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We consider the impact on cosmological first-order phase transitions (FOPTs) of low-temperature thermal

corrections to the effective potential. These are corrections from degrees of freedom whose field-dependent

masses in the true vacuum are much larger than the nucleation temperature, though in the false vacuum the

field-dependent masses may be much smaller than the nucleation temperature. We focus on the regime in
which the thin-wall approximation is valid and in which these corrections are small enough that they do not
alter the vacuum structure of the theory. Although the general form of these corrections to the thermal
effective potential can be quite complicated, we argue that the net effect of all such corrections can be well
modeled in this limit with a single new parameter. We determine the shift in the parameters of the FOPT in
terms of this new parameter and the impact on gravitational wave signals and cosmological observables.

DOI: 10.1103/dflh-9kxs

I. INTRODUCTION

Cosmological first-order phase transitions (FOPTS) in the
early Universe can be a source of gravitational waves [1-14].
The amplitude and frequency of this signal, if observed, can
provide information about fundamental physics parameters
of the underlying Lagrangian. A variety of gravitational
wave observatories are operating, or in development, which
can potentially observe such signals and provide a window
into fundamental physics in the early Universe, beyond the
Standard Model [15-30]. In addition, FOPTs can alter
cosmological observables in a manner which can also be
probed by astrophysical observatories, for example, by
releasing dark radiation in the form of latent heat. However,
a key requirement for these types of studies is under-
standing the effect of thermal corrections to the effective
potential. It is these thermal corrections which lead to a
universe which is in a false vacuum at early times, when the
temperature is high, but transitions to the true vacuum with
subsequent cosmological evolution to the current epoch.
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There is a large body of work focused on the detailed
technical considerations underlying the thermal corrections
to any particular fundamental Lagrangian [31-45]. But we
adopt a different approach here, by considering the general
form of thermal corrections which arise from a broad class of
fundamental Lagrangians. By parametrizing the form of
these thermal corrections, we can generally relate the
effective potential thermal corrections to the thermal proper-
ties of the first-order phase transition and in turn to the
gravitational wave signal. This will yield a type of “dic-
tionary” relating thermal corrections arising from any type of
new physics to changes in the frequency and amplitude of the
gravitational wave signal arising from the phase transition.

In previous work [46], a few of the present authors
considered the scenario of a quartic scalar potential with
high-temperature thermal corrections arising from degrees
of freedom whose effective mass is small compared to the
temperature. However, there will generally be another class
of thermal corrections arising from heavy degrees of
freedom. Although these corrections may be Boltzmann
suppressed in the true vacuum, they may not be Boltzmann
suppressed in the false vacuum, thus yielding a nontrivial
impact on the phase transition. Moreover, since the fields
generating these corrections are heavy in the true vacuum, it
may be difficult to know what these degrees of freedom are.
Since one cannot calculate the exact thermal corrections
without knowing exactly what heavy degrees of freedom
are integrated out, our goal will be to parametrize the form
of the low-temperature thermal corrections and to deter-
mine how they generally alter the gravitational wave signal
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and other cosmological observables arising from the phase
transition. Indeed, we will find that the corrections to the
thermal parameters of the phase transition can be simply
parametrized in terms of the uncorrected thermal param-
eters and a single additional parameter controlling the size
of the low-temperature corrections.

In this approach, we are essentially treating the low-
temperature thermal corrections as yielding a small per-
turbation to the phase transition generated by the usual
high-temperature thermal corrections. As such, it is neces-
sary that these corrections be small, and in particular, small
enough that they do not alter the vacuum structure of the
theory. Of course, it is possible for the low-temperature
corrections to be large enough to alter the vacuum structure
and even change whether there is a phase transition at all.
But such a situation is not amenable to the generalized
analysis which we conduct and would require a detailed
study of the complete Lagrangian.

The plan of this paper is as follows. In Sec. II, we
describe the general form of the thermal corrections in the
low-temperature limit and obtain a simple parametrization.
In Sec. 111, we obtain an analytic approximation describing
the effect of these corrections on the thermal parameters of
the first-order phase transition. In Sec. IV, we validate this
analytic approximation with a numerical analysis of a
quartic potential, using the CosmoTransitions package [47].
We conclude in Sec. V.

II. LOW-TEMPERATURE THERMAL
CORRECTIONS TO THE EFFECTIVE POTENTIAL

We will examine the case of a single scalar field ¢ whose
perturbative potential is of the form
|

T [ it 72
WA T) =5 s T

T* 1t
AV T) =35 |3

[In(a,) ~ 5.4076, In(a;) ~ 2.6351] and can be given in the
low-temperature limit (x > 1) as [49]

AV p($.T) = % <2£”> 2 o (1 + g + O(x—2)>. (4)

We take the vacuum at high temperature to be at ¢p = 0.
In typical examples, one finds there is a symmetry which is
preserved in the high-7" vacuum (when ¢ = 0), but which is
broken in the low-7" vacuum in which ¢ = ¢, > 0. The
field-dependent contributions to the mass are then typically
¢, since the fields which contribute typically are mass-
less in the symmetry-preserving vacuum. We may then
take x < ¢/ T.

