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We examine neutrino evolution in astrophysical environments where the neutrino flux is very large,
including core-collapse supernovae and neutron star mergers. In these environments, the neutrino-neutrino
and neutrino-antineutrino interactions are crucial. We include nonforward scattering of neutrinos and
antineutrinos in a semiclassical treatment. Because of the large scale of neutrino momenta (2–10 MeV), the
quantum evolution problem can be treated as a sum over incoherent paths in the momentum and flavor of
each neutrino. The phases between different neutrinos are essentially random because of the large kinetic
terms. Momentum is conserved at each vertex, and important flavor symmetries are retained. Dynamics in
the many-body neutrino system enable rapid equilibration in the energy and angular distributions of all
flavors, and an equilibration of products of neutrino and antineutrino densities for each flavor at either large
or zero background matter density. We also describe the evolution at moderate densities where the mass
eigenstates differ for neutrinos and antineutrinos, and with time-varying background matter densities. The
evolution maintains relevant symmetries and reduces to standard Mikheyev-Smirnov-Wolfenstein
oscillations in the appropriate limits. The rapid equilibration in energy and flavor can significantly
impact energy deposition and nucleosynthesis in high-flux astrophysical environments, and potentially
flavor energy relations in terrestrial supernovae neutrino observations.
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I. INTRODUCTION

For many astrophysical environments like the Sun,
neutrino flavor evolution is well understood through
single-particle evolution and the Mikheyev-Smirnov-
Wolfenstein (MSW) mechanism [1,2]. In environments
with large neutrino fluxes, however, neutrino-neutrino
and neutrino-antineutrino interactions can play a role
[3–7] (see also Refs. [8–10] for recent reviews). Here
we consider the evolution of neutrino flavor, including
kinetic terms (neutrino momenta), the vacuum plus matter
(MSW) one-body interactions, and two-neutrino inter-
actions. A complete quantum treatment of this problem
for large systems of neutrinos and antineutrinos is pro-
hibitive due to the large number of quantum amplitudes
involved and the long time evolution required. This major
challenge has motivated efforts to explore the use of
approximate many-body techniques [11–41] and, in recent
years, also quantum computing [42–51].

In this work, we develop a semiclassical treatment
analogous to standard classical mechanics but including
the time evolution of the momenta and flavor amplitudes
for each neutrino. The many-body quantum system
equilibrates at a similar rate to the forward scattering
Hamiltonian, as discussed below. The semiclassical
approximation ignores interference between one insertion
of the two-neutrino interaction and the next insertion
involving one of the same particles. Since the kinetic terms
in the Hamiltonian are a factor of 1010 larger than the two-
body terms, the phase will oscillate extremely rapidly
between insertions and this approximation should be very
accurate. The semiclassical approximation treats the mag-
nitude of the insertions exactly. This is verified in compar-
isons of full quantum and semiclassical calculations.
Though the actual final state is highly entangled, simple
one-body observables can be accurately evaluated as
averages over trajectories in this semiclassical approach.
We assume the fermionic nature of the neutrinos is not

important, as in Ref. [52]. Assuming an average energy of
7.5 MeV, a flux of 1053 erg= sec, a radius of 50 km, and a
dominance of neutrinos over antineutrinos, the occupancy
of single-particle neutrino states below 10 MeV is only
about ten percent. These conditions give an average
distance of roughly 1 cm at 50 km between neutrino-
neutrino interactions impacting a specific pair. At these
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energies the nondegenerate nature of the neutrinos implies
that Fermi statistics would be important only when the
individual flavor states approach degenerate conditions. We
discuss the equilibration rate in more detail below.

II. HAMILTONIAN

We consider a system of N neutrinos at a finite density
described by the Hamiltonian of the form

H ¼ H0 þH1;v þH1;m þH2: ð1Þ
The Hamiltonian is written in the basis of products of
single-particle states, where each neutrino has a definite
flavor state χi and a definite momentum ki.
The first term H0 is the leading-order kinetic term

H0 ¼
XN
i¼1

jkij ð2Þ

for massless neutrinos, where i runs over the N neutrinos.
The H1 terms are the vacuum (H1;v) and matter terms
(H1;m) well studied for solar neutrinos and extraterrestrial
neutrinos passing through the earth, for example. They are
also being studied in large experimental campaigns using
accelerator neutrinos to determine the mass hierarchy and
potential CP violation in the neutrino sector. Finally, the
last term H2 describes the neutral-current-mediated inter-
action between neutrinos.
In this paper, we consider Dirac neutrinos with a normal

mass ordering and no CP violation. Extensions to
Majorana neutrinos with CP violation are an intriguing
subject for future study. With these choices, the numbers of
neutrinos and antineutrinos are individually conserved.
The two-neutrino interactions are flavor operators times

a vertex function of momenta nearly independent of the
magnitude of momentum transfer q (since it is a very short-
range interaction) times a function of the angles of
incoming and outgoing momenta. The interactions operate
on the entire flavor space of each neutrino, with a constant
term plus a flavor exchange term (for neutrino-neutrino
interactions) or a constant plus a term coupling a neutrino-
antineutrino pair with the same initial flavor to final states
of the other flavors. This is the same Hamiltonian studied in
Ref. [38]. Additionally, we use semiclassical methods to
address a large number of neutrinos, study cases with
different background matter profiles, and address the
impact of a mixture of neutrinos and antineutrinos.
We express a general neutrino state with a fixed momen-

tum in a coupled flavor-momentum basis as follows:

jψmðiÞi ¼
XNf

f¼1

χmfðiÞjfi ⊗ jkmi; ð3Þ

where states jfi form a basis for the SUðNfÞ flavor
space (i.e., for Nf ¼ 3 these are jνei, jνμi, and jντi). The

coefficient matrix χmfðiÞ stores the flavor amplitudes of the
single-particle state. For antineutrinos, we similarly write

jψ̄mðiÞi ¼
XN
f¼1

χ̄mfðiÞjf̄i ⊗ jkmi: ð4Þ

A general many-body state with Nν neutrinos and N ν̄

antineutrinos can be expressed as a linear combination

jΨi ¼
X
n

αnjϕni; ð5Þ

where the states jϕni are product states of the form

jϕni ¼ ⨂
Nν

i¼1

jψmn
ðiÞi⨂

N ν̄

j¼1

jψ̄ m̄n
ðjÞi; ð6Þ

where the labels mn and m̄n for individual neutrinos and
antineutrinos are chosen to avoid double occupancy of any
specific single-particle state. The average energy of individ-
ual neutrinos is on the order of 2–10 MeV. The density
outside the neutrino-sphere is too small to reach even a
quasidegenerate regime (see also Ref. [52]). For this reason,
they can be regarded as essentially distinguishable (or
Boltzmann) particles.
From the definitions in Eqs. (3) and (4) we see that each

particle can be in a linear combination of Nf flavor states
and a specific momentum mode. This implies that the
many-body states jϕni introduced above have a well-
defined momentum and are eigenstates of the flavor-
independent kinetic term H0 in the Hamiltonian. One-body
terms in the Hamiltonian H can be expressed more
explicitly as

H1;v ¼
XN
i¼1

Hv
1;i H1;m ¼

XN
i¼1

Hm
1;i: ð7Þ

The first term describes vacuum oscillations and Hv
1;i is the

standard vacuum Hamiltonian containing the experimen-
tally constrained mixing angles and mass squared
differences,

