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Notes on Rindler wave packets in Minkowski spacetime
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We consider wave packets of a massless scalar field that have well-localized Rindler energy, and
examine how their energy appears to a Minkowski observer to study how the classical gravitational redshift
formula is modified quantum mechanically. We derive, by using the saddle point approximation, an
analytic expression for the Minkowski momentum distribution of such Rindler wave packets. We find a
universal lower bound on the uncertainty in the Minkowski momentum; the momentum distribution can

never become arbitrarily sharp.
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I. INTRODUCTION

Gravitational redshift is a characteristic phenomenon of
classical general relativity. Because time flows differently
at different points in curved spacetime, the frequency of
light depends on position. Even in flat spacetime, clocks of
inertial and uniformly accelerated observers run at different
rates, producing a red/blueshift. This is a classical result,
and it is natural to ask how it changes in quantum theory.

Hence, we aim to investigate the red/blueshift effects in
quantum field theories (QFTs). Classically, the observer-
dependent redshift of a particle momentum can be evalu-
ated by a simple coordinate transformation once the
particle’s position is fixed. Quantum mechanically, how-
ever, there is no state in which both position and momen-
tum are simultaneously specified with arbitrary precision;
for instance, a momentum eigenstate (a plane wave) is
completely delocalized in space. One must work with wave
packets localized well in both variables to discuss the
observer-dependent red/blueshift quantum mechanically.
As a first step, we consider a wave packet state localized
both in position and momentum for accelerating observers
(Rindler observers), and examine how it appears to a
Minkowski observer.

One motivation for this setup is that we are interested in
the red/blueshift caused by the horizon. Near the horizon of
ablack hole, energy is strongly blueshifted. A signal from a
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near-horizon region can appear low-energy to a distant
observer, though it carries very high energy in the local
proper frame near the horizon. Close enough to the horizon,
the energy can exceed the Planck scale, where an ordinary
QFT can no longer be trusted. This tension between low
energies for a distant observer and trans-Planckian energies
for a near-horizon observer is known as the trans-Planckian
problem [1,2], and this problem has been discussed in the
context of the Hawking radiation [3,4]. A similar trans-
Planckian problem also arises in cosmology [5,6].

Although there are numerous studies claiming that the
trans-Planckian problem of the Hawking radiation is not a
genuine issue (see, e.g., [5,7-12]), recent active research
[13—18] suggests that the Hawking radiation may cease
well before the Page time due to UV effects (see also [19]).
A crucial ingredient in these recent arguments is the use of
localized wave packets [13—18]. In the earlier discussions
of the trans-Planckian problem, wave-packet effects appear
to have been overlooked, except for recent studies, e.g.,
[13,14,20-23], although the importance of using wave
packets in quantum field theory on curved spacetime has
long been recognized (for instance, [4])." Thus, despite its
clear significance, the detailed analysis of wave packets on
curved spacetime is still relatively unexplored. This is one
of the reasons why we examine the red/blueshift due to the
horizon in quantum theory using wave packets in
this paper.

In this paper, we ask a simple question: we revisit the
classical red/blueshift formula within the framework of
QFT by tracking, via localized wave packets, how the
energy seen by a Rindler observer appears to a Minkowski

'"The importance of wave packets has also been pointed out
recently in, e.g., [24-32]. Wave packets in AdS space have also
been investigated (see, e.g., [21,22,33-35]).
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observer, and determine when the classical red/blueshift
formula is reproduced. To the best of our knowledge, this
simple question has not been addressed previously.

Our result is related to the Unruh effect [36-38]. The
statement that the Minkowski vacuum behaves as a thermal
state for Rindler observers is likely true formally for any
well-behaved UV-complete quantum field theories (without
gravity) [39,40]. However, if we adopt the view that QFT is
an effective field theory (EFT) that applies below some
cutoff, it is unclear whether the statement is true. In the
Unruh effect, the mixing of the modes by the Bogoliubov
transformations plays the key role, and the transformation
mixes the low-energy modes for an Rindler observer with
the high-energy modes for the Minkowski observer. Thus,
the thermal property of the Minkowski vacuum for the
Rindler observer might get corrections if the theory has a
cutoff. In the real world, gravity exists, and any QFT
description without gravity must have a cutoff near the
Planck scale (or another scale). At the Planck scale, even
the idea of a smooth spacetime may fail. We have no
guarantee that ordinary QFT remains valid near the Planck
scale.? From this viewpoint, knowing how the classical
redshift formula between Rindler and Minkowski changes
in QFT is also crucial for identifying possible limits of the
EFT description for the Unruh effect.

Here we briefly summarize our results. For simplicity,
we consider a free massless scalar in two-dimensional
spacetime. We study how a wave packet with average
energy wp measured in the Rindler time (which corre-
sponds to the proper time for a distant observer of a black
hole), appears to a Minkowski-time observer. We thus
assume wg > a and wg > Awg, where a is the acceler-
ation parameter of the Rindler coordinates and sets the scale
of the Unruh temperature, and Awy is the width of the
Rindler energy for the wave packet.

Under these conditions, we confirm that the classical
blueshift formula holds if Awg > a. However, when Awg
is reduced to O(a), the blueshift gets enhanced compared
to the classical result, worsening the trans-Planckian
problem. Thus, to study modes with localized momenta
Awp ~ 0 like plane waves, the EFT description is no longer
valid, and we need a theory of quantum gravity. In addition,
we find that for any Awp, the corresponding width of the
Minkowski energy Aw,, has a lower bound and cannot be
made arbitrarily small. This is due to the fact that the time-
translation in the Minkowski time does not commute with
that in the Rindler time. It leads to an uncertainty inequality
of the Minkowski and Rindler momenta and we see when
this inequality is saturated.

“This trans-Planckian problem also causes issues in the treat-
ment of the bulk subregion in the AdS/CFT correspondence, e.g.,
the AdS-Rindler reconstruction (or the entanglement wedge
reconstruction) as claimed in [20-23,41].

The remainder of the paper is organized as follows: In
Sec. II, we review wave packets in Minkowski spacetime. In
Sec. III, we briefly review QFT on Rindler space and
introduce wave packets for Rindler observers. In Sec. 1V,
we investigate how Rindler wave packets appear to
Minkowski observers. In Sec. IVA, we compute the dis-
tribution of the Minkowski momentum for the Rindler wave
packets. In Secs. IV B and IV C, we study the average and
variance of the Minkowski momentum for the Rindler wave
packets. In Sec. IVD, we see the Minkowski position-
momentum uncertainty relation for the Rindler wave pack-
ets. Section V is devoted to conclusions.