V(@.T) = Vo(¢.0) + Vew(9.0) + V(9. T) (1)

where Vj(¢,0) is the zero-temperature tree-level poten-
tial, Vew (¢, 0) is the one-loop zero-temperature potential
of the Coleman-Weinberg form, and V;(¢,T) is the
thermal part of the one-loop potential. For later con-
venience, we will write the potential in the form
V(p.T) = A*V(¢p/v,T/v), where v = (¢p)r_o, and A is
a constant which sets the energy scale of the thermal
effective potential.

We would like to construct thermal corrections to the
effective potential that accurately capture the physics of
both the high- and low-temperature regimes. Consider a
degree of freedom # (bosonic or fermionic), which will be
integrated out. The expression for the corresponding
contribution to the thermal effective potential for ¢ is
given by (see, for example, [32,48])

3
Vi T) = -T / (‘217”)31110 g r(EpT)),  (2)

where the plus (minus) sign above is used for a boson
(fermion), npp(E, T) = [exp(E,/T) ¥ 1]7', E,=

p? + m*(¢), and m(¢p) is the field-dependent effective
mass of 5 [for example, if 7 is a real boson, then m?(¢) =
0*L/on? evaluated at n = 0].

The contribution to the thermal effective potential from a
single degree of freedom can be approximated in the high-
temperature limit x = m(¢)/T < 1 as [49]

b2 1
x* = 8x3 —3—2x4 In(x?/ay;) + },

x2+ix4ln(x2/af) +] (3)

32

If one integrates out a degree of freedom which satisfies
m(¢) < Ty (where Ty is the nucleation temperature) for
all values of ¢ in the range between the true and false
vacuum, then we will refer to the associated corrections to
the thermal effective potential as being in the high-7 limit.
These corrections are well approximated by the expression
in Eq. (3) for temperatures near the nucleation temperature.

There may be additional thermal corrections from
degrees of freedom which are not in the high-7" limit. If
x> 1, then these thermal corrections are Boltzmann sup-
pressed [see Eq. (4)] and can be ignored. This is consistent
with the intuition that integrating out very heavy fields will
not have a dramatic impact on the low-energy effective
potential. If m(¢)/Ty > 1 for all values of ¢ between the
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true and false vacuum, then the thermal corrections
associated with this field will not significantly affect the
phase transition. However, since ¢ is small in the false
vacuum, and m(¢) « ¢, these thermal corrections may not
be negligible for values of ¢ near the false vacuum.

We will then focus on the case in which, at small ¢, we
have m(¢) < Ty, while at the symmetry-breaking vacuum
we have m(¢) > Ty. In general, to find the exact form of
the corrections (at the nucleation temperature) throughout
the barrier between the false and true vacuum, one must
evaluate Eq. (2) numerically using the field-dependent
masses, yielding a result specific to the model and not
amenable to a generalized analysis. But near the false
vacuum, at small x, these corrections can be expanded in
the high-T limit and can be approximated as f(A/v)*T*,
where f is a dimensionless constant which is determined by
the number and spin of the degrees of freedom which have
been integrated out. However, at the low-7, symmetry-
breaking vacuum ¢, the thermal correction essentially
vanishes due to the Boltzmann suppression.

Our interest is not in a detailed analysis of any particular
model, but a general parametrization of low-temperature
thermal corrections, and their effect on the thermal phase
transition parameters, and the gravitational wave signal. As
such, we are only interested in the region of parameter space
in which the low-T corrections do not change the qualitative
structure of the vacuum. It is certainly possible for low-T
corrections to change the vacuum structure, for example, by
shifting the false vacuum to a symmetry-breaking vacuum.
But in this case, a general parametric analysis would not be
of much use, as one would need to know the details of the
particular Lagrangian in order to understand the vacuum
structure. Instead, our focus is on the case in which small
thermal corrections shift the thermal parameters slightly,
without changing the qualitative nature of the phase tran-
sition, in order to determine how the gravitational wave
signature and cosmological observables are modified for this
class of phase transitions.

In light of the considerations above, it is sufficient to
model the effect of the low-7" thermal corrections as a shift
to V(¢ =0,T) by f(A/v)*T* where f is a dimensionless
parameter.