Hv
1;i ¼ Uf

0
BBBB@

m2
1

2jkij 0 0

0
m2

2

2jkij 0

0 0
m2

3

2jkij

1
CCCCAU†

f; ð8Þ

where Uf is the basis transformation from flavor to mass
(for three flavors, it is the Pontecorvo-Maki-Nakagawa-
Sakata matrix [53,54]) andm2

j are the squared masses of the
energy eigenstates.
The neutrino matter coupling is described by the

standard diagonal one-body potential arising from forward
scattering from matter (assuming zero density of τ leptons)
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Hm
1;i ¼ �

ffiffiffi
2

p
GFðΠeρe þ ΠμρμÞ; ð9Þ

where Πx are projections on x flavor states, ρe (ρē) and
ρμ (ρμ̄) are the respective electron (positron) and muon
(antimuon) densities, while GF is Fermi’s constant. The
overall sign� is forneutrinosandantineutrinos, respectively.
In astrophysical environments like core-collapse super-

novae, the flux of neutrinos and antineutrinos is so large
that the neutrino-neutrino coupling becomes significant
[3,4]. The forward scattering neutrino-neutrino interaction
between many-body states with fixed momenta for each
neutrino takes the following form:

Hfs
2;ννðfkigÞ ¼

ffiffiffi
2

p
GFρν
2Nν

X
i<j

ð1 − k̂i · k̂jÞλ⃗i · λ⃗j; ð10Þ

where the Nf component vectors of operators λ⃗i are the
Pauli (Nf ¼ 2) or Gell-Mann (Nf ¼ 3) matrices acting on
the different flavor amplitudes of each neutrino. The
neutrino density is ρν ¼ Nν=V, so the interaction can be
written as independent of neutrino number for a fixed
volume. An equivalent but more convenient parametriza-
tion of this interaction relies on the observation that

λ⃗i · λ⃗j ¼ 2Pij −
2

Nf
; ð11Þ

where the Pij is a flavor permutation operator exchanging
each amplitude of one spinor with the other. Since the
constant term does not affect time evolution, we can write
for any Nf the forward scattering interaction as

Hfs
2;ννðfkigÞ ¼

ffiffiffi
2

p
GFρν
Nν

X
i<j

ð1 − k̂i · k̂jÞPij: ð12Þ

For the antineutrinos, the forward scattering contribution
has a similar structure,

Hfs
2;ν̄ ν̄ðfkigÞ ¼

ffiffiffi
2

p
GFρν̄
Nν̄

XNν̄

i<j

ð1 − k̂i · k̂jÞPij; ð13Þ

while for the mixed neutrino-antineutrino term, we have

Hfs
2;νν̄ðfkigÞ ¼

ffiffiffi
2

p
GFρν̄
N ν̄

XNν

i¼1

XNν̄

j¼1

ð1 − k̂i · k̂jÞQij; ð14Þ

where we used ρν=Nν ¼ ρν̄=N ν̄ ¼ 1=V. The operators Qij

act on the flavor spaces of particles i and j as

Qij ¼
X
f≠f0

jf; f̄ihf0; f0j: ð15Þ

The total energy is proportional to the number of neutrinos
or the volume at fixed density, the same as the one-body

terms. The neutrino-neutrino two-body interactions are
representation independent for any orthonormal single-
particle basis. It is the same in either the vacuum basis
or the matter basis. The same is true for the neutrino-
antineutrino interaction when the matter potential is either
zero or large and the flavor basis is essentially the same as the
matter basis. The general case is discussed later in Sec. VI.
Finally, the full interaction term including momentum

exchanges can be written as

Hfs
2;ννðfkigÞ ¼

ffiffiffi
2

p
GFρν
Nν

Z
d3q
X
i<j

OijðqÞ; ð16Þ

where the operator OijðqÞ acts on both the flavor and
momentum space of particles i and j as

OijðqÞ ¼ hðq;ki;kjÞ
1þ Pij

2
jki þ q;kj − qihki;kjj;

ð17Þ
while we introduce, following Ref. [38], the function

hðq;ki;kjÞ ¼ f�ðki þ q;kj − qÞfðki;kjÞ; ð18Þ

where we have defined (see [38])

fðp;qÞ ¼
ffiffiffi
2

p �
e−iϕp sin

�
θp
2

�
cos
�
θq
2

�

− e−iϕq sin

�
θq
2

�
cos

�
θp
2

��
: ð19Þ

Inclusion of the nonforward scattering is important
because in an incoherent sum over paths the coupling
between neutrinos’ flavor in essence changes with time.

A. Time evolution and energy scales

To create a semiclassical approach to the time evolution
it is useful to compare the energy scales of the various terms
in the Hamiltonian. These scales control oscillation lengths
and potential interference in the path integral describing
time evolution.
The largest scale by far is the kinetic term H0 since, as

mentioned above, astrophysical neutrinos in these settings
have energies of order 2–10 MeV. The associated oscil-
lation lengths are ℏc=E or 20–100 Fermi. These oscillation
lengths are of order 10−10 or smaller than the other
oscillation lengths. This has important consequences
and, as we discuss further below, suggests that a semi-
classical treatment might be appropriate.
On the other end of the scale we have the vacuum

oscillation energies. These are of order δm2=E ≈
10−4 eV2=10 MeV or 10−11 eV. These scales are of order
10 km for δm2

23 and a 10MeV neutrino, or even larger for the
δm2

12=E mass scale. A substantial background matter

NEUTRINO FLAVOR EVOLUTION IN HIGH-FLUX … PHYS. REV. D 114, 103015 (2026)

103015-3



component can, however, dramatically shorten these oscil-
lation lengths. For example, at electron densities of order
1038=cm3, the oscillation length for the electron flavor is of
order one meter. This can be comparable to the scale of
the neutrino-neutrino interaction in dense astrophysical
environments.
In the region where neutrinos are dense but outside the

protoneutron star core in a supernova, the two-body
interactions have typical length scales ranging from cen-
timeters to meters. In Ref. [52] we give an estimate of 1 cm
at a radius of 50 km. At larger distances from the core, the
density decreases like 1=R2, with an additional reduction
from the more-forward scattering of up to another 1=R2.
Nonforward scattering might slow the decrease of the
interaction with distance to some degree. Forward scatter-
ing would give a length of approximately 1 m at a radius of
150 km, still dramatically longer than the H0 scale but
much smaller than the scale of the vacuum term. At
500 km, the distance would be roughly 100 m, still short
compared to vacuum oscillation lengths, but perhaps
comparable to vacuum plus matter.

III. TIME EVOLUTION AND KINETIC
DECOHERENCE

The time evolution of the full system is governed by

jΨðtÞi ¼ exp½−iHt�jΨð0Þi; ð20Þ
where jΨð0Þi is the initial state which we assume to be a
single product-state of the form in Eq. (6) above. A more
general incoherent sum of product states can be treated
equivalently.
The time evolution is unitary, conserving the norm of the

state. For this Hamiltonian the total numbers of neutrinos
and antineutrinos are separately conserved. These can
change from other processes like capture and emission
that are not considered here. We do expect however that
these processes will only enhance the decoherence.
The time evolution of the system can be written as a path

integral with one- and two-body interaction terms. Since
the one-body term can be solved explicitly, we rewrite it in
a form where the one-body terms are explicitly included
and insert two-body vertices at arbitrary times

e−iHt ¼
X∞
n¼0

ð−iÞn

× T
Z

dtn

Z
dtn−1…

Z
dt1

Z
dt0

X
in;jn;;…;i1;j1

× exp½−iH01tn�H2;in;jn exp½−iH01tn−1�…
× exp½−iH01t1�H2;i1;j1 exp½−iH01t0�; ð21Þ

with the requirement that the total time t ¼Pi ti. In this
expression we have used H01 ¼ H0 þH1;v þH1;m,
the sum of the kinetic, vacuum, and mass one-body

terms, while H2 is the sum of the neutrino-neutrino,
antineutrino-antineutrino, and neutrino-antineutrino terms.
Our approach then relies on sampling both the sum and the
integral in the same spirit of stochastic series expansion
versions of the quantum Monte Carlo method [55,56].
The one-body evolution through H01 is simple: an initial