II. WAVE PACKETS OF SCALAR FIELDS

We here summarize our notations and the basics of
the wave packets. In this paper, we consider a free real
massless scalar on a two-dimensional spacetime. We will
use coordinates (7, X) for the Minkowski spacetime and
(t,x) for the Rindler spacetime.

The free massless scalar on the two-dimensional
Minkowski spacetime can be expanded as

O(T,X) = ” \/m[a pe i @T=kX) aZe“(‘”kT_kX)],
(2.1)
where @, = |k|. The commutation relations of a, a,t are
[akﬂ}tf] =o(k=K'), lay, ay] = [a',‘;,a};,] =0. (22
Generic one-particle states are given by
) = [ dkek)allo)y 23)
with an arbitrary function c(k), where |0),, is the

Minkowski vacuum (a;|0),, = 0). The wave functions
for these |w) are given by

k e—i(wkT—kX).

w(T.X) = 0lp(T. X)|w) =

\/‘ka
(2.4)

For the momentum eigenstates a£|0> - the wave functions

are 1 e—i(wkT—kX)
4rwy,

factor 1/+/4zwy) and not localized on the position space.

The momentum eigenstates are inappropriate for discus-
sing the position-dependent blueshift of momenta. We have
to consider wave-packet states sufficiently localized in the
position space. Let the wave functions of such wave-packet
states have the form

which are plane waves (up to the

o dk | |
\/T—wkfko,Ak (k)e‘lwk(T—T0)+,k(X_X0) .

w(T.X) = (2.5)
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We suppose that f; A (k) is localized at k = ky > 0 with
width Ak and simultaneously w(T, X) is localized suffi-
ciently around X = X, when T" = T\,. Later, we will give an
example of the case that f; A.(k) is a Gaussian function.

The state |y) with wave function (2.5) is given by |y) =
ay,|0),, with

al, = / " dkfr, an(k)aleiTomikXo, (2.6)

[Se]

We fix the normalization of f; A, so that we have
(w|w) = 1. The normalization condition is written as

[ arsi 0P =1 27)
and it is equivalent to
la,.a)] = 1. (2.8)

The normalization condition is also the same as the
normalization of the relativistic density (or norm in the
Klein-Gordon inner product)

/deo =1, (2.9)
where j, is the relativistic density current
ju = l(l//* WV = (aﬂl//*)l//) (210)

The Gaussian wave packets: The Gaussian wave packets
are obtained by taking the following [y, a:

1 1 (k=ko)?
ot =L AR,

(2mAK?) 211)

The following integral gives the wave function:

o dk ) .
w(T,X) = Fro ax(k)emionT=To) Hik(X=X0)
Wy

oo VAT
1 o dk
(27AK2)i J -0 /AT

k—ko\2 . .
% e—%(A—k") —iwy (T=To)+ik(X—X,)

(2.12)

Using the saddle point approximation assuming ky/Ak >
2Ak|(T — Ty) — (X — X;)|, we obtain

—ARP(U-Uy)?—ikyU,

VX = KTk 2Bk U]

(2.13)

where U=T-X, Uy=Ty,— Xy. Thus, (the absolute
square of) the wave function is localized around U = U,

(i.e., the peak of the wave moves along X =T — Ty + X,)
with the width 1/(2Ak).

III. WAVE PACKETS FOR RINDLER OBSERVERS

In this section, we consider the wave-packet states for the
Rindler observers.

A. Rindler spacetime and Rindler quantization

In this subsection, we briefly introduce the two-dimen-
sional Rindler spacetime [42] and the Rindler quantization
of the massless scalar field.

For the right Rindler wedge |T| < X, we introduce the
Rindler coordinates (f,x) as

T+ X = +a'eralH), (3.1)
Using the coordinates U=T-X,V=T+X, and
u=t-—x,v=t+x, the above coordinate transformation
is given by

alU = —e™ ™, aV = e, (3.2)

The metric reads

ds* = —dT? + dX? = **(—dr* + dx*).  (3.3)
The trajectory at constant x corresponds to a uniformly
accelerating observer with the proper acceleration ae™ in
the Minkowski spacetime.

This metric can also be obtained by the near-horizon
limit of the Schwarzschild black hole geometry as reviewed
in Appendix A. The black hole with mass M leads to the
Rindler space with a = 1/(4GyM) where Gy is the
Newton constant.

Let us consider the classical light signal emitted at a
spacetime point P = (Ty,X,) with momentum k¥ =
(|k|, k) in the Minkowski frame. In the Rindler frame,
the point P is at (#y, xo) which is related to (T, X;) as (3.1).
The frequency of the signal for the Minkowski observer is
@y = |k|. For the Rindler observer at P, the frequency per
the Rindler time’ is given by

—au

wp = —wy = e wy (3.4)

du
for the outgoing signal (k > 0). This is the classical relation
between the energy of a particle for Minkowski and Rindler
observers. The redshift factor e** depends on the position
u of the particle. As mentioned in the previous section, the
momentum eigenstates are inappropriate to discuss the

3This is not the proper time except at the point x = 0. The
frequency w,, in (3.6) is the one associated with the coordinate ¢
and not the proper time.
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red/blueshift in quantum theories, and we should consider
wave-packet states.

Before discussing wave packets in the Rindler space-
time, let us give a brief summary of the Rindler quantiza-
tion of the free massless scalar as in Sec. II. The massless
Klein-Gordon equation in the Rindler coordinates is

(=02 4+ %) = 0. (3.5)
This is the same form as in the Minkowski space because
our theory has a conformal symmetry. Thus, the positive
frequency modes in the Rindler time ¢ take the plane wave

form e~(®»=P%) a5 in the Minkowski coordinates. Using the
Rindler modes, we expand ¢ as

_ [*_ar
pen) = [ —

[bpe—i(a)pt—px) 4 b;e—&-i(wl,t—px)]_

(3.6)
The coefficients b,,, b; satisfy

by, b1 =8(p—p').  [bpby]=[bp.b]=0. (37

The Rindler annihilation (creation) operators b, bj, are
written in terms of the Minkowski operators ay, a,t as

b, = /_oo dk[a;kak _ﬁ;,ka;]’

b = / dk{ap il — Bpuct). (3.8)

o
as summarized in Appendix B. The explicit expression of

the Bogoliubov coefficients a, ./, is given by (B4),
(BS), and for p > 0, k > 0, they become

zp ip
ex [pfa\«_,.
Apk =5 %(E) [(ip/a),

2ra
_—E p(a\ip,
Pok = ma k(k) [(ip/a). (3.9)

The Rindler vacuum |0), is defined as the state annihi-
lated all b, as b, |0)z = 0. The Minkowski vacuum |0),, is
different from the Rindler one |0), and |0),, behaves as the
thermal state with temperature a/2z for the Rindler
particles.

