposite to it implements g−1). This
translates to the orientation of defects and their monodromy
through the right-hand rule.

2Note that the more singular configuration of a cone over Σg
with associated metric singularity would also be possible. We
thank Jake McNamara for commenting on this.
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symmetry-breaking defects themselves. Moreover, while in
special situations a linking configuration of codimension-
two objects can be enough to trivializeΩξ

2ðBGÞ, generically
one has to include brane junctions.3 Thus, we can use the
properties of the symmetry group G together with the
cobordism conjecture to not only predict the existence of
potentially new objects, but also suggest their configura-
tions and networks.
The manuscript is organized as follows: In Sec. II, we

describe how (part of) the second bordism groupΩξ
2ðBGÞ is

described in terms of the second group homology
H2ðBG;ZÞ and how these are described via nontrivial G
bundles on genus-g Riemann manifolds, via Hopf’s theo-
rem. In Sec. III, we use this description to explore the
associated symmetry-breaking defects predicted by the
cobordism conjecture. In particular, we discuss the impor-
tance of brane networks, including the linking and inter-
section (junctions) of codimension-two objects. We apply
this general strategy to type IIA compactifications on
Calabi-Yau threefolds in Sec. IV, involving Heisenberg
groups acting on the axionic degrees of freedom. After
concluding and pointing out future research directions in
Sec. V, we generalize the string theory examples in the
Appendix.

II. HOPF’S THEOREM AND THE COBORDISM
CONJECTURE

In this work, we want to study the defects breaking
global symmetries associated with a nontrivial bordism
group Ωξ

2ðBGÞ, for discrete groups G and tangential
structure ξ. Since we do not consider twisted tangential
structures, these groups split into a pure gravitational part
and a part that receives gauge contributions described by
the reduced bordism group Ω̃ξ

2ðBGÞ,

Ωξ
2ðBGÞ ¼ Ωξ

2ðptÞ ⊕ Ω̃ξ
2ðBGÞ: ð2:1Þ

In the following, we will mainly focus on ξ denoting
orientation (SO) or spin structure. Considering the second
page of the Atiyah-Hirzebruch spectral sequence E2

p;q

depicted in Fig. 3, and noting that for degree reasons the
differentials are all trivial, we find

0 → H1

�
BG; Ωξ

1ðptÞ
�

→ Ω̃ξ
2ðBGÞ → H2ðBG; ZÞ → 0:

ð2:2Þ

Since ΩSO
1 ðptÞ is trivial, we find that in two dimensions the

oriented bordism class is fully determined by group
homology, while for spin bordism one has a potential
extension by H1ðBG;Z2Þ. In both cases, H2ðBG;ZÞ plays

a central role.4 To understand the nontrivial classes in
Ωξ

2ðBGÞ, it is therefore crucial to have a good under-
standing of the elements in H2ðBG;ZÞ as well as their
physical interpretation.
The obstruction of nontrivial classes originating from

H2ðBG;ZÞ is entirely encoded in the gauge sector. For
discreteG and spacetime manifold X this is captured by the
configurations of the associated gauge field, whose differ-
ent topological sectors are given by homotopy classes of
(see, e.g., [33–35])

½X;BG� ≃ ½X;KðG; 1Þ�; ð2:3Þ

where we used that BG is (homotopy) equivalent to an
Eilenberg-MacLane space KðG; 1Þ. For Abelian groups G,
this can be identified withH1ðX;GÞ, while for non-Abelian
groups it can be understood as

½X;BG� ¼ Hom ðπ1ðXÞ;GÞ
G

: ð2:4Þ

This means that to each (homotopically) nontrivial closed
path in X we associate a transition function given in terms
of a group element a∈G, up to overall gauge trans-
formations. Since the map is a group homomorphism,
these transition functions have to respect consistency
conditions encoded in the group properties of π1ðXÞ, the
fundamental group of X.
Let us focus on closed two-dimensional spacetimes X,

which for oriented and spin manifolds are given by
Riemann surfaces Σg. Since for the two-sphere S2 we have
that π1ðS2Þ ¼ 0, there are no nontrivial gauge bundles
underlining that the defects are not given in terms of
codimension-three defects with S2 as the asymptotic space.
Next, we can describe gauge fields on the two torus T2,
whose fundamental group is Z ⊕ Z. Gauge configurations
are hence classified by two commuting elements a and b in

FIG. 3. E2
p;q for the Atiyah-Hirzebruch spectral sequence for

Ωξ
• ðBGÞ.

3We refer the reader to the coordinates 46°12’04.4“N 6°
07’17.8”E for a visualization of such junction.

4Even in the case of spin bordism it is enough to trivialize
classes originating from H2ðBG;ZÞ, since if the extension is
nontrivial they will also trivialize the classes coming from H1. If
the extension is trivial, on the other hand, these elements already
appear for ΩSpin

1 ðBGÞ and are trivialized by the introduction of
codimension-two defects there.
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G, which account for the transition functions around the
basis of π1ðT2Þ, up to overall gauge transformations

½a; b� ¼ 1: ð2:5Þ

Finally, for genus g ≥ 2 Riemann surfaces the fundamental
group is generated by 2g elements with associated tran-
sition functions determined by the group elements
fa1; b1;…ag; bgg, which satisfy the condition

½a1; b1�…½ag; bg� ¼ 1: ð2:6Þ
With this description of G bundles on Σg we can move to a
description of H2ðBG;ZÞ in terms of a presentation of the
group G.

A. Bordism interpretation of Hopf’s theorem

In the following, we will focus on discrete, but not
necessarily finite, groups G, that often appear in (super)
gravity theories. Such discrete groups can be described in
terms of a presentation (e.g., [36])

G ¼ F
R
; ð2:7Þ

where F is a free group with generators ffig and R is the
normal closure of the set of relations, forming a normal
subgroup of F. We denote the group as follows5:

G ¼ hf1;…; fnjfrigi; ð2:8Þ

given in terms of the generators fj and relations ri.
Let us describe some simple examples. The cyclic group

Zn is given in terms of a single generator x subject to one
relation

Zn ¼ hxjxni: ð2:9Þ

The dihedral group of order 2n can be described as

D2n ¼ hx; rjxn; r2; rxrxi; ð2:10Þ

where, interpretingD2n as the symmetry group of an n-gon,
x is rotation by 2π=n and r is reflection along a symmetry
axis of the associated n-gon. We can also describe the
surface groups π1ðΣgÞ in this way. As mentioned above,
they are given in terms of 2g generators fai; big obeying a
single relation

π1ðΣgÞ ¼ ha1; b1;…; ag; bgj½a1; b1�…½ag; bg�i; ð2:11Þ

which asserts that this combination of paths can be
contracted to a point on Σg and hence is null homotopic.

The information of the presentation of the discrete group
also allows one to determine the second homology group
using Hopf’s theorem in group homology, see, e.g., [36],

H2ðBG;ZÞ ≃
R ∩ ½F;F�
½R;F� : ð2:12Þ

The numerator states that elements in H2ðBG;ZÞ can be
expressed as a product of commutators of the free gen-
erators in F which is part of the relations R. This means that
an element of the second homology can be associated with

½fi; fj�…½fk; fl� ¼ 1∈G: ð2:13Þ

Comparing to the discussion ofG bundles on Σg above, this
implies that each nontrivial element of H2ðBG;ZÞ can be
realized as a gauge configuration on Σg with g greater or
equal to the number of commutators in (2.13). The
denominator states that (products of) commutators with
relations as one of its entries are trivial.
Let us use the formula (2.12) in the examples discussed

above. For the cyclic group, we have only a single generator
and thus ½F;F� is trivial, which correctly implies that

H2ðBZn;ZÞ ¼ 0: ð2:14Þ

For the dihedral group D2n and n even, one can find a
relation given by

rxn=2rxn=2 ¼ rxn=2r−1x−n=2 ¼ ½r; xn=2�; ð2:15Þ

which is given by a commutator without any relation, which
suggests that H2ðBD2n;ZÞ is nontrivial. However, we can
rewrite the square of this commutator as follows:

½r; xn=2�½r; xn=2� ¼ ½r; xn�; ð2:16Þ

showing that it is part of ½R; F� and hence trivial in
H2ðBG;ZÞ. For n odd, no such element can be found
and we conclude

H2ðBD2n;ZÞ ¼
�
Z2; n even;

0; n odd;
ð2:17Þ

reproducing the correct result, see, e.g., [37]. Finally, for the
surface group π1ðΣgÞ, g ≥ 1, the relation is already given in
terms of a product of commutators and no power of it
vanishes, leading to

H2

�
Bπ1ðΣgÞ;Z

�
¼ Z; g ≥ 1; ð2:18Þ

which can also be deduced from the realization
that Bπ1ðΣgÞ ≃ Σg.
We therefore find that elements H2ðBG;ZÞ that neces-

sarily survive as elements in Ωξ
2ðBGÞ are given by genus-g

5We only consider groups with a finite number of generators
fj.
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Riemann surfaces with a nontrivial G bundle classified by
the transition functions around the nontrivial closed paths.
These further need to satisfy the relation of the surface
group π1ðΣgÞ, see Fig. 4. Before we explore which defects
are needed to describe such manifolds with a G bundle as
the boundary of a three-dimensional manifold, we discuss
what happens in case, despite the bundle on Σg being
nontrivial, the configuration describes a trivial element
in H2ðBG;ZÞ.