product state of neutrinos retains that character with phases
from the vacuum plus matter Hamiltonian H01. For
convenience we use a local mass basis for the one-body
evolution. ATrotter-like evolution where the one-body term
is diagonal between each two-neutrino vertex is appropri-
ate. If the neutrino flux is very low, as in the Sun, one has to
include an explicit time dependence to account for the
spatially varying matter potential. In this way the standard
MSW limit is recovered in the limit of low neutrino density.
Following the discussion in Sec. II A, in a supernova the
timescale of two-neutrino interactions is shorter than that
due to the changes in the mass density and we then take the
H1;m Hamiltonian independent of time.
The two-neutrino interaction involves flavor and

momentum amplitudes of two neutrinos at a time. In this
equation we write H2 ¼

P
i<j H2;ij and sum over (or

sample) individual pair operators in the path integral.
Pictorially this can be described as shown in Fig. 1.
In this figure, different mass eigenstates or flavors are

represented by the colors. The horizontal lines represent
diagonal time evolution in the instantaneous mass basis
between two-nucleon vertices. The vertical lines represent
two-neutrino or neutrino-antineutrino interactions, which
may change the flavors. The momentum directions can
change at each vertex, but these changes are not indicated
in the figure. The magnitude of the momenta can also
change.
In two-neutrino scattering, the final states must conserve

energy and momentum. Momentum is conserved by con-
struction for an interaction that is a function of 3-momen-
tum transfer. Energy conservation introduces a delta
function in final- minus initial-state energy, reducing the
dimensions of possible momentum transfer q to 2, as
shown in Ref. [38] in the center of mass frame. Figure 2
shows possible final states in the lab frame for a specific set
of initial momenta, projected into components parallel and
perpendicular to the total momentum of the pair. There is

FIG. 1. Pictorial representation of the propagation represented
by Eq. (21). Horizontal lines are neutrinos, dashed lines are
antineutrinos, and color represents flavor. Vertical lines represent
two-neutrino vertices. Only flavor evolution is indicated here,
though the momenta are also changing at each vertex.
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also an azimuthal rotation possible for each pair and
different possible flavor states, see Fig. 3. The flavors
can change—a neutrino entering with a specific flavor and
momentum can change either momentum or flavor, or both.
The result is a two-dimensional surface of final-state
momenta that conserve both energy and momenta with
potentially more than one flavor state for each set of
momenta.
The energy in the flavor degrees of freedom is very small

compared to H0, and in two-neutrino scattering, its energy
can vary freely, with only the total energy being conserved
through tiny variations in the magnitude of the momenta.
The time-varying couplings from the scattering allow the
flavor component of the energy to vary freely over the full
many-body range.
It is valuable to compare full many-body evolution to a

classical treatment where energy is exactly conserved at
each scattering. One step beyond the classical treatment is
to consider the evolution of a system including one initial
particle in a bath of background neutrinos that are already
equilibrated. This evolution is essentially what happens
when a new neutrino is created in a background of N
neutrinos, perhaps at high energy. The time evolution of
this additional neutrino can be treated in linear response
because one scattering of the “impurity” is incoherent from
the next one. This happens because there are many more
pairs of background neutrinos interacting at all times, and
only one impurity neutrino. An example of this type of
physics is an impurity ion created in an electron plasma in
thermal equilibrium [57]. This goes beyond a classical
treatment in that it includes virtual excitations of the new
neutrino with all neutrinos in the bath, including possible
momentum and energy exchanges. The total energy is

conserved, but the division between an impurity and the
background changes with time. Linear response treats the
interaction of the background neutrinos to all orders but
considers only one scattering of the new neutrino with the
many-body system. As long as successive interactions of
the original neutrino are incoherent, linear response
should be sufficient. The evolution of this impurity
neutrino is governed by

R
dq
R
dωωSðq;ωÞ, with limits

of integration determined by the initial momentum and
energy of the “impurity.” The average time required for
one scattering is determined by t times the sum of the
magnitudes of all transition matrix elements from the
initial state and is hence proportional to 1=GF. In a single
scattering, the impurity will on average lose half of its
energy since it can exchange with another neutrino. A few
such scatterings will be sufficient to reach equilibrium.
Detailed kinematics and their impact should be studied in
more detail.
In the full many-body quantum evolution, virtual exci-

tations are also crucial. Only after the full propagation over
a time t, where all pair interactions are included, is energy
conservation imposed. This gives potentially even more
freedom than evolution with one impurity. The full evo-
lution involves the time evolution of all particles simulta-
neously, so we expect a similar amount of time to be
required. As in standard evolution with sufficient random
coupling, the equilibration time will be governed by the
variance: the expectation value of hH2i minus the expect-
ation value of hHi squared. In a product state of spins,
timed with plane waves in space, only the sum over spin
terms for each pair contributes to the variance. The

FIG. 2. Possible two-neutrino final states conserving momen-
tum and energy. Sample initial states’ momenta parallel and
perpendicular to the total pair momentum are shown as circles.
Possible two-neutrino final states conserving energy and mo-
mentum are shown as lines. The two final-state neutrinos each lie
on one of the two lines. There is an additional azimuthal
symmetry as well.

FIG. 3. Possible initial and final states in neutrino-neutrino
(upper) and neutrino-antineutrino (lower) vertices, indicating
azimuthal rotations and possible flavor changes. The sum of
the two momenta and the individual magnitudes (kinetic energy)
are conserved. The final states can either exchange the flavors in
the upper panel or not. In the lower panel the momenta
magnitudes can change (or not) between neutrino and antineu-
trino and the flavor of the pair can change. The dashed ovals are
meant to indicate the possible azimuthal rotation of momenta in
the final state, still preserving the total momenta.
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resulting equilibration time t is of the order of the inverse of
the variance per particle [58–60],

t ≈ π=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðH2=NÞ2i − hH2=Ni2

q
; ð22Þ

again proportional to GF. The factors of 1/N are for
extensive observables, the minimum average time
for any exchange in the system is a factor of N faster.
For an initial product state and a time-independent
Hamiltonian the variance is OðNÞ which implies this
equilibration time is Oð ffiffiffiffi

N
p Þ (see also [52,61]). Note that

this is a lower limit on the equilibration time resulting from
assuming no interference.
In addition we can estimate the increase in equilibration

time from enforcing energy conservation in the kinetic term
at each vertex. The result is a two-dimensional surface at
each vertex, as for the two-body case. This only increases
the equilibration time by a modest factor of 3–4, obtained
by estimating the ratio of states without energy conserva-
tion as compared to with energy conservation at each
vertex, and then equating the number of states reached in
the two cases for different finite times [see Eq. (A5)]. This
insensitivity is due to the exponential growth of the number
of nonzero amplitudes with time, as discussed below.
The difference from the forward-scatting case is that the

implicit spin Hamiltonian here is time dependent so what
matters is the average variance over time. We can get a
constant timescale if the variance becomes proportional to
N2 on a timescale that does not depend on N, as is expected
for an auxiliary field treatment of short-range interactions.
The variance is basically given by the sum over all pairs and
all momentum transfers from the initial state to all one-pair
momentum transfers. The variance here is somewhat larger
than for forward scattering calculations, hence the time-
scale is similar or shorter. For forward scattering only terms
that exchange spins enter the variance. Those same terms
enter here along with contributions from terms diagonal in
the spin but off-diagonal in momenta. The spin exchange
terms are the same in the two calculations, but in the full
angular-dependent coupling the amplitudes are spread over
many incoherent momentum modes. This timescale is
considerably shorter than the standard distance scale of
the inverse of the two-body cross section times the density
obtained in purely classical calculations, as we show in
more detail in Appendix A. The rapid equilibration depends
upon the short-range nature of the interaction and could be
tested in cold atom experiments [62]. In such experiments
the two-body interaction can be rapidly increased from
essentially noninteracting to a finite scattering length, and
we expect equilibration times for low to modest interactions
to scale with the inverse of the scattering length.
The dephasing effect caused by the large kinetic energy

scale is often called “kinetic decoherence.”As it arises from
the flavor-independent kinetic terms, it essentially implies
that different paths with different momenta for the