Classically, a light with Rindler momentum p > 0 along
the line u = uy has the momentum k = e“p in the
Minkowski frame. We will study how this classical relation
changes for the wave packets.

B. Wave packet in Rindler spacetime

We consider wave-packet states for the Rindler observer.
In the Minkowski spacetime, we introduce the creation
operator a.j, corresponding to the wave-packet wave func-

tion in (2.6). We define a similar creation operator b;, as

T 0 T i, tg—ipx,

(5]

(3.10)

We demand that f, A, satisfies the normalization con-
dition

/_ ® dplfpyap (PP =1 (3.11)

as similar to (3.11). If b;, acts on the Rindler vacuum |0),
the analysis is the same as the Minkowski case. In this
paper, we suppose that f,, ,(p) has the support only for
p > 0, i.e., we consider outgoing wave packets because the
analysis of the incoming case is parallel. Then, the
normalization condition becomes

A ® dplf e ap(P)E = 1. (3.12)

Instead of |0),, we regard |0),, as the base state and
consider the excitation around it. That is, we consider the

states obtained by acting b;, on the Minkowski vacuum
|0) as
) =
YR) = ——
YUN
where v/ is a normalization factor. Indeed, b;,|0),, is
generally not normalized unlike b,,|0) . We have

by |0}y, (3.13)

(wrlwr) = N3 {0lb, by [0)

=N ‘/_oo dpdp’ ;OvAp(p)fpo,Ap(p/)

(Se]

x e ot =% (0]h,b [0}y, (3.14)

We focus on the case that f, ,(p) has the support only for
p > 0. Then, using (B9), we obtain

2nwp
e a

elve) =N [ APl ap PP g B15)
e a —
We thus take the normalization factor as
erwp
(o) e a
N= [Tl PP sy (316)
e a —

The smearing function f, A,(p) is localized around

p = po. Thus, if we consider a state b;,|0), it is a wave-
packet state for the Rindler particles, and the Rindler

125007-4
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momentum is almost py. Explicitly, the expectation value
of the Rindler momentum is

/_ dpp(0lb, (pbhb,)bi|0) = / ® dpplfpap (P
(3.17)

Hence, if f, A,(p) is well localized around p = p, and
normalized as (3.12), the expectation value is almost p,.
However, we are interested in |yg) = \/LﬁbHO) > DOt

bl1,',|0> g- One might think that the Rindler momentum of
lwg) is not approximated by p,. Nevertheless, if the peak
Po of the smearing function is much larger than the Unruh
temperature a/(2x) (i.e., py > a), we can ignore Unruh
thermal fluctuations of |0),,, and the expectation value of
the momentum® is approximated by p,. Since we aim to
discuss the blueshift of the momentum of the wave packets,
the wave-packet states |yy) are desired to have a well-
localized momentum distribution. We thus do not consider
the case that the peak p is hidden by thermal fluctuations
at the Unruh temperature, and we will focus on the case
Do > a.” In this situation, the normalization factor (3.16) is
almost 1 as

27pg

[+ e a
NﬁA dp|fp0,Ap(p)|2T

e« —1

B / ® dplfpap (PP = 1. (3.18)

We define the wave function for the state |yg) in the
same way as (2.4),

wr(t,x) =y (0l (2, X)), (3.19)

where note that we have used |0) ,, not |0)  because we use
|0),, as the base state in the definition of |yp) in (3.13). We
can find that the wave function takes the form of

2zp.

0 dp ¢« —ip(u—u,
VR (t )C) \/— \/4Tfp0Ap( ) Zn])_]e P 0)-
(3.20)

Using the same approximation in (3.18) taking p, > a, we
obtain

© d
w(r,x)z/o P

\/ﬁ——fpo Ap (p)e—ip(u—uo) .

(3.21)

“More precisely, the increment of the momentum from |0) 5,
due to the excitation by b,,, is approximated by Po-

>For the analysis of the Hawking radiation using the wave
packet, it is natural to consider py ~ O(a), and then the situation
is different.

This also shows that we can ignore the Unruh thermal effect
because the above integral is the same one for the
Minkowski wave function in (2.5) and thus the one for
the Rindler vacuum |0), instead of |0),,.

Thus, for the Gaussian wave function

1 1(P=P0y2
Fooan(p) =———e i),

we obtain

e~ Ap* (u=ug)*~ipou

(27)i\/po/Ap — 2iAp(u — up)

wr(t,x) =~ (3.23)

as similar to (2.13). It shows that y(u = t — x) has a peak
around u = u; and the width Au is related to Ap as

Au=~1/(2Ap). (3.24)

IV. RINDLER WAVE PACKETS IN MINKOWSKI

We study what the wave-packet states |yg) =
ﬁ by,|0),, defined in (3.13) in the previous section appear

to the Minkowski observer.

A. Minkowski momentum of the Rindler wave packets

We note that the states |yz) are one-particle states for the
Minkowski modes as

wr) = \/—/ dk(/ dpf p,ap(p) p.keiw"to_ipx°>

x a}]0)y, (4.1)

where we have used the Bogoliubov transformation (3.8).
The wave function (3.19) is expressed in terms of the
Minkowski coordinates as

wr(T,X) = 3 (0[¢p(T, X)|wg)

i, T—kX)
9

cr(k)e™ (4.2)

/oo dk
N _oo\/4ﬂ'a)k

where cg(k) is defined as

1 o0 ) )
CR(k) = \/—N/— dpfpo.Ap(p)ap.kelw"to_lpxo' (43)

wr has a peak at u=u, and width Au in the
Rindler coordinates u.® In the Minkowski coordinates

®Since a, i is singular at p =0, we should avoid this
singularity. Here we suppose that the integration contour of p
is slightly shifted into the lower half-plane, just below the real
axis.
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(1_1 o

U=-ale®, yg has a peak at U = U := —
with the width

A
AU = [—a™t et B2 ot gmag Sinh<_a )
Uu=ugy u 2
(4.4)

For the Gaussian function (3.22), we have Au ~ 1/(2Ap).
If Ap > a, we have Au < a~! and

AU ~ e= @0 Ay ~ e~ (Ap)~! (4.5)
On the other hand, if Ap Sa
AU ~2a~" e~ sinh -2 (4.6)
ale i :
4A

Note that sinh(z3) is not small in this case but AU might

be small near the horizon where u, is positively large, i.e.,
Uy is small.