III. ANALYTIC ANALYSIS OF THE EFFECT ON
THE THERMAL PARAMETERS

The thermal parameters of the phase transition are
defined in terms of AV(T) and S;(T). Here, AV(T) =
V(g =0,T)-V(p=¢,.,T)> 0, where the false vacuum
is at ¢ = 0 and the true vacuum is at ¢ = ¢. S3(7T) is the
3D Euclidean action, evaluated on the bounce solution to
the equation

Py 2dp__oV(g.T)

dr* =~ rdr op ®)

In terms of these quantities, the nucleation temperature 7y
of the phase transition satisfies the equation

S (Tw) _

= C(Ty). (©)

where [50]

T 3 S(T)T

— 410g[Td(8;(T)/T)/dT] + log[8xs3]. (7)

where the Hubble parameter is H(T), and v,, is the wall
velocity. C(T) has a logarithmic dependence on the temper-
ature and on the number of relativistic degrees of freedom;
for typical models, one finds C(7 = 100 GeV) ~ 140. For
our purposes the relevant point is that C(7") will not change
significantly as we vary f, which parametrizes the low-
temperature thermal corrections. The other thermal param-
eters are defined as

b_ (Td(S3/T)>TN’

H daTr
g. 1022 7" dAV
= —T AV(Ty) —Ty—— , 8
e= s | v -n G |

where 3/ H parametrizes the speed of the phase transition,
and ¢ is a dimensionless parametrization of the latent heat
density [here, we assume that the dark sector and Standard
Model (SM) sector have the same temperature, and we
generally take g, = 100].

The effect of low-temperature thermal corrections is to
shift the thermal effective potential at the false vacuum.
This shift to AV(T') will lead to a shift in S3(7’), which in
turn leads to a shift in the nucleation temperature, as well
as #/H and & To determine the shifts in the thermal
parameters, it is necessary to solve for S3(7'). Generally,
this requires a numerical calculation. However, once S5(7)
has been determined in the absence of low-temperature
corrections, one can analytically estimate the shift to S3(7")
due to these corrections. Note that our analysis does not
rely on any particular choice of the tree-level potential. We
only assume that, at high temperatures, the vacuum is
symmetry preserving, while symmetry is broken in the low-
temperature vacuum.

If we take the thin-wall approximation, then we may
make the estimate [51]

S5(T) ~ —%ﬂR3AV(T) +4zR>%(T),
x(r)~ [* ap/2V4.T) ©)

where R is the size of a true vacuum bubble which is
nucleated at temperature 7 and X is the bubble wall surface
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energy density. The volume term is the Euclidean
Lagrangian integrated over the bubble, while the surface
area term arises from integrating the Lagrangian evaluated
at the bounce solution across the bubble wall. Note that the
expression for S3 in Eq. (9) is approximately the free energy
density of the true vacuum bubble. We see that vacuum
energy density term will tend to cause the bubble to expand,
while the bubble wall energy density term will tend to cause
the bubble to contract.

To proceed further, it is necessary to estimate the bubble
wall size. To do this, we can consider a critical bubble
which satisfies Ap «x —dS;/dR ~ 0. For such a bubble,

4nR2S(T) ~ 22R3AV(T),

T T 3
s3(T)~%R3AV( )~ 12 f‘ﬁ(T})z.

Note that for R < R,, we will have Ap < 0, and the true
vacuum bubble will tend to contract. As such, we are
justified in assuming that the nucleated bubble is critical.

The eftect of changing f from zero will be to shift AV by
SAV(T) = (A/v)*fT*. Since the height of the barrier is
assumed to be large compared to AV, we may assume that
¥ changes negligibly as f is varied, and S5 o< AV~2. This
amounts to saying that the effect of the low-temperature
thermal corrections on the bubble wall energy density is
negligible, implying that the detailed behavior of the low-
temperature thermal corrections at values of ¢) between the
false and true vacua is not important. Rather, the high-T
thermal corrections which dominate the behavior of the
barrier arise from fields whose field-dependent masses are
small compared to the nucleation temperature throughout
the region in field space between the false and true vacua.
This fact is what will justify parametrizing the low-T
corrections entirely in terms of the shift to the height of the
false vacuum.

We then find that

50t (0}
Lt

The shift to S5 will lead to a small shift in the nucleation
temperature, while C(7) varies only by a very small
amount. We thus find

d(S;/T) 383(Ty)
0=96T : - . 12
NT T " + Tn (12)
We then have

Ty B/H AV(Ty)

where we have used Eq. (8). This result suggests that Ty
should increase linearly with f. Moreover, this result does
not depend on the bubble wall energy density . We thus
see that the corrections to the nucleation temperature will
not depend on the details of the behavior of the low-
temperature corrections within the barrier, thus justifying
our simplified parametric treatment of the low-temperature
corrections.