B. Bordism to nothing

To explore deformations to nothing, imagine a Riemann
surface Σg, with g ≥ 1, and nontrivial transition functions
on each basis element of π1ðΣgÞ satisfying the consistency
condition (2.6). This configuration might still be trivial in
ΩSO

2 ðBGÞ, where for simplicity we focus on oriented
bordism so we do not have to keep track of the spin
structure (which requires pinching cycles to support anti-
periodic boundary conditions for the fermions). If this is the
case, it means that it describes the trivial element in
H2ðBG;ZÞ and by (2.12) is contained in ½R; F�. In this
section, we want to explore how one can construct a
bounding three manifold, see also [38].
First we note that if one of the transition functions is

described by a relation, i.e., trivial in G, one can pinch Σg
and transition smoothly to Σg−1 or split the Riemann
surface into two disconnected components Σg̃⊔Σg−g̃, see
Fig. 5. If, the original configuration is already in the form
½R;F�, one can perform this operation several times to end
up with the disconnected sum of spheres, which necessarily
describe the trivial element in H2ðBG;ZÞ. In general, one
first needs to execute deformations to reach this form.
For that, it will be very useful to study how one can “split

open” transition functions by increasing the topological
complexity of the spacetime manifold. In particular, assume
that one transition function is described by a∈G, which
can be written as a commutator6

a ¼ ½b; c�: ð2:19Þ

By the nucleation of a pair of gravitational solitons of
genus one, see Fig. 6, one can then split the transition
function. Note that the same gravitational solitons appear
in the discussion of Ωξ

1ðBGÞ as a smooth manifold
bounding a circle twisted with transition function a.
Implementing this operation for one of the transition
functions on Σg, one obtains a new Riemann surface
Σgþ2 where one nontrivial closed path, that crossed the
now split transition function, carries trivial monodromy
and therefore can be pinched. The result is Σgþ1, where the
handle with transition function given by a is replaced by
two handles with transition function given by b and c
satisfying (2.19). With these and similar transitions
described in [38] one can always reach a configuration
given by a Riemann surface with transition functions in
½R;F�, which then can be deformed to nothing.

C. Examples

Let us illustrate this strategy in some examples.
For the dihedral group with n even we had H2ðBD2n;ZÞ

given byZ2, with the associated element given in terms of a
single commutator

½r; xn=2� ¼ 1: ð2:20Þ

From this we learn that ΩSO
2 ðBD2nÞ is generated by a two

torus T2 with transition functions r and xn=2, both elements
of order two, around the basis of one cycles. In this case,
these can be directly related to the nontrivial elements of
ΩSO

1 ðBD2nÞ given by the Abelianization of D2n,

ΩSO
1 ðBD2nÞ ¼ AbðD2nÞ ¼ Z2 ⊕ Z2; n even; ð2:21Þ

which is precisely generated by the two elements r and xn=2

above. Even for spin structure, there is no nontrivial
extension and the generator above corresponds to a gen-
erator of a Z2 subgroup, see, e.g., [39,40].
The story changes for the group SLðn;ZÞ with n ≥ 5,

which has a presentation in terms of Steinberg relations
[41]. Importantly, these groups are perfect, which means

Ωξ
1

�
BSLðn;ZÞ

�
⊃ H1

�
BSLðn;ZÞ;Z

�
≃ Ab

�
SLðn;ZÞ

�
¼ 0; n ≥ 3: ð2:22Þ

This means that the cobordism conjecture would not
predict any defects in codimension two. However, one
finds that

H2

�
BSLðn;ZÞ;Z

�
¼ Z2; n ≥ 5: ð2:23Þ

FIG. 4. Sketch of the construction of a genus g ¼ 2 surface Σ2

from the relation ½a; b�½c; d� ¼ aba−1b−1cdc−1d−1 ¼ 1, where
the nontrivial one cycles are interpreted as nonrelation elements
from the group G.

6Similar constructions also work for products of commutators
in which case one would generate higher-genus configurations.
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The associated element can be written as a single
commutator. In particular, we can define the SLðn;ZÞ
elements [see, e.g., the discussion in [41], Secs. 9–11],

h12 ¼ diagð−1; −1; 1; 1;…; 1Þ;
h13 ¼ diagð−1; 1; −1; 1;…; 1Þ: ð2:24Þ

These matrices commute and their commutator corre-
sponds to the nontrivial element of H2ðBSLðn;ZÞ;ZÞ
with generator given by T2 with the associated transition
functions. In the case SLðn;ZÞ with n∈ f3; 4g, one finds
H2ðBSLðn;ZÞ;ZÞ ¼ Z2 ⊕ Z2 and a particular basis for
the monodromies for n ¼ 3 can be found in [32,42], see
also [43]. Since these groups are perfect, the reduced
spin bordism groups Ω̃Spin

2 ðBSLðn;ZÞÞ are identical to

H2ðBSLðn;ZÞ;ZÞ and generated by the same manifolds
as above.
With this we can also sharpen the argument of [32]

stating that gravitational solitons, despite being able to
bound a circle with any SLðn;ZÞ transition function,
cannot be used to trivialize the two torus above. First,
let us write one of the transition functions, say h12, as a
product of commutators, which always works since the
group is perfect,7

FIG. 5. Sketch of how a topology change on a ½Σg�∈H2ðBG;ZÞ representative can occur when certain transition function along a one
cycle is trivial. We depict the two possible cases, i.e., when a set of commutators is in R, which allows the splitting of Σg into different
connected components (with same total genus), or when a given monodromy inside a commutator is in R, which allows the pinching of a
one cycle and the lowering of the genus. For the sake of simplicity, we only draw the transition functions associated with the generators
of π1ðΣgÞ, without depicting the additional ½ai; bi� lines.

FIG. 6. Sketch of how a transition function written as a commutator a ¼ ½b; c� can be broken via the nucleation of two gravitational
solitons. Note that, after the above process, the one cycle dual to that previously supporting the transition function a carries trivial
monodromy and thus can be pinched.

7The minimal number of commutators an element of the
commutator group x∈ ½G;G� can be expressed as is known as
“commutator length” of x, clðxÞ. While we will not use this
concept in the paper, we refer to [44] for its role in the context of
the cobordism conjecture and the problems it might entail in
groups G for which clðxÞ is not bounded for x∈G.
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h12 ¼ ½a1; b1�…½ak; bk�: ð2:25Þ

We can then plug this into the expression defining the
nontrivial element in H2ðBSLðn;ZÞ;ZÞ,

1 ¼ ½h12; h13� ¼ …½ak; bk�; h13�: ð2:26Þ

Using the Leibniz rule, ½ab; c� ¼ a½b; c�a−1½a; c�, several
times, we can reduce the expression to a product of
(conjugates) of the form

h
½aj; bj�; h13

i
¼

h
bj; ½aj; h13�

ih
aj; ½bj; h13�

i
; ð2:27Þ

where we used the Jacobi identity. Since we started with a
nontrivial element in homology, by Hopf’s formula we find
that not all ½aj; h13� and ½bj; h13� can be trivial, since
otherwise the resulting element would be in ½F;R�.
However, this would be required for the gravitational
soliton to glue appropriately across the h13 transition
function, see Fig. 16 in [32]. Thus, these classes indeed
require the introduction of (singular) defects.
Finally, one might ask the question whether all elements

in H2ðBG;ZÞ can be associated with a single commutator.
The easiest way to see that this is not the case is the surface
group π1ðΣgÞ itself. It has a single relation given in terms of
the product of g commutators and cannot be reduced any
further, thus requiring the description in terms of a genus-g
surface. We will also discuss the Heisenberg groups
H2kþ3ðZÞ which require g ¼ 2 in a string theory example
in Sec. IV.

III. LINKING AND JUNCTIONS

Once we have identified a subset of nontrivial classes in
Ωξ

2ðBGÞ described by Riemann surfaces with a nontrivialG
bundle, we switch our attention to the defects needed to
trivialize them. While naively one would expect a genuine
codimension-three defect playing such a role (Sec. 3.1 in
[9]), since BG is aspherical, such defect cannot support a
nontrivial G configuration around it8 without metric sin-
gularities, and instead codimension-two defects will natu-
rally appear. These are the same type one typically would
have associated with classes in Ωξ

1ðBGÞ. In this section, we
will resolve this conflict by noting that these codimension-
two objects appear wrapped on closed curves and are
generically involved in nontrivial brane configurations that
capture the codimension-three nature. The importance of

wrapping the symmetry defects on nontrivial cycles of the
bordism generator has also been stressed in Sec. 3.3 of [45].