neutrinos do not interfere. The spatial part (momentum
directions and amplitudes for each neutrino) can essentially
be treated classically, however, in a full calculation, energy
conservation must be considered for the initial and final
states. In the quantum time evolution, this yields a random
overall phase for each neutrino as a function of time, with a
constraint only on their sum. Enforcing energy conserva-
tion at each vertex implies only a single overall phase for all
the momentum degrees of freedom, which does not impact
observables.
In principle, for the same kinematic (momentum) paths,

the relative phases of different neutrinos could still inter-
fere. The flavor state of the system is essentially described
by permutations of the original flavors plus conversions of
neutrino-antineutrino pairs of one flavor to another. Since it
is an all-to-all interaction, one pair exchange is rapidly
followed by another between a different pair, leading to an
entangled many-body state which, however, locally (i.e.,
for individual neutrinos) will look indistinguishable from
an incoherent flavor state. In the interior, where the
eigenstates are split by larger effective δm2, this also
contributes to flavor decoherence.
Potential interference between different flavor ampli-

tudes of individual neutrinos remains. This is the interfer-
ence that gives rise to the MSWeffect, and should remain in
the limit of low neutrino density. Using the fact that
different spatial paths do not interfere, we can make
predictions about the time-dependent expectation values
of single neutrino observables without keeping track of all
the phases that would be required to reverse the unitary
time evolution and return to the initial state. This is the
essence of equilibration or thermalization in quantum
evolution discussed in previous publications [52]. Here,
the neutrinos equilibrate very rapidly, subject to symmetries
including energy and momentum conservation, as well as
conservation of the total number of neutrinos and the total
number of antineutrinos.

IV. SEMICLASSICAL APPROXIMATIONS

To compute semiclassical approximations to one-body
observables as a function of time, we take advantage of the
rapid decoherence in two- or more-body neutrino ampli-
tudes to write them as a sum over incoherent paths defined
in the product space. The times between vertices are
governed by the inverse of the sum of the magnitudes of
the two-body off-diagonal matrix elements, and the sam-
pling of specific off-diagonal transitions is taken from the
scaled sum of the squares of various possible off-diagonal
matrix elements. Since the different paths are nearly
incoherent and each contributes a positive contribution
to the probability, Monte Carlo methods can be used to
sample the times and the transitions. This is represented for
a single path in Fig. 4. The vertical bar represents the time
where expectation values are taken.
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For constant background densities of leptons, the one-
body interaction is constant in time. In this case, we take the
initial state to be a product state of neutrinos in the mass
basis. In this basis, the H0 þH1 is diagonal and can be
represented, up to a phase, by specific mass states invariant
in time (represented by a single color connecting each two-
neutrino vertex). The random exchanges of flavor and
momenta give rise to equilibration of the energy of the
different flavors of neutrinos. The rapid random conversion
of νν̄ pairs of a given flavor or mass state to another flavor
or mass state gives rise to an equilibrium condition,

ρðνeÞρðν̄eÞ ¼ ρðνμÞρðν̄μÞ ¼ ρðντÞρðν̄τÞ; ð23Þ

for a given initial difference between the numbers of
neutrinos and the numbers of antineutrinos in each mass
eigenstate,

Δνν̄ ¼ ρν − ρν̄: ð24Þ

This difference remains fixed for Dirac neutrinos in a
constant background matter density. The equilibration is
simplest in mass eigenstates, but at large electron and muon
densities, the flavor and mass eigenstates coincide, result-
ing in equilibration in both mass and flavor. This equilib-
rium will hold in any environment where the mass
eigenstates of neutrinos and antineutrinos coincide.
These results have been discussed extensively in [52].
With the semiclassical picture, we can also explore the

time evolution in a spatially varying background matter
density or for smaller finite constant background densities,
where the mass eigenstates of neutrinos and antineutrinos
do not coincide. Previously, the equilibrium distribution did
not depend upon microscopic details other than the
symmetries of the Hamiltonian. Here, the time or distance
scale of the two-neutrino interactions versus variation in
background density can play an important role.
To evaluate observables as illustrated in Fig. 4, we need

to average over paths. Starting from a product state, one
computes the nonzero matrix elements Hij to all possible
future states j. The Hamiltonian is a sum of pair terms, so
for each pair, we can calculate the sum of the magnitudes of
the off-diagonal matrix elements. The time for this vertex

can be obtained by sampling from an exponential distri-
bution with time proportional to the inverse of this sum.
This represents the time to evolve into any orthogonal state.
To evolve, one picks the shortest time from those obtained
for all pairs.
The particular final state chosen is taken from the squares

of the transition amplitudes, normalized to one for all
transitions. In this manner, one is incorporating unitarity,
the correct time dependence, and the probability of landing
in a particular state. At this point, we have a new product
state and can repeat the process. All the previous pair times
from pairs not involving either of the chosen pair are
retained, while those involving either of the chosen pair are
resampled from the new off-diagonal matrix elements. This
method retains independent evolution of clusters of neu-
trinos that do not interact.
For a concrete example, assume we start with an initial

product state. For a given pair ði; jÞ at short times δt the
transition probability can be approximated as

TijðδtÞ ¼
X

k≠mi;l≠mj

jhψk;ψ ljδtH2;ijjψmi
;ψmj

ij; ð25Þ

where the sum is over possible orthogonal final states with
momenta and flavors. This expression is valid for short
times δt, for an isolated pair. The amplitude of each state
orthogonal to the initial state grows linearly in time,

αjðδtÞ ¼ VijðδtÞ; ð26Þ

where i is the initial state and Vij is the transition matrix
element of the Hamiltonian. In our semiclassical algorithm,
the extremely short-time behavior can be better approxi-
mated by taking the time as the larger of two times sampled
from above, since the expectation value changes only when
both the left- and right-hand sides of the propagation
include a transition.
Note that we can change the time propagation to

exp½−iðH − E0Þt� without changing the observables.
Here we take E0 to be the sum of the kinetic energies of
the individual neutrinos. For energy-conserving time
propagation we can split this into a sum of phases for
each neutrino so mass eigenstates do not precess. Any state
with the same total kinetic energy, arbitrarily divided into
energies for each neutrino, can be treated this way.
At very short times the amplitude for off-diagonal

transitions is linear in time and proportional to GFt, so
the probability of these new states is proportional to ðGFtÞ2.
The total transition probability for an out-of-equilibrium
neutrino impinging on an eigenstate, thermal state, or
any time-independent background state will then reduce
to a sum of incoherent cross sections for each possible
transition.
For larger times the number of orthogonal states with

finite amplitudes grows exponentially in time assuming no

FIG. 4. Pictorial representation of the calculations of observ-
ables at the black vertical bar from the squares of the relevant
amplitudes. The path integral on the left and right is the same with
phase information remaining from flavor amplitudes within each
neutrino.
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interference between paths. The spin-momentum basis for
each neutrino is very large and interference is essentially
absent. The amplitude of the initial state is governed by
unitarity and its amplitude decays quickly and hence the
one-body expectation values rapidly approach the equilib-
rium value.
We apply the algorithm to the given initial many-body

product state. The interaction time for each pair can be
sampled from expð−Pj jVijjtÞ, where the sum over j runs
over all final states with a finite matrix element to the initial
state i. After the interaction time is determined for each
pair, the chosen two-neutrino vertex is determined by the
shortest time. After this vertex we have to choose from all
the various possible transitions for each pair. We can choose
these from the normalized sum of the squares of all possible
final states. In this manner a single product-state transitions
to a single different product state.
Each orthogonal final state remains orthogonal during

further time evolution due to the unitary nature of the time
evolution. Therefore, the unitary evolution is preserved
once we average over paths. We have the full path history of
each individual flavor amplitude, allowing us to calculate
any one-body observable as a function of time, in particu-
lar, any possible correlations between flavor and momen-
tum or the number of neutrinos and antineutrinos of each
flavor. This is all we need since, in the astrophysical
neutrino problem, one can really only measure one-body
observables and the correlations between them.
We can then perform the diagonal propagation for the

next two-neutrino vertex and repeat the entire procedure
until we reach the desired final time or distance. Note that
in the next and subsequent steps, the interaction times of
particles not in the chosen pair are retained. Those pairs
involving one of the chosen pair are resampled from the
current time plus the sample of the inverse magnitudes of
the updated state. The end point will be a product state of
mass basis neutrinos.
Of course, in general, there can be interference between

paths, and if so, this semiclassical approximation will fail.
The fact that the neutrinos are nondegenerate with large
kinetic energies means that correlations between different
neutrino flavors and momentum rapidly decohere, leaving
only interference between the flavor amplitudes of each
individual neutrino.