Finally, we see that if C(Ty) < f/H, then 6Ty /Ty <
SAV(Ty)/AV(Ty). We will mostly focus on the case in
which the transition rate is large and this limit can be
taken. Note, however, that the thermal parameters will
depend on quantities such as [dAV(T)/dT];, , but there is
no generic way to relate the variation in these quantities
under a shift in 7y to the thermal parameters. However, if
the variation in these quantities were large (that is, if
6T N[> AV /d*Ty, | ~ |[dAV /dTy]), it would suggest that
the FOPT was likely supercooled. To gain approximate
understanding of the thermal parameters, we will assume
that this is not the case, and the variation in 67y can
be ignored. We then find

5E ~ [g* m—”T“] 1[5AV(TN)—TNLAV(TN)

100 3 dTy

e | i) ()] g

The shift in the latent heat parameter does not depend on
the nucleation temperature. It is also interesting to note that
the sign of the shift may seem somewhat counterintuitive;
as f increases, the difference between the thermal effective
potential at the false and true vacua increases, but the latent
heat released in the transition decreases. The reason is
because the difference in the thermal effective potential
essentially amounts to the difference in the free energy
density between the false and true vacua, but the difference
in the energy density has an entropy term as well. This
entropy term more than compensates for the increased
difference in the effective potential.
Finally, we have [taking C(Ty)/(f/H) < 1]

o(L) ~resm)

H ar |y,
sc TN) <%>4 -
E () e
sty ()

x[6+2§[(10*0) 2 TA‘TN)H, (15)
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implying that #/H decreases roughly linearly with increas-
ing f.

Note that 6Ty /Ty and §(f8/H) are both proportional to
F(A/v)*T3,/AV(Ty). Although the signs of the changes of
these thermal parameters are fixed, the magnitudes depend
on the shift to S5, which in turn depends on the bubble wall
size and energy density through Eq. (9). It is here that the
detailed dependence on the scalar profile enters. Taking a
critical size bubble and assuming the bubble wall energy
density is nearly fixed yields the scaling we have found
above. But 6¢ has no such dependence on S;, making this
estimate more robust. Moreover, we should find

6(p/H)|/B/H] g. \ 1022 T%
LI = 4| () S wver

| o

where the dependence on f has factored out. Note in
particular that the fractional change in f/H will be
much larger than the fractional change in the nucleation
temperature.

A. Corrections to the gravitational wave signal

The gravitational wave (GW) signal produced by an
FOPT depends in detail on the thermal parameters of the
phase transition [36,52-71]. The GW signal itself can
have several components—sourced by sound waves in the
plasma, by turbulence, and by bubble collisions [6,72,73].
Although the sound wave contribution is usually dominant
[74,75], the determination of the amplitude and spectrum
of this signal is an evolving field, which depends in detail
on results from numerical simulations of bubble formation
and expansion [36,76-83]. However, the rough depend-
ence of the signal on the parameters /H and on ¢ is
determined by general power-counting considerations and
is generally robust.

For example, the frequency scale of the sound wave
signal (which one can think of as the frequency f,, at
which the amplitude is maximized) scales as o 3/ H, since
this is the only quantity which is determined by the
timescale of the FOPT. We thus see that increasing f will
correspond to decreasing f,,.

The peak amplitude of the sound wave gravitational
signal scales as

WPQNX o M2 (B/H) ! (17)

where 7 is a number between 0 and 1 determined by the wall
velocity and reflects the efficiency for converting latent heat
into sound waves [53]. When the production of sound
waves is most efficient (with an efficiency close to 1), then n
tends to be small. We thus see that, although the shift in
h*Q,,, will be linear in f, the sign of the proportionality is
determined by the competition between the dependence on
& and p/H.

For concreteness, we choose [46]

— ﬂ TN G« 176 —
mx =8.9x 107 mHz( = | (2 — L
Eem Z(H 100Gev /\100)

-1 1/3
P2QmS — 8.5 % 10762421 (ﬂ) ( I ) V- (18)

H 100

In general, the amplitude and peak frequency of the GW
signal depends on the bubble wall velocity v,, (we will
simply take as »,, — 1). The bubble wall velocity in turn
depends on the details of the model, including the number
of relativistic degrees of freedom in the true and false vacua
(see, for example, Ref. [84]). We do not study this in detail
here because, in the relativistic limit, it does not strongly
affect the correction to the GW signal due to the low-T
thermal corrections. In the nonrelativistic limit, the shift in
the latent heat parameter would in turn lead to a non-
negligible shift to the bubble wall velocity, which could be
determined for any particular model [84], leading to a
model-dependent shift to the peak frequency and amplitude
of the GW signal [46].

IV. NUMERICAL ANALYSIS USING
A QUARTIC POTENTIAL

Thus far, our analytic analysis has been general, not
assuming any particular form of the effective potential. But
to verify those results with a numerical analysis, we will
have to choose a specific example. We will focus on the
case in which the tree-level zero-temperature potential is
quartic, with a ¢p — —¢ symmetry,

woo-s[ OO

where the global minimum of the zero-temperature poten-
tial is ¢ = +v. For simplicity, we will assume that the zero-
temperature Coleman-Weinberg potential V -y (¢, 0) does
not qualitatively affect the vacuum structure and can be
ignored. But we emphasize that our general results do not
depend on these assumptions.