A. Genus one

For a nontrivial element of H2ðBG;ZÞ to be described
by a genus-one surface, i.e., a two torus T2, Hopf’s
formula (2.12) demands that the associated element R ∩
½F;F� can be expressed as a single commutator. This means
that the configuration is determined by two commuting
transition functions a; b∈G, ½a; b� ¼ 1 (where of course
both a and b need to be nontrivial elements).
As discussed in [32], one choice of defect that allows us

to fill the torus and trivialize the Ωξ
2ðBGÞ class is given by a

codimension-two defect implementing the monodromy a,
located in the “interior” of T2. In this way, it implements to
correct transition function on the T2. Without a second
defect, the b transition function must be continued to the
interior of the solid torus and crosses the defect; however,
since the two transitions commute, ½a; b� ¼ 1, the defect is
not altered in the process, can close, and the full configu-
ration is well defined. The solid torus given by filling the S1

with a transition function by adding the interior defect then
trivializes the associated bordism class, see Fig. 2.9

Alternatively, through identical arguments we could have
chosen to fill the “outside” of the torus by considering a
codimension-two defect implementing a monodromy b.
Indeed, the (smooth)10 embedding of T2 in S3 ≃R3 ∪
f∞g splits S3 in two different connected components with
topology S1 ×D2 and thus deformation retracts to S1. Thus,
after filling both the inside and the outside of the T2

embedded in S3 one ends up with two (positively) linking
codimension-two defects with monodromy given by a and b,
respectively, see Fig. 2. We therefore see that the defect is not
only a compactified codimension-two defect, but crucially
contains a nontrivial transition function that implements a
linking. This explains the mismatch in the dimensionality of
the bordism groups for genus-one surfaces.

B. Higher-genus and linking conditions

After describing the simple genus-one case [i.e., where
the nontrivial class in H2ðBG;ZÞ can be represented by a
single commutator], we can consider the case with g ≥ 2,
associated with

½a1; b1�…½ag; bg�∈
R ∩ ½F;F�
½R;F� ð3:1Þ

8Note that in the case of unoriented manifolds there is one free
quotient of the two-sphere given by RP2 ≃ S2=Z2 which would
also be a viable asymptotic for a genuine codimension-three
defect. Since this manifold has π1ðRP2Þ ¼ Z2 it can also support
nontrivial discrete gauge fields, but only of a very special type
described by HomðZ2;GÞ.

9From the Morse-Bott theoretical interpretation in [45], the
bordism manifold corresponds to B3 ¼ S1 ×D2, with the critical
locus of the Morse-Bott function (i.e., the location of the bordism
defect) being S1.

10Allowing for nonsmooth embedding might result in patho-
logical situations like Alexander’s horned sphere [46], where the
interior of S3nS2 is simply connected, but the exterior is not.
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and represented by a genus-g surface Σg with the appro-
priate G bundle. We can then take a (smooth) embedding
Σg ⊂ S3, corresponding to the genus-g Heegaard splitting
of the three-sphere [47]. The two components
V1⊔Σg

ð−V2Þ ¼ S3 (where −V2 denotes V2 with the ori-
entation flipped), with ∂V1 ¼ ∂V2 ¼ Σg, correspond to
solid handlebodies of genus g and have homology

H•ðV1;ZÞ ≃H•ðV2;ZÞ ≃ ðZ;Zg; 0; 0;…Þ: ð3:2Þ

This follows from the observation that they deformation
retract to the wedge sum ⋁g

i¼1 S
1, the bouquet of g circles

joining at a point. One could then try to find the defect
configuration allowing the filling of the interior of V1 and
V2 in the following way.
Without loss of generality, we can fill the one cycles

supporting the ai transition functions by the inclusion of a
bouquet of codimension-two defects implementing the
appropriate monodromy. Since ½ai; bi� ≠ 1. passing
through the bi transition function implements a change
of the monodromy of the defect [48] (see also Fig. 7)

ai → b−1i aibi; ð3:3Þ

in such a way that going around the handle supporting
fai; big implements the monodromy aiðb−1i aibiÞ−1 ¼
½ai; bi�. The joining of the g defects at the intersection
point of the bouquet (notably a codimension-three point)
implements the consistency condition ½a1;b1�…½ag;bg� ¼ 1.
This is illustrated in Fig. 8. Analogously, one could have
“filled” the exterior component with bi defects intersecting
the ai transition functions.
Unlike in the genus-one case, the arrangement of defects

depicted in Fig. 8 is highly singular, since it involves the
junction between different defects, a nontrivial property
that might not be guaranteed without knowing the micro-
scopic details of and UV realization of the defects, see
[49–53] for some well-known examples in the literature.
However, it might very well be the case that no defect

junctions are needed at all and, inspired by the linking of
defects from Fig. 2, the bouquet of defects can be resolved
to a nonintersecting configuration given by a linking
arrangement (albeit now in the same component of
S3nΣg), see, e.g., Table I.
To explore this possibility, we first take the crossing of

two defects, with monodromies a and b. Depending on the
sign of the crossing, i.e., whether a crossed above or below
b, the monodromy of the defect changes as

ð3:4Þ

If, instead, a defect with monodromy a passes through a
codimension-one transition function b, which can be
understood as the topological operator implementing the
symmetry action, and orientation �, we have that the
monodromy changes by b ⟶ b∓1ab�1, see Fig. 7. In a
nutshell, every time our defect crosses another (or passes
through a transition function), the monodromy changes to a
new element in the same conjugacy class.
Consider some defect with monodromy a, crossing an

ordered series of defects implementing the monodromies
ðda;1; da;2;…; da;naÞ. Without loss of generality, we assume
that the crossings are positive, since otherwise we can just
take the inverse monodromy, i.e., flip the orientation of the
da;i defect. We also allow for transition functions, simply
noting that the signs work in the opposite way. Overall, we
find that the a defect changes to a different representative of
the conjugacy class given by

a→ da;1ad−1a;1→…→ ðda;na…da;1Þaðda;na…da;1Þ−1: ð3:5Þ

For the defect to close, it needs to come back to the original
element and we therefore require

FIG. 7. Illustration of the transformation a → b−1ab after a defect with monodromy a crosses a transition function b. On the right, we
see how, upon “closing” the associated handle where the defect a crosses the transition function b with opposite orientation, the total
monodromy is given by aðbab−1Þ−1 ¼ ½a; b�.
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½da;na…da;2da;1; a� ¼ 1: ð3:6Þ

The same argument holds for every other defect in the
brane configuration described by the link (note that for each
crossing the precise element of the conjugacy class enters).
We illustrate this in Fig. 9.
Given some linking configuration involving N defects

with monodromies in the conjugacy classes f½xi�gNi¼1 in G,
the following system of equations needs to have a solution
in order to describe a well-defined configuration

f½dxi;ni…dxi;2dxi;1; xi� ¼ 1gNi¼1: ð3:7Þ

Furthermore, if the brane configuration in question is the
defect needed to trivialize some class in H2ðBG;ZÞ
represented by ½a1; b1�…½ag; bg�, by filling, e.g., the one
cycles associated with faiggi¼1, additional restrictions need
to be included. Let fyai;jgj be the monodromies of the
defects (including sign accounting for their orientations)
filling the one cycle associated with the monodromy ai,
then consistency requires

FIG. 8. Sketch of the arrangement of transition functions for a genus-g Riemann surface associated with a nontrivial element in
H2ðBG;ZÞ represented by ½a1; b1�…½ag; bg�. In the center, we show how the bi transition function can be deformed to have an
orientation opposite to ai. Finally, on the right we depict a bouquet of faiggi¼1 defects allowing the filling of one component of S3nΣg,
each of which goes through the bi transition function (with opposite orientation).

TABLE I. Examples of possible linking defect configurations for a given G bundle on the genus-two Riemann surface Σ2 associated
with the homology class represented by ½a; b�½c; d�. Note that, for example, case (I) does not involve additional defects other than those
associated with classes a and c, while case (IV) is a Borromean link, where no pair of the three defects is linked. We additionally depict
the (nontrivial) linking conditions (3.7) and (3.8).