V. SEMICLASSICAL VERSUS FULL
HAMILTONIAN SIMULATIONS

In Fig. 6, we compare the evolution of a small number of
neutrinos (5 νe, 3 νμ, and 2 ντ) using exp½−iHt� for the full
forward scattering Hamiltonian to the semiclassical
approximation for 100 neutrinos in the same ratio of
flavors and the same energy distribution for each flavor.
We do not include the momentum degrees of freedom in

the full Hamiltonian simulation. The full quantum calcu-
lation is difficult with momentum because of the large

number of states: three spin states times a very large
number of momentum states for each neutrino. The semi-
classical calculation can be carried out for hundreds of
neutrinos at the same density. In this case we can also
resample the directions of the neutrinos at each vertex, and
here we sample the neutrino directions randomly from a
hemisphere each time they are scattered.
We choose an initial condition so that the energy of the

electron neutrinos varies uniformly from 4 to 6 MeV, while
the mu and tau neutrinos vary uniformly from 9 to 11 MeV.
The average initial electron neutrino energy is 5MeV, while
the νμ and ντ are 10 MeV. All neutrino directions are
initialized randomly on a hemisphere.
For this initial calculation, we propagate for a total scaled

time of 10 μ−1 with μ ¼ ffiffiffi
2

p
GFρν. The exchange matrix

element is then

Mij ¼
GFffiffiffi
2

p hλi · λji
N

ð1 − k̂i · k̂jÞ: ð27Þ

The time between nondiagonal interactions for an
individual pair is distributed as

PijðtÞ ∝ exp

 
−
X
j≠i

jMijjt
!

ð28Þ

and is proportional to 1=N from the matrix element. The
next time for any transition involving particle i is then
independent of N because there are N-1 pairs for each
neutrino.
The shortest time among all pairs is used as the next

interaction time. This time is proportional to 1=N since
there are N particles to choose from. Therefore even the
semiclassical calculation is slightly more difficult for larger
N. We can easily propagate of order 100 neutrinos on a
laptop in this way.
In the limit of zero interference between different paths,

the equilibration time for one-body observables is inde-
pendent of N (see Appendix B). This result depends on
having a vertex that changes both flavor (spin) and
momenta for a pair. We have compared semiclassical
calculations of 100 neutrinos to verify this conclusion.
The semiclassical results are identical within statistics for
10 neutrinos or 100 neutrinos at the same density. The
algorithm will retain this independence for arbitrarily large
N with a computational cost proportional to N2.
Note that the energy in the flavor (spin) correlations is

not conserved on its own, but only when combined with the
one-body Hamiltonian. The energies in spins are of the
order of 10−10 that of H0, so small variations can easily be
absorbed into tiny fluctuations of the neutrino momenta.
This is a significant difference from traditional mean-field
calculations on fixed grids particularly in 1D. It is similar to
fixed random couplings, but the evolution to the equilib-
rium state is faster.
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The sampling procedure here does not necessarily
conserve the magnitude of the total energy dominated by
the neutrinos’ kinetic energy, unless one arbitrarily enforces
energy conservation, either at each vertex, after some
number of insertions, or more globally. In the path integral
expression for time evolution, energy conservation is only
enforced after the end of the time evolution. This is only a
one-dimensional constraint on the final momenta of all N
neutrinos, though. In principle one could worry that this
constraint would impact the equilibration timescale. In
Refs. [38,51], they enforced exact energy conservation at
each vertex in a lattice simulation and did not find a large
impact. This constraint would be more restrictive in a
continuum treatment of the neutrinos, as the final states are
restricted to a two-dimensional subspace of the three-
dimensional q. However, the true path integral requires
energy conservation only at the end of the time evolution.
Paths where one pair gains energy at the expense and
another loses the same energy and further generalizations
are allowed. There are NðN − 1Þ=2 pairs each with a
momentum transfer q in the Hamiltonian, so one three-
dimensional constraint will allow a huge number of
momenta transfer for the various pairs. After NðN −
1Þ=2 pairs essentially any final state can be reached. In
classical physics, the equilibration timescale is 1=ρνσννc,
where σν;ν results from energy conservation at each vertex
(see Appendix A), and is much longer than the true
equilibration time, as it is proportional to G−2

F .
In Fig. 5 we compare the semiclassical calculations to

full many-body quantum simulations with random cou-
plings on a hemisphere. We use only 10 neutrinos for the

full calculations, as each can be in one of three flavor states,
yielding a large number of total amplitudes. The initial
couplings are chosen from a uniform neutrino direction on
the hemisphere. These directions and the couplings are kept
fixed in this calculation, since it is not possible to match a
spin Hamiltonian to the full Hamiltonian exactly. The
semiclassical method can randomly resample couplings
at each interaction vertex. For N ¼ 10, the oscillations at
larger times are due to the small number of neutrinos, and
are at a very small scale compared to the original energy
differences. The thick solid lines are obtained as an average
over 10 full Hamiltonian calculations with different sam-
ples for the initial condition. The faint lines indicate
individual many-body calculations.
The thick dashed lines are averages over 100 semi-

classical calculations with 100 neutrinos each. In these
calculations we sample the first N=2 time steps from each
run from the greater of two samples of the magnitude of the
matrix element, which results in a quadratic behavior near
T ¼ 0. The initial alignment of flavor states requires both
left- and right-hand paths in the path integral to flip to
change the expectation value, thus, picking the larger of
two times for the chosen pair gives the correct quadratic
behavior in time for the correlation function. After the first
∼N=2 exchanges, the spins are no longer in flavor
eigenstates, therefore, we just sample from a single
exponential. To gauge the effect of the varying couplings,
the updated directions of the momenta are chosen randomly
from the hemisphere (the same sampling as for the initial
configuration).
The semiclassical calculations give the correct equilib-

rium distribution, the correct timescale for the equilibration,
and can easily accommodate hundreds up to one thousand
neutrinos. These results should be contrasted with previous
full many-body calculations performed considering only
two neutrino flavors and only the forward scattering
interaction: these lead to typical evolution timescales
growing with system size depending on the initial condition
and the geometry of the system [23,24,26,28].
The equilibration time for one-body observables can be

different than complete equilibration. In addition, different
timescales for the two-body interactions and the change of
coupling may give different scaling results. For the spin-
only Hamiltonian, very slow changes will lead to the
growth of many-body equilibration time with N since
the energy variance of the initial product state is propor-
tional to

ffiffiffiffi
N

p
for our Hamiltonian, where the total spectral

width is proportional to N. General equilibration cannot be
faster than the inverse of this variance.
A slow change in the spin Hamiltonian will essentially

reproduce fixed Hamiltonian results. Very rapid changes
will give a diffusion of the spin coordinates, again slowing
equilibration. In the physical system considered here, the
coupling changes at each vertex. Some two-neutrino
vertices do not change flavor, but they are comparable