We now consider the distribution of the Minkowski
momentum k for the state [yg). Let P(k) be the probability
density of the Minkowski momentum k for |y) as

P(k) = <‘//R|altak|WR>- (4.7)

It is given by

2

1 oo ) ‘
P(k) = Hak,b;/] |2 — ‘\/—N/ dpfpo,Ap (p)ap,kela)pto—lpxo

= er(k). (4.8)
Note that we have
[ awp) = el = 1. (4.9)

because |y) is a one-particle state for the Minkowski
particle.

The mean value of k" under the probability density P (k)
is given by

(k") = /_ " dkk P (k). (4.10)

As mentioned above, we focus on the case that f, A,(p)
has the support only for p > 0. Then, P(k) vanishes for
k <0 because of the explicit form of the Bogoliubov
coefficient a,; in (B4) (due to the chirality of a two-
dimensional massless scalar). It leads to

—~

b

=

~
|

— /°° dkk”P(k) — aiz+le(n+1)au0 /°° d];];np(aeauo]g)
0 0
ian! e(nJrl)qu

N

» / ™ gk
0

where uy =ty — xo, and we have rescaled the integration
variables as k = ae“"k. From (B4), we also have

2

/0 dprO-AP(p)ap,ae"”olzeipuo
(4. 1 1)

““0+ﬂp .
1u_€ Mo L [P Lp
ap ae‘”‘Oke 0 2 k=2 ;F <;> . (412)
We thus have
n ,naug © . 5
k") = L/ AR (B (4.13)
N o
with
e i [P ip
d k—ay =T — ),
\/7/ pfpoAp )Zﬂ'a a (a)
(4.14)

where we note that I (k) is dimensionless.” Therefore, if
we obtain this 7, (k), we can compute (k") from (4.13). We
rewrite (4.13), factoring out uy-dependence, as

(kY = areman Ry, (k) = A Y dkkP(R),  (4.15)

where P(k) is the probability distribution for the rescaled
momentum k, and is given by

P(lg) = ae‘“‘OP(ae“”Olg) |I+(1€)| .

= 4.16
= (410)
This P(k) is independent of u.

We will evaluate P(k) using the saddle point approxi-
mation for the Gaussian wave packets in Appendix C. Here
we just show the result. For the Gaussian wave packets

1 1 (P—I’())z
=——¢ \dp /) | 4.17
FoanP) = e (@17

supposing po — Ap > a, the saddle point approximation

leads to

Tep(k) in (4.3) is related to I, (k) as cg(k = ae®™k) =
omig/2

ml (k). In addition, as noted in footnote 6, we supposed
a

that the integration contour of p is slightly shifted into the lower
half-plane, just below the real axis.
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FIG. 1. Plots of P(k) and Pgqq. (k) for various Ap with Ap > a. We set Ap = 10, 5, 2 with p, = 200, a = 1. These plots show that

Pgqaie (k) excellently agrees with P(k).

2.2
Re [”41 ——]
e r

(B Pt (R)] o= e (418)
(277) m - Z
where complex p, depends on k as
2iA 2 . 2]2 iap
p.=— lap W, (ZIsz eZAP()z). (4.19)

Here, W,(z) is the Lambert W function (product loga-
rithm), i.e., the inverse function of z = we", which is
expressed as w = W, (z). The label n denotes the branch

and is given by
apy _ =&
24p7 " 2
n=|=L ,

2w

(4.20)

where [ - ] is the ceiling function: [x] := min{n € Z|x < n}.
Using this saddle point approximation, P(k) defined in
(4.16) is given by

2_,2
Re PiTPy _2ips
ZA[)Z a

(228|345 - 2

P(Ig) = Psaddle(i() = ’ (421)

with p, in (4.19), where we have also used A/ ~ 1 as shown
in (3.18). The saddle point approximation shows good
agreement as in Figs. 1, 2, regardless of whether a is larger
or smaller than Ap.

Pqae(k) has a well-localized function (like the
Gaussian distribution) when py > Ap > a, and the peak
is around p/a as in Fig. 1, although the width of P g (k)
becomes broad for small Ap. However, when

Po > a > Ap, the decay of Pyyq.(k) in the direction of
large k becomes slow, and the peak shifts toward k& = 0
from py/a as in Fig. 2.

We can compute any expectation value of functions of
the Minkowski momentum k by using the obtained dis-
tribution

(4.22)

~
—

=~
—

Il

-1 - 5 -1 -
a e auOPsaddle(a e auok)'

0.012f .
0.010
0.008
0.006
0.004

0.002f

0.000 [A

= Paaae(k), a=1

Poaaie(k), a =2

— Paaae(k), a=3

FIG. 2. Plots of P(k) and Pyuq.(k) for Ap < a. In the plots, we set a = 1, 2, 3 with p, = 200, Ap = 1. These plots also show that

Pqaie (k) excellently agrees with P(k).
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B. Expectation values of Minkowski momentum

We are now able to evaluate the expectation value (k) by
using the obtained distribution (4.22). Although it is easy to
do numerically, the analytical integration is not easy. We
thus take a slightly different way.

(k") in (4.13) for positive numbers n is written as

at eMato dpdp .
N | ad Froap(P)S 5y.0p(P')

_. /
X eﬁ(ﬂ+p/)1 /pp/F(£>F< lp)
a

a

(k") =

X / " Ak, (4.23)
0

We note that, although we have written the integration
region of p, p’ to (—o0, ), the p-contour is deformed
slightly into the lower half-plane and the p’-contour into the
upper half-plane as noted in footnote. By setting k = e,
we have

/oo d];]gn—llg—ﬂ(P—P’) — d/ dye i(p— P-‘rtna)y (424)
0 —00

We now change the variables as p — p—ina/2,
p' = p' +ina/2, and shift the contours of p, p’ to the
real axis where we assume that f, A(p) is holomorphic in
the region 0 < Im p < na/2 so that we can safely change
contours. Then the y-integration generates the delta func-
tion 6(p — p’), and we obtain

n ,nauy d
W) = [ salp

_i 222
— ina/2)Pe|p

2

n
—ina/2||l’{ —+ = 4.25
ina/ |’ <a —|—2) (4.25)
In particular for n = 1, 2, we obtain

2 a2

eau() [¢] p +T
ky = d —ia/2)PY———, (4.26
< > N . p|pr,Ap(p l(l/ )l 1 4 e_% ( )

eztllt() 0 p 2 + a
1) = [ dplfpsntp —ia) PP (a2)

—0o0 —e a

We note that these results reproduce the classical blueshift

(k) ~ e py, (k) ~ (4.28)

(e po)?,
if a and Ap are negligibly small so that the p-integration is
dominated around p = p,.