Case Links Link conditions

(I) ½ðd−1cdÞb−1; a� ¼ 1

½ðb−1abÞd−1; c� ¼ 1

(II) ½xb−1; a� ¼ 1

½ðb−1abxb−1a−1bÞd−1; c� ¼ 1

½ðd−1cdÞðb−1abÞ; x� ¼ 1

(III) ½x; byb−1� ¼ a
½ðd−1cdÞðbyb−1Þ; x� ¼ 1

½ðb−1xbyb−1x−1bÞðbyb−1xby−1b−1Þd−1; c� ¼ 1

½ðbyb−1xby−1b−1d−1cdby−1bx−1byb−1Þb−1xb; y� ¼ 1

(IV) ½xðd−1c−1dxd−1cdÞ−1b−1; a� ¼ 1

½ðbab−1Þðx−1axÞ−1d; c� ¼ 1

½ðd−1cdÞðb−1a−1bcb−1abÞ−1; x� ¼ 1
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Y
j

yai;j ¼ ai for i ¼ 1;…; g: ð3:8Þ

Equations (3.7) and (3.8), functions of a set of N unknown
variables fxigNi¼1, define a N þ g relation in R. Unless R is
“dense” enough, in general, the system of equations will be
overdetermined, and no linking arrangement will be
possible.
For intuition, in Table I we depict some examples of

candidate links acting as potential symmetry-breaking
defects for a nontrivial element in H2ðBG;ZÞ associated
with ½a; b�½c; d� and described by a G bundle on a genus-
two Riemann surface. In these cases, we spell out the
consistency conditions (3.7) explicitly.
Regardless of the existence of the internal linking

configurations resolving the bouquet of defects, the defect
networks associated with filling the two different compo-
nents of S3nΣg will be linked with each other. In particular,
one finds the linking of ai and bi defects, in generalization
of Fig. 2.
One can further ask the question whether one can resolve

the bouquet of defects with a single g-valent junction to a
simpler brane configuration. For instance, minimal building
blocks might be all possible trivalent junctions between the
codimension-two defects, which can resolve the g-valent
junction in a multitude of ways.11 While we do not have an
argument why such a resolution might be required, we will
see that it occurs naturally in some string theory examples
in Sec. IV.

C. Examples

The linking conditions (3.7) and (3.8) might seem too
generic to explicitly show whether a solution exists, since
the elements dI;j will be specific representatives of the

conjugacy classes of known fai; biggi¼1 and unknown
monodromies fxjgj, and one can take arbitrarily compli-
cated arrangements. In this subsection, we will go through
some explicit examples with groups G where the existence
or absence of a solution can be settled.

1. Surface groups

We first consider the genus g ≥ 2 surface group π1ðΣgÞ
(2.11), defined by a single relation

π1ðΣgÞ ¼ ha1; b1;…; ag; bgj½a1; b1�…½ag; bg�i; ð3:9Þ
which, as explained around (2.18), has H2ðπ1ðΣgÞ;ZÞ ≃ Z,
generated by ½a1; b1�…½ag; bg�. Now, in trying to solve (3.7)
and (3.8), an important property of surface groups with
genus g ≥ 2 comes in handy, namely, that the centralizer of
y is given by (Sec. 1.1.3 [54])

ZGðyÞ ¼ fx∈G∶½y; x� ¼ 1g ≃ Z ≃ hrGðyÞi; ð3:10Þ
where rGðyÞ is the “unique primitive root” of y in G, i.e.,
the element such that there is an n ≥ 1 with rGðyÞn ¼ y,
and no other w∈G such that wm ¼ rGðyÞ form > 1. For ai
or bi, generators of G ≃ π1ðΣgÞ, this implies that they are
their own primitive roots. This has the nice implication that
the system (3.7) can be rewritten as

fdxj;nj…dxj;1 ¼ rGðxjÞαjgNj¼1; with αj ∈Z: ð3:11Þ
Take now the group homomorphism mapping the group to
its Abelianization,

Ab∶ G ≃ π1ðΣgÞ ⟶ AbðGÞ ≃ Z2g

x ↦ x̂
; ð3:12Þ

where the generators of AbðGÞ given by fâi; b̂iggi¼1 can be
understood as an orthonormal basis of R2g ⊃ Z2g. The
system of consistency conditions (3.11) and (3.8) then
maps to the linear system of equations

FIG. 9. Illustration of how the linking of defects changes the monodromy around them, while staying in the same conjugacy class. For
the defect associated with a monodromy a (in blue) the closing condition (3.6) needs to be satisfied in order for the configuration to be
consistent.

11Note that the growth of possible resolutions grows super-
exponentially (in analogy to the number of Feynman diagrams for
fixed asymptotic states).
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�Xnj
l¼1

d̂xj;l ¼ ηjx̂j

�N

j¼1

∪
�X

j

ŷai;j ¼ âi

�
g

i¼1

; ð3:13Þ

where ηj ∈Q are some rational numbers such that x
ηj
j ¼

rGðxjÞαj (note that upon Abelianization we switch to an
additive notation). We then have that the above is a system of
N þ g equations and N variables, thus being overdetermined
and without solution. We thus conclude that it is not possible
to resolve the bouquet of defects needed to trivialize the
classes Ωξ

2ðBπ1ðΣgÞÞ through links, and consequently, junc-
tions between defects must be present for g ≥ 2.
As an illustration, if the links in Table I were associated

with G ≃ π1ðΣ2Þ, then the linking conditions would map to
the following linear systems upon Abelianization:

ðIÞ
�
ĉ − b̂ ¼ αâ

â − d̂ ¼ γĉ
; ðIIÞ

8><
>:

x̂ − b̂ ¼ αâ

x̂ − d̂ ¼ δĉ

ĉþ â ¼ ηx̂

;

ðIIIÞ

8>>><
>>>:

0 ¼ â

ĉþ ŷ ¼ ηx̂

−d̂þ x̂þ ŷ ¼ γĉ

ĉþ x̂ ¼ ιŷ

; ðIVÞ

8><
>:

b̂ ¼ αâ

d̂ ¼ γĉ

1 ¼ 1

; ð3:14Þ

none of which have solutions, since fâ; b̂; ĉ; d̂g is an
orthogonal base in R4. Note that for (III) one of the
equations imposes that â ¼ 0, i.e., a is a product of
commutators. Note that this is not possible in surface
groups, since this would imply an additional relation
different than the closing one.

2. Groups with torsional commutators

In general, one can argue that, given some nontrivial
class in H2ðBG;ZÞ generated by ½a1; b1�…½ag; bg� (where,
assuming minimality, ½ai; bi� ≠ 1 for all i), there can be no
symmetry-breaking defect described only in terms of a link,
if for some i∈ f1;…gg their commutator ½ai; bi� is not a
torsional element, i.e., ½ai; bi�n ≠ 1 for all n ≠ 0. In order to
see this, consider the handle of the Riemann surface
associated with ½ai; bi� ≠ 1, in such a way that defects
going around it implement ai, see (3.8), and go through the
transition function bi. Now, since

1 ≠ ½ai; bi� ¼
�Y

j

yai;j; bi

�

¼
�Y

j

yai;j

	�Y
j

½bi; yai;j�yai;j
	

−1
; ð3:15Þ

this means that at least some defect yai;j0 must not commute
with bi (and only crosses bi once, since said set of defects is
associated with ai). However, this implies that the central-
izer ZGðyai;j0Þ does not have bi as one of its generators, and

thus there must be some additional b�1
i factor in the closing

equation (3.7). Since yai;j0 does not cross the transition
function a second time, said term must come from an
additional linking with a defect in the conjugacy class of bi.
In order for such linking not to be “undone” by simply
moving the defects around, the bi defect must itself be
linked with the yai;j0 . However, again because yai;j0 ∉
ZGðbiÞ, an additional linking with yai;j0 in the closing
relation (3.7) for bi is needed. Every time there
is a crossing, the associated monodromies change in the
form

bi → ½yai;j0 ; bi�bi; yai;j0 → ½bi; yai;j0 �yai;j0 ; ð3:16Þ

where we have omitted additional conjugating elements. If
½bi; yai;j0 � is free, no matter how many times we cross bi and
yai;j0 (while keeping them linked), the closing relations will
not be satisfied. However, if ½bi; yai;j0 �n ¼ 1 for some n,
then after n mutual crossings we might be able to recover
the initial yai;j0 and bi, which could allow for the defects
to close.
We can illustrate this with a simple example given by

G ¼ ha; bj½a; b�g; ½½a; b�; a�; ½½a; b�; b�i; ð3:17Þ

i.e., the individual generators are not torsion, but ½a; b� is,
and further commutes with all elements. Its first two
homology groups are given by

H1ðBG;ZÞ≃Z⊕Z; H2ðBG;ZÞ≃Z⊕Zg⊕Zg; ð3:18Þ

with the individual factors of the second homology
generated by ½a; b�g, ; a�, and ; b�. While the torsional
generators can be represented by a genus-one surface,
½a; b�g is associated with a genus-g Riemann manifold
where all handles have identical transition functions. Using

ðyxy−1Þ½y; xk�y−1ðyxy−1Þ−1 ¼ ½y; xkþ1�y−1; ð3:19Þ

and12

½xk; y� ¼ ½x; y�k mod ½F;F0�; with F0 ¼ ½F;F� ð3:22Þ

12To show this, we proceed by induction. Notice that

½x2; y� ¼ ½x; ½x; y��½x; y�2; ð3:20Þ
so that ½x2; y� ¼ ½x; y�2 mod ½F0; F�. Now, assuming ½xk; y� ¼
½x; y�k mod ½F; F0�, we have

½xkþ1;y� ¼ ½xkx;y� ¼ ½xk; ½x;y��½x;y�½x;y�k ¼ ½x;y�kþ1 mod ½F;F0�:
ð3:21Þ
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[where for our explicit group (3.17) is an exact equality,
since F0 is central], one can construct an explicit arrange-
ment of linking defects that act as a symmetry-breaking
defect in the interior of Σg without the need of junctions.
We illustrate said arrangement in Fig. 10. While this group
might seem a little ad hoc, in the Appendix we will describe
an explicit M theory construction that realizes (3.17)
for g ¼ 2.
We conclude this section by noting that, even though the

generator ofH2ðBG;ZÞ can be represented by ½a; b�g, it can
be shown, (see Example 2.6 in [55]), that for any group G
and u; v∈G, ½u; v�k can be expressed as the product of
bk
2
c þ 1 commutators (generally different ones). There

should then be another representative of ½a; b�g described
by a G bundle in a Riemann manifold of genus bg

2
c þ 1,

though it is not obvious that the transition functions of the
Σbg=2cþ1 G bundle would admit an arrangement of defects
that does not involve junctions.