FIG. 5. Full semiclassical calculation for large N versus explicit
many-body calculations of 10 neutrinos. Average of 10 many-
body calculations are indicated by thick solid lines, with
individual runs by fainter runs. Thick dashed lines are obtained
by averages over many semiclassical runs with different samples
of energies and momenta for 100 neutrinos. The full H calcu-
lation is an average over instances of fixed couplings, while the
semiclassical runs resample the couplings at a rate of 1 μ−1.
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to or smaller than those that change both momentum and
flavor, resulting in changes in coupling on timescales
comparable to the spin term. Extremely fast changes will
induce a diffusionlike scaling for equilibration.
We find that one-body observables at constant density

equilibrate within a constant time as a function of N for the
full Hamiltonian with its implicit time dependence. For a
time-varying Hamiltonian, the full many-body equilibra-
tion time is expected to be logarithmic in N, while for fixed
Hamiltonians it should increase as a power of N. The
randomness reduces the size dependence of the one-body
equilibration.
There is a strong similarity between this problem and the

problem of random quantum circuits, much discussed in
condensed matter [63]. These circuits are often very fast
scramblers [64], particularly for the one-body observables
we consider here. In our case, there are important sym-
metries that need to be included (conservation of neutrino
and antineutrino number, number of neutrinos minus
antineutrinos of each flavor, etc.). The very rapid equili-
bration arises because the neutrinos are nondegenerate,
hence, there is no Pauli blocking. The short-range inter-
action allows coupling to many possible transitions at each
time, and the kinetic energy of the neutrino momentum
dominates energy conservation, enabling large fluctuations
in the flavor energy.
As shown in Ref. [52], the neutrino-antineutrino inter-

actions also lead to rapid equilibration in the neutrino and
antineutrino densities of each flavor. As we discuss below,
this equilibration is easiest to see with very large matter
background densities or for nearly vacuum conditions. In
these cases, the flavor eigenstates of the neutrinos and
antineutrinos are identical. Below, we consider modest
constant background densities and varying densities gov-
erned by MSW evolution, where the background matter
density is changing.

VI. MODEST MATTER DENSITIES

Unlike the vacuum case or the case of large matter
densities, at more modest densities, the mass eigenstates of
neutrinos and antineutrinos are not identical. In such a case,
we cannot rotate the Hamiltonian to a basis where the
neutrino-antineutrino interaction simply changes the flavor
of the final pair relative to the initial pair. One can only
rotate to either the neutrino mass eigenstates for both
neutrinos and antineutrinos, or to the antineutrino mass
eigenstates for both.
It is simplest to consider rotating both to the majority

eigenstates, either neutrinos for the Nν > Nν̄ or antineu-
trino mass eigenstates for Nν < N ν̄ instead. The neutrino-
antineutrino interaction will then cause a very rapid
equilibration in this basis, but the minority species is not
in a one-body mass basis and will slowly evolve. It may be
that the background densities are evolving more rapidly

than this, and hence one should consider the MSW case
with spatially varying densities.
Full equilibration will occur on scales associated with the

mass differences squared of the minority species. If only
one background density is large and only one mass state is
identical for neutrinos and antineutrinos, it should be
possible to define an equilibrium between the product of
densities of this flavor and the sum of the products of the
other flavors, where the neutrino and antineutrino states do
not coincide.

A. MSW conversions including neutrino-neutrino
interactions

The results of Ref. [52] demonstrate the rapid equili-
bration of momenta (magnitude and angles) of different
flavors of neutrinos and antineutrinos in the presence of a
sizable background matter potential or in the vacuum. The
MSW matter potential yields neutrino eigenstates that
correspond to flavor eigenstates for electron neutrinos
and antineutrinos and for all flavors if there is a significant
net muon contribution to the background. It is important
to understand what happens as the matter background
decreases at larger distances.
MSW resonances typically occur at radii of 103 to

105 km in core-collapse supernovae [65]. The importance
of neutrino-neutrino couplings for this wide range of
distances can vary significantly. Standard arguments based
upon forward scattering imply a 1=R4 scaling of the two-
body terms relative to the single neutrino terms. The 1 cm
length scale at 50 km above translates to 1.6 km at 1000 km
or 1.6 × 105 km at 105 km. With nonforward scattering,
though, the average angular dependence could be nearly
constant giving a 1=R2 scaling and an equilibration length
of 4 m at 1000 km or 40 km at 105 km. The impact will
vary greatly with the time-dependent luminosity, but the
neutrino-neutrino interaction can potentially play a role
even in MSW regions. We consider two different regimes
where the two-neutrino interaction could play a role: (1) a
very rapid variation in density scale relative to the two-
body interaction scale and (2) the adiabatic case where the
two-body interaction scale is short compared to the density
variation scale.
We first consider the simplest case of neutrinos only

going through an MSW resonance. Without neutrino-
neutrino interactions, the standard MSW evolution occurs,
with potential dependence on the neutrino energy, as the
resonance occurs at slightly different densities for different
energies. With neutrino-neutrino interactions, one can track
the evolution of each flavor of neutrino, with momenta
being exchanged through the two-neutrino interactions.
The evolution of each initial energy neutrino then becomes
independent of energy, and the neutrino evolution for each
neutrino is equal to the standard MSW evolution with an
inverse energy equal to the average energy of the neutrinos.
Note that the exchanges conserve this average energy over
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all neutrinos. We have verified this result with explicit
semiclassical calculations.
We assume a specific initial condition where the electron

neutrinos dominate as expected, for example, during the
neutronization burst (see [66] and references therein).
Without oscillations, the energies of the electron neutrinos
are expected to be, on average, lower than those of the other
flavors, as they decouple later. However, the neutrino
interactions rapidly equilibrate the neutrino and antineu-
trino momenta. We take as an example a state that is already
equilibrated by passing through a high-density region. We
take neutrinos and antineutrinos in initial conditions with
flux ratios given by 9∶1∶3∶3∶3∶3 for νe:ν̄e:νμ:ν̄μ:ντ:ν̄τ. We
consider two limiting cases for the evolution of the matter
density: a rapid quench in the matter potential and a slow
adiabatic reduction of the background density. These two
limiting cases provide a picture of what will happen in
general.
The rapid quench case is simple in that we can consider

the instantaneous overlap of the mass eigenstates before
and after the quench. Here we take a quench to zero matter
density, so we use vacuum eigenstates after the quench. The
initial distributions will be governed by the equilibration
described above: equal densities for the product of neutrino
and antineutrino mass eigenstates (at high densities, also
flavor eigenstates) and equal energy distributions. For an
instantaneous quench, we can simply calculate the instan-
taneous transition to the vacuum eigenstates. These new
distributions in terms of the vacuum eigenstates will then
rapidly equilibrate through the change of flavors (mass
eigenstates) of neutrino/antineutrino pairs.
The quench result for the initial conditions described

above is shown in Fig. 6. The initial densities are on the left,
corresponding to vacuum densities shown in the middle,
and final equilibrated densities on the right. The difference

between electron neutrino and antineutrino densities
becomes smaller, while the others are largely unchanged.
This is due to the initial and final overlaps of the mass
eigenstates at high density and zero density. For these
calculations, we assume a normal mass hierarchy.
At the other extreme, we consider slow evolution of the

matter densities for the same initial conditions. Here we
show results for an exponentially decaying profile of the
form ρe − ρē ¼ ρ0 exp½−ðr=sÞ�, starting at 150 km and with
a scale height of 25 km, and neutrinos and antineutrinos
equilibrating to an average energy of 5 MeV.
The standard MSW evolution in this nonstandard anti-

neutrino basis is shown in Fig. 7. The lower panel shows
neutrino (solid lines) and antineutrino densities (dashed
lines) in the neutrino mass basis. Neutrino densities are
nearly flat as the evolution is close to adiabatic. The
antineutrino densities would also be nearly flat if plotted
in the antineutrino mass basis. Here, though, we transform
them to the neutrino mass basis to see how the initial
equilibrated state evolves under MSWevolution alone. The
upper panel shows the product of neutrinos and antineu-
trinos in the neutrino mass basis. This shows a significant
deviation from equilibration once the neutrino and anti-
neutrino mass eigenstates do not align, for this case
around 300 km.
The initial state has a relatively large number of electron

neutrinos and a small number of electron antineutrinos,
represented by solid and dashed blue lines in the figure. For
neutrinos, this is the highest mass state at high density.
Since the initial number of electron antineutrinos is small,
the corresponding density (blue dashed line) is also small.
As expected in an adiabatic conversion, the highest mass

FIG. 6. Dynamics for the rapid quench of the matter density.
The initial distribution is shown on the left, this corresponds to
the vacuum flavor distribution shown in the middle, which
equilibrates to the relative densities shown on the right.