In the high-T limit, then, the dominant thermal corrections
to the effective potential are proportional to ¢*>T? and ¢3T.
The term proportional to T* is ¢-independent and can be
ignored because it does not affect the phase transition. The
log term has only a logarithmic dependence on temperature
and can be combined with the zero-temperature Coleman-
Weinberg potential [48,85]. Adding these high-temperature
thermal corrections, we can write the thermal effective
potential as [85]

Viign(6. T) = A* K_%Jr C(%) 2) <%)2
e (1) ()] e
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where the coefficients b < 0 and ¢ depend on the details of
the degrees of freedom which were integrated out (in the
high-T limit). We are interested in the scenario in which, at
sufficiently high-temperature, the global minimum is at
¢ =0, while at low enough temperature, the global mini-
mum of the potential is at ¢ > 0. These conditions are
satisfied if ¢/b* > 1, with the critical temperature for the

phase transition being T = v/+/2(c — b*). Note that a
first-order phase transition will occur as a result of these

high-T thermal corrections, even in the absence of heavy
fields. A general analysis of gravitational waves from a first-
order phase transition, given this general parametrized form
of the thermal effective potential, was done in Ref. [46].
We may now add thermal corrections arising from
degrees of freedom for which m(¢ =0)/Ty < 1, but
m(¢,)/Ty > 1. As we have seen, the shift to the thermal
effective potential at ¢ =0 can be parametrized as
f(A/v)*T*, but there is no generic expression for the
thermal corrections within the barrier, as ¢ assumes values
between O and ¢ .. However, it is necessary for the cor-
rection to smoothly go to zero as ¢ approaches the true
vacuum (¢, ), where the thermal corrections are Boltzmann
suppressed. To model this, we multiply the low-7 thermal
correction evaluated at ¢» = 0 by a window function given by

. 1
w(e)= (1 +exp {01@_5/2)]) (1 +exp {—61(1;5-#5/2)} ) .
(21)

where ¢ = ¢p/v. & defines with the width of the window
function, and the constant ¢; defines the sharpness of the
cutoff, with larger values of ¢; corresponding to a sharper
cutoff to the window function. The thermal effective
potential can then be written as

Vtherma](ql)v T) = A4 |:(_ % + CT2> &52 + bT&p
Fy# )| 22)

where T = T/v. Note that the parameter f includes the
effect of low-temperature corrections from all relevant fields,
but from a single degree of freedom, one expects a
contribution to f of O(0.1) [see Eq. (3)].

Adopting this simplified analytic form of the low-T
thermal corrections will allow us to scan over a variety of
models, without having to perform detailed numerical
calculations of the thermal effective potential for each
case. But note that this simplified form of the low-7 thermal
corrections was not used as part of the analytic analysis in
the previous section. Indeed, that analytic analysis used
only a parametrization of the thermal corrections at the
false vacuum in terms of the parameter f, arguing that the

precise manner in which the correction interpolated to zero
within the barrier between the false and true vacua was not
important. We can test that conclusion by seeing if the results
of the analytic analysis are consistent with a numerical
analysis using this simplified version of the low-7" thermal
corrections, even if this simplified form does not match the
exact form of the thermal corrections which one would find
with any particular microscopic model. That is to say, if the
analytic analysis, taking as input only the value of the low-T
thermal corrections at ¢p = 0, reproduces the thermal param-
eter corrections found using a numerical analysis of the
effective potential with a parametrization of the thermal
corrections for 0 < ¢ < ¢, then it must indeed be correct
that the form of the low-T correction within the barrier does
not significantly impact the thermal parameters. This would
imply that little was lost by using this simple parametriza-
tion, rather than the exact form of the thermal corrections for
any particular microscopic model.

We must make choices of the parameters ¢; and 6 of the
window function in line with the considerations above. We
choose 6 to be large enough that the thermal correction is
roughly constant over the range between ¢ = 0 and the
middle of the barrier. This ensures that the edge of the
window function does not introduce a new minimum. We
also choose c; to be large enough that the edge of the
window function is sharp, and the thermal correction is
insignificant near the true vacuum. Qualitatively, this
amounts to shifting the potential by a temperature-depen-
dent but ¢-independent constant near the false vacuum,
but leaving the potential unaltered near the true vacuum.
Finally, we restrict f so that the shift to the potential at the
false vacuum is small compared to the height of the
barrier.