IV. JUNCTIONS OF AXION STRINGS IN TYPE IIA

In this section, we will discuss a more involved top-down
example resulting in a monodromy group G where some
generators of H2ðG;ZÞ require the product of two com-
mutators and junctions between codimension-two defects
are needed to trivialize the associated bordism classes. For
this we consider type IIA string theory compactified on a
Calabi-Yau threefold X, resulting in aN ¼ 2 theory in four
dimensions. We will focus on the hypermultiplet sector,
which enjoys a monodromy group generically given by the
form [56–58]

Γhyper ¼ SLð2;ZÞ ⋉
�
Γmirror ⋉ H2h2;1þ3ðZÞ

�
; ð4:1Þ

where Γmirror ⊂ Spð2h1;1 þ 2;ZÞ is the associated mono-
dromy group of the mirror Calabi-Yau X∨ (since the
hypermultiplet moduli space Mh is fibered over the
complex structure moduli space Mcs;mirror of X∨) and
H2h2;1þ3ðZÞ is the Heisenberg group with 2h2;1 þ 2

generators (over the integers). We will focus on the
Heisenberg group, since it will have interesting properties
for our purposes. While the full structure in (4.1) might
influence the bordism group due to the action of the
semidirect products, here, we focus on its Heisenberg
subgroup. It would be interesting to extend our analysis
to also include transition functions in SLð2;ZÞ and Γmirror.
Let for our purposes H3ðX;ZÞ, the middle homology of

the internal space, be free of torsion, and consider the
associated symplectic base fαI; βIgh2;1I¼0, in such a way that,
reducing the 3-form C3 with respect to this basis, one
obtains a number of fχI; χ̃Igh2;1I¼0 axions in the lower-
dimensional effective theory. Additionally, one has the
universal axion σ originating from compactifying the
6-form B̃6 dual to the Neveu–Schwarz Neveu–Schwarz
(NSNS) 2-form B2 on the entire X (or equivalently
dualizing the unreduced B2 field in four dimensions). In
principle, the ð2h2;1 þ 3Þ scalars would have independent
axionic shift symmetries, however, the topological term of
the 10D (massless) type IIA action,

2κ210SIIA ⊃ −
1

2

Z
B2 ∧ dC3 ∧ dC3; ð4:2Þ

reduces to

2κ210S4d ⊃ −
1

2

Z
B2 ∧ dχI ∧ dχ̃I

¼ 1

4

Z
dB2 ∧ ðdχI ∧ χ̃I − χI ∧ dχ̃IÞ: ð4:3Þ

This topological term requires a nontrivial mixing between
the different axionic symmetries,

χI → χI þζI;

χ̃I → χ̃I þ ζ̃I;

σ→ σþα− 1
2
ðζI χ̃I − ζ̃IχIÞ;

for I¼ 0;…;h2;1; ð4:4Þ

which precisely corresponds to the Heisenberg algebra of
H2h2;1þ3, with presentation

(a) (b)

FIG. 10. Linking configurations of defects trivializing the class inΩξ
2ðBGÞ represented by the generator of the second homology group

of (3.17) both for genus g ¼ 2 in (a) and for general genus g in (b). Note that, in showing that such arrangement can be realized without
junctions, we have used that for our group (3.17) ½b; ag� ¼ ½b; a�g ¼ 1 and ð½b; ak�b−1Þbab−1ð½b; ak�b−1Þ−1 ¼ a.
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H2h2;1þ3ðZÞ ¼ ha0; b0;…; ah2;1 ; bh2;1 ; zj½z; aI�; ½z; bI�;
½aI; aJ�; ½bI; bJ�; ½aI; bJ�z−δIJi; ð4:5Þ

where aI and bI are the shifts associated with χI and χ̃I and
z corresponds to the shift of σ. Noticing that, since, for
example, z ¼ ½a0; b0�, we can simplify the presentation by
removing z from the set of relations and it is straightfor-
ward to compute that (see also [59])

H1ðBH2h2;1þ3ðZÞ;ZÞ ¼ Z2h2;1þ2; ð4:6aÞ

H2ðBH2h2;1þ3ðZÞ;ZÞ¼
(
Z2 for h2;1¼ 0;

Z2h2;1ðh2;1þ1Þ ⊕Zh2;1 for h2;1 ≥ 1:

ð4:6bÞ

The second homology group strongly depends on h2;1. In
the special case of vanishing h2;1 we can write

H3ðZÞ ≃ ha; bj½a; ½a; b��; ½b; ½a; b��i; ð4:7Þ

and the nontrivial elements of the second homology group
are precisely associated with � and � via Hopf’s theorem.
Both are therefore described in terms of a single commu-
tator. On the other hand, for nonvanishing h2;1 the elements
in H2ðBH2h2;1ðZÞ;ZÞ fall into two classes:

(i) ½aI; aJ�; ½bI; bJ�; ½aI; bJ� with I ≠ J: They form

�
h2;1 þ 1

2

	
þ
�
h2;1 þ 1

2

	
þ h2;1ðh2;1 þ 1Þ

¼ 2h2;1ðh2;1 þ 1Þ; ð4:8Þ

independent elements in R ∩ ½F;F�, which are not in
½R;F� and generate Z2h2;1ðh2;1þ1Þ in (4.6b). All of
them can be written in terms of a single generator.

(ii) ½aI; bI�½a0; b0�−1 with I ≠ 0: They are obtained by
using z ¼ ½a0; b0� to eliminate z, and again are
elements of R ∩ ½F;F� which are not in ½R;F�,
generating the remaining Zh2;1 in (4.6b). However,
these need to be written in terms of two commutators.

Note that since

½z; aI� ¼ ½½a0; b0�; aI� ¼ ½a0; ½b0; aI��½½a0; aI�; b0�
× ðanalogously for ½z; bI�Þ; ð4:9Þ

we have that ½z; aI�; ½z; bI�∈ ½R;F� and thus are not asso-
ciated with nontrivial elements in H2ðH2h2;1þ3ðZÞ;ZÞ.
Summarizing, for h2;1 ≥ 1 we find that

H2ðBH2h2;1þ3ðZÞ;ZÞ has h2;1 generators that need to be
expressed as the product of (at least) two commutators.
Using the arguments in Sec. III B, the trivialization of the
associated bordism class requires a S1∨S1 arrangement of
defects that realize the appropriate monodromies of the
genus-two surface representing ½aI; bI�½a0; b0�−1.
Moreover, as argued around (3.15) and (3.16), since the
elements faI; bIgh2;1I¼0 are free, and the central element z ¼
½aI; bI� is not torsion (i.e., zk ≠ 1 for any k ≠ 0), there is no
possible resolution of the S1∨S1 arrangement of defects in
the form of linking defects and junctions are required.
These can be realized in different ways, as depicted in

Fig. 11. On one hand, we can have a single four-valent
junction where the defects with monodromies a−1I , z−1aI ,
zb0, and b−10 meet (since the product of said monodromies,
in any order, is the trivial element, the junction is
consistent). On the other hand, we could resolve said
four-valent junction into two trivalent ones, joined by a
defect, with monodromy z for the resolution shown in
Fig. 11. One could wonder whether this resolution is
possible, and whether the defect with monodromy z exists,
since it neither corresponds to a nontrivial element in
H1ðBH2h2;1þ3ðZÞ;ZÞ nor H2ðBH2h2;1þ3ðZÞ;ZÞ. However,
for the type IIA example, it is obvious that indeed this is
the case.
Remember that the aI monodromy is associated with the

shift of the χI axion obtained from reducing C3 on the three
cycle αI . Since a D4-brane is magnetically charged under
C3, the defect implementing aI in four dimensions will be a
D4-brane wrapped on the Poincaré-dual three cycle βI ,
where αI · βI ¼ 1. Analogous arguments imply that bI is
implemented by a D4-brane wrapped on αI . The z mono-
dromy is instead implemented directly by the universal
axion σ originating from the NSNS sector and its defect is
given by an unwrapped fundamental type IIA string. Thus,
the resolution of the defect network into two trivalent