For the Gaussian wave packet (4.17), the above results
(4.26) and (4.27) lead to

109f"

107}

— (k) from (4.29)
O (k) from (4.21)

1000} 8

Ap

FIG. 3. Plots of (k) (vertical) versus Ap (horizontal) with the
vertical axis on a logarithmic scale. The parameters are set as
po =200,a =1,uy = 0. The curve is computed from (4.29).
The squares are obtained from (4.21). They are in good agree-
ment. It justifies the use of (4.29).

au0+8Ap o] p=po ) 2 p2 + a_z
(k) _i/TA / dpe‘%( o) 72;‘ (4.29)
TAp 14+e
2aug+-+—~ o2
PO R O W A0 P
(k%) NIy P P (4.30)

where we have used ' ~ 1 as shown in (3.18). For a check
of this result, we illustrate that (4.29) and (4.21) agree well
in Fig. 3.

When py > a and Py > Ap, the integrals (4.29) and
(4.30) are appr0x1mated by ignoring « in the integrands,
as

2
auUJrszfz © N2 s
—o0
2
5 s e 2
) = \/ZnAp/ et
u o A 2
= 20Tz (1 + p—l;) . (4.32)
0

The exponential factor e* in (4.31) is the standard

blueshift factor. In addition, we have another enhancement
“2

factor es2»” although it is small if @ < Ap. This enhance-
ment factor is extremely large for a small Ap such as
Ap < a, and thus the trans-Planckian problem becomes
more serious for such wave packets. The spatial width
Au(~1/Ap) of such wave packets is larger than the length
scale 1/a associated with the Unruh temperature as
Au Z 1/a. It indicates that the enhancement factor arises
from the wave nature of the wave packet. Figure 2 indicates

The precise conditions for these approximation are
If1(po)Ap*| < f1(po) with f1(p ) p* +a*/4 for (k) and
1f3(po)Ap?| < f2(po) with f(p) = p\/p* + a* for (k?).
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o I B e L S B e e e e B e

] — Akfrom (4.29) and (4.30)

1

O (4.37)
1 0 (139

1 A (4.40)

30

— Ak from (4.29) and (4.30)
al O (437)
1 0 (4.39)

A (4.40)

P S S Rt st
0 50 100 150 200

250 300

FIG. 4. Dependence of Ak (the vertical axis) on A p (the horizontal one) for various p, values. In each panel, the curve is Ak in (4.33)
computed from (4.29) and (4.30) as a function of A p, with p, = 10 (top) and p, = 10* (bottom), while u, = 0, @ = 1. Squares, circles,
and triangles are given by (4.37), (4.39), and (4.40) respectively. These plots show that (4.37) is a good approximation for

a << Ap < pg, and (4.39) is good for a < Ap < \/apy/2, and (4.40) is good for \/ap,/2 < Ap < po.

that P(k) has a long tail, although the peak shifts toward the
origin. The long tail effect overcomes the shifting effect of
the peak, yielding a large value of (k). Related to this
property, in this parameter regime, the wave packet in the
Minkowski coordinates departs radically from a Gaussian
wave packet, as we shall see later.

C. Variance of Minkowski momentum

We now consider the variance of Minkowski momentum

Ak =/ (K*) = (k)2 (4.33)
To discuss the trans-Planckian problem, it is important to
consider the variance Ak because the validity of our EFT
description requires that (k) + Ak be less than a cutoff scale.

We cannot minimize both Ap and Ak simultaneously.

Indeed, we generally have the inequality [13]

AkAp > g (k) (4.34)
because the two operators k= idy, p=1i0, = —aUk do
not commute with each other as

[k, p] = —iak. (4.35)

In general, for two operators A, B, the Robertson inequality
gives the uncertainty relation

A A

AAAB 2%|<[A,B]),

(4.36)

where AO := /(0% — (0)?. Hence, the commutation

relation (4.35) leads to the inequality (4.34).

We can compute Ak using (4.29) and (4.30). The
numerical plots for Ak versus Ap are shown in Fig. 4.
The plots show that Ak is proportional to 1/A p (circles) for
some small Ap region and proportional to Ap (triangles)
for some large Ap.

We can understand these behaviors as follows. The
approximations (4.31) and (4.32) lead to

2 N
Ak ey [1 +—-—e wie®p, (for a,Ap < py).
Do

(4.37)
In particular, for a < Ap < p,, we have
A 2 2
Ak~ —I; + a se™py (fora << Ap < pg). (4.38)
Py 4Ap
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35000

— Ak from (4.29) and (4.30)
* Akfrom (4.21)

O (4.37)
O (4.39)

A (4.40)

30000
25000
20000

Ak
15000

10000

5000

FIG. 5.

— Ak from (4.29) and (4.30)
0O (4.37)
O (4.39)

A (4.40)

Dependence of Ak (vertical) on Ap (horizontal) for py = 10 (top) and p, = 10* (bottom) with u, = 0,a = 1. The curve,

squares, circles, and triangles are obtained in the same way as in Fig. 4. In the top panel (p, = 10), the dots are obtained using the saddle
point result (4.21). It shows that (4.37) is valid even for py/a = 10 if Ap < p,. However, the approximation (4.39) is not good because

a << Ap < \/apy/2 is not satisfied. These plots also show that Ak ~ ¢ Ap does not hold for large Ap such as Ap < py.

By further expanding it according to which term in the
square root in (4.38) dominates, i.e., a/(2Ap) < Ap/p, or
a/(2Ap) > Ap/ py, we obtain the following results

Ak ~ e““ﬂ%, (for a < Ap < +/apy/2 < py),

(4.39)

and

Ak~ e™Ap (for a < +/apy/2 < Ap < py). (4.40)
Equation (4.39) represents the circles in Fig. 4 and (4.40)
represents the triangles.