FIG. 7. Standard MSW in the neutrino mass basis for both
neutrinos and antineutrinos. Neutrinos are shown as solid lines,
antineutrinos as dash-dot lines. The neutrino evolution is nearly
adiabatic (constant), and the antineutrino density is nearly
adiabatic in the antineutrino basis, but evolves with time in
the neutrino mass basis, breaking the flavor equilibration arising
from neutrino-antineutrino interactions.
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state remains the highest mass state as we evolve to the final
vacuum Hamiltonian, and their flavor changes from elec-
tron to mu or tau. The mu and tau neutrinos are converted to
all flavors. The antineutrinos do not undergo an MSW
resonance in this case, however, the fact that the neutrino
states do implies that the antineutrinos evolve when plotted
in the neutrino mass basis. The antineutrino flavor densities
are evolving, as the densities of antineutrinos in the
neutrino mass basis are not constant. At large r, starting
around 300 km, the deficit changes from electron flavor to
μ flavor and then to τ flavor, corresponding to neutrino
basis MSW resonances in electrons to the other flavors.

If the timescale of the neutrino-antineutrino coupling is
very small compared to density variations in MSW, we can
calculate its effect by equilibrating the product of densities
in the instantaneous neutrino mass basis. The results of this
equilibration are shown in the neutrino mass basis in Fig. 8.
Since these densities are initially equilibrated, the rapid
transitions of the νe density are offset to some degree by
flux coming back from νμ, ν̄μ, and ντ, ν̄τ.
Transforming these results directly to the flavor basis for

neutrinos and antineutrinos is shown in Fig. 9. The electron
neutrino density is reduced, but not as much as in the MSW
only calculation. A small difference in the product of flavor
densities remains because we have only included the fast
equilibration in the neutrino flavor basis, not the slower
equilibration related to the single-particle antineutrino
evolution in its own mass basis rather than the neutrino
mass basis (see the text).
Finally, we compare the flavor densities for neutrinos

and antineutrinos with MSW plus neutrino-antineutrino
equilibration to the MSWevolution alone in Fig. 10. In the
figure, solid lines represent neutrinos, while dashed lines
represent antineutrinos. MSW only results are shown as
thin lines, while MSW plus equilibration are represented as
thicker lines. The flavor transition probabilities of the
majority (electron neutrinos) are reduced by flavor equili-
bration. The MSW evolution reduces the electron neutrino
density, but this reduction is partially compensated by
neutrino-antineutrino interactions. The minority antineu-
trinos change fractionally more than the neutrinos since
each vertex converts one pair to another flavor or mass
state. In the limit of large ratios of neutrinos to antineu-
trinos, the evolution of the majority (neutrinos or antineu-
trinos) reduces to the standard MSW result.
The final results are closer to full equilibration among all

flavors than MSWalone, but the impact is reduced for large
or small neutrino to antineutrino ratios. The main impact is
to somewhat inhibit MSW conversions, and this impact

FIG. 8. Standard MSW plus flavor equilibration in the neutrino
mass basis for both neutrinos and antineutrinos. Both neutrino
and antineutrino densities evolve with time due to the flavor
equilibration.

FIG. 9. Standard MSW plus equilibration in the flavor basis.
The upper panel shows a slight remaining imbalance because we
are equilibrating in the neutrino mass basis for the antineutrinos
(fast equilibration) and not including the slower equilibration
from pure flavor equilibration (see the text).

FIG. 10. Comparison of MSW plus neutrino-antineutrino
evolution to MSW alone.
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will be larger for more equal neutrino and antineutrino
populations.
All the data used to produce the results shown in the

figures are publicly available in Ref. [67].

VII. CONCLUSIONS

The essential features of neutrino evolution in astro-
physical environments can be described in a semiclassical
approach due to the fast decoherence timescales. These
timescales would only be quicker by adding production or
absorption processes due to their incoherent nature.
Decoherence leads to very fast equilibration between the

energies of different flavors, essentially independent of the
initial angular distributions of each flavor. In regions with
high mass density, the number of neutrinos minus the
number of antineutrinos in each mass eigenstate is con-
served. The neutrino-antineutrino flavor-changing proc-
esses lead to an equilibration in the product of the
neutrino and antineutrino densities of the different species.
For this reason, a significant memory of the initial state will
be retained, particularly when there is initially a large
imbalance between the total numbers of neutrinos and
antineutrinos.
The impact of this equilibration in neutron star mergers

has been studied in Ref. [68]. They find that neutrino flavor
transformations impact the composition and structure of the
remnant, potentially leaving an imprint on the postmerger
gravitational wave signal. They also have a significant
impact on the composition and nucleosynthesis yields of
the ejecta.
The neutronization burst in a supernova will produce

many more electron neutrinos than antineutrinos. In con-
trast, in a neutron star merger, many neutrons are converted
into protons, leading to a large production of electron
antineutrinos. In each case, a strong memory of the initial
conditions will be retained, and the energy of the electron
neutrinos and antineutrinos will equilibrate with the other
species, leading to a potentially significant effects on
energy deposition in matter and nucleosynthesis.
Fast flavor instabilities in core-collapse supernovae have

been studied in several works, including [69–71]. These
have been performed incorporating mean-field approaches
for the neutrino dynamics, which evolve quickly but are
quite distinct from the evolution we obtain. In particular our
results do not depend on crossing in angular distributions.
Here energy equilibration of different flavor occurs quite
rapidly everywhere. Our approach implies rapid local
equilibration of the product of neutrino and antineutrino
densities. Both of these differences could significantly
impact energy deposition into the surrounding matter. It
can also dramatically impact nucleosynthesis, because of
the big impact of the energy and flavor-dependent charged
and neutral currents. In principle it can also be studied with
terrestrial neutrino detectors which can measure the time
and energy flux of different neutrino flavors. Initial studies

of this rapid equilibration in neutron star mergers have
shown a significant impact [68].
This memory will be partially erased further out from the

neutrino-sphere during adiabatic or near adiabatic MSW
transitions, leading to a more constant ratio of neutrinos to
antineutrinos in all flavors (see also [72]). In the case of
core-collapse supernovae, this prediction could in principle
be checked by terrestrial observations and/or nucleosyn-
thesis observations.
This approach leads to many important topics not

considered here, including the impact (if any) of
Majorana neutrinos versus the Dirac neutrinos considered
here. More studies on the impact of the hierarchy are
warranted, as well as various types of initial conditions. A
quantitative characterization of the equilibration timescale
in regions with a large neutrino flux will also require further
studies, particularly in assessing the role played by many-
body correlations, which are directly responsible for
neutrino thermalization. Finally, studies of the impact of
neutrinos in the early Universe could be revisited.
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APPENDIX A: TWO-NEUTRINO PHASE SPACE
AND ENERGY CONSERVATION

In this appendix, we describe the two-body phase space,
including energy conservation for final states of two
neutrinos with 3-momenta p1 and p2, conserving momenta
and energy. We assume the matrix elements are short-range
and thus independent of the magnitude of the vector
3-momentum transfer q. The total momentum is
P ¼ p1 þ p2, and we can also calculate the magnitudes
of the parallel and perpendicular components of each
momentum relative to P=2,

pjj ¼ pi · P̂ − P=2;

p⊥ ¼ pi × P̂: ðA1Þ
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Without loss of generality, we can rotate so that P is aligned
with the z-axis and p⊥ is aligned with the x-axis. The two
initial lab frame momenta are

p1 ¼ P=2þ pjj þ p⊥;
p2 ¼ P=2 − pjj − p⊥: ðA2Þ

For the final state of the two-neutrino system, we need to
enforce momentum conservation and energy conservation.
The energy of the initial state is