FIG. 11. Sketch of the defect network needed to kill the bordism class generated by ½aI; bI �½a0; b0�−1. The defects correspond to D4-
branes wrapping an appropriate three-cycle class inH3ðX;ZÞ. We also depict the resolution of the four-valent junction into two trivalent
ones involving the defect with monodromy z, which in our setup is a fundamental string.
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junctions is realized by a fundamental string stretched
between two D4-branes wrapping different internal three
cycles.
This demonstrates how for this case the cobordism

conjecture implies the existence of junctions between
wrapped D4-branes, which can be resolved through a
fundamental string stretching between them. The existence
of the topological term (4.2) was crucial for our derivation,
since it induces a nontrivial mixing in the shift symmetries
of Ramond-Ramond (RR) and NSNS axions. An analogous
argument would follow in the mirror-symmetric type IIB
setup, where the associated topological term, rewritten in
the democratic formulation [60], is

2κ210SIIB ⊃ −
1

2

Z
C4 ∧ dB2 ∧ dC2

¼ 1

2

Z
B2 ∧ ðdC2 ∧ dC4 − dC0 ∧ dC6Þ: ð4:10Þ

By reducing C2 and −C4 þ 1
2
B2 ∧ C2 on the Poincaré-dual

basis of two and four cycles fαI;ΣIgh1;1I¼1, as well as −C6 þ
B2 ∧ C4 − 1

3
B2 ∧ B2 ∧ C2 on the entire X, we obtain a set

of axions fχI; χ̃Igh1;1I¼0, see [61] for more details. Now the
defects implementing the shifts would be D5- and D3-
branes wrapping the dual four and two cycles, together with
a D7-brane wrapping the whole Calabi-Yau (for the C0

shift) and the unwrapped D1 string (for the C6 axion). The
central element z of the Heisenberg group is again
implemented by the fundamental string, which can stretch
between the axion string originating from D1-, D3-, D5-,
and D7-branes resolving the four-valent junctions.
We expect this type of nonlinear topological mixing

between different fields reducing to axions upon compacti-
fication to always result in Heisenberg-like groups or
generalizations thereof. In the Appendix, we show how
the reduction of the topological term 2κ211S11d ⊃ − 1

6

R
C3 ∧

dC3 ∧ dC3 in M theory results in generalized Heisenberg
groups with several central elements. This opens the door to
the construction of finite symmetry groups with generators
ofH2ðBG;ZÞ associated with the product of a large number
of commutators and potential resolutions by linking brane
networks without the need for junctions. See also [62–64]
for how said generalized Heisenberg groups appear in string
theory, e.g., type IIB orientifold compactifications toN ¼ 1
supergravity theories in four dimensions as well as their F
theory lift (including torsion elements in the group relations
through compactification on torsion cycles).
Finally, we would expect that similar relations could

arise in heterotic string theory, where the Bianchi identity is
modified to dH3 ¼ α0

4
ðtrR2 − trF2Þ, and there is the Green-

Schwarz term in the action Shet ⊃
R
B2 ∧ trF4. One would

then expect to find generalized Heisenberg-like relations
involving the NSNS axion and the gauge field degrees of
freedom after compactification on a suitable six manifold.

V. CONCLUSION AND OUTLOOK

In this paper, we systematically study the symmetry-
breaking defects associated with Ωξ

2ðBGÞ for discrete
symmetry groups G. The discrete nature of the symmetry
group naturally suggests the involvement of codimension-
two defects, which are classified by the monodromy around
them given by an element in G. By using Hopf’s theorem
for group homology, we are able to relate the nontrivial
bordism classes related to H2ðBG;ZÞ to G bundles on
genus-g Riemann surfaces Σg. This also resolves the
apparent mismatch with the expected dimensionality of
the cobordism defect, since it is not the individual branes
that are the obstructions to the deformation to nothing, but
rather their nontrivial configurations.
If the nontrivial element in H2ðBG;ZÞ can be associated

with a single commutator, the nontrivial deformation class
is given by a two torus T2 with commuting G transition
function around the basis of closed paths. In this case, the
bordism defect is the circle compactification of a codi-
mension-two defect that passes through another G tran-
sition function. This can be interpreted as the nontrivial
linking of the two codimension-two defects. For more than
one generator one requires higher-genus Riemann surfaces
to detect the nontrivial deformation classes, in which case
the bordism defects themselves contain junctions (or link-
ing, in special cases).
Thus, rather then predicting the appearance of genuinely

codimension-three objects, the classes in Ωξ
2ðBGÞ can be

trivialized by nontrivial properties of codimension-two
objects including the existence of brane networks.
We verify these predictions in Calabi-Yau compactifi-

cations of type II theories resulting in N ¼ 2 supergravity
in four dimensions, for which G is given by a Heisenberg
group with nontrivial H2ðBG;ZÞ. We find examples
involving genus-two surfaces that predict nontrivial string
junctions. In the full string theory these are described nicely
by branes ending on branes induced by the nontrivial
Bianchi identities of the RR fields.
It might be tempting to expect that similar networks are

also relevant for defects associated with Ωξ
kðBGÞ, with

k > 2. However, there are two obstacles for such a
generalization. First, it is not clear how the junctions or
linking can be associated with objects of even higher
codimension, since these configurations are associated
with the intersection of a codimension-two defect with a
codimension-one transition function, i.e., a configuration in
codimension three. Second, once one goes to higher
bordism groups, the differentials are generically nontrivial,
and while HkðBG;ZÞ appears on the second page of the
Atiyah-Hirzebruch spectral sequence, it might not survive
to its ∞ page. Instead, one could imagine a generalization
of the brane systems in this work that involves lower-
dimensional objects, which naturally carry features in
higher codimensions. Evidence of this was seen, for
example, in [16,32], where some bordism generators were
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fibrations, which might allow for an interpretation in terms
of brane networks (see also [65]).
The most interesting configurations in our investigation

have all been associated with Heisenberg groups and
generalizations thereof. These originate from the compac-
tification of theories (here, high-dimensional supergravity
theories) whose action contains a topological term among
the p-form fields of the parent theory. The topology of the
internal space is then imprinted via an intersection matrix in
the topological couplings of the low-energy effective
theories. It is a natural question to ask whether the groups
we encounter here are the most general or different types of
compactification manifolds might lead to different classes,
potentially with different origin than the topological terms
in the action.
The connection of the brane configurations describing

the symmetry-breaking defects and the topological terms
and nontrivial Bianchi identities of the UV theory also
suggests the connection to higher groups (see, e.g., [66,67]
for an introduction for physicists). Indeed, since higher
groups naturally mix various p-form symmetries, they are a
promising arena to explore the interplay between their dual
(magnetic) defects, their intersections, and brane networks.
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APPENDIX: HEISENBERG
GROUPS FROM M THEORY

In this Appendix, we will generalize the compactifications
of type IIA string theory on a Calabi-Yau threefold described
in Sec. IV to the more general setting of M theory on various
seven manifolds. As we will see, the extra dimension on
which we compactify will result in more than one 2-forms in
the four-dimensional theory, which results in generalized
Heisenberg groups describing the axion shift symmetries.
We start by considering the topological term in the 11-
dimensional N ¼ 1 supergravity action, which lifts (4.2) to

2κ211S11d ⊃ −
1

6

Z
C3 ∧ dC3 ∧ dC3: ðA1Þ

Compactifying our theory on a generic manifold Y7 allows
us to expand the 3-form C3 as

C3 ¼ Bi
2 ∧ ηi þ χIωI; with

�
H1ðY7;ZÞ ≃ hfηigb1i¼1i;
H3ðY7;ZÞ ≃ hfωIgb3I¼1i;

ðA2Þ

where for the sake of simplicity we will not consider torsion
for the time being and only focus on the expansion in 1- and
3-forms giving rise to axions fχIgb3I¼1 and 2-forms fBi

2gb1i¼1

in four dimensions. From (A1) we obtain

2κ211S4d ⊃
ciJK
2

Z
Bi ∧ dχI ∧ dχJ

¼ −
ciJK
4

Z
dBi ∧ ðdχJ ∧ χK − χJ ∧ dχKÞ; ðA3Þ

where we define the intersection matrix

ciJK ¼
Z
Y7

ηi ∧ ωI ∧ ωJ; with ciJK ¼ −ciKJ: ðA4Þ

Additionally, considering the set of axions fσigb1i¼1 dual
to the 2-forms Bi

2 [equivalently resulting from compacti-
fying the dual C̃6 on the six-cycle classes from
H6ðY;ZÞ ≃H1ðY;ZÞ], this translates to a transformation
law for the various axions, given by