Specifically, we choose 6/2 = ¢y, Where /2 is the
positive edge of the window function, and ¢,,,, is the
location of the maximum of the potential barrier at f = 0
and T = T . For the case of the quartic potential in Eq. (20),
this is given by

b — —3bT ¢ — \/9P>T% + 4(1 — 2cT2)
max — 2

- —ch,
b4

V(Pmax-Tc) = A4m' (23)

To ensure that the low-temperature thermal corrections do
not qualitatively change the vacuum structure, we require
that, at the critical temperature, the shift of the high-
temperature vacuum is less than 1/10 the height of the
barrier (at T = T ). That is, we require

11(5) T8 < 15V ) 24
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b= —2.60,c = 9.00
1-5' """"" T~ L ~' T
— f=0,Ty =0.401

— f=—-0.996, Ty = 0.399

— £ =10.99, Ty = 0.403

=

Vrh(trmal(

O] S SN TP SN ]

21 0 1 2 3
¢
FIG. 1. V(¢,Ty) for the benchmark point (b,c) =

(=2.69,9.00), for f = 0,40.996, as labeled.

We fix ¢; = 20. Choosing such a large value ensures that
the window function is relatively constant between —&/2
and §/2 and thus does not introduce any new minima
which might change the vacuum structure.' As an illus-
tration, we plot the potential for a benchmark point, for a
few choices of f, in Fig. 1. Here, the potential is evaluated
at the nucleation temperature, which is the temperature at
which the bubble nucleation rate exceeds the Hubble
expansion rate, as we discuss in the following section.

We have chosen a simple parametrization of the sum of
all low-T thermal corrections. This parametrization will be
a good approximation if, for temperatures between the
critical and nucleation temperatures, 7 > m(¢) for ¢ near
the false vacuum, but T < m(¢p) for ¢ near the true
vacuum. This parametrization captures well thermal param-
eters which are evaluated at the true and/or false vacuum,
such as AV or dAV/dT. This parametrization does not
correctly model in detail the transition in behavior of the
thermal effective potential corrections between the high-
and low-T regimes as a function of ¢. This may affect
thermal quantities such as the Euclidean bounce solution,
but this quantity is generally sensitive to the overall integral
of potential barrier, not to its detailed shape.

We emphasize that all thermal corrections need not be
correctly modeled by the parametrization which we have
chosen. In particular, thermal corrections which do not
obey the assumptions which we have posited above may
yield nontrivial phenomena which we do not capture here,
including removal of the potential barrier (resulting in a
roll-over phase transition or potentially no transition at all),
or a qualitative change in the nature of the true or false

'In Appendix A, we discuss how our results vary under
changes to the window function parameters.

vacuum. Such situations, however, are not amenable to the
general parametrized analysis which we perform here.
Instead, one must must determine the thermal effective
potential in detail to determine the vacuum structure as a
function of 7. Our analysis instead focuses on a simple
parametrization of a large class of thermal corrections
which do not qualitatively change the vacuum structure.

A. Results

To test how well our analytic analysis performs, we
compare those results to the results obtained from a
numerical analysis using the CosmoTransitions package [47].

When the low-temperature thermal corrections vanish
(that is, f = 0), we may use an analytic approximation to
thermal effective potential presented in Ref. [51]. We

then find
S3(T) _4.85M3 1+g 4 2.4 L 0.26
T |y ET 4 l—a (1-a)?)]
(25)
where
A2 72 1
A4
E=-b—, 27
y (27)
M?* A*
=BT 28)

This analytic approximation is generally in good agree-
ment with the numerical results from CosmoTransitions [46,80]
and can be used as another check of our results.

We will use », the vacuum expectation value of ¢ at
zero temperature, to parametrize the energy scale; all other
dimensionful quantities (A, T, and ¢) will be expressed as
dimensionless ratios with respect to this scale. We will
also set C(T) = 140. In addition to v, C(T) in general
depends on the Planck scale, which appears in the Hubble
parameter, upon which C(T') depends. The choice C(T) =
140 is thus equivalent to a choice of the scale v such that
this condition is satisfied. For typical choices of g, and the
potential, this corresponds to Ty ~ O(100 GeV), which
can be achieved by a suitable choice of v. We will take
g, =100 and A/v =1 for all subsequent numerical
results. For the purpose of illustrating the applicability
of our analytic analysis, these choices will be sufficient.

’In Appendix B, we plot the bubble solution obtained by
CosmoTransitions for one of our benchmark points, for a few values

of f.
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FIG.2. Ty (inunits of v, upper left panel), #/H (upper middle panel), and & (upper right panel), as functions of f, for three benchmark
choices of (b, c), as labeled. Also shown are the peak values f,, (lower right panel) and h>Q,,, (lower middle panel) as functions of f,

and h2Q

sw

as a function of f,, (lower right panel). The blue dots are obtained from CosmoTransitions, and the dashed blue line is a linear fit

to these points. The red star is a prediction from the analytic form of S5/7, and the red dashed line is the analytic fit. Note that, in each
case, the blue dot corresponding to f = 0 lies under the red star.
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For a very different choice of v, C(T) can be found by
solving Eq. (6) using Eq. (7).