Equation (4.40), that is, Ak~ e Ap, is an expected
result from the Gaussian wave packet with the classical
blueshift factor because, as we have seen in Fig. 1, the
momentum distribution in k-space also takes a Gaussian

form for a <« \/apy/2 < Ap < po. Note also that the
integer (4.20) labeling the branch in the saddle point
analysis becomes zero in this parameter regime, while it
is not clear whether this integer (4.20) has any physical
meaning.

However, if Ap ~ p,, we should include higher order
corrections to the approximations (4.31), (4.32). Indeed, for

large Ap such that Ap < pg, the approximation (4.40)
deviates from the numerical result of Ak as in Fig. 5.
For a < Ap < \/apy/2 < py, the Ap-dependence of
Ak drastically changes; Ak is inversely proportional to Ap
as in (4.39), although the spatial width Au is still much
smaller than 1/a. In addition, the parameter regime a <«

Ap < y/apy/2 < pg is exceptional from the perspective
of the uncertainty relation as follows. In this parameter
regime, we also have (k) ~ e p,, and thus we obtain
AkAp z%(k). (4.41)
The result (4.41) implies that the uncertainty inequality

(4.34) is almost saturated for our Gaussian wave-packet
states independent of the position of the center of the wave

packet (or ug), when a < Ap < \/apy/2 < py. In other
parameter regimes, we generally have AkAp > (k).

Indeed, using (4.31) and (4.37), we have

2 2 2
AakAp o~ esar?y [1+ A_I; —e w7 ﬂ
2 <k> Po a

It is generally much larger than 1. In this sense, the para-
meter regime a K Ap < \/apy/2 <K py is exceptional.
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10000 |
8000 -
6000 -
Ak

4000 -

2000

— T —T——

— Ak from (4.29) and (4.30)

O Akfrom (4.42)

FIG. 6. Plots of Ak (vertical) versus Ap (horizontal) for the case Ap < a < p,. The parameters are set as pg = 100,a = 1, uy = 0.
The curve is computed from (4.29) and (4.30). The squares are obtained from (4.42). They are in good agreement.

If Ap is much less than a as Ap < a < py, (4.37)
leads to

2

Ak~ eﬁe““opo (for Ap < a < py). (4.42)

Ak becomes extremely large due to the enhancement factor
2

e4z7 in addition to the blueshift factor e**0 (see Fig. 6). As
commented in Sec. IV B, the momentum distribution 2 (k)

has a long tail in this parameter regime, and thus Ak is
2

exponentially enhanced with the factor e#+»* in addition to

the classical blueshift factor e*“o. This enhancement factor
2

a az
e of Ak is larger than that for (k) which is es2/? in (4.31).
Hence, we have Ak > (k) for Ap < a < py, and the wave
packet cannot have a well-localized momentum.’ In par-
ticular, a wave packet that is almost a plane wave in the
Rindler frame acquires a large momentum fluctuation in the
Minkowski frame.

Figure 4 implies that there is a minimum value of the
Minkowski momentum uncertainty. From (4.38), Ak takes
the smallest value

Ak =~ e Jap, (4.43)
when Ap ~ \/apy/2 for fixed a,uy, py. No matter how
much the Rindler observer reduces A p, one cannot prepare
a wave packet whose Minkowski momentum uncertainty is
arbitrarily small. When a Rindler observer with acceler-
ation parameter a emits a massless wave packet with
average momentum p,, we should choose Ap such that

Ap/po=~+/a/(2py) to realize the minimum Ak. For a
typical value of a, e.g., a~ 10~*[eV], the condition is

Ak > (k) does not imply that the wave packet contains
negative k modes because we assume that the wave packet has
only positive p modes and the Bogoliubov transformation (B4),
(B5) does not mix positive and negative modes. As in Fig. 2, the
momentum distribution P (k) has a long tail for large k.

satisfied for example, (py~ 10*[eV], Ap ~1[eV]) or
(po ~ 108[eV], Ap ~ 10*[eV]). For a black hole of roughly
one solar mass, the parameter « is a tiny value, on the order
of 10~'"'[eV]. For this small a, if we take, for instance,
po ~ 1[eV], the condition Ap =~ ./ap,/2 is satisfied
for Ap ~107%[eV].

D. Uncertainty relation in Minkowski spacetime

We have evaluated the variance Ak of the Minkowski
momentum k. The spatial width AU of the wave packet is
also given as (4.5) and (4.6). Combining these results, we
now summarize the resulting position-momentum uncer-
tainty relation.

Case (i): a < y/apy/2 < Ap < py. In this parameter
regime, using Au ~ 1/Ap, we obtain

1
AU:ze“”‘U(Ap)‘l, Ak =~ e Ap. (4.44)
Consequently, we have
1
AUAk:E. (4.45)

Therefore, the uncertainty relation AUAk > 1/2 is satu-
rated, independent of u, (or the location of the wave
packet). This indicates that the wave packet retains a
Gaussian form even in Minkowski coordinates as seen
in Fig. 1. We further find

AU Ak A
2V 0 w1, 2EaCP ey (4.46)
Vol 24p (k) po

where Uy = —a~'e®0. Thus, the wave packet is well

localized in the momentum space, and the spatial width AU
is much shorter than |Uj|.

If our free-field description is applicable only below a
cutoff energy scale A, we should impose (k) < A. In the
current parameter regime, it leads to
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I/A < 1/{k) < AU < |U,y. (4.47)
It indicates that our effective field theory description breaks
down unless 1/A < |Uy|. (k) < A requires e““p, < A;
we thus need

A A
uy < a'log— < a~'log =2, (4.48)
a

Po
where Ap; denotes the Planck energy scale and we have
supposed a < py < A < Ap. Note that a~!log(Ap/a) is
of the same order as the scrambling time [43] for a black
hole with mass M ~ a. Hence, our EFT description breaks
down before the scrambling time, necessitating an UV-
complete description.

If the condition (4.48) is satisfied, the gravitational
backreaction by this wave packet is negligible as follows.
The typical Schwarzschild radius scale of this wave packet
is (k)/A%,, where Ap is the Planck energy scale. To avoid
gravitational collapse, the spatial width AU must be greater
than this radius. Indeed, we have

AU Aje2e

A%’IPO
~ >
(k)/Ay  poAp

5 > 1,
A“Ap

(4.49)

where we have used (4.48) and supposed A < Ap.