χI → χI þ ζI;

σi → σi þ αi þ 1

2
ciJKχJζK; ðA5Þ

which generalizes the type IIA axion shift symmetries in
(4.4). Taking fxIgb3I¼1 and fzigb1i¼1 to be the generators of the
shift symmetries acting on the χI and σi axions, respectively,
this results in the algebraic relations

½xJ; xK� ¼
Yb1
i¼1

zciJKi ; ðA6Þ

which generalizes the Heisenberg group (4.5) to

G ¼


x1;…; xb3 ; z1;…; zb1

����½zi; xJ�; ½zi; zj�;
½xI; xJ�

�Y
i

zciJKi

	
−1
�
: ðA7Þ

Note that, while the intersection matrix ciJK is nondegen-
erate (i.e., has full rank), its inverse wbJK , with
caJKwbJK ¼ δba, might not be an integer matrix. We can
define the following linear map13

13Remember that the elements x̂I and ẑi denote the image of xI
and zi in Ab(G).
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c∶ Λ2ðZb3Þ → Zb1

x̂I ∧ x̂J ↦
Pb1

i¼1 ciJKz̃i;
ðA8Þ

which, even if it might have full rank, might not be
surjective. Upon Abelianization, we have that (A6) translates
to

P
i ciJKẑi ¼ 0. This way, one obtains

H1ðG;ZÞ ¼ AbðGÞ ¼ Zb3 ⊕
Zb1

ImðcÞ : ðA9Þ

We now turn our attention to the second homology group of
G. Similar to the traditional Heisenberg group, the commu-
tators ½zi; xJ� and ½zi; zj� are nontrivial elements in
ðR ∩ ½F;F�Þ=½R;F�, thus generating some free parts Zb1b3

andZ
1
2
b1ðb1−1Þ inH2ðG;ZÞ, with generators given in terms of

a single commutator. Writing now

wa ¼
Y

1≤J<K≤b3

½xJ; xK�aJK

¼
Y

1≤J<K≤b3

�Y
i

zciJKi

	
aJK ¼

Y
i

z
P

J<KciJKaJK
i ; ðA10Þ

in order for wa ∈R ∩ ½F;F� we need

X
1≤J<K≤b3

ciJKaJK ¼ 0 ∀ i ¼ 1;…; b1; ðA11Þ

which is precisely given by the kernel of (A8),
hfwagai ≃ kerðcÞ ≃ Z

1
2
b3ðb3−1Þ−rankðcÞ. Being clear that the

elements in (A10) are not in ½R;F�, we thus conclude that

H2ðG;ZÞ ≃ Zb1b3 ⊕ Z
1
2
b1ðb1−1Þ ⊕ Z

1
2
b3ðb3−1Þ−rankðcÞ: ðA12Þ

The generators of the first two factors can bewritten as single
commutators, ½zi; xJ� and ½zi; zj�. As for wa ¼Q

1≤J<K≤b3 ½xJ; xK�aJK generators of the last factor, we see
that they are represented by skew-symmetric matrices in
Λ2ðZb3Þ, whose rank is bounded by 2bb3

2
c. We thus have that

the minimal number of commutators the generators of
H2ðG;ZÞ will be expressed as will be at most 1þ bb3

2
c.

In principle, one could expect that, choosing Y7 with b3 large
enough, one could engineer generators of H2ðG;ZÞ that
needed a large number of commutators. However, we will
see that, in general, things are not as straightforward.

(i) We first consider Y7 ¼ T7, compactifying down to
N ¼ 8 supergravity in four dimensions, with b1 ¼
ð7
1
Þ ¼ 7 and b3 ¼ ð7

3
Þ ¼ 35. We identify each one

cycle by i ¼ 1;…; 7 and three cycle by
I∈ f½ijk�; i; j; k ¼ 1;…; 7g, so that

ciJK ¼ ci½jkl�½mnp� ¼
Z
T7

dxi ∧ ðdxj ∧ dxk ∧ dxlÞ

∧ ðdxm ∧ dxn ∧ dxpÞ ¼ ϵijklmnp;

ðA13Þ

with ϵ1234567 ¼ 1. Since c∶ Λ2ðZ35Þ → Z7 is clearly
surjective, we obtain

H1ðG;ZÞ≃Z35; H2ðG;ZÞ≃Z245 ⊕Z21 ⊕Z588:

ðA14Þ

In order to compute the number of commutators of
the generators of the Z588 factor, we see from (A13)
that ci½jkl�½mnp� ¼ 0 if any index is repeated. This
implies that only commutators ½x½jkl�; x½mnp�� with
nonoverlapping three cycles are nontrivial, amount-
ing to a total of ð7

6
Þ × 1

2
ð6
3
Þ ¼ 70 possibilities, and it is

clear that a given commutator in (A6) equals a single
z�1
i . Since we can write

z1¼½x½234�;x½567��; z2¼½x½134�;x½567��; etc:; ðA15Þ

we conclude that every said 70 possibilities can be
written as the product of two commutators. This was
already the case in the Heisenberg groups that
appeared in type IIA Calabi-Yau compactifications,
so there is no surprise here.

(ii) We next consider Y7 ¼ T3 × K3, down to a N ¼ 4
supergravity in four dimensions, with b1 ¼ 3 and
b3 ¼ 1þ 3 × 22 ¼ 67. Note that one cycles come
from the torus, and three cycles consist of either the
whole three torus or a torus one cycle times a K3 two
cycle f½ωα�g22α¼1. With this in mind, it is clear that the
intersection matrix is 0 if the three cycle is the T3,
while for the other case,

ciJK ¼ ciðjαÞðkβÞ ¼
Z
T3×K3

dxi ∧ dxj ∧ ωα

∧ dxk ∧ ωβ ¼ ϵijkηαβ; ðA16Þ

where ηαβ is the intersection matrix of K3, sym-
metric and with signature (3, 19), sinceH2ðK3;ZÞ is
isomorphic to 2ð−E8Þ ⊕ 3UÞ. Since the determinant
of ηαβ ¼ �1, the image of c∶ Λ2ðZ67Þ → Z3 is Z3,
and one recovers

H1ðG;ZÞ≃Z67; H2ðG;ZÞ≃Z201 ⊕Z3 ⊕Z2208:

ðA17Þ

As before, we will be interested in the generators of
the Z2208 factor and the minimal number of com-
mutators they need to be expressed as. We know that
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when the whole three cycle is T3 the intersection
matrix vanishes (and thus the associated generators
will have commutator length 1), so we can consider
elements of the type ciJK ¼ ciðjαÞðkβÞ ¼ ϵijkηαβ. Be-
cause of the Levi-Civita tensor appearing, we cannot
have the same T3 one cycle appearing more than
once (and since we require three cycles, all of them
must appear). Then from (A6)

½xðjαÞ; xðkβÞ� ¼
Y3
i¼1

z
ϵijkηαβ
i ¼ z

ϵijkηαβ
i ðA18Þ

with i the element in f1; 2; 3g left after removing j
and k. Since j det ηj ¼ 1, we can invert the relation
and express z1, z2, and z3 as single commutators.
This means that, similar to the T7 case, the gen-
erators of H2ðG;ZÞ will be given by the product of
at most two commutators.

(iii) For the next example, we take Y7 ¼ X6 × S1, with
X6 as a Calabi-Yau threefold, down to a N ¼ 2
supergravity. However, we know that b1ðX6Þ ¼ 0,
and thus b1ðY7Þ ¼ 1, and we are back to the case
studied in Sec. IV, consistent with type IIA string
theory corresponding to M theory on S1.

(iv) We finally consider compactifying M theory on aG2

manifold down to a minimal N ¼ 1 supergravity.
However, it is known that the first Betti number for
this class of manifolds is exactly zero [68], which
prevents us from considering this setting.

One might think that we have exhausted the possible M
theory settings, since the above possibilities are the only ones
that preserve supersymmetry for compactifications of 11-
dimensional supergravity to four-dimensional Minkowski
space, see, e.g., [69,70]. However, that would be jumping to
a conclusion too fast. One important assumption in the above
derivation was Y7 not having torsion in H1ðY7;ZÞ and
H3ðY7;ZÞ. We will see that relaxing this requirement will
allow us to obtain a genus-two generator ofH2ðG;ZÞwhose
defects do not need junctions, since they admit a linking
resolution. Additionally, if one allows for (not too drastic)
supersymmetry breaking, we see that more freedom for the
realization of the intersection matrix ciJK is possible.