Einit ¼ jp1j þ jp2j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP=2þ pjjÞ2 þ p2⊥

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP=2 − pjjÞ2 þ p2⊥

q
: ðA3Þ

The energy of the final state is written similarly in terms of
final-state parallel and perpendicular momenta p0jj and p0⊥.
Since the contribution of p0⊥ to the energy is positive, the
maximum magnitude of pjj is found by solving Efin ¼ Einit

for p0⊥ ¼ 0. Similarly, the maximum magnitude of p⊥ is
obtained when p0⊥ ¼ 0. These equations yield

p0
max;jj ¼ Einit=2;

p0
max;⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE2

init − 2ðP=2Þ2
q

: ðA4Þ

We show a specific example of the impact of the energy-
conserving delta function in Fig. 2. The momenta of the
two initial particles are shown as the two large dots, and the
lines represent all possible final states that conserve two-
neutrino energy and momenta.
If we call these maximum magnitudes pmax;jj and pmax;⊥,

respectively, we can compute the phase space integral as

PS ¼
Z

d3qδðEfinal − EinitÞ

¼ ð2πÞ0.785pmax;jjpmax;⊥; ðA5Þ

where the 2π comes from the azimuthal symmetry, the two
maximum momenta can be calculated from the initial
momenta, and the 0.785 comes from a numerical integra-
tion of the energy-conserving delta function. The units are
energy, or momentum, squared, as expected for massless
particles. We have used a short-range interaction where the
matrix element is independent of the magnitude of the
momentum transfer squared.
In the semiclassical approximation, we enforce energy

conservation after each neutrino-neutrino vertex.
The total rate for two neutrinos can be obtained by

summing over final states of the pair imposing energy
conservation,

Rate ¼ 2π

ℏc

X
f;x;q

jhHfiij2δðEf − EiÞ

¼ 2π

ℏc
V

ð2πℏcÞ3
Z

d3qhHfiij2δðEf − EiÞ

¼ V
4π2ðℏcÞ4

Z
d3q

�X
f;x

jhHfiij2
�
δðEf − EiÞ; ðA6Þ

but then we approximate

X
f;x

jhHfiij2 ≈
�
ðℏcÞ3

ffiffiffi
2

p
GF

V

�2
; ðA7Þ

and then the final expression for the rate looks like

Rate ¼ V
4π2ðℏcÞ4

ðℏcÞ62G2
F

V2

Z
d3qδðEf − EiÞ

¼ ðℏcÞ2G2
F

2π2
ρ

N
PS: ðA8Þ

For two neutrinos the cross section can be obtained from
the matrix element squared by including both the energy-
conserving delta function and the relativistic “Moller” flux
factor [73,74].

APPENDIX B: RANDOM SWAPS

Here we want to show that if we take a neutrino system
and we apply random SWAP operations to them, the system
will reach equilibrium in the one-body observables expo-
nentially fast with a rate which is independent of the size N
of the system.
The evolution is as follows: at every time step we pick a

pair of neutrinos ði; jÞ at random and apply the operation
Pij to the state—this process is then repeated for L layers.
The idea is to perform the calculation in the Heisenberg
picture and evolve the observable instead of the state. We
define equilibration once the individual flavor observables
hZiðtÞi are all equal to their average Zav ¼ 1

N

P
ihZiðtÞi ¼

1
N

P
ihZið0Þi where the equality follows from the conser-

vation of the total Z in the system. Since all the expectation
values go to the same limit, we consider the evolution of Z1

only. We use Uk to specify the unitary applied at layer k.
After one layer we have

Tr½ρ0U†
1Z1U1†� ¼ ð1 − pÞhZ1ð0Þi þ phZ11

ð0Þi; ðB1Þ

where ρ0 is the initial state, 11 is the label of the neutrino
swapped with 1 at the first neutrino after one layer, and p is
the probability to select neutrino 1 at this layer. For uniform
sampling we get p ¼ ðN − 1Þ=ðN

2
Þ ¼ 2=N. If we do an

average over realizations we then get
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ETr½ρ0U†
1Z1U1� ¼ ð1 − pÞhZ1ð0Þi þ pZav: ðB2Þ

After two layers, the probability of staying in 1 is given
by the probability ð1 − pÞ2 of staying there for both layers
plus the probability p=ðN

2
Þ of jumping once and then back

to 1. We then have

ETr½ρ0U†
1U

†
2Z1U2U1� ¼

�
ð1 − pÞ2 þ p

ðN
2
Þ
�
hZ1ð0Þi

þ
�
p2 þ 2pð1 − pÞ − p

ðN
2
Þ
�
Zav:

ðB3Þ

For a large system when ðN
2
Þ ≫ 1=ð1 − pÞ ≫ 1=p we

can approximate this neglecting factors of p=ðN
2
Þ [at least if

the total number of layers L ≪ ðN
2
Þ]. But then, after L layers

we have

ETr

"
ρ0

 YL
k¼1

U†
k

!
Z1

 Y1
k¼L

Uk

!#
¼ ð1 − pÞLhZ1ð0Þi

þ ½1 − ð1 − pÞL�Zav:

ðB4Þ

But then this means that

ΔL ¼ ETr

"
ρ0

 YL
k¼1

U†
k

!
Z1

 Y1
k¼L

Uk

!#
− Zav

¼ ð1 − pÞL½hZ1ð0Þi − Zav�; ðB5Þ

which we can bound as

jΔLj < 2ð1 − pÞL ¼ 2

�
1 −

2

N

�
L
: ðB6Þ

But then, the number of layers required to converge to a
flavor expectation value, on each individual neutrino,
which is on average at most δ away from the average
Zav, is at most

Leq ¼ −
logð1=δÞ
logð1 − pÞ ≳ p log

�
2

δ

�
¼ N

2
log

�
2

δ

�
: ðB7Þ

To connect this with a timescale, we assume H ¼
ðμ=NÞPi<j cijPij with coupling constants cij ≥ 0 sampled
from some distribution. The incremental time step Δτ at
every layer is sampled from the shortest collision time on
all the pairs. Its average value over different runs is then

E½Δτ� ¼ N
μ
P

i<jcij
; ðB8Þ

and if we average this over the choices of coupling
constants (i.e., sampling one random set for each run
and keeping them for the L layers) gives

ECE½Δτ� ¼ EC

�
N

μ
P

i<jcij

�
≥

N
μEC½

P
i<jcij�

: ðB9Þ

The expectation value on the coupling constants can be
performed as follows (see also [34,61]):

EC

�X
i<j

cij

�
¼
X
i<j

EC½cij�

¼
X
i<j

EC½1 − k̂i · k̂j�

¼
�
N
2

�
−
X
i<j

EC½k̂i · k̂j�: ðB10Þ

The second term can be further rewritten as

X
i<j

EC½k̂i · k̂j� ¼
X
i<j

EC½k̂i� · EC½k̂j�

¼
�
N
2

�
EC½k̂�2; ðB11Þ

since the momenta of different neutrinos are independent of
each other. For momentum direction distributed uniformly
these averages are equal to zero. In the case instead of
momentum directions sampled on a forward semisphere, as
done in the main text, these are given instead by

EC½k̂� ¼
�
0; 0;

1

2

�
: ðB12Þ

This then directly gives

EC

�X
i<j

cij

�
¼
�
N
2

�
4 − x
4

; ðB13Þ

where x ¼ 0 for the uniform case and x ¼ 1 for the forward
hemisphere distribution instead.
The expected equilibration time is then bounded as

Teq ¼ LeqECE½Δτ�≳ 1

μ

4

4 − x
N

N − 1
log
�
2

δ

�
: ðB14Þ

Of course this is completely independent on what the initial
state was.
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