Case (ii): a < Ap < \/apy/2 < py. In this parameter
regime, we have

1 ap
AU ~—e(Ap)~t, Ak >~ e ——. 4.50
S (Ap) e Re. (450)
Consequently, we have
ap 1
AUAk =~ ——— > —. 4.51

This indicates that the wave packet deviates from a Gaussian
form in Minkowski coordinates because the uncertainty
relation AUAk > 1/2isnot saturated. Nevertheless, we have

AU Ak a

-~

ol =0 =280 <1, (4.52)
and thus the wave packet remains well localized in the
momentum space, independent of u,. Note that the ratios
AU/|Uy|, Ak/ (k) are of the same order of magnitude and are
independent of p,.

Imposing (k) < A, we have

1/A < 1/{k) < AU < |U, (4.53)
as in the case (i), and we must require
A A
up < a~'log— < a~'log—2 . (4.54)
Po a

This parameter regime is also noteworthy, as mentioned
in Sec. IV C, because the uncertainty relation AkAp >

§ (k) is saturated. Since (4.52) leads to

1
(k)

the smaller Ak is, the smaller AU becomes. The minimum
value of Ak is given by Ak ~ e /ap, as shown in (4.43)
for fixed a, ugy, po. Thus, the minimum value of AU in this
parameter regime is AU ~ e~ /\/2ap,,.

Case (iii): Ap < a < py. In this parameter regime, we
have

AU Ak, (4.55)

AU ~ e~ otatig!, Ak ~ " p (4.56)
Consequently, we have
i _a_ 1
AUAK = ein? #3720 5, X (4.57)
a

Thus, the wave packet differs significantly from a Gaussian
profile in Minkowski coordinates. Indeed, we have

AU o Ak 2

—— e > ], s > .

|Uo (k)
The wave packet is not localized in the Minkowski momen-
tum space as mentioned in Sec. IV C. The spatial
wave profile is also distorted such as it appears to be stuck
to the horizon. Under the coordinate transformation
U = —a~'e™, the right part (u > uy) of the wave function
in Rindler coordinates is compressed in Minkowski coor-
dinates, while the left part (4 < ug) is extended in Minkowski
coordinates. Hence, Uy, = —a~'e™ does not represent the
average value of U, although U, still represents a position of
the wave-packet peak.

Imposing (k) < A, we have

(4.58)

1/A < 1/{k) < |Uy| < AU. (4.59)

The validity of EFT requires (k) + Ak < A, and it leads to
a2
eau°+mp0 < A, that is,
2

a
S - 4.60
Up < a [4Ap2 ( )

.
log—|.
Po
Since the second term log(A/ py) is logarithmic, it may be
natural to think that the magnitude is not so large compared
to the first term.'® It indicates that the EFT description
breaks down even in regions away from the horizon.

OFor example, for py~ 1[eV], a~107*[eV] and Ap ~
10~%[eV], we have a?/(4Ap?) ~O(103) > log(Ap/ py) ~ O(10).
Thus, even if we take A as the Planck scale, the second term is
negligible. Then, we encounter the breakdown of EFT for
g = —1073[m].
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V. CONCLUSION

We have studied (Gaussian) wave packets with localized
Rindler momenta constructed on the Minkowski vacuum,
and have examined how they appear to Minkowski observ-
ers. Wave packets with localized Rindler momenta should
have py> Ap,a. We have considered this parameter
regime and seen whether the classical blueshift formula
k = e p, is corrected. For wave packets with a <
Ap < py, the expectation value of the Minkowski momen-
tum reproduces the classical result (k) ~ e p,. More

precisely, for a < \/apy/2 < Ap < p,, the wave packets
appear to be the Gaussian wave packets in the Minkowski

spacetime, while for a < Ap < \/apy/2 < p, they do
not. Nevertheless, in the latter parameter regime, the wave
packets almost saturate the uncertainty relation between the
Minkowski and Rindler momentum AkAp >§ (k). For

a2

Ap < a, the blue shift is enhanced as (k) ~ ¢ 5 p,
compared to the classical result, worsening the trans-
Planckian problem, although the wave packets differ sig-
nificantly from Gaussian profiles in the Minkowski frame.

We have also found that the variance of the Minkowski
momentum Ak has a lower bound Ak 2 e“",/apg, no
matter how small Ap is, although one may think that we
can make Ak arbitrarily small by reducing Ap. The bound

is achieved when Ap ~ /ap,/2.
For future work, it would be worthwhile to evaluate the

back-reaction of the Rindler wave-packet states by comput-
ing the expectation value of the stress-energy tensor
(WR|T . (x)|yg). The blueshift of energy may cause a large
back-reaction, though we are not sure whether the EFT
description is valid in this situation. It would also be
illuminating to compare the back-reacted geometry to the
shock wave geometry [44,45] for various parameter regimes.
The shock wave geometry is also related to quantum chaos
properties of black holes [46]. Thus, it would also be valuable
to compute OTOC-like correlators (wg|p(x)Pp(X)|wr).
Related to this, a promising next step is to compute the
black hole S-matrix [47,48] using wave packets. In [48], it is
asserted that the position of shock waves and the horizon
satisfy an uncertainty relation. The uncertainty might
be related to the above lower bound of Ak. Adding the
gravitational interaction, the wave-packet states must involve
the gravitational dressing [41,49,50] to satisfy the Gauss law
constraint for gravity. The dressing should be related to the
asymptotic symmetry [51-53], and thus it is related to the
gravitational memory effect [54-56], as in QED (see for
instance [57]).11 Indeed, it is argued in [59] that the memory
effect is related to 't Hooft’s uncertainty relation. In this
sense, the evaluation of (yg|T,,(x)[wg) is also important.

""Furthermore, the dressing to wave packets is inevitable to
obtain the nonzero amplitude due to the superselection rule of
asymptotic symmetry as argued in [57,58].

The trans-Planckian problem suggests that UV physics is
important near the horizon. Extending our analysis beyond
the free QFT is worth pursuing, for example, by adding the
higher derivative interaction as [13,14]. Even in free QFT, it
is an appealing avenue to generalize our analysis to the case
with an IR cutoff like the brick wall model [1], or the case
with a minimal length or an UV cutoff [14,16,60-62]. In
particular, if we introduce an UV cutoff to the Minkowski
momentum, it is not clear how the Rindler momentum is
restricted. The restriction leads to the change of the
Bogoliubov transformation formula (B3), and the Unruh
thermal state may be modified.