1. An example with links:
M theory on G2 manifold with torsion

When discussing the compactification of M theory on a
G2 manifold above, we swiftly concluded that it was not
possible to get a

R
B2 ∧ dχ ∧ dχ̃ term for the four-dimen-

sional action, as there was no one cycle on which to reduce
C3 → B2, since b1 ¼ 0, [68]. However, one could still find
a torsion part

H1ðY7;ZÞ ¼ Abðπ1ðY7ÞÞ ≃⨁
N

i¼1

Zpi
; ðA19Þ

if Y7 is not simply connected.14 As an illustrative example,
we follow [72–74] and consider a G2 manifold with a type
IIA orientifold limit, given by

Y7 ¼
ðX6×S1Þ=σ̂

τ̂
; with

�
σ̂ðx;yÞ¼ ðσðxÞ;−yÞ;
τ̂ðx;yÞ¼ ðτðyÞ;yþ 1

2
Þ; ðA20Þ

with X6 a Calabi-Yau threefold and where σ and τ are,
respectively, commuting orientifold and freely acting invo-
lutions, with σðτðxÞÞ ¼ τðσðxÞÞ. Through this construction,
the obtained G2 manifold has H1ðY7;ZÞ ≃ Z2.
We now consider two different (free) four cycles in Y7

built by

ΣA ¼ S4 ×

�
0;
1

2

�
; ΣB ¼ S3 × S1; ðA21Þ

where S4 and S3 are, respectively, a four cycle and three
cycle in X6. In order to have ΣA and ΣB invariant under the
two involutions, S4 and S3 must be, respectively, even and
odd under σ and τ. Intersecting both cycles on the Calabi-
Yau results in a one-dimensional curveC1 ¼ S4 ∩ S3 ⊂ X6,
which is odd under σ. Then γ̃ ¼ C1 × f0; 1

2
g lifts to a Z2-

torsional one cycle which precisely corresponds to the
intersection ΣA ∩ ΣB ¼ γ, even if the four cycles were free.
This translates in an intersection cγAB ¼ 1 mod 2.
We now compactify the topological term (A1), which

results in two axions χ and χ̃ coming from the reduction of
C3 ¼ χ½ΣA� þ χ̃½ΣB� þ � � � [with ½ΣA� and ½ΣB� the
H3ðY7;ZÞ cohomology classes Poincaré dual to ΣA and
ΣB]. Additionally, we have a Z2-valued phase σ ∈ f0; 1

2
g

dual to the Z2 2-form in four dimensions originating from
reducing C3 on γ (equivalently from the expansion of the
dual 6-form as C6 ¼ σ½γ� þ � � �). Taking a, b, and z to be
the associated generators of the shifts on χ, χ̃, and σ, we
find the relations

½z; a� ¼ ½z; b� ¼ 1; z2 ¼ 1; ½a; b� ¼ z; ðA22Þ

within the full duality group G ¼ F=R. Barring fine-tuned
additional relations coming from the remainder of the Y7

geometry, the above generates a (sub)group such as the one
described in (3.17) for g ¼ 2, which translates to ½a; b�2
being one of the H2ðG;ZÞ generators. As discussed there,
in this case one can find a defect network without junctions,
since the four-valent junction can be resolved by a linking
configurations of strings in four dimensions coming from
the wrapping of M5-branes on ΣA and ΣB, see Fig. 10(a).

14See [71], Sec. 12.4 for Joyce manifolds (a particular set ofG2

manifolds given by T7 quotients) where H1ðY7;ZÞ ≃ Za
2 .
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2. More than two commutators: M theory on a twisted seven torus

In the above discussion, we have seen how compactifications of M theory on manifolds that resulted in a four-
dimensional theory with N ≥ 1 supersymmetry always resulted in intersection matrices ciJK being too simple, in such a
way that generators ofH2ðG;ZÞwere always expressed by at most two commutators. We will see that, if we allow for Y7 to
completely break supersymmetry, there is more room to find longer commutator products. For this let us consider a twisted
seven torus X7, see, e.g., [75], only “slightly” breaking supersymmetry completely in four dimensions, spanned by 1-forms
feig7i¼1 satisfying the Maurer-Cartan equation

dea ¼ −
1

2
fabce

b ∧ ec; ðA23Þ

where the structure constants fabc are understood as “metric fluxes.” It is clear that then the first Betti number is given by

b1¼7−rankðfabcÞ. We thus define a basis fηi ¼ Aiaeagb1i¼1. As for the 3-forms ω ¼ 1
6
Ωabcea ∧ eb ∧ ec, the Betti number b3

will be given by the number of independent solutions to

dω ¼ 0 ⇒ Ωa½bcfade� ¼ 0; ω ≠ dβ with β ¼ 1

2
Bijei ∧ ej ⇒ Ωdec ≠ −3Bb½cfbde�; ðA24Þ

for any Bij.
15 We thus take fωI ¼ 1

6
ΩI;abcea ∧ eb ∧ ecgb3I¼1 as the generator set of such solutions. It is then clear that the

intersection matrix would be given by

ciJK ¼
Z
X7

ηi ∧ ωI ∧ ωJ ¼
1

36
ϵabcdefgAiaΩI;bcdΩJ;efg; ðA25Þ

from which our usual analysis follows. We illustrate this for a particular example, with Maurer-Cartan equations

de1 ¼ de2 ¼ de3 ¼ de7 ¼ 0; de4 ¼ e1 ∧ e2; de5 ¼ e2 ∧ e3; de6 ¼ e3 ∧ e1; ðA26Þ

so that the only nontrivial structure constants are f412 ¼ f523 ¼ f631 ¼ −2. We have that clearly b3 ¼ 4, with the basis of 1-
forms being fe1; e2; e3; e7g. As for the 3-forms, one iteratively computes that b3 ¼ 20, with

ω1 ¼ e367; ω2 ¼ e357; ω3 ¼ e356; ω4 ¼ e347; ω5 ¼ −e156 þ e346;

ω6 ¼ e256 þ e345; ω7 ¼ −e157 þ e267; ω8 ¼ e257; ω9 ¼ e247; ω10 ¼ −e145 þ e246;

ω11 ¼ e245; ω12 ¼ e236; ω13 ¼ e235; ω14 ¼ e234; ω15 ¼ e167;

ω16 ¼ e147; ω17 ¼ e146; ω18 ¼ e136; ω19 ¼ e124; ω20 ¼ e235; ðA27Þ

where eabc ¼ ea ∧ eb ∧ ec. Then one can obtain the intersection matrix ciJK , in such a way that the only nontrivial
commutators are16

½x20; x3� ¼ ½x5; x14� ¼ ½x6; x19� ¼ ½x10; x12� ¼ ½x11; x18� ¼ ½x17; x13� ¼ z1; ðA28aÞ

½x10; x4� ¼ ½x5; x9� ¼ ½x6; x16� ¼ ½x17; x8� ¼ ½x11; x15� ¼ z2; ðA28bÞ

½x1; x10� ¼ ½x2; x17� ¼ ½x16; x3� ¼ ½x7; x5� ¼ ½x15; x6� ¼ z3; ðA28cÞ

½x1; x11� ¼ ½x10; x2� ¼ ½x3; x9� ¼ ½x4; x6� ¼ ½x8; x5� ¼ ½x6; x7� ¼ z7; ðA28dÞ

½x4; x5� ¼ z23; ½x10; x7� ¼ z22: ðA28eÞ

15In practice, in order to computeHkðX;ZÞ it is more straightforward to simply recursively take the set of closed k-forms (taking into
account the Maurer-Cartan equation) and mod out by the image of all possible (k − 1)-forms under dk−1∶ Λk−1ðXÞ → ΛkðXÞ.

16We do not explicitly write the intersection matrix ciJK , since it would require four 20 × 20 skew-symmetric matrices. However,
these are quite sparse, and the nonzero entries can be read from the commutators in (A28).
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Note that we can always write the central elements z1, z2,
z3, and z4 as a single commutator, so we can get rid of the zi
elements and rewrite the relations ½xJ; xK� ¼ z�1

i in (A28a)
to (A28d) as a generator of H2ðG;ZÞ expressed by the
product of two commutators. However, for ½x4; x5� ¼ z23
and ½x10; x7� ¼ z22 this is not possible, giving rise to two
generators of H2ðG;ZÞ that require a product of at least
three commutators.
The resulting defects would be given by three strings

in four dimensions, obtained by compactifying M5-
branes on the four cycles f½ωI�gb3I¼1 Poincaré dual to the
3-forms, arranged in a ⋁3

i¼1S
1 bouquet. The six-valent

junction cannot be resolved through linking configura-
tion of defects, since none of the commutators ½xI; xJ�
are torsion, as argued around (3.15) and (3.16).
However, it is possible to resolve the six-valent junction
into four trivalent ones, involving defects implementing
the fzigb1i¼1 monodromies, given by strings obtained
from wrapping M2-branes on the nontrivial one cycles,
see Fig. 12. Three of said junctions correspond to M2-
branes ending on M5-branes, as in [49], while the
fourth corresponds to a single M2-brane wrapping a
two chain.
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