In Fig. 2, we plot the thermal parameters 7'y (in units of v,
upper left panels), #/H (upper middle panels), and & (upper
right panels) obtained from CosmoTransitions (blue dots) as a
function of f for a few benchmark choices of the parameters
(b, ¢) (labeled). In each of these panels, the dashed blue line
is a linear fit to the results obtained from CosmoTransitions.
The red star is the value which would be obtained at f = 0
if one took the Euclidean action evaluated on the bounce
solution to be given by Eq. (25). The red dashed line is the
linear extrapolation from this point given by our analytic
estimates in the previous section. We also plot the peak
gravitational wave frequency sourced by sound waves

max) and peak amplitude (h>QM*) as functions of f in
the lower left and lower middle panels, respectively. We
take n = 1. Finally, we plot /2Q"* against M3 (as f is
varied) in the lower right panel. Note that these benchmark
points are only chosen to illustrate the changes in the
thermal parameters of the FOPT which result from low-
temperature thermal corrections, not necessarily because of
their interest as targets for current or upcoming gravita-
tional wave observatories. Although we have shown only a
few benchmark points, these results are typical of the
parameter points we scanned over.

We see from this figure that, generally, the full numerical
analysis reproduces our analytic estimates quite well.
Deviations between the numerical and analytic results
are largest for the nucleation temperature, but both the
numerical and analytic results show that the variation in the
nucleation temperature with f is small, as argued earlier in
Sec. I1I. Note that the analytic estimate was derived without
any use of the detailed form of the window function. The
fact that it matches so well with a numerical calculation
using the potential in Eq. (22) suggests that our assumption
that the corrections to the thermal parameters depend
largely on the magnitude of the low-temperature correc-
tions at the false vacuum is borne out. The corrections to the
thermal parameters seem relatively insensitive to the details
of how the low-temperature effective potential correction
terms vary between the false and true vacua.

Note also that the analytic estimate for the corrections to
the thermal parameters depends on the uncorrected thermal
parameters T, #/H, and £, as well as C(Ty) and AV(Ty).
Although the detailed shape of the potential (which we took
to be of quartic form) determines these thermal parameters,
the corrections to the thermal parameters only depend on
the shape of the potential implicitly, though the uncorrected
thermal parameters. Indeed, the analytic estimates made no
use of the shape of the potential at all. This suggests that
these estimates for the impact of low-temperature thermal
corrections on the thermal parameters should be valid
generally, beyond the assumption of a quartic potential,
provided the thin-wall approximation holds.

It is not clear that all of the detailed features in the
variation of the thermal parameters with f obtained from
CosmoTransitions are physical, as opposed to artifacts of the
numerical computation. But the general correspondence
between the numerical calculation and the analytic approxi-
mation over the full range of f provides some confidence in
the overall trends seen in the numerical calculation,
independent of the sharp small-scale features.

As we see from Fig. 2, the latent heat parameter £ can
shift by as much as 10% for some of these benchmark
points, while still remaining within the regime in which our
analytic approximations are valid. The correction to the
fractional gravitational wave amplitude will be even larger.
We thus see that, although we have restricted ourselves to
the regime in which the low-temperature corrections do
not qualitatively alter the vacuum structure or the phase
transition, the quantitative effect is non-negligible. We also
find that, generally, the amplitude of the gravitational wave
signal decreases as f increases, as the dependence of the
h*Q,,, on ¢ tends to dominate.

V. CONCLUSIONS

We have considered the impact of low-temperature
thermal corrections on the parameters of first-order phase
transitions. These corrections arise from degrees of freedom
whose field-dependent masses in the true, symmetry-break-
ing vacuum are much larger than the nucleation temperature,
though in the false, symmetry-preserving vacuum they may
be much smaller than the nucleation temperature. Although
the form of these corrections can be very complicated and
depend in detail on the couplings of the degrees of freedom
which are integrated out, we have argued that the net effect
of these corrections can be encoded in a single parameter, f,
which specifies the temperature-dependent shift in the
effective potential at the false vacuum relative to the true
vacuum.

We find that the nucleation temperature (7'y), latent heat
parameter (£), and transition rate parameter (f/H) all shift
approximately linearly with the shift in the difference
between the effective potential at the false and true vacua
(6AV), although with different signs. In particular, an
increase in AV leads to a linear decrease in & and f/H,
and a generally small increase in 7. We argue that these
results are largely independent of the details of the tree-
level potential and of the precise form of low-temperature
corrections, provided the thin-wall approximation is valid.