The brick wall model [1] or the fuzzball proposal [63]
implies that the semiclassical spacetime picture is invalid
near the horizon. Based on [23], the situation is drastically
different depending on whether it is a single-sided black
hole corresponding to the gravitational collapse or the two-
sided eternal black holes. Our Minkowski analysis corre-
sponds to the two-sided case. Thus, investigating a single-
sided case would be of considerable interest.

Finally, it is highly motivating to consider observable
predictions and phenomenological applications of quan-
tum gravity by using the gravitational blueshift. By
utilizing red/blueshift effects, one may be able to observe
high-energy physics. Extremely microscopic physics near
the horizon may become much longer wavelengths and
timescales when viewed from far away. It may offer a
window into quantum gravitational effects, allowing them
to become accessible to experiments in the foreseeable
future.
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APPENDIX A: RINDLER SPACE
AS NEAR-HORIZON GEOMETRY
OF BLACK HOLES

Here we review that the Rindler spacetime is obtained by
taking the near-horizon limit of the Schwarzschild black
hole geometry.

The metric of the four-dimensional Schwarzschild black
hole is

-1
ds? = —(1 —5> dr + (1 —ﬁ> d? + PdQ?, (A1)
p

r

where r, is the Schwarzschild radius: r, = 2GyM for a
black hole with mass M. We consider the near-horizon
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region r = r; + e with € < r,. Setting € = r,e*/"s, we find
that the metric is approximated as

ds* = e*/"s(=dt* + dx*) + r2dQ>. (A2)
The spherical part r2dQ? can be negligible if we consider
only the s-wave part of massless fields. The other two-
dimensional part e*/"s(—dt*> + dx?) is the two-dimensional
Rindler spacetime with a = 1/(2r,) = 1/(4GyM), which
is the surface gravity.

APPENDIX B: BOGOLIUBOV
TRANSFORMATION

Here we review the Bogoliubov transformation, which
we use in this paper, between the Minkowski and Rindler
modes for the free massless scalar field in two dimensions
based on [64].

Both of the modes {e™@ =1 in (2.1) and
{e*@=P¥)} in (3.6) are complete on the right Rindler
wedge, and thus the Rindler modes {e*/(“»"~P¥)} can be

To ensure the near-horizon condition ¢ = r,e*/"s < r,, ~ ¢Xpanded by the Minkowski modes {e*( =10} via the
we need x <0 and |x|> r,. For fixed u, it means Bogoliubov transformation as follows.
t < u—rg and for fixed v, it means > v + r,.
|
1 . o dk
—i(w,t—px) _ —i(w; T—kX) +i(w T—kX)
e "\ = a, e ) + e Bl
V4nw, o VATa, Pt Pri b (B1)
1 .
+i(w,t—px) —i(w, T—kX) +i(w, T—kX) ) B2
N / wm Prse e ] (B2)
From the above relation, one finds the transformation rule between a; and b, as
by = [ dkiay = pyyall. b= [ dlapual - praa. (B3)
One can explicitly obtain the Bogoliubov coefficients [64],
a,; = [0(p)0(k) + 0(—p)o(—k)] e @p( A ﬂ1“(150 /a) (B4)
pk = AP b 2ra \ w; \wy P
—e_”;u_up (0] a Tp
=10(p)o(k) + 0(—p)0(—k 2 =) T . BS
s = 0006+ 0(-p)0-0] S\ [2(£) "o, ) (B5)
In our paper, we use the form of the coefficients only for p > 0, k > 0, and they read
ex  [pla\* —ei [p(a\
= — — “F ] s = - —\ - ar ] . B6
The absolute values are given by
= 1
e a
|a ,k|2 - m N |ﬂ ,k|2 o N (B7)
! 27raa)k(eza - 1) ! Zﬂawk(eQa - 1)
for p > 0, k > 0. For the Minkowski vacuum |0),, (satisfying a;|0),, = 0), we have
© 1
003100 = [kt = =) (BS)
€ a —
T e
Oty b3100 = [ ka0 = ——o(p = ). (B9)

where we have supposed p > 0, p’ > 0.
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APPENDIX C: SADDLE POINT
APPROXIMATION OF THE MOMENTUM
DISTRIBUTION

In this appendix, we evaluate I (k) defined by (4.14) for
the Gaussian-wave packets, i.e., for the case that f, ,, in
(4.14) is given by

)
164 Ap .

(2zAp?)s v

fpo.Ap (p)

As explained in Sec. III B, we are interested in the case
that p, > a. We also suppose that Ap is less than p,, i.e.,
we suppose py > Ap because we are considering wave
packets such that they approximately have a definite
momentum pg. Then, in the p-integral

eZa ~ ,,, p

=Va [ dpsp00(0) 5 aF(f) (€2)

we can regard p is much greater than a because f, A, is
almost supported in the region p 2 py — Ap > a. We can
thus use the approximation

for p > a, and obtain
~ et a \3 o dp
I(h)~— [ — —= edlp) C4
+(k) (271)3/4 <Ap> /) a e (C4)
o(p) = =+ (2229)" 4 i flog(paf) — 1], (C5)
4\ Ap a

We now use the saddle point approximation. Let p, be the
solution of ¢'(p) =0, i.e.,

P« — Po
2Ap?

%-—iog(p*/ak)—-o (Co)

which means

iap, iws ia’k i

ewmp? = — paap?
228 Toapr e

(C7)

Thus, p, can be expressed by the Lambert W function, i.e.,
the inverse function of z = we", which is expressed as
w=W,(z) where n takes integers representing the
branches. We now have

2iAp?

pe=- (C8)

iapg
where n is chosen so that p, = ake?*” in the limit

a/Ap — 0 for finite k and "po <z, and the appropriate

n depends on pg, Ap,a. To be concrete, n is given by

apy _ &

2Ap2 2

n=|=2—=|
2r

where [ - ] is the ceiling function: [x] :== min {n € Z|x < n}.
We then have

(C9)

2 2 . .
_p*_po_lp* 11 — _ 1 L
9(p.) = 477 a q"(p.) 2Ap2+ap*'
(C10)
The saddle point approximation of (C4) leads to
LG8 = sy o= — e
+ =+ = (27) 1/4|2A _iAp
PP

where we take the absolute value because we need only
|I.(k)| for the evaluation of P(k) in (4.16).
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