We illustrate these results by considering the specific case
in which the thermal effective potential (absent the low-
temperature corrections) is of quartic form. Considering
several benchmark cases, we show that the results we obtain
from analytic estimation are largely borne out by more
detailed numerical calculation with CosmoTransitions, using a
simple parametrization of the low-temperature corrections.
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The fact that the numerical calculation matches the results
from analytic estimation tends to confirm the genericity of
the analytic estimate and that the effect of all low-temper-
ature corrections can be parametrized by a single strength
parameter. We expect that these results can be generally
applied to the low-temperature thermal corrections to any
tree-level potential, provided they are small.

Gravitational waves can be produced by a first-order
phase transition, in which case the shift to the frequency
and amplitude of this signal is determined by the latent heat
and transition rate parameters. In particular, an increase in
AV will lead to a decrease in the frequency of the
gravitational wave signal. On the other hand, the impact
on the amplitude of the signal depends on the details of the
model, since it depends on a competition between correc-
tions to £ and /H, though generally the dependence on &
dominates, leading to a decreasing gravitational wave
amplitude as f increases. It is worth noting that the
dependence of the gravitational wave signal arising from
an FOPT on the thermal parameters of the FOPT has gone
through much evolution over recent years, as more detailed
numerical simulations have been used to model the gen-
eration of sound waves in the plasma. But the rough trends
which we describe here are largely determined by dimen-
sional analysis and power counting and are thus largely
robust to further developments in this field. Moreover, as
systematic uncertainties in the generation of gravitational
waves are reduced by the further study of improved
simulations, the impact of low-temperature corrections will
be even more significant.

We also note the impact of our results on cosmology. In
particular, if f parametrizes the shift in AV, we roughly
find 6 ~—0.1f(g,/100)7!, where [f|~O(0.1) for a
single degree of freedom. Consider a dark sector FOPT
at late times, when g, ~ O(1), assuming the dark sector and
SM sector are at the same temperature. We then see that
low-temperature corrections from even a single degree of
freedom would shift N ¢ by an O(1) number, implying that
one must understand all the degrees of freedom which
might gain mass from the dark Higgs, even if they are very
heavy in the true vacuum, in order to understand if the
model is consistent with constraints from observational
cosmology. On the other hand, in many commonly con-
sidered models, the dark sector temperature is much lower
than the SM temperature. In this case, fermionic degrees of
freedom (which yield a positive contribution to f) will only
slightly reduce AN, potentially alleviating the generally
tight constraints placed on dark sector FOPTSs by bounds on
the latent heat which can be released.
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APPENDIX A: VARIATIONS TO THE WINDOW
FUNCTION

To illustrate how our numerical results depend on the
precise choice of window function parameters ¢; and J,
we replot our first benchmark point [(b, ¢) = (=2.6,9.0)]
in Fig. 3. In addition to our nominal values of ¢; = 20,
6/2 = (pmax» We also plot points with ¢; = 22, 25 (keeping
6 fixed at its nominal value) and with &/2 =
0.773¢max> 1.23¢max (keeping ¢; fixed at its nominal
value). These values of & were chosen to satisfy the
relation V(5/2,T¢) = 0.9V (¢pmax> Tc)- Since our numeri-
cal results are well described by an analytic approximation
which did not utilize the form of the window function, we
expect that our results should be robust to changes in the
window function parameters. We see from Fig. 3 that, as
expected, our results vary only slightly under modifica-
tions of the window function. Note in particular that &, for
which the analytic estimate provided the best description
of the numerical result, also shows the least variation
under changes of the window function parameters.

APPENDIX B: BUBBLE SOLUTION

In Fig. 4, we plot the bubble solutions obtained from
CosmoTransitions for the benchmark point (b, ¢) = (-2.6,9.0)
at the nucleation temperature, for f =0 and f = £0.971.
These f values lie near the extremes of the range we
consider. We see that the thin-wall approximation is at least
reasonable, and that the bubble solution varies smoothly as
we vary f within this range. This confirms that the
dynamics of the phase transition do not change qualita-
tively, and that our parametric treatment of the low-temper-
ature corrections is applicable.
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FIG. 3. We replot the first benchmark point [(b, ¢) = (—2.6,9.0)] from Fig. 2. In addition to the nominal choices of the window

function parameters ¢; = 20 and 6/2 = ¢, We also plot points with ¢; = 22, 25 (keeping 6 fixed at its nominal value) and with
8/2 = 0.773¢max> 1.23¢ma (keeping ¢, fixed at its nominal value).

Bubble profile; (b, ¢)= (-2.6, 9.0); c1 = 20

—— =0.000, fy=0.378
—— f=-0.971, Ty=0.376
—— f=0.971, Ty=0.380

FIG. 4. We plot ¢(r) as a function of r for the bubble solutions obtained by CosmoTransitions at the nucleation temperature for the
thermal effective potential at the benchmark point (b, ¢) = (—=2.6,9.0), with f =0 or f = £0.971, as labeled